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A B S T R A C T

Designing a robot line includes the critical decision about the number of robots needed to carry out all the
tasks in the stations and their placement. Similarly, having a robot manipulator mounted on a mobile base,
such as an Automated Guided Vehicle (AGV), needs a careful choice of the base positions to minimize cycle
time for the operations. In this paper, we solve both the robot placement and the AGV positioning problems
by relating them to feature coverage applications, where the challenge is to place cameras (or other sensors)
to inspect all points on a workpiece for metrology tasks. These similarities allow us to design an efficient
divide&conquer-based algorithm which can be adapted to solve all three problems above, where finding the
minimum number of positions for sensors, AGVs and robots is crucial to reduce cycle time and costs.

The algorithm is divided in two parts: the first one is responsible for identifying candidate positions,
whereas the second solves a set covering problem. We show that these two parts can even be interlaced
to obtain high-quality solutions in short time.

A successful computational study has been carried out with both artificial instances and three industrial
scenarios, ranging from laser sensor inspection cells in the aerospace industry, to an automated cleaning room,
and ending with a stud welding station for automotive applications.

The results show that geometric and industrial tests, even accounting for kinematics and distance queries,
can be handled with high accuracy in reasonable computing time.
1. Introduction

The design of a workcell is a critical activity in many industrial
areas, see [1]. In the automotive industry, for example, where many
different car models are manufactured, the number and placement of
robots for joining operations is crucial for the cycle time of the produc-
tion line, see [2–4]. If one also accounts for limited space availability,
position uncertainty, and energy consumption [5], then it becomes
clear how important the layout design is, see Fig. 1(a).

In robotics curve following operations such as sealing, painting [6–
8], cutting, welding [9], additive manufacturing [10,11], the manip-
ulator’s Tool Center Point (TCP) often needs to have controlled speed
to achieve the best quality performance. This requirement constrains
the robot motion to avoid singularities along the entire operation and,
therefore, the initial robot base positioning is critical. Other processes
requiring a careful choice of the manipulator’s base include sheet
layup [12], trim in shoe production [13], cleaning [14], machining [15,
16] and processes in industry historically less prone to robotics, such
as construction [17,18].

Similar problems arise in many other sectors, where the placement
of the workpiece with respect to the machine/robot carrying out the
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operations on it affects feasibility, quality and throughput. These in-
clude inspection [19,20], grasping [21], pick-and-place [22,23], grit
blasting [24], and, lately, medical applications [25,26].

In this article we face the general problem of placing one or several
manipulators in a working cell, having as main goal to minimize the
number of locations to carry out all operations. The developed algo-
rithms can also be applied, with small adaptations, to robots mounted
on wheeled platforms.

Here is a brief outlook of the article. In the next section, we will
review some of the research done in the last 40 years. Section 3
outlines the contribution of this article, where the main algorithms are
described. Section 4 shows the computational studies we have carried
out to investigate the performance and limitations of the proposed
algorithms. Section 5 summarizes the article and presents future work
ideas.

2. Related work

Robot placement and feature coverage have been very active re-
search areas in the latest years. One of the pioneering works in the
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Fig. 1. Industrial scenarios where robot placement and inspection sensor location are relevant.
field is [27], where the authors use a manipulability index to rank
different poses in the manipulator’s workspace. Moreover, they also
check the kinematic feasibility of motions between poses corresponding
to consecutive tasks. Another early work, [28], aims to minimize cycle
time for a set of tasks, by moving the manipulator location. The study
is limited to a 2-dofs mechanism.

During the ’90s, the area grows, following the general trend focusing
on off-line programming for robot tasks. In [29] the authors improve
several kinematic quality criteria by using the Box method [30], which
does not require derivatives. Nelson and Donath improve their own
work in [27] with [31], where a gradient-based algorithm is used
to position the manipulator performing several tasks. To guide the
iterations, the method transforms the manipulability index gradient
w.r.t. the joint space, into a gradient w.r.t. the Cartesian space. Fed-
dema in [32] finds the optimal location for a manipulator to minimize
point-to-point motions time: the idea is to express the gradient of
the motion time w.r.t. the coordinates of the robot base and use it
in a steepest descent algorithm. Another impressive work is [33],
where the authors minimize cycle time for a set of tasks. In addition
to varying the base location for the manipulator, they also optimize
the order of tasks, given a base location, by solving the Generalized
Traveling Salesman Problem (GTSP), see [34]. In [35] the authors use
the Nelder–Mead [36] method to optimize the motion time by varying
the robot base location when the end-effector path is prescribed. A
breakthrough in the field, consisting in using collision avoidance on
complex CAD models was done in [37]. They use a path-planner and
a path-optimization algorithm to find collision-free paths for a robot,
given a base location. However, using a brute-force approach going
through all possible base locations and perform path planning from
scratch would require enormous amount of time to be a viable solution.
Therefore, they exploit ‘‘coherence’’ of the configuration space, by using
as starting path via-points for a new near base location, the one com-
posed by the same robot configurations as the previous computed path.
Another work computing possible base locations (in SE(2)) for complex
kinematic chains is [21]. Here, a precomputed inverse reachability
map is used together with a lazy collision check, even for human-like
kinematic objects.

Mitsi and al. [38] use a hybrid method consisting of Genetic Al-
gorithms (GA, [39]), quasi-Newton algorithm and constraints handling
method to optimize the manipulator base location, given the end-
effector poses. GAs are also used in [19,40,41]. In the latter, the
manipulator base location is optimized to minimize the velocity ratio
for a path-following task. The Response Surface Method is used in [42]
to approximate the cycle time as a function of the robot base location
2 
and optimizing it by standard optimization algorithms. In addition to
mounting a manipulator in a workcell, two similar problems are also
relevant in this work, which share most of the scientific methods listed
above:

• mobile manipulators, where robots/manipulators are mounted on
a moving platform, often wheeled;

• features coverage, where features such as inspection points or
surfaces have to be covered by sensors for metrology applications
(see Fig. 1(b)) or CAD modeling.

Mobile manipulators
A closely related problem is studied in [22], where a sequence

for the base positions of a dual-arm robot is optimized. Its appli-
cation comes from pick-and-place tasks for a robot positioned on a
wheeled vehicle. They use Branch-and-bound (B&B, [43]) combined
with Simulated Annealing (SA), [44], for the optimization part and
Quadratic Programming (QP, [45]) to find collision-free inverse kine-
matics solutions. Pick-and-place applications for a mobile manipulator
are also treated in [23]. The authors use a reachability database to
explore inverse kinematic solutions, while accounting for positioning
uncertainty and check for collisions in a separate step. A set covering
formulation is used to reduce the number of movements. Positioning
uncertainty is also treated in [17], with a related set covering model, for
construction applications. Similarly, the minimum number of platform
positions for a mobile robot is studied in [46], where GAs are used;
collision avoidance is tackled through approximating safe areas by
including equations in the general mathematical programming formu-
lation. Another work concerning mobile manipulators is [47]. Here, the
authors use a torus-based model of the robot workspace and apply their
method to a manipulator, whose base is able to move on a (2D) plane.
In [48], a task-oriented performance index is optimized by a large non-
linear programming model and solved through Sequential Quadratic
Programming (SQP, see [45]), also including collision avoidance. This
method, however, relies on the possibility to approximate geometries
by regular volumes to check whether they contain a point cloud or not.

In [9] the optimal placement of a robot is studied for welding
processes. The authors use a Particle Swarm Optimization (PSO, [49])
method combined with an approximation of collision avoidance con-
straints by an algebraic formulation.

