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Abstract

Let E and F be Hermitian vector bundles over a complex manifold X andletg: E —
F be a holomorphic morphism. We prove a Poincaré-Lelong type formula with a
residue term M&. The currents M$ so obtained have an expected functorial property.
We discuss various applications: If F' has a trivial holomorphic subbundle of rank r
outside the analytic set Z, then we get currents with support on Z that represent the
Bott-Chern classes ¢, (E) for k > rank E —r. We also consider Segre and Chern forms
associated with certain singular metrics on E. The multiplicities (Lelong numbers)
of the various components of M$ only depend on the cokernel of the adjoint sheaf
morphism g*. This leads to a notion of distinguished varieties and Segre numbers of an
arbitrary coherent sheaf, generalizing these notions, in particular the Hilbert-Samuel
multiplicity, in case of an ideal sheaf.

Keywords Poincaré—Lelong formula - Segre numbers - Segre form - Chern form

Mathematics Subject Classification 32C30 - 32L.10 - 32S05 - 32S20

1 Introduction

Let g be a non-trivial holomorphic (or meromorphic) section of a Hermitian line
bundle L — X, X a complex manifold of dimension n, and let [divg] be the current
of integration associated with the divisor defined by g. The Poincaré-Lelong formula
states that

dd‘ log |g|* = [divg] — c1(L), (1.1)
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where ¢ (L) is the first Chern form associated with the Chern connection on L, i.c.,
c1(L) = (i/2m)® 1, where O is the curvature form. Here and throughout this paper
dc = (i/ 27)(d — 3); the constant varies in the literature and is chosen here so that
ddlog|¢1|? = [¢1 = 0]. Thus the Bott-Chern class ¢; (L) determined by L has the
current representative [divg] with support on the zero set Z of g. This reflects the fact
that L is trivial in the set X \ Z.

Various generalizations to sections of, not necessarily holomorphic, higher rank
bundles are found in, e.g., [21, 34], and [5]. In [22, 23] is developed, for a quite
general class of smooth bundle morphisms g: E — F, a technique to express any
characteristic form of E or of F' as a sum L 4 dT, where L is a current with support
on the singular set Z of g and T is locally integrable. It is based on a transgression
that roughly speaking deforms the given connection on E or F so that the associated
characteristic form concentrates on Z.

The aim of this paper is to present variants of (1.1) when g: E — F is a holomor-
phic morphism with equalities modulo dd“-exact terms, and to give some applictions.
In case when F is a trivial line bundle such a result was obtained in [5], using trans-
gression relying on the ideas and results in [13].

In this paper we use a completely different approach that works for E of higher
rank. Let us first consider again a section g of the line bundle L — X. Recall that
c(L) = 1+ c¢1(L) is the full Chern form and that the Segre form of L is s(L) =
1/e(L)y=1—=ci(L) +c1(L)> —--- . If

M8 = s(L)A[divg] (1.2)
and W8 = s(L) log |g|%, then (1.1) can be reformulated as
dd°W8é = M + s(L) — 1. (1.3)

For a section g of a Hermitian vector bundle F — X with zero set Z, we introduced
in [3, 4] the closed current current

o
ME =" M (1.4)
k=0
where M are the residues M{ := 17[dd‘ log|g|*1*, k =0, 1,2, -+, of the gener-

alized Monge-Ampere products [dd€ log |g|*]¥, see Sect.2.4.

The currents M ,f are generalized cycles, a notion introduced in [7], see Sect.2.3. A
generalized cycle u of codimension k has well-defined integer multiplicities mult,
at each point x and a unique global decomposition into a (Lelong current of a) cycle
of codimension k, the fixed part, and the moving part; the multiplicities of the latter
one vanish outside an analytic set of codimension > k + 1. In case p is positive this
is the Lelong numbers and its Siu decomposition of p, respectively. It was proved in
[6, 7] that mult, M ,f coincide with the so-called Segre numbers of the ideal 7, at x
generated by g, generalizing the Hilbert-Samuel multiplicity of 7y, and that the fixed

@ Springer



Poincaré-Lelong Type Formulas... Page 3 0of 43 25

part of M,f is the sum (with multiplicities) of the distinguished varieties of the ideal.
See Sect. 10.

Notice that a section g of F is can be considered as a morphism X x C — F.
For an arbitrary holomorphic morphism g: E — F, where E and F are Hermitian
vector bundles over X, we introduce in this paper a current M8 = Mg + -4 M,zf s
which coincides with M$ above when E is trivial. The current Mé has support on
the analytic set Z where g is not injective. Here M ,f are closed currents of bidegree
(k, k) and in fact generalized cycles. Notice that Im g is a subbundle of F over X \ Z
and thus the associated Segre form s(Im g) is defined there, cf. Sect. 2. Our first main
result is

Theorem 1.1 With the notation above 1x\ zs (Im g) is locally integrable in X and there
is a current W& with singularities along Z such that

dd°W¢ = M + 1x\zs(Img) — s(E). (1.5)

If E is trivial and F is a line bundle, then (1.5) is precisely (1.3). In case E is a line
bundle Theorem 1.1 as well as other results in this paper are readily deduced from [5]
combined with [7], cf. Remark 11.12. The substantial novelty therefore is when E has
higher rank.

Further properties of W& and M¢ are stated in Theorem 4.4. For instance, the
multiplicities mult, My are non-negative, and independent of the metrics on E and F'.
Moreover, M$ satisfy a certain functorial property so that its definition is determined
by the case when g is generically an isomorphism. Then Z has positive codimension
(unless X is a point) and thus 1x\zs(Im g) = s(F). We have the following direct
generalization of (1.3).

Corollary 1.2 If g: E — F is generically an isomorphism, then

dd°W8 = M8 + s(F) — s(E). (1.6)
We have variants of (1.1); notice that c(F)AMS$ is a current with support on Z.
Proposition 1.3 Assume that E is trivial with trivial metric and g is generically injec-

tive. Then 1x\zc(F /Im g) is a locally integrable closed current in X and there is a
current V8 with singularities along Z such that

dd°V8 = c(F)AM® + 1x\zc(F/Im g) — c(F). 1.7
Since cx (F/Img) =0in X \ Z for k > m — r, r = rank E, we get from (1.7):

Corollary 1.4 If g1, ..., g, are sections of F that are linearly independent outside Z,
then there are currents ng such that

dd°VE | = (c(F)AM®)g — ck(F), k>m—r. (1.8)
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The g; define a trivial subbundle F of rank k in X\ Z. It is therefore expected that
the Bott-Chern classes ¢ (F), k > m — r, can be represented by currents that have
supportonon Z. Incaser = 1, Corollary 1.4 appeared in [5], cf. Remark 11.12 below.

We now turn our attention to a slightly different generalization of the Poincaré-
Lelong formula. Assume that g: £ — F is a morphism as before and that g has
optimal rank on X\ Z. In this open set we have the short exact sequence 0 — Ker g —
E — Img — 0 and hence the (non-isometric) isomorphism a: E/Ker g >~ Im g.
Therefore there is a smooth form w in X \ Zg such that dd“w = s(Im g) —s(E /Ker g).
We have an extension across Z:

Theorem 1.5 The natural extensions 1x\z,s(E /Ker g) and 1x\z,s(Im g) are locally
integrable and closed. There is a current M* with support on Zy and a current W¢
such that

dd“W* = M* +1x\z,s(Im g) — 1x\z,s(E /Ker g). (1.9)

In Sect. 8 we give an extended version (Theorem 8.1). The current M is (at least
locally) a generalized cycle and it turns out that mult, M}/ may be negative.

In Sect. 9 we discuss Chern and Segre forms associated with some singular metrics
on a vector bundle. A notion of distinguished varieties and Segre type numbers of
a general coherent sheaf are discussed in Sect. 10. In case Z = {x} is a point the
number mult, M is equal to the so-called Buchsbaum-Rim multiplicity, [14], see
Remark 10.3.

The plan for the rest of the paper is as follows. In Sect. 2 we have collected material
that is known, except for the regularization in Propositions 2.3 and 2.5. Then we
discuss modifications that admit extensions of certain generically defined subbundles
in Sect.3. In Sects.4, 5 and 6 we define M¢ and state and prove the main results. The
proofs rely on results from [7] and [37], and are inspired by [31, 32]. A new Siu type
result for generalized cycles, proved in Sect. 7, is crucial for the proof of Theorem 8.1.
In the last section, Sect. 11, we compute various examples that aim to shed light on
the notions and results.

2 Preliminaries

Throughout this paper X is a connected complex manifold of dimension #.

2.1 Singularities of Logarithmic Type

A current W on X is of logarithmic type along the subvariety Z, cf. [11], if W is
smooth in X \ Z, locally integrable in X, and so that the following holds: Each point
on Z has a neighborhood U such that W| is the direct image under a proper mapping
h:U— U

of a smooth form y in A~ (U \ Z) that locally in U has the form y =
> jajlog |zj1> + B, where «, B are smooth forms, «; are closed, and 7; are local
coordinates.
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This requirement is imposed, see, e.g., [11, 38], to make it possible to define mul-
tiplication of v and the Lelong current of another variety intersecting Z properly. In
this paper we use this notion merely to point out that the current in question has in a
certain sense simple singularities.

2.2 Segre and Chern Classes

Assume that 7 : E — X is a holomorphic vector bundle, let P(E) be its projectiviza-
tion (so that at each point x € X the fiber consists of all lines through the originin E ),
andlet p: P(E) — X be the natural submersion. Consider the pullback p*E — P(E)
andlet L = O(—1) C p*E be the tautological line bundle, equipped with the induced
Hermitian metric, and Chern form ¢(L) = 1 4+ ¢{(L). Then

s(E) = pu(1/e(L)) =Y (=1 puci (L) @2.1)
k=0
and
c(E) = S5 (2.2)

Since p is a submersion, s(E) and c(E) are smooth closed forms. It is proved in
[35] that this definition of Chern form of E coincides with the differential-geometric
definition

¢(E) = det (It + 5—O). 2.3)

where © g is the curvature tensor associated with the Chern connection.
If h: X’ — X is a holomorphic mapping, then

s(h*E) = h*s(E), c(h*E) = h*c(E). (2.4)

If g: E — E’ is a holomorphic vector bundle isomorphism, then we have an
induced biholomorphic mapping g: P(E) — P(E’). If L’ is the tautological line
bundle over P(E’), then L = g*L’. If E and E’ are Hermitian, then there is a smooth
form w such that dd°w = s(E’) — s(E).

More generally, 0 - S — E — Q — 0is a short exact sequence of holomorphic
Hermitian vector bundles over X, then, see [13], there is a smooth form v so that

ddv = c(E) — c(Q)c(S). (2.5)

It follows from (2.2) that we have a similar relation for the Segre forms. In fact, if
w = —s(E)s(Q)s(S)v, then dd“w = s(E) — s(Q)s(S).

@ Springer
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2.3 Generalized Cycles

Let Z(X) be the Z-module of analytic cycles on X; i.e., locally finite sums

Zajzj,

where Z; are irreducible subvarieties Z of X. Such a sum can be identified with its
Lelong current

Za,»[zj].

Lett: W — X be a proper holomorphic mapping, andlety = cx, (E1) - - - ¢k, (E)p)
be a product of components of Chern forms of Hermitian vector bundles Ey, ..., E,
over W. Then 7,y is a closed current of order 0 on X. Let G Z(X) be the Z-module of
all locally finite sums of such currents. If we identify cycles with their Lelong currents
we get a natural inclusion Z(X) C GZ(X). This module was introduced in [7] and
all properties stated here can be found there with proofs.

We have a natural decomposition

dim X

GZ(X) =) GZr(X),

k=0

where G Z(X) is the elements of dimension k; that is, of bidegree (n — k, n — k).
Each generalized cycle has a well-defined Zariski-support. However the support of
can have strictly larger dimension than the dimension of u, cf. Example 2.1.

Given any analytic variety in X we have the natural restriction operator

1y: GZp(X) — GZr(X), pr 1lypu.

There is a notion of irreducibility and any u € GZ¢(X) has a unique decomposi-
tion into irreducible terms. Moreover, 1y is precisely the sum of the irreducible
components of y whose Zariski-supports are contained in V.

If y is a component of a Chern form on X, then we have the mapping

U= YA (2.6)

on GZ(X).

If h: X — Y is a proper mapping, then we have a natural mapping /,: GZ(X) —
G Z(Y), which is consistent with the usual push-forward mapping of cycles. One can
define G Z(Z) just as well for a non-smooth reduced analytic space Z. Ifi: Z — X is
an inclusion, then the image of i, is precisely the elements in G Z(X) that has support
on i, Z. It is therefore often natural to think of generalized cycles as purely geometric
objects on X and suppress the fact that they formally are currents.

If u € GZ;(X),thenforeachpointx € X thereisawell-defined integer mult, u, the
multiplicity of w at x. If u is effective, i.e., a positive current, it is precisely the Lelong
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number of u at x. It coincides with the usual notion of multiplicity if w is an analytic
cycle. If pisin GZ(Z) andi: Z — X is an inclusion, then mult, 0 = mult; ()i u.

Example2.1 If X = P, then u = dd®log(lx1|* + |x2|?) is in GZ(P?). It is
smooth except at p = [1, 0, 0], and mult,x = 1 at x = p and 0 elsewhere. Moreover,

u is irreducible, has dimension 1, and its Zariski-support is X.

We say that 8 is a B-form on W if it is a component of the form c(E) — ¢(S5)c(Q),
where 0 — § — E — Q is a short exact sequence of Hermitian vector bundles on
W. We say that © ~ 0 in GZ;(X) if it is a locally finite sum of currents of the form
T«(BAy),where t: W — X isproper, 8 is a B-form and y is a product of components
of Chern forms on W.

We let Bi(X) = GZ(X)/ ~ and B(X) = &2 Bi(X). It turns out that Z(X) is a
submodule of B(X) as well. The other properties mentioned above regarding G Z(X)
still hold for 5(X). The most important one in this paper is that the multiplicity mult, u
of u € GZ(X) only depends on the class of © in By (X).

Lemma 2.2 If y has positive bidegree, then, cf. (2.6), mult, (y Ap) = 0.
Any p is in GZ,_¢(X) has a unique decomposition
w=>Y BilZj1+ N, .7
J

where Z; have codimension k and mult, N vanishes outside an analytic set of codi-
mension > k + 1. In case u is effective, i.e., the (k, k)-current u is a positive, then
(2.7) is the Siu decomposition of u. For a general u, see Theorem 7.1 below. If u’
is another representative of the same class in B,_x(X), then the Lelong current in
its decomposition (2.7) is the same whereas the term N may be different. As already
mentioned in the introduction the Lelong current and N are referred to as the fixed
and moving part, respectively, of u.

2.4 Generalized Monge-Ampére Products
Let us assume that X is connected and let ¢ be a section, with zero set Z, of the
Hermitian vector bundle F — X. One can recursively define closed currents of order

Z€ero,

[ddlog |’ = 1, [dd®log|¢|*1*
= dd‘(log |¢|*1x\z[dd® log |¢[*1"), k=0, 1,2, ... (2.8)

For each k > 0,
MY = 17[dd" log |¢|*|*

is a closed current of order O of bidegree (k, k) with support on Z so it vanishes
if k& < codim Z. Thus (2.8) is the classical Bedford-Taylor-Demailly product for
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k < codim Z. The definition for larger k might look artificial, but indeed, e.g., [4,
Proposition 4.4],

[ddC log |p|*1* = lim (dd®log(1¢|* + e))", k=0,1,2,.... (2.9)
€e—

For future reference we sketch a proof for that this definition makes sense: If ¢
is identically O then Q/Iq’ = Mg = 1z = 1. Let us assume that Z has positive
codimension. Let 7 : X — X be a smooth modification such that the sheaf generated
by the section 7*¢ of n*F — X is principal, and generated by the section ¢° of a
line bundle £ — X. Then'

¢ = ¢%¢’,

where ¢ is a section of L* @ 7*F. Since L — n*F, v+ v¢’, is injective, L is a
subbundle of 7* F. If we equip £ with the induced metric, then |¢°| = |7*¢| and

dd‘log |m*¢|* = dd“log |¢"|* = [D] — c1(L) = [D]1+s1(L)  (2.10)
by (1.1). In particular,

1xn pidd“ log |7 *¢|* = 51(L).

Let
(dd®log|p|*)" := 1x\z[dd“ log |¢[*1" = mus1 (L), (2.11)
log |¢|*(dd“ log ||*)" = 7. (log |T*p|*s1(L)"), (2.12)
[dd“ log "] = . ([D1As1(L) ™ + 51(L)") (2.13)

and
M =1z[dd" log |$*]* = 7. (IDIAs1 (L) ). (2.14)

It follows that the currents in (2.11) and (2.12) are locally integrable. Moreover, since
|D| = 7' Z (|D| is the Zariski-support of D), it follows that

dd‘ (log |$|*(dd“ log |$]*) ") = [dd“ log |$|*1*
= M{ +(ddlog g}, €=1,2,.... (2.15)
Thus the recursion (2.8) makes sense and produces precisely the currents (dd° log |$]2)¢,

[dd€log |<l>|2]‘Z and sz. From (2.11),(2.13) and (2.14) we see that they are generalized
cycles on X.

1 Such a smooth modification exists by Hironaka’s theorem. The argument here works just as well if one
takes 7 as the normalization of the blow up of X along the ideal sheaf defined by ¢.
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We let M = MY + M? + ... .1f 7+ X — X is any modification, then
T MT = M?, (2.16)

see [7]. Furthermore, if ¢ is a section of a Hermitian bundle F — X such that |§| ~ |@|
locally on X, then M ¢ and M? define the same element in B (X). In particular, F can
be F but with another Hermitian metric.

For a thorough discussion of regularizations of generalized Monge-Ampere prod-
ucts, see, e.g., [33]. We will need the following variant that, as far as we know, has not
appeared before.

Proposition 2.3 Let x(t) be a smooth function on R that is O fort < 1/2 and 1 for
t > 3/4 and let xc = x(|¢|>/€), where ¢ is a section of a vector bundle (tuple
of holomorphic functions) with zero set V of positive codimension in X. Then the
currents

b - dlo g|¢|2 =, e
Ty = (1= x )z + dxeA———A Y _(dd“log|e|*) (2.17)
=0

tend to 1y M® when € — 0.

If V contains Z then T‘? "¢ are smooth and tend to M?.

Proof 1t is clear that (1 — x.)17; — 1yl = 1VMg’. Let

(dd® log |p|*)".

M

~
Il
=)

We have

IxeNdlog|¢1*(2mi) 'AT = 3(xed log |p|*(2mi) ' AT)
—xen00 log |12 2mi) " AT. (2.18)

In view of (2.12)
xed1og |p|’AT — dlog |¢|>AT,

and hence the first term on the right hand side of (2.18), cf. (2.15), tends to

> ldd€log |¢I*1",

=1

2 The first term on the right hand side of (2.17) vanishes unless ¢ = 0.
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whereas the second term tends to

o0
Ly Y _[dd“log|o[*]".
=1

Now (2.17) follows since codim V > 0 and (dd¢ log |p]2)¢ is locally integrable, so
that

1y[dd® log ¢ = 1y M? + 1y (dd“ log |$1*)* = 1y M.

2.5 Twisting with a Line Bundle

We keep the notation from the previous subsection. Let S — X be a line bundle
(with no specified metric) and assume that ¥ is a section of F ® S*. If s is a local
non-vanishing section of S we let ||, = |sv|. Then dd€ log |V |, := ddlog|sy|
is independent of the choice of s and hence a global current on X. In this way we
define the global currents [dd¢ log |/|2]¢ := [dd® log |sy|*]¢, cf. Remark 2.6 below,

and MV := M*V.
Lemma24 Ifr: X > Xisa modification, then
MY = MY (2.19)

The current MV is an element in GZ(X). Ile‘ is a section Ofﬁ ® S*, where F—>X

is another Hermitian vector bundle and |1ﬁ| ~ ||, then MV defines the same class
in B(X).

Notice that 7*y is a section of 7*F ® 7*S*; we define M™ ¥ by suppressing
(m*S)*.
Proof Since locally MV = MV, where s is a local non-vanishing section of §, by
(2.16)
MV = g M7 = M = MY,

and thus (2.19) holds.

We now choose® 7: X — X such that *y is principal, as in Sect.2.4. Then
7*y = ¥Oy’, where ¥’ is a non-vanishing section of 7*F ® L£* ® 7*S*. Then
a*(sy) = (@*s)YOy’. As in Sect.2.4 we see that s1(L) = ddlog|(m*s)y'|? =
dd®log |¥'|,, where the o means that 7*S™* is suppressed, so that

M™V = [D]As(L). (2.20)

3 Since the case ¥ = 0 is trivial, we may assume that v is not vanishing identically.
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Hence
MY =2 . M™YV = 7, (D]As(L)) (2.21)

is an element in G Z(X). )

If [y ~ [, then 7*yy = ¥ 4 and therefore, cf. (2.20), M™ V = [D]AS(L),
where §(L£) denotes the Segre form of £ with respect to the metric induced by F. Thus
M7V and M7V are in the same class in B()N(), and so the last part follows. m|

We have the following variant of Proposition 2.3. Let x. be a sequence as in this
proposition that tends to 1x\v.

Proposition 2.5 Assume that ¢ is a section of F ® S* and that o is a non-vanishing
section of H ® S* for some Hermitian vector bundle H — X. Then the currents

191/l

. - dlo >
10 = (1 — xo)lz + dxen g g AY (ddlog|gl2)t  (2.22)

=0

tend to 1VM¢ when € — 0.

Here |¢|/|c] is the global function defined locally as |s¢|/|s«|, where s is any local
non-vanishing section of S*.

Proof Given a local section s we have, with the notation in Proposition 2.3, that
o0
2iTyC = 2miTy" — dxendloglsal*A D (dd° log||2)". (2.23)
£=0

Since 9 log |sa|? is smooth, letting 7' denote the last sum, the last term in (2.23) is
equal to

3(xedlog|sal*AT) — xcdd log|sa|* AT

which tends to 3 log |sa|>AT — 3 log |sa|>AT = 0, since V has positive codimen-
sion so that 1y 7 = 0. By Proposition 2.3 thus 7‘5”6 = Té"”e +o(1) > 1y M*® =
lvl\old). O

Remark 2.6 Assume that we have a (strictly positive) Hermitian metric on $* with
metric form w. Then w = dd° log |s|* for any non-vanishing local section of S. Now
|| has a global meaning, |sy/|> = |s|?|y¥|?, and dd® log|1//|§ = dd°log|sy|> =
dd‘log|¥|> + w. Thus

ddlog |y |* = ddu + w, u=log|y|*. (2.24)

If we assume that E is a trivial bundle with a trivial metric, then dd¢ log |¢|§ >0
and by (2.24) therefore u is quasi-psh with respect to w. The currents [ddu + w]¥
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25 Page 120f43 M. Andersson

and their residues 17[ddu + w]* were introduced for arbitrary k and studied in [8],
and further in, e.g., [12]. Here u can be any w-psh function with analytic singularities.
Analogues for other classes of w-psh functions are studied in [9].

2.6 Regular Embeddings

Let g be a section of F — X and let J be the ideal sheaf generated by g. We have a
non-reduced subspace ¢: Z 7 — X with structure sheaf Oz, = X /J. If the zero
set of J has codimension «, and in addition 7 is locally generated by « holomorphic
functions, then one says that ¢ is a regular embedding. In this case, Z 7 has a well-
defined normal bundle A/ over Z and g defines a canonical embedding of A in F. If
we equip N with the induced metric, then we have a well-defined Segre form s(\)
over Z. Let [Z 7] denote the Lelong current of the fundamental class of Z 7. Then
[Z71=>_;a;lZ;], where Z; are the irreducible components of Z and a; are positive
integers. We have the generalization

M& = s(N)ALZ 7], (2.25)

of (1.2), see [7, Proposition 1.5].

If ¢ is a section of F ® S* as in Sect. 2.5 that defines a regular embedding, then
we have an embedding AV ® S — F obtained from the embedding N — F ® S*
induced by yr. Now

MY =s(N ® SALZ7]. (2.26)

In fact, if s is a local non-vanishing section of S, then by (2.25), MV = M*V =
sV ® S)ALZ 7], and so (2.26) follows.

2.7 Rank of a Holomorphic Mapping

Assume that W is irreducible and f: W — Z is any holomorphic mapping. Then
the rank of f at y, dim W — dim f~!(f(y)), is lower semi-continuous on W and its
maximum, rank f, is attained on a dense open subset of W,g, see, e.g., [19, 11, Sect.
8.1]. We have, [19, Corollary I1.8.6],

Proposition 2.7 If f is surjective, then rank f = dim Z.

3 Extensions of Subbundles

If g: E — F is amorphism on X, then outside an analytic subvariety Z of positive
codimension g has constant and optimal rank, and thus Im g and Ker g are subbundles
of F and E, respectively, in X \ Zg (recall that X is always assumed to be connected).

Lemma3.1 Let S = @;':1Sj be a direct sum of line bundles S; — X.If g: E — Sis

a morphism that has optimal rank in X \ Zy, then there is a modification 7 : X—> X
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such that Ker m*g has an extension across w~'Zy as a holomorphic subbundle of
T*E.

Since Im g* = (Ker g) the lemma can be rephrased: If g*: $* — E™ has optimal
rank in X'\ Zo, then the pullback to X \ ~1Z of the subbundle Im g* has an extension
to X.

Proof Let us assume that the optimal rank is p. Letg;: E — S;, j =1,2,...and let
i1 be the first index such that g;, isnotidentically 0. Let 7y : X1 — X be a modification
such that {'g;, = g(l)gi, where g? is a section of a line bundle L; — X and g} is
a non-vanishing section of 7{'E ® L}. Then Ny := Ker g is a subbundle of 7 E of
codimension 1 over X . Letnow i, > i1 be the first index so thatyrf‘gl-2| N i N — S,
does not vanishing identically. Then there is a a modification > : X, — X such that
minig, = §9gh, where gb is non-vanishing. Hence N, := Ker g} is a subbundle of
mym; E of codimension 2 over X;. Proceeding in this way we end up with a subbundle
N, of T*E over X = X,,wherem =mjo---m): X — X.Inthe Zariski-open subset
of X where 7 is a biholomorphism, N, = N;Ker7*g; = Ker7*g and hence N, is
the desired extension to X. O

Proposition 3.2 Assume that E, F are Hermitian bundles and g: E — F has optimal
rank in X\ Zo. Then the natural extensions from X\ Zo to X of s(E /Ker g) and s(Im g)
as well as of c(E /Ker g) and c(Im g) are locally integrable in X.

If7: X — Xisamodification, thenitis generically one-to-one and hence .1 = 1.
It follows that w7 *a = a if a is a smooth form on X.

Proof In a neighborhood U of any given point x € X both E and F are trivial and
by Lemma 3.1 there is a modification 7 : U — U such that Im* g and Kern*g
have extensions from U \771Z to U. Since these extensions are subbundles of
p*F and p*E, respectively, they inherit Hermitian metrics. In U \ 7~1Zy we have
w*s(E/Ker g) = s(w*E /Ker 7*g), and thus

s(E/Kerg) = m.s(m*E/Kert*g) 3.1
in U \ Zy. Since the Hermitian bundle 7*E/Kerr*g has an extension to U,
s(* E /Ker 7*g) has a smooth extension to U,in particular it is locally integrable, and
hence 7,5 (7* E /Ker 7*g) is locally integrable in U. In view of (3.1) it coincides with
s(E/Ker g)in U \ Zp and since Z is a set of measure zero, thus 1y z,s (E /Ker g) is
locally integrable. The other statements are proved in the same way. O

Lemma 3.3 If X is compact and projective and g: E — F is any morphism, then
there is a modification 7w : X — X such that both Ker w*g and Im *g have bundle
extensions to X.

Proof Let L — X be an ample line. Since F = Ker(O(E) & O(F)) is a coherent
sheaf, and X is compact, F ® L” is generated by a finite number of global sections
if k is large enough, see, e.g., [30, Theorem 1.2.6]. If §; = L™ and § = @' S;, we

therefore have a morphism / so that O(S) i O(E) LS O(F) is an exact sequence of
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h . .
sheaves. It follows that § — E > Fisa generically exact complex of vector bundles.
By Lemma 3.1 there is a modification such that Im 7z */4 has a bundle extension to X.
Since it coincides generically with Ker 7 * g, therefore Ker 7 * g has the same extension
to X.

In the same way we can find a similar bundle S* and a homomorfism f such that

S* —f> F* % E*is generically exact. Hence E L F —f> S is generically exact and

it follows from Lemma 3.1 that there is a further modification such that Ker 7* f and
hence Im 7 *¢ have bundle extensions to X. O

Remark 3.4 Following the proof of Lemma 3.1 we can produce a local holomorphic
frame for the extension of Ker g. To simplify notation we suppress all ;. We can
assume that all S; are trivial so that g; are just sections of E*. Moreover, we can
assume that r = p, since otherwise we delete 'unnecessary’ g;? from the beginning.

Now g1 = g? g}» where g/ is non-vanishing and hence defines a subbundle of E* of
rank 1, or equivalently a subbundle Ny of E of codimension 1. Locally we can find
a section e} of E* that is parallell with g} so that g = «jje}. By assumption the
restriction of g> to Ny does not vanish identically. Thus after a further modification
g = gg g, where g} is non-vanishing on Ni. We can choose a local section €3 of
E* such that its image in Ny is parallell with g5. It follows that g» = az1e] + ane}.
Proceeding in this way we get linearly independent sections e, ..., e} of E* such
that N is subbundle of E that annihilates all of them. Moreover, for{ =1, ..., r,

ge =oyre] + - +apey,

where oy, does not vanish identically. Notice that detg = giA...Ag =
ary - -aref AL Aef. If we extend e to a local frame ef, ..., e, for E* and let
e, ..., ey be he dual frame for E, then N is spanned by e,41, ..., e,.

4 Definition of M9 and the Main Result Theorem 4.4
First assume that E is a line bundle so that g is a section of F ® E*. We define
o
Mé =s(E)/\21Z[ddf log g%1%, 4.1
=0
where |g|, means that we suppress E* so that locally dd€ log |g|c2) = dd° log|ag|* for
any non-vanishing section a of E, cf. Sect.2.5.
From now on we assume that » = rank E > 2. Let P(E) be the projectivization of

E,let p: P(E) — X be the natural projection, and let L C p*E be the tautological
bundle, cf. Sect.2.2. Notice that a local section o of L has the form

o=sx,a)x (4.2)
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at (x, [@]), @ € E, where s(x, @) is a holomorphic function on E \ {0}, 0 denoting
the zero section, that is —1-homogeneous in o« € E,\{0}. By (4.2) we can identify
sections o of L with such s(x, «), and thus consider « as a section of p*E ® L*.
Therefore, cf. Sect.2.5, dd€ log |a|? := dd° log |sa|? is a global form on P(E), and in
fact equal to dd€ log lo|2 = —ci (L), cf. (1.1). Thus ¢(L) = 1 — dd° log |a|§ so that

o0
s(L) = Zwﬁ wy = dd®log |a|*. 4.3)
=0

Since g induces a morphism p*E — p*F, in particular it defines a morphism
L — p*F.Alocal section of L, represented by the —1-homogeneous function s (x, &)
as above, is mapped to the well-defined section s(x, a)g(x)a of p*F. Thus

Gx,a) :=gx)x “4.4)

is a holomorphic section of p*F ® L* — P(E).

Let Z’ be the zero set of G on P(E). As before, let Z be the set where g is not
injective and let Zy be the set where g does not have optimal rank. If g is generically
injective, then Z = Zg and Z' C p~'Z. If g is not generically injective, then Z = X
and p(Z') = X.If N = Ker g, then P(N) is a submanifold of P(E) in p~ (X \ Zo)
and

Z'np X\ Zo) = P(N) N p~ (X \ Zo).

Letting |ga|o = |Glo = |sG| = |sga|, where s is a local non-vanishing section of
L, we have, following Sect. 2.5, the generalized Monge-Ampere powers

[ddlog |gal’], €=0,1,2,...

and their residues M5* = 1z/[dd®log|ga|?21’, € =0,1,2,.... Locally on P(E)
thus

M8 = M*82. (4.5)
Definition 4.1 We define M¢ = p, (s(L)AMS®).

Thus M8 = Mg + Mig + -+ MS, where M,‘f = p*(s(L)/\]lolg“)kH,] are closed
(k, k)-currents with support on Z. Notice that M38® and s(L) only depend on the
metrics on F and E, respectively.

Example 4.2 Assume that E and F are trivial and have trivial metrics. We can assume
that E = C), x X, F = X x C", with the Euclidian metric on C, and C". Then
P(E) = X x P(C)) and wy, = dd°log |a|g is the usual Fubini-Study metric form
on P(C)); in particular it is a positive form. Thus s(L), cf. (4.3), is independent of
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x. Moreover, locally, for any non-vanishing holomorphic —1-homogeneous s, e.g.,
s = 1/a; in the open set or; # 0,

[dd° log |ger|?]¢ = [dd® log |sga|*]’

is a positive current. Since wy is a positive (1, 1)-form therefore, cf. (4.3), s(L)/\A°4 8«
is a positive current on P(E), and thus M¢ is a positive current on X.

Definition 4.3 We say that the morphisms g: E — F and ¢’: E — F’ are compara-
ble if locally in X

lg()al ~ g ()atl, « € Ex.

In case r = 1, comparability means that the entries in g and g’, respectively,
generate ideal sheaves with the same integral closure,

Theorem 4.4 Let E and F be Hermitian vector bundles over X and g: E — F a
holomorphic morphism. The following holds:

(0) The currents M ,f are generalized cycles, smooth in the Zariski-open set X \ Z
where g has optimal rank, and positive on X if E and F have trivial metrics.

(i) The natural extension 1x\zs(Im g) to X of s(Im g) is locally integrable and
closed, and there is a current W8 with singularities of logarithmic type along
Zo such that

dd“W& = M® +1x\zs(Im g) — s(E). (4.6)
(i) Ifi: X' — X is an open subset, then M8 is the restriction of M& to X'
(iii) If7: X — X is a modification, then w . M™ & = MS.
(iv) Ifi: F — F'is a subbundle with the metric inherited from F', then
Mi°8 = M5, 4.7)
(v) If g’ E' — F' is pointwise injective, then

ME®E = 5(Im g/) AME. (4.8)

(vi) The multiplicities mult, M]‘f are non-negative integers.

(vii) If g and g’ are comparable, then mult, M,f = multyM ,f for each k and each
point x.
(viil) For each k we have a unique decomposition

kp—k .
M,f:Zﬁj[zj]JrN,f =: §§ + NE, (4.9)
J
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where Z’]? are irreducible subvarieties of codimension k, ﬂ,ﬁ are positive inte-
gers, and N,f is a closed (k, k)-current with support on Z whose multiplicities
vanish outside a variety of codimension > k + 1. Moreover, U ji Z]]‘. =Z.

Notice that Z has positive codimension if and only if g is generically injective. If
g is not generically injective, thus dd“W8& = M8 — s(E), and M# is smooth in the
open set X \ Zp where g has optimal rank, see part (0) and Proposition 5.3.
By the dimension principle for normal currents, M lf =0ifk < codim Z.
If g is generically injective, then E and Im g are isomorphic in X \ Z so that s(E)
and s(Im g) define the same Bott-Chern (cohomology) class there. Equality (4.6) is
an extension across Z. If g is not generically injective, then M¢ is a representative of
the Bott-Chern cohomology class §(E).
A variant of (iii) holds for a general proper mapping %, see Proposition 6.1. Regard-
ing (v), notice that Im(g ® ¢g') = Img @ Img' in X \ Z and sdmg & Img’) =
s(Im g)As(Im g”), and thus (4.8) is consistent with (4.6).
Parts (vii) and (viii) of Theorem 4.4 imply that if g and g’ are comparable, then M ,f'

and M, ,f/ have the same fixed part.

5 Proofs of Theorem 4.4 and Proposition 1.3

First we need some preparations. We keep the notation from Sect.4. In particular,
recall that N = Ker g over X \ Zo.

Lemma 5.1 Assume that g is not generically injective. Then the section G generates
the ideal defining P(N) in P(E)\ p~' Z.

Proof Locally in X \ Zy we can choose a trivialization £ = U x C], such that

N={eg=-=a, =0.Leta = (¢, &) = (x1,...p,&”). Then o/ >
g, ") = g(@',0) = g’ is injective, and hence there is & such that hg'a’ = o'.
Thus (g’a’) = (a’) so that ga = g’a’ generates N. Now the lemma follows. O

By the lemma G defines aregular embedding in P(E)\ p~! Zo and thus, cf. Sect. 2.6,
it induces an embedding ¢: Np(vy — p*F ® L* and hence a mapping ¢: Npyy —
p*Im g ® L* on P(N). For dimension reasons ¢ and hence the induced mapping

Npvy ® L >~ p*Im g 5.1
must be isomorphisms on P(N) \ p~!Zj.

Remark 5.2 One can establish the isomorphism (5.1) in a more direct way. Recalling
that TP(E) = p*E/[«] and similarly TP(N) = p*N/[«] we have

Npvy = TP(E)/TP(N) = p*E/[a]/p*N/la].

Since (x, y) — g(x)y € F®L*isinjective on p*E/[a]/p*N/[a],theisomorphism
follows.
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We conclude that
sWNevy ® L) = s(p*Im g) = p*s(Im g)

on P(N) \ p~!Zy. From (2.26) we have the representation

MC = p*s(Im g)A[P(N)]. (5.2)
Let p’: P(N) — X be the natural projection. Then by (5.2),

M8 = pi(s(L)AMY) = pu(s(L)Ap*s(m @) AIP(N)])
= s(m @) Ap«(s(LIAIP(N)]) = s(Im g)Apis(L) = s(Im g)As(N)

on X \ Zp. The last equality holds since the restriction of s(L) to P(N) is equal to
s(L’) where L’ is the tautological line bundle on P(N) with the metric inherited from
E.

Proposition 5.3 Assume that g is not generically injective. In X \ Zo we have that
Mé = s(Im g)As(N).

We now turn our attention to regularizations of M$. To begin with we apply Propo-
sition 2.5 to M$¥ with V = Z'. Notice that lgar|?/|a|? is a global function on P(E)
with zero set Z’ so we can take x. = x (|ga|?/€|a|?). Also notice that ga is a section
of p*F ® L* and that « is a non-vanishing section @ of p* E ® L*. By Proposition 2.5
the smooth forms

]

> (dd“log|gal?)
=0

- dlo al/|a)?
1 e+ Brnioelsal/oD?,

on P(E) tend to MS8“. Since p: P(E) — X is a submersion we get

Proposition 5.4 With the notation above the forms®

ce = dlog(lgal/lal)? o . e
ME€ = p*<s(L)/\(1 — e+ Bxen =0 3" (dd¢ log | gal2) ))
Tl =0

(5.3)

are smooth on X and tend to M8 when € — Q.

Let us now assume that g: E — F is generically injective. That is, Z = Z( and
p(Z') = Zy. Then p~! Z has positive codimension in P(E) so we can take V = p~' Z
in Proposition 2.5. Moreover, Z is the zero set of the global section ¢ = det g of
A"E* @ A"F, where r = dim E. In local frames for E and F it is the tuple of all
r x r minors of the associated matrix. Let x. = x (| det g|>/€), and for simplicity let
us write x. also for p* xe.

4 The term 1 — Xe can be omitted unless g = 0.
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Proposition 5.5 Assume that g is generically injective and x. = x (| det g|>/€). For
eache >0

; - dlog(gal/laD)? o .
ME€ = p*(s(L)AE)XG —/\Z dd log |gal?) ) (5.4)
=0

is a smooth forms on X that vanishes in a neighborhood of Z = Zy, and the sequence
tends to M8 when € — 0.

Remark 5.6 1t follows from Proposition 2.5 that the currents in (5.4) tend to 17, M$,
provided that g is not identically 0, if we choose x. that converges to 1x\z,. If the
optimal rank of g is p we can take ¢ as the p-determinant of g. Still each M &€ vanishes
in a neighborhood of Z but it is not smooth in general.

5.1 Proof of (0) and (i) of Theorem 4.4

By Proposition 5.3 M¢ is smooth in X \ Zp. Lemma 2.4 claims that M3® is an
element in GZ(P(E)) and, cf. Sect. 2.3, therefore s(L)AMS? is in G Z(P(E)). Since
p: P(E) — X is proper, cf. Definition 4.1, M,f = p*((s(L)/\]lolg"‘)kH_l) is in
GZ, (X) for k = 0,1,2,.... If the metrics on E and F are trivial, then M$ is
positive, cf. Example 4.2. Thus (o) holds.

If g =0,then Z = X and M8 = s(E), and so (i) is trivial. Let us therefore assume
that g is not identically 0. We first consider the case when E is a line bundle so that
g is a section of F ® E*. Let a be a local non-vanishing section of E. In X \ Z then
ga is a non-vanishing section of the line bundle Im g. Therefore the locally integrable
currents, cf. Sect. 4,

o
(dd log lgal?) Z dd‘log lgal?)
£=0

are equal to s (Im g) and s(Im g), respectively in X \ Z. Moreover, cf. Sect. 4,
wé = log(lgal*/|al*)s (E)Alx\zs(Im g)

is locally integrable in X. In X \ Z we have dd€ log(|ga|*/|a|*) = s1(Im g) — s1(E).
Thus

1 1
L\ zdd“w® =1 Im g) — s1(E -
x\zdd w x\z(s1(Img) — s1( ))1 —s1(E) 1 — 51(Im g)
; ( 1 o1 )-1 s(Img) — s(E) (5.5)
X\zZ 1 —s;(Im Q) 1 —s1(E) = 1xX\z 8 .
whereas
17dd wé =
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o0 o0
S(EYA Y 1zdd* (log(|gal*(dd® log |ga|*)) = s(E)Alz Y [dd® log|gal*]" = M,
=0 =1
(5.6)

cf. (4.1), since s(E) is smooth and closed and
17dd¢(log lal*(dd‘ log|gal*)") = s1(E)1z(dd" log |gal*)* = 0.

Part (i) of Theorem 4.4 now follows from (5.5) and (5.6) in case rank E = 1.

Let us now assume that r = rank £ > 2. We keep the notation from Sect.4. Let
p': P(F) — X and let L’ be the tautological line bundle in (p’)*F — P(F). Notice
that g induces a holomorphic mapping g: (P(E)\Z’) — P(F) and so g*L’ is a well-
defined line bundle over P(E) \ Z’'. Moreover p = p’ o g. From now on we write g
rather that g for notational simplicity. If s” is a section of L’ then s = g*s’ is a section
of L. Therefore, since g(x, [@]) = (x, [g(x)x]), letting if B denote elements in F

g*s1(L)) = g*dd‘ log |B|> = g*dd" log |Bs'|* = dd° log |gas|* = dd° log |ga|?.

In view of (4.3) it is natural to introduce the locally integrable form

o o0
g's(L) :=) 1wy zI[dd log|gal}]" =) (ddlog|gal2)’.  (5.7)
=0 =0
on P(E).
Lemma 5.7 We have that
peg*s(L)) = 1x\zs(Im g). (5.8)

Proof Firstassume that g is generically injective. Then p~! Z has positive codimension
in P(E) and therefore lp—lzg*S(L/) = 0. Thus it is enough to prove (5.8) in X \
Z. There g: E — Img is an isomorphism and hence g: P(E) — P(Img) is a
biholomorphism and so g* = g, I Moreover, the restriction of L' — P(F) to P(Im g)
is the tautological line bundle over P(Im g); let us denote this restriction by L’. Noticing
that p’ = pg~! we get

P8 s(L) = pugy 's(L') = (pg™us(L') = (p)us(L') = s(Im g).

We now assume that the generic rank of g is < rank E. Then Z = X and so the
right hand side of (5.8) vanishes on X. We must ensure that the left hand side vanishes
as well. Since g*s(L') is locally integrable on P(E), p.g*s(L’) is locally integrable
on X and thus it is enough to see that it vanishes on X \ Zy. There Ker g is a subbundle
of E of positive dimension. Let us choose a local frame ey, ..., e,_1, e, for E so that
e, belongs to Ker g. Then E = X x C,, where ¢ = ey + -+ - + ar—1e,—1 + are;.
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Clearly go = g(ajey +- - - +a,—1e,—1). In a neighborhood of a point on P(E) where,
say, or—1 7 0, and g # 0, we have

dd®log |ga|* = dd“log |g((a1/ar—1)e1 + - + (2 /r—1)er—2 + er—1) |

Locally on P(E), a;. =aj/ay—1, j #r — 1, together with x form a local system of

coordinates, and we see that (dd€ log lgr|?)¢ has at most bidegree (r — 2,7 — 2) in

a’. Since pis (x, [a]) — x it follows that the left hand side of (5.8) vanishes. O
Notice that
w = log (|gal*/le|?)

is a global function on P(E) which has singularities of logarithmic type along Z’. We
claim that

dd®(ws(L)g*s(L") = s(LYAMS® + g*s(L") — s(L). (5.9)

Outside Z’ the left hand side of (5.9) is

" 1 ) _ g*s1(L") —s1(L)
(I —s1(L))(1 — g*s1(L")) (I —s1(L))(A — g*s1(L"))

1 1 * N
TTogwma) 1oam  f T

dde (

The only contribution at Z’ comes from the residue term which is

log |g|?

AL, dde
SNz Ad T e o | gal?)

o
=s(L)Alz Y [ddlog|ga|2]" = s(L)AME®,
=1

cf. (5.7). For the last equality we have used that Z has positive codimension so that
M$® = 0. Thus (5.9) holds.
With a modification w: ¥ — P(FE) as in the proof of Lemma 2.4 we see that
g*s(L") = mys(L) and that 7 *w locally has the form log [°|? + smooth on Y. Thus
ws (L)g*s(L') has singularities of logarithmic type along Z’ and hence along p~! Z.
Therefore

WE = p(ws(L)g"s(L") (5.10)

has singularities of logarithmic type along Z. From (5.9), (5.8) and Definition 4.1 we
have

dd“W8 = p,(s(L)AM®®) + p.g*s(L)) — pus(L) = M& + 1x\zs(Im g) — s(E).
Summing up we have proved part (i) of Theorem 4.4.
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5.2 Proof of (ii), (iii) and (iv)

Part (ii) is clear since all definitions and arguments we use are local on X. Part (iii) is
precisely Lemma 5.8.

Lemma 5.8 Assume that g: E — F is a morphism and i : g — X is a modification.
Then we have an induced mapping n*g: n*E — 7*F on X and m,M™ ¢ = MS.

Proof Let E = n*E. There is a natural mapping 7 : ]f”(E) — P(FE) so that
P(E) = P(E)

15 Ip (5.11)
X 5 x

commutes, and similarly for F. The morphism g: £ — F induces a morphism
n*g: E — F suchthat, fory € X and a € Ezy),

mrg(Ma =g, yeX, o€ Eqy), (5.12)
and
p* N p*
a* i (5.13)
E IS p*F

commutes. If L — P(E) is the tautological line subbundle of p* E, then L:=#*Lis
the tautological subbundle of 7*p*E = p*n*E, cf. (5.11). In particular,

s(L) = #*s(L). (5.14)

Let s be a local non-vanishing holomorphic section of L on P(E). If in addition
g(x)a # 0and s = 7*s, then by (5.12),

7*(sga) = 5% (ga), #*(ga) =n¥ga. (5.15)

Since 7 is generically 1 — 1 it follows from [7, Example 5.3] that 77 M T (sge) = ppsse

where s is defined. From (5.14), (5.15) and the definition of M, cf. Sect.2.5, we
conclude that

R MT B0 = pp8e, (5.16)

By (5.11), (5.14), (5.15), and (5.16) thus

T M = n*ﬁ*(s(Z)/\M”*g“) =
PaF (RS (LIAM™ V) = po(s(L)AMS®) = M.
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Thus the lemma is proved. O

The definitions and arguments are not affected if we consider g as a morphism
E — F’ rather than E — F. Thus (iv) follows.

5.3 Proof of (v)

Assume that g’': E/ — F’ is pointwise injective on X. Let p: P(E) — X and
p: P(E @ E") — X be the natural mappings. Moreover, let

jiP(E) > P(E®E'), [a]~ [a,0].
We claim that
read®g’a’ __ . * / orga
M = ji(p*s(Im g"HAME®). (5.17)

To see (5.17), assume that U C X isanopenset where E = U xCl, and E' = U x (Cg/,.
It is enough to prove (5.17) in each set U; = ﬁ_lU N{lo, '], a; # 0}. Leti = 1.
Then [«, o'] is represented by

(1, azfar, -+ apfar, ay/ar, ..o [ay).
The image of j: P(E) — P(E @ E’) is cut out by the section g’(x)a’ /a1 of p*Im g’

over U;. Since Im g’ has the same rank as the codimension, the normal bundle of the
image of j is precisely p*Im g’. From [37, Lemma 5.9] we have that

pre(Im g )AMEY®EY — j pee,
Now p*s(Im g")A ju M8* = j,.(j*p*s(Im g') AMS*) and thus (5.17) holds in U/; since

p*= ]fﬁ* In the same way it holds in any f;,i = 1, ..., r, and so (5.17) is proved.
Let L be the tautological line bundle in p*(E @ E’) — P(E @ E'), and recall that

s(L) =) _(ddlog(la” + |/ *)o)".
=0

Since the pullback to {a’ = 0} of dd® log(|a|* + |&’|?), is dd® log |a|?, (5.17) implies
that

S(LIAME®E = j (j*s(L)Ap*s(m g)AME®) = ju(s(L)Ap*s(Im g )AME)
(5.18)

Since p. = paj. we get from (5.18) that
ME®E = b (s(L)AME®EY) = p,(p*s(Im g )As(L)AMS®) = s(Im g )AMS.
Thus (v) is proved.
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5.4 Proof of (vi) and (vii)

If g’ is a morphism such that |g’a| ~ |ge/, then by Lemma 2.4 M and M$'® define
the same class in B(IP(E)). It follows that M8 and M$' define the same class in B(X).
Therefore the multiplicities of M8 and M ¢ at each point x € X coincide, and are
integers. Locally, cf. Example 4.2, we can choose metrics so that M$ is a positive
current. We conclude that the multiplicities are non-negative integers. Thus (vi) and
(vii) are proved.

5.5 Proof of (viii)

Since M,f isin GZ,,_;(X), the decomposition (4.9) follows from (2.7). The last state-
ment in (viii) requires an additional argument: Let Z; be the subvarieties of P(E)
that appear in the decomposition (2.7) of MZG for various ¢. It is well-known, and
follows from Sect. 2.4, that their union is precisely the zero set Z’ of G. It is clear that
p(Z') = Z. Thus it is enough to prove, for each Z/, that [p(Z})] appears in the fixed
part in (4.9) if p(Z!) has codimension k in X. It is enough to prove this locally on X,
so we can assume that the metrics are trivial, keeping in mind that the fixed part only
depends on the class of M,f in B(X). If Plz; has generic rank p = n —k, cf. Sect.2.7,
then the generic dimension of the fibers (p|Zlg)_1x, x € p(Z),isv =dimZ; — p.
If locally E = X x C., then p is ([a], x) — x and wy = dd°log ||, is strictly
positive on each fiber. Therefore p.(w), A[Z!]) has support on p(Z}), is non-zero, and
has bidegree (k, k). Hence it is c[p(Z])] for some integer ¢ > 1. It follows that

M{ = pul(S(LYAME)igr—1) = c[p(Z) T+ - -

where all terms in - - - are non-negative, cf. Example 4.2. The proof of Theorem 4.4
is complete.

Proof of Proposition 1.3 Assume that g: E — F and W¢ are as in (4.6). By (4.6) and
(2.2),

dd® (c(F)AW?®) = c(F)AM? + ¢(F)Aly\zs(Im g) — ¢(F) (5.19)

since E is trivial so that s(E) = 1. By Lemma 3.1 there is a modification 7 : X —> X
such that Im 7 *g has an extension to a subbundle H of 7*F. In X we thus have the
pointwise exact sequence

0— H—a*F — a*F/H — 0.

By (2.5) there is a smooth form v such that dd“v = c¢c(n*F) — c¢(m*F/H)Ac(H).
Hence

dd (s(H)AV) = c(n*F)As(H) — c(n*F/H).
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Applying 7, we see that 1x\ z¢(F /Im g) is locally integrable and closed, and
dd“m. (s(H)AV) = c(F)N1x\zs(Im g) — 1x\zc(F/Im g). (5.20)

From (5.19) and (5.20) we see that (1.7) holds with V8 = ¢(F)AWSE — m (s(H)Av).
O

5.6 A remark

Here is an alternative way to find regularizations of M$. Let us introduce the Hermitian
norm on p*F ® L* — P(E) so that |G| = |ga|/|«| and consider the current MC,
cf. Remark 2.6 above.

Lemmab5.9 Fork =0,1,2,...we have the relations

k
(dd° log |gar|?)* = Z < _)(dd‘ log |G|*)! Awk = (5.21)
=0
and
k X _
Mg, =) (j)MjGHAwf;J. (5.22)
Jj=0

Proof Notice that
log |G|2 = log |sgx| — log |sa| = log |ga|, — log |a|3 (5.23)

We proceed by induction. Notice that the case k = 0 of (5.21) is trivial. Assume thatitis
proved for some k. Together with (5.23) and the recursion formula for [dd® log |G |*]¢,
cf. (2.8),

[dd* log |ga21*+! = dd*((log |GI” + log |a[?){dd" log |ga?)*) =

k k ‘ ‘ X ' | |
2 ( ')WC log|GPVH Ak~ + 3 < )(ddc log |G|%)/ A@k=I 1,
° j j
Jj=0

J=0

If we apply 1 to this relation we get (5.22) for k + 1. If we apply 1pg) z2 we get
(5.21) for k + 1. Thus the lemma is proved. O

There are several formulas for regularization of M kG . For instance, see [7, Proposi-
tion 5.7],

€
M = E),Hl(ddchlz)", k=0,1,2,---.

(G* +
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By (5.22) we therefore get global smooth M$€ such that M$€ — MS3. Clearly,
12[dd¢log|ga|?]° = 1z = M§ . In view of (4.3), Definition 4.1 and Lemma 5.9
there are non-negative integers c; x such that

o0 o0
ME=3"3"ciups (M,fe /\a)é) (5.24)
k=0 j=0

is a sequence of smooth forms that tends to M.

6 Behaviour of M9 Under General Proper Mappings

We have the following extension of Theorem 4.4 (iii).

Proposition 6.1 Let g: E — F be a morphism on X. Then M$ induces a mapping
w = MEAw on GZ(X) and B(X) and if h: X' — X is any proper holomorphic
mapping, then

ho (MM 8 A = M8 Ahupt 6.1)

forall n € GZ(X') and n € B(X').

Example 6.2 1f h is a finite mapping, say generically m to 1, then we can apply (6.1)
to the function p = 1. It follows that 1, M""$ = mMS$.

Proof of Proposition 6.1 If t: W — X is proper, then we have the commutative dia-
gram

P(t*E) - P(E)
\%: Ip 6.2)
w5 X
In fact, in a local trivialization E = X x C[, and t*E = W x CJ, so that P(E) =
X x P(C}) and P(z*E) = W x P(C]). Assume that y is a product of first Chern

forms and let © = 7,y . Since p is a proper submersion the pullback p*u exists. We
claim that

P ="1Tp"y. (6.3)
The equality (6.3) means that

png=1pyE §eEPE). (6.4)

The left hand side of (6.4) is, by definition, .p.& which in turn is
po. [ e =y, [ s,
o o
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The right hand side is
y-PxTE = V(w)./é(r(w),oe)
o

as well. Thus (6.3) holds. In particular, p*y is in GZ(IP(E)). Since M8€ =
P (s(L)AME®€), cf. Proposition 5.4,

M& A = p*(s(L)/\A;Ig“’e/\p*u).

Since p*p isin GZ(IP(E)) we can take limits, following the proof of [7, Theorem 5.2],
and get

MSAW i= pu(s(L)AMS*Ap*11). (6.5)

We can extend by linearity to a general u. It is clear from (6.5) that this definition
only depends on i and not on its representation. One must also check that if ©’ ~ u,
then M8 A ~ M8EAu', but we omit the details. The equality (6.1) follows from the
corresponding property for Mee, again see [7, Theorem 5.2], following the proof of
Theorem 4.4 (iii) above. O

7 Vanishing of Multiplicities

Theorem7.1 Any n € GZ,_x(X) has a unique decomposition (2.7), where each
irreducible component of N has Zariski support on a set of codimension < k — 1. The
multiplicities of N vanish outside an analytic set of codimension > k + 1.

Since u has a unique decomposition in irreducible components, the theorem follows
from:

Proposition7.2 If un € GZ,_;(X) is irreducible with Zariski support Z and
codim Z < k — 1, then mult, ;u vanish outside an analytic subset of Z of codimension
>k+1

In view of [7, Remark 3.10], an irreducible w as in Proposition 7.2 is a finite sum
of (k, k)-currents 7.y, where T: W — X and t(W) = Z.If t = i o t/, where
i: Z — X, then mult, t;y = mult; )74y, see Sect.2.3. It is therefore enough to
consider a surjective mapping t: W — Z and prove that if © = 7,y has bidegree
(£, ) on Z, £ > 1, then the subset of Z where mult, i 7~ 0 is contained in an analytic
subset of codimension > ¢ 4 1. Now Proposition 7.2 follows from Lemma 7.3 and
Proposition 7.4 below.

Lemma 7.3 Assume that t: W — Z is proper and surjective and [t = T4y has
bidegree (¢, ¢). Let r = dim W — dim Z. If multyp # 0, then dim v~ (x) > r + €.
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Proof Let n = dim Z and let & be a tuple that defines the maximal ideal at x. Then,
[7, Sect. 6, Eq. (6.1)],

mult, u[x] = Mj—eAT*V = r*(M;_iAy).
If this is non-vanishing, then since y is smooth, M’ii is non-vanishing. It has support
on ! (x) and therefore n — £ > codim wz ' (x) = n +r — dim 1 (x). O

The following proposition should be well-known but as we did not find a precise
reference we provide a proof, cf. Remark 7.5.

Proposition 7.4 If W is irreducible, f: W — Z is a proper surjective mapping and
r =dim W — dim Z, then for each £ > 1, the set

Al = dim N0 = 40

is contained in an analytic subset of codimension > £ + 1 in Z.

Proof of Proposition 7.4 We can assume that W is smooth, because otherwise we take
a regularization 7 : W' — W and consider ' = f o 7, noticing that

{x; dim f7'(x) > r + £} C {x; dim(fom) "' (x) = r + £}.

We proceed by induction over dim W. Assume that the proposition holds for all W
with dimension < m and r such that 0 < r < dim W, and that our W has dimension
m + 1. We first consider the case when » = m + 1. Then all the sets Aﬂrz for¢ > 1
are empty. Thus we can assume from now on that » < m. Notice that the set W' C W
where 9 f' /0w does not have optimal rank is analytic of dimension < m.

Moreover, observe that if w € W\W’, then 9 f /dw has the same rank in a neigh-
borhood of w so by the constant rank theorem, there is a neighborhood U of w such
that £~1(f(w)) N U has dimension r.

Let Wj’. be the irreducible components of W’ and let f j’ be the restriction of f to
WJ’. so that fjf: W]’. — f(W}). Since f is proper, each f(Wj’.) is an analytic set. We
claim that
i

e (7.1)

;oo
Ar+€ - UjA

In fact, assume that f~!(x) has an irreducible component V of dimension > r + £.
From the observation above it follows that a generic point on V belongs to W', and
hence V is contained in W’. Thus V = U;V N WJ’.. It follows that at least one of the

analytic sets V N WJ’. has dimension > r + £. Thus (f j’.)_1 (x) has dimension > r + ¢

so that x € AQF{. Now (7.1) follows.

In view of (7.1) it is enough to consider each Arffrz. Assume that (fjf)_l(x) has
generic dimension r + ¢'. By definition then
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rankf]{:dimW}—r—K’SdimW—l—r—E/
=dmW —1—(dimW —dimZ) —¢ =dimZ — ¢/ — 1.

Proposition 2.7 implies that

codim fj(W;) >0 +1. (7.2)

’

First assume that £/ > £. Since A{ie C fj’.(W]/.), by (7.2),

codimAfil >0 +1>0+1

as desired. Now assume that £/ < £. Since

’ ’
o
r+0 T rl et

A
it follows from the induction hypothesis that Ari ¢ 1s contained in an analytic subset
of f J’ (W]’.) of codimension > £ — ¢/ + 1. In view of (7.2) we conclude that this analytic
set has at least codimension ¢ — ¢’ + 14+ ¢/ + 1 = £ + 2 in Z. Thus Proposition 7.4
is proved. O

Remark 7.5 If y in the proof of Lemma 7.3 is strictly positive, then the multiplicity
is strictly positive if and only if dim ~!(x) > r + £. If W in Proposition 7.4 has a
Kihler form w, then y, = w" are strictly positive closed forms for 1 < £ < dim W. In
this case therefore Proposition 7.4 follows from Siu’s theorem applied to the positive
closed currents fiyy.

8 An Extension of Theorem 1.5

Let g: E — F be a morphism and let a: s(E/Ker g) — Im g be the induced iso-
morphism over X \ Zy. Here is an extended version of Theorem 1.5.

Theorem 8.1 The natural extensions 1x\z,s(E /Ker g) and 1x\ z,s (Im g) are locally
integrable and closed in X, and there is a current M, which is locally a generalized
cycle, with support on Zy such that the following holds:

(a) There is a current W with singularities of logarithmic type along Z such that
dd°W* = M +1x\z,s(Im g) — 1x\z,s(E/Ker g). (8.1)
The analogue of Theorem 4.4 (ii) holds for M“.
b) If r: X — X is amodification, and M™"? denotes the current obtained from w* g,

then

T MT Y = M°. (8.2)
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(¢c) IfKer g has an extension to a subbundle N of E, and a' is the induced extension
to a morphism a’: E/N — F, then M* = M“/, where MY is the current in
Theorem 4.4.

(d) All multiplicities mult, M} are integers. There is a unique decomposition of the
form (4.9), where mult, N} vanishes outside an analytic set of codimension > k+1.
All the coefficients /3;? are integers. If g and g are comparable, then the associated

M} and M,‘z have the same multiplicities.

Some of the multiplicities mult, M} and coefficents ,Bf may be negative, see Exam-
ple 11.10.
If 7: X — X is a modification such that 7*Ker g has an extension as a subbundle N
over X , such a modification always exists at least locally, and a denotes the induced
morphism 7*E/N — 7*F, then M* = 7, M™ @ in view of (b) and (c) above. Thus
M* is determined by these properties.

Although a is only defined on X \ Zj, we can define smooth forms M€ on X by
(5.4).

Proposition 8.2 The limit

M? := lim M%¢ (8.3)

e—0
exists and is independent of the choice of x in (5.4).

If the subbundle Ker g C E defined in X \ Z happens to have an extension as a
subbundle N of E over X, then by continuity N C Ker g and therefore g induces a
morphisma: E/N — F.By Proposition 5.5 then (8.3) is consistent with the previous
definition of M*“.

Proof Assumethatm: X’ — X isamodification such that the subbundle 7*N C 7*E
on X'\ "' Zy extends to a subbundle N’ of E' = 7*E on X' Let ¢’ = n*g: E/ —
F' = 7*F. Then N’ C Kerg’ and so g’ induces a generically injective mapping
a': E'/N' — F'. Thus M“ is a well-defined current on X'. By Lemma 5.8, and its
proof, M€ = n*M“,’G and so

M = g .M. (8.4)

In particular, it is independent of the choice of x. At least locally in X such a modifi-
cation m exists, cf. Sect. 3, and thus the proposition is proved. O

Proof of Theorem 8.1 Let W be the form (5.10) but associated with « rather than g in
X\ Zo. Then W€ := W% is well-defined in X for each ¢ > 0. We claim that

W= lim W (8.5)

e—0

exists. To see this let 7: X’ — X be a modification as in the previous proof. If
Xe = ¥ xe, then W€ = x/W* = g*W*€. Thus W€ = 7, W* € and hence the
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limit (8.5) exists and
W= W (8.6)
By Theorem 4.4 (i) we have
ddW® = M* +s(Img') — s(E'/N'). (8.7)

Notice that IX\ZOS(E/Ker g) = IX\ZOS(E/N) = TF*S(E//N/) and IX\ZOS(Im g) =
7.s(Im a’) are locally integrable and closed. Taking 7, now (8.1) follows from (8.4),
(8.6) and (8.7).

Part (b) of the theorem follows in a standard way by choosing a 7 as above which
in addition factorizes over X. We omit the details. Part (c) follows from the proof of
(a).

Since M, at least locally, is a generalized cycle, all its multiplicities are integers,
and we have the unique decomposition (4.9), cf. Sect.2.3.

If g and g are comparable, then 7*¢ and 7*¢ are comparable in X’ and hence the
associated @’ and a’ are comparable in X’. It follows from the proof of Theorem 4.4 (vii)
that M% and M% belong to the same class in B(X’). In view of (8.4) therefore M
and M,‘f belong to the same B-class and hence they have the same multiplicities. Thus
Theorem 8.1 is proved. O

Remark 8.3 The non-negativity of the multiplicities in Theorem 4.4 was proved by
locally choosing trivial metrics locally on X on E and F'. This argument breaks down
for M“ since it is the push-forward of M 4 under a modification, and in general one
cannot choose a metric locally on X so that M @ s non-negative on the exceptional
divisor, cf. Example 11.11.

9 Chern and Segre Forms Associated with Certain Singular Metrics

Singular metrics on line bundles have played a fundamental role in algebraic geometry
during the last decades, starting with [18]. Singular metrics on a higher rank bundle
were introduced in [10], see also [17], and have been studied by several authors
since then, e.g., in [25] and [40]. In [36] and later on in [26, 31, 32] are introduced
associated Chern forms. In [31] quite general singular metrics are allowed, but there
are restrictions on the degrees. In [32] the whole Chern forms for metrics with analytic
singularities are defined; however in situations that go beyond [31] an a priori choice
of a smooth metric form is needed. These Chern forms are as expected where the
metric is non-singular and represent the de Rham cohomology classes. We will use
Theorems 4.4 and 8.1 to provide Chern and Segre forms, that in addition represent the
expected Bott-Chern classes, for two classes of singular metrics.

Definition 9.1 Let ¥ — X bea holomorphic vector bundle with a metric that is non-
singular outside an analytic set Z of positive codimension. We say that a current s (F)
on X is a Segre form for F if it represents the Bott-Chern class ¢(F) and is equal to

@ Springer



25 Page32o0f43 M. Andersson

the Segre form defined by the metric where it is non-singular. We have the analogous
definition of ¢(F).

Example 9.2 Let E and F be Hermitian vector bundles and g: E — F aholomorphic
morphism. Let E be E but equipped by the singular metric so that |s|z = |gs|. It was
proved in [32] that, in our notation, the current

s(E) = M® + 1x\zs(Im g)

defines the same de Rham cohomology class as s(E). Theorem 4.4 (i) states that it in
fact defines the same Bott-Chern class, so that s (E ) is a Segre form for E in the sense of
Definition 9.1. If g is generically surjective it follows from the proof of Proposition 1.3
that

c(E) = —c(E)c(F)M® + ¢(F) 9.1)

is a Chern form for E. Notice that the multiplicities of S(E ) and —C(E ) coincide and
are independent of the smooth metrics on E and F.

