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A B S T R A C T

This paper deals with mechanical modelling and numerical bifurcation analysis of stick–slip oscillations that
plague extremely low feed grinding operations. Based on experimental observations, a novel two degree of
freedom mechanical model of a grinding machine feed drive system is formulated, which incorporates Stribeck-
type dry friction, position and velocity controller dynamics, and actuator backlash. Loss and re-establishment
of contact between the feed drive elements is modelled through both rigid-body impacts and a contact-stiffness
model. The resulting piecewise-smooth equations of motion are subjected to detailed stability and bifurcation
analysis with the help of shooting and collocation based numerical continuation tools. Major focus is attributed
to the influence of the feed velocity and the control-loop parameters as well as the identification of stable,
stick–slip free parameter regimes. Finally, a controller enhancement strategy is proposed, based on event-driven
integrator reset rules, to help limit the amplitude of arising limit-cycle oscillations.
1. Introduction

In most engineering applications, state of the art friction compensa-
tion techniques [1–3] can effectively stabilize constant-speed machine
parts with linear or circular motion. However, there are still crit-
ical fields, such as drill-string operations [4] and nano-positioning
stages [5], where stick–slip oscillations cause major difficulties. One
such case is high-precision grinding, where extremely low feed rates,
often as low as 10-100 μm/min, must be used for reaching the expected
surface roughness, integrity, and accuracy requirements. Preventing the
emergence of stick–slip oscillations is essential when operating grinding
processes, as a non-constant feed rate can lead to subpar surface quality
and undesirable cutting-mark patterns that are visible to the naked
eye [6,7].

Moving the grinding wheel in a smooth and even manner at low
feed rates is especially challenging in the presence of dry friction.
It has been observed experimentally [8] that even if a well-tuned
velocity and position control system is employed, the Stribeck effect
may cause the desired constant speed motion to become unstable, and
be replaced by emerging stick–slip oscillations, often referred to as
hunting oscillations [9,10]. The control task is only further hindered by
the backlash inherently present in the geared drive systems commonly

∗ Corresponding author.
E-mail addresses: zsolt.iklodi@mm.bme.hu (Z. Iklodi), dombovari@mm.bme.hu (Z. Dombovari).

used for providing the feed motion of CNC machines [11,12]. Here,
the effect is also of a similar order of magnitude as the tolerances
prescribed for the grinding operation. This backlash can considerably
increase the amplitude of limit-cycle oscillations if they also contain
segments of contact loss. Furthermore, at velocity reversal events in
bistable parameter regimes, backlash can also induce sudden jumps
from the desired stable steady-state solution to undesirable limit cycles.

If stick–slip oscillations are encountered when a grinding machine is
trying to create a steady feed motion, the desired uniformly and linearly
increasing position signal of the grinding wheel will be replaced by a
step-wise uneven motion. As these steps leave noticeable marks on the
machined workpiece, it is of great industrial importance, to accurately
model the phenomena which lead to the emergence of these harmful
hunting motions. Empirical evidence suggests, that the root cause of
this problem is the intricate interplay of the dry-friction and backlash
present in the feed drive assembly of the grinding machine. As of yet,
there are no sufficiently detailed analytic or numeric studies, which
account for both of these non-smooth effects. The main aim of this
paper is to fill this research gap.

The combined effect of dry friction and backlash, although scarcely
researched, has shown to result in intricate dynamic behaviours [13,14]
https://doi.org/10.1016/j.ijnonlinmec.2024.104940
Received 20 July 2024; Received in revised form 2 October 2024; Accepted 28 Oct
vailable online 6 November 2024 
020-7462/© 2024 The Authors. Published by Elsevier Ltd. This is an open access art
c-nd/4.0/ ). 
ober 2024

icle under the CC BY-NC-ND license ( http://creativecommons.org/licenses/by- 

https://www.elsevier.com/locate/nlm
https://www.elsevier.com/locate/nlm
mailto:zsolt.iklodi@mm.bme.hu
mailto:dombovari@mm.bme.hu
https://doi.org/10.1016/j.ijnonlinmec.2024.104940
https://doi.org/10.1016/j.ijnonlinmec.2024.104940
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijnonlinmec.2024.104940&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


Z. Iklodi et al.

d
m
t
a
d

f
o
c
b
i

F
d
v

a
o

a
d
s
f
p
d
f
T
s
e
w
o
a
e
t
a

c

e
o

o
r
i

w
i
c
t
I

e

m
n

g
b

m

c
e
c
t
s
d
d

International Journal of Non-Linear Mechanics 168 (2025) 104940 
and major control challenges [15,16]. This paper formulates a low-
imensional mechanical model of the feed drive assembly of a grinding
achine, which incorporates both of these nonlinear effects, in order

o help us to better understand the emergence of stick–slip oscillations,
nd to facilitate their prevention. This model is used to conduct a
etailed numerical bifurcation analysis of the system to identify the

effects of the feed velocity and controller parameters. Based on these
results, safe parameter regimes are identified and a control strategy for
stick–slip prevention is proposed.

Here, the feed drive assembly is modelled as a two degree of
reedom (DoF) lumped mass model based on modal characterization
f the grinding machine [17,18]. Backlash is taken into account as a
learance and a conditional contact between these two masses, with
oth a compliant contact stiffness and a fully rigid impact model
mplemented for the description of the contact dynamics [19–21].

Based on experimental data available on dry friction in machine tool
feed drives [22–25] a Stribeck-type force characteristic is considered.
inally, the constant feed motion is enforced by an industry stan-
ard cascaded proportional position (P) and proportional–integral (PI)
elocity control architecture [26–28].

Due to the non-smooth nature of both the considered friction force
nd the backlash, this system is governed by a set of piecewise-smooth
rdinary differential equations (PWS-ODEs). In the past few decades

these types of systems have received ample scientific attention [29–31],
and various aspects of their dynamics have been thoroughly examined.
Nevertheless, due to their highly intricate dynamic behaviour and high
parameter sensitivity, the in-depth analytical and numerical analysis
of such systems, e.g. with dry friction [32] and/or backlash [33], still
remains a significant challenge. During parameter variation, abrupt
changes in a solution branch caused by a discontinuity-induced bifur-
cation, such as grazing [34], sliding [35] or even chatter [36], and the
resulting changes in its solution signature, makes uncovering detailed
bifurcation diagrams very tedious. To make matters even worse, with
the introduction of each new distinct non-smooth effect the level of
complexity in these systems grows exponentially [37].

This explosion of complexity is demonstrated well by Yadav et al.
[14] who studied a Centre Buffer Coupler model, with both dry friction
nd backlash. They identified nine distinct subspaces with different
ynamic behaviours, connected by a set of four intersecting event
urfaces and a large set of distinguishable non-smooth events. In the
eed drive assembly of the grinding model discussed in the present
aper, the topology of the state space is very similar, yet, the models
iffer in several aspects. The system discussed here has two degrees of
reedom, and incorporates more nuanced friction and contact models.
he inclusion of the Stribeck effect is necessary to explain how the
tability of the uniform feed rate motion can be lost, while the more
laborate contact models are crucial for circumventing unrealistic cases
here the linear contact force would become negative at the point
f separation due to the inclusion of a viscous damping term. To
void having to deal with multiple switching surfaces for contact loss
vents, here, when contact is modelled as compliant, a Kelvin–Voigt
ype nonlinear force is considered. Furthermore, compared to [14]
nd other studies concerning both dry friction and backlash [13,16],

the numerical analysis presented in this paper also goes beyond time-
domain simulations by employing continuation of periodic orbits, in
order to provide a more in-depth look into the non-smooth dynamics
of the system.

Numerical continuation tools, based on shooting [38] and collo-
ation [39,40], are readily available for bifurcation analysis of peri-

odic orbits in piecewise-smooth systems. Nevertheless, to allow greater
freedom when it comes to numerics, in this paper, problem-specific
schemes have been implemented. First, a simulation framework with
automatic event detection and mode transition handling has been
developed to allow a blind search for stable periodic orbits. Then,
through the extension of this simulation framework a shooting method

with automatic solution signature updates has been formulated. Finally,

2 
a piecewise-Chebyshev polynomial based collocation framework has
been employed, to considerably improve the speed of numeric con-
tinuation and allow a more robust handling of grazing and sliding
bifurcations. The combined use of these numerical tools allowed for an
fficient formulation of bifurcation diagrams and an in-depth analysis
f the effect of system parameters.

To help improve the dynamic behaviour of the grinding mecha-
nism’s feed drive assembly, by limiting the amplitude and period length
f the arising stick–slip oscillations, this study proposes an integrator
eset rule for controller enhancement. This scheme has been heavily
nspired by the hybrid automata controller solution proposed in [41]

for the prevention of hunting motions in setpoint control applications
ith Stribeck-type friction. Compared to the positioning task presented

n that paper, here the control goal is slightly different. Ensuring a
onstant speed, linear motion requires the controller force to offset
he unknown sliding friction forces at the desired equilibrium point.
n this case, the integrator cannot simply be reset to zero, instead

it should be manipulated to a predefined value, which can help the
linear guides escape sticking as quickly as possible. Unfortunately
this requires a priori knowledge of the maximal static friction force,
however, the strategy is still straightforward and simple to implement,
and requires no further parameter tuning. Furthermore, to determine
the static friction is a lot easier than uncovering the velocity-dependent
sliding friction force characteristics, which would be necessary for more
laborate dry-friction compensation solutions [42].

The remainder of this article is structured as follows. Section 2
details the formulation of the low dimensional piecewise-smooth me-
chanical model of the feed drive assembly for a grinding machine.
Section 3 discusses the numerical methods used for the bifurcation
analysis of this system, with a major focus on the advantages and
disadvantages of each implemented technique. Section 4 presents bifur-
cation diagrams and details the proposed intervention strategy for the
amplitude limitation of stick–slip oscillations. Finally, Section 5 gives
concluding remarks.

