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A Unified Model for Active Battery
Equalization Systems

Quan Ouyang , Member, IEEE, Nourallah Ghaeminezhad , Yang Li , Senior Member, IEEE,
Torsten Wik , Senior Member, IEEE, and Changfu Zou , Senior Member, IEEE

Abstract— Lithium-ion battery packs demand effective active
equalization systems to enhance their usable capacity and life-
time. Despite numerous topologies and control schemes proposed
in the literature, conducting quantitative analyses, comprehensive
comparisons, and systematic optimization of their performance
remains challenging due to the absence of a unified mathematical
model at the pack level. To address this gap, we introduce a
novel, hypergraph-based approach to establish the first unified
model for various active battery equalization systems. This
model reveals the intrinsic relationship between battery cells
and equalizers by representing them as the vertices and hyper-
edges of hypergraphs, respectively. With the developed model,
we identify the necessary conditions for all equalization systems
to achieve balance through controllability analysis, offering valu-
able insights for selecting the number of equalizers. Moreover,
we prove that the battery equalization time is inversely corre-
lated with the second smallest eigenvalue of the hypergraph’s
Laplacian matrix of each equalization system. This significantly
simplifies the selection and optimized design of equalization sys-
tems, obviating the need for extensive experiments or simulations
to derive the equalization time. Illustrative results demonstrate
the efficiency of the proposed model and validate our findings.

Index Terms— Active battery equalization, equalization time
estimation, hypergraph, unified model.

NOMENCLATURE

A State-transition matrix of the closed system.
Bi Vertice corresponding to the battery cell i .
b Number of cells in each battery module.
C Incidence matrix.
cl Incidence vector corresponding to el .
cp,l Element of the incidence matrix C .
D, d System matrices.
ds Smallest diagonal element of D.
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el Hyperedge corresponding to the equalizer l.
G Hypergraph corresponding to the active

equalization system.
H(el) Head of the hyperedge el .
Ieci,l Equalization current of cell i through the CC

equalizer l.
Iemi,l Equalization current of cell i through the MM

equalizer l.
Iepi,l

Equalization current of cell i through the CPC
equalizer l.

Iecmi,l Equalization current of cell i through the CMC
equalizer l.

Iel Equalization current vector for all cells through
equalizer l.

Ieq Total equalization current vector of all cells.
Ieqi

Total equalizing current of cell i .
Iecl Directed equalization current provided by the CC

equalizer l.
Ieml Directed equalization current provided by the

MM equalizer l.
Iepl

Directed equalization current on the cell side
provided by the CPC equalizer l.

Iecml Directed equalization current on the cell side
provided by the CMC equalizer l.

Il Directed equalization current provided by
equalizer l in any type of active equalization
system.

Ī ecl Magnitude of the equalization current provided
by the CC equalizer l.

Ī eml Magnitude of equalization current provided by
the MM equalizer l.

Ī epl
Magnitude of the equalization current on the cell
side provided by the CPC equalizer l.

Ī ecml Magnitude of the equalization current on the cell
side provided by the CMC equalizer l.

Is Current of the battery pack through the external
power source or load.

K Control gain matrix.
ks Smallest diagonal element of K .
k Discrete time index.
L System matrix for controllability analysis.
m Number of modules in the battery pack.
n Number of cells in the battery pack.
ne Total number of equalizers.
Qi Ampere-hour capacity of cell i .
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SOC State-of-charge of the battery cell.
¯SOCmi Average SOC of the battery module i .
¯SOCP Average SOC of the battery pack.

s System state vector for controllability analysis.
T (el) Tail of the hyperedge el .
Te Equalization time.
T0 Sampling period.
VB Terminal voltage of the battery cell.
wlh , wlt Weights corresponding to tail and heads of the

hyperedge.
x , u State vector and control variable vector of the

battery equalization system.
αl Energy transfer efficiency of the lth CC

equalizer.
η Coulombic efficiency.
ϵ Upper bound of the SOC imbalance tolerance.

I. INTRODUCTION

THE demand for high-performance lithium-ion battery
systems has grown exponentially in recent years with

their widespread adoption in electric vehicles, energy stor-
age systems, and portable electronic devices [1]. Since a
single lithium-ion battery cell’s voltage is limited to 2.4–
4.2 V due to its inherent electrochemical characteristics,
a large number of cells are usually connected in series
and parallel in a battery pack to meet the high-voltage and
large-capacity requirement for practical applications [2]. How-
ever, cell imbalances caused by inhomogeneous conditions
and manufacture variations result in insufficient energy use,
accelerated capacity degradation, and even safety hazards of
the entire battery pack [3], [4], [5]. Thus, the battery pack
necessitates an active battery equalization system that can
transfer energy from cells with high state-of-charge (SOC)
to cells with low SOC. By this means, the cells can be
charged and discharged more uniformly, thereby maximizing
the available pack capacity and prolonging its useful lifetime
[6], [7].

Various active battery equalization systems have been
developed to ensure all cells’ SOCs converge to the same
level [8], [9], [10], [11]. In particular, hardware circuits of
the active battery equalizers have been extensively studied,
which include but are not limited to the double-tiered switch-
ing capacitor [12], multiwinding transformer [13], modified
bidirectional Cuk converter [14], isolated modified buck-boost
converter [15], and bidirectional flyback converter [16]. Addi-
tionally, there are also numerous effective balancing control
methods, such as those based on neuro-fuzzy control [17],
quasi-sliding mode control [18], model predictive control
(MPC) [19], and two-layer MPC [20]. Aging-aware cell bal-
ancing strategies have also been employed, such as nonlinear
MPC [21] and optimal control [22].

Compared to these achievements in hardware circuits and
control methods, much less attention has been focused on
quantitative analysis of different equalization systems at the
pack level, which, however, is crucial in performance eval-
uation and comparison of different equalization structures.
As one of the few examples, Chen et al. [23] quantitatively

compared the system-level performance of three types of active
equalization structures, i.e., the series-based, layer-based, and
module-based cell-cell (CC), using three individually devel-
oped models. As an extension, the mathematical models of
seven balancing structures were comprehensively reviewed
in [24], with additional consideration of cell-pack-cell (CPC),
module-based CPC, directed CC, and mixed equalization
systems. A similar work was carried out in [25], where nine
analytical algorithms were proposed to estimate the equaliza-
tion time of different active balancing structures. However, all
the referred models are based on analyzing the total equal-
ization currents received by each battery cell under specific
structures of the equalization system, which will inevitably
fail to capture the system characteristics at the battery pack
level, rendering them incapable of mutual expansion and
generalization.

