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A B S T R A C T

Predicting railhead damage due to multiple wheel passes in railway operations can be com-
putationally demanding, especially when accounting for the rail’s inelastic material response.
In this paper, we use a steady-state assumption within a convective coordinate system and
employ Reduced-Order Modeling (ROM) through the Proper Generalized Decomposition (PGD)
method to increase the computational efficiency. Our approach solves a nonlinear reduced-
order problem for the displacements in a 3D railhead with elastic–plastic material properties
considering various contact scenarios. The ROM framework includes domain decomposition
and a parametric loading framework using PGD. It accounts for the elastic–plastic rail material
through three key features: (1) treatment of the moving load under the assumption of steady
state, by using a convective coordinate system along the railhead to convert the problem into a
stationary contact load problem, (2) implementation of PGD to solve the 3D displacement field
efficiently, and (3) use of fixed-point iterations to treat the coupling for solving plastic strains
and displacements. In this iterative process, plastic strains are solved from displacements, and
displacements are solved based on a loading scenario and updated plastic strains. The accuracy
and computational efficiency are assessed by comparing our strategy with 3D finite element
simulations for moving contact loads. The results show convergence with only a few fixed-point
iterations for each over rolling, which results in a solution that is 63 times faster. This efficiency
is crucial for assessing the accumulated plastic deformation from multiple wheel passes.

1. Introduction

The contