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ABSTRACT

This paper aims at assessing a hypothesis that resolution required to evaluate fuel consumption and heat release rates by directly (i.e., without
a subgrid model of unresolved influence of small-scale turbulent eddies on the local flame) processing filtered fields of density, temperature,
and species mass fractions should be significantly finer than resolution required to directly compute flame surface density by processing the
same filtered fields. For this purpose, box filters of various widths D are applied to three-dimensional direct numerical simulation data
obtained earlier from a statistically one-dimensional and planar, moderately lean H2/air complex-chemistry flame propagating in a box under
conditions of sufficiently intense small-scale turbulence (Karlovitz number is larger than unity, and a ratio of laminar flame thickness dL to
Kolmogorov length scale is about 20). Results confirm this hypothesis and show that the mean flame surface density and area can be pre-
dicted with acceptable accuracy by processing filtered combustion progress variable fields computed using a sufficiently wide filter, e.g.,
D=dL ¼ 4=3. Such an approach does not require a model of the influence of subgrid turbulent eddies on flame surface density provided that
D and dL are of the same order of magnitude. Good performance of this approach is attributed to inability of small-scale (when compared to
dL) turbulent eddies to substantially change the local flame structure, which, nevertheless, is significantly perturbed by larger turbulent eddies
that strain the local flame.

VC 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0239276

I. INTRODUCTION

The problem of evaluation of mean reaction rates in turbulent
flames stems from a highly non-linear dependence of rates of many
important reactions on temperature and has been challenging the
combustion community over decades. Earlier, a number of models
were developed to compute mean reaction rates within the framework
of the Reynolds-averaged Navier–Stokes (RANS) approach, as
reviewed elsewhere.1,2 Today, the focus of computational fluid dynam-
ics (CFD) studies of turbulent burning is shifted to large eddy simula-
tions (LES),3–6 which deal with quantities filtered over sufficiently
small volumes, thus, allowing researchers to explore flame dynamics
by directly resolving local processes in a wide range of turbulence spec-
trum. However, scales associated with the influence of the smallest tur-
bulent eddies on the local flame are rarely resolved, and such subgrid
effects still require modeling. For this purpose, both LES counterparts
of RANS models and LES-specific models were developed. The former
group involves, e.g., flame surface density (FSD) or flame wrinkling

models,7–10 scalar dissipation rate models,9–11 presumed probability
density function (PDF) models,12,13 transported PDF approach,14,15

conditional moment closure,16–18 multiple mapping conditioning19–21

methods, etc. Thickened flame models22,23 and dynamic methods24–26

are well-known members of the latter group.
Rapid progress in computer hardware and software has continu-

ously been extending the range of scales resolvable in LES of turbulent
burning, thus, enabling a resolution of several computational cells per
laminar flame thickness in simulations of laboratory measurements.
Accordingly, there is a growing body of LES studies27–38 that do not
invoke any model of the influence of small-scale turbulence on a flame
(henceforth, “a combustion model” for brevity), but directly evaluate
filtered reaction rates using the locally filtered values of density, tem-
perature, and species mass fractions. In other words, equations that are
hold for local fields are directly applied to filtered fields, thus, neglect-
ing non-linear effects addressed by various combustion models.7–21

For such a “direct” or no-combustion-model (noCM) approach to
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perform well, numerical resolution is expected to be significantly finer
when compared to conventional LES studies that invoke a model of
the influence of unresolved scales on filtered quantities. Indeed, recent
a posteriori studies supported this noCM approach, provided that a
ratio of filter width D to laminar flame thickness dL is sufficiently
small, e.g., 0.25,37 0.20,29 0.125,36 or even 0.05.38 On the contrary, LES
results34 computed using different combustion models show that, if
D ffi dL, the simplest noCM approach performs substantially worse
than other models assessed in the cited paper. Results of a priori stud-
ies,39–42 obtained by filtering direct numerical simulation (DNS) data,
also show that numerical resolution required by this approach is signif-
icantly finer than laminar flames thickness, e.g., D ¼ 0:2dL.