Remark 9.3 One can obtain an analogue of (9.1) for an arbitrary g; for simplicity
though we assume that Z has positive codimension. Using the ideas in the proof of
Proposition 9.4 below one can define a current M£°? and a locally integrable V¢ such
that dd° V& = —M&? +1x\zc(Im g) — ¢(E), so that ¢(E) = —M&? +1x\ zc(Im g)
is a Chern form for E.

In our second example we assume that g: E — F is a generically surjective
morphism, E and F Hermitian vector bundles, and we let F be F' but equipped with
the singular metric induced from E. That is, for 8 € F and x € X\Zy, |8l =

|g_1,B|E/Kerg. Then clearly F is isometric to E/Kerg in X \ Zy so that s(F) =
s(E/Ker g) and c(ﬁ) = c(E/Ker g) there.

Proposition 9.4 With the notation in Theorem 8.1,
s(F) = 1x\z,5(E /Ker g) — M® 9.2)
is a Segre form for F. There is a related current M€ with support on Z such that
c(F) = 1x\z,c(E/Ker g) + M“* 9.3)

is a Chern form for F. The multiplicities of M* and M“¢ are independent of the
smooth metrics on E and F.

Corollary 9.5 If g is generically an isomorphism and E is trivial with a trivial metric,
then

s(Fy=1— M8, c(F)=1+ M€, 9.4)
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Different trivial metrics on E' may produce different M#, see Examples 11.4 and
11.5. However, —s1(F) = c¢1(F) = [det g], see Proposition 11.1 and the definition of
M$-€ below.

Proof of Proposition 9.4 Clearly (9.2)isequalto s(E /Ker g) in X\ Zy. Theorem 8.1 (a)
iglplies that (9.2) is Bott-Chern cohomologous with s(F'), and thus a Segre form for
F.

Let 7: X’ — X be a modification as in the proof of Theorem 8.1. Then we have,
cf. (8.7), dd*W* = M“ + s(F') — s(E’/N’). Since s(E'/N’) and c(E'/N’) are
smooth, we get

ddV® = M 4+ ¢(E'/N") — c(F"), 9.5)
where M9¢ = ¢(F')¢(E'/N"YM? and V¢ = ¢(F')c(E'/N YW . We define
M* =g, M%C, V=7V, (9.6)

By regularization as in the proof of Theorem 8.1 one verifies that the definitions in
(9.6) are independent of . Thus M€ and V¢ are globally defined on X. Applying
7T, t0 (9.5) we get

dd°V = M*° + 1x\z,c(E/Ker g) — c(F).

Thus (9.3) is a Chern form for F.

The class of the current M in B(X) is independent of the smooth metrics on E
and F. The same holds for the class of M%"€ in B(X") and hence for the class of M%:¢
in B(X). Thus the statements about multM“ and multM %€ follow. m]

10 Segre Numbers and Distinguished Varieties Associated with a
Coherent Sheaf

These numbers, which generalize the Hilbert-Samuel multiplicity of 7, were intro-
duced, with a geometric definition, in the *90s, independently by Tworzewski, [39]
and Gaffney-Gassler [20]. Later on a purely algebraic definition was given in Achilles-
Manaresi [1], and Achilles-Rams, [2]. We can consider such a g asamorphism £ — F,
where E = X x C is a trivial line bundle with a trivial metric.

Assume that g is a holomorphic section of a vector bundle F, thatis, E is trivial line
bundle in our set-up. Then g generates an ideal sheaf J C O which is precisely the
image of the dual morphism g*: O(F*) — O(E*) = O. The decomposition (4.9) is a
generalization of the classical King formula, [27], and the analytic sets Zj? that appear
in the fixed part are precisely the so-called distinguished varieties associated with 7.
If 7: X’ — X is the blow-up of X along 7, then Z;‘. are precisely the images of the
various irrreducible components of the exceptional divisor in X’. As mentioned in the
introduction, the multiplicities mult, M, ,‘f are the so-called Segre numbers e (7 ) of

/2
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We will discuss generalizations to arbitrary coherent (analytic) sheaves. As for
notions like Cohen-Macaulay, dimension etc, we ’identify’ an ideal sheaf J with
the quotient sheaf O/J. By definition an arbitrary coherent sheaf F locally has a
representation F = O(E*)/Im g*, where g: E — F is a holomorphic morphism.

Proposition 10.1 Given a coherent sheaf F = O(E*)/Im g*, the multiplicities
mult, M ,f and the fixed part of the decomposition (4.9) only depends on F.

Taking this proposition for granted the following definitions may be reasonable.

Definition 10.2 If the coherent F has the local presentation 7 = O(E*)/Im g*, then
we define its Segre numbers e; (Fy) = mult, M,f ,k=0,1,..., and its distinguished
varieties as the various components of the fixed part in (4.9) for various k.

It follows from Theorem 4.4 that the Segre numbers e (Fx) are non-negative inte-
gers that can be strictly positive only if x € Z and k > codim Z.

Remark 10.3 If F has zero set {x}, then its Buchsbaum-Rim multiplicity was intro-
duced in [14]. This definition is algebraic, but a geometric description appeared in
[28, 29] and [24]. One can verify that it indeed coincides with mult, ME. A detailed
argument will be given in a forthcoming paper. If the singularity is not isolated, in
[15] is defined algebraically a list of numbers, generalizing the description in [1] of
Segre numbers in case of an ideal. One could guess that these numbers coincide with
the numbers mult, M ,f .

Letm: Y — IP(E) be the blow-up of P(E) along G = ga. In view of the discussion
above and the proof of Theorem 4.4 (viii), the distinguished varieties of F are the
images under p o w of the various irreducible components of the exceptional divisor
of .

Proof of Proposition 10.1 A minimal free resolution of J at a point x is unique, up to
biholomorphisms, and any resolution at x is the direct sum of a minimal resolution
and a resolution of 0. The latter resolution ends with a pointwise surjective mapping
(g)*: (F)* — (E’)*.If g* is the last mapping in a minimal resolution of F at x, then
F = O(E*)/Im g* and any other representation has the form

F=O0E" ®(E))/Im (" & (g"h"),

where g’: E’ — F’ is pointwise injective. In view of Theorem 4.4 (v) and Lemma 2.2
thus

mult, ME® = mult, M, k=0,1,2,.... (10.1)

Thus these numbers are intrinsic for the sheaf F at x. Consider now the representa-
tion (4.9) for M ,f 98 and M ,‘f , respectively. Since N ,f ®¢ and N ,f’ only have non-zero

multiplicities on sets of codimension > k + 1, (10.1) implies that M} 8¢ and M ¢ have
the same fixed part. O

@ Springer



Poincaré-Lelong Type Formulas... Page 35 of 43 25

Example 10.4 The morphism g*(x) in Example 11.2 below gives the coherent sheaf
F=060/x10 ® x20, and it is shown that its distinguished varieties are the axes
and the point (0, 0). Moreover, it has non-zero multiplicities on both codimension 1
and 2. The morphism defined by the matrix

x1x2 0
[ 0 1]. (10.2)

gives the sheaf F = O @ O/x1x20 & O = O/x1x20, which we identify with the
ideal sheaf (x1x»). It has the coordinate axes as distinguished varieties and non-zero
multiplicities only on codimension 1. However, the determinant ideals in both cases
are (x1x2). Thus neither distinguished varieties nor multiplicities can be computed
from the determinant ideal.

11 Some Examples and Remarks

We will use the notation introduced in Sect.4. We present our first example as a
proposition.

Proposition 11.1 If g: E — F is generically an isomorphism, then
M§ = [div(det g)]. (11.1)

Proof Let Z be the zero set of det g. Since M lg is a (1, 1)-current with support on the
hypersurface Z it must be (the Lelong current of) a cycle with support on Z. It is there-
fore enough to check, for any regular point x € Z, that mult, M8 = mult,[div(det g)].
Let us first assume that n = 1, that the base space X is a neighborhood U/ of the
closed unit disk, E = U x C",and F = U x C" and det g(x) = x"a in U, where a
is non-vanishing. Since the multiplicities are independent of the metrics on E and F
we can assume that they are trivial in /. If v = 1, then g(0) has a simple eigenvalue
and hence a one-dimensional kernel. Thus I\;I,ga is a point mass in P(E) and hence

M = pu(s(L)AMEY) = p.ME* = [0].

Now assume that v > 1. We can choose a continuous perturbation g; of g such that
go = g and det g has v distinct simple zeros x!, ..., x"” close to x = 0. Then the
kernel of each g(xj ) is one-dimensional, so that M8 = [x!]+ --- + [x"] and so its
total mass is v. Since we have trivial metrics s1(E) = 0 and s1(F) = 0, so by (1.6),

f Mff:/ ddcwogfzf dWg'.
|x]<1 [x]<1 [x]=1

For each ¢ the integral is a sum of the Lelong numbers (multiplicities) of M f’ so by
Theorem 4.4 it is a positive integer. From formula (5.10) we see that w$ depends
continuously on 7 on |x| = 1. Thus the integral is v also for g = go, so the proposition
holds whenn = 1.
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Now assume that n > 1, 0 is a regular point on Z, and locally Z = {x; = 0}.
Then det g = x{'a for some v and non-vanishing holomorphic function a. From the
discussion above we know that M f = p[x; = 0] so we have to prove that © = v. For
a generic choice of complementary coordinate functions xa, . . ., X,

w = multgM? = multo([x2 = =X, = O]AMlg).
Leti: Cy, - C%, x1 — (x1,0,...,0). By Proposition 6.1 thus
isM; ® =[x2 =" =x, = 0]AM}{ = u[O]. (11.2)

Now deti*g(x1) = a(xy, 0)x{ so from the case n = 1 we have Mi*g = v[0] in C so
that i, M' ¢ = v[0] in C". In view of (11.2) thus ;= v. o

We will use the following form of Crofton’s formula, see, e.g., [6, Lemma 6.3]: If
(f1, ..., fm) is a tuple of holomorphic functions and [y, ..., Y] € IP’((C;/"), then

/[diV(Vlfl + -+ Y )l (y) = ddlog( il + -+ + | ful®).  (11.3)
¥

Here do is the normalized volume form associated with the Fubini-Study metric on
P(C™). If in addition div f1, ..., div f;, intersect properly, i.e., the codimension of
their intersection is m, then

(dd tog(Lfi* + -+ )" = [dd®Tog(| AP + - + | D]
is locally integrable for k < m and

My = [dd Tog(Ifil* + -+ + | ful 1" = [divAilA - AldiVful. (114)
The right hand side is the (Lelong current of the) of the intersection product of the

divisors and can be defined by any reasonable regularizations of the [f;], see [16,
2.12.3]. It is well-known that this product is unchanged if f; are replaced by y/ - f =

N ylj 4+ 4 ynj; fom for generic choices of y/ € P(C™). Therefore one can deduce
(11.4) from (11.3). In the examples below we often write [ f = 0] for [div f].