To bridge this identified research gap, this work, for the
first time, develops a unified model for various active bat-
tery equalization systems using hypergraphs. By representing
the equalizers as hyperedges and the cells as vertices, this
method can reveal the intrinsic relationship between cells
and equalizers. Based on the developed unified model, the
minimum required number of equalizers to complete the
balancing task is determined through controllability analy-
sis, and the equalization time is proved to be related to
the Laplacian matrix of the hypergraph of the equalization
system.

The major contributions of this article are summarized in
the following.

1) Different from the existing methods of separately
modeling each equalization system, a unified mathemat-
ical model based on hypergraphs for various existing
equalization systems is developed. This model pro-
vides a holistic, convenient, and concise format that
applies to many different battery equalization sys-
tems, facilitating a range of model-based applications,
e.g., analysis, comparison, optimization, and control
design.

2) Based on controllability analysis, the necessary con-
dition for equalization systems to achieve battery
balancing is determined, which can provide guidance
for finding the minimum number of equalizers required
for a given equalization system.

3) Based on the unified model developed, the battery equal-
ization time is shown to negatively correlate with the
second smallest eigenvalue of the Laplacian matrix of
the equalization system, which is demonstrated by the
Monte Carlo method.

The remainder of this article is organized as follows.
An overview of state-of-the-art active battery equalization
systems is provided in Section II. The unified model using
hypergraphs is proposed in Section III for all the consid-
ered active equalization systems. Based on the developed
model, Section IV rigorously analyzes and comprehensively
compares the performance of different equalization systems.
Detailed illustrative examples and discussions are provided in
Section V, followed by conclusions in Section VI.
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II. ACTIVE EQUALIZATION SYSTEMS
AND THEIR ANALYSIS

In active battery equalization systems, a series of equalizers
are commonly utilized to transfer extra energy from the cells
with high SOC to those with low SOC. Given that the
hardware circuits of active equalizers have been extensively
studied [8], [9], [12], [13], [14], [15], [16], this work primarily
focuses on modeling and analyzing the equalization system
structures at the pack level.

A. Overview of Battery Equalization Systems

Six typical active equalization systems are briefly introduced
here, while more comprehensive reviews of battery equaliza-
tion systems can be found in [24] and [25].

1) Series-based CC equalization system. As illustrated in
Fig. 1(a), each CC equalizer connects a pair of adjacent
cells and transfers energy between them. When the
SOCs of all cell pairs are balanced, the cells’ SOCs in
the entire battery pack have reached the same level. For
a battery pack with n series-connected cells, n − 1 CC
equalizers are required.

2) Module-based CC equalization system. As illustrated in
Fig. 1(b), the battery pack is divided into m series-
connected modules, where each battery module contains
b = (n/m) series-connected cells. It enables balancing
operations similar to the series-based CC equalization
system within each module, while also taking into
account neighboring modules for balancing. This equal-
ization system includes m − 1 module-module (MM)
equalizers and n − m CC equalizers.

3) Layer-based CC equalization system. As illustrated in
Fig. 1(c), this system employs a binary-tree-based struc-
ture, with multiple layers containing different numbers
of equalizers according to the layer number. In each
layer, two adjacent cells/modules are connected to the
CC/MM equalizers to achieve balancing, following the
same strategy as used in the module-based CC equal-
ization system. This equalization system includes n − 1
CC equalizers.

4) CPC equalization system. As illustrated in Fig. 1(d),
there exist n CPC equalizers for the battery pack with
n series-connected cells, where each CPC equalizer
connects each cell and the entire battery pack. Energy
is transferred between the cell and the battery pack by
the CPC equalizer when the cell’s SOC is different from
the average SOC of the battery pack.

5) Module-based CPC equalization system. As illustrated
in Fig. 1(e), the battery pack is divided into m modules,
similar to the module-based CC equalization system.
In each module, cell-module-cell (CMC) equalizers are
utilized to perform the same operation as in the CPC
equalization system to achieve equalization. Thus, n
CMC equalizers are needed, and m − 1 MM equalizers
are utilized for balancing all the battery modules.

6) Switch-based CPC equalization system. As illustrated in
Fig. 1(f), all battery cells share one CPC equalizer. One
side of the equalizer is connected to the entire battery

pack, while the other side connects to all cells through
a switch array, with each cell connected to an individual
switch. During each working time slot, only one switch
is on, i.e., only one cell is selected to be connected to the
equalizer. This structure allows for bidirectional energy
transfer between any selected cell and the battery pack.

To the best of our knowledge, in the existing work comparing
different equalization systems, such as [24], [25], and [26],
the different battery equalization systems are modeled sepa-
rately, and then individually tailored models are utilized to
simulate and evaluate the performance of each system. This
is mainly because most models of active battery equalization
were developed by analyzing the total equalization currents
received by each battery cell under a specific equalization
structure. In general, these models cannot capture the rela-
tionship between battery cells and equalizers across different
equalization structures. In more intuitive terms, since different
types of equalizers facilitate energy transfer between varying
numbers of battery cells, it is difficult to find a general law at
the cell level accurately describing battery equalization at the
pack level. This issue is particularly pronounced in systems
like the layer-based CC equalization system, where each cell
is connected to many equalizers, making the development of
a unified model cumbersome and complex.

B. Equalization Current Analysis

The hardware circuits of the active equalizers considered
here can be the modified bidirectional Cuk converter [14], the
modified buck-boost converter [15], or other similar converters
as in [27]. According to Section II-A, the equalizers can be
classified into CC, MM, CPC, and CMC equalizers, depending
on the number of cells they are connected to.

1) Equalization Currents Through CC Equalizers: To
achieve battery equalization, a CC equalizer transfers energy
from its connected cell with a high SOC to the other cell with
a low SOC. A modified bidirectional Cuk converter-based CC
equalizer l connected with the i th and j th battery cells is
illustrated in Fig. 2. According to the law of conservation of
energy [28], it can be calculated that

βi VBi (k)Ieci,l (k) + β j VB j (k)Iec j,l (k) = 0 (1)

with {
βi = 1, β j = αl , if SOCi (k) ≥ SOC j (k)

βi = αl , β j = 1, if SOCi (k) < SOC j (k).

