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FORMAL SIEGEL MODULAR FORMS
FOR ARITHMETIC SUBGROUPS

JAN HENDRIK BRUINIER AND MARTIN RAUM

ABSTRACT. The notion of formal Siegel modular forms for an arithmetic sub-
group I' of the symplectic group of genus n is a generalization of symmetric
formal Fourier-Jacobi series. Assuming an upper bound on the affine cover-
ing number of the Siegel modular variety associated with I', we prove that all
formal Siegel modular forms are given by Fourier-Jacobi expansions of classi-
cal holomorphic Siegel modular forms. We also show that the required upper
bound is always met if 2 < n < 4. As an application we consider the case of
the paramodular group of squarefree level and genus 2.

1. INTRODUCTION

Let f be a holomorphic Siegel modular form of weight k for the full Siegel
modular group T';, = Sp,,(Z) of genus n, that is, a holomorphic function on the
Siegel upper half space H,, which transforms in weight k under the action of Sp,,(Z).
For any integer | with 0 <! < n, the function f has a Fourier-Jacobi expansion of
cogenus ! of the form

(1.1) f(r)= Zéf’Tz(ﬁ,ﬁz)e(tr(Tﬂz));

Ts

where we have written the variable 7 € H,, in block form as

(1 T2
T=1t
Ti2 T2

with 7 € H,,_;, 7o € H;, and 715 € C*~Dx Moreover, T, runs over all positive
semidefinite symmetric half-integral ! x | matrices. The series (LI converges nor-
mally on H,,. In the special case [ = n it reduces to the usual Fourier expansion of
I

The transformation law of f under the stabilizer in Sp,,(Z) of the standard
boundary component of degree n — [ implies that the coeflicients ¢, are Jacobi
forms of weight k, index 75, and genus n — [. In particular, they possess Fourier
expansions of the form

T, T,
(12) ¢T2 (Tla 7-12) - Z [¢ (tT12 1—1,22) e (tI‘(TlTl) + 2tr(T12t7'12)) .
T1,T12
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Here T} runs through positive semidefinite symmetric half-integral (n — 1) x (n —
[) matrices, and Tjs runs through (n — 1) x [ matrices with half-integral entries.
Inserting these expansions into (Il), one recovers the usual Fourier expansion of
f, which explains our particular notation for the Fourier coefficients in (I.2]). The
transformation law of f under the Siegel parabolic subgroup (the stabilizer of the
standard boundary component of degree 0) implies that the Fourier coefficients
have the symmetry property

(1.3) a(*uTu) = det(u)*a(T)

for all T = (f,;; ?22) and all u € GL,,(Z).

In recent works, several authors considered formal analogues of Fourier-Jacobi
expansions. A formal Fourier-Jacobi series f of weight k£ and cogenus [ for the group
Sp,,(Z) is a formal series as in ([T]), where the coefficients ¢, are holomorphic
Jacobi forms of weight k, index 75, and genus n — [, but where no convergence of
the series is required. By considering the Fourier expansions of the ¢r, as in (L.2)
and inserting them into the series (II]), one obtains a formal Fourier expansion of
f- Recall that f is called symmetric, if the Fourier coefficients satisfy the symmetry
condition ([3)) for all half-integral symmetric metrices 7' and all u € GL,,(Z).

In particular, every holomorphic Siegel modular form of weight k for Sp,,(Z)
defines a corresponding symmetric formal Fourier-Jacobi series of cogenus [. The
main result of [BR] states that for n > 1 and for every [ with 0 < [ < n, the converse
also holds: Every symmetric formal Fourier-Jacobi series of weight k£ and cogenus
[ for Sp,,(Z) arises as the Fourier-Jacobi expansion of a classical holmorphic Siegel
modular form.

In the special case when n = 2 this result was first proved by Aoki in [Ad]. It
was generalized to vector valued symmetric formal Fourier-Jacobi series for Sp,(Z)
in [Br] and [Rau]. The case of the paramodular group of genus 2 and level < 4
was considered in [IPY]. Part of the argument of [BR] is revisited in [Kr] using
the arithmetic theory of Siegel modular forms of Faltings-Chai. Recent work of
Xia deals with the somewhat analogous case of the unitary group U(n,n) over a
norm-euclidian imaginary quadratic field [Xia]. Note that all these works deal with
(vector valued) formal Fourier-Jacobi series for the full Siegel modular group of level
1. The proofs mainly rely on analytic techniques, such as bounds on the dimension
of the space of symmetric formal Fourier-Jacobi series as the weight goes to infinity.

The purpose of the present paper is two-fold. First, we present a new approach
to the problem. It is based on interpreting symmetric formal Fourier-Jacobi series
as global sections of the line bundle of modular forms on the formal complex space
given by the completion of the Satake compactification at its boundary. Second,
we generalize the notion of symmetric formal Fourier-Jacobi series to arithmetic
subgroups of the Siegel modular group and prove modularity results in this context.
We now describe our results in more detail.

Let I' C Sp,,(Q) be an arithmetic subgroup, that is, a subgroup which is com-
mensurable with I';, = Sp,,(Z). Recall that the rational closure H* of H,, is the
disjoint union of H,, with all its proper rational boundary components. If H is
equipped with the cylindrical topology, then I' acts properly discontinuously on
it, extending the action on H,, by fractional linear transformations. The Satake
compactification of the Siegel modular variety Xr = I'\H,, is given by the quotient
Xt =T,\H}, equipped with the Satake complex structure. It is a normal complex
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space, which has a natural structure as a projective algebraic variety over C. The
Satake boundary is a closed subspace of codimension 7.

For 0 <1 < n, let I; be the set of all rational boundary components of degree [.
We define a formal Siegel modular form of weight k£ and cogenus [ for the group I’
to be a family (fr)per,_,, where fp is a formal Fourier-Jacobi series of weight k
for the boundary component F' and the group I' satisfying the following conditions:

(i) for all '€ I,_; and all v € I we have fr [p v = fy-1p;
(i) for all pairs F,F’ € I,_; and all degree 0 boundary components E € I
which are adjacent to F' and F’, the series fr and fr: are compatible at E.

Here, the action of T on fr in (i) is defined by the action on the coefficients of
the formal Fourier-Jacobi series. The compatibility condition in (ii) means that
fr and fp have the same formal Fourier expansion at E, see Section B and
Definition for details. We write FM,(C"’I)(F) for the complex vector space of
formal Siegel modular forms of weight k£ and cogenus [ for I.

In the special case when I' = ', is the full integral symplectic group and F,_; is
the standard rational boundary component of degree n — [, a formal Fourier-Jacobi
series of weight k for the boundary component F,_; and the group I', is just a
formal Fourier-Jacobi series of cogenus [ as considered before. Using the fact that
I',, acts transitively on I,_;, it is easily seen that the compatibility condition (ii)
implies the symmetry condition (I3]). Hence formal Siegel modular forms of weight
k and cogenus [ for I';, can be identified with symmetric formal Fourier-Jacobi series
of the same type.

In Section B3 we give an algebraic geometric description of formal Siegel modular
forms of cogenus 1. Let w be the sheaf of modular forms of weight 1 on X7. Let X7
be the formal complex space given by the completion of X7 at the Satake boundary
Y = X} \ Xr, and write

N *
1: Xp — Xp

for the natural morphism of formal complex spaces. We denote by &®* the com-
pletion of the sheaf w®* of modular forms of weight k with respect to Y. Since
w®* is coherent, the natural map i*(w®*) — O®¥ is an isomorphism. We provide
an explicit description of the sections of W®* over a small open neighborhood of
any rational boundary component F in Proposition B8 To this end we use the
Grothendieck comparison theorem in the category of formal complex analytic spaces
[Bal, Theorem 2] to reduce the computation to a smooth toroidal compactification.
In particular, we find that for any rational boundary component F' of degree n — 1,
the sections of @®* over a small open neighborhood of F can be identified with
formal Fourier-Jacobi series of weight k for F. Moreover, these series satisfy the
compatibility condition (ii) above. Hence, we obtain an injective linear map

(1.4) GER(X7) - FMUMD (D)

taking a global section to its formal Fourier-Jacobi expansions of cogenus 1. Our
first result is a follows (see Theorem B.13)).

Theorem 1.1. The map in (L4) is an isomorphism.
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Recall that the affine covering number acn(S) of a scheme S is defined as one
less than the smallest number of open affine sets required to cover S, see, e.g., [Afl,
[RV]. Tt gives an upper bound for the cohomological dimension of S. If S is a
quasi-projective scheme, then there is the trivial bound acn(S) < dim(S). Using
this notion, we may formulate our main result (see Theorem F.J]).

Theorem 1.2. Assume that acn(Xr) < % — 2. Then the natural map
(1.5) H(X7,w®) — FM{™(I)

taking a holomorphic modular form to its cogenus 1 formal Fourier-Jacobi expan-
sions is an isomorphism.

To prove this result, we use an algebraization theorem of Raynaud [Rayl, Corol-
laire 2.8] to show that the natural map HO(X %, w®*) — HO(X7, 0®F) is an isomor-
phism. Then the assertion can be deduced by means of Theorem[I.]], see Section .2l

This raises the problem of computing (or bounding) the affine covering number
of the Siegel modular variety Xp. By the theory of Baily-Borel, acn(Xr) is the
smallest non-negative integer j, for which there exist cusp forms Fy, ..., F; for I'
that have no common zero on H,,.

According to [Atl Theorem 4], we have acn(Xr) > n(n—1)/2. It is believed that
this lower bound is actually an equality. However, for general n not much is known
in this direction. Here we employ results of Igusa, Salvati Manni, and Fontanari—
Pascolutti on the reducible locus of Xr, to prove the required upper bounds for
small n, see Proposition 3] and Proposition The following corollaries can be
derived.

Corollary 1.3. Assume that 2 <n < 4. Then the natural map (LX) is an isomor-
phism.

Corollary 1.4. Assume that 2 <n < 4. Let U C X{ be an open analytic neigh-
borhood of the Satake boundary Y. Then the restriction map HO(X}, w®*) —
HO(U,w®F) is an isomorphism.

We remark that Theorem and Corollary have natural generalizations to
vector valued modular forms transforming with a finite dimensional representation
of I". Alternatively, one can derive such results for vector valued forms from the
scalar case by means of the argument of [Br]. Using induction on the cogenus as in
[BRL Lemma 5.2] one can also deduce an analogue for formal Siegel modular forms
of higher cogenus [ < n.

As an application, we consider the case of the paramodular group K(N) C
Sp4(Q) of level N and genus 2, see Section L4l We write K (IN)* for the extension
of K(N) by all Atkin-Lehner type involutions. It contains K(NN) as a normal
sugbroup, and

K(N)"/K(N) = (z/22)"™),
where v(N) denotes the number of prime divisors of N. Let f be a formal Fourier-

Jacobi series of weight k& for the standard boundary component F; and the group
K(N). Denote by

fr)=>a(T)e(trTr)

T
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its formal Fourier expansion at the boundary component Fy. Here T runs through
all half integral positive semi-definite matrices 2 x 2-matrices with N | T. We call
[ strongly symmetric if there exists a character xy : K(N)*/K(N) — {1} such
that

ufl

(1.6) a(uT *u) = x; (t ] 2) det(u)*a(T)

for all T and all u € T'o(N)*, the extension of I'g(N) by the Atkin-Lehner involutions
(viewed as elements of SLa(RR)).

Theorem 1.5. Let N be a square-free positive integer. Let f be a strongly sym-
metric formal Fourier-Jacobi series of weight k for the boundary component Fy and
the group K(N). Then f converges and defines a paramodular form in My (K(N)).

For a discussion of the relationship of the symmetry condition in this result and
the involution condition in the work of Ibukiyama, Poor, and Yuen [IPY] we refer
to Section [£.4]

Part of the motivation to investigate the modularity of formal Fourier-Jacobi
series comes from the Kudla program. Here certain generating series of classes of
special cycles in Chow groups of orthogonal and unitary Shimura varieties play a
central role, see, e.g., [Kul], [Ku2], [Ku3]. The generating series of special cycles
of codimension n is conjectured to be a Siegel (respectively Hermitian) modular
form of genus n. By an argument of Wei Zhang [Zh] one can often show that the
generating series is given by a symmetric formal Fourier-Jacobi series of genus n and
cogenus n — 1. Hence the conjectured modularity can be deduced from a suitable
modularity result for symmetric formal Fourier-Jacobi series. In this way, Kudla’s
modularity conjecture was established for orthogonal Shimura varieties associated
with quadratic spaces of signature (m,2) over Q in [BR] and for unitary Shimura
varieties associated with hermitian spaces of signature (m,1) over norm-euclidian
imaginary quadratic fields in [Xia], based on Liu’s extension of Zhang’s work [Liu].
An analogous result for special cycles on integral models of orthogonal Shimura
varieties is proved in [HM]. Symmetric formal Fourier-Jacobi series can also be
used for the computation of Siegel modular forms, see, e.g., [[PY].

We briefly describe the contents of this paper. In Section 21 we recall some facts
on Siegel modular varieties, the Satake compactification, and on Siegel modular
forms. This mainly serves to fix notation and to collect some important facts that
will be used later. In Section Bl we introduce formal Siegel modular forms and
provide the algebraic geometric description as formal sections of the line bundle of
Siegel modular forms. In Section ] we consider affine covering numbers of Siegel
modular varieties, Raynaud’s algebraization theorem, and its application to formal
Siegel modular forms. Finally we discuss the case of the paramodular group in
genus 2.

