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Abstract
We exhibit examples of actions of countable discrete
groups on both simple and non-simple nuclear stably
finite C*-algebras that are tracially amenable but not
amenable. We furthermore obtain that, under the addi-
tional assumption of strict comparison, amenability is
equivalent to tracial amenability plus the equivariant
analogue of Matui–Sato’s property (SI). By virtue of this
equivalence, our construction yields the first known
examples of actions on classifiable C*-algebras that do
not have equivariant a over show that such actions can
be chosen to absorb the trivial action on the universal
UHF algebra, thus proving that equivariant -stability
does not in general imply equivariant property (SI).

MSC 2020
46L05, 37A55 (primary)

1 INTRODUCTION

Property (SI) was isolated in [19] by Matui and Sato in the context of the Toms–Winter regularity
conjecture. For nuclear C*-algebras, it is a consequence of strict comparison, and since its intro-
duction it has proved to be a powerful tool for converting traits and features of tracial ultrapowers,
or more abstractly properties involving tracial 2-norms, into attributes of C*-norm ultrapowers
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3624 GARDELLA et al.

and properties expressible with the C*-norm. One of the most notorious example is Matui–Sato’s
work itself [19], and its later generalizations [15, 24, 33], proving that, under some assumptions
on the trace space, simple separable nuclear unital infinite-dimensional C*-algebras with strict
comparison are -stable.
The techniques developed in the context of the Toms–Winter conjecture that we alluded to

above were also profoundly influential in the study of actions of amenable groups on classifi-
able C*-algebras. This term denotes the class of all separable nuclear simple -stable C*-algebras
that satisfy the Universal Coefficient Theorem and which, by now, are known to be classifiable
by means of 𝐾-theoretic and tracial invariants (see [34, 35] for an overview on the topic). For
actions on such algebras, equivariant -stability, namely the property of absorbing up to cocycle
conjugacy the identity action on the Jiang–Su algebra , is a powerful and desirable regularity
feature that serves a purpose similar to that of -stability in classification. Among its numerous
applications, this notion has recently seen a great deal of interest due to the role it plays in estab-
lishing -stability, and ultimately classifiability, of crossed products originating from actions on
classifiable C*-algebras (see [9–11, 25, 31, 36]).
Most of the proofs that verify equivariant -stability for actions on stably finite C*-algebras

follow the samepattern, inspired by thework in [19]: First an equivariantMcDuff-type condition is
established in the tracial ultrapower of the algebra acted upon. Then this property is transferred to
the C*-normultrapower, where equivariant-stability is verified using an equivalent formulation
stating the existence of an invariant copy of  in the central sequence algebra. The tool allowing
the alluded transfer is an equivariant version of Matui–Sato’s property (SI), implicitly appearing
already in [18, 20, 25], which is now referred to as equivariant property (SI) ([31, Definition 2.7];
see Definition 3.1).
Equivariant property (SI) is known to automatically hold for actions of amenable groups on

infinite-dimensional simple separable nuclear C*-algebras with strict comparison [31], a result
which has recently been extended also to amenable actions (in the sense of [2]) of non-amenable
groups [32]. We show here that non-amenable actions may fail to have equivariant property (SI),
even when equivariantly -stable.

ExampleA. Let𝐹𝑛 be the free group on 𝑛 ⩾ 2 generators. There exists an action𝛼∶ 𝐹𝑛 → Aut(𝐴)

on a C*-algebra 𝐴 with the following properties:

(1) 𝐴 is a unital simple AF-algebra,
(2) 𝛼 is tracially amenable but does not have the weak containment property, in particular it is

not amenable,
(3) 𝛼 is conjugate to its tensor product with the identity on the universal UHF algebra. In

particular, 𝛼 is equivariantly -stable.
(4) 𝛼 does not have equivariant property (SI).

The action constructed in Example A is the first known example of an equivariantly -stable
action of a discrete group on a classifiableC*-algebrawithout equivariant property (SI).We remark
that, in the non-equivariant setting, property (SI) is an automatic consequence of -stability, if
nuclearity is assumed [19, 23]. Our Example A shows the failure of the analogous implication
in the equivariant setting, answering negatively a question of Mikael Rørdam. In hindsight, this
should not come as a complete surprise: Aswementioned, the arguments showing that-stability
implies property (SI) crucially rely on nuclearity. Amenability often acts as a natural counterpart
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ACTIONS ON CLASSIFIABLE C*-ALGEBRAS WITHOUT EQUIVARIANT PROPERTY (SI) 3625

of nuclearity in the equivariant setting, so it makes sense that the lack of it constitutes an obstacle
when trying to generalize this implication to actions.
As hinted by item (2), Example A originates from the comparison between the notions of

amenability and tracial amenability for actions on C*-algebras. The former was introduced in [2]
as a C*-algebraic adaptation of the definition of amenability on von Neumann algebras.

Definition 1.1 (Amenability). An action 𝛼∶ 𝐺 → Aut(𝐴) of a discrete group on a C*-algebra is
amenable if the induced action 𝛼∗∗ on the double dual 𝐴∗∗ is a von Neumann amenable in the
sense of [1].

There has recently been a renewed interest in this property, leading to some significant progress
in the study of C*-dynamics, mainly in the form of generalizations of techniques that, up until
few years ago, were limited to actions of amenable groups; see, for instance, [6, 22] and the ref-
erences therein. On the other hand, tracial amenability was defined in [9] as a tracial analogue
of amenability, which is weak enough to be verified in concrete examples, yet strong enough to
guarantee interesting structural properties for the crossed product (such as pure infiniteness). We
recall its definition below.

Definition 1.2 (Tracial Amenability). An action 𝛼∶ 𝐺 → Aut(𝐴) of a discrete group on a stably
finite unital C*-algebra is said to be tracially amenable if the induced action 𝛼∗∗

fin on the finite part
of the double dual 𝐴∗∗

fin is von Neumann amenable.

The main motivation for introducing this definition is that it is currently not known whether
amenable actions of non-amenable groups on simple unital stably finite C*-algebras exist. Purely
infinite examples have been found in [22, 26], as well as simple stably finite non-unital ones in
[27, 29]. More recently, in [30] Suzuki also built amenable actions on simple unital C*-algebras
which are neither stably finite nor purely infinite. On the other hand, in [9] it is shown that
an action is tracially amenable if and only if the induced action on the trace space is topologi-
cally amenable, allowing to use techniques developed within the Elliott Classification Program to
construct concrete examples.
While it is clear that amenability implies tracial amenability, in [9] it was left open whether

the converse holds. The actions in Example A were originally built to show that these two con-
ditions are different. Indeed, our construction is based on the tracially amenable actions built in
[9, Example 2.11] and uses the main result of [16] to produce an approximately inner perturba-
tion of such actions with an invariant state,† which thus cannot be amenable by [22, Proposition
3.5]. As pointed out to us by Damian Ferraro, having an invariant state implies furthermore the
failure of the weak containment property, since this condition forces the stabilizers of states to
be amenable. We recall that an action 𝛼∶ 𝐺 → Aut(𝐴) has the weak containment property if the
canonical surjection𝐴⋊max 𝐺 → 𝐴⋊red 𝐺 is an isomorphism, and that this property is automatic
for amenable actions of discrete groups by [2, Proposition 4.8].
Item (4) of Example A is a consequence of the following equivalence, showing that the differ-

ence between amenability and tracial amenability is precisely equivariant property (SI), which
once again fills the gap between the tracial and the operator-norm world. We prove moreover
that the discrepancy between the two properties can also be identified in the notion of separa-
ble stability of the fixed point algebra of the intersection of the central sequence algebra with

†A similar remark can also be found after [28, Lemma 2.3].
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3626 GARDELLA et al.

the trace kernel ideal. We defer the precise definitions to Section 2. As we mentioned previously,
the implication (1)⇒(2) was obtained in [32] (a partial version of this equivalence has also been
independently proved in JK’s PhD thesis [17]).