41 However,
so fine resolution does not seem to be feasible in applied CFD research
into turbulent combustion under elevated pressures and elevated
temperatures in engines, where the thickness dL is very small.42

Nevertheless, there seems to be another way to run LES of turbu-
lent burning without any combustion model. First, starting from the
pioneering work by Damk€ohler,43 an increase in burning velocity Ut

by turbulence is often attributed mainly to an increase dA in flame sur-
face area stretched by turbulent eddies. Recent DNS studies44–47 do
show that Ut ffi SLdA even in moderately lean H2/air turbulent
flames,45 see also Fig. 1 in Sec. II, or in equidiffusive highly turbulent
flames,46 where local flame speed can differ significantly from the lami-
nar flame speed SL and be even negative.45,46 In very lean hydrogen/air
turbulent flames,Ut can be significantly larger than SLdA due to differ-
ential diffusion effects46 reviewed elsewhere.48 Since there is no widely
accepted model for predicting such a significant increase in Ut=SL due
to these effects, they are beyond the scope of this work, whose focus is
solely placed on comparing different approaches to LES of premixed
flames characterized by Ut ffi SLdA.

Second, various experimental and numerical data indicate that
the flame surface area is weakly affected by small-scale (when com-
pared to dL) turbulent eddies. For instance, measurements and compu-
tations of interaction of a laminar flame with a single vortex or a
vortex pair show that too small vortices decay rapidly and do not sub-
stantially perturb the flame, see review articles49,50 and recent
papers.51,52 Moreover, small-scale turbulent eddies may weakly affect a
premixed flame, because residence time of the eddies within the flame
is significantly reduced due to combustion-induced acceleration of the
local flow in the flame-normal direction.53,54 Accordingly, measure-
ments of fractal characteristics of flame surfaces in turbulent flows,
reviewed elsewhere,55 show that inner cutoff scale of the surface wrin-
kles is significantly (by a factor of three or more) larger than dL.
Recent DNS data56–58 also indicate weak influence of small-scale tur-
bulent eddies on a flame surface. For instance, relative contribution of
eddies smaller than 2dL to the total tangential strain rate of flame sur-
face was reported to be as low as 0.1.57,58

Therefore, exploring the following hypothesis appears to be of
interest: If LES aims at computing filtered flame surface area dA, rather
than filtered reaction rates, then, the use of a moderately fine mesh
(e.g., D ffi dL) could allow researchers to directly (i.e., without a flame
surface density or flame wrinkling model7–10) evaluate the area by
processing filtered scalar fields and, subsequently, find turbulent burn-
ing velocity Ut ffi SLdA. The present work aims at (i) assessing this
simple hypothesis and (ii) comparing resolution requirements associ-
ated with direct evaluation of filtered surface area and filtered reaction
rates.

For these purposes, the DNS database created by Dave et al.59

and Dave and Chaudhuri60 and analyzed also by the present
author42,54,61–65 will be used. The DNS attributes and applied diagnos-
tic tools are briefly described in Sec. II. Results are reported and dis-
cussed in Sec. III, followed by conclusions.

II. DNS ATTRIBUTES AND DIAGNOSTIC METHODS

Since the DNS attributes are reported elsewhere,42,54,59–65 only
their summary is given below.

A statistically planar and one-dimensional, lean hydrogen-air tur-
bulent flame propagating in a cuboid (19:18� 4:8� 4:8 mm3) was
studied by adopting the Pencil code66 to numerically solve unsteady
and three-dimensional continuity, compressible Navier–Stokes, species
and energy transport equations supplemented with the mixture-
averaged molecular transport model (i.e., differences in molecular trans-
fer coefficients of various species were taken into account in the simula-
tions by Dave et al.59 and Dave and Chaudhuri60) and a detailed
chemical mechanism (9 species and 21 reactions) by Li et al.67 The
cuboid was meshed with a uniform grid of 960� 240� 240 cells. At
the transverse sides, boundary conditions were periodic. At the inlet and
outlet, Navier–Stokes characteristic boundary conditions68 were set.

To pre-generate homogeneous isotropic turbulence in another
cube with the periodic boundary conditions, large-scale forcing was
adopted.59 The turbulence was allowed to evolve until a statistically
stationary state was reached. At this final stage,59 the rms velocity
u0 ¼ 6:7 m/s; an integral length scale L¼ 3:1 mm; the integral timescale
st ¼ L=u0 ¼ 0:46 ms; turbulent Reynolds number Ret ¼ u0L=� ¼ 950;

Kolmogorov timescale sg ¼ �= eh i� �1=2 ¼ 0:015 ms; and Kolmogorov

length scale g¼ �3= eh i� �1=4 ¼ 0:018 mm. Here, eh i ¼ 2�SijSijh i is
the turbulence dissipation rate averaged over the cube; � is the gas
kinematic viscosity; Sij ¼ @ui=@xj þ @uj=@xi

� �
=2 is the rate-of-strain

tensor; and the summation convention applies to repeated indexes.
At t ¼ 0, a pre-computed planar laminar flame (the equivalence

ratio U ¼ 0:81, pressure P ¼ 1 bar, and unburned gas temperature
Tu ¼ 310K) was embedded into the cuboid at x ¼ x0. The laminar
flame speed SL, thickness dTL ¼ Tb � Tuð Þ=max rTj j, and timescale
sf ¼ dTL =SL are equal to 1.84m/s, 0.36mm, and 0.20ms, respectively.
Here, subscripts u and b designate unburned and burned gases, respec-
tively. Subsequently, the flame was wrinkled and stretched by the pre-
generated turbulence, which was continuously injected into the com-
putational domain through its left boundary x ¼ 0 and decayed along
the x-direction.

The Karlovitz number Ka ¼ sf =sg and the Damk€ohler number
Da ¼ st=sf , evaluated using characteristics of the pre-generated turbu-
lence, are equal to 13 and 2.35, respectively. Due to decay of the
injected statistically stationary turbulence with distance x from the
inlet, the turbulence characteristics averaged over the cuboid cross sec-
tion nearest to a plane where cT xð Þ ¼ 0:01 (leading edge of the mean
flame brush) are different:54 u0 ¼ 3:3 m/s; Taylor length scale

k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10�uk=e

q
¼ 0:25 mm or 0:69dTL ; g ¼ 0:018 mm or 0:05dTL ;

sg ¼ 0:087 ms; Rek ¼ u0k=�u ¼ 55; and Ka ¼ 2:3 is much less than

dL=gð Þ2 ffi 400, because SLdL=�u � 1 in moderately lean hydrogen-
air mixtures.69 Here, k ¼ u0ju

0
j=2 is turbulent kinetic energy;

u0j ¼ uj � uj designates j-th component of fluctuating velocity vector;

cT ¼ T � Tuð Þ= Tb � Tuð Þ is a temperature-based combustion
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progress variable; and overbars refer to time- and transverse-averaged
quantities sampled at 55 instants from 1.29 to 1.57ms.

Based on the reported values of Ka and, especially, dL=gð Þ2, the
studied flame might be associated with a highly turbulent regime of
premixed burning, called “stirred reactors”, “thickened flames”, or
“broken reaction zones” in combustion regime diagrams invented by
Williams,70 Borghi,71 and Peters,72 respectively, by considering single-
step-chemistry equidiffusive flames characterized by Ka ¼ dL=gð Þ2.
However, previous analyses54,61,62,64 of these complex-chemistry DNS
data59,60 showed that local flames statistically retained the structure of
the unperturbed laminar flame. Therefore, the studied case is associ-
ated with the flamelet combustion regime,70–72 in line with numerous
other recent experimental and DNS data reviewed elsewhere,73–75

which indicate that turbulent combustion can occur in the flamelet
regime at Karlovitz numbers significantly larger than unity. This phe-
nomenon could be attributed, e.g., to the weak influence of the smallest
turbulent eddies on the local flame structure, as discussed in Sec. I.

The focus of the present analysis is placed on the influence of the
width D of a box filter applied to the DNS data on (i) generalized flame
surface density rbcFj j or r bcTj j and (ii) fuel consumption ratec_xF � _xF bq; bT ; bYk

� �
or heat release rate c_xT � _xT bq; bT ; bYk

� �
evalu-

ated using filtered density bq x; tð Þ, temperature bT x; tð Þ, and species
mass fraction bYk x; tð Þ. Here, cF ¼ 1� YF=YF;u is a fuel-based com-
bustion progress variable, bq x; tð Þ designates filtered value of the quan-
tity q x; tð Þ, and the filter width D is varied from 0:11dL to 4:44dL.