An efficient library to optimize the base placement for manipula-
tors is presented in [50]. They compute the reachability map and an
efficient representation of it to guide the search, without, however,
considering general collision avoidance.
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Fig. 2. MGUDC instance 2(a) solved by uniform sampling 2(b) vs. additional intersection points 2(c).
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In [51] a convex programming approach is used and collision
avoidance is limited to situations that can be approximated by con-
vex functions. The same problem, in a dual perspective, is studied
in [52] where the workpiece placement is optimized. A non-linear
rogramming approach is also used in [8] for painting applications.
Feature coverage
Coverage path planning for robotics has been extensively stud-

ed, [53], related to several application areas, for example in scanning
nd 3D object reconstruction, such as [54–56], and [57]. In this article,
he focus lies in general viewpoint optimization where the sensors can
e moved by robots. Previous research identifying areas (or viewpoints)
o entirely cover the workpiece to be inspected, is [58,59], where the

minimum number of viewpoints is found, considering visibility, field
f view, resolution and focus. Combining viewpoint optimization with
ontrol on measurement uncertainty is done in [60], where both sam-
ling and the sequence of the resulting samples are optimized. In [61]
inimizing the number of viewpoints based on targetted areas, rather

han uniform or random sampling is proposed. Their work includes also
onstraints relative to the robot kinematics and collision avoidance.
he most recent work combining mobile manipulators and features
overage is [62]. The authors propose a genetic algorithm approach

to first optimize viewpoint quantity and their quality, then to assign
iewpoints to stations and plan their sequence.

The aforementioned studies address feature coverage and robot po-
itioning as distinct challenges. In contrast, we propose a unified model

that simultaneously addresses both tasks while incorporating collision-
free constraints at varying levels of complexity. Additionally, the pro-
posed method introduces a novel approach to enhancing accuracy and
completeness by generating problem-adapted grid samples.

3. Modeling and optimization

Modeling these problems may be done by first analyzing the Mini-
mum Geometric Unit Disk Cover (MGUDC) problem. It involves finding
he minimum number of unit disks (radius 1) required to cover a set of

points in the plane. This NP-hard problem, see [63], has applications
in areas like communication networks and facility location. While many
studies focus on approximation algorithms for large point sets [64,65],
we are interested in exact solutions for small to medium-sized instances.
We adopt a dual approach: given a set  , with | | = 𝑁 of unit disks,
find the smallest set of points  such that each disk 𝑓 ∈  contains at
least one point from  . See Fig. 2(a) for an example.

3.1. Rationale

The idea is to find all subsets 𝑖 of  where the corresponding disks
ave non-empty intersection, i.e. ⋂𝑓∈𝑖

𝑓 ≠ ∅. While the number of
such subsets can grow exponentially, we show that, in our applications,
his growth is manageable. This is the core idea from a combinatorial
tandpoint.

From a geometric perspective, we begin with a uniform grid of
points and associate each point with a subset, say  , of disks containing
𝑖 t

3 
it. The goal is to check if there are points outside the grid covering a
larger subset, say 𝑗 ⊃ 𝑖. Fig. 2(a) shows an instance of the MGUDC
problem with a uniform grid, and Fig. 2(b) shows an optimal solution
with 7 points. However, some disk intersections are missed by the grid,
nd adding a point (in blue) in these intersections improves the solution
rom 7 to 6 points, as shown in Fig. 2(c).

We combine these two points of view in the algorithm below.

3.2. The base algorithm, feature coverage

Here, we present an algorithm to find all candidate points to cover
a set of convex shapes in 3D, therefore even including the MGUDC
roblem. The main idea is to divide the search space in box-shaped
ells (rectangles in the 2D case) and to keep subdividing them until:

• a point intersecting a ‘‘maximal’’ subset is found, i.e. point 𝑝
representing cell 𝑞 is included in all shapes intersecting cell 𝑞 or

• a cell with a minimal predefined volume 𝑣𝑚𝑖𝑛 is reached.

We start by defining an empty set  of leaves, representing cells,
each one associated with a point 𝑝 and a set  ⊆  of convex shapes
(each one including 𝑝). The convexity assumption is needed in a step
of the proposed algorithm, see Section 3.2.3.
Algorithm 1 Feature Coverage
1:  ∶= ∅
2: Initialize  ⊳ Section 3.2.1
3: while  ≠ ∅ do
4: 𝑞 ∶= .pop()
5:  ∶= divide(𝑞) ⊳ Section 3.2.2
6: for 𝑠 ∈  do
7: 𝑠. ∶= findCovering(𝑠, ) ⊳ Section 3.2.3
8: if 𝑠. ≠ ∅ ∧ ¬.dominates(𝑠) then
9: 𝑠.𝑝 ∶= findIntersection(𝑠.) ⊳ Section 3.2.4

10: if 𝑠.𝑝 is found then ⊳ Section 3.2.5
11: .insert(𝑠)
12: else
13: .push(𝑠)
14: end if
15: end if
16: end for
7: end while

3.2.1. Queue initialization
A queue is used to process the cells. It is initialized at line 2, by

creating a coarse grid in the search space, adapting the cell size to the
roblem and having a maximum of 1000 cells at the beginning. Each

cell is also initialized by constructing its set  of covering shapes. If
 = ∅, then the cell is not pushed into the queue.

Several queue ordering strategies are possible, such as First In First
Out (FIFO), as well an ordering based on the size of the cell and on
he cardinality of . Our computational experience showed that a stack,
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Fig. 3. Cell subdivision and point in the intersection of two disks.
with its Last In First Out (LIFO) strategy, performs very well in practice.
However, more sophisticated strategies are possible, which prioritize
the search for a good solution based on how the search space is being
scanned.

3.2.2. Cell subdivision
At line 5 the current cell 𝑞 is processed and subdivided into smaller

ones, with a volume always larger than 𝑣𝑚𝑖𝑛. Also here, one can create
an oct-tree, or divide it in 2 or several sub-cells, see Fig. 3(a). Our
computational experience showed that dividing the cell along the two
largest cell axes lead to very good performances. This gives a set  of
sub-cells.

3.2.3. Finding shapes intersecting a cell
Each subcell 𝑠 ∈  needs to be evaluated. In particular, its intersect-

ing shapes have to be identified. This is an easy operation to perform
when we are in the two-dimensional space with disks as shapes and
rectangles as cells. However, our ambition is to be able to use the same
algorithm even in three dimensions and for general convex shapes.

Thanks to the convexity property, one could formulate this problem
as a mathematical programming model and solve it by general iterative
methods with good performance and guarantees. An example where the
convex shapes are spheres is the one below:

minimize 𝑔(𝑥) (1a)

s.t. ‖𝑥 − 𝑐‖2 ≤ 𝑟2 (1b)

𝑙 ≤ 𝑥 ≤ 𝑢 (1c)

𝑥 ∈ R3, (1d)

where 𝑐 is the center of the sphere and 𝑟 is its radius and 𝑙 , 𝑢 ∈ R3

are, respectively, the lower and upper bound vectors defining the axes-
aligned box. Note that the objective function 𝑔 can assume several
forms, depending on the goals one has. It can be a constant, to check
feasibility, or one can try to find a point closest to the center.

However, we found out that this approach is too slow in many tests.
Another disadvantage is that the convex shapes require an analytical
formulation, often with gradient expressions as well, therefore we have
implemented a faster geometrical algorithm, proposed in [66].

The basic idea is to iteratively generate candidate directions to
separate the two convex sets, until a decision can be taken. We exploit
the fact that we are not interested in finding a point in the intersection
but only in the decision version of the problem, i.e. whether they do
intersect or not. This is the strategy implementing the function al line
7, in the version run to generate all computational tests in this article,
see Section 4.
4 
3.2.4. Finding the shapes intersection
If  ≠ ∅ for the sub-cell 𝑠, then we start verifying that there is no

cell in  dominating 𝑠. A cell 𝑞 dominates another cell 𝑠 if 𝑠. ⊆ 𝑞 .
and therefore can 𝑠 be excluded from the search. Then, we try to find a
point 𝑝 in the cell 𝑠 such that 𝑝 ∈ 𝑓 ,∀𝑓 ∈ 𝑠.. In other words, we want
to find an intersection of all shapes in 𝑠., see Fig. 3(b).

The same example as problem (1) with the spheres, but accounting
for their intersection, can be written as:

minimize 𝑔(𝑥) (2a)

s.t. ‖𝑥 − 𝑐𝑓‖
2 ≤ 𝑟2𝑓 𝑓 ∈ 𝐹 (2b)

𝑙 ≤ 𝑥 ≤ 𝑢 (2c)

𝑥 ∈ R3 (2d)

where 𝐹 is the set of indices {1, 2,… , | |} of all shapes to be covered
(or robot tasks to be performed), and each sphere has center 𝑐𝑓 and
radius 𝑟𝑓 .

This approach has the same drawbacks as problem (1), i.e. requires
analytical formulation for convex shapes and is slow. Therefore, in
practice, it is more efficient to sample the cell and check if there are
points contained in all shapes. If this is not the case, the cell needs
further subdivision and is added to the queue (see line 13). This is
the strategy implemented the function at line 9, in the version run to
generate all computational tests in this article, see Section 4.

Note that the difference between the mathematical programming
approach and the approximation scheme is that in the first case com-
putational time is spent to solve the mathematical problem, whereas
the second case copes with approximation by refining the cell.

3.2.5. Update
If a common point to all shapes is found, then its corresponding

cell can be added to the set  of leaves. Also in this operation, we test
whether the newly inserted cell dominates some of the cells already
present. In this case, they are removed and replaced by the new cell.

So far, we have assumed that there is no impairment at all when
placing points in space to cover a feature. This might be true for some
applications where one neglects geometrical information. However,
we are here interested in feature coverage by a laser radar, which
needs to have free sight to the workpiece surface. Moreover, we are
also interested in robot applications where reachability and distance
requirements to the environment are critical.
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3.3. The enhanced algorithm

Accounting for these two requirements at the same time can be
one by adding the corresponding test, see line 16 in Algorithm 2,

when a leaf is found, i.e. when a point included in all intersecting
features is found. However, Algorithm 1 does not catch geometrical
information regarding the extra requirements, therefore one might end
up generating cells of minimum resolution, despite fulfilling the leaf
criterion. In this case, then, one tries to create candidates by retrieving
more information through the additional tests required, see line 7 in
Algorithm 2, which we name Enhanced Feature Coverage.
Algorithm 2 Enhanced Feature Coverage: distance queries and inverse
kinematics integration
1:  ∶= ∅
2: Initialize 
3: while  ≠ ∅ do
4: 𝑞 ∶= .pop()
5:  ∶= divide(𝑞)
6: if  = ∅ then
7: 𝑞 . ∶= findAllVisible(𝑞 .𝑝, )
8: if 𝑞 . ≠ ∅ ∧ ¬.dominates(𝑞) then
9: .insert(𝑞)
0: end if
1: end if
2: for 𝑠 ∈  do
3: 𝑠. ∶= findCovering(𝑠, )

14: if 𝑠. ≠ ∅ ∧ ¬.dominates(𝑠) then
15: 𝑠.𝑝 ∶= findIntersection(𝑠.)
16:  ∶= findAllVisible(𝑠.𝑝, )
17: if 𝑠.𝑝 is found ∧ 𝑠. ⊆  then
18: .insert(𝑠)
19: else
20: .push(𝑠)
21: end if
22: end if
23: end for
24: end while

The findAllVisible routine needs to be customized for each appli-
ation. In the case of feature coverage by a laser sensor, one needs
o check that the sensor geometry itself has no collision with the

environment and that the laser beam is collision-free as well. For
robot applications one needs to solve inverse kinematics and compute
distance w.r.t. the rest of the scene to guarantee the process clearance
equirements (see Fig. 4).

3.4. Set covering

When the queue is empty, it means there are no more cells left to
process. At this point, we have found all the relevant candidates needed
to cover all the features. Specifically, we have identified all the shapes,
denoted as the subset 𝑖, that intersect with each cell, and we have
verified whether all these shapes have at least one intersection point
within the cell. This ensures that no other cell (with a volume greater
than our threshold) exists that covers a subset of the shapes in  that
has not already been identified.