Theorem B. Let 𝛼∶ 𝐺 → Aut(𝐴) be an action of a countable discrete group 𝐺 on a unital simple
separable nuclear stably finite C*-algebra𝐴 with strict comparison. The following are equivalent:

(1) 𝛼 is amenable,
(2) 𝛼 is tracially amenable and has equivariant property (SI).
(3) 𝛼 is tracially amenable and (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 is separably stable.

We furthermore build tracially amenable actions which are not amenable in the non-simple
setting, more precisely on the Toeplitz algebra  .

Example C. For any 𝑛 ⩾ 2, there is a tracially amenable, non-amenable action 𝛼∶ 𝐹𝑛 → Aut( )

of the free group on 𝑛 generators on the Toeplitz algebra.

As we will see, the reason why amenability fails in this case is that the action leaves the ideal
of compact operators invariant.
It remains an open problem (see [9, Problem D]) to determine whether there exist amenable

actions of nonamenable groups on simple unital stably finite C*-algebras. The proof of Exam-
ple A shows that such actions cannot be obtained abstractly and directly from the classification
theorem, since in this context amenability is not determined by the induced action on the Elliott
invariant. To further illustrate the difficulties surrounding this problem, we show another obsta-
cle in obtaining such actions by explicit constructions using amenability of the action of 𝐹𝑛 on its
Gromov boundary 𝑋 = 𝜕𝐹𝑛 or any other boundary action in the sense of [13, Definition 3.8].

Proposition D. Let 𝛼∶ 𝐺 → Aut(𝐴) be an action of a non-amenable discrete group on a unital,
simpleC*-algebrawith𝑇(𝐴) ≠ ∅. Let𝑋 ≠ {∗} be a𝐺-boundary. Then there is no𝐺-equivariant unital
completely positive map 𝐶(𝑋) → 𝐴.

In particular, amenable actions of non-amenable groups on simple, stably finite, unital C*-
algebras cannot be constructed as equivariant inductive limits of the form lim

��→
𝐶(𝑋) ⊗ 𝐴𝑛 for a

𝐺-boundary 𝑋. Since most explicit examples of amenable actions of non-amenable groups on
compact spaces arise as boundary actions, this may help explain why the problem of finding such
actions is so difficult to tackle at the moment.

2 PRELIMINARIES

Fix a free ultrafilter 𝜔 ∈ 𝛽ℕ ⧵ ℕ and let 𝐴 be a separable unital C*-algebra. The (C*-norm)
ultrapower is the C*-algebra

𝐴𝜔 = 𝓁∞(𝐴)∕{(𝑎𝑛)𝑛∈ℕ ∈ 𝓁∞(𝐴)∶ lim
𝑛→𝜔

‖𝑎𝑛‖ = 0}.

We identify 𝐴 with the subalgebra of all (classes of) constant sequences in 𝐴𝜔 and we denote by
𝐴𝜔 ∩ 𝐴′ its relative commutant.
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ACTIONS ON CLASSIFIABLE C*-ALGEBRAS WITHOUT EQUIVARIANT PROPERTY (SI) 3627

Let 𝑇(𝐴) be the set of all tracial states of 𝐴, which we shall simply refer to as traces. Given a
non-empty subset 𝑋 ⊆ 𝑇(𝐴), we define the 2-seminorm

‖𝑎‖2,𝑋 = sup
𝜏∈𝑋

𝜏(𝑎∗𝑎)1∕2,

for all 𝑎 ∈ 𝐴. A limit trace on 𝐴𝜔 is a trace 𝜏 ∈ 𝑇(𝐴𝜔) for which there is a sequence (𝜏𝑛)𝑛∈ℕ in
𝑇(𝐴) satisfying

𝜏((𝑎𝑛)𝑛∈𝜔) = lim
𝑛→𝜔

𝜏𝑛(𝑎𝑛),

for all (𝑎𝑛)𝑛∈ℕ ∈ 𝐴𝜔. We denote by 𝑇𝜔(𝐴) the set of limit traces on𝐴𝜔. The trace kernel ideal 𝐽𝑇(𝐴)

is defined as

𝐽𝑇(𝐴) = {𝑎 ∈ 𝐴𝜔 ∶ ‖𝑎‖2,𝑇𝜔(𝐴) = 0}.