Reported for these purposes are spatial variations of time- and
transverse-averaged values bq cFð Þ of the aforementioned filtered quan-
tities within the mean flame brush, with the x-dependence of bq xð Þ
being converted to its cF-dependence using the monotonous profile
cF xð Þ of time- and transverse-averaged fuel-based combustion pro-
gress variable. Moreover, the following integrals:

dAT tð Þ ¼ 1
A0

ð ð ð
r bcTj j x; tð Þdx; (1)

dAF tð Þ ¼ 1
A0

ð ð ð
rbcFj j x; tð Þdx; (2)

which characterize filtered flame surface areas for various D, will be
compared with normalized turbulent burning velocities evaluated by
integrating the raw DNS data over the computational domain, i.e.,

UT
t tð Þ
SL

¼ 1
quSL Tb � Tuð ÞA0

ð ð ð
_xT x; tð Þdx; (3)

UF
t tð Þ
SL

¼ � WF

quSLXF;uA0

ð ð ð
_xF x; tð Þdx: (4)

Here, A0 is the cuboid cross section area; WF is fuel molecular weight;
the rates _xT x; tð Þ and _xF x; tð Þ are measured in gK/(cm3s) and mole/
(cm3s), respectively; XF;u is fuel mole fraction in unburned lean mix-
ture; and subscript and superscript F or T refer to fuel-based (fuel con-
centration and consumption rate) or temperature-based (temperature
and heat release rate) framework. When discussing trends observed in
both frameworks, subscripts or superscripts F and H will be omitted in
the following.

It is worth noting that, strictly speaking, flame surface area, i.e.,
the area of an iso-scalar surface c x; tð Þ ¼ c�, associated with the
flame front, should be evaluated by integrating rcj jd c–c�ð Þ over the
flame brush volume.1,76 Here, d c–c�ð Þ is the Dirac delta function.
Nevertheless, the generalized flame surface density rcj j is widely

used in the literature1 due to its simplicity. For the present goal, i.e.,
assessment of the simplest approach to LES of premixed turbulent
flame, the use of the simplest characteristic of flame surface density,
i.e., rcj j, appears to be adequate, especially as this approach yields
good results, see Fig. 1 and figures presented in the next section.
From the fundamental perspective, since quSL rcj j ¼ r � qDrcð Þ þ
_x everywhere within an unperturbed laminar flame, integration of
quSL rcj j and quSL rcj jd c–c�ð Þ over flame brush volume should
yield close values of burning velocity in the flamelet combustion
regime, i.e., when local flames statistically retain the structure of the
unperturbed laminar flame. Here, D is molecular diffusivity of c.

The direct comparison of dA tð Þ and Ut tð Þ=SL is justified in
Fig. 1, which shows that Ut tð Þ=SL is close to the area increase dA tð Þ
sampled directly from the DNS data, i.e., calculated by substituting
rbcj j x; tð Þ with rcj j x; tð Þ in Eq. (1) or (2). This trend is well pro-
nounced within the temperature framework, i.e., when UT

t tð Þ=SL is
compared with dAT tð Þ. Differences in UF

T tð Þ=SL and dAF tð Þ are larger
and can reach 15%. These differences could be attributed to differential
diffusion effects, which are expected to increase a ratio of UF

t = SLdAFð Þ
in lean H2-air mixtures.48 However, under conditions of the present
study, the effect magnitude is quite moderate, i.e., less than 1.15. For
comparison, values of UF

t = SLdAFð Þ as large as 2.4 and 5.8 have been
obtained in a recent DNS study77 of H2-air flames characterized by
U ¼ 0:5 and U ¼ 0:35, respectively.

So low magnitude of differential diffusion effects at U ¼ 0:81 is
consistent with contemporary knowledge. Indeed, first, a complex-
chemistry DNS study78 of two-dimensional laminar flames indicates
that differential diffusion effects contribute weakly to growth rate of
flame surface perturbations when compared to hydrodynamic instabil-
ity at U ¼ 0:75, i.e., in other words, these effects are weak at U ¼ 0:75.
Second, DNS data obtained by several research groups45,77,79,80 from
different hydrogen-air turbulent flames characterized by U ¼ 0:7 indi-
cate moderate differences between UF

t = SLdAFð Þ and unity, i.e.,
1 < UF

t = SLdAFð Þ < 1:5. Since this difference is decreased77,81 with
increasing U, the close-to-unity value of UF

t = SLdAFð Þ 	 1:15 is not
surprising atU ¼ 0:81.

FIG. 1. Evolution of normalized turbulent burning velocities Ut=SL(violet dotted and
red solid lines) and generalized flame surface area A�1

0

Ð Ð Ð rcj jdx (blue dashed
and black dotted-dashed lines) sampled from the DNS data within fuel (violet dotted
and blue dashed lines) or temperature (red solid and black dotted-dashed lines)
framework.
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Finally, it is also worth noting that differences in the influence of
differential diffusion on the fuel-based UF

t = SLdAFð Þ 	 1:15 and the
temperature-based UT

t = SLdATð Þ 	 1, observed in Fig. 1, are not sur-
prising either. Indeed, several DNS studies82–86 reported that differen-
tial diffusion effects caused substantially different variations in local
fuel consumption and heat release rates. For instance, the highest local
fuel consumption rates were documented in positively curved reaction
zones and were attributed to high diffusivity of H2, whereas the highest
local heat release rates were documented83–86 in negatively curved
reaction zones and were attributed to high diffusivity of H.

III. RESULTS AND DISCUSSION

Figure 2 reports spatial variations of time- and transverse-
averaged (a) fuel consumption and (b) heat release rates. It shows that
the magnitude of the mean rate _xF or _xT , sampled directly from the
DNS data (see curves plotted in black solid lines), is overestimated if the
counterpart filtered rate c_xF or c_xT is calculated using filtered density,
temperature, and species mass fractions, i.e., c_xF ¼ _xF bq; bT ; bYk

� �
or

c_xT ¼ _xT bq; bT ; bYk

� �
, respectively, followed by time- and transverse-

averaging (see curves plotted in color broken lines). Note that the ratesd_xF q;T;Ykð Þ and d_xT q;T;Ykð Þ calculated by filtering the fields
_xF x; tð Þ and _xT x; tð Þ, respectively, followed by time- and transverse-
averaging, are close42 to the counterpart time- and transverse-averaged

rates _xF and _xT , respectively, sampled from the DNS data (not shown

for brevity). In Fig. 2, differences between _xF or _xT (black solid lines)

and the noCM rate c_xF or c_xT , respectively, are substantial even if the

filter width D is as low as 0:44dTL (red dotted lines), with the differences

being about 100% if D ¼ 0:89dTL (violet dashed lines) or even much

larger if D ¼ 1:67dTL (blue dotted-dashed lines).
On the contrary, Fig. 3 shows that differences in rcFj j or rcTj j

sampled directly from the DNS data (black dots) and rbcFj j or r bcTj j,
respectively, are very small if D ¼ 0:33dTL (red solid lines) or D
¼ 0:67dTL (blue dashed lines) and remain moderate even if the filter

FIG. 2. Time- and transverse-averaged (a) fuel consumption and (b) heat release rates. Color broken lines show the rates _xF bq; bT ; bYk� �
or _xT bq; bT ; bYk� �

evaluated using
quantities filtered over various boxes whose normalized widths D=dL are reported in legends. Black solid lines show the rates _xF q; T ; Ykð Þ or _xT q; T ; Ykð Þ sampled directly
from the DNS data.

FIG. 3. Time- and transverse-averaged (a) fuel-based and (b) temperature-based generalized flame surface densities rbcj j filtered (lines) using various boxes whose normal-
ized widths D=dTL are reported in legends. Black dots show rcj j sampled directly from the raw DNS data.
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width D is larger than dTL (orange dotted-double-dashed and violet
double-dotted-dashed lines).

Thus, comparison of Figs. 2 and 3 implies that LES resolution
requirements are significantly softer when invoking an FSD-based
model of premixed turbulent burning when compared to direct calcu-
lation of filtered reaction rates using filtered density, temperature, and

species mass fractions. For instance, Fig. 4(a) shows that comparable

relative errors max q cð Þ–bq cð Þ
�� ��n o

=max q cð Þ�� ��n o
are obtained for q ¼

_xF or _xT using D ¼ 0:44dTL and for q ¼ rcFj j or rcTj j using
D ¼ 1:33dTL , see horizontal and vertical straight dotted-dashed lines.
Here, q cð Þ and bq cð Þ designate time- and transverse-averaged DNS
and filtered fields, q x; tð Þ and bq x; tð Þ, respectively. It is worth stressing
that an increase in resolution by a factor of three (from D ¼ 0:44dTL to
D ¼ 1:33dTL ) reduces numerical costs of unsteady three-dimensional
simulations by a factor or 34¼81. Moreover, a comparison of the influ-
ence of D on different quantities ( _xF or _xT and rcFj j or rcTj j,
respectively) is justified in Fig. 1, which shows that differences between
turbulent burning velocity obtained by integrating (i) _xF x; tð Þ or
_xT x; tð Þ and (ii) SL rcF x; tð Þ�� �� or SL rcT x; tð Þ�� ��, respectively, where
SL is constant, are quite moderate, i.e., about 15% in the fuel-based
framework and much smaller in the temperature-based framework.