2. SIEGEL MODULAR VARIETIES

Here we recall some facts on Siegel modular varieties, the Satake compactifica-
tion, and Siegel modular forms. This mainly serves to fix notation and to provide
some background for the following sections.
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Let n be a positive integer, and denote by W = Q2" the standard symplectic
space of dimension 2n, equipped with the symplectic form given by (x,y) = z.J ty,

where
0 1,
=4 5)

(x,y € W are viewed as row vectors). Write Sym,, (C) for the space of symmetric
complex n x n-matrices. The real symplectic group G := Sp,,(R) acts on the
Siegel upper half space H,, = {7 € Sym, (C) | Im(7) > 0} by fractional linear
transformations

T (Z Z) 7= (ar+b)(cr +d)~.

The Cayley transformation 7 — 2 = (7—il,,)(7+il,) ! maps H,, biholomorphically
to the bounded symmetric domain

D, ={z € Sym,(C) | 1, — 2z > 0}.
The action of G on H,, induces a compatible action on D,,.

2.1. Boundary components. The action of G extends to the topological closure
D,, of D,, in Sym, (C). Two points in D,, are called equivalent if they can be
connected by a finite chain of holomorphic curves &; : {z € C | |z| <1} = D,,. It is
easily seen that all points in D,, are equivalent. The equivalence classes in D,, \ D,,
are called the proper boundary components of D,,.

To any z € D,, we can associate a linear map
Y, :R™ 5 C" viswv <i(1" N Z)> )
1, — =2

where the elements of R?" and C" are viewed as row vectors. The subspace U(z) =
kervy, C R?" = Wy is totally isotropic with respect to the symplectic form J. It
is non-trivial if and only if z € D, \ D, is a proper boundary point. Moreover,
U(z1) = U(#2) if and only if z; and z; are equivalent. Hence, we obtain a bijection
F + U(F) between the set of proper boundary components F' of D,, and the set of
non-trivial isotropic subspaces U C R?", see [HKW), Chapter 1.3A] and [Nal, Section
4]. The group G acts on isotropic subspaces U C R?" by right translation U +
Ug~! for ¢ € G. This action is compatible with the action on D,,, as we have
Ulgz) =U(z)g".

Recall that a boundary component F' is called adjacent to another boundary
component F’, if F/ 5 F and F’ # F. In this case we write F/ > F. This is
equivalent to the condition that the isotropic subspace U(F') correponding to F
strictly contains the subspace U(F").

For 0 < m < n, the subset

(2 0 / =
Fm{(o 1n_m) | z eDm}ch

is a boundary component of D,,, called the standard boundary component of degree
m. The corresponding isotropic subspace U(F,,) has dimension n —m and is given
by

(2.1) U(Fp) ={(z1,...,22,) ER*™ | 2y =+ =210y =0}

In particular, we have F,, = D,,, and Fj is a point. The Cayley transformation
H,, — D,, induces an isomorphism H,, — F,.
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The stabilizer
(2.2) Gr={9€G| g(F)=F}

of a boundary component F'is a maximal parabolic subgroup of G. We also consider
the centralizer

(2.3) G%={geG| g(z) =zforall z € F}

of F, which is a normal subgroup of Gp. We denote by G the center of the
unipotent radical of Gp, and by

G} ={g9€ G| ghg™' =hforall h € G%}
its centralizer in the group G. Recall from [Nal §7] and [AMRT) Chapter III.4] that
here is a homomorphism

(2.4) pe: Gr — Aut(G), g~ pe(g) = (h— ghg™").

The image of p,; preserves the quadratic form on G’ induced by the Killing form
and the cone of positive elements. Moreover, we have G, = ker(py).
For the standard boundary component F;, we have

a 0 b
*x u ok
(2.5) Gr, =<0 o0 ,
0 0 0 fut
1 0 0
0 _ X U ok
0 0 0 tut

where (¢%) € Sp,,(R) and u € GL,_m(R). The quotient group Gp,, /GY% s
isomorphic to Sp,,(R). Moreover, it is easily seen that

0 0

—_

! J—
Gk, =

o O O
_— o w O

10
0 1
0 0
and the normalizer of G in G is given by GF,, . The group G consists of those
matrices in G,, for which u = +1,,_,. If we identify G’ = Sym,,_,, (R), then the
action of g € G, asin (ZH) on s € Sym,,_,,,(R) is given by ps(g)(s) = s['u] = us ‘u.
Let I';, = Sp,,(Z) and put

(2.7) Lpm=DnNGp,,
(2.8) ry ., =T.NGY .

m

A boundary component F' is called rational if G is defined over Q. This is
equivalent to the condition that U(F) C Wg is defined over Q. Moreover, it is
equivalent to the condition that F is a Sp,,(Q)-translate of a standard boundary
component. We define the rational closure of D,, by

(2.9) D;, =|JF c D,
F
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where the union extends over all rational boundary components (including the non-
proper boundary component D,,). The action of Sp,,(Q) on D,, extends to an action
on Dy.

2.2. The cylindrical topology. Let 0 < m < n. Recall that there is a holomor-
phic map
T T
Tn,m s H,, — H, = Fy,, Tn,m (t ! 12) =T,
Ti2 T2

and a real analytic map

. + T T2\ _ t —1
Pn,m * H,, — Symn,m(R), Pn,m (tle 7_2> = V2 — V120; V12,

where v denotes the imaginary part of 7. Both maps are equivariant for the action
of the parabolic subgroup Gr,, .
We now recall the definition of the cylindrical topology on D following [Ftl
Chapter 11.6] (see also [Nal, Section 5]). For a matrix v € Sym; (R) we define
m(v) = min v[z],
z€L™
x#0

i.e., the minimum of the quadratic form z +— v[z] = ‘zvr on non-zero integral

vectors. If U C H,;, is open and C > 0, we consider the open subset
(2.10) W, (U,C) ={1 € H,, | mnm(7) €U and m(p, (7)) > C}

of H,,. Note that when n = m, we simply have W,, (U, C')) = U. To define a basis of
neighbourhoods of a point z in the standard boundary component F,, = H,,, we
consider the chain of standard boundary components

D,=F,>F,_1>--->F,11>F,
adjacent to F,,,. Let U C H,, be an open neighbourhood of z. If n > j > m, we
may view
Wj(U, O) C Fj
as a subset via the identification H; = F;. We use this to define a subset of D}, by

(2.11) w.(u,c)=19,.1 |J w0

n>j>m
Note that when m = n, then W, (U, C) simply reduces to U.

Definition 2.1. A set V C D} is called open if for all z € V there exists a
g € Sp,(Q) such that gz is contained in a standard boundary component F,
for some 0 < m < n and such that gV contains a set Wn(U, C) for some open
neighbourhood U C F,,, & H,, of gz and some C' > 0.

Proposition 2.2. The cylindrical topology is the weakest topology on D}, in which
all Sp,, (Q)-translates of all the sets Wn(U, C) are open for U C F, open, 0 <m <
n, and C' > 0. The induced topology on the standard boundary components F,,
agrees with the usual topology. The set D,, is open and dense in D},. Moreover, D},
is a Hausdorff space, and Sp,,(Q) acts on it by homeomorphisms.
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Remark 2.3. A sequence

*

(v)
T(V): (Tl I) GHngDn

with Tl(y) € H,, converges to a boundary point 7 € H,, = F,,, if and only if

7'1(”) — 75 in the usual sense and py, ,, (7)) — co. Here the latter condition means
that for any C' > 0 we have m(p,, (7)) > C for all but finitely many v. See,

e.g., [Exl Hilfssatz 6.18].

We write z = x + iy for the decomposition of z € H,, into its real and imaginary
part. Moreover, we denote the Jacobi decomposition of y by

(2.12) y = D[W] ="WDW,

where D is a diagonal matrix with diagonal entries dy,...,d, and W = (w;;) is a
unipotent upper triangular matrix. Recall that for u > 0 the Siegel domain F, (u)
is defined as the set of z € Hj,, satisfying the following conditions:

(a) |zl <wuforall 1 <i,j<mn,

(b) |wij] <uforalll<i<j<mn,

(¢) di <wudiqq foralll <i<mn-—1,

(d) 1< udl,
see, e.g., [Frl, Chapter II, Definition 1.7]. The set of positive definite symmetric
matrices y € Sym; (R) satisfying conditions (b) and (c) is denoted by R, (u). If u
is sufficiently large, then F,(u) is a fundamental set for the action of T',, on H,,
that is, it is a measurable subset of Hl,, which has non-trivial intersection with the
[',-orbit of any point in H,,. Moreover, for every u > 0, the set F,(u) has finite
volume and there exist only finitely many « € T, such that vF, (u) N F,(u) # 0.
We also define

(2.13) Fr(u) = Fp(uw) UFp_1(u)U---UFo(u) C D,
as in [Frl page 98]. Here F,,(u) is viewed as a subset of the standard boundary

component Fy, of degree m.
The following lemmas will be used to construct convenient neighborhoods of
boundary components.
Lemma 2.4. Let U C H,, be relatively compact.
(i) There exists a C > 0 such that every v € Ty, satisfying
FyWo(U,C)NW,(U,C)# D

is contained in I'y, p,.
(ii) Moreover, there exists a C > 0 such that every v € Ty, satisfying

YW (U,C)) N W, (U,C) # 0
is contained in I'y, p,.

Proof. (i) The following argument is due to Eberhard Freitag. We decompose any
z € H,, as

(2.14) 2= (tzl 212)

212 22
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with z; € H,,,. We argue indirectly. Assume that there exists a sequence C), — oo
of positive real numbers such that for every v € Zs there exists a v, € T, \ I'jy
and points 2", w") € W, (U, C,) satisfying

) = ),

By taking a suitable subsequence, we may assume that zgy) converges to a point

z1 € H,, for v — oo, and wgy) converges to a wy € H,,. Hence, with respect to the

cylindrical topology we get convergent sequences
) 2 € R, w®) = wy € Fy,.

According to [Fr, Hilfssatz 6.185] there exist elements «, in the stabilizer of z;
inside I',, such that all

50 — g, (20)

are contained in some fixed Siegel domain F,,(u). Analogously, there are (8, in the
stabilizer of wy inside I',, such that all

ﬁ)(y) = Bu(w(y))

lies in F,,(u). Both stabilizers are contained in I', ,,,. The construction in loc. cit.
shows that
7 =577 mpm() = mlpnm(z)),

and similarly for the w*). Therefore, we may assume without loss of generality
from the outset that the sequences z*) and w*) are contained in a fixed Siegel
domain F,, (u).

The finiteness property of Siegel domains now implies that the -, belong to a
finite set. By taking a subsequence we may assume that v = v, is independent of
v. Since « acts continuously on D} we find that

v(z1) = wy.

But this implies v € I'y, ,,, a contradiction.
(i) Part (i) of the lemma immediately implies that there exists a C' > 0 such
that for every j with n < j < m and every v € I'j, ; satisfying

Y (W;(U, C)) nW;(U,C) # 0

we have v € Ty, ,,. We fix such a C and assume that z,w € W,(U,C) and v € T,
with the property that vz = w.

By definition there exist n > j,j" > m and y1,72 € I, and 2’ € W;(U, C),
w' € W;/(U, C), such that

’ ’ ’ ’
Z =M%, w = 7w, YNz = 72w .

Replacing v by 7{1771 we may assume that v7 = 9 = 1 and z = 2/, w = w'.
Since the action of I',, preserves the degree of a boundary component, we may
further assume that j = j’. But then, according to [Frl Hilfssatz 2.5], the condition
vz =w € W;(U,C) C F; implies that v € T',, ;. Consequently, by our choice of C,
we may conclude that v € I'y, . ]
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Lemma 2.5. Let U C H,, be relatively compact.
(i) There exists a C > 0 such that every v € Ty, satisfying

YW (U,C)) N Fp(u) # 0

is contained in I'y, p,.
(ii) Moreover, there exists a C' > 0 such that every v € T, satisfying

YW (U,C)) N Fri(u) # 0
is contained in L'y, p,.

Proof. This can be proved in the same way as Lemma 2.4l Therefore we omit the
details. O

We now fix a u > 0 such that J;(u) is a fundamental set for the action of Sp;(Z)
on Hj; for every 0 < j < n.

Lemma 2.6. Let U C Fy,,(u) C F, be relatively compact.
(i) There exists a C > 0 such that
W,(U,C) CTY  Fulu).
(ii) There exists a C > 0 such that
Wn(U,C) C T}, Fr(w).

Proof. We write z = x +1iy € H,, for the decomposition in real and imaginary part.
To prove the lemma, we use the block Jacobi decomposition

y=DW] = <§(;1 192) Klén 15’”)]’

and put
Dy 0 Wi Wi
o= (0 p) (%)

where D; is the diagonal matrix with diagonal entries di,...,d,,, and Dy the
diagonal matrix with entries d,,+1,...,d,. The matrices W7 and Wy are unipotent
upper triangular. It is easily seen that Y7 = Di[Wi], Yo = Ds[Ws], and B =
W Wi,

(i) Let z € W, (U, C). We have to show that there exists a y € T such that

vz € Fpn(u). We note that since z; € U, we have y; =Y = D1[W1] € Ry(u). We
may act with a matrix in '), of the form

‘A0 et 0

0 AY)° N0 Ay)°
where Ay € GL;,_,(Z), to transform Yy to Y3[As] € Ry —m(u). Here Y remains
unchanged. Next we can act with a matrix in I')) ,, of the form

tA 0 o 1m A12
). (s )

where Ao € Zm*(=7) to transform Wis to W, = W1 Aqa + Wio with entries ng
satisfying |wj;| < u. Here D, Wy, Wy remain unchanged.

Finally, we can act with a matrix in I'}, , , of the form

_ 1n T _ Om T12
v=(5 1) T=(% )
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where Tio € Zm*(n=m) T, ¢ 7(n=m)x(n=m) g transform x12 to 212 + Tio and x,
to xo + T5. Here x1 and y remain unchanged.

In this way we can transform z € W, (U, C) by an element of '), to a 2’ € H,
meeting all conditions for F,,(u) except for possibly the condition

(2.15) &, < udl .

Here and throughout we have indicated the Jacobi coordinates of 2’ by d}, w;;, and

z;;. We claim that the condition ([2.I3)) is also met if we choose C sufficiently large.
To see this we note that d}, is bounded, since z] = z; is contained in the bounded
set U. Moreover, since Yy = Y2[As] € Ry—m(u), we have

m(Yy) < d:n-i-l?
see, e.g., [Ftl Hilfssatz 1.2]. Hence, if

1
C > asup{dm | z1 € U},
and z € W, (U, C) then
1
L1, <0 <m(s) = m(¥)) < .

This gives the remaining condition ([2I5).
(i) This assertion is an immediate consequence of (i). |

2.3. The Satake compactification. Let I' C Sp,,(Q) be an arithmetic subgroup,
that is, a subgroup which is commensurable with I';, = Sp,(Z). Then T' acts
properly discontinuously on Dj;. The quotient Xj := I'\D}, equipped with the
quotient topology, is a compact Hausdorff space, which contains Xr :=T'\D,, as a
dense open subset. The complex structure on Xt canonically extends to a complex
structure on X}, equipping it with the structure of a normal complex space. It
is called the Satake compactification of Xr, see, e.g., [BB, Theorem 10.4], [Nal
Section 5], or [Fr, Chapter I1.6].
The boundary

(2.16) OX; = X;\ Xr

is a closed analytic subset of codimension n. If F'is a rational boundary component
of D,, of degree m, we let

I'r =T'NGp,
% =rnaGgY%,
I =T NG,
I, =TNGy.
We may view B
Ip=Tp/T%
as an arithmetic subgroup of Sp,,(R). The quotient
XF,F = fF\F

is isomorphic to a Siegel modular variety of genus m. The boundary decomposes
as a finite disjoint union

oxp =[] Xr.r
F
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of locally closed analytic subsets, where the union runs over the I'-classes of proper
rational boundary components, see [BBl Corollary 4.11]. The following two propo-
sitions ensure the existence of convenient neighborhoods of the boundary compo-
nents.

Proposition 2.7. For every rational boundary component F' there exists an open
neighborhood V(F) C Df of F satisfying the following properties:
(1) V(F) is invariant under the stabilizer Ty, g of F in T'y,.
(ii) The natural map
Lo r\V(F) = X7,
1S 1njective.
(iii) V(6F) =0V (F) for all 6 € T,,.

(iv) If F and F' are rational boundary components of degree m, we have
V(IF)NV(F")#0 = F=F"

Proof. We first prove (i) and (ii) for the standard boundary components. Let m be
an integer with 0 < m < n and consider the standard boundary component F,,, of
degree m. Recall the notation I'y, g, = 'y .

Let v > 0 be such that F;(u) is a fundamental set for the group I'; for all
0 < j < n. Choose a sequence U, C F,,,(u) of relatively compact open sets (for
v € Z>¢) such that

Fm(u) = U U,.

v>1
According to Lemma and Lemma 23] W_e may choose C,, > 0 such that
(2.17) W, (U,,C,) C T Fr(uw),
and such that every v € T',, satisfying
(2.18) YW Uy, C)) N T () # 0
is contained in I'y, ,.
The union

S(Fn) = |J Wa(U,,Cy) C D},

v>1
is an open neighborhood of F,,(u). By the choice of u, the set
(2.19) V(Fn) == Tum(S(Fp))

is an open neighborhood of the full boundary component F;,. Moreover, by con-
struction, V(F,,) is invariant under 'y, g .

We now show the injectivity of the natural map I', ., \V (Fyn) — X7 . To this
end, let z,w € V(F,,) and v € I, such that

Yz =w.

We have to show that v € I'y, .

Possibly shifting z and w by elements of I';, ;,,, we can assume that z and w lie
in S(F,,). By (2I1) we can further assume that they are also contained in F}:(u).
Hence there exist u, v € Z~( such that

z € Wo(U,,C,) N Fr(u),
w € Wy (U, C,) N Fri(u).
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Using condition ([2.I8) we see that v € I', ,,,. This concludes the proof of (i) and
(ii) for the standard boundary component F,,.

If F is any rational boundary component of degree m, we choose ¢ € I';, such
that F' = §F,, and put

V(F) =6V (Fn).

By property (i) for V(F,,) this is independent of the choice of §. Employing the
fact that Iy, g, = 6 'T',, 4, it is easily seen that V(F) satisfies properties (i) and
(ii) for F. Moreover, in this way (iii) also holds.

Finally, to prove (iv), let F' and F’ be rational boundary components of degree
m, and let z € V(F)NV(F’). Choose §,¢" € T, such that F = 6F,, and F' = §'F,,.
Since V(F) = 6V (Fy,) and V(F') = §'V(F,,), there are z1, z9 € V(F,;,) such that

2z =102z = 8 2.
Then 716’29 = 21, and by (ii) we obtain 6§’ € Ty, ,,,. Consequently,
F' =§F,, =6("'¢)F,, = 6F,, =F.
This concludes the proof of the proposition. |

Proposition 2.8. Let I' C Sp,,(Q) be an arithmetic subgroup. For every ratio-
nal boundary component F there exists an open neighborhood W(F) C DX of F
satisfying the following properties:

(i) W(F) is invariant under the action of T'p.

(ii) The natural map

Lp\W(F) — Xp
s injective.
(iii) W(nF) =~+W(F) for all v € T.

(iv) If F and F' are rational boundary components of degree m, we have
W(E)NW(F')#0 = F=F'.

Proof. In the special case when I' C T',, it is easily seen that we may simply put
W(F) =V (F) with V(F) as in Proposition 27

Now let I' C Sp,,(Q) be an arbitrary arithmetic subgroup. We choose a congru-
ence subgroup

rernr,

which is normal in I'. For any rational boundary component F', we put

W(F)=()0"'V(F).
éel

Since 7 'V(6F) = V(F) for § € I, this is in fact an intersection of finitely many
different open neighborhoods of F' in D};. Hence it defines an open neighborhood
of F. We leave it the the reader to verify that properties (i)—(iv) hold. O

Remark 2.9. We may in addition require that the open neighborhood W (F') in
Proposition 2.8 is connected. In fact, since the connected component of W (F)
containing F' is stable under under I'r, we may replace W (F') by this connected
component if necessary.
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2.4. Siegel modular forms. Let k be an integer. We denote the usual action of
G = Sp,,(R) in weight k on functions f : H, — C by

(f s 7)(r) = det(er +d) =" f(y7)
for v = (’g 3) € GG. The composition of the quotient map and the inclusion defines
a natural holomorphic map
p: H, — X}.
We denote by w the sheaf of modular forms of weight 1 on Xj. Recall that if
V C X} is open, the module of sections w(V) is given by holomorphic functions
f:p (V) — C satisfying
(f () = f(7)

for all v € T'and all 7 € p~ (V). Moreover, when n = 1, it is also required that f is
holomorphic at the cusps contained in V. If n > 1, then regularity at the boundary
is automatically satisfied by the local Koecher principle.

The sheaf w is a coherent O x:-module on X7, which can be identified with the
Hodge bundle. The global sections of w®* are given by holomorphic modular forms
of weight k for T', see, e.g., [BB| Section 10].

We now describe the sheaf w®* near a rational boundary component F. By
possibly conjugating by an element of I',, it suffices to do this near the standard
boundary components F,,, where 0 < m < n. Let iy € F,, be a boundary point.
According to Proposition [Z.8 and Definition [Z.1] there exists a relatively compact
open neighborhood U C F,,, of 73 and a C' > 0 such that the open neighborhood
W, (U,C) C D defined in (2II) satisfies

(2.20) AW (U,C)NW,(U,C) #0 = ~yeTp,

for v € T. If U is chosen sufficiently small, then the condition in ([2.20) actually
implies that ~ is contained in the stabilizer I';, C I' of 7y. This follows from the
fact that g,/ I‘%m acts properly discontinuously on the boundary component F,,.
Possibly replacing U by a smaller open set we may further attain that Wn(U ,C) is
invariant under I';,. Then

(2.21) V =T, \W,(U,C) c X;

is an open neighborhood of 7.

An element f € w®*(V) is given by a continuous function f : W, (U,C) — C
which is holomorphic on W,,(U,C) and satisfies f | v = f for all vy € T';,. In
particular, f is invariant under the action of translations of the form

1 0 0 O
01 0 s

(2.22) 0 0 1 ol
0 0 01

where s € Sym Z). Therefore f has a partial Fourier expansion

n*m(
(2.23) f(r) = Z o1, (11, T12) e(tr Tom2),
T>€Sym,,_,,(Q)

which converges normally in a small neighborhood of U. Here the coeflicients
¢, vanish unless Tb is contained in a sublattice of Sym, _,.(Q) with bounded
denominators (the character lattice of the torus G% /T ). Moreover, ¢, vanishes



FORMAL SIEGEL MODULAR FORMS 1409

if T is not positive semi-definite. We will refer to expansions as in ([2.23)) as Fourier-
Jacobi expansions. The transformation behavior of f under matrices of the form

1.0 0 O

0w 0 0 o
(2.24) 00 1 0 el'y

0 0 0 tut

implies that
(225) ¢T2[tu71] (7’1, Tlgu) e det(u)k . (sz (Tl, 7'12)

for all u € GLy,_,(Q) such that 224 belongs to 'Y, .
Now choose a small open neighborhood W (F,,) of the full boundary component
F,, as in Proposition 2.8 Then we easily obtain Lemma 210

Lemma 2.10. Let
V =Tp, \W(F,) C X}

m

be the open neighborhood of the boundary stratum Xr g, induced by W(F,,). The
space of sections w®* (V) is given by those continuous functions f : W(F,,) — C
which are holomorphic on W (F,,)N\D,, and satisfy f |k v = f for ally € 'p,. The
Fourier-Jacobi coefficients ¢, of f in the expansion [Z23) have the transformation
behavior

(2.26) ¢T2 (Tl,Tlg)e(trTQTg) |k Y= (sz (7’1,T12)6(tI‘T2T2)
for all v in the Jacobi group FlJ;m =I'nN G%m.

Hence the coefficient ¢, is a weakly holomorphic Jacobi form of weight k and
index 75 for an arithmetic subgroup of Sp,, (Q) x Mat; »,—, (Q)? which only depends
on I' but not on T5.

3. FORMAL SIEGEL MODULAR FORMS

We define formal Siegel modular forms for arithmetic subgroups of Sp,,(Q). We
interpret these as global sections of the formal completion of the sheaf Siegel mod-
ular forms along the Baily-Borel boundary.

3.1. Formal Fourier-Jacobi series. Let I' C Sp,, (Q) be an arithmetic subgroup,
and fix k € Z. Let F be a rational boundary component of degree m, where
0 < m < n. The center G% of the unipotent radical of G is isomorphic to the
additive group of Sym,,_,,(R), and I'%. defines a lattice Ly in G'%. Its dual lattice
LY. is the character lattice of the compact abelian group G’ /I'.

Definition 3.1. A formal Fourier-Jacobi series of weight k for the boundary com-
ponent F' and the group I is a formal series

(3.1) f) =" filr),

teLy.
t>0

where the coefficients f; are holomorphic functions on H,, satisfying the transfor-
mation laws

(3.2) filkg=tg)-fr  forallge G,
(3.3) fele Y= foutp®) for all v € I'p.
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Here py(v)(t) denotes the action of v on ¢ € L} induced by (24). In particular, for
v € T'f the condition in (B3] reduces to f [ v = fi-

Note that for m = n the boundary component F' is simply D,,, the lattice Lg
has rank 0, and hence the expansion in (B)) is trivial.

Remark 3.2. Let F’ be a second rational boundary component of degree m and
let § € T, such that F’ = §~'F. Then conjugation g — ¢s(g) = dgd~! with §
defines an automorphism of G, which restricts to an isomorphism G — Gg. In
particular we have Gp = § !Grd and (§7!T'8)pr = §I'r6. The map s induces
an isomorphism G%, /(6 '1'8) — G’ /T. Pull back via this isomorphism gives
rise to an isomorphism ¢} : LY. — LY., t — ¢3(t) = t o s of the corresponding
character lattices. We define the pull back f |, 6 of the formal Fourier-Jacobi series
f in BI) by defining the coefficients as

(3.4) (f |k 5)¢g(t) = fe |k

for t € LY. Tt is easily checked that

(3.5) (F Ik 0)(r) = > (fi b 0)()
teLy,

defines a formal Fourier-Jacobi series of weight k for the boundary component F”
and the conjugate group §~'I'§. That is, we have

fele 0l g=@5(t)(g) - fe [k 6 forall g € G,
I |k 1) |k vy = fpz(v)(s@}(t)) |k § for all v € (5711—‘5)}:/.

This definition is compatible with the pull back of convergent Fourier-Jacobi series.

Remark 3.3. Assume that 6 € T',,. Then f is a formal Fourier-Jacobi series of
weight & for the boundary component F' and the group I' if and only if f |, d is a
formal Fourier-Jacobi series of weight & for the boundary component §~!F and the
group d'T'6.

Let F be a rational boundary component of degree m and assume that £ < F'is
a rational boundary component of degree 0 which is adjacent to F. Then we have
inclusions of groups

G/F—>G,E—>GFQGE,

]

Iy ——>T)y——>TpNlg

which induce an inclusion G% /T — G /T's and a surjective homomorphism of
the character lattices LY, — LY., s — s | Lp.

Let f =3, LY. ft be a formal Fourier-Jacobi series of weight k for the boundary
component F' and the group I". The transformation law ([B3]) implies that f; has a
normally convergent Fourier expansion

(3.6) fo= > fis

sELY,
SlLF:t
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where the coefficients f, := fy1,. s are holomorphic functions on H, satisfying the
transformation law

(3.7) fs kg =1t(g) - fs

for all g € G’z and s € L},. Putting these expansions together, we obtain the formal
Fourier expansion

(3.8) =3 4

s€L},

of f at E.

We call the formal Fourier-Jacobi series f regular at the boundary component £
if its formal Fourier expansion (3.8) defines a formal Fourier-Jacobi series of weight
k for the boundary component E in the sense of Definition Bl That is, f; = 0
unless s > 0, and

(3.9) fsle v = fourysy  forally eTg.

Remark 3.4. Assume the above notation. If £/ < F is another rational boundary
component of degree 0 which is adjacent to F', we may choose a § € I';, such that

F=6F, E=34E.

Then the pull back f | ¢ is a formal Fourier-Jacobi series of weight k for F' and
the group 6 ~'T'd. It is easily seen that f is regular at the boundary component E if
and only if f | ¢ is regular at E’. In particular, f is regular at all adjacent degree
0 boundary components E < F if and only if it regular for a set of representatives
of the I'p-classes of such boundary components.

In the special case when F' = F,,, is equal to the standard boundary component of
degree m we identify L}, with a sublattice of Sym,,_,,(Q) via the symmetric bilinear
form (A, B) + tr(AB). Then the action of v € I',, as in (Z3) on Tp € L}, is
given by pe(7)(T2) = To[u]. We may write the function fr, as

I, (1) = b7, (11, T12)e(tr ToTs),

where ¢, is holomorphic on H,,, independent of 72, and satisfies the transformation
law

(310) ¢T2 (T1, Tlg)e(trTng) ‘k: Y= ¢T2[u] (Tl,Tlg)e(tI‘Tg[u]Tg)
for all v € I'y,,. The above formal series (B1]) can be rewritten as
(3.11) f(r) = Z b, (11, T12) e(tr ToTa),
T:€Ly,
T»>0

where the coeflicients ¢7, are weakly holomorphic Jacobi forms of index 75 and
weight k for the group I“{,m. Under this identification the Fourier expansion of fr,
at the standard degree 0 boundary component Fy < F,, can be written as

(3.12)

T T
¢T2(T1,T12) = Z Z a (tTiQ 11;22) e(trT1T1 —+ 2t1"tT127'12).
Ty €Sym,,, (Q) Tri2€Matm, n—m (Q)
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Putting these expansions together, we obtain the formal Fourier expansion

(3.13) fry = > a@e(trTr)

TeSym,, (Q)
at Fy. Moreover, f is regular at Fp if a(T) = 0 unless 7' > 0, and
(3.14) det(u)*a(T) = a(T[u])

for all T € LY, € Sym,,(Q) and all (g tusl) eTp,.

Now assume that F', F’ are two rational boundary component of degree m and
that there exist a rational boundary component E of degree 0 such that F' > F and
F' > E. Let f, f’ be formal Fourier-Jacobi series of weight k for the group I'" and
the boundary components F', F’, respectively. Then f and f’ have formal Fourier

expansions
f=>fe =1

s€LY, s€LY,

at F asin ([B.8)). We say that f is compatible with f" at E if these formal expansions
agree.

Definition 3.5. Let I,,, be the set of all rational boundary components of degree
m, and let 0 <1 < n. A formal Siegel modular form of weight k and cogenus [ for
the group I is a family (fr)per,_,, where fp is a formal Fourier-Jacobi series of
weight k for the boundary component F' and the group I satisfying the following
conditions:
(i) for all F' € I,,_; and all v € " we have fr [r v = fy-1F;
(ii) for all pairs F, F’ € I,_; and all degree 0 boundary components E € I
with ' > E and F’ > E, the formal Fourier-Jacobi series fr and fr: are
compatible at E.

We write FM,(:’I)(F) for the complex vector space of formal Siegel modular forms
of weight k and cogenus [ for I'.

Remark 3.6.

(1) Because of condition (i), the family (fr)rer,_, is determined by the fr for
F in a system of representatives for I,,_;/T". According to Remark B.4] it suffices to
check condition (ii) for a set of representatives of I'p-classes of adjacent degree 0
rational boundary components E < F'.

(2) Conditions (i) and (ii) imply that fr is regular at all adjacent degree 0
rational boundary components E < F. In fact, if vy € I'g, then E < v 1F.
Applying condition (ii) for fr and f,-1p we see that the transformation law (3.9)
holds.

Example 3.7.

(1) Let f € My(T') be a holomorphic Siegel modular form of weight k for T'.
Then at each boundary component F' € I,,_; the function f has a (convergent)
Fourier-Jacobi expansion fr as in ([B.I)), which we may as well view as a formal
series. The family (fr)per, , defines a formal Siegel modular form of weight k and
cogenus [ for I'.

(2) Let V C X7 be an open neighborhood of the boundary 0X;. Then any

section f € w®¥(V) defines an element of FMSL’Z)(I’) for every I.

n—1
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(3) Assume that I' = I';,. Then any symmetric formal Fourier—Jacobi series of
weight k and cogenus [ in the sense of [BR] defines an element of FM,&”’D(F”).

3.2. Formal completion of the sheaf of modular forms. Throughout this
section we fix an arithmetic subgroup I" C Sp,,(Q). We briefly write X for X1 and
X* for X{. We denote by

Y =0X* C X*

the boundary of X as in ([ZI6]). Then Y is a closed analytic subset of codimension
n of the projective complex algebraic variety X*. If n > 1 then Y is connected.

We let X* = (X *,0%.) be the formal complex space given by the completion of
X* along Y, and we write

(3.15) i Xt X*

for the natural morphism of formal complex spaces. We denote by @®* the com-
pletion of the sheaf w®* of modular forms of weight k with respect Y. Since w®*
is coherent, the natural map i*(w®*) — @®F is an isomorphism. The adjunction
map w®* — i,i*w®" defines an injective map on global sections

(3.16) W (X*) = ®F(X).
Let W (F,,) be a connected open neighborhood of F},, as in Proposition [Z8] and
put

V =Tp \W(F,) C X*.

As before, we view I'; ~as a lattice Lr,, in Sym,,_,,(Q), and identify its dual
Ly. with a sublattice of the same space via the symmetric bilinear form (4, B)
tr(AB). Recall the description of w®* on V given in Lemma We now give a
description of the completion @®* on this boundary stratum.

Proposition 3.8. The space @®F(V) of sections is given by the space of all formal
series

(3.17) fE) = 3 bn(r, i) e(tr Toms)
T:€Ly,
T2>0

satisfying the following conditions:
(i) The coefficients ¢z, (71, T12) are holomorphic on W (F,,) N D, for all Ty €
LY .
(ii) The transformation law f |, v = f holds for all y € Tp, .
(iii) For every S € Ly, that is primitive, positive semidefinite of rank 1, and
for allt € Z>q, the sub-series

Z ¢T2(7'17T12) e(tI"TQTQ)

converges normally on W(F,,)ND and defines a holomorphic function there.
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Remark 3.9.

(1) In condition (ii) the transformation law is to be understood coefficientwise
as in (BI0).

(2) In condition (iii) of Proposition B8] the matrix S determines a 1-dimensional
rational isotropic subspace of U(F,,), and therefore a degree n—1 rational boundary
component E with £ > F,,,. Now condition (iii) means that in the formal Fourier-
Jacobi expansion of f with respect to E all formal Fourier-Jacobi coefficients (of
cogenus 1) converge.

(3) In the case m = n — 1, the lattice Lg,, has rank 1, and hence Lp,, = hZ
for some positive rational number h. Then L}, = h™'Z and the conditions of
Proposition [3.8 mean that

(3.18) f@ = > on(m,m2)e(Tam)

Ty€+Z>0

is a formal series, whose coefficients ¢r, (71, 712) are holomorphic on H,,_; x C*~1
and satisfy the transformation law (ii) of a Jacobi form for y € I'p__,.

We now turn to the proof of Proposition B.8 which will occupy the rest of this
subsection. We use the Grothendieck comparison theorem [EGA3, Theorem 4.1.5]
in the category of formal complex analytic spaces [Ba, Theorem 2| to reduce the
computation to a smooth toroidal compactification.

3.2.1. Toroidal compactification. We begin by recalling some facts about toroidal
compactifications. Our main references are [AMRT] and [Na].

Let ¥ = (X¥p)r be a I'-admissible collection of fans as in [AMRT], Definition 5.1
in Chapter 3. According to Theorem 5.2 of loc. cit. there exist a toroidal compact-
ification X" = X¥* of X = X associated with ¥. Throughout we assume that
Y is smooth. Then X' is a compact Moishezon space (i.e. an algebraic space over
C) which is smooth in the orbifold sense. It contains X as a dense open subset
and the complement is a divisor with normal crossings. Moreover, there is a proper
morphism

T X X
to the Baily-Borel compactification X* which restricts to the identity on X. We
define the sheaf of weight 1 modular forms on X' as the pull back w'" = 7*(w).
The local Koecher principle implies that m.(w'") = m.7%(w) = w.

Let F' be a rational boundary component of degree m. Let W (F') be a connected
open neighborhood of F' as in Proposition 2.8 and put

V =Tp\W(F)C X*.

We write V' = i~ (V) for the inverse image of V under the morphism i : X* — X*,
Moreover, we denote by Xtor the completion of X*°T with respect to the toroidal
boundary divisor 7=(Y), and by V' the completion of V' = 7=1(V) with
respect to 71 (Y NV). Then we have the commutative diagram of formal complex
spaces

Vtor Xtor itor Xtor
b
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where the vertical morphisms are proper. We denote by @'" the completion of w'°*
with respect to 7~ 1(Y'). Since w'T is coherent, the natural map (7% )* (w®e") — @tor
is an isomorphism, see [Ba, Lemma 2.3].

We now recall the description of X' near a rational boundary component F' of
degree m. Let D(F) = G’ - Dy, be the Siegel domain of the third kind associated

with F, see [AMRT] Definition I111.4.5], and put D(F)’ = D(F)/G’r . Then there
is a two step holomorphic fibration

D(F) — D(F) — F,
which is equivariant for the action of G - G . Here D(F) — D(F)" is a principal

G'pc-bundle, and D,, C D(F) is an open subset. If F' = F,, is the standard
boundary component of degree m we have

D(Fy) = {(tﬁz 77122) | 71 € Hyp, 112 € C™X=™) 1) € Symnm((C)},

T1

and the map D(F) — D(F)’ is the natural projection to the H,, x C™*("=™) part,
The quotient

Tr = Gpc/Tk
is a complex algebraic torus of rank r = (n —m)(n —m + 1), and
(3.19) I'=\D(F) — D(F)

is a principal Tr-bundle containing I'z\D,, as an open subset. The fan X deter-
mines a torus embedding

(3.20) Tr = Trxp.