The tracial ultrapower of𝐴 is defined to be the quotient𝐴𝜔 = 𝐴𝜔∕𝐽𝑇(𝐴).When ‖ ⋅ ‖2,𝑇(𝐴) is a norm
on𝐴 (for instance when𝐴 is simple), then the map sending each element in𝐴 to the correspond-
ing constant sequence into 𝐴𝜔 is an embedding. In such case, we denote by 𝐴𝜔 ∩ 𝐴′ the relative
commutant of the image of this embedding. It is well known that the restriction of the quotient
map 𝑞∶ 𝐴𝜔 → 𝐴𝜔 to 𝐴𝜔 ∩ 𝐴′ is surjective onto 𝐴𝜔 ∩ 𝐴′ (see, for instance, [15, Theorem 3.3]).
Let𝐺 be a countable discrete group, and fix an action 𝛼∶ 𝐺 → Aut(𝐴). Acting coordinate-wise,

𝛼 naturally induces actions 𝛼𝜔 and 𝛼𝜔 on𝐴𝜔 and𝐴𝜔, respectively. Given 𝐵 ⊆ 𝐴, we let 𝐵𝛼 = {𝑏 ∈

𝐵∶ 𝛼g (𝑏) = 𝑏 for all g ∈ 𝐺} be the corresponding fixed point algebra.
Let  denote the algebra of compact operators on 𝓁2. A C*-algebra 𝐴 is said to be separably

stable if for every separable subalgebra 𝐵 ⊆ 𝐴 there exists a separable C*-algebra 𝐶 ⊆ 𝐴 contain-
ing 𝐵 such that 𝐶 ⊗(𝓁2) ≅ 𝐶. In [7, Proposition 6.10], separable stability of 𝐴 is proved to be
equivalent to the Hjelmborg–Rørdam criterion, stating that if a positive contraction 𝑒 ∈ 𝐴+ and
𝜀 > 0 are given, then there is a contraction 𝑠 ∈ 𝐴 such that ‖𝑒 − 𝑠∗𝑠‖ < 𝜀 and ‖(𝑠∗𝑠)(𝑠𝑠∗)‖ < 𝜀.
This equivalent formulation will be used in the proof of Theorem B.

3 RESULTS AND EXAMPLES

In this section, we will exploit different equivalent reformulations of amenability and tracial
amenability to obtain our main results and examples. We refer to [22, Theorem 3.2, Theorem 4.4]
and [9, Theorem B] for the complete list of such characterizations.
Theorem B asserts that, for actions on sufficiently regular C*-algebras, the only difference

between amenability and its tracial counterpart is given by equivariant property (SI), whose
definition we recall below.

Definition 3.1 ([25, Proposition 5.1], [31, Definition 2.7]). Let 𝐺 be a discrete group, let 𝐴 be a
unital separable simple C*-algebra with 𝑇(𝐴) ≠ ∅, and let 𝛼∶ 𝐺 → Aut(𝐴) be an action. We say
that 𝛼 has equivariant property (SI) if for all positive contractions 𝑒, 𝑓 ∈ (𝐴𝜔 ∩ 𝐴′)𝛼𝜔 satisfying the
following:

(1) 𝑒 is tracially small, that is, 𝑒 ∈ 𝐽𝑇(𝐴), and
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3628 GARDELLA et al.

(2) 𝑓 is tracially supported at 1, that is,

sup
𝑚∈ℕ

‖1 − 𝑓𝑚‖2,𝑇𝜔(𝐴) < 1,

there exists a contraction 𝑠 ∈ (𝐴𝜔 ∩ 𝐴′)𝛼𝜔 such that 𝑠∗𝑠 = 𝑒 and 𝑓𝑠 = 𝑠.