Since we are interested in finding the minimum number 𝑛∗ of
locations, one can formulate a set covering problem. By defining a set
𝐿 of leaf indices {1, 2,… , ||}, and a function 𝐶(𝑓 ) retrieving all leaf
indices 𝑖 ∈ 𝐿 covering feature 𝑓 ∈ 𝐹 , one can write it as

minimize
∑

𝑖∈𝐿
𝑥𝑖 (3a)

s.t.
∑

𝑖∈𝐶(𝑓 )
𝑥𝑖 ≥ 1 𝑓 ∈ 𝐹 (3b)
𝑥𝑖 ∈ {0, 1} 𝑖 ∈ 𝐿 (3c)

5 
The optimization step can also be used to terminate processing the
cells from the queue if one can prove that no other cell currently in
the queue will decrease the optimum value found so far. To do that,
we can keep track of an upper bound 𝑛 and a lower bound 𝑛 at each
iteration (𝑛 ≤ 𝑛∗ ≤ 𝑛). The upper bound can be computed as in Eq. (3)
with the current set of leaves. The lower bound is obtained in a similar

ay, by defining a set of indices 𝑄 = {|| + 1, || + 2,… , || + ||} for
he cells in the queue and a function 𝐺(𝑓 ) retrieving all indices 𝑖 ∈ 𝑄
orresponding to cells in  covering feature 𝑓 ∈ 𝐹 :

minimize
∑

𝑖∈𝐿∪𝑄
𝑥𝑖 (4a)

s.t.
∑

𝑖∈𝐶(𝑓 )∪𝐺(𝑓 )
𝑥𝑖 ≥ 1 𝑓 ∈ 𝐹 (4b)

𝑥𝑖 ∈ {0, 1} 𝑖 ∈ 𝐿 ∪𝑄 (4c)

The strategy adopted is to carry out the update of 𝑛 and 𝑛 once in
a while and to stop the algorithm if 𝑛 = 𝑛.

Keeping track of these bounds can also help us to obtain high-
quality solutions fast. Indeed, one can design the queue  in a way
o favor cells with a potential to decrease the current optimum 𝑛. So,
f a time limit is reached, then a good solution can still be retrieved.
oreover, if the current optimum has not been improved during many

terations, it is possible to switch to a queue pattern where cells with
 potential of increasing the lower bound are prioritized. We refer to
he algorithm where the set covering is solved along the iterations
s Algorithm 3 or Lazy Enhanced Feature Coverage, since we try to
erminate as soon as possible. In practice, this strategy allows to obtain
igh-quality solutions with a small gap to the optimum for instances
here distance queries become computationally heavy.

Note that, we strive to keep the queue size low, therefore the
roblem above is not very difficult to solve by general Integer Linear

Programming solvers, such as HiGHS, see [67]. If this is not the case,
one can relax the variables to be 𝑥𝑖 ∈ [0, 1]. This relaxation may produce
less tight lower bounds.

3.5. Implementation notes and speed-up

Reachability analysis for the robots, their inverse kinematics solu-
tions and distance computations are done by using built-in function-
lities in the robotics simulation software Industrial Path Solutions,
ee [68].

All the parts of the algorithm have been implemented in C++20,
ith extensive use of the C++ Standard Library and built with Microsoft
isual Studio.

The first improvement to the algorithm presented is to implement
the queue to support parallel threads running on it. This allows us to
process each cell from the queue in its own thread. The choice about
the maximum number of threads is machine dependent.

Another optimization that can be done is to carry out as first
istance computation for the children cells, the ones which resulted in
 collision for the parent cell. In case there is still collision, one does

not need to carry out tests for the remaining shapes, since the cells need
to be split anyway.