In this study, we define the discharging current as positive
and the charging current as negative. Also, the cells’ SOC
information is assumed to be available. Then, based on (1),
the relationship between the equalization currents of the two
associated cells can be deduced as

Ieci,l (k) = −
β j VB j (k)

βi VBi (k)
Iec j,l (k). (2)

Assumption 1: The terminal voltage difference of cells in a
battery pack is negligible.

Assumption 2: The energy loss during the cell balancing
process caused by equalizers and the associated cable is
negligibly small.
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Fig. 1. Structures of six typical active equalization systems. Here, Bi denotes battery i , and ei represents equalizer i . (a) Series-based CC [24], (b) module-based
CC [24], (c) layer-based CC [24], (d) CPC [24], (e) module-based CPC [20], and (f) switch-based CPC [25].

Fig. 2. CC equalizer based on modified bidirectional Cuk converter.

Based on Assumptions 1 and 2, (2) can be simplified as

Ieci,l (k) = −Iec j,l (k). (3)

Remark 1: Assumptions 1 and 2 do not hold in practice but
are commonly adopted in the model development for battery
balancing systems, as seen in [20] and [23]. In practice, for
lithium iron phosphate battery cells, the open circuit voltage
maintains a relatively flat profile within the typical SOC
operation range of 20%–90% [29]. A large SOC imbalance
is projected on a small difference in the cell voltages. But for
other types of lithium-ion batteries, such as nickel manganese
cobalt cells or nickel cobalt aluminum cells, the flat voltage
plateau may not hold. Note that these assumptions here are
applied to simplify the relationship between the cell equaliza-
tion currents through one equalizer to uncover the common
mathematical characteristics of all the considered equalization
structures. These characteristics will not be affected by the

energy loss and cell voltage changes, and the generality is
maintained. These assumptions can easily be removed by
adding the corresponding coefficients to (3).

Remark 2: The detailed working dynamics of the modi-
fied bidirectional Cuk converter-based equalizer can be seen
in [14]. In this work, we treat the equalizers as energy transfer
tools between cells and use the average inductor current during
one switching period of the converter as the cells’ equalization
currents for simplification.

By defining Iecl as the directed equalization current provided
by the lth CC equalizer, it yields

Ieci,l (k) = Iecl (k) (4a)
Iec j,l (k) = −Iecl (k). (4b)

Referring to [23], [24], [25], and [26], Iecl is commonly
defined as

Iecl (k) = sgn(SOCi (k) − SOC j (k)) Ī ecl (k) (5)

where sgn(·) is the sign function, and Ī ecl (k) ≥ 0 is the mag-
nitude of the equalization current. According to the definition
in (4) and (5), the equalizer l transfers energy from cell i to
cell j when SOCi (k) > SOC j (k) and conversely, it transfers
energy from cell j to cell i when SOCi (k) < SOC j (k). When
SOCi (k) = SOC j (k), there is no balancing operation, and
Ieci,l (k) = Iec j,l (k) = 0.

Note that for a CC equalizer in the series-based and module-
based CC equalization systems, as shown in Fig. 1(a) and (b),
we have j = i + 1 and l = i in (4), since the CC equalizer



OUYANG et al.: UNIFIED MODEL FOR ACTIVE BATTERY EQUALIZATION SYSTEMS 689

i is connected to the adjacent cells i and i + 1. For the first
layer in the layer-based CC equalization system, we have j =

i + 1 and l = ((i + 1)/2), as shown in Fig. 1(c).
2) Equalization Currents Through MM Equalizers: Similar

to CC equalizers, an MM equalizer transfers energy from
its connected module with a high average SOC to the other
module with a low average SOC. Consider the lth MM
equalizer connected to the i th battery module containing b
series-connected cells labeled {c, c +1, . . . , c +b −1} and the
j th battery module containing another b series-connected cells
{d, d + 1, . . . , d + b − 1}, where c and d are the cell starting
indices in the corresponding modules. Equal voltages and no
energy losses imply that the equalization current leaving one
module must be received by the other, and because of the
series connections, the same current goes through all cells in
the module, i.e.,

Iemc,l (k) = Iemc+1,l (k) = · · · = Iemc+b−1,l (k)

= Ieml (k) (6a)
Iemd,l (k) = Iemd+1,l (k) = · · · = Iemd+b−1,l (k)

= −Ieml (k). (6b)

Similar to CC equalizers, Ieml is usually designed as

Ieml (k) = sgn( ¯SOCmi (k) − ¯SOCm j (k)) Ī eml (k) (7)

where Ī eml (k) ≥ 0. The average SOCs of the i th and j th
battery modules ¯SOCmi and ¯SOCm j are defined by

¯SOCmi (k) =
1
b

c+b−1∑
q=c

SOCq(k)

¯SOCm j (k) =
1
b

d+b−1∑
q=d

SOCq(k).

Note that the MM equalizers are utilized in the module-based
CC, layer-based CC, and module-based CPC equalization
systems, as illustrated in Fig. 1(b), (c), and (e).

3) Equalization Currents Through CPC Equalizers: The
CPC equalizer l enables energy transfer between its connected
cell i and the battery pack whenever their SOC difference
exceeds a given small threshold. The equalization current on
the pack side is (1/n) of the equalization current on the cell
side. Moreover, since the i th cell is included in the battery
pack, it also receives the same equalization current on the
side of the battery pack. Hence, the cell’s equalization current
through the lth CPC equalizer Iepp,l

(1 ≤ p ≤ n) can be
calculated by [24]

Iepp,l
(k) =


n − 1

n
Iepl

(k), p = i

−
1
n

Iepl
(k), p = 1, 2, . . . , n, p ̸= i

(8)

where Iepl
is commonly designed as

Iepl
(k) = sgn(SOCi (k) − ¯SOCP(k)) Ī epl

(k) (9)

with Ī epl
(k) ≥ 0. The average SOC of the battery pack ¯SOCP

is defined as

¯SOCP(k) =
1
n

n∑
i=1

SOCi (k).

Note that a CPC equalizer will generate unequal equalization
currents on its connected cell and battery pack. CPC equalizers
can be seen in the CPC, module-based CPC, and switch-based
CPC equalization systems, as illustrated in Fig. 1(d)–(f). For
the switch-based CPC equalization system, the CPC equalizer
transfers energy from the cell with the highest SOC to the
battery pack at each sampling step, indicating a variable
connection between the cell and pack.

4) Equalization Currents Through CMC Equalizers: The
CMC equalizers have the same structure as the CPC equal-
izers. Their only difference is that one side of the CMC
equalizer is connected to the battery module instead of the
entire battery pack. For the lth CMC equalizer connected
to the i th cell and the j th battery module (containing cells
c, . . . , i, . . . , c + b − 1), similar to (8), the cell equalization
current through the lth CMC equalizer Iecmp,l (c ≤ p ≤

c + b − 1) is

Iecmp,l (k) =


b − 1

b
Iecml (k), p = i

−
1
b

Iecml (k), p = c, . . . , c + b − 1, p ̸= i

(10)

where Iecml is usually designed as

Iecml (k) = sgn(SOCi (k) − ¯SOCm j (k)) Ī ecml (k) (11)

with Ī ecml (k) ≥ 0. Note that the CMC equalizers are utilized
in the module-based CPC equalization system, as shown in
Fig. 1(e).

III. UNIFIED MODEL DEVELOPMENT FOR ACTIVE
BATTERY EQUALIZATION SYSTEMS

The hypergraph is a powerful tool to explore the underlying
relationships between objects [30], which has been applied
in various fields, such as social relationships [31], computer
vision [32], and citation networks [33]. Distinguished with
traditional graphs, an edge in the hypergraph can connect any
number of vertices [34]. Since one equalizer may connect
more than two battery cells, the hypergraph could be a good
candidate to reveal the intrinsic relationship between cells
and equalizers by treating them as vertices and hyperedges.
This section innovatively introduces hypergraphs to the battery
field and judiciously uses the properties of hypergraphs to the
modeling of active battery equalization systems.

A. Hypergraph Representation of Equalizers and Cells

To uncover the intrinsic connection between battery cells
and equalizers, the cells are regarded as the vertices, and the
equalizers that transfer energy between cells are treated as
edges. Note that the MM, CPC, and CMC equalizers are con-
nected to more than two battery cells, as seen in Fig. 1, which
means that an edge connects several vertices. These edges
are called hyperedges in the concept of hypergraphs [34].
For an active equalization system with ne equalizers for a
battery pack with n series-connected cells, the battery cells
are labeled as B1, . . . , Bn , the CC equalizers are labeled as
e1, . . . , en1 , the MM equalizers are labeled as en1+1, . . . , en2 ,
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Fig. 3. Electric circuit presentation and equivalent hyperedge of different equalizers. (a) CC, (b) MM, (c) CPC, and (d) CMC equalizers.

the CPC equalizers are labeled as en2+1, . . . , en3 , and the CMC
equalizers are labeled as en3+1, . . . , ene , respectively. Then, the
active equalization system can be represented by a hypergraph
G = (ν, ε) with the vertex set ν = {B1, B2, . . . , Bn} and
the hyperedge set ε = {e1, e2, . . . , ene}. To visualize the
hypergraphs, in Fig. 3, each hyperedge is represented as a
big ellipse distinguished by different colors, enclosing all the
connected vertices.

The hyperedges el (1 ≤ l ≤ ne) are ordered pairs of
disjoint subsets of vertices, denoted as el = {H(el), T (el)},
where H(el) and T (el) denote the head and tail of el , respec-
tively [35]. The element of the incidence matrix C ∈ Rn×ne of
the hypergraph G, denoted as cp,l (1 ≤ p ≤ n, 1 ≤ l ≤ ne),
can then be defined as

cp,l =


wlh , if Bp ∈ H(el)

wlt , if Bp ∈ T (el)

0, otherwise
(12)

where wlh and wlt are the weights. Note that the tails and heads
of the hyperedges constitute two subsets of the battery cells
transferring energy through the equalizers. cp,l = 0 implies
that the battery cell p has no connection to the equalizer l. For
the two subsets of battery cells connected with the equalizer l,

we can randomly select one of them as the head and the other
one as the tail. Without loss of generality, we define the top
subsets of cells in Fig. 3 as the heads and the bottom subsets
as the tails.

The incidence vector corresponding to the hyperedge el ,
denoted as cl ∈ Rn , can be generally formulated as

cl = [c1,l , c2,l , . . . , cn,l]
T

= [. . . , 0, wlh , . . . , wlh︸ ︷︷ ︸
Bi ∈H(el )

, 0, . . . , 0, wlt , . . . , wlt︸ ︷︷ ︸
B j ∈T (el )

, 0, . . .]T.

(13)

Except for the elements corresponding to vertices within
the head or tail subsets, all other elements in the column
vector (13) are zero. The weights wlh and wlt can be derived
based on the relationship between the equalizing currents on
both sides of the equalizer.

B. Application of Hypergraphs to Equalizer Modeling

By using the hypergraph theory and its properties described
in Section III-A, a unified model can be developed for all the
active battery equalization systems.
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According to the definition of the incidence matrix in the
hypergraph theory, the equalization current received by cell p
from equalizer l satisfies

Iep,l (k) = cp,l Il(k) (14)

where Il represents the directed equalization current provided
by equalizer l in any type of active equalization system. For
example, Il can be embodied as Iecl , Ieml , Iepl

, and Iecml .
By vectorizing the equalization current received by the in-pack
battery cell from equalizer l as Iel = [Iec1,l , . . . , Iecn,l ]

T, based
on (14), one can readily obtain

Iel (k) = cl Il(k). (15)

1) Hypergraph-Based Modeling of CC Equalizers: For the
CC equalizer (hyperedge) el (1 ≤ l ≤ n1), as shown
in Fig. 3(a), we have H(el) = {Bi }, and T (el) = {B j }.
As per (13), we can obtain

cl = [. . . , 0, wlh︸︷︷︸
p=i

, 0, . . . , 0, wlt︸︷︷︸
p= j

, 0, . . .]T. (16)

Based on (4) and (14), we conclude that

wlh = 1, wlt = −1. (17)

In fact, for any CC equalizer el connecting cell i and j

Iel (k) = [. . . , 0, 1︸︷︷︸
p=i

, 0, . . . , 0, −1︸︷︷︸
p= j

, 0, . . .]T Iecl (k) (18)

where 1 ≤ l ≤ n1.
2) Hypergraph-Based Models of Other Equalizers: For

the MM equalizer el (n1 + 1 ≤ l ≤ n2) illustrated in
Fig. 3(b), H(el) = {Bc, Bc+1, . . . , Bc+b−1} and T (el) =

{Bd , Bd+1, . . . , Bd+b−1}. For the CPC equalizer el (n2 + 1 ≤

l ≤ n3), shown in Fig. 3(c), H(el) = {Bi }, T (el) =

{B1, . . . , Bi−1, Bi+1, . . . , Bn}. For the CMC equalizer el (n3 +

1 ≤ l ≤ ne), illustrated in Fig. 3(d), H(el) = {Bi },
T (el) = {Bc, . . . , Bi−1, Bi+1, . . . , Bc+b−1}. By using the same
procedure as in Section III-B1, we can obtain

Iel (k) = [. . . , 0, 1, . . . , 1,︸ ︷︷ ︸
p=c,...,c+b−1

0, . . . , 0, −1, . . . ,−1︸ ︷︷ ︸
p=d,...,d+b−1

, 0, . . .]T

× Ieml (k), n1 + 1 ≤ l ≤ n2 (19)

Iel (k) =

−
1
n
, . . . ,−

1
n︸ ︷︷ ︸

p=1,...,i−1

,
n − 1

n︸ ︷︷ ︸
p=i

, −
1
n
, . . . ,−

1
n︸ ︷︷ ︸

p=i+1,...,n


T

× Iepl
(k), n2 + 1 ≤ l ≤ n3 (20)

Iel (k) =

. . . , 0, −
1
b
, . . . ,−

1
b︸ ︷︷ ︸

p=c,...,i−1

,
b−1

b︸ ︷︷ ︸
p=i

, −
1
b
, . . . ,−

1
b︸ ︷︷ ︸

p=i+1,...,c+b−1

, 0, . . .


T

× Iecml (k), n3 + 1 ≤ l ≤ ne. (21)

C. Hypergraph-Based Battery System Modeling

According to Coulomb counting, the dynamics of the i th
(1 ≤ i ≤ n) cell’s SOC in the battery pack can be described
by [36]

SOCi (k + 1) = SOCi (k) −
ηT0

3600Qi
(Is(k) + Ieqi

(k)) (22)

where the Coulombic efficiency η can here be assumed to
be 1 [24].

According to Kirchhoff’s circuit law, the cells’ total equaliz-
ing currents are equal to the sum of the currents contributed by
their connected equalizers. Based on the equalization currents
in (18)–(21), the total equalization current vector for the
cells in the battery pack Ieq = [Ieq1

, Ieq2
, . . . , Ieqn

]
T can be

calculated as

Ieq(k) =

ne∑
l=1

Iel (k)

=

n1∑
l=1

cl Iecl (k) +

n2∑
l=n1+1

cl Ieml (k)

+

n3∑
l=n2+1

cl Iepl
(k) +

ne∑
l=n3+1

cl Iecml (k). (23)

Then, by defining the state vector x(k), the diagonal matrix
D, the vector d(k), and the control variable vector u(k) as
follows:

x(k) = [SOC1(k), SOC2(k), . . . , SOCn(k)]T
∈ Rn

D = diag
{

ηT0

3600Q1
, . . . ,

ηT0

3600Qn

}
∈ Rn×n

d(k) = [Is(k), . . . , Is(k)]T
∈ Rn

u(k) =
[
Iec1(k), . . . , Iecn1

(k), Iemn1+1(k), . . . ,

Iemn2
(k), Iepn2+1

(k), . . . , Iepn3
(k),

Iecmn3+1(k), . . . , Iecmne
(k)

]
∈ Rne

where diag(·) represents a diagonal matrix, the unified model
for battery equalization systems can be formulated in the
following state-space form:

x(k + 1) = x(k) − DCu(k) − Dd(k) (24)

where C = [c1, . . . , cne ] is the incidence matrix.
From (24), it is observed that the key to obtaining the

model of battery equalization systems is to determine the
incidence matrix C of its equivalent hypergraph. To illustrate,
we consider a pack with n = 8 series-connected cells in m =

2 modules. The equivalent hypergraphs and incidence matrices
of the previously mentioned six battery equalization systems
are shown in Fig. 4. It should be pointed out that for the
switch-based CPC equalization system, C is a variable matrix
depending on which cell has the largest SOC. Specifically,
ci,1 = ((n − 1)/n) if Bi has the largest SOC among all the
considered cells, otherwise ci,1 = −(1/n).

Note that the developed unified model (24) is not limited to
the six battery equalization systems studied in this work but
can be easily extended to any equalization system with the
commonly used CC, MM, CPC, and/or CMC equalizers.
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Fig. 4. Hypergraphs and incidence matrices of (a) series-based CC, (b) module-based CC, (c) layer-based CC, (d) CPC, (e) module-based CPC, and
(f) switch-based CPC equalization systems for a battery pack containing eight series-connected cells.

IV. EQUALIZATION PERFORMANCE ANALYSIS BASED ON
THE UNIFIED MODEL

A. Minimum Required Number of Equalizers

A controllability analysis will be used to determine whether
the battery equalization systems can regulate the SOC of all
cells to the same level. A manifold 0 is defined as where the
cells’ SOCs in the battery pack are identical, i.e., [37]

0 ≜ {x ∈ Rn
|x1 = x2 = · · · = xn}. (25)

To satisfy (25), only n − 1 states among these n states need
to be controlled. For example, if we can make {x2 − x1 =

0, x3 − x1 = 0, . . . , xn − x1 = 0}, the SOCs of all the n
cells are identical. With this in mind, we can define a new
n − 1 dimensional state variable s for controllability analysis
of the battery system, given by

s(k) = Lx(k) (26)

where s ∈ Rn−1, and L ∈ R(n−1)×n . For the exemplified case
of 0, L becomes

L =


−1 1 0 · · · 0 0
−1 0 1 · · · 0 0
...

...
...

. . .
...

...