Proof of Theorem B. Since all three conditions in the statement imply exactness of 𝐺, that is the
existence of an amenable 𝐺-action on a compact metrizable space (see [5, Corollary 6.2] and [9,
Theorem 2.5]), we may assume that 𝐺 is exact.
(1) ⇒ (2). The fact that all amenable actions are tracially amenable immediately follows from

the definitions (see, for instance, the observation after [9, Remark 2.3]), and the main result of
[32] shows that all amenable actions automatically have equivariant property (SI) (see also [17,
Lemma 5.3.3] for a proof of a special case).
(2)⇒ (3). We will show that (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 satisfies the Hjelmborg–Rørdam criterion. Once we

have done this, the conclusion will follow from [7, Proposition 6.10]. Let 𝑒 ∈ (𝐽𝑇(𝐴) ∩ 𝐴′)
𝛼𝜔
+ be a

non-zero positive contraction. Since 𝐽𝑇(𝐴) is an equivariant 𝜎-ideal (see, for example, [11, Propo-
sition 7.3]), there exists a positive contraction 𝑥 ∈ (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 such that 𝑒𝑥 = 𝑒. Set 𝑓 = 1 − 𝑥

and note that 𝑓 is orthogonal to 𝑒. Moreover, 𝑓 is tracially supported at 1, hence by equivariant
property (SI) there is a contraction 𝑠 ∈ (𝐴𝜔 ∩ 𝐴′)𝛼𝜔 such that 𝑠∗𝑠 = 𝑒 and 𝑓𝑠 = 𝑠, which implies
𝑒𝑠𝑠∗ = 𝑒𝑓𝑠𝑠∗ = 0.
(3)⇒ (1). By [22, Theorem 4.4] it suffices to construct, for any action 𝛾∶ 𝐺 → Aut(𝐶) on a unital

separable C*-algebra𝐶, an equivariant unital completely positivemapΦ∶ (𝐶, 𝛾) → (𝐴𝜔 ∩ 𝐴′, 𝛼𝜔).
By [9, Theorem 2.5], tracial amenability implies the existence of an equivariant unital

completely positive map

𝜑∶ (𝐶, 𝛾) → (𝐴𝜔 ∩ 𝐴′, 𝛼𝜔).

By a standard argument that goes back to [14], andwhichwe briefly spell out below for the reader’s
convenience, there exists an equivariant completely positive contractive map 𝜓∶ (𝐶, 𝛾) → (𝐴𝜔 ∩

𝐴′, 𝛼𝜔)making the following diagram commute:

Let indeed 𝜓0 ∶ 𝐶 → 𝐴𝜔 be a set-theoretic lift of 𝜙 to 𝐴𝜔, and let 𝐷 ⊆ 𝐴𝜔 be a 𝐺-invariant subal-
gebra containing 𝜓0(𝐶) and 𝐴. Arguing as in the proof of (2)⇒ (3), since 𝐽𝑇(𝐴) is an equivariant
𝜎-ideal, there is a positive contraction 𝑏 ∈ (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 such that 𝑏𝑎 = 𝑎 for all 𝑎 ∈ 𝐽𝑇(𝐴) ∩ 𝐷.
It is now straightforward to check that the function defined as 𝜓(𝑐) = (1 − 𝑏)𝜓0(𝑐), for 𝑐 ∈ 𝐶, is
as desired.
Note that 𝑒 = 1 − 𝜓(1) is a positive contraction in (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 , and let 𝜀 > 0. By

the Hjelmborg–Rørdam criterion, there is 𝑠 ∈ (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 such that ‖𝑒 − 𝑠∗𝑠‖ < 𝜀 and
‖(𝑠∗𝑠)(𝑠𝑠∗)‖ < 𝜀. A standard saturation argument then yields 𝑠 ∈ (𝐽𝑇(𝐴) ∩ 𝐴′)𝛼𝜔 such that 𝑒 = 𝑠∗𝑠

and 𝑒𝑠𝑠∗ = 0, which by the C*-identity gives 𝜓(1)𝑠 = 𝑠.
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ACTIONS ON CLASSIFIABLE C*-ALGEBRAS WITHOUT EQUIVARIANT PROPERTY (SI) 3629