The toroidal variety on the right hand side has an open covering by affine toric
varieties

(3.21) Tr — Tr,

for the cones o € Y. Recall that if N denotes the co-character lattice of Tr and
NV its dual (the character lattice), then Tp, = Spec Clo¥ N NV]. By taking the
contraction product of ([BI9) and ([B20), we obtain the fiber bundle

(3.22) (CR\D(F))s,. := (Pp\D(F)) x"* Tz,
over D(F)" associated to (B19) with fiber Trx,.. Now define

(3.23) (T \Dn) s
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as the interior of the closure of I'z\D,, in (I'z\D(F)) xTF Tpyx.,.. It can be viewed
as a partial compactification of I'z\D,, in the direction F. The group I'p /I acts
properly discontinuously on (I'z\D,,)x,., and there is a holomorphic map

(Cr/Tp)\TE\Dn)s, — X,

which restricts to an isomorphism in a sufficiently small neighborhood of the F-
stratum of the toroidal boundary, see [AMRT], p. 175. In particular, V" can be
identified with an open subset of the left hand side as follows. Define

(CEAW(F) NDy))y,

as the interior of the closure of I'z\(W(F) N D,) in (I'x\D(F)) x’F Tpx,. The
group I'p /T acts properly discontinuously, and the holomorphic map

(Cr/TE\TR\W(F) N Dy))y, — X

is an open immersion with image V'*°r,

For the rest of this subsection we assume that F' = F,, is the standard boundary
component of degree m. The space of sections w®* (V%) is given by all continuous
functions f : W(F,,) — C that are holomorphic on W (F,,) N D,, and satisfy f |
v=fforall y €I'r, . Then f has a Fourier-Jacobi expansion of the form

(3.24) f(r) = Z o1, (11, 712) e(tr To72).
TzeL;m
7,>0

Let p € £p,, be aray (i.e. a cone of dimension 1), and let e, € Lp,, be the unique
primitive ray generator. The ray determines a toroidal boundary divisor D,, and
we write Z, C Oxtor for the corresponding ideal sheaf. Then (w®* ® Z,)(V*°r)
is given by the subspace of those f € w®*(V*°") whose Fourier-Jacobi coefficients
¢r, vanish identically for all T, € LY, with (T3,e,) = 0. Proposition gives a
description of the formal completion (&'*°T)®* over Vtor.

Proposition 3.10. The space (W*°F)®F (V) of sections is given by the space of
all formal series as in B24) satisfying the following conditions:

(i) The coefficients ¢1,(71,T12) are holomorphic on W (F,,) N D, for all Ty €

Ly .

(ii) The transformation law f | v = f holds for all v € T'p,, in the sense of

B.10).
(iii) For all rays p € X, with primitive ray generator e, € Lp, and for all
t € Z>o, the sub-series

(325) Z ¢T2 (T1,T12)6(tI‘T2T2)
T2€Lf,,
T2 >0
(T21€P)=t
converges normally on W(F,,) N D,, and defines a holomorphic function
there.

Proof. The result is a consequence of the fiber bundle structure ([3.22) and Propo-
sition [3.12] on toroidal varieties. (]
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Proof of Proposition B8 According to the Grothendieck comparison theorem [Bal,
Theorem 2], the natural map

(3.26) @ = (W) — Th (@)
is an isomorphism of O, -modules. In particular, there is a natural isomorphism
(f)®k(V) o~ (wtor)(@k(vtor)

and therefore we may compute the left hand side using Proposition B.I0l Since
the first two conditions of Proposition agree with the first two conditions of
Proposition 3.8 it remains to compare the corresponding third conditions.

We first notice that any S € Ly, C Sym,,_,,,(Q) which is primitive and positive
semidefinite of rank 1 determines a 1-dimensional rational subspace of the isotropic
subspace U(Fy,) = R*™™ as in 2. It is given as the orthogonal complement
of ker(S) with respect to the standard scalar product on R™~". Therefore S de-
termines a rational boundary component E of degree n — 1 with £ > F,,, and
7S = Lg C Lf,,. Moreover, it determines a ray R>S € ¥, and hence, according
to [AMRT] Definition 5.1 in Chapter 3, also a ray in X, . Consequently, condition
(iii) in Proposition B0l implies (iii) in Proposition B8

It remains to show the implication in the other direction. Assume that condition
(iii) in Proposition B8 holds. Let p € ¥ be a ray whose primitive ray generator
e, € L, has rank greater than 1, and let ¢ € Z>o. We need to prove that the
series ([B:28)) converges.

Let v € GL,—,,(Q) such that D := y~'e,'y~! is diagonal. Without loss of
generality, we may assume that D = diag(ds,...,dy—m) with d; € Z>¢ and dy > 0.
Let E;; € Sym,,_,,,(Q) be the symmetric matrix with entries all 0 except for a 1 at
the position (4,%). For every positive semidefinite T» € Sym,,_,,(Q) we have

n—m

0< Z d; - (Ts, Ey;) = (12, D).
i=1

Hence, 0 < d1(T5, E11) < (Ty, D). In particular, we obtain
0 < di(*vTav, Enr) < (“4Toy, D),

and thereby
0 < di(T2,vEn'y) < (To,yD") = (T2, ¢,).
Let ¢ € Q¢ such that
S:=c-yEn'vye Ly

is primitive. By construction, S is positive semidefinite of rank 1, and
c
0 S (T27 S) S d_(T27 ep)'
1

Hence if (T3, e,) = t, then 0 < (13,5) < F-t. Consequently, the series in ([B.25) is
a sub-series of

Z ¢T2(T1,T12)6(U‘T2T2).

TQGL;m
Ty>0
(T2, S) <t

The latter series converges normally, since it is a finite sum of normally conver-
gent series by condition (iii) of Proposition B.8 Therefore, [8.25) is also normally
convergent. This concludes the proof of the Proposition. (]
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3.2.2. Completion of toroidal varieties. Here we summarize some facts about the
completion of toroidal varieties at their boundary. This can be reduced to consid-
ering affine toric varieties.

Let r and d be positive integers with 1 < r < d. Let Ocs be the sheaf of
holomorphic functions on C? and consider the ideal sheaf in I C O¢a generated by

(21 2p).

Proposition 3.11. Let a = (ay,...,aq) € C? with ay---a, = 0. Let U C C?% be

an open polydisc of radius R = (Ry,...,Rq) around a. Assume that R; < |a;| for

alli € {1,...,r} with a; # 0. The family of natural maps of sheaves
Ov/(z1++2)" = Ov/(z1 —ax,...,za — aa)"

forn € Zsy induces an injective map
(lim Ov/(z1 - zr)”) (U) = C[[z — .
Its image is given by those formal power series
(3.27) f= Z ¢y (z—a)”
v=(v1,...,va) ENG
for which the subseries

(3.28) fir= >, a-(z-a)
v=(v1,...,vq) ENG
v;=t
converge normally on U for alli € J, :={i e N|1 <4 <7, a; =0} and for all
t € Ny, and hence define holomorphic functions there.

Proof. By the hypothesis on a the set J, is non-empty. For n € N, consider the
morphisms of Oy-modules

(3.29)

Ou /(21 2)" — [ Ov/(z)" —= O /((z1 — ar)",..., (24 — aa)").
i€J,

Here ¢ is induced by the quotient maps, and the m; are obtained by composing the
j-th projection with the quotient map for j € J,. It is easily checked on stalks that
¢ is injective. Notice that for ¢ € {1,...,r} with a; # 0 the class of z; is invertible
in Oy for all b € U by the assumption on U. By taking the limit over n and
sections over U, we obtain

(3:30)  (lmOy/(z1-+-2,)")(U) = [] (lim Ov/(z)")(U) = C[[z - a]].
i€Jq

Since the limit and the global sections functors are left exact, the map ¢y is injec-
tive.
Let ¢ € J,. Since U is a Stein domain, by taking power series expansions, the
limit
(1im Oy /(z)")(U) 2 lim Oy (U) /()"
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can be identified with the subalgebra of C[[z — a]] consisting of those formal power
series as in ([B:27)) for which the subseries

fiu= Y a-(z-a)
V:(Vl,..‘,Vd)ENg
v;=t

converge on U for all ¢ € Ny, and hence define holomorphic functions there. In
particular, the maps 7; are injective. Moreover, the composition 7y o py is
independent of j. Therefore the image Im(¢y) of the map ¢y is contained in the
space B of formal power series as claimed in the statement of the proposition.

To prove the inclusion B C Im(py), let f € B and denote its power series
expansion as in (B27). Let n € N. The convergence of the subseries in ([B:28) for
all 1 € J, and all ¢t € Ny implies that

F, = Z ¢ (z—a)
vENG
FieJq: vi<n
converges and hence defines an element of Oy (U). Moreover, the image F, +
(21 2)" € Op(U)/(21+++2)" is mapped to F,,_1 + (21---2.)"" 1 € Oy(U)/
(21 -+ 2)""! under the natural projection. Consequently, the family F' = (F},),en
defines an element of the projective limit lim,, Oy (U)/(z1 - - - z-)™ with the property
that py (F) = f. This concludes the proof of the proposition. a

Let N 22 Z% be a lattice with dual M = NV. Write (n,m) for the natural Z-
bilinear pairing of n € N and m € NV. Recall that a rational polyhedral cone o in
Np is a subset which is generated over R>( by finitely many vectors ny,...,n; € N,
that is,

o= {t1n1 4+ ‘ t1,...14; ERZ()}.
The dual cone of o is defined by

oV ={meNg| (n,m)>0forallneco}.

It is a rational polyhedral cone in N. The cone o is called strongly convez if it
contains no full lines. This is equivalent to ¢ being of full dimension d in Ny. For
any rational polyhedral cone o, the monoid ¢¥ N NV is finitely generated, and the
monoid algebra A, = C[oV N NV] is a finitely generated C-algebra. The affine toric
variety
T, = SpecCloY N N"]

associated with o is a normal irreducible affine algebraic variety over C, containing
the torus Ty = Spec C[NV] as an open dense subvariety.

Let ¥ be a rational fan in Ng, that is, a collection of strongly convex rational
polyhedral cones in Ny satisfying the conditions:

e If 0 € ¥ and 7 < ¢ is a face of o, then 7 € 3.
elfoeXYandTe ¥, thenoNrTt<ocandoNt < T.

We write Ty, for the toric variety over C associated with X. It is obtained by gluing
the T,, for o € ¥ along common faces, see, e.g., [Eul.

The dimension of a cone o in Ny is the dimension of the R-vector space o+ (—0c).
A rational polyhedral cone is called smooth if it is generated by part of a basis of V.
In this case it has exactly | = dim o edges (i.e. 1-dimensional faces) and a canonical
set of generators (which is part of a basis of N) is given by the ray generators of the
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edges of . A fan ¥ is called smooth if all its cones are smooth. This is equivalent
to Tx, being smooth.

If X is a scheme of finite type over C, we denote by X?" its analytification as
in [SGAIl Exposé XII]. We now consider the toric variety T&" associated with a
smooth rational fan 3 in Vg as a complex analytic space. Let T &% be the completion
of T&" at the toric boundary divisor

Dy= ) D

TEY
dim =1

where D, denotes the toric divisor associated with a ray 7. We write e, € N N7 for
the ray generator of 7. Proposition B.I1l immediately implies the following result.

Proposition 3.12. Let a be a point in the torus orbit corresponding to a cone
o €%, and let U C T?" be an open polydisc around a. The C-algebra OTg"(U) 18

given by those formal power series
f= Z ¢, - 2¥ € C[[NV]]
veENY

with the following properties:

(i) We have ¢, =0 unless v € 7.
(ii) For all edges 7 < o, and for all t € Ny the subseries

fra= Y -2

veNY
(er,v)y=t

converges normally and defines a holomorphic function on U.

Here we have put z¥ = e*™&¥) for ¢ € N¢/N.

Proof. Denote by r the dimension of 0. Let 7,...,7 be the edges of ¢ and let
e; € 7, N N be the corresponding ray generators. Then ey,...,e, is the minimal
set of generators of o and there exist e,41,...,e4 € N such that e1,...,eq are a
lattice basis of N. Let e},...,ey € NV be the corresponding dual basis of NV.
The assignment e — X; determines a C-algebra isomorphism

(3.31) A, =CloYNNY] = CIX=Y, ..., X7 [X1, ..., X,

and hence an isomorphism (C*)4~" x C" = 73", The vanishing ideal of the restric-
tion of Dy, to T, is given by

Iy =(ef +--+¢/)CCleYNNY].

It corresponds to the ideal (X1 ---X,) = (X1---X4) C C[XE,,..., X7 [X1,. ..,
X,] under B3T]). Hence we may use Proposition BI1] to compute the completion

OTan I, = lim OT;m /I;.L
o o oy o

of the structure sheaf Oran at the ideal I,. With the above identifications we obtain
the assertion. O
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3.3. Formal Siegel modular forms of cogenus 1. Let f € d)®k(X*) be a global
section. If F' is any rational boundary component of degree n — 1, we may restrict
f to Tp\W(F). By Proposition B8 we obtain a formal Fourier-Jacobi series fp
of weight k for F' and the group I'. In particular, for the standard boundary
component Fj,_; we obtain an expansion as in [BI8). The family (fr)pey,_, of
formal Fourier-Jacobi series is compatible in the sense of Definition Hence it
determines a formal Siegel modular form of weight k£ and cogenus 1 for I'. The

assignment f — (fF) defines a homomorphism of complex vector spaces
(3.32) GEF(X*) - FMUD(T),

Since any global section f € c&®k(X *) is uniquely determined by its formal Fourier-
Jacobi expansion of cogenus 1, the map is injective.

Theorem 3.13. The above map in [B32) is an isomorphism.

Proof. We have to show that the map is surjective. Let ¢ = (9r)rer,_, €

FM%"’I)(F). For every proper rational boundary component F' we chose a suffi-
ciently small open neighborhood of V(F) = I'p\W (F) as in Proposition We
show that g determines a section in ¥ (V (F)) for every F and that these sections
agree on all pairwise intersections of these open neighborhoods. Hence they glue
to a global section f € @®*(X*) which maps to g under the map ([3:32). First, we
assume that I' = I',, (V) is the principal congruence subgroup of level N and genus
n.