−1 0 0 · · · 0 1


(n−1)×n

and correspondingly, s(k) = 0n−1 if and only if x(k) ∈ 0,
where 0n−1 denotes the column zero vector in n − 1 dimen-
sions. Inserting (26) into (24)

s(k + 1) = s(k) − L DCu(k) − L Dd(k) (27)

which is in a standard linear state-space form.
Lemma 1: For any battery system composed of n series-

connected cells with the state dynamics governed by (24),
given a fixed incidence matrix C , defined in (12), at least
n −1 equalizers are required to achieve equalization of all the
n battery cells.
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Proof: Based on control theory [38], the system (27) is
controllable, i.e., the state can be transferred from any initial
state s(0) = Lx(0) to the final state s(k) = 0n−1 in finite
time by a control sequence {u(k)}, if the following condition
is satisfied:

rank([LDC, ILDC, . . . , I n−1LDC]) = rank(LDC) = n − 1
(28)

where the identity matrix I is the state-transition matrix
in (27), and rank(·) outputs the rank of a matrix. Since the
system’s transition matrix is invertible, this condition is both
sufficient and necessary [39]. Since rank(L) = n − 1 and
rank(D) = n, it can be obtained that

rank(LDC) ≤ min(n − 1, rank(C)). (29)

From (28) and (29), the necessary condition for the battery
equalization systems, i.e., (24) with a fixed C , to be control-
lable can be derived

rank(C) ≥ n − 1. (30)

Given that the number of equalizers is equal to the number
of columns in the incidence matrix C , (30) means that the
considered equalization systems need at least n −1 equalizers.
This completes the proof.

For the series-based CC, module-based CC, layer-based CC,
CPC, and module-based CPC equalization systems, their cor-
responding ranks of C are all rank(C) = n − 1. Therefore, all
these equalization systems are controllable. If we reduce one
equalizer in the series-based CC/module-based CC/layer-based
CC equalization system, the number of equalizers decreases
to n − 2, and the rank of C is reduced to rank(C) = n − 2,
which produces an uncontrollable system (27). For the CPC
equalization system, there are n equalizers. If we remove one
equalizer, since its rank of C is reduced to rank(C) = n − 1,
this equalization system is still controllable, indicating that
there is one redundant equalizer. Only n − 1 CPC equalizers
can achieve the equalization of the battery pack with n series-
connected cells. Similarly, the module-based CPC equalization
system is still controllable if the MM equalizers and one CPC
equalizer are removed.

The battery equalization system with a variable C , such as
the switch-based CPC system, is capable of attaining the same
results as the standard CPC equalization system, as it also
allows for energy to be transferred between any cell and the
battery pack. The switch-based equalization system requires a
longer time to achieve balance, because only one, or a small
number of equalizers, are active at any given moment.

B. Comparison of Different Structures in Equalization Time

By using the developed unified model (24), we can conve-
niently estimate and compare the equalization time of various
battery equalization systems.

The equalization time Te can be defined as the minimum
time for the SOCs of all the in-pack battery cells to converge
to the vicinity of the manifold 0, i.e.,

Te = min
{
τ

∣∣∣∣1
n
∥x(k) − x̄(k)∥ ≤ ϵ ∀kT0 ≥ τ

}
(31)

Algorithm 1 Equalization Time Estimation

where ∥·∥ stands for the two-norm, x̄(k) = (1/n)1n1T
n x(k)

with 1n being the column vector with n ones. Below,
Algorithm 1 is proposed to estimate the equalization time.

Lemma 2: The equalization time is upper bounded accord-
ing to the following equation:

Te ≤
log(∥x(0) − x̄(0)∥) − log(nϵ)

−log(1 − dsksλn−1(CCT ))
T0 (32)

where ds = ηT0/(3600 max Qi ), ks is the smallest feedback
gain of all the SOC differences, and λn−1 denotes the second
smallest eigenvalue.

Proof: By substituting the control laws (5), (7), (9),
and (11) into (24), it can be obtained that

x(k + 1) = x(k) − DC
[
sgn(CT x(k)) ◦ v(k)

]
− Dd(k) (33)

where ◦ is the Hadamard product [40], and v is the vector of
all the equalization currents in magnitude, defined as

v =

[
Ī ec1 , . . . , Ī ecn1

, Ī emn1+1 , . . . , Ī emn2
,

Ī epn2+1
, . . . , Ī epn3

, Ī ecmn3+1 , . . . , Ī ecmne

]T
.

Suppose v(k) has the form v(k) = K (k)|CT x(k)|, where
|CT x(k)| is a vector with elements taking the absolute value
of the elements of CT x(k), and K (k) is a positive diagonal
matrix (considering the positivity of v). Note that this control
protocol is a general form since K (k) can be selected as
K (k) = φ(x(k)) with φ(·) being any positive function. Based
on the defined form for v, (33) can be rewritten as

x(k + 1) = x(k) − DC K (k)CT x(k) − Dd(k) (34)

where K (k)CT x(k) has replaced sgn(CT x(k)) ◦ v(k) in (33)
to simplify the model representation.

By ignoring the external current d for simplification and
defining A(k − 1) = I − DC K (k − 1)CT , the closed-loop
system can be deduced from (34) as

x(k) = A(k − 1)x(k − 1). (35)

As per the hypergraph-based equalizer modeling in
Section III-B, the sum of each column of the incidence matrix
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C for each type of equalization system is 0. This means
that DC K CT does not have full rank and must have one
eigenvalue in 0. Now, denoting the diagonal elements of D
by di (i = 1, . . . , n) and of K by k j ( j = 1, . . . , ne), the
element in row i and column l of DC K CT is

[DC K CT
]il =

ne∑
j=1

di ci j k j cl j (36)

where ci j is the element in row i and column j of C .
Consequently, the sum of the elements in row i is

n∑
l=1

ne∑
j=1

di ci j k j cl j = di

ne∑
j=1

ci j k j

n∑
l=1

cl j = 0 (37)

since the column sums of C are zero. From the definition of
eigenvector, it then follows that the eigenvector corresponding
to the zero eigenvalue of DC K CT must be 1n because of the
zero row sums. Thus, we have A(k−1)1n = 1n ∀k. Using this,
and x̄(k) = (1/n)1n1T

n x(k), while recursively applying (35)
yields

x(k) − x̄(k) =

(
A(k − 1) −

1
n

1n1T
n

)
× · · · ×

(
A(0) −

1
n

1n1T
n

)
(x(0) − x̄(0)). (38)

Referring to [15], it can then be obtained that

∥x(k) − x̄(k)∥ ≤

∥∥∥∥(
As −

1
n

1n1T
n

)∥∥∥∥k

∥(x(0) − x̄(0))∥ (39)

with

As = I−dsksCCT

where ds and ks are the smallest diagonal elements of D and
K (k − 1) (k = 0, 1, . . .), respectively.