Define Φ∶ 𝐶 → 𝐴𝜔 ∩ 𝐴′ as

Φ(𝑐) = 𝜓(𝑐) + 𝑠∗𝜓(𝑐)𝑠,

for all 𝑐 ∈ 𝐶. The map Φ is completely positive, being the sum of two completely positive maps.
Furthermore,

Φ(1) = 𝜓(1) + 𝑠∗𝜓(1)𝑠 = 𝜓(1) + 𝑠∗𝑠 = 1,

so Φ is unital. Finally, Φ is equivariant since 𝑠 is 𝐺-invariant and 𝜓 is equivariant. The result thus
follows from [22, Theorem 4.4]. □

The following two examples give instances, one on a simple AF-algebra and the other on the
Toeplitz algebra, of actions which are tracially amenable but not amenable. Using Theorem B, in
Example A, we are able to exhibit an equivariantly-stable action for which equivariant property
(SI) fails.

Example A. Denote by 𝑋 the Cantor set and fix a topologically amenable action 𝛾∶ 𝐹𝑛 ↷ 𝑋

(let, for instance, 𝑋 = 𝜕𝐹𝑛 be the Gromov boundary of 𝐹𝑛 and consider the boundary action).
Using Elliott’s classification of AF-algebras in [8], it is possible to construct a unital simple AF-
algebra 𝐵 whose trace space has extreme boundary 𝜕𝑒𝑇(𝐵) homeomorphic to 𝑋, and an action
𝛽∶ 𝐹𝑛 → Aut(𝐵) such that the induced action on 𝜕𝑒𝑇(𝐵) ≅ 𝑋 is identified with 𝛾 (see [9, Example
2.11] for the details).
Fix a pure state 𝜌 on 𝐵 and denote by g1, … , g𝑛 the generators of 𝐹𝑛. By [16, Theorem 1.1], the

action of all approximately inner automorphisms of 𝐵 on the pure state space of 𝐵 is transitive.
Thus, there are approximately inner automorphisms 𝜑1, … , 𝜑𝑛 ∈ Aut(𝐵) satisfying 𝜌 = 𝜌◦𝛽g𝑖◦𝜑𝑖

for all 𝑖 = 1, … , 𝑛. Denote by the universal UHF algebra. Using the universal property of 𝐹𝑛, we
define an action 𝛼 of 𝐹𝑛 on 𝐴 = 𝐵 ⊗ by setting

𝛼g𝑖
= 𝛽g𝑖◦𝜑𝑖 ⊗ id

for all 𝑖 = 1, … , 𝑛.
Then 𝐴 is a unital simple AF-algebra and 𝛼 is conjugate to 𝛼 ⊗ id. As 𝜑1, … , 𝜑𝑛 are approx-

imately inner, they all act trivially on 𝑇(𝐵). Since moreover  is monotracial, it follows that the
action induced by 𝛼 on 𝜕𝑒𝑇(𝐴) ≅ 𝜕𝑒𝑇(𝐵) ≅ 𝑋 is conjugate to that of 𝛽, and therefore can also be
identified with 𝛾. It follows that the action on 𝑇(𝐴) induced by 𝛼 is topologically amenable, which
implies that 𝛼 is tracially amenable by [9, Theorem 2.5]. On the other hand, the action induced by
𝛼 on the state space 𝑆(𝐴) of 𝐴 has a fixed point: Indeed, given any state 𝜓 on, the state 𝜌 ⊗ 𝜓 is
𝐹𝑛-invariant. This means that the action on 𝑆(𝐴) is not topologically amenable, a necessary con-
dition for amenability of 𝛼 by [22, Proposition 3.5]. Theorem B now implies that 𝛼 does not have
equivariant property (SI).
To see the failure of the weak containment property, let u∶ 𝐹𝑛 → (𝐻) be the universal rep-

resentation of 𝐹𝑛. Identify 𝜌 ⊗ 𝜓 with the map sending 𝑎 ∈ 𝐴 to (𝜌 ⊗ 𝜓)(𝑎) ⋅ 1(𝐻). Since 𝜌 ⊗ 𝜓

is 𝐹𝑛-invariant, we get that the pair (𝜌 ⊗ 𝜓, u) satisfies, for all 𝑎 ∈ 𝐴 and g ∈ 𝐹𝑛, the covariance
relation