Example 11.2 Let X = (CJZC, E=Xx (Cg, F = X x C2, both with trivial metric. and
g: E — F defined by

x1 O
|:O x2:| . (11.5)
Then ga = (xj01, xpp) defines a proper intersection in (C% X ]P’(Ci) so by (11.4)
M8 = M5® = [dd®log |ga|2]* = [x| = @ = 0] + [x2 = @1 = 0] + [x] = x = O].
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(11.6)
Since s(L) = 1 + w, we see that M8 = Mig + M5, where
M{ =[x; =01+ [x2 =0] = [x;xa =0], M§ =[x; =x=0].
Notice that M ‘lg = [div(det g)] in accordance with Proposition 11.1.

The next example shows that in general several components of M3% come into play
to produce M7.

Example11.3 Let X = C, E = X x C2 and F = X x C2, and let both E and F
be equipped with the trivial metric. Let g: E — F be the morphism defined by the

matrix

x20

0 x|’
Notice that det g = x3, Z = {0}, and Z' = {0} x P(C2). Now dd‘log |ga|?> = [x =
0] + dd€log([xai|* + |az|?), so that

M{® = 1zdd log |ga|? = [x = 0].

Furthermore, a computation using (11.4), yields that ddc(log | go;|§1p(E)\Z/
dd¢log|ga|2) = [x = O0]A[e2] + [xar; = O]A[ez = 0] and hence

M3* = 2[x = 0]A[az = O].
Altogether, as expected from Proposition 11.1
M{ = pi(s(L)AM®®) = py(waAlx = 0] + 2[x = 0]A[az = 0]) = 3[x = O].

Example 11.4 Let X = C%E=Xx (Cg, F = X x C with trivial metrics, and g the
morphism given by [x] x2]. Since g is not generically injective, Z = X. Moreover,
Z' = {(x,[a]); x1a1 + x200 = 0}. We have M8 = M}* = [xja1 + xa02 = 0].
Since s(L) = 1 + w, we get, using (11.3),

M8 = M§ + M§ = 1x + dd° log(|x1|* + |x2|%).

Here Mg is the fixed part, and it consists of the single distinguished variety X. The term
M f has dimension 1 and is geometrically the mean value of lines through the origin
in X, so it is a moving term. It follows that mult(g,0)M{ = 1 but mult(y, x,)M{ =0
for (x1, x2) # (0, 0).

If we change the trivial metricon E, e.g., by letting || := | |2 +2|a2|?, then w, =
ddlog(|a |2 + 2|e2|?) and one can verify that then M = dd° log(2|x; 12 + |x2[%).

Here is a similar example but where g is generically injective.
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Example 11.5 Let X = C3, E = F = X x C3 with trivial metrics, and g given by

xix3 0 O
0 xx3 0
0 0 x3

Then Z = {x1x2x3 = 0}, and g = x3(x101, X202, X30¢3) so that
dd* log |ga|? = [x3 = 0] + dd“ log(|x1e1 |* + |x2e2|* + [x3e3]%).
Thus M$® = [x3 = 0]. Next we have

[dd‘ log |ger|2)* =
dd*(log |x3|* + log(lx1a1 > + [x202|* + |x3e31) Add® log(|x1ay 2 + [x200]* + |x30317)) =
[x3 = 0]Add® log(|xia1 > + [x20 ) + (dd° log(1x101* + [raa? + Jxzaz ).

Thus
M5 = [x3 = 0]AddS log(|x1a1 > + |x2a2]?).
Furthermore we get, using (11.4),
ME® = [x3 = O1A(dd€ log(lx1a1 > + xaaa ) + [x1@) = 0lALxaas = OlALx3a3 = O].

We do not compute all terms of M¢ but notice that, e.g.,
[ 132 = 0nda o1 P + fraas Py
o

is a non-zero term in M§ that has support on the hyperplane [x3 = 0]. As in Exam-
ple 11.4 one can verify that M‘f depends on the choice of trivial metric on E.

Assume that g: E — F is generically an isomorphism. Then g*: F* — E* is as
well. In view of (1.6) and the fact that

sk(E*) = (=1)*se(E) (11.7)
it follows that M ,f* and (—1)**1M? define the same Bott-Chern class.
Remark 11.6 1t is not true in general that M,f* = (=D m ,f . In fact, given trivial

metrics on E and F we know that both M8 and M8 are positive currents. Therefore
(11.7) fails as soon as M,‘f is non-zero for an even k. See, e.g., Mf in Example 11.2.

Let us now consider a global version of Example 11.2.
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Example 11.7 Let X = P? = P(Cyyx,.x,)- Then x; is a section of O(1) — X
and thus defines a morphism O(—1) - X xC.If E = X x O(-1) ® (Cg and
F=Xx (Ci thus (11.5) defines a morphism g: E — F. We choose the natural
metric on O(—1) so that s (O(—1)) = dd° log |x|> = w, on X. It follows that L then
is the tautological line bundle with respect to trivial metric on (Ci tensored by O(—1),
so that s1(L) = wy + w,. Noting that P(E) has dimension 1 in «, therefore
S(L) = 1 4 0g + 0x 4 204 A0y + ©° + 307 Ay (11.8)
Applying p, to (11.8) we get
S(E) = 14 20, + 30°. (11.9)

Since the metric on F is trivial we see that (11.6) still holds in this case (but interpreted
onP(E)). Combined with (11.8) we can compute M8 = p,(s(L)AME*) and find that

M{ =[xy = 0]+ [x2 = 0],
M5 = wyAlx) = 0] + wxAlxy = 0] + [x1 = x2 = 0]. (11.10)

Notice that (11.9) and (11.10) are in accordance with (1.6) since M ig and Mzg are
Bott-Chern cohomologous with 2w, and 3“’;%’ respectively, on X = P? and s(F) = 1.

Example 11.8 Let us consider the adjoint mapping g: X x C2 — X x O(1) ® C%. In
this case s(L) = 1 + wy and s(E) = 1. Now

gl = (Ixion|* + [x2e2]P)o/Ix]?
and so
dd‘ log|ga|2 = dd* log((|lx1o1|* + |x202])0 — wx.
We see that
M5 = 1z[dd log|ge|2)® =[x = a2 = 0] + [x2 = & = 0] + [x; = x2 = 0]
as before, whereas
1pey 2/ [dd€ log |gal?]? = —2dd° log(|x1a1 > + 0202 ) oAwy + @2
Therefore

ME" = 12[dd" log |ga|2]?
= =2([x1 = a2 = 0]+ [x2 = a1 = 0] + [x; = x2 = 0]) Aewy
= —2[x; = ap = 0]Awy, —2[x2 = a1 = 0] Awy.
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Recalling that s(L) = 1 4+ w, we get

M]g =[x =0]+4+ [x =0],
M5 = [x; = xp = 0] — 2[x; = 0]Awy — 2[x2 = 0]Awy.  (11.11)

In view of (11.7) and (11.9), s(F) = 1 — 2w, + 3w?. Thus, cf. (11.11), (1.6) is
respected.

Example 11.9 Let X = IP’% and consider the morphism g: O(—1) — X x (Cg, where
g = [x1 x2], so that g is singular at the point p = [1, x1, x2]. We see that

s1(Im g) = dd® log(|x1* + [x2|*) =: w),

in X \ {p}. It follows that s5(Im g) = w3, = 0in X\{p}. Since M5 has support at p it
must be «[ p] for some integer . By (4.6),

dd“W§ = 1x\(pys2(Im g) — 52(O(=1)* + M5 = —w® + M5
so we conclude that Mf = [p]. It also follows directly, cf. (11.4), that

M5 = 1(pdd® (log(|x1|* + |x21) 1x\(pydd® log(|x1|* + |x21*) = [p].

We shall now see that the morphism a in Theorem 8.1 can have negative multiplic-
ities.

Example 11.10 Let X = IP? and consider the morphism g": X x (Cé — O(1); itis the
dual of the morphism in Example 11.9. Consider the induced morphism

a: C? x P?/Kerg’ — O(1).
From (11.7) we see that so(E/Ker g’) = 0. By (8.1) in Theorem 8.1 therefore
ddW = o* + M§,
so we can conclude that M§ = —[p].

Let us now make a direct computation that reveals how the minus sign in the
previous example appears, without relying on the global formula (8.1). We consider a
somewhat more general mapping, but restrict to the local situation.

Example 11.11 Let X =U C CLE=Xx (Cg, F = X x C (with trivial metrics) and
g = (g1, g2) with an isolated zero at 0 € U. Let w: X’ — X be a modification such
that 7*g = g% g’, where g¥ is a section of the line bundle £ — X’ and g’ = (g, &)
is a non-vanishing section of £* ® C?. The kernel of 7*g is generated by (— g5 &)
in X’ \ 7*(0) and it thus has a holomorphic extension to a subbundle of E' = 7*E
over X'. Notice that the image in E’/N’ of the holomorphic section u; = (1, 0) is
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non-vanishing in the open subset of X’ where g # 0. The norm of the image of u{ in
E’/N' is the E’-norm of

u - (=85, 8)

A _ _ o /
up=uj e (—82, 81)-

A straight forward computation reveals that | 12 = 185 12/1¢’|?, and thus dd® log | |2
= —dd‘ log|g'|? in the set where g/ # 0. An analogous formula holds where g} # 0.
Since E’/N’ is a line bundle we conclude that

s1(E'/N") = —dd log |g'|>, s2(E'/N’) = (—ddlog|g'|*)* = 0.

Notice thata': E'/N' — n*F isdefinedby a’ = g°(g/, g5) sothatdiva’ = [g" = 0].
Recalling, cf. (4.1), that M = s(E'/N")Aldiva'] we thus have Mlal =[g° = 0] and
Mél, = s1(E'/N")A[g° = 0]. We conclude that

M§ = M§ = —c[0],

where c is a positive integer. In fact, Mzg T = ¢c[0] so ¢ is the multiplicity of the zero of
g at0.

Remark 11.12 Let E be a trivial line bundle (with trivial metric) and let g: E — F
be generically injective morphism, i.e., a non-trivial holomorphic section of F. With
the notation in this paper a residue current, here denoted by M$:¢, was defined in [5]
in the following way. Let S denote E but with the singular metric inherited from F.
Then, writing c¢(F/S) is locally integrable in X and

M&4 = 1,dd(log |g|*c(F/S)).

If 7: X’ — X is a suitable modification, then 7*c(S) and 7*c(F/S) are smooth in
X’ and so there is a smooth form v such that dd“v = w*c(F) —n*c(S)m*c(F/S). By
arguments as in the proof of Proposition 1.3 it follows that M$-“ is in the same class
in B(X) as

17dd‘ (log |g]*c(F)/c(S)) = c(F)1zdd“ (log|g|* ) "(dd*log |gI*)*)
£=0

= c(F)AMS =: M®?.

In particular, M%“ and M¢, as well as M&?, have the same multiplicities and fixed
part. In case F' has a trivial metric, these three currents coincide.

Let us conclude by mentioning two natural question that are not discussed in
this paper. The classical Poincaré-Lelong formula sometimes occurs in the form
d(1/g)ADg/2mi = [divg], where D is the Chern connection, which means that
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1
d—ns(F)Dg/2mi = M.
g

Thus M$ is a product of a residue current and a smooth form. In a similar way the
current M$-% in Remark 11.12, see [5, (6.4)], can be written M$“ = R8 - ¢, where RS
is the Bochner-Martinelli residue current and ¢ is a matrix of smooth forms involving
both Dg and the curvature tensor. We do not know whether there are analogues for M8
even when E is a line bundle. Another natural question is whether some assumptions
of positivity/negativity on F and/or E will imply positivity of M$; see [5] for some
results of this kind for M&“.
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