CCT is symmetric and positive semi-definite and therefore
the eigenvalues λi (CCT ) are real and non-negative. Further-
more, the sum of the eigenvalues equals the trace of CCT ,
which is bounded and grows linearly with n. Thus, even
for the largest eigenvalue, there is a sampling time T0 and
gain K such that dsksλ (CCT ) is non-negative and much less
than 1. In fact, since ds in practice is very small, so is this
product for all reasonable sampling times. As a consequence
0 ≤ λi (As) ≤ 1 ∀i , where λi (·) is the i th largest eigenvalue,
and the spectral radius of As − (1/n)1n1T

n can, therefore,
be expressed as [41]

ρ

(
As −

1
n

1n1T
n

)
= 1 − dsksλn−1(CCT ). (40)

Since As is symmetric, the spectral radius equals the induced
two-norm, i.e.,∥∥∥∥As −

1
n

1n1T
n

∥∥∥∥ = ρ

(
As −

1
n

1n1T
n

)
. (41)

Applying the upper bound of ∥(x(k) − x̄(k))∥ obtained
in (39) to the definition of equalization time (31), we have
that the smallest integer k satisfying∥∥∥∥(

As −
1
n

1n1T
n

)∥∥∥∥k

∥(x(0) − x̄(0))∥ ≤ nϵ (42)

TABLE I
COMPARISON RESULTS OF EQUALIZATION SYSTEMS WITH DIFFERENT

NUMBERS OF EQUALIZERS

gives an upper bound of the equalization time. Using (40)
and (41) and taking the logarithm of (42) then yields (32).

Remark 3: Any conservatism in the upper bound of Te

originates from the inequality (39), which in turn has two
causes. The first comes from the imbalances in the initial state,
i.e., x(0)− x̄(0), and is simply an effect of that the norm of a
projection depends on the direction of the input, i.e., the initial
state vector. The second cause is the norm approximation of
the state transitions by As −(1//n)1n1T

n . Normally, this should
not cause any major conservatism. Assuming all Qi to be
equal, and the controller gains ki to be constant, it follows
that A is constant, As = A, and

x(k) − x̄(k) =

(
As −

1
n

1n1T
n

)k

(x(0) − x̄(0)). (43)

Since A is real and symmetric so is (As − (1/n)1n1T
n ),

which can then be diagonalized with an orthonormal matrix
U to equal U3U T . Using this in (43), we have that ∥(As −

(1/n)1n1T
n )k

∥ = ∥3∥
k without any conservatism, except for

the dependence on the initial SOC.
Remark 4: In the Proof of Lemma 2, the external current

is assumed to be ignored for simplification. For battery packs
with uniform cell capacities, which is typically the case in the
early stages of their life, the conclusion in Lemma 2 remains
valid even if this assumption is removed. For battery packs
with inconsistent cell capacities, without ignoring d, the upper
bound of the equalization time becomes

Te ≤
log(∥x(0) − x̄(0)∥) − log(nϵ − ϵ1)

−log
(
1 − dsksλn−1(CCT )

) T0 (44)

where ϵ1 is a complicated expression that is related to x(0),
As , D, and d . From (44), it is observed that the upper bound
in this case is a bit larger than the bound in (32).

Remark 5: From (32), it is observed that the equalization
time is related to the cells’ initial SOC distribution ∥(x(0) −

x̄(0))∥, the number of cells n, the selected tolerance ϵ, the
designed control gains K (k), and the incidence matrix of the
equalization system C . Here, we only consider the effects of
the structure of equalization systems, namely the matrix C .
Since dsksλn−1(CCT ) is small, we may apply a Maclaurin
expansion to the denominator of (32) to arrive at

Te ∝
1

λn−1(CCT )
(45)
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TABLE II
AVERAGE EQUALIZATION TIME COMPARISON FOR SIX BATTERY EQUALIZATION SYSTEMS

from which it can be concluded that the smaller λn−1(CCT )

is, the longer the expected equalization time.
Remark 6: The existing literature, such as recent review

articles [11], [23], [25], suggests that current methods for
comparing different equalization systems depend heavily on
extensive and labor-intensive experiments or simulations.
These simulations are often based on models specific to
each equalization system, requiring sophisticated estimation
algorithms tailored to each model. However, with the intro-
duction of Algorithm 1, this challenge can be addressed more
efficiently. This approach involves simulating the proposed
unified model, (24), with various initializations, simplifying
the process significantly.

Remark 7: Lemma 2 introduces a potentially more efficient
method than Algorithm 1. Instead of conducting numerous
simulations, it may be sufficient to compare only the second
smallest eigenvalues of their corresponding Laplacian matrices
CCT . These eigenvalues can be readily obtained through
hypergraph-based equalizer modeling, further streamlining the
comparison process.

V. RESULTS AND DISCUSSION

A. Model Validation

To evaluate the developed unified model (24), extensive
simulations are conducted using MATLAB R2022b on a
1.70 GHz Intel i5-10310U CPU. We first look at its capability
of describing the series-based CC equalization system. The
experimental results are taken from [42] as the benchmark,
in which four battery cells with a capacity of 65 Ah were
used to generate the SOC evolution trajectories. With the
initial SOCs as x(0) = [62%, 48%, 63%, 42%]

T, comparative
results between the model-based outputs and measured outputs
are presented in Fig. 5, where the experimental SOC was
calculated from Coulomb counting, and the fluctuations were
due to noise of the utilized current sensors. It can be observed
that the model-predicted trajectories shown in Fig. 5(b) are
similar to the measured ones shown in Fig. 5(a). Additionally,
the equalization time, as determined by (24), is 76.4 min,
closely aligning with the 80 min observed in the experimental
outcomes. Beyond series-based CC equalization systems, the
proposed model is further assessed on the layer-based CC
equalization system, with the results illustrated in Fig. 6.
Again, a high level of consistency is achieved between the
model’s predictions shown in Fig. 6(b) and the experimental

Fig. 5. Model validation results for a series-based CC equalization system.
(a) Experimental result obtained in [42]. (b) Simulation result from our
proposed model (24).