(𝜌 ⊗ 𝜓)(𝛼g (𝑎)) ⋅ 1(𝐻) = (𝜌 ⊗ 𝜓)(𝑎) ⋅ 1(𝐻) = ug (𝜌 ⊗ 𝜓)(𝑎) ⋅ 1(𝐻)ug−1 .
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3630 GARDELLA et al.

By [6, Lemma 5.3], we therefore get that the function

(𝜌 ⊗ 𝜓)⋊ u∶ 𝐶𝑐(𝐹𝑛, 𝐴) → 𝐶∗
max(𝐹𝑛)

𝑓 ↦
∑
g∈𝐹𝑛

(𝜌 ⊗ 𝜓)(𝑓(g))ug

extends to a completely positive map (𝜌 ⊗ 𝜓)⋊ u∶ 𝐴⋊max 𝐹𝑛 → 𝐶∗
max(𝐹𝑛). If 𝛼 had the weak

containment property, then 𝐴⋊max 𝐹𝑛 ≅ 𝐴⋊red 𝐹𝑛, with the isomorphism being the canonical
quotientmap. The restriction of suchmap to𝐶∗

red
(𝐹𝑛) ⊆ 𝐴⋊red 𝐹𝑛 would then be an isomorphism

between 𝐶∗
red

(𝐹𝑛) and 𝐶∗
max(𝐹𝑛) extending the identity map on 𝐶𝑐(𝐹𝑛), a contradiction since 𝐹𝑛 is

not amenable.

Example C. Denote by 𝕋 ⊆ ℂ the unit circle and by 𝐻2 ⊆ 𝐿2(𝕋) the Hardy space, that is, the
Hilbert space generated by all the monomials 𝑧𝑛 ∈ 𝐿2(𝕋) for 𝑛 ⩾ 0. Let 𝑃∶ 𝐿2(𝕋) → 𝐻2 be the
orthogonal projection onto the Hardy space. For a function 𝑓 ∈ 𝐶(𝕋), let 𝑀𝑓 ∶ 𝐿2(𝕋) → 𝐿2(𝕋)

be the corresponding multiplication operator, and set 𝑇𝑓 = 𝑃𝑀𝑓𝑃 ∈ (𝐻2). The C*-algebra 

generated by {𝑇𝑓 ∶ 𝑓 ∈ 𝐶(𝕋)} is the Toeplitz algebra, and there is a short exact sequence

where the quotient map 𝜋 is determined by 𝜋(𝑇𝑓) = 𝑓, for all 𝑓 ∈ 𝐶(𝕋); see, for instance, [21,
Theorem 3.5.11].
Let {𝑒1, 𝑒2} denote the canonical orthonormal basis of ℝ2, and denote by ℝP1 the space of one-

dimensional subspaces of ℝ2. It is easy to see that the natural action of the special linear group
SL(2, ℝ) onℝP1 is transitive, and that the stabilizer ofℝ ⋅ 𝑒1 is given by the subgroup 𝑃 ⊆ SL(2, ℝ)

of upper triangularmatrices. Note that𝑃 is solvable and therefore amenable. Since𝐹𝑛 embeds into
SL(2, ℝ) as a discrete subgroup,† the restriction 𝛾 of SL(2, ℝ) ↷ ℝ𝑃1 to 𝐹𝑛 is thus amenable by [3,
Examples 2.2.18(1)]. Using that ℝP1 is homeomorphic to 𝕋, we obtain a topologically amenable
action of SL(2, ℝ) on 𝕋 that restricts to a topologically amenable action of 𝐹𝑛 on 𝕋.
To each g ∈ 𝐹𝑛 wenowassociate a Toeplitz operator𝑇g by identifying g with an element of𝐶(𝕋)