The highlighted difference in resolution requirements is also
observed in Fig. 4(b), which reports ratios of (i) time-averaged turbu-
lent burning velocity Ut (orange dotted-dashed or black dotted-dou-
ble-dashed line) or (ii) time-averaged flame-surface-density integral
dA (red solid or blue dashed line), obtained from filtered fields, to the
counterpart quantity, Ut or dA, respectively, sampled directly from the
DNS data. The Ut -ratios increase rapidly with D=dTL and are about
three at D=dTL ¼ 1:67. On the contrary, the dA-ratios decrease slowly
with D=dTL and are higher than 0.5 even if D=dTL is as large as 4.44.

Therefore, even if LES is performed adopting a coarse mesh, flame sur-
face area can be predicted reasonably well without any model of sub-
grid flame wrinkling by small-scale turbulence, whereas a significantly
finer mesh is required to reach the same level of prediction by directly
evaluating fuel consumption and heat release rates without any com-
bustion model, i.e., by calculating the rates using the filtered fields ofbq x; tð Þ; bT x; tð Þ, and bYk x; tð Þ.

Utility of the FSD-based noCM approach to LES of premixed
turbulent flames is further demonstrated in Fig. 5, which reports (a)
dAF tð Þ and (b) dAT tð Þ, either sampled directly from the DNS data
(black dots) or computed using various normalized filter widths
D=dTL (color lines), specified in legends. Even if D=dTL is as large as
1.33, direct integration of rbcFj j x; tð Þ or r bcTj j x; tð Þ predicts dAF tð Þ
or dAT tð Þ, respectively, with a reasonable accuracy of 20%–25%, cf.
curves plotted in violet double-dotted-dashed lines and black dots.
When D=dTL is decreased to 0.89, the errors are further reduced by a
factor of about two, see curves plotted in magenta dotted-dashed
lines.

It is worth stressing that this filter width is on the order of the
Taylor length scale k ¼ 0:69dL. Therefore, the filtered quantities are
associated with the inertial range of Kolmogorov turbulence, whose
characteristics are controlled by the mean dissipation rate, but are
weakly affected by large-scale flow peculiarities.87 Accordingly, con-
finement effects, which stem from a moderate ratio (13.3 in the present
case) of computational domain width to dTL and are typical for contem-
porary DNS studies of three-dimensional complex-chemistry turbulent
flames characterized by Ka > 1, are not expected to change the present
findings regarding resolution requirements.

Moreover, results of the present a priori study, reported in Figs.
1–5, imply that the source term dqxc x; tð Þ in the following well-known
transport equation:88

FIG. 4. (a) Maximal relative errors in evaluation of mean flame surface density (FSD), i.e., max rcTj j cð Þ � rbcTj j cð Þ
��� ���� 	


max rcTj j
�� ��n o

or

max rcFj j cð Þ � rbcFj j cð Þ
��� ���� 	


max rcFj j
�� ��n o

, heat release rate, i.e., max _xT q; T ; Ykð Þ cð Þ � _xT bq; bT ; bYk� �
cð Þ

���� ����
( )


max _xT q; T ; Ykð Þ
n o

, and fuel consumption

rate, i.e., max _xF q; T; Ykð Þ cð Þ– _xF bq; bT ; bYk� �
cð Þ

���� ����
( )


max _xF q; T ; Ykð Þ
�� ��n o

, yielded by DNS and filtered fields. (b) Ratio of time-averaged Ut (orange dotted-dashed

and black dotted-double-dashed lines) or time-averaged dA (red solid and blue dashed lines) obtained from the filtered fields _xT bq; bT ; bYk� �
and _xF bq; bT ; bYk� �

or rbcTj j
and rbcFj j , respectively, to the counterpart quantity, Ut or dA, respectively, computed using _xT q; T ; Ykð Þ and _xF q; T ; Ykð Þ or rcTj j and rcFj j , respectively, sampled
directly from DNS data.
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@

@t
bq~cð Þ þ r � bq~u~cð Þ ¼ r � bq~u~c �dqucð Þ þ dqxc (5)

for the Favre-filtered combustion progress variable ~c x; tð Þ � bqc=bq can
simply be evaluated as follows: dqxc ¼ quSL r~cj j, i.e., without any
model of subgrid-scale effects, because r~c is directly computed using
solution to Eq. (5). Note that this simplification performs better
(worse) for the temperature-based (fuel-based) combustion progress
variable under conditions of the present study. Such a noCM approach
is expected to work reasonably well in equidiffusive mixtures provided
that (i) filter width is comparable to thermal laminar flame thickness
or smaller and (ii) local combustion quenching by intense turbulence
does not play a statistically important role (low or moderately high
Karlovitz numbers).