2. Modelling

Even with state of the art instruments, ensuring the even and smooth
otion of machine tools on feed rates below 1 mm/min remains a sig-
ificant engineering and control challenge. As illustrated by Fig. 1, due

to the intricate interplay of friction and actuator forces, such systems
are highly prone to stick–slip oscillations and may exhibit complicated
hunting motions. This phenomenon is clearly demonstrated by the
motor and linear encoder position signals shown in Figs. 1(b) and (c).
These have been obtained from measurements conducted on a real
rinding machine shown in Fig. 1(a). In this machine tool, as illustrated
y Fig. 2, the feed motion in the indicated 𝑥 direction is provided by

a rotary motor through a ball-screw drive, while the moving column
carrying the grinding wheel is supported by linear guides. In these
guides, the presence of considerable dry-friction and sticktion is clearly
indicated by the step-wise nature of the measured position signals.
Closer examination of Fig. 1(b) at preprogrammed velocity-reversal
events also reveals the presence of clear and significant backlash. This

ost likely originates from the ball-screw drive [43]. In Fig. 1(c) a
complicated hunting behaviour can be seen, which may have been
induced by a combined effect of dry-friction and backlash.

The main goal of this paper is to present the simplest possible
mechanical model, which can explain how the hunting behaviour
aptured by the signals shown in Figs. 1(b) and (c), can emerge from
xtremely low-velocity machine-tool feed motions. Here, to properly
apture the effects of backlash, at least two degrees of freedom had
o be considered. The first for the moving column (or load) and the
econd for the motor of the grinding machine. These two DoFs are
isplayed with different shades of grey on the schematic of the feed
rive assembly shown in Fig. 2. It is reasonable to assume that dry

friction acts primarily on the first DoF, while the controller forces act
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Fig. 1. Hunting motion observed during extreme low feed rate operation of grinding machines. In panels (b) and (c) 𝑥1 and 𝑥2 refer to linear encoder and motor positions,
respectively.
Fig. 2. Schematic of the grinding machine feed drive assembly from Fig. 1.

on the second one. Since the control objective is the accurate reference
tracking of the grinding wheel and thus the moving column, this leads
to a non-collocated control architecture.

Considering these two degrees of freedom, and modelling them as
the lumped masses, results the simplified mechanical model show in
Fig. 3(a). Here the movements of the machine tool are defined in a
reference frame, which moves with the prescribed feed motion of the
grinding wheel. The corresponding feed velocity is marked with 𝑣f ,
meaning 𝑥r ef ∼ 𝑣f 𝑡. The relative positions and velocities 𝑥1 and 𝑥2, as
well as �̇�1 and �̇�2 are associated with the machine tool’s moving column
and motor, respectively. The corresponding modal masses are marked
with 𝑚1 and 𝑚2, while the contact between these two bodies is modelled
with a backlash element, which has a dead-zone of size 2𝑑.

The controller force 𝐹c is provided by the industry standard cas-
caded P-PI velocity-position control loop presented in Fig. 3(b). Here in
accordance with the control goal, both velocity and position feedback
relies on signals measured directly on the load side (𝑥1 and �̇�1). It must
be noted that in industrial machine tools, velocity measurements on the
load side, obtained e.g. via approximate differentiation of the linear
encoder position signal, can be too noisy for precise motion control
applications, such as providing a uniform low feed rate for grinding
operations. Consequently, it may also be worthwhile to analyse the
system presented in Fig. 3 while considering velocity feedback on the
motor side, thus replacing �̇�1 with �̇�2 in the control loop.

The belt shown in Fig. 3(a) is meant to illustrate that in the
previously defined moving reference frame 𝑥r ef the machine bed moves
with −𝑣f relative to the moving column and the grinding wheel. In this
relative frame of reference, the friction present in the linear guides is
best characterized via the asymmetric Stribeck type curve illustrated
in Fig. 3(c). This piecewise nonlinear definition of the friction force
𝐹f relies on 𝜇 and 𝜇0, which are the sliding and sticking friction
coefficients, as well as the load 𝐹n = 𝑚1𝑔, which is the normal force
exerted by the moving column on the linear guides of the machine.

As illustrated by Fig. 3(d) the governing equation of motion of the
proposed mechanical model takes the form

𝑚 �̈� = −𝐹 + 𝐹 , (1a)
1 1 f d

3 
𝑚2�̈�2 = −𝐹d + 𝐹c, (1b)

where �̈�1 and �̈�2 refer to the acceleration of the machine tool’s moving
column and motor, respectively. After unfolding the control loop seen
in Fig. 3(b), the controller force can be evaluated as

𝐹c = −𝐾v

((

𝐾p +
1
𝑇i

)

𝑥1 + �̇�1 +
𝐾p

𝑇i ∫

𝑡

0
𝑥1(𝑠)d𝑠

)

, (2)

while using the characteristics presented in Fig. 3(c) the friction
force is described as

𝐹f =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑚1 𝑔
(

𝜇 + (𝜇0 − 𝜇) exp
(

(

− �̇�1+𝑣f
𝑣S

)𝛿
))

+ 𝑏f (�̇�1 + 𝑣f ) | �̇�1 > −𝑣f ,

−𝑚1 𝑔
(

𝜇 + (𝜇0 − 𝜇) exp
(

(

�̇�1+𝑣f
𝑣S

)𝛿
))

+ 𝑏f (�̇�1 + 𝑣f ) | �̇�1 < −𝑣f ,

[−𝜇0𝑚1 𝑔 , 𝜇0𝑚1𝑔] | �̇�1 = −𝑣f .
(3)

Here the last row is meant to represent that 𝐹f can take on any value
between −𝜇0𝑚1𝑔 and 𝜇0𝑚1𝑔 if �̇�1 + 𝑣f = 0. Due to the relatively long
timescale and period length 𝑇 of the expected stick–slip oscillations
(𝑇 > 1 s) compared to the feedback delays 𝜏 customarily present in
CNC position controllers (𝜏 ≈ 2 - 4 ms), the time delay of the control
loop is neglected in (2). In Eq. (3), the Stribeck effect is characterized by
the velocity 𝑣S and the exponent 𝛿, while 𝑏f is a linear viscous friction
term.

To model the contact dynamics in the backlash element seen in
Fig. 3(a) and to evaluate 𝐹d from (1), as illustrated in Fig. 4, two dif-
ferent approaches are proposed. The first one, seen Fig. 3(a), considers
a compliant contact between the two bodies (allowing |𝑥2 − 𝑥1| > 𝑑),
which is characterized by the contact stiffness 𝑘c. Here, the energy
dissipated during collisions is considered through the introduction of a
viscous damping term 𝑏c. To avoid having non-zero forces at the point
of separation, which would lead to significant numerical difficulties
during the bifurcation analysis of the system, a Kelvin–Voigt type
contact model has been considered [21]. This means that the damping
term becomes nonlinear and the contact force is given by

𝐹d,K V =

⎧

⎪

⎨

⎪

⎩

𝜙+
d,K V | 𝑥2 − 𝑥1 > 𝑑 ∧ 𝜙+

d,K V > 0,
𝜙−
d,K V | 𝑥1 − 𝑥2 > 𝑑 ∧ 𝜙−

d,K V < 0,
0 | ot her wise,

wher e

𝜙+
d,K V = 𝑘c(𝑥2 − 𝑥1 − 𝑑)

(

1 + 𝑏c(�̇�2 − �̇�1)
)

,

𝜙−
d,K V = 𝑘c(𝑥2 − 𝑥1 + 𝑑)

(

1 − 𝑏c(�̇�2 − �̇�1)
)

.

(4)

In Fig. 3(b) the contact surfaces are assumed to be completely rigid
(only allowing |𝑥2 − 𝑥1| ≤ 𝑑). Here, while the moving column and the
motor are in contact, the purpose of the contact force is to ensure
that |𝑥2 − 𝑥1| = 𝑑, which in turn also guarantees �̈�1 = �̈�2. Thus, by
rearranging (1), this contact force can be expressed as

𝐹d,RI =

⎧

⎪

⎨

⎪

⎩

𝜙d,RI | 𝑥2 − 𝑥1 = 𝑑 ∧ 𝜙d,RI > 0,
𝜙d,RI | 𝑥1 − 𝑥2 = 𝑑 ∧ 𝜙d,RI < 0,
0 | ot her wise,

wher e

𝜙 =
𝑚1𝐹c + 𝑚2𝐹f .

(5)
d,RI 𝑚2 + 𝑚1
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Fig. 3. Simplified mechanical model of a feed drive assembly for a grinding machine.
n

Fig. 4. Contact dynamics models considered in the backlash element between the
oving column and motor of the machine tool. Panel (a) shows the Kelvin–Voigt

lement (KV) and panel (b) the rigid impact model (RI).

For this rigid contact model, the surplus kinetic energy of the two
bodies must be dissipated at the instant when contact is established.
To avoid having to deal with chatter sequences [36], for this purpose,
erfectly inelastic impacts have been considered, with coefficients of
estitution 𝑟 = 0. This leads to the impact map

̇ +1 = �̇�+2 =
𝑚1�̇�−1 + 𝑚2�̇�−2

𝑚1 + 𝑚2
, (6)

where the superscripts + and −, respectively, refer to the post- and
re-impact states of the system.

Both of the aforementioned contact models have upsides and down-
ides when it comes to accuracy and ease of numerical treatment. On
loser examination of the time signals in Fig. 1, using the Kelvin–Voigt

(KV) model appears to be closer to reality since the difference between
𝑥1 and 𝑥2 is clearly not constant while in contact. This model, how-
ver, requires the introduction of two difficult-to-measure and highly

uncertain parameters 𝑘c and 𝑏c. Furthermore, the drastically different
imescales of the contact dynamics and the stick–slip oscillations can
asily lead to major numerical difficulties.