via its action on 𝕋 ⊆ ℂ. Since SL(2, ℝ) is path-connected, every g ∈ 𝐹𝑛 acts on 𝕋 via a homeomor-
phism that is homotopic to the identity and thus with winding number 1. By the Toeplitz Index
Theorem (see, for example, [12, Theorem 2.3.2]), this implies that the Toeplitz operators 𝑇g ∈ 

have Fredholm index equal to −1. By Brown–Douglas–Fillmore theory [4, Theorem 3.1], we con-
clude that there exist compact operators 𝐾1,… , 𝐾𝑛 ∈ (𝐻2) and unitaries 𝑈1,… ,𝑈𝑛 ∈  (𝐻2)

such that

𝑇g𝑖
+ 𝐾𝑖 = 𝑈𝑖𝑇𝑧𝑈

∗
𝑖

for 𝑖 = 1, … , 𝑛, where 𝑧 ∈ 𝐶(𝕋) is the identity function.
Define finally an action 𝛼 of𝐹𝑛 on  by letting each generator g𝑖 act byAd(𝑈𝑖). By construction,

𝛼 induces the given topologically amenable action 𝛾 on the trace space 𝑇( ) ≅ Prob(𝕋) and is
therefore tracially amenable by [9, Theorem 2.5]. However, if 𝛼 were amenable, so would be its

† This is standard: For example, one can use the ping-pong lemma to see that the subgroup of SL(2, ℝ) generated by
(
1 2
0 1

)
and

(
1 0
2 1

)
is isomorphic to 𝐹2.
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restriction to the invariant ideal (𝐻2) by [6, Proposition 3.23]. Since amenability is preserved
by Morita equivalence [6, Proposition 3.20], this would imply that the trivial action 𝐹𝑛 ↷ ℂ is
amenable, which is a contradiction. We conclude that 𝛼 is not amenable, as desired.

We conclude the paper with the proof of Proposition D. Given a discrete group𝐺, a𝐺-boundary
is a compact Hausdorff space 𝑋 along with an action 𝐺 ↷ 𝑋 which isminimal, meaning that all
orbits are dense, and strongly proximal, which is the case if the weak∗-closure of the orbit of every
probability measure 𝜇 ∈ Prob(𝑋) contains a Dirac measure.

Proof of Proposition D. Assume by contradiction that Φ exists. Let 𝑌 ⊆ 𝑇(𝐴) be a minimal closed
𝐺-invariant subspace and denote by ev ∶ 𝐴 → 𝐶(𝑌) the evaluation map, that is, ev(𝑎)(𝜏) = 𝜏(𝑎)

for 𝑎 ∈ 𝐴 and 𝜏 ∈ 𝑌. The composition

𝐶(𝑋)
Φ
�→ 𝐴

ev
��→ 𝐶(𝑌)

is a unital positive equivariant map, hence by [13, Lemma 3.10] it is a unital injective
∗-homomorphism and it is therefore induced by a continuous surjective map 𝜙∶ 𝑌 → 𝑋.
Fix𝑥 ∈ 𝑋, a non-zero positive function𝑓 ∈ 𝐶(𝑋)with𝑓(𝑥) = 0, and 𝜏 ∈ 𝑌with𝜙(𝜏) = 𝑥. Then

the element (ev ◦Φ)(𝑓) ∈ 𝐶(𝑌) is non-zero and satisfies

𝜏(Φ(𝑓)) = (ev ◦Φ)(𝑓)(𝜏) = 𝑓(𝜙(𝜏)) = 0.

Since𝐴 is simple, the trace 𝜏 is faithful. AsΦ(𝑓) is positive, we deduce from the above thatΦ(𝑓) =

0, contradicting the fact that (ev◦Φ)(𝑓) ≠ 0. This contradiction shows that Φ does not exist and
proves the proposition. □
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