Fig. 6. Model validation results for a layer-based CC equalization system.
(a) Experimental result obtained in [42]. (b) Simulation result from our
proposed model (24).

data shown in Fig. 6(a), thereby corroborating the validity of
the developed model.

To further test the proposed battery equalization model
on other system structures, a battery pack consisting of
12 cells with the capacity of 3.1 Ah is utilized, where the
initial SOCs of battery cells are set as x(0) = [65%, 62%,
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Fig. 7. Simulation results for (a) module-based CC, (b) CPC, (c) mod-
ule-based CPC, and (d) switch-based CPC equalization systems based on
model (24).

85%, 79%, 75%, 63%, 77%, 71%, 82%, 88%, 76%, 68%]
T.

The model-based simulation results for the module-based
CC, CPC, and module-based CPC systems are illustrated
in Fig. 7(a)–(c), respectively. These results align with those
reported in [24], further validating the efficacy of our
developed hypergraph-based model. The simulation result for
the switch-based CPC equalization system is also given in
Fig. 7(d).

In the simulations above, we have ignored cell-to-cell dif-
ferences in terminal voltage and energy transfer losses during
cell balancing, following Assumptions 1 and 2. Simulation
results in Figs. 5–7 indicate that these assumptions have a

Fig. 8. Simulation results for CPC equalization systems. (a) Traditional,
(b) without en , (c) without en−1 and en , and (d) without e1, e2, and e3.

TABLE III
AVERAGE EQUALIZATION TIME COMPARISON FOR BATTERY EQUALIZA-

TION SYSTEMS WITH DIFFERENT NUMBERS OF MODULES

limited impact on the convergence of SOC trajectories and
the minimum equalization time.
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Fig. 9. Simulation results for module-based CPC equalization systems.
(a) Traditional, (b) without e1, (c) without e2 and e6, and (d) without e2,
e3, and e6.

B. Validation of the Minimum Required Number of
Equalizers

To demonstrate Lemma 1 regarding the minimum
number of equalizers required to achieve equalization,
simulations are conducted on a battery pack consist-
ing of eight cells. The capacity of battery cells is
set as 3.1 Ah and their initial SOCs are selected as
x(0) = [33.37%, 65.73%, 62.1%, 69.78%, 29.75%, 74.87%,

64.1%, 53.95%]
T. For the CPC equalization system, there are

n = 8 equalizers as illustrated in Fig. 4(d), and the SOC
responses are shown in Fig. 8(a). If we delete the equalizer
en , the number of equalizers becomes n − 1, and rank(C) =

Fig. 10. Equalization time distribution of six battery equalization systems
for the battery pack with (a) 8 and (b) 16 cells.

n − 1 = 7. The corresponding battery equalization process
is illustrated in Fig. 8(b), confirming that the equalization is
still feasible. In contrast, upon removing the equalizers en−1
and en , or removing e1, e2, and e3, the number of equalizers
becomes n −2 (namely, rank(C) = 6) or n −3 (rank(C) = 5),
respectively. Consequently, these two equalization systems
do not satisfy the necessary condition of controllability in
Lemma 1. Fig. 8(c) and (d) shows the results of the corre-
sponding SOC responses, demonstrating that the equalization
cannot be completed.

Furthermore, simulation results are also given in Fig. 9
for the traditional module-based CPC equalization system, the
CPC equalization systems without e1, without e2 and e6, and
without e2, e3, and e6, respectively. The results summarized in
Table I demonstrate the efficiency of the necessary condition
highlighted in Lemma 1 and the minimum required number
of equalizers for battery equalization systems.

C. Equalization Time Comparison Results

Based on the Monte Carlo method, more simulations are
conducted under the umbrella of Algorithm 1 to compare the
equalization time for battery equalization systems. The number
of series-connected cells in the battery pack is selected from
{8, 16, 32, 64, 128}, and the cells’ initial SOCs are generated
independently and randomly for 50 000 times from the uniform
distribution U (40%, 80%). The equalization currents are all set
to 0.5 A. The tolerance bound is set to ϵ = 0.1%.

As indicated in (45), the equalization time is inversely
correlated with the second smallest eigenvalue of CCT in
an equalization system, so we calculate λn−1(CCT ) for each
system. Table II includes the values of λn−1(CCT ) and the
average equalization times resulting from Monte Carlo simu-
lations, for all the six equalization systems. By sorting all these
systems in descending order based on λn−1(CCT ), the obtained
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sequence is layer-based CC, module-based CPC, CPC,
module-based CC, series-based CC, and switch-based CPC
equalization systems, respectively. This order of λn−1(CCT )

for these equalization systems is consistent with the ranking
of their average equalization times derived from simulations.
It shows that the layer-based CC system has the fastest
equalization on average, and the switch-based CPC system
is the slowest. Hence, the power of Lemma 2 is numerically
demonstrated. The above conclusions can also be reflected
from the frequency distributions of equalization time for the
battery pack with 8 and 16 cells, as shown in Fig. 10.

In addition, the relationship between λn−1(CCT ) and equal-
ization time can also be used for determining the number of
modules m in the battery pack equipped with a module-based
CC equalization structure. Based on the results in Table III,
it can be concluded that increasing m within a certain range
will enlarge λn−1(CCT ) and shorten the equalization time.

VI. CONCLUSION

This study introduced an innovative hypergraph-based mod-
eling approach for active battery equalization systems, which
reveals the inherent relationship between cells and equalizers.
Based on the developed unified model and its controllability
analysis, the minimum required number of equalizers has
been derived for effective battery balancing. The identified
correlation between equalization time and the second smallest
eigenvalue of the equalization system’s Laplacian matrix can
significantly simplify the comparison and optimized design of
various equalization systems, eliminating the need for exten-
sive experiments or simulations to derive equalization times.
Furthermore, this correlation provides insights for optimizing
the equalization time. The proposed modeling framework
paves the way for future research on the refinement of control
strategies and the advancement of battery equalization tech-
nologies. In the future, we plan to extend the proposed unified
model, incorporating factors such as the state-of-health, SOC
estimation errors, and inner resistance information of battery
cells to enhance its applicability and functionality for advanced
battery management.
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