The rigid impact (RI) model does not require the introduction of
new parameters and does not suffer from timescale issues. Nevertheless,
this approach suffers from its own set of drawbacks and difficulties.
The order reduction of the system when contact is established can lead
to singularity issues during bifurcation analysis, and the instantaneous
velocity jumps induced by (6) may induce undesirable or unrealistic
hanges in the modes of 𝐹d and 𝐹f .

Prior to numerical analysis of the grinding feed drive assembly, it
s worthwhile bringing the governing equation of motion (1) to a first-
rder nondimensional form. Since 𝐹c in (2) takes 𝑥1, �̇�1 and the integral
f 𝑥 as an input, the evolution of the system is best described by the
1

4 
five-dimensional state vector 𝐲 = [∫ 𝑥1d𝑡, 𝑥1, �̇�1, 𝑥2, �̇�2]⊺. For the sake
of nondimensionalisation, 𝑥u = 𝑑 is picked as displacement unit, while
𝑡u = 𝑑

𝑣S
is picked as time unit. This helps considerably in simplifying

both the contact and friction force formulas in (3)–(5), and lead to the
dimensionless equation of motion
⎡

⎢

⎢

⎢

⎢

⎢

⎣

�̇�1
�̇�2
�̇�3
�̇�4
�̇�5

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑦2
𝑦3

𝑓d − 𝑓f
𝑦5

𝜅(𝑓c − 𝑓d)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

, (7)

where 𝜅 = 𝑚1
𝑚2

is the mass ratio and the dimensionless forces are given
by

𝑓c = −𝑘i𝑦1 − 𝑘p𝑦2 − 𝑘d𝑦3, (8)

with 𝑘i =
𝐾p𝐾v𝑑3

𝑇i𝑚1𝑣3S
, 𝑘p =

𝐾v(𝐾p+1∕𝑇i)𝑑2

𝑚1𝑣2S
, 𝑘d =

𝐾v𝑑
𝑚1𝑣S

, and

𝑓f =

⎧

⎪

⎨

⎪

⎩

𝜙
(

1 + (𝜂 − 1) exp
(

(

−𝑦3 − 𝑣0
)𝛿
))

+ 𝛽(𝑦3 + 𝑣0) | 𝑦3 > −𝑣0,

−𝜙
(

1 + (𝜂 − 1) exp
(

(

−𝑦3 − 𝑣0
)𝛿
))

+ 𝛽(𝑦3 + 𝑣0) | 𝑦3 < −𝑣0,
[−𝜙𝜂 , 𝜙𝜂] | 𝑦3 = −𝑣0.

(9)

with 𝜙 = 𝜇 𝑔 𝑑
𝑣2s

, 𝛽f = 𝑏f 𝑑
𝑚1𝑣S

, 𝜂 = 𝜇0
𝜇 , and 𝑣0 = 𝑣f

𝑣S
. Depending on what

contact model is used, the contact force 𝑓d may either be

𝑓d,K V =

⎧

⎪

⎨

⎪

⎩

𝜑+
d,K V | 𝑥2 − 𝑥1 > 1 ∧ 𝜑+

d,K V > 0,
𝜑−
d,K V | 𝑥1 − 𝑥2 > 1 ∧ 𝜑−

d,K V < 0,
0 | ot her wise,

𝜑+
d,K V = 𝛼c(𝑦4 − 𝑦2 − 1) (1 + 𝛽c(𝑦5 − 𝑦3)

)

,

𝜑−
d,K V = 𝛼c(𝑦4 − 𝑦2 + 1) (1 − 𝛽c(𝑦5 − 𝑦3)

)

,

(10)

with 𝛼c =
𝑘c𝑑2

𝑚1𝑣2S
and 𝛽c =

𝑏c𝑣S
𝑑 , or

𝑓d,RI =

⎧

⎪

⎨

⎪

⎩

𝜑d,RI | 𝑥2 − 𝑥1 = 1 ∧ 𝜑d,RI > 0,
𝜑d,RI | 𝑥1 − 𝑥2 = 1 ∧ 𝜑d,RI < 0,
0 | ot her wise,

𝜑d,RI =
𝜅 𝑓c + 𝑓f
1 + 𝜅

,

(11)

with the corresponding impact map

𝐲+ = 𝐠RI(𝐲) =
[

𝑦−1 𝑦−2
𝑦−3 +𝜅 𝑦−5
1+𝜅 𝑦−4

𝑦−3 +𝜅 𝑦−5
1+𝜅

]⊺
. (12)

Considering the different domains of the friction and contact forces
from (9), and (10) or (11), the system of PWS-ODEs (7) that governs
the dynamics of the grinding feed drive assembly may be in one of
ine different modes. These are illustrated in Fig. 5, and the events

connecting these modes are listed in Table 1. Here the notations
contact+, contact−, and no contact distinguish between the different
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Fig. 5. Mode and event map of the governing system of PWS-ODEs, which takes both dry friction and backlash into account. The mode transitions marked with blue correspond
to the rigid impact (RI) contact dynamics model.
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f
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domains of the contact force 𝑓d, while the tags sliding+, sliding− and
ticking mark the different segments of the friction characteristics 𝑓f .

In an optimal operation the system never leaves mode 1, which
means that the contact between the two bodies is uninterrupted and
the absolute velocity of the moving column is strictly positive. If the
stability of the uniform feed rate solution is lost, growing amplitudes
of the limit cycle oscillations may lead to contact loss and velocity
eversal events. In case of the former, 𝑓d becomes zero and the system
ransitions to mode 4. In case of the latter, when the absolute velocity of
he moving column reaches zero there are two things that can happen.
f the contact force is greater than the maximal stiction force (𝑓d > 𝜂 𝜙)
he sliding direction is simply reversed and the system transitions to
ode 2. However, if 𝑓d ≤ 𝜂 𝜙, the moving column will stick and 𝐲 will

ontinue to evolve in mode 3. While the two bodies are in contact, the
d ≶ 𝜂 𝜙 condition must be evaluated every time the event condition
3 + 𝑣0 = 0 is reached, in order tp to distinguish between the events
–7, 6–8, 18–20, and 19–21, according to Table 1. From here on, the

complexity of the system blows up really quickly, which leads to an
intricate web of modes and connecting events. A trajectory may find its
way back to mode 1 through the same events playing out in reverse,
i.e. establishing contact, separation from sticking, and velocity reversal,
or else cover some parts or the entirety of the mode map in Fig. 5.

Upon closer examination of Fig. 5, some mode transitions seem to
be missing. First, it is impossible for the moving column not to stick in
mode 4 and mode 5, when the event condition 𝑦3 + 𝑣0 = 0 is reached.
Second, there is no way to start sliding again from mode 6 without first
re-establishing contact. These are both justifiable since in these modes
there is no contact between the two bodies and 𝑓d = 0 is guaranteed
to be less then the maximal stiction force. Finally, both in positive
and negative contact, separation from sticking is only possible in one
direction, since in these instances the sign of 𝑓d is given.

When it comes to the topology of the PWS-ODE mode map in Fig. 5,
there are only a few minor differences between the two considered
contact models. As marked in brackets in Table 1, all events with event
ondition ℎ𝑒(𝐲) = 𝑦4−𝑦2± 1 = 0 are extended with the jump map (12), if

the rigid impact (RI) contact model is considered, that is. This induces
sudden changes in the velocities of both bodies and can complicate the
evaluation of the post-impact sliding direction. Naturally, when leaving
mode 6, 𝑦−3 = −𝑣0 (apart from degenerate cases 𝑦−5 ≠ 𝑦−3 ), which means
that the moving column must always start sliding at events 11 and 24.
This mode-transition difference is illustrated with blue arrows in Fig. 5.
When contact between the two bodies is regained while sliding, the
5 
situation is slightly more complicated. In case of events 2 and 17, the
mpacts can clearly only push the velocity of the moving column further

away from −𝑣0, while in case of events 4 and 15, the post-impact sliding
direction can be completely arbitrary. At these points, sign(𝑦+3 +𝑣0) must
be checked on a case-by-case basis to find the post-impact mode of the
system. In practice, events 4 and 15 almost never lead to a change in
the sliding direction, thus their alternative mode transition directions
have been omitted from both Fig. 5 and Table 1.

During numerical continuation of periodic orbits, when using the
RI contact model, it has also been observed that when transitioning to
sticking from mode 1 or mode 8, there is a possibility for a simultaneous
loss of contact if the controller force 𝑓𝑐 and the position difference of
the two bodies 𝑦4−𝑦2 have opposing signs. Thus, only for the RI contact
model, two additional events denoted by the indices 25 and 26 had to
be introduced. As seen in Fig. 5, these correspond respectively to the
RI model specific mode transitions 24 and 11 playing out in reverse.
Comparing Eqs. (10) and (11), it is clear that these two events are
exclusive to the RI model. As in the KV case, the sudden change of the
riction force 𝑓f , induced by a transition to sticking, has no immediate
ffect on the contact force 𝑓d.

3. Numerical methods

As illustrated by the mode map of the PWS-ODE system in Fig. 5
and the corresponding event list in Table 1, the governing equation
of motion of the grinding machine feed drive assembly is rich in
dynamical complexity and intricacy. Conducting time-domain simula-
tions is the most straightforward approach to get a general sense on
its dynamic behaviour, and thus it is an important first step in the
numerical analysis. The accurate and reliable time-domain simulation
of this system, however, requires great care and effort, e.g. for accurate
detection and handling of non-smooth events, or the careful tuning of
integration tolerances.

To conduct numerical simulations a MATLAB® based framework
has been implemented. This made use of the integrator algorithms
ode45 and ode15s, as well as their built-in event-detection routines,
to find solution trajectories in a segment-by-segment manner. Using a
stiff solver such as ode15s proved to be especially rewarding, when
the compliant contact model was considered, as it could cope much
better with the drastically different timescales of the local and global
dynamics. In the implemented framework, at every time instance 𝑡 ,
𝑗
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Table 1
Event definition list for the piecewise-smooth dynamic system from Fig. 5. These events are encountered when ℎ𝑒(𝐲) = 0 and
the additional inequality conditions found in the cond. column are met. They induce a mode change defined by 𝜋𝑒 and a
jump in the state according to 𝐲 → 𝐠𝑒(𝐲), if the rigid body impacts are considered. The output modes displayed in brackets
in the 𝜋𝑒 column also correspond only to the RI model.
e Description ℎ𝑒(𝐲) Condition 𝜋𝑒 𝐠𝑒(𝐲−)

1 contact+ lost in sliding+ 𝑓d 1 → 4
2 contact+ found in sliding+ 𝑦4 − 𝑦2 − 1 4 → 1 𝐠RI(𝐲−)
3 contact+ lost in sliding− 𝑓d 2 → 5
4 contact+ found in sliding− 𝑦4 − 𝑦2 − 1 5 → 2 𝐠RI(𝐲−)
5 sliding dir. change in contact+ 𝑦3 + 𝑣0 𝑓d > 𝜂 𝜙 1 → 2
6 sliding dir. change in contact+ 𝑦3 + 𝑣0 𝑓d > 𝜂 𝜙 2 → 1
7 sticking in contact+ 𝑦3 + 𝑣0 𝑓d ≤ 𝜂 𝜙 1 → 3
8 sticking in contact+ 𝑦3 + 𝑣0 𝑓d ≤ 𝜂 𝜙 2 → 3
9 leaving sticking in contact+ 𝑓d − 𝜂 𝜙 3 → 1
10 contact+ lost in sticking 𝑓d 3 → 6
11 contact+ found in sticking 𝑦4 − 𝑦2 − 1 6 → 3 (1) 𝐠RI(𝐲−)
12 sticking without contact 𝑦3 + 𝑣0 4 → 6
13 sticking without contact 𝑦3 + 𝑣0 5 → 6
14 contact− lost in sliding+ 𝑓d 7 → 4
15 contact− found in sliding+ 𝑦4 − 𝑦2 + 1 4 → 7 𝐠RI(𝐲−)
16 contact− lost in sliding− 𝑓d 8 → 5
17 contact− found in sliding− 𝑦4 − 𝑦2 + 1 5 → 8 𝐠RI(𝐲−)
18 sliding dir. change in contact− 𝑦3 + 𝑣0 𝑓d > 𝜂 𝜙 7 → 8
19 sliding dir. change in contact− 𝑦3 + 𝑣0 𝑓d > 𝜂 𝜙 8 → 7
20 sticking in contact− 𝑦3 + 𝑣0 𝑓d ≤ 𝜂 𝜙 7 → 9
21 sticking in contact− 𝑦3 + 𝑣0 𝑓d ≤ 𝜂 𝜙 8 → 9
22 leaving sticking in contact− 𝑓d + 𝜂 𝜙 9 → 8
23 contact− lost in sticking 𝑓d 9 → 6
24 contact− found in sticking 𝑦4 − 𝑦2 + 1 6 → 9 (8) 𝐠RI(𝐲−)
25 contact− lost and sticking 𝑦3 + 𝑣0 𝑓c > 0 8 → 6
26 contact+ lost and sticking 𝑦3 + 𝑣0 𝑓c < 0 1 → 6
s
c
d

𝑗 = 1, 2, 3,… when a zero crossing is detected (see the active event
onditions in Table 1), which means that

ℎ𝑒𝑗 (𝐲(𝑡𝑗 )) = 0, (13)

the integration of

�̇�(𝑡) = 𝐟𝑚𝑗
(𝐲(𝑡)) (14)

is stopped. In this paper, the index 𝑚𝑗 ∈ {1,… , 9} is used to distinguish
etween the possible mode combinations of 𝑓f and 𝑓d according to

Fig. 5, while 𝑒𝑗 ∈ {1,… , 26} is used to enumerate all the possible non-
smooth events connecting these modes as seen in Table 1. In (14), 𝐟𝑚𝑗
epresents the active mode of the vector field in (7) during the time

interval 𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ].
At 𝑡𝑗 , the event identifier 𝑒𝑗 marks which event from Table 1 had

occurred, and according to which row should the solution be updated.
Here, if required the impact map 𝐲 → 𝐠RI(𝐲) may be applied and then
the integration of (14) can be restarted from 𝐲+𝑗 = 𝐲+(𝑡𝑗 ), considering
the mode of the governing vector field in the subsequent smooth
segment 𝑚𝑗+1, which is determined automatically according to 𝜋𝑒𝑗 .

This numerical simulation framework allows for quick and easy
insights into the dynamic behaviour of the system, and can be employed
to identify stable periodic solutions. For a more in-depth numerical
analysis of the found periodic orbits, a shooting-method based continu-
tion algorithm is developed. This require simultaneous solution of the

vector field and the first variational equation
̇ 𝑗 (𝑡) = 𝜕𝐲𝐟𝑚𝑗

(𝐲(𝑡))𝜱𝑗 (𝑡), 𝑡 ∈ [𝑡𝑗−1, 𝑡𝑗 ], (15)

where 𝜱𝑗 (𝑡) = 𝜕𝐲+𝑗−1𝐲(𝑡) and 𝜱𝑗 (𝑡𝑗−1) = 𝐈, with 𝐈 denoting a 5 by 5
dentity matrix. Following the steps detailed in [39], this allows us to
ormulate a Jacobian matrix for the boundary value problem

𝐲+(𝐲+0 , 𝑡𝑁 ) − 𝐲+0 = 𝟎, (16)

of a nonsmooth periodic orbit with 𝑁 events as

𝐉𝑁 = −𝐈 +
1
∏

𝜕𝐲𝐠𝑒 (𝐲−)𝐏𝑒 𝜱𝑗 (𝑡𝑗 ). (17)

𝑗=𝑁

𝑗 𝑗 𝑗

6 
Here 𝐲−𝑗 refers to the state at 𝑡𝑗 before the jump induced by 𝐠𝑒𝑗 , and
ince 𝑡𝑗 is determined via automatic event detection, the necessary
orrections at event surface interactions are done according to the
erivatives of the projected Poincaré map

𝐏𝑒𝑗 = 𝐈 −
𝐟𝑚𝑗

(𝐲−𝑗 )𝜕𝐲ℎ𝑒𝑗 (𝐲
−
𝑗 )

𝜕𝐲ℎ𝑒𝑗 (𝐲
−
𝑗 )𝐟𝑚𝑗

(𝐲−𝑗 )
. (18)

The Jacobian 𝐉𝑁 from (17) facilitates an efficient solution of (16)
via Newton iterations, and enables numeric continuation of even un-
stable periodic solutions. To do so, a fixed step-size pseudo-arclength
method [44] is implemented. Moreover, the simultaneous numerical
solution of (15) also allows for stability analysis of located periodic
orbits by calculating the Floquet multipliers 𝜇𝑛 = eig(𝜳𝑁 ). This is done
through the formulation of the corresponding monodromy matrix

𝜳𝑁 =
1
∏

𝑗=𝑁
𝐃𝑗𝜱𝑗 (𝑡𝑗 ), (19)

with the necessary saltation matrices available as

𝐃𝑗 = 𝜕𝐲𝐠𝑒𝑗 (𝐲
−
𝑗 ) +

(

𝐟𝑚𝑗+1
(𝐲+𝑗 ) − 𝜕𝐲𝐠𝑒𝑗 (𝐲

−
𝑗 )𝐟𝑚𝑗

(𝐲−𝑗 )
)

𝜕𝐲ℎ𝑒𝑗 (𝐲
−
𝑗 )

𝜕𝐲ℎ𝑒𝑗 (𝐲
−
𝑗 )𝐟𝑚𝑗

(𝐲−𝑗 )
. (20)

Extending the boundary value problem (16) with the additional condi-
tions

ℎ𝑁 ,g r = 𝜕𝐲ℎ𝑒𝑁 (𝐲−𝑁 )𝐟𝑚𝑁
(𝐲−𝑁 ) (21)

for grazing and

ℎ𝑁 ,sl = 1 −
|

|

|

|

|

|

|

𝜕𝐲ℎ𝑒𝑁 (𝐲−𝑁 )
(

𝐟𝑚1
(𝐲−1 ) + 𝐟𝑚𝑁

(𝐲−𝑁 )
)

𝜕𝐲ℎ𝑒𝑁 (𝐲−𝑁 )
(

𝐟𝑚1
(𝐲−1 ) − 𝐟𝑚𝑁

(𝐲−𝑁 )
)

|

|

|

|

|

|

|

, (22)

for sliding enables us to continue these critical discontinuity induced
bifurcation points in two system parameters. Both conditions are pre-
scribed at the previous event, which means they can be directly en-
forced on the solution 𝐲0 of (16). Nevertheless, a shooting method,
which relies on automatic event detection, is ill-suited for the numeric
continuation of grazing bifurcations. The reason is that for slight per-
turbations of 𝐲 the simulated trajectory may not intersect the event
0
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Fig. 6. Simulated displacement signals of the grinding feed drive assembly, considering different feed rates and contact models. System parameters are taken from Table 2, while
the controller parameters are either 𝑇𝑖 = 14 ms, 𝐾v = 25 kNs/m, and 𝐾p = 16.667 1/s for panels (a) and (c), or 𝑇𝑖 = 16 ms, 𝐾v = 25 kNs/m, and 𝐾p = 16.667 1/s for panels (b) and
(d).
p

0

D

m
c

surface it started from, and thus the integration of the governing
equation of motion will not stop where it is supposed to. Naturally, this
limitation can be circumvented by modifying the algorithms on a case-
y-case basis, however, here instead a collocation-based continuation
ramework has been employed.