(1) We begin with the rank n — 1 standard boundary component F,,_;. Accord-
ing to Proposition B.8] the expansion

(3.33) gr 1 (1) = Y ¢, (11, 712) e(Tam2)

T>€Q

of g, , asin (BI1]), together with the transformation law [BI0), imply that g, ,
defines an element of @®*(V (F,_1)).

(2) Now we consider the rank 0 standard boundary component Fy. The formal
Fourier-Jacobi series gr, , has a formal Fourier expansion

(3.34) gF,_, = Z a(T) e(trTT)
TeSym, (Q)

as in (B13). Since gp,_, is regular at the boundary component Fy (by Remark B:6)),
the Fourier coefficients a(T) satisfy the transformation law ([BI4]). Hence the series
B34) satisfies conditions (i) and (ii) of Proposition B8 for V(Fp). It remains to
show that it also satisfies condition (iii).

To this end let S € Lg, C Sym,(Q) be primitive and positive semi-definite of
rank 1. Denote by R € L, the positive semi-definite generator of the 1-dimensional
lattice Ly, _,. Then R is a matrix with entries all 0 except for the position (n,n).
Write

S =h-uR'u
with v € GL,(Z) and h € Qs¢. Consider the boundary component F' = 0F,_1,

where § = (g f,uo—l) € I'y 0, and the corresponding formal Fourier-Jacobi series gp.
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The formal Fourier expansions of gr,_, and gp at Fy are given by

an71:Z Z a(T)qu

t>0 T>0
tr TR=t

gr :Z Z b(T)qT.

t>0 T>0
tr T'S=t
Since F,,—1 > Fy and F > Fp, the series gr, , and gr must be compatible at
Fy, and therefore a(T) = b(T'). Since gr is a formal Fourier-Jacobi series for the

boundary component F', the formal Fourier-Jacobi coefficients

> a(l)q”

T>0
tr T'S=t

converge normally for all ¢. This gives the desired convergence condition (iii) of
Proposition B8 and therefore shows that the formal Fourier expansion of gp,_,
defines an element of W®*(V (Fy)), which agrees with gr, _, on V(Fy) NV (F,_1).
(3) Now let 0 < m < n —1 and consider the boundary component F,,. We use
the formal Fourier expansion ([8.34) of gp, , to define Fourier-Jacobi coefficients

U)Tz(Tl,Tlg) = Z a(T)e(trT1T1 —|—2tI‘T12t7'12)

_( Thv Ti2
T7<tT12 T )20

for T, € LY. C Sym,,_,,(Q). These series converge normally, since they are sub-
series of the Fourier expansions of the Fourier-Jacobi coefficients ¢r; in B33),
where T3 denotes the lower right entry of T5. Then we have the identity of formal
series

(3.35) 9F,_y = Z Y1, (11, T12) e(tr Tom).
T2€Sym,, ., (Q)

By Lemma [314] the transformation law of (B833) under I'p, ,, and the trans-
formation law of ([B34) under I' s, imply that (3.35]) has the transformation law of
Proposition B8 (ii) for I'r, (note that it is here where the choice of the group I, (N)
plays a role). Moreover, condition (iii) of Proposition B. follows from the corre-
sponding condition for the formal Fourier expansion (3:34). Hence [B.35) defines
a section in @®*(V(F,,)), which is compatible with the sections in @®*(V (F,_1))
and 0®*(V(Fp)) that were constructed before.

(4) Let E be any proper rational boundary component. Let 0 <m <n —1 and
0 € I',, such that E = §F,,. Consider the translated series gp | ¢, which defines a
formal Fourier Jacobi series for F,, and the group 6 ~'I'é by Remark According
to part (3) above it defines a section § € O®¥(6 71T\ W (E)). By taking its
pullback g | 671, we obtain a section in &®*(V(E)).

(5) We now show that the local sections of (1)—(4) agree on all open intersections.
Since the support of &®* is given by the boundary Y, it suffices to consider all pairs
of proper rational boundary components F' and F’ for which

FNF #0.
This implies that there exists a rational degree 0 boundary component E such that

F > F and F' > E. In view of part (3) we may assume without loss of generality
that F' and F’ both have degree n — 1. We have to show that the restrictions to
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V(E) of the sections of ©®*(V(F)) and &®*(V(F")) constructed in (4) agree, which
is a consequence of the compatibility of gz and g, at E. This concludes the proof
if ' =T,(N).

(6) In the above argument we have only used the assumption that I' = T",,(N)
in step (3) for 0 < m < n — 1 when we invoked Lemma BI4l If n < 2 there are no
such integers m and hence the argument also applies for any arithmetic subgroup
I' C Sp,,(Q). Finally, assume that n > 2 and that I' C Sp,(Q) is an arbitrary
arithmetic subgroup. There exists a positive integer N such that TV :=T,(N) is a
subgroup of I' of finite index. This corresponds to a finite covering 7 : X\, — X7
of complex spaces and of their completions at the Satake boundaries. We may
view the formal Siegel modular form g as an element FM;"’I)(I‘/ ). By the above
argument, it determines a section f € @®*(X#). Condition (i) of Definition
implies that f is actually invariant under the action of I', and hence descends to a
section in w®*(X 1), which maps to g under the map (3:32). O

We conclude this subsection with the lemma that was used in the proof of The-
orem [5. 19

Lemma 3.14. Assume thatT' =T',,(N) is the principal congruence subgroup of level
N and genus n. Then for every triple of adjacent rational boundary components
F > F' > F", where F has degree n — 1 and F" has degree 0, the stabilizer I'pr is
generated by U'pr NT'pr and T N T ps.

Proof. Since I' =T',,(N) is a normal subgroup of the full Siegel modular group I',,,
and since I'), acts transitively on chains of adjacent rational boundary components
of fixed degrees, it suffices to prove the assertion for triples of standard boundary
components

Fn—1>Fm>FO;

where n — 1 > m > 0. Let

S0 % Q
oo o
S Q¥ ¥
*

be an element of ', , where u € GL,,_,,(Z) is congruent to 1 modulo N. Then

10 0 O
5= 0w 0 O

0 0 1 0

0 0 0 fut

belongs to ', NT'x,,. The product 61 is contained in I'y, , NT'g, , proving the
assertion. 0
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4. MODULARITY OF FORMAL SIEGEL MODULAR FORMS

4.1. Affine covering numbers. Let S be a scheme. Recall that the affine covering
number acn(S) of S is defined as one less than the smallest number of open affine
sets required to cover S, see, e.g., [At], [RV]. It gives an upper bound for the
cohomological dimension of S, which is the largest integer j such that H7 (S, F) # 0
for some quasicoherent sheaf F [RV] Proposition 4.12]. If S is quasi-projective, then
according to [RV], Example 4.8], we have the trivial bound acn(S) < dim(.S).

We consider this notion for the Siegel modular variety Xt = T'\H,, associated
with an arithmetic subgroup I C Sp,,(Q). Since the line bundle of modular forms
on the Baily-Borel compactification X} is ample, the complement of the divisor
div(F) of any holomorphic modular form F' of weight k defines an affine open
subset of X[ If F' is a cusp form, then X[\ div(F) is actually an affine open subset
of Xr. Hence, acn(Xr) is the smallest non-negative integer j, for which there exist
cusp forms Fy, ..., F; for I' having no common zero on Xr.

It is our goal to find upper bounds for acn(Xr, ), where I';, = Sp,,(Z). According
to [Atl Theorem 4], we have acn(Xrp, ) > n(n — 1)/2. It is an interesting question
whether this lower bound is actually an equality. If n = 1, then acn(Xr,) = 0,
since X, is affine. For n = 2 it is easy to see that

acn(Xr,) =1,

since the Igusa cusp forms 19 and x12 for I'y (see p. 848 in [IgI]) have no common
zeros on Hy. However, for general n not much is known in this direction. It even
seems to be difficult to find upper bounds that improve upon the trivial bound
n(n+1)/2.

Here we use theta functions to obtain upper bounds for acn(Xr, ) for further
small values of n, see Propositions [£3] and Recall that for every theta charac-
teristic m = () € Z®" of genus n and for 7 € H,, there is a theta constant defined
by

0 [m} (r)=1¢6 [Z} (1) = Z exp (771‘ (t(x +a/2)T(x + a/2) —|—75(x + a/2)b)) .

TEL™

Since this function depends up to the sign only on m modulo (2Z)?", it is common
to define 6 [m] (1) = 6 [¢(m)] (7) for m € F3™. Here ¢ is defined by the embedding

Fo -7, 0—0,1+—1.

A theta characteristic m = (§) € F3" is called even if ‘ab = 0 (mod 2), and odd
otherwise. There are 2"71(2" 4 1) even and 2"~ !(2" — 1) odd theta characteristics
in genus n. The function 6 [m} vanishes identically if and only if m is odd. We
denote by m — v.m the usual action of v € I',, on the theta characteristcs, see,
e.g., [Frl Chapter 1.3]. There are two orbits under this action, given by the even and
the odd characteristics. We write £, C F3" for the set of even theta characteristics.
The theta transformation formula implies that

0% [y.m](y7) = det(cr + d)* - 6%[m](7)
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for all v = (‘; g) € I',. In particular, the theta constants are modular forms for a
congruence subgroup of I';,. Sightly more precisely, their eighth powers are modular
forms of weight 4 for the principal congruence subgroup I',(2) C T, of level two,
see, e.g., [[g2l Chapter V.1]. For a subset S C &, we write

01)(r) = [ olml(r)
meS
for the corresponding product of theta constants. It is a modular form of weight
#S/2.
If n =n1 +no and m; = (’;l) € IF‘%"Z are theta characteristics of genus n; and
ng, respectively, then

(4.1) o= (Z;) - (Z;)

determine a theta characteristic m = (§) € F3". In this case we write m =
(my,mg). If §; C &,, and Sy C &,, are subsets, then §; x Sy C &, and we may
consider the corresponding theta products [S; x Sa| of genus n. Lemma [.T]is an
easy consequence of the behavior of theta constants under the Siegel phi operator,
see, e.g., Remark 3.10 in Chapter 1.3 of [Ft].

Lemma 4.1. Let S C &, and assume that #S > 2"~ 1(2"~1 +1). Then 0[S] is a
cusp form.

As in [FP] and [IgI] we consider the following modular forms of genus n:

(42) Fnull = 9[5”1])
(4.3) Fr= % 0\ {m}]*.
meé&,

These forms have weight 27~2(2" + 1) and 2"*1(2" + 1) — 4, respectively. If n > 2,
then according to Lemma E.J] they are both cusp forms for I',,. If n = 1, then
F8 .= A. For n =2 we have have F2 = x10.

We define the pushforward My (T, (2)) — My(T',) of modular forms of genus n
by

(4.4) Paf)= > Tl

YET L (2)\T'n
for f € My(T'n(2)). It takes cusp forms to cusp forms. For example, let £ =
En \ {0}. Then the theta transformation formula and the fact that I';,(2)\I',, acts
transitively on &, imply that

P,(0IE}*) = C - Fy,

where C' denotes the order of the stabilizer in I',,(2)\I';, of the zero characteristic.
For n = 3 the form F,,) is a cusp form of weight 18, denoted x5 in [[gl], and F;
is a cusp form of weight 140, denoted X149 in [Igl]. By a result of Igusa [[gl, Lemma
11], the common vanishing locus div(Fy,n) N div(Fy) is exactly the reducible locus
of Xr,, i.e., the image of the natural map Xr, x Xr, = Xr,.
We now construct two cusp forms for I's whose simultaneous vanishing locus is
disjoint from the reducible locus. To this end we consider the subsets

8172 = 81 X 52,
51’171 = 51 X 81 X 51
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of &. By Lemma [L]] the corresponding theta products 0[&; 2] and 6[€; 11]® are
cusp forms for T'3(2) of weight 120 and 108, respectively. We define cusp forms for
Fg by
Pz = P3(0[€12]%),
Fii1 = Ps(0[€1,11]°).

Lemma 4.2.
(i) The restriction of F1 2 to Xr, X Xp, is given by

0
F2 (7(-)1 72) =C-A(m)'Y - xa0(m2)'?,

where 71 € Hy, 7o € Ha, and C is the order of the stabilizer in T'3(2)\I's of the set
&1 2.
(i) The restriction of Fi11 to X{. is given by

T1
Fiq1 T2 =C - A1) A1) A(r3)°,

T3
where C' is the order of the stabilizer in T'3(2)\I's of the set £11.1.

Proof. We only carry out the proof of (i), since the proof of (ii) is analogous. We
compute the restriction to H; x Hsy of the summands

0[€12]° 120 ¥ = O]y " E1,2)°
in the definition of P3(0[€;2]®) for every v € I'3(2)\I's. There are two cases.

First, if v takes & 2 to itself, then O[y~1& 2]® = 0[€12]®, and therefore the
restriction is given by

sieral® (3 1) =TI ol ol o)
mi1€EL
ma€&s

= 0[&](11)%" - 0]&:](12)** = A(11)"? - x10(72) ">

Second, if v does not take £ o to itself, then there exists an m € & o with
m=~y"tm & £ 5. Writing m = (my,m2) as in @), we see that m; € F3 must
be odd. But this implies that

o)’ (701 0> — O[] (1) 02 (m2)® = 0.
This proves the claim. O

Proposition 4.3. The cusp forms Fyuu, F1, Fi,2, and Fy 11 for I's have no com-
mon zero on Hs. In particular, acn(Xr,) = 3.

Proof. According to [lgll Lemma 11], the common vanishing locus of Fi, and
Iy is exactly the reducible locus of Xr,. But Lemma and the fact that the
vanishing divisor of x1¢ is precisely the reducible locus of Xr, imply that F} o and
F1.11 never vanish simultaneously on the reducible locus of Xr,. O
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We now turn to the case n = 4. Following [FP] we consider the following modular
forms, for I'y,, which are defined for any n:

(4.5) Fy= Y 0[&.\ AP,
ACFZ" ,
(4.6) Fp=2"%" 9[m]16_< > e[m]8) .
meé&, meé,

In {3, the subsets A runs through all suitable sets of v(n) characteristics corre-
sponding to the irreducible components of the hyperelliptic locus of Xt (9) as in
[EPL Theorem 2]. These forms have weight 2(27:1112) and 8, respectively. For n = 4,
we have v(4) = 10 and Fp is cuspidal by Lemma[dIl Moreover, Fr is the Schottky

cusp form.

Lemma 4.4. For n =4, the common vanishing locus of the cusp forms Fp.y, Fi,
Fy, Fr is the reducible locus Xflid of Xr,.

Proof. By a result of Igusa [Ig3, p. 544], the intersection div(Fuun) N div(Fy) N
div(Fr) is equal to the union of the hyperelliptic locus and the reducible locus of
Xr,. According to [FPl Lemma 2], the form Fp never vanishes on the hyperelliptic

locus, while it vanishes on the reducible locus by the argument in the proof of
[EP, Theorem 1]. |

Proposition 4.5. There are 5 cusp forms for I'y that have no common zero on
Xted. In particular, acn(Xp,) < 8.

Proof. We argue similarly as in the proof of Proposition [£.:3] We use the pushfor-
ward of suitable theta products in genus 4 to construct the desired cusp forms. We
let

Fis = Py(0l& x &%),
Fi 3 = Py(0[&1 x &%),
Fia2 = Py(0[&1 x & x &)%),
Fii11 = Pi(0[& x &1 x & x &%)

By Lemma 1] these modular forms are cuspidal. Their weights are 432, 420,
360, 324, respectively. Their restriction to H; x Hs C Hy can be computed as in
Lemma[£2] For instance, we have

0
FL?’ (7(-)1 T ) =G A(Tl)36Fnull(T2)247

2

« (11 O
L (01 ) = Cy - A(n) Fi(72)?,
T2
where C4,C5 are suitable positive integral constants and 7 € Hy, 7 € Hs. By
means of Proposition [£3] it can be concluded that these four cusp forms never
vanish simultaneously on the image of the natural map Xpr, x Xr, — Xr,.
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If we define in addition the cusp form
F272 = P4(9[52 X 52]8)

of weight 400, then a similar argument shows that the three cusp forms F5 o, F} 1 2,
Fy 11,1 never vanish simultaneously on the image of the natural map X, x Xp, —
Xr,. Consequently, the five cusp forms F 3, Fl’i37 Fii12, Fi1,1,1, F22 have no
common Zzero on Xfid.

The bound on acn(Xr,) now follows by means of Lemma 4] O

4.2. A special case of Raynaud’s Lefschetz Theorem. Here we state a special
case of an algebraization theorem of Raynaud. We will use it to show that the map
(BI6) is surjective provided that a certain upper bound for the affine covering
number holds.
Theorem 4.6. Let k be a field and let X be a scheme over k which is of finite
type, separated, and proper. Let' Y C X be a closed subscheme, and write X for
the formal completion of X along Y. Assume that the complement U = X \'Y is
smooth and satisfies

acn(U) < dim(U) — 2.
Then for every finite locally free sheaf F on X the canonical morphism

HY(X,F) — H°(X,F)
s an tsomorphism.

Proof. This is a special case of [Ray], Corollaire 2.8]. To see this, we note that the
assumptions imply that X has a dualizing complex. We put ¢ = acn(U) and let d
be an integer such that for all points u € U we have

(4.7 depth,, (F) > inf(d — ¢, d — trdeg(x(u)/k)),

where k(u) denotes the residue field of u. Then [Ray] Corollaire 2.8] states that for
all ¢ < d—c—1 the canonical morphism

H'(X,F)— H'(X,F)
is an isomorphism.
To deduce the claimed result, we put i = 0 and d = ¢+ 2. Since U is smooth

and F is locally free, we have

depth, (F) = dim(U) — trdeg(x(u)/k).
Hence, condition (7)) simplifies to

dim(U) > inf(2 + trdeg(x(u)/k), c + 2).
Our assumption ¢ = acn(U) < dim(U)—2 implies that this condition is satisfied. O

Remark 4.7. Tt is an interesting question whether the hypothesis of the theorem
can be weakened. For instance, can the upper bound on acn(U) be replaced by an
upper bound on the affine stratification number (see [RV]) or on the cohomological
dimension of U?

We now specialize to the case that the ground field is C. By means of GAGA
we also have an analogous result for complex analytic spaces. Recall that if X is
a scheme of finite type over C, we denote by X" its analytification, and we let
h: X2 — X be the analytification morphism, see [SGAI, Exposé XII|. If F is a
coherent sheaf on X, we write 72" = h*(F) for its analytification.
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Corollary 4.8. Let X be a scheme over C which is of finite type, separated, and
proper. LetY C X be a closed subscheme, and write Xan for the formal completion
of X along Y (in the category of formal complex analytic spaces as in [Bal).
Assume that the complement U = X \'Y is smooth and satisfies

acn(U) < dim(U) — 2.
Then for every finite locally free O xan-module G on X" the canonical morphism
HO(Xan’ g) N }IO()A(am7 G)
is an isomorphism. Here G denotes the completion of G along Y*" in the category

of formal complex analytic spaces.

Proof. By the GAGA theorem, there exists a unique finite locally free Ox-module
F on X such that G = F2*. By Theorem the canonical homomorphism

H(X,F)— H°(X,F)

is an isomorphism. The left hand side is canonically isomorphic to H®(X?® Fan),
Let Z C Ox be the ideal sheaf defining Y. The canonical homomorphism

(4.8) HY(X,F) — lim HY(X, F/T"F)
is an isomorphism. By GAGA for the coherent sheafs F/Z*F, the right hand side
of @A) is isomorphic to
lim HO(X™, (F/T"F)™) = HO(X™, (F*™)).
Putting these maps together, we obtain a natural isomorphism
HO(X™, Fony o HO(Xen (FanY).
This completes the proof of the corollary. O

4.3. Algebraization of formal Siegel modular forms. Here we combine Corol-
lary .8 and Theorem BI3] to derive a modularity result for formal Siegel modular
forms of cogenus 1. We use the notation of Section Bl In particular, I' C Sp,, (Q)
denotes an arithmetic subgroup.

Theorem 4.9. Assume that acn(Xr) < % — 2. Then the natural map
(4.9) H (X7, w®) — FM{™(T)

taking a modular form to its cogenus 1 formal Fourier-Jacobi expansions is an
isomorphism.

Proof. We first assume that I' = I',,(N) is the principal congruence subgroup of
level N > 3 and that the condition acn(Xr) < @ —2 holds. Then I' acts freely
on H,, and w* is locally free of rank 1. The map ([&J) is part of the commutative
diagram

HO (X5, w®) —— FM{"(T) |

|

HO (X7, &%)
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where the diagonal arrow is given by (832)). According to Theorem B.I3] this di-
agonal map is an isomorphism. Moreover, by Corollary 4.8 the vertical map is an
isomorphism. This implies the assertion.

Now we consider the case that I' is an arbitrary arithmetic subgroup of Sp,, (Q).
We choose a principal congruence subgroup I'V of level N > 3 such that IV C T.
Since finite morphisms are affine, we have acn(Xr/) < acn(Xr). The covering map
m: X{, — X7 induces a pull back map

(4.10) 7 FMU (1) — FM Y ().

Hence, if f = (fr)rer,_, € FM;"’I)(F), we may apply the above argument to
deduce that 7*(f) € FM,(JL’I)(F’) is the image of an element g € H?(X7,,w®*).
Then at each boundary component F' € I,,_; the series fr is the (convergent!)
Fourier-Jacobi expansion as in ([B.]]) of the holomorphic modular form g for I'V. But
now condition (i) of Definition implies that

glky=frlky=fy1r=g

for every v € I'. Hence g € H°(X}:,w®"), concluding the proof of the corollary. O

Corollary 4.10. Assume that 2 < n < 4. Then the natural map (E3) is an
isomorphism.

Proof. If I is contained in the full Siegel modular group I';,, the assertion follows
from Theorem F.9] combined with the bounds on acn(Xr ) of Section A1l
Otherwise, we consider the auxiliary congruence subgroup IV = I' N T",,. The
covering map 7 : X7, — X}t induces a pull back map as in (@I0). Pulling back
fe FM,&"’”(F), we find that 7*(f) is the image of an element g € HO(X},, w®k).
As in the proof of Theorem we conclude that g actually descends to an element
of HO(X},w®k). O

Remark 4.11.

(i) Theorem 9 and Corollary L. I0lhave natural generalizations to vector valued
modular forms transforming with a finite dimensional representation of I'. Alter-
natively, one can deduce such results for vector valued forms from those for scalar
forms by means of the argument of [Bi].

(ii) Using induction on the cogenus as in [BRL Lemma 5.2] one can also deduce
an analogue for formal Siegel modular forms of higher cogenus [ < n.

(iii) The above results are also valid in the slighltly more general case when I'
is an arithmetic subgroup of Sp,,(R) (rather than of Sp,,(Q)), that is, a subgroup
which is commensurable with T',,. Note that by [Ch] the elements of such a subgroup
are automatically projective rational.

4.4. The case of the paramodular group. Here we apply Theorem [£.9]to prove
the modularity of certain formal Fourier-Jacobi series for the paramodular group
of genus 2.
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Throughout this subsection we let n = 2 and let NV be a positive integer. Recall
that the paramodular group of level N is the arithmetic subgroup K(N) C Sp,(Q)
consisting of matrices of the form

*  Nx % *
* * x  x/N
(4‘11) *  Nx % * ’

Nx Nx Nx *

where the stars stand for integral entries. For every exact divisor d||N we put
d' = N/d and choose a, 3,7, § € Z such that add — Byd’ = 1. Then the matrix

d —-N~v 0 O
1 | -8 da 0 0

Val o 0 da B
0 0 Ny dé

Vi=

belongs to Sp,(R) and is projective rational. The coset V3K (N) is independent of
the choices of the parameters. Moreover, we have V? € K(N) and V3K (N)V; =
K(N). In the special case where d = N, we may choose f§ = 1, v = —1, and
a = 3§ = 0. Then we obtain for Vy the (projective) involution

0O N 0 0

1 [-1 0 0 o0
IN=TN1o o o0 1
0 0 —N 0

We denote by K(N)* the arithmetic subgroup of Sp,(R) which is generated by
K(N) and the Vj for d||N. It contains K(N) as a normal sugbroup, and

K(N)*/K(N) = (z/22)"™),

where v(IN) denotes the number of prime divisors of N, see, e.g., [GH].

The structure of the rational boundary components of K(N) and K(N)* is
known, see, e.g., [PY]. If N is square-free, the situation is particularly simple.
Then for K(N)* there is exactly one orbit of 0O-dimensional rational boundary
components and one orbit of 1-dimensional rational boundary components. For
the group K (V) there is one orbit of 0-dimensional rational boundary components,
and there are 2°(™) orbits on 1-dimensional rational boundary components. The
orbits can be represented by the V3 Fy for d||N, and these representatives intersect
exactly in the standard 0-dimensional boundary component F;. Moreover, we have
K(N)p, = K(N)Fp,, and K(N)}, is obtained from K(N)f, by extending with the
involutions V.

Let f be a formal Fourier-Jacobi series of weight k for the standard boundary
component F; and the group K(N). Denote by

f(r) = Z a(T) e(tr T'T)
TeSym,(Q)

its formal Fourier expansion at the boundary component Fj as in (B.13]). We assume
that f is strongly symmetric in the following strong sense: There exists a character
xr: K(N)*/K(N)— {£1} such that

(4.12) Fler=xsNf
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for all v € K(N)F,. This condition can be rephrased as

u*l

(4.13) a(T['u]) = x; (t 0 2) det(u)ka(T)

for all T € Sym,(Z)Y positive semi-definite with N | T, and for all u € T'o(N)* C
SLa(R). Here the latter group denotes the extension of I'g(N) by all Atkin-Lehner
involutions Wy with d||N. We obtain the following result.

Theorem 4.12. Let N be a square-free positive integer. Let [ be a strongly sym-
metric formal Fourier-Jacobi series of weight k for the boundary component Fy and
the group K(N). Then f converges and defines the Fourier-Jacobi expansion of a
modular form in Mi(K(N)).

Proof. We define a formal Siegel modular form for K (V) as follows. For any rational
boundary component F' € I; we choose § € K(N)* such that ' = §~'F; and put

fr=x700)f [k 0.

By Remark B3] fr is a formal Fourier-Jacobi series for the boundary component F’
and the group K (N). It is easily checked that the family (fr)rer, defines a formal
Siegel modular form of weight k for K(N). According to Corollary it must
come from a holomorphic Siegel modular form in M (K (N)). O

Remark 4.13. It suffices to check condition (@I3)) for w running through a set of
generators of I'g(N)*. Therefore, Theorem may be useful for computations
with Siegel modular forms for the paramodular group. For instance, if N = 1,2, 3,
then I'g(IV)* is generated by the translation matrix (§ 1) and the Fricke involution.
Hence, in this case the strong symmetry condition follows from the formal modu-
larity of f for K(N)p, and from ([@I2]) for the single matrix v = puy. This recovers
part of the main result (Theorem 1.2) of [IPY].

In [IPY] the authors ask whether for general N it actually suffices to require
[I2) for the single element py. More precisely, they consider a formal Fourier-
Jacobi series f of weight k for the standard boundary component F; and the group
K(N) as above. They say that f satisfies the involution condition, if there is an
e € £1 such that the formal Fourier expansion of f satisfies f |, uny = ef. In terms
of the Fourier coefficients this means

T2/N —T12 o Tl T12

(4.14) a (_T12 NT1> =c-a <T12 7 )
forall T = (%12 7%22) € L%l. It is asked in the introduction of loc. cit. whether any
formal Fourier-Jacobi series f as before which satisfies the involution condition is
the expansion of a classical holomorphic modular form of weight &k for the group
K(N)?

When N is prime, one could try to approach this question by using the fact
that K(N)* is generated by K(N)p, and p, to show that any formal Fourier-
Jacobi series f which satisfies the involution condition (£I4) is actually strongly

symmetric in the sense of [@I2]). To this end one would have to show that for any
v € K(N)p, the formal Fourier-Jacobi series fp, and f,p, are compatible at Fj.



FORMAL SIEGEL MODULAR FORMS 1433

ACKNOWLEDGMENTS

We thank Jean-Benoit Bost, Eberhard Freitag, Samuel Grushevsky, Klaus Hulek,
Jurg Kramer, Riccardo Salvati Manni, and Torsten Wedhorn for helpful conversa-
tions on the content of this paper. We also thank the anonymous referee for a
careful reading of the manuscript, and for many helpful comments.

[Ao]

[AMRT]

[At]

(BB

[EGA3]
[SGAI1]
[FM]

[HKW]

[TPY]

(Ig1]

(Ig2]

REFERENCES

Hiroki Aoki, Estimating Siegel modular forms of genus 2 using Jacobi forms, J. Math.
Kyoto Univ. 40 (2000), no. 3, 581-588, DOI 10.1215/kjm/1250517682. MR1794522
Avner Ash, David Mumford, Michael Rapoport, and Yung-Sheng Tai, Smooth com-
pactifications of locally symmetric varieties, 2nd ed., Cambridge Mathematical Library,
Cambridge University Press, Cambridge, 2010. With the collaboration of Peter Scholze,
DOI 10.1017/CB0O9780511674693. MR2590897

Anant Atyam, Affine stratification of A4, Proc. Amer. Math. Soc. 143 (2015), no. 10,
4167-4175, DOI 10.1090/proc/12525. MR3373917

W. L. Baily Jr. and A. Borel, Compactification of arithmetic quotients of bounded
symmetric domains, Ann. of Math. (2) 84 (1966), 442-528, DOI 10.2307/1970457.
MR216035

C. Banica, Le complété formel d’un espace analytique le long d’un sous-espace: un
théoréme de comparaison (French, with English summary), Manuscripta Math. 6 (1972),
207-244, DOI 10.1007/BF01304612. MR301231

Jan Hendrik Bruinier, Vector valued formal Fourier-Jacobi series, Proc. Amer. Math.
Soc. 143 (2015), no. 2, 505-512, DOI 10.1090/S0002-9939-2014-12272-6. MR3283640
Jan Hendrik Bruinier and Martin Westerholt-Raum, Kudla’s modularity conjecture and
formal Fourier-Jacobi series, Forum Math. Pi 8 (2015), €7, 30, DOI 10.1017/fmp.2015.6.
MR3406827

Ulrich Christian, Zur Theorie der Hilbert-Siegelschen Modulfunktionen (German), Math.
Ann. 152 (1963), 275-341, DOI 10.1007/BF01351928. MR159038

Claudio Fontanari and Stefano Pascolutti, An affine open covering of My for g < 5,
Geom. Dedicata 158 (2012), 61-68, DOI 10.1007/s10711-011-9620-1. MR2922703

E. Freitag, Siegelsche Modulfunktionen (German), Grundlehren der mathematischen
Wissenschaften [Fundamental Principles of Mathematical Sciences|, vol. 254, Springer-
Verlag, Berlin, 1983, DOI 10.1007/978-3-642-68649-8. MR871067

William Fulton, Introduction to toric varieties, Annals of Mathematics Studies, vol. 131,
Princeton University Press, Princeton, NJ, 1993. The William H. Roever Lectures in
Geometry, DOI 10.1515/9781400882526. MR1234037

Valeri Gritsenko and Klaus Hulek, Minimal Siegel modular threefolds, Math. Proc.
Cambridge Philos. Soc. 123 (1998), no. 3, 461-485, DOI 10.1017/S0305004197002259.
MR1607981

A. Grothendieck, Eléments de géométrie algébrique. II1. Etude cohomologique des fais-
ceaux cohérents. I, Inst. Hautes Etudes Sci. Publ. Math. 11 (1961), 167. MR217085

A. Grothendieck, Revétements étales et groupe fondamental (SGA 1), Documents
Mathématiques, Société Mathématiques de France, Paris, France, 2003.

B. Howard and K. Madapusi, Kudla’s modularity conjecture on integral models of or-
thogonal Shimura varieties, Preprint, larXiv:2211.05108, 2022.

Klaus Hulek, Constantin Kahn, and Steven H. Weintraub, Moduli spaces of abelian
surfaces: compactification, degenerations, and theta functions, De Gruyter Expo-
sitions in Mathematics, vol. 12, Walter de Gruyter & Co., Berlin, 1993, DOI
10.1515/9783110891928. MR1257185

Tomoyoshi Ibukiyama, Cris Poor, and David S. Yuen, Jacobi forms that characterize
paramodular forms, Abh. Math. Semin. Univ. Hambg. 83 (2013), no. 1, 111-128, DOI
10.1007/s12188-013-0078-y. MR3055825

Jun-ichi Igusa, Modular forms and projective invariants, Amer. J. Math. 89 (1967),
817-855, DOI 10.2307/2373243. MR229643

Jun-ichi Igusa, Theta functions, Die Grundlehren der mathematischen Wissenschaften,
Band 194, Springer-Verlag, New York-Heidelberg, 1972. MR325625


https://mathscinet.ams.org/mathscinet-getitem?mr=1794522
https://mathscinet.ams.org/mathscinet-getitem?mr=2590897
https://mathscinet.ams.org/mathscinet-getitem?mr=3373917
https://mathscinet.ams.org/mathscinet-getitem?mr=216035
https://mathscinet.ams.org/mathscinet-getitem?mr=301231
https://mathscinet.ams.org/mathscinet-getitem?mr=3283640
https://mathscinet.ams.org/mathscinet-getitem?mr=3406827
https://mathscinet.ams.org/mathscinet-getitem?mr=159038
https://mathscinet.ams.org/mathscinet-getitem?mr=2922703
https://mathscinet.ams.org/mathscinet-getitem?mr=871067
https://mathscinet.ams.org/mathscinet-getitem?mr=1234037
https://mathscinet.ams.org/mathscinet-getitem?mr=1607981
https://mathscinet.ams.org/mathscinet-getitem?mr=217085
https://arxiv.org/abs/2211.05108
https://mathscinet.ams.org/mathscinet-getitem?mr=1257185
https://mathscinet.ams.org/mathscinet-getitem?mr=3055825
https://mathscinet.ams.org/mathscinet-getitem?mr=229643
https://mathscinet.ams.org/mathscinet-getitem?mr=325625

[Rau]

[RV]

[Xia]

(Zh]

JAN HENDRIK BRUINIER AND MARTIN RAUM

Jun-ichi Igusa, On the irreducibility of Schottky’s divisor, J. Fac. Sci. Univ. Tokyo Sect.
TA Math. 28 (1981), no. 3, 531-545 (1982). MR656035

J. Kramer, On formal Fourier—Jacobi expansions revisited, Preprint, 2022.

Stephen S. Kudla, Algebraic cycles on Shimura varieties of orthogonal type, Duke Math.
J. 86 (1997), no. 1, 39-78, DOI 10.1215/S0012-7094-97-08602-6. MR 1427845

Stephen S. Kudla, Central derivatives of Eisenstein series and height pairings, Ann. of
Math. (2) 146 (1997), no. 3, 545-646, DOI 10.2307/2952456. MR1491448

Stephen S. Kudla, Special cycles and derivatives of Eisenstein series, Heegner points and
Rankin L-series, Math. Sci. Res. Inst. Publ., vol. 49, Cambridge Univ. Press, Cambridge,
2004, pp. 243-270, DOI 10.1017/CB0O9780511756375.009. MR2083214

Yifeng Liu, Arithmetic theta lifting and L-derivatives for unitary groups, II, Algebra
Number Theory 5 (2011), no. 7, 923-1000, DOI 10.2140/ant.2011.5.923. MR2928564
Yukihiko Namikawa, Toroidal compactification of Siegel spaces, Lecture Notes in Math-
ematics, vol. 812, Springer, Berlin, 1980. MR584625

Cris Poor and David S. Yuen, The cusp structure of the paramodular groups for degree
two, J. Korean Math. Soc. 50 (2013), no. 2, 445-464, DOI 10.4134/JKMS.2013.50.2.445.
MR3031888

Michele Raynaud, Théorémes de Lefschetz en cohomologie cohérente et en cohomologie
étale (French), Bulletin de la Société Mathématique de France. Supplement Mémoire,
vol. 41, Société Mathématique de France, Paris, 1975. Supplément au Bull. Soc. Math.
France, Tome 103. MR407021

Martin  Westerholt-Raum, Formal Fourier Jacobi expansions and special cy-
cles of codimension two, Compos. Math. 151 (2015), no. 12, 2187-2211, DOI
10.1112/S0010437X15007514. MR 3433884

Mike Roth and Ravi Vakil, The affine stratification number and the moduli space of
curves, Algebraic structures and moduli spaces, CRM Proc. Lecture Notes, vol. 38, Amer.
Math. Soc., Providence, RI, 2004, pp. 213-227, DOI 10.1090/crmp/038/10. MR2096147
Jiacheng Xia, Some cases of Kudla’s modularity conjecture for unitary Shimura va-
rieties, Forum Math. Sigma 10 (2022), Paper No. €37, 31, DOI 10.1017/fms.2022.26.
MR4436595

Wei Zhang, Modularity of generating functions of special cycles on Shimura varieties,
ProQuest LLC, Ann Arbor, MI, 2009. Thesis (Ph.D.)-Columbia University. MR2717745

TECHNISCHE UNIVERSITAT DARMSTADT, FACHBEREICH MATHEMATIK, D-64289 DARMSTADT,
GERMANY
Email address: bruinier@mathematik.tu-darmstadt.de

CHALMERS TEKNISKA HOGSKOLA OCH GOTEBORGS UNIVERSITET, INSTITUTIONEN FOR MATEM-
ATISKA VETENSKAPER, SE-412 96 GOTEBORG, SWEDEN
Email address: martin@raum-brothers.eu


https://mathscinet.ams.org/mathscinet-getitem?mr=656035
https://mathscinet.ams.org/mathscinet-getitem?mr=1427845
https://mathscinet.ams.org/mathscinet-getitem?mr=1491448
https://mathscinet.ams.org/mathscinet-getitem?mr=2083214
https://mathscinet.ams.org/mathscinet-getitem?mr=2928564
https://mathscinet.ams.org/mathscinet-getitem?mr=584625
https://mathscinet.ams.org/mathscinet-getitem?mr=3031888
https://mathscinet.ams.org/mathscinet-getitem?mr=407021
https://mathscinet.ams.org/mathscinet-getitem?mr=3433884
https://mathscinet.ams.org/mathscinet-getitem?mr=2096147
https://mathscinet.ams.org/mathscinet-getitem?mr=4436595
https://mathscinet.ams.org/mathscinet-getitem?mr=2717745

	1. Introduction
	2. Siegel modular varieties
	2.1. Boundary components
	2.2. The cylindrical topology
	2.3. The Satake compactification
	2.4. Siegel modular forms

	3. Formal Siegel modular forms
	3.1. Formal Fourier-Jacobi series
	3.2. Formal completion of the sheaf of modular forms
	3.3. Formal Siegel modular forms of cogenus 1

	4. Modularity of formal Siegel modular forms
	4.1. Affine covering numbers
	4.2. A special case of Raynaud’s Lefschetz Theorem
	4.3. Algebraization of formal Siegel modular forms
	4.4. The case of the paramodular group

	Acknowledgments
	References