4. Computational results

In this Section we describe and report and results of the compu-
tational study we have performed to test the algorithm in different
scenarios. We have run:

• Algorithm 1, Feature Coverage, for instances without collision, see
Section 4.1;
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Fig. 4. The laser sensor needs to have free sight to the workpiece, i.e. the laser beam should be collision-free w.r.t. the environment.
Fig. 5. Candidates generation times (s) for MGUD instances of varying size, with randomly-positioned unit disks.
• Algorithm 2, Enhanced Feature Coverage, for instances where the
collision queries are very fast, see Section 4.2;

• Algorithm 3, Lazy Enhanced Feature Coverage, when distance
queries dominate the computation time, see Section 4.3.

We have highlighted in Section 2 that many similar approaches have
been proposed, each with its own twist: minimize energy, maximize
manipulability, process quality, etc. A common strategy to many works
is to discretize the search space, see [3,7,14,22], therefore we have
compared our proposed algorithms with a uniform discretization of the
search space, followed by the solution of a set covering problem.

All the experiments have been carried out on a desktop machine
running Windows 11, with an AMD Ryzen 9 3900X Twelve-Core Pro-
cessor 3.7 GHz and 32 GB of installed RAM.

4.1. Geometrical instances with no collisions

4.1.1. 2D: MGUDC
The first scenario is the MGUDC problem. Instances have been

generated by creating a 10 × 10 square with randomly positioned
6 
unit disks. The 𝑣𝑚𝑖𝑛 parameter, minimum cell area in these cases, has
been fixed to 1e−5 and 100 random instances have been generated for
50, 100, 200, 500, 1000, 2000 disks. The minimum, maximum and
average solving times for Algorithm 1 are illustrated in Fig. 5, whereas
HiGHS performance on the resulting set covering problems is depicted
in Fig. 6. Note that all these problem sizes can easily be managed
and the bottleneck, in terms of computing times, is represented by
finding the optimal solution to the set covering problem for very large
instances, with about a factor 10 difference w.r.t. the generation of
candidates.

4.1.2. 3D: Cones
In this scenario, we have created 427 inspection points needed to be

measured by a laser scanner with a given maximum angle between the
beam and the surface normal. This gives raise to 427 cones as shapes,
see Fig. 7, in this paper usually denoted as  . We compare the perfor-
mance of Algorithm 1, Feature Coverage against a brute-force approach
where the workspace is uniformly sampled, with the same resolution
as the minimum evaluated cell size in our algorithm. In Fig. 8(a) it is
possible to see the minimum number of locations needed to cover all
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Fig. 6. Solving times for resulting ILP, for MGUD instances of varying size, with randomly-positioned unit disks.

Fig. 7. 427 cone features placed on a car frame (hidden).

Fig. 8. Optima and candidates generation times (s) for the case with 427 cones and no visibility test. Negative number represents out of memory.
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Fig. 9. Optima and candidates generation times (s) for the sensor placement at Saab Aeronautics. Negative number represents out of memory.
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cones when varying resolution: due to the more sophisticated sampling
strategy the optimum found is always better or equal to the one for the
uniform sampling approach. Moreover, Fig. 8(b) shows running times
become more and more favorable when increasing the resolution. The
minimal cell volume results in an excessive number of samples, leading
to memory overflow.

4.2. Industrial case with ray-casting

4.2.1. What is the minimum number of sensor locations to cover all tasks?
This case consists of 413 inspection points distributed on an artefact

t Saab Aeronautics in Sweden to develop new metrology strategies,
ee Fig. 1(b) which also shows the 4 optimal sensor locations found.
ven in this case, the feature shapes input to the algorithms are cones,
ince the laser beam has measurement restrictions on the angle built

with the product surface. Algorithm 2 or Enhanced Feature Coverage has
been chosen to handle the extra-requirement for the laser beam, and no
lazy strategy is required due to the fast implementation for the collision
est and rare laser occlusion occurrence. Fig. 9(b) shows the computing

times to run it comparing it to a uniform sampling strategy, at different
resolutions. It is evident that our algorithm is able to evaluate less
ells and the effect is highlighted when the minimum cell allowed
ecomes smaller. Memory was not enough for uniform sampling and
𝑚𝑖𝑛 = 1.2𝑒 − 7. The minimum numbers of locations found by the two

algorithms are shown in Fig. 9(a).

4.3. Industrial case with distance queries

In the case of typical industrial manipulators with six degrees of
freedom, such as the robots analyzed in these industrial scenarios, their
workspace can be conservatively overestimated by a sphere. Conse-
uently, following the dual approach utilized throughout this paper,
he convex sets  are represented as spheres positioned at the locations
here the robot faceplate must be situated to perform the operations,

pecifically cleaning curve following and stud welding in this context.
ote, here, that the feature shape depends on the robot workspace and

he operation to be performed, thus it is not an exclusive property of the
rocess itself as in the previous cases. Moreover, the feature positioning
epends on the tool used since it defines the position and orientation

f the robot faceplate.

8 
4.3.1. Where should the AGV/positioner stop to perform all cleaning oper-
ations?

The proposed algorithm can also be used to determine the positions
of an AGV with a manipulator, which has also the possibility to be
aised vertically to increase reachability, see Fig. 10(a). The overesti-

mated robot workspace is depicted in Fig. 10(b) and centered at all
required 35 cleaning locations in Fig. 10(c).

Now, the collision queries start to become relevant, so we adopt the
lgorithm 3, Lazy Enhanced Feature Coverage, where the set covering is
olved once in a while during the generation of the candidates.

The optimal locations found are illustrated in Fig. 10(d) and the
comparison between the number of locations found by the proposed
algorithm and he uniform sampling is depicted in Fig. 11(a). Note that
this kind of application requires few locations with many possibilities,
therefore there is no differences between the optima found.

On the other hand, Fig. 11(b) shows the computing times to run it
n comparison to a uniform sampling strategy, at different resolutions.
his scenario shows the same trend as in Section 4.2 in favor of our

adaptive grid algorithm.

4.3.2. How many robots are needed to cover/carry out all stud welding
asks?

We have also studied the case where one needs to determine the
number of robots required to carry out 77 welding tasks on a body-in-
white, see Fig. 12(a). This scenario is challenging due to computation-
ally heavy distance queries because of the cluttered environment. The
overestimated robot workspace is depicted in Fig. 12(b) and centered
at all stud locations in Fig. 12(c). The solution found as an optimal one
is illustrated in Fig. 12(d).

The optima found between the two algorithms are the same, see
Fig. 13(a), and in Fig. 13(b) it is possible to see how the gain is not
s evident as for the previous scenarios. This is due to the fact that
he distance function is not caught or tried to be reconstructed along
he proposed algorithms. Moreover, the coexistence of multiple robots
equires more work to handle mutual collisions.

5. Discussion and future work

We have provided a divide&conquer algorithm to minimize the
umber of sensor/camera locations to inspect a set of features on a

workpiece. The algorithm has been generalized to tackle positioning of
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Fig. 10. Illustration of different aspects of the cleaning station application.

Fig. 11. Optima and candidates generation times (s) for the cleaning station application.
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Fig. 12. Illustration of different aspects of the stud welding station application.

Fig. 13. Stud welding application in the automotive industry with 77 welding tasks on body-in-white.
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mobile manipulators and deciding the number of robots needed to carry
out a set of operations in a station. Computational experiments have
proven the algorithm to be efficient in handling cases where collisions
are not very relevant in the application, whereas for high-cluttered
scenarios we have introduced an optimization loop to save computing
time. Several speed-up strategies have been presented, however the
generalized problem still presents some challenges.

The critical performance criterion is cycle time, which is also in-
luenced by how the set of operations is distributed among the robots.
ixing the robot locations and optimizing robot loads, task sequences
nd robot motions can already be efficiently solved today, see [69–71].

However, simultaneously optimizing robot positions and load balancing
is challenging and is a topic for future research.

Another important mechanism is the proof of optimality run through
ut the algorithm to stop computations. More sophisticated approaches
ay be devised, which will be investigated in the near future.

In summary, the current algorithm solves three closely related prob-
lems and can already be integrated in CAx software to solve industrial
ases from design to manufacturing/inspection planning, contributing
o cut costs, reduce cycle time and improve measurement robustness.
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