Switching over to a multi-segment collocation approach can consid-
rably reduce computation times, make tedious tuning of integration
nd event detection tolerances unnecessary, and allow for a more
obust handling of discontinuity induced bifurcations, e.g. grazing and
liding. Their biggest drawback is their need for a priori knowledge of
he periodic orbit solution signature. Fortunately, when this sequence
f events and modes within a periodic orbit trajectory is already known,
hanks to the previously discussed shooting method, and not expected
o change on the parameter domain of interest, they can be applied
ffectively and efficiently. Thus, for the numerical study of the grinding
achine feed drive assembly, using shooting and collocation based

methods in tandem proved to be the most rewarding approach.
The employed collocation algorithms are discussed in detail in [45].

This paper presents a Chebyshev polynomial based multi-segment
spectral collocation [46] framework initially developed for piecewise-
smooth delay differential equations. Naturally, it can be used directly
for the numeric bifurcation and stability analysis of PWS-ODEs as well.
urthermore, it also enables automatic detection of grazing and sliding
ifurcations as well as their continuation in two system parameters.
verall, it provides a reliable alternative for continuing discontinuity

nduced bifurcations, while its main shortcomings are the establishment
f initial solution guesses and branch switching, which can be mitigated
fficiently with the help of the shooting method introduced above.

4. Results

The mechanical model of the grinding machine feed drive assembly
hown in Fig. 3 has been subjected to a detailed numerical stability
nd bifurcation analysis to reproduce, explain, and help avoid hunting
otions, as illustrated in Figs. 1(b) and (c). This first required the

appropriate selection of a base set of system parameters, which is
listed in Table 2. Here, the parameters 𝜇, 𝜇0, 𝑣S, 𝑏f , and 𝛿 of the
Stribeck-type friction model are taken from [25], where the friction-
orce characterization of the feed drive assembly of a similar CNC
achine is presented. The dead zone of the backlash element 𝑑 is

based on the difference between 𝑥1 and 𝑥2 in Fig. 1(b), while the
modal masses 𝑚1 and 𝑚2 were picked to match the timescale of the
hunting motion presented in the figure. During this manual parameter
fitting of 𝑚1 and 𝑚2, the rest of the parameters, including 𝐾v, 𝐾p,
and 𝑇i were kept constant on their default values corresponding to
the know tuning of the P-PI controller. Finally, the stiffness 𝑘𝑐 of
the Kelvin–Voigt contact model was also estimated according to the
displacement signals, i.e. on deviations in 𝑥2−𝑥1 when the system is in
ositive contact (mode 1, 2, or 3). The corresponding damping value

was picked so that local contact dynamics would quickly die off,
c s
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Table 2
The set of base parameters and their dimensions.

Name Description Value

𝑚1 modal mass of moving column 146 kg
𝑚2 modal mass of the motor assembly 86 kg
𝑑 backlash element dead-zone 45 μm
𝑔 gravitational acceleration 9.81 m/s
𝜇 sliding friction coefficient 0.1708
𝜇0 sticking friction coefficient 0.3883
𝑣S Stribeck velocity 6.46 mm/s
𝑏f viscose friction coefficient 7.27 1/s
𝛿 Stribeck friction exponent 1
𝑘c KV contact stiffness 50 kN/mm
𝑏c KV contact damping term 1×107 s

Table 3
Base dimensionless parameter set corresponding to the values seen in Table 2.

Name Description Value

𝜅 mass ratio 1.6977
𝜙 sliding friction magnitude 1.8068
𝜂 ratio of friction coefficients 2.2734
𝛽 viscose friction term 3.4687 ×10−4

𝛼c KV contact stiffness term 16.6179
𝛽c KV contact damping term 477.1195

and to avoid chatter when contact between the two-bodies is establi-
shed.

Naturally, for an easier treatment of numerical errors and tolerances
bifurcation analysis of the system were performed in a nondimensional
setting. The equivalent set of dimensionless parameters to the ones in
Table 2 is presented in Table 3. The feed rate 𝑣f and the controller
arameters 𝑇𝑖, 𝐾v, and 𝐾p are not listed in Table 2, as they will be

allowed to vary during the stability and bifurcation analysis of the
system. Consequently, their dimensionless counterparts 𝑣0, 𝑘p, 𝑘i, and
𝑘d are also omitted from Table 3. The parameter ranges in, which they
will be allowed to vary are selected around the default values used
for conducting the measurement displayed in Fig. 1(b), meaning 𝑘p =
.732, 𝑘d = 1.1928, 𝑘i = 0.0689, and 𝑣0 = 0.0015.

To gain a quick insight into the dynamics of the proposed two
oF mechanical model (1), and to validate its accuracy on modelling

the stick–slip oscillations observed in the uniform feed motion of the
grinding machine, it is worthwhile to begin the numerical analysis by
running time-domain simulations. Using the event-based framework
introduced in Section 3, transient response signals, such as the ones
shown in Fig. 6, can be generated with relative ease. Although the
topologies of these displacement signals do not perfectly match the ones
seen in Fig. 1, they do reliably capture the time and amplitude scales
of the arising hunting motions. The starkest differences between the

easured and simulated signals can be noticed in 𝑥1 while the moving
olumn is stuck in modes 3, 6, and 9. This observation is not surprising
ince this is the region where accurate characterization of the friction
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Fig. 7. Bifurcation map of simple limit cycle oscillations arising from the Hopf bifurcations magnified in panel (c). The solid and dotted lines denote continuation results obtained
with the KV and RI contact models respectively. Blue colour marks stable solutions, while the colour red is used for unstable ones. On the panels showing time signals of the
forces, 𝑓c is marked with a solid, 𝑓d with a dashed, and 𝑓f with a dotted line. (The controller parameters were 𝑘p = 0.732, 𝑘d = 1.1928, and 𝑘i = 0.0689.). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web version of this article.)
forces is the hardest. Furthermore, in the real grinding operation there
is no clear transition point between sticking and sliding friction.

4.1. Continuation of periodic orbits

As demonstrated by Fig. 6, the proposed mechanical model (1)
can display a wide range of intricate periodic motions, with highly
different solution signatures. Therefore, to gain further insight into the
dynamic behaviour of this system, it is worthwhile to use the numerical
continuation techniques discussed in Section 3, to conduct bifurcation
analysis on these periodic orbits found via transient simulations. It is
most reasonable to begin with the simplest hunting motion illustrated
in Figs. 6(a) and (c). Converted to a dimensionless form and corrected
via shooting-based Newton iterations, these can be represented by the
periodic orbit shown in Fig. 7 (A-RI) or (A-KV), depending on which
contact model has been used.

These orbits may be continued in 𝑣0 from point A of Fig. 7, either
directly via the shooting approach or by converting it to a collocation-
based representation. The branches of stable periodic orbits obtained in
this manner demonstrate well how the prescribed feed rate influences
the dynamics of the system. In the negative 𝑣0-direction, the branches
terminate in an intersection with the equilibrium branch 𝐲(𝑡) ≡ �̄�,
𝐟1(�̄�) = 𝟎 at 𝑣0 = 0. Meanwhile, in the positive direction the periodic
orbits encounter the grazing events (𝑒𝑗 = 7) illustrated in Figs. 7(B-RI)
and (B-KV), where the sticking segment spent in mode 3 disappears.
Starting from these bifurcation points, following unstable smooth pe-
riodic orbits eventually leads to another pair of intersections with
the equilibrium branch, where Hopf bifurcations should be expected.
This can be easily verified through examining the eigenvalues of the
corresponding vector field Jacobians

𝐉𝐟1 =
𝜕𝐟𝑚(𝐲)
𝜕𝐲

|

|

|

|�̄�
, (23)

where 𝑚 = 1, since the equilibrium solution of the governing equation
of motion is found in the first mode of the system, corresponding to
stationary grinding, as illustrated by Fig. 5. Locating the exact point
where 𝐉𝐟1 has a pair of purely imaginary eigenvalues can also pinpoint
the exact location of these subcritical Hopf bifurcations as illustrated
in Fig. 7(c).

From Fig. 7 it is clear that higher feed rates lead to more desirable
system dynamics, where the equilibrium solution corresponding to a
constant-speed motion of the moving column that is stable. Lowering
the feed rate can initially lead to a bistable configuration, where minor
disturbances may cause the emergence of stable hunting motions.
8 
Further reducing 𝑣0 also induces a loss of stability in the equilibrium
solution, making constant speed motions completely infeasible.

4.1.1. Rigid impact model without contact loss
Taking a closer look at Figs. 6(a) and (c) reveals that contact model

selection only has a noticeable effect on the initial transient phase of
the simulated time signals, as long as continuous contact is maintained
between the two degrees of freedom. Fig. 7 also demonstrates, that
the contact model selection has no qualitative or quantitative effect on
the stability of the steady state motion or the bifurcation diagram of
the system. The only noticeable difference between the found periodic
orbits lies in the shape of the 𝑥2−𝑥1 time signals. Therefore, while only
orbits without contact loss events are examined, it is unnecessary to
consider both proposed contact models separately, and one may focus
solely on the one that is easier to handle numerically. Naturally, this
will be the rigid impact (RI) model, which without contact-loss events
reduces to a three-dimensional problem.

One of the main goals of this paper is to demonstrate the effect of
controller parameter tuning on the dynamic behaviour of the grinding
machine feed motion. Consequently, periodic orbit continuation was
first employed to show how the bifurcation diagram presented in Fig. 7
can be influenced by the dimensionless controller parameters 𝑘p, 𝑘i, and
𝑘d.

First, the effects of the proportional gain 𝑘p are illustrated in the
bifurcation diagram in Fig. 8. Here a dashed black curve marks a set of
grazing-sliding bifurcations obtained by two-parameter continuation of
the orbit marked with (B-RI) in Fig. 7. This line marks the upper bound-
ary of the bistable parameter regime in 𝑣0, while the lower bound,
which is obtained by following Hopf bifurcations of the equilibrium
solution 𝐲(𝑡) ≡ �̄�, is marked with a dashed red curve. On both ends,
this former branch of grazing bifurcations terminates in a secondary
grazing event corresponding to a loss of contact between the two bodies
(𝑒𝑗 = 1). The periodic orbits at these points are illustrated in Figs. 8(A)
and (D). Following such critical contact loss orbits leads to the branches
marked with dashed cyan lines. At point B the period length of these
orbits approaches infinity as 𝑣0 goes to zero, while at point C a double
contact loss (𝑒𝑗 = 1 and 𝑒𝑘 = 10) orbit may be identified, marking
an intersection between two branches of grazing contact-loss orbits
with different solution signatures. Point B is important since it marks
a lower bound 𝑘p ≈ 0.7091, below which branches of periodic orbits
can no longer reach the equilibrium at 𝑣0 = 0, without first encounter
a contact-loss event.

The effect of the integral gain 𝑘i is illustrated by Fig. 9. This bifur-
cation diagram is similar to the one shown in Fig. 8, with the important



Z. Iklodi et al. International Journal of Non-Linear Mechanics 168 (2025) 104940 
Fig. 8. Two parameter continuation results of the RI model in 𝑣0 and 𝑘p. (The other two controller parameters were set to 𝑘i = 0.0689 and 𝑘d = 1.928.) In the 3D bifurcation
diagram, blue and red solid lines are used for stable and unstable branches of periodic orbits, while black, cyan, and red dashed lines mark branches of grazing-sliding, contact-loss
grazing, and Hopf bifurcations respectively. In the lower left sub-panels of panels (A)–(D), solid lines are used for 𝑓c, dashed for 𝑓d, and dotted for 𝑓f . (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)
Fig. 9. Two parameter continuation results of the RI model in 𝑣0 and 𝑘i. (The other two controller parameters were set to 𝑘p = 0.732 and 𝑘d = 1.1928.) The line styles and colours
are the same as in Fig. 8.
distinction that point B here marks an upper bound 𝑘i ≈ 0.0758, above
which contact-loss events are to be expected. Furthermore, here only
one end of the grazing-sliding bifurcation branch is marked by a contact
loss event A, since there is no significant change in the periodic orbits as
𝑘i → 0, apart from the fact that 𝑦5(𝑡) grows infinitely large and cancels
9 
out the constant part of the friction force. Fig. 8(C) shows the exact
same double contact loss periodic orbit as before, while Fig. 8(D) now
illustrates a standard stick–slip periodic orbit, as it encounters a grazing
contact-loss event while sticking (𝑒𝑗 = 10).
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Fig. 10. Two parameter continuation results of the RI model in 𝑣0 and 𝑘d. (The other two controller parameters were set to 𝑘p = 0.732 and 𝑘i = 0.0689.) The use of line styles
and colours is the exact same, as in the case of Fig. 8.
Finally, the influence of the derivative gain 𝑘d is shown in Fig. 10.
Here, one end of the grazing-sliding branch intersects with both the
Hopf bifurcation and 𝑣0 = 0 equilibrium branches, and define an upper
bound at 𝑘d = 2.45. Above this value, the steady-state solution is
stable regardless of 𝑣0 and no stick–slip oscillations are to be expected.
Similarly to the previous two bifurcation diagrams, decreasing the
derivative gain eventually leads to a lower limit 𝑘d ≈ 1.1928, marked
by the periodic orbit shown in Fig. 10(B). Below this value the arising
stick–slip oscillations become prone to contact loss events. Contrary to
the previous two diagrams, the branches of critical contact-loss orbits,
started from point A with grazing in 𝑒𝑗 = 1 and point B with grazing
in 𝑒𝑗 = 10, no longer intersect. This is due to the fact that they both
have to be terminated prematurely due to a contact loss grazing event
intersecting with the point of transition to sticking (𝑒𝑗 = 7), which can
also be thought of as grazing in 𝑒𝑗 = 26. These degenerate points can
be connected by a special branch of periodic orbits, which all contain
a double event as illustrated by Figs. 10(C) and (D). The corresponding
branch is marked by a dashed magenta curve in Fig. 10, and it connects
to the cyan contact-loss branches in a smooth manner at point D and
in a non-smooth manner at point C.

Overall, Figs. 8, 9, and 10 demonstrate that increasing 𝑘d is the most
straightforward solution to the problem of stick–slip oscillations since it
can stabilize the equilibrium solution regardless of the prescribed feed
rate. Increasing 𝑘p and decreasing 𝑘i may also help, albeit only to a
limited degree. Decreasing 𝑘d or 𝑘p, or increasing 𝑘i causes the bistable
regime of 𝑣0 and the amplitude of stick–slip oscillations to grow, until
eventually a contact loss event is reached.

4.1.2. Rigid impact model with contact loss
After the first contact loss event is encountered, the complexity of

the system dynamics blows up very quickly. Beyond the branches of
grazing contact-loss orbits shown in Figs. 8–10 a wide range of periodic
solutions with distinct solution signatures may be identified. Through
continuing another set of grazing bifurcations corresponding to critical
periodic orbits, where contact on the other side of the backlash element
10 
is just about to be established, another important parameter boundary
may be found. As illustrated in Fig. 11, such a set of grazing bifurcation
branches can separate the 𝑣0 - 𝑘d parameter space into two regimes,
one with and one without double-sided contact. In this figure, all solid
curves mark branches of periodic orbits containing a contact establish-
ing grazing event. Different colours are used to distinguish between
branches with different orbit topologies and solution signatures.

To uncover this web of solution branches, first, a double-contact
periodic orbit was initialized via transient simulation near point B
of Fig. 10. Then it was continued in 𝑘d up to the point where the
time spent in negative contact is zero. Here a contact-establishing
grazing orbit is located and then continued in both 𝑣0 and 𝑘d until
point A, where a simultaneous contact loss and transition to sticking
event is encountered. At this non-smooth fold point, converting to a
slightly simpler periodic orbit with one less smooth segment, enabled
resuming the continuation run. The branch obtained in this manner,
however, has to be terminated at point B in an identical double event
(𝑒𝑗 = 26). Here there is an intersection with a branch of much simpler
contact establishing periodic orbits, which only contain two smooth
segments. Concatenating two of these simpler orbits would result in
a solution similar to the one shown in Fig. 11(B), with the minor
difference, that in this case both transitions to sticking would coincide
with a simultaneous loss of contact as well. This non-smooth period
doubling bifurcation also connects to another branch with the same
solution signature as the orbit shown in Fig. 11(B). The other end of
this branch, point C, marks the disappearance of the sticking segment
spent in mode 3. Here is an intersection with another branch of simple
two-segment contact-establishing orbits, which here no longer implies
period-doubling.

Near point C, a new branch of periodic orbits may be initialized
via transient simulations, where contact loss happens without first
transitioning to sticking, which means a transition directly from mode
1 to mode 4 (𝑒𝑗 = 1). Continuing this branch quickly becomes highly
tedious as the time spent in mode 1 increases. As illustrated by the
orbits in Figs. 11(F) and (H), with each new oscillation appearing in this
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Fig. 11. Two parameter continuation of contact establishing grazing bifurcations in 𝑣0 and 𝑘d considering the RI contact model. (The other two controller parameters were set to
p = 0.732 and 𝑘i = 0.0689.) The use of line styles and colours in panels (A–H) is the exact same, as in the case of Fig. 8, with the inclusion of a new purple and cyan colour for
he representation of modes 4 and 6 respectively. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
o
c

mode, the disappearance of a sticking segment and the appearance of a
ew one both have to be accounted for. As an additional ripple appears

in the velocity signal of the moving column a transition to sticking
disappears and a new point is found where 𝑦3 + 𝑣0 becomes zero. The
analysis of this region is also further complicated by the appearance
of new contact loss events, and abrupt order changes in the solution
signature. From here, an example double-contact loss orbit (𝑒𝑗 ,𝑘 = 1) is
shown in Fig. 11(G).

Naturally, these frequent changes in the solution signature can
be handled by the shooting-based continuation scheme proposed in
ection 3. However, this approach, and relying on automatic event de-

tection, proved to be ill suited for handling contact establishing grazing
ifurcations. Close to the grazing point, even vanishing disturbances
aused significant deviations in the simulated orbit topologies, and thus
esulted in very poor convergence. Therefore, the branches shown in

Fig. 11 were all obtained via a collocation-based continuation scheme
detailed in [45]. Furthermore, due to the tediousness of the manual
ranch switching demanded by this collocation approach, the final
egment of this double contact boundary, marked with a dotted green
 n

11 
line in Fig. 11, is only an approximation, obtained via a brute force
simulation based bisection method. This line terminates at a branch
originated from point A in Fig. 10, which consists of critical contact
loss grazing orbits that never leave mode 1.

Along this set of branches, whenever a new sticking segment ap-
pears, or an old one disappears, a simpler contact establishing grazing
branch may be initialized where no time is spent in mode 3. Just
like the branches originating from point B and C marked by yellow
curves in Fig. 11, these do not directly take part in forming the double-
contact parameter boundary. Nevertheless, they do separate regimes
with periodic solutions of different topologies. Furthermore, even a
transition point between these two types of contact establishing grazing
orbits may be found. At the critical orbit illustrated by Fig. 11(D),
contact is prematurely re-established in mode 6 (𝑒𝑗 = 11). This event
terminates the more complicated branch, and connects it to the simpler
ne, where the segment spent in mode 4 is no longer present, and
ontact loss and sticking happens simultaneously.

Finally, it is interesting to show how the contact-loss branch termi-
ated in point C in Fig. 10 may be continued, if modes above 3 are also
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considered. Allowing a direct transition to mode 6 at the encountered
double event (𝑒𝑗 = 26) enables further continuation of this branch up
to a secondary contact loss event at point E. If the double event branch
in the 𝑣0 - 𝑘𝑑 bifurcation diagram was not present, this would be the
point equivalent to C from Figs. 8 and 9. Here, switching to a different
branch of periodic orbits, with the same solution signature, also allows
or a connection with the double-contact parameter boundary. This
ntersection, located between points B and C in Fig. 11, marks a
ouble-grazing bifurcation point. Here a critical periodic orbit with two

simultaneous grazing events can be found. One of these is the actively
continued original grazing at the double event (𝑒𝑗 = 26), and the
other one is a newly found intersection with the negative contact-event
surface in mode 6 (𝑒𝑗 = 24).

4.1.3. Kelvin–Voigt contact model
As demonstrated in the bifurcation diagram shown in Fig. 7, there

is no noticeable difference between the RI and KV contact models
as long as there is a continuous and uninterrupted contact between
the elements of the feed drive assembly. Nevertheless, after the first
contact loss event, the dynamic behaviour of the system is significantly
influenced by the choice of contact model. Therefore, it is worth
examining how the bifurcation diagrams of this system are affected by
switching over to the KV model. Unfortunately, due to timescale issues,
and unavoidable chatter sequences, the numeric treatment of the KV
model is a lot more tedious and difficult than that of the RI model. The
depth of the corresponding bifurcation analysis presented in this paper
is thus not as deep, and serves as more of an extension to the results
presented in the previous two subsections.

Fig. 12 presents a comparison between 𝑣0 - 𝑘d bifurcation maps
obtainable via these two different contact models. Here the dashed lines
are copied directly from Fig. 10, while the solid lines mark continuation
esults considering the KV contact model. Taking a closer look at the

grazing sliding branches marked with black, it becomes clear that
contact loss happens a lot later when the compliant contact model is
employed. This is unsurprising, as contrary to 𝑓RI,d from (11), the KV
contact force 𝑓K V,d from (10), is allowed to be negative in mode 1.
This is also well demonstrated by the critical contact loss grazing orbit
presented in Fig. 12(A). Here, before the grazing incidence, there is a
egment where the contact force 𝑓d is already negative, yet there is no

separation in the backlash element.
Starting from point A, a branch of contact loss grazing orbits may

e continued, until point B where a double contact-loss event is en-
ountered. Here, contrary to the RI case, there is no encounter with a
imultaneous transition to sticking and loss of contact (𝑒𝑗 = 26), which
ould prematurely terminate the continuation run. If the KV contact
odel is considered, such a double event may only happen at specific

odimension-one bifurcation points. As a result, this B point will be
quivalent with the branch intersections marked by C in Figs. 8 and 9.

Here, converting to a new branch of periodic orbits with contact loss
razing events in mode 3 (𝑒𝑗 = 10), enables further continuation of the
0 - 𝑘d contact loss boundary. The new branch obtained in this manner

eventually becomes close to identical to its RI counterpart, as the period
length of the orbits eventually grows to infinity as 𝑣0 goes to zero. This
limit is illustrated by the periodic orbit shown in Figure Fig. 12(C).

Similarly to the double contact boundary presented in Fig. 11, there
is also a set of contact establishing grazing branches when the KV
contact model is considered. In the exact same manner, these separate
the 𝑣0 - 𝑘d parameter domain into regimes with and without double
sided contact. Unfortunately, uncovering this boundary via numerical
continuation is a lot more difficult than previously. As illustrated by the
critical contact establishing grazing orbit in Fig. 12(D), the interpola-
tion of the contact force is plagued by noticeable oscillatory numeric
artefacts, when a collocation based continuation scheme is employed.
These are caused primarily by the sudden and drastic peak found in 𝑓d,
right after the instant when positive contact is re-established (𝑒𝑗 = 11).
Consequently, even if tracking these grazing bifurcations is technically
 i

12 
feasible numerically, the discrete solution of the system of non-linear
equations obtained via collocation, will differ significantly from the
actual solution of the original PWS-ODE.

The shooting-based continuation scheme discussed in Section 3 does
not suffer from these numerical interpolation artefacts, however, it is
ill-suited for tracking such contact establishing grazing bifurcations. In
the case of this numerical technique, an adaptive stiff differential equa-
tion solver can effectively handle the drastically different timescales
f the local and global dynamics, and can capture the peak of 𝑓d
ccurately. Here the problem lies in identifying a grazing point, as in
he close vicinity of this bifurcation, usually multiple types of periodic
rbits with different solution signatures coexist. Automatic event detec-
ion can help avoiding physically unrealistic solutions, but it also makes
dentifying grazing points close to impossible, as constant changes in
he solution signature between subsequent solver iteration steps lead
o very poor convergence. This process is only further hindered by the
mergence of chatter sequences close to the contact establishing graz-
ng incidence. Here, these quick series of contact mode changes proved
o be unavoidable, no matter how the contact damping 𝑏c was selected.
acrificing physical meaning for the sake of better convergence, and
estricting the employed shooting method to orbits with a fixed solution

signature, also turned out to be ineffective. Since both the contact force
𝑓K V,d from (10) and the friction force 𝑓f from (9) are very sensitive to
sign changes in their corresponding mode switching surfaces, missed
non-smooth events usually lead to completely divergent solutions.

In the end, the double-contact boundary marked with dotted black
urves in Fig. 12 have been obtained via the same bisection method

as the dotted top part of its RI contact model counterpart shown in
Fig. 11. This was done by breaking up the boundary into a lower, right,
and upper part. For the upper and lower bounds, using a predefined set
f 𝑘d values, bisection searches have been conducted to find the corre-

sponding critical 𝑣0 values. In case of the right boundary, the role of
these two parameters have been reversed. The bisection searches relied
on the event detection based simulation routines discussed in Section 3,
and distinguished between solutions with and without double-sided
contact, based on whether modes 7, 8, or 9 could be found in the mode-
list output by the solver, after an initial transient segment had been
discarded.

4.2. Controller enhancement

As demonstrated in Figs. 8, 9, and 10 with the current controller
etup, the only way to completely get rid of undesirable stick–slip
scillations in the grinding machine feed drive assembly, is to signif-
cantly increase 𝑘d. This solution, however, may lead to poor transient
ontroller performance, and sometimes not even be feasible due to

actuator power constraints. In such cases, it is worthwhile to look for
ther controller solutions or enhancements, even if the stability of the
niform feed motion cannot be guaranteed, since they can reduce both
he timescale and amplitude of the emerging limit-cycle oscillations.

Without implementing any major modifications in the built-in in-
dustry standard controller, or conducting resource-intensive parameter
tuning, the most straightforward way to improve controller behaviour
is through interfering with the internal integrator state. For example,
y defining a set of reset rules, where the integrator state is set to a
redefined optimal value at certain times, that allows for a consider-
ble reduction of the length of the sticking intervals. Inspired by the
utomata solution proposed in [41] for preventing hunting motions in

set-point control applications in the presence of Stribeck-type friction,
here a similar integrator reset rule has been implemented. Since the
eset rule can be modelled simply by an additional non-smooth event
t is straightforward to incorporate both in the dynamic model detailed
n Section 2 and the numerical methods discussed in Section 3.
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Fig. 12. Two parameter continuation results of the KV model in 𝑣0 and 𝑘d. (The other two controller parameters were set to 𝑘p = 0.732 and 𝑘i = 0.0689.) The use of line styles
nd colours in panels (A–D) is the exact same, as in the case of Fig. 8., with a new cyan colour added to mark time spent in mode 6 on panel (D). (For interpretation of the
eferences to colour in this figure legend, the reader is referred to the web version of this article.)
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The main goal of this controller enhancement was to reduce the
period length and amplitude of the arising stick–slip oscillations indi-
rectly, by minimizing the time spent in sticking, primarily in mode 3.
To do so, the nonsmooth event

ℎ𝑒r es (𝐲) = 𝑦2, 𝐠𝑒r es (𝐲) =
[

− 𝜂 𝜙+𝑘d𝑦3
𝑘i

𝑦2 𝑦3 𝑦4 𝑦5
]⊺

, 𝜋𝑒r es = 3 → 1,

(24)

has been appended to the governing PWS-ODE of the grinding feed
drive assembly. This reset rule makes sure that the moving column
separates from sticking, with just enough force to overcome the static
friction, meaning 𝑓c = 𝜂 𝜙, exactly when the position error 𝑦2(𝑡) =
1(𝑡) crosses through zero. With the new enhanced controller setup,
part from drastic cases, the position error 𝑥1(𝑡) should remain strictly
ositive, while a low level of overshoot is maintained.

The positive effects of this reset enhanced controller setup are illus-
rated in Fig. 13. In Fig. 13(c) a transient simulation result is displayed,
ith the same parameter set as the one used for producing Figs. 6(b)
nd (d). A comparison between these time signals demonstrates clearly,

how the inclusion of this simple reset rule can drastically help reduce
oth the timescale and amplitude of the arising stick–slip oscillations.
n Fig. 13(c), the top right graph demonstrates that, considering the

timescale of an actual grinding operation, the feed rate provided by
he new controller is close to uniform, and should thus be generally
cceptable. The bottom right panel can also help visualize how the
nhanced controller force 𝑓c evolves in time, and how separation from
ticking is induced artificially via the event map 𝐠𝑒r es , introduced in
24).