Nevertheless, the considered approach does not resolve all issues,
because subgrid turbulent transport88 still requires modeling, see the
first term on the right-hand side of Eq. (5), as well as thermal expan-
sion effects reviewed elsewhere.75,89–91 Therefore, while the presented
results support the discussed noCM approach for evaluating filtered

flame surface area, they call also for a posteriori LES studies. It is worth
stressing that the present work is solely restricted to flame surface den-
sity and turbulent burning velocity, whereas the subgrid turbulent
transport term, which can also play an important role in premixed
flames, is beyond the scope of this study. The reader interested in
recent progress in modeling that term is referred to a review article by
Chakraborty.91

It is also worth noting that, while Figs. 3–5 report results obtained
by directly filtering c x; tð Þ-fields, analyses of the counterpart Favre-
filtered fields ~c x; tð Þ yield similar results, e.g., see Fig. 6, which shows
flame-surface areas computed by substituting bcT x; tð Þ and bcF x; tð Þ in
Eqs. (1) and (2), respectively, with the Favre-filtered ~cT x; tð Þ and
~cF x; tð Þ, respectively. The DNS data plotted in black dotted lines are
the same in Figs. 5 and 6.

Furthermore, reasonable performance of the noCM LES
approach at D=dTL 	 1, shown in Figs. 3–5, does not result from weak
fluctuations of rcFj j x; tð Þ or rcTj j x; tð Þ simulated by Dave et al.59

and Dave and Chaudhuri60 On the contrary, under conditions of that

FIG. 5. Evolution of the axial integrals dA tð Þ, see Eqs. (1) and (2), of (a) fuel-based and (b) temperature-based flame surface density filtered using various boxes whose nor-
malized widths D=dTL are reported in legends.

FIG. 6. Evolution of the axial integrals dA tð Þ, see Eqs. (1) and (2), of (a) fuel-based and (b) temperature-based flame surface density Favre-filtered using various boxes whose
normalized widths D=dTL are reported in legends.
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DNS study, such fluctuations are significant. For instance, Fig. 7 shows
probability density functions (PDFs) for normalized flame surface den-
sity dTL rcFj j (violet dotted, black solid, and magenta dashed lines) and
dTL rcTj j (dotted-dashed lines) conditioned to the local values of
0:015 < c x; tð Þ < 0:25 (violet dotted and blue double-dotted-dashed
lines), 0:045 < c x; tð Þ < 0:55 (black solid and brown dotted-dashed
lines) and 0:075 < c x; tð Þ < 0:85 (magenta dashed and red dotted-
dashed lines). These PDFs are wide, thus indicating significant fluctua-
tions of rcj j x; tð Þ. Moreover, the PDFs peak at dTL rcTj j ffi 1:2 if
0:015 < cT x; tð Þ < 0:25 or even dTL rcFj j > 1:3 if 0:015
< cF x; tð Þ < 0:25. Such significant perturbations in the fields
rcj j x; tð Þ are associated with the influence of moderately large (when
compared to dTL ) turbulent eddies, which strain the local inherently
laminar flame. On the contrary, the documented capabilities of noCM
LES approach for reasonably evaluating flame surface density filtered
with D 	 dTL is attributed to weak influence of small-scale (when com-
pared to dTL ) eddies on the local flame structure.54

Finally, different resolution requirements to directly evaluating

filtered reaction rates b_x and filtered flame surface density drcj j are
associated with different challenges to be addressed in these two cases.

First, small-scale phenomena affect both b_x and drcj j and should be
resolved in both cases. However, experimental and numerical
results49–58 overviewed briefly in Sec. I imply that such phenomena
could be properly resolved if D 	 dL.

Second, filtering reaction rates involve an extra challenge result-
ing from highly non-linear dependencies of _xF and _xT on tempera-
ture.88 Indeed, let us consider the simplest problem of a planar one-
dimensional laminar flame propagating in quiescent mixture.
Application of a box filter to such a flame yields the following well-
known, purely numerical phenomenon, which does not result from
any physical process. Figure 8 compares a spatial profile of the normal-
ized fuel consumption rate _xF xð Þ=max _xF xð Þ� �

obtained from the
laminar flame (black solid line) associated with the DNS by Dave
et al.59 and Dave and Chaudhuri60 with the normalized rate

c_xF xð Þ=max _xF xð Þ� �
calculated using bq, bT , and bYk computed by

applying different filters to the aforementioned laminar flame. If
D=dTL ¼ 0:1, differences between _xF xð Þ and c_xF xð Þ are small (red
dots), but such differences become notable at D=dTL ¼ 0:2 (blue dot-
ted-double-dashed line), significant at D=dTL ¼ 0:5 (violet dotted-
dashed line), and large at D=dTL ¼ 1:0 (yellow dashed line). This
simple example clearly shows that errors yielded by noCM LES of a
premixed turbulent flame can be of purely mathematical nature (aver-
aging of a highly non-linear function over insufficiently small volume),
rather than be controlled by any physical mechanism. In addition, the
above simple reasoning clarifies apparent inconsistency between (i)
experimental and numerical data49–52,56–58 that indicate weak influ-
ence of small-scale (when compared to dTL ) eddies on premixed flames
and (ii) numerical results27–38 that show stringent resolution require-
ments (D is significantly smaller than dTL ) for directly evaluating fuel
consumption and heat release rates.

IV. CONCLUSIONS

The present analysis of DNS data obtained earlier by Dave et al.59

and Dave and Chaudhuri60 from a moderately lean (U ¼ 0:81) H2/air
flame under conditions of sufficiently intense small-scale turbulence
(Ka > 1 and a ratio of laminar flame thickness to Kolmogorov length
scale is about 20) shows that the mean flame surface density and area
can be predicted with acceptable accuracy (i) using a sufficiently wide
filter, e.g., D=dTL ¼ 4=3, and (ii) spatially integrating the generalized
flame surface density rbcFj j x; tð Þ or r bcTj j x; tð Þ, evaluated directly by
processing the filtered scalar field bcF x; tð Þ or bcT x; tð Þ, respectively.
Such an approach does not require a model of the influence of subgrid
turbulent eddies on flame surface density even if LES mesh is moder-
ately coarse (D is on the order of thermal laminar flame thickness). On
the contrary, when calculating fuel consumption or heat release rate
using filtered density, temperature, and species mass fractions, a signif-
icantly finer (by a factor of about three) mesh is required to reach a
comparable prediction level. This better performance of the flame-
surface-density-based noCM approach when compared to the reac-
tion-rate-based noCM approach is associated with (i) inability of

FIG. 8. Normalized fuel consumption rates _xF xð Þ=max _xF xð Þ� �
sampled directly

from a laminar flame (black solid line) or computed using density, temperature, and
species mass fractions obtained by filtering spatial profiles of these quantities in the
same laminar flame. Normalized widths D=dTL of used box filters are reported in
legends.

FIG. 7. Probability density functions for normalized flame surface density dTL rcFj j
(violet dotted, black solid, and magenta dashed lines) and dTL rcTj j (dotted-dashed
lines) conditioned to the local values of cF x; tð Þ and cT x; tð Þ, respectively, specified
in legends. The PDFs are sampled from the entire computational domain at 55
instants.
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small-scale turbulent eddies to substantially wrinkle flame surface and
(ii) highly non-linear dependence of fuel consumption or heat release
rate on the temperature.

Nevertheless, the former noCM approach does not resolve all
issues associated with modeling flame-turbulence interaction within LES
framework. For instance, the problem of evaluating unresolved turbulent
scaler flux was beyond the scope of the present study. Moreover, while
the analyzed DNS data were obtained from a lean hydrogen-air mixture
characterized by a low Lewis number, differential diffusion effects are
weakly pronounced atU ¼ 0:81, set in the DNS. At significantly smaller
equivalence ratios, e.g., U 
 0:5, the flame-surface-density-based noCM
approach is unlikely to be sufficient, because, at least, a significant
increase48 in the mean local consumption velocity (when compared to
SL) due to differential diffusion effects should also be addressed. On the
contrary, in the equidiffisive case, the approach is unlikely to be suffi-
cient at Ka � 1, because the mean local consumption velocity is
expected to be substantially reduced (when compared to SL) due to
straining of local flames by turbulent eddies.92,93
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