As illustrated in Fig. 13(c), the inclusion of an integrator reset is also
capable of preventing contact loss in the considered backlash element,
leading to a much smoother operation. To demonstrate the extent of
this improvement, time-domain simulation based dynamic behaviour
maps have been produced on the 𝑣0 - 𝑘d parameter domain, for both the
RI and KV contact models. These rely on the solver output classification
rocedure discussed at the end of Section 4.1.3, but use an extensive
rute-force approach on an uniformly distributed grid, instead of a
13 
bisection based limit search. The maps acquired in this manner are
shown in Fig. 13(a) and (b). Here the coloured areas separated by
olid curves are obtained with the original controller, while the dotted
urves show how these limits are affected by the introduction of the
ew nonsmooth event from (24). In these figures, the colour blue marks
table uniform feed solutions, the green area denotes periodic steady-
tate behaviours with stick–slip but no loss of contact, and finally
he grey and white areas mark parameter regimes with contact loss
nd double sided contact respectively. Comparing the solid and dotted
urves, it becomes clear that while the local stability of the uniform
eed solution is unaffected by the new reset rule, both the first loss and

first establishment of contact, on the other side of the backlash element,
can be delayed via this integrator reset based controller enhancement.

In summary, extending the on-board controller with the reset rule
n (24), considerably improves the dynamic behaviour of the grinding

machine feed drive assembly. Although this enhancement has no effect
on the local stability of the equilibrium solution and cannot prevent
stick–slip oscillations, in many cases it can keep the amplitude of the
rising stick–slip oscillations on an acceptable level. Furthermore, it
an also considerably reduce the risk of contact loss in the considered
acklash element.

4.3. Alternative controller setup

The controller architecture presented in Fig. 3(c) makes use of
velocity and position measurements on the load side (𝑥1 and �̇�1) of the
rinding machine feed drive assembly. As mentioned previously when
c was introduced, the velocity signals obtained in this manner, e.g. via
pproximate differentiation of the linear encoder position data, can at
imes be too noisy for precise control applications. Thus an alternative
ontroller setup may be better suited for industrial applications, where
n Fig. 3(c) �̇�1 is replaced by �̇�2. This leads to a new form of the
ontroller force, where instead of (2), 𝐹c is found using

𝐹 = −𝐾
(

�̇� + 1 𝑥 +𝐾 𝑥 +
𝐾p 𝑡

𝑥 (𝑠)d𝑠
)

, (25)
c v 2 𝑇i
2 p 1 𝑇i ∫0 1
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Fig. 13. The effect of integral resets on the dynamic behaviour of the feed drive assembly. Panels (a) and (b) display dynamic behaviour maps obtained via extensive time-domain
simulations, while panel (c) illustrates how the amplitude of the stick–slip oscillations observed in Fig. 6 (b) or (d) may be reduced through integral resets.
while its dimensionless form is available as

𝑓c = −𝑘i𝑦1 − 𝑘p1𝑦2 − 𝑘p2𝑦4 − 𝑘d𝑦5. (26)

Here, the controller parameters 𝑘d and 𝑘i are equivalent to their
counterparts found in (8), while 𝑘p1 =

𝐾v𝐾p𝑑2

𝑚1𝑣2S
and 𝑘p2 =

(𝐾v∕𝑇i)𝑑2
𝑚1𝑣2S

.

Considering the RI contact model, in modes 1, 2, and 3 from Fig. 5,
the two possible definitions of 𝑓c from (8) and (26), apart from a
shift in the steady state of the integrator term 𝑦1, are fully equivalent.
This is due to the fact, that while contact is maintained 𝑦4 ≡ 𝑦2 + 1
and 𝑦3 ≡ 𝑦5, additionally 𝑘p = 𝑘p1 + 𝑘p2. Consequently, all results
presented in Figs. 7–10 also hold for this alternative definition of the
control force. Furthermore, as illustrated by Fig. 7, near the desired
steady state solution of the governing equation of motion, the two
considered contact models produce almost identical dynamics, and the
deviations between 𝑦3 and 𝑦5 as well as 𝑦2 and 𝑦4 are negligible in the
KV case as well. Thus changing the definition of 𝑓c only has minor
effects on the system dynamics in modes 1, 2, and 3, regardless of
which contact model is selected. As it is designed primarily for modes
1 and 3, the integrator reset rule introduced in (24) also translates
well to the alternative definition of 𝑓c, with only minor modifications.
Regardless of the type of velocity feedback, its implementation should
lead to similar improvements as illustrated in Fig. 13(c).

In more drastic cases, when contact loss is expected in the consid-
ered backlash element, changing the definition of 𝑓c to the one found
in (26) may lead to significant changes in the dynamic behaviour of the
feed drive assembly. Consequently the bifurcation diagrams presented
in Figs. 11 and 12 may not be representative of the system dynamics.
However, from an industrial point of view, trajectories and periodic
solutions, which include contact loss events, are generally undesirable
and of no particular importance. Thus it is simpler, yet just as powerful
14 
to use the equivalent PID definition (8) of the built in cascaded P-
PI control architecture, for parameter tuning and stick–slip preve-
ntion.

5. Conclusions

To help us better understand how and why stick–slip oscillations
continue to plague extremely low feed rate grinding operations, even
if state-of-the-art components and controller solutions are employed, a
detailed numerical study has been conducted on a simplified mechan-
ical model of a grinding machine feed drive assembly. The considered
two degree of freedom model has been formulated to reproduce dis-
placement signals obtained on an actual grinding machine, while keep-
ing simplicity and ease of numerical treatment in mind. The resulting
piecewise-smooth model included the effects of both dry friction, with
a velocity weakening Stribeck effect, and actuator chain backlash. To
model contact dynamics in the backlash element, completely inelastic
rigid-body impacts, and a Kelvin–Voigt type nonlinear contact stiffness
model have been considered.

Numerical analysis of the governing equation of motion made use
of event driven transient simulations, a shooting method developed
for piecewise-smooth periodic orbits built on top of this simulation
engine, and a spectral collocation based continuation scheme originally
developed for PWS-DDEs. Numerical continuation of periodic orbits
has been employed, primarily to study the influence of the prescribed
feed rate and the parameters of the built in P-PI controller. Major
focus has been attributed to the identification and tracking of grazing
bifurcations related to the first emergence of stick–slip oscillations,
first loss of contact between the two considered degrees of freedom,
and first establishment of contact on the other side of the backlash
element. Where continuing periodic orbits became too tedious, due
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to frequent solution signature changes or accumulating discretization
rrors, the formulation of bifurcation diagrams was aided by direct
ransient simulation based classification of system responses.

Numerical analysis demonstrated that while contact is uninter-
rupted, the choice of contact model is almost completely arbitrary from
 dynamic behaviour point of view. When compared to experimentally
btained displacement signals, the Kelvin–Voigt model appears to be
loser to reality, however, the two extra contact-dynamic parameters
equired are difficult to measure and highly uncertain. Considering
he Kelvin–Voigt model, both the first loss of contact and the first

establishment of double sided contact happened on higher oscillation
amplitudes. The contact loss and contact establishing boundaries ob-
tained with the two models had similar topologies, but the periodic
orbits found considering the rigid-impact model had more complicated
solution signatures. This higher level of complexity is a result of the

ore intricate mode transitions induced by the considered impact map.
Nevertheless, when it comes to numerical treatment the compliant
contact model proved to be a lot harder to handle, especially when
employing collocation-based numerical techniques. This is mainly due
to the drastically different timescales of the local contact and global
stick–slip dynamics, which inevitably lead to significant discretization
errors. Employing shooting-based continuation and stiff differential
equation solvers helped in circumventing this issue. However, this
approach proved to be ill-suited for tracking grazing bifurcations, due
to solution signatures constantly changing between solver iteration
steps, and the unavoidable emergence of chatter sequences, regardless
of how the value of the contact damping was selected.

When it comes to parameter tuning of the built in cascaded P-PI
ontroller, it has been demonstrated that the most effective approach

for preventing stick–slip oscillations is to increase the derivative gain
of the corresponding equivalent PID controller, as long as other limita-
tions, such as actuator power constraints, allow for it. In this manner,
the amplitude of the arising limit cycle oscillations can be reduced
to zero, while the uniform feed rate equilibrium solution may also
be stabilized. Decreasing the integral and increasing the proportional
gain of the equivalent PID controller can also help reduce the severity
of stick–slip oscillations, however, only up to a limited degree. Based
on the presented numerical results, these guidelines appear powerful
in preventing and mitigating stick–slip oscillations, however, prior to
their implementation in an industrial setting, experimental verification
is indispensable.

For more complicated cases, where increasing the equivalent deriva-
ive gain is not feasible or leads to poor transient performance, an
ntegral state reset based controller enhancement has also been pro-
osed. This solution is convenient as it is straightforward to implement

without any major modifications to the built in controller architecture
of the grinding machine. This approach introduces a reset rule, which
sets the controller force equal to the static friction force just as the
osition error crosses through zero while the moving column of the
rinding machine is sticking to its linear guides. As this leads to an
mmediate transition to sliding, the time spent sticking is considerably
educed. It has been shown through extensive numerical simulations
hat although this approach has no effect on the local stability of
he desired equilibrium solution, it can help considerably reduce the
mplitude of arising stick–slip oscillations. This solution does rely on a
riori knowledge of the static friction coefficient, however, that value
s still a lot easier to measure than the full velocity-dependent fric-
ion characteristics, which would be necessary for more sophisticated
riction compensation techniques.

Overall, the numerical bifurcation analysis presented in this paper
demonstrates well how intricate the combined effect of dry friction and
backlash can be on the dynamic behaviour of any mechanical system.
Furthermore, both the explosion of solution signature complexity, due
to the interplay of multiple event surfaces, and the numerical errors
15 
induced by timescale differences or chatter sequences make the han-
ling of such dynamical systems highly difficult and tedious. Neverthe-

less, numerical analysis of such complex systems still warrants research
effort as well as the problem of stick–slip oscillations. They both remain
relevant issues in industrial fine-positioning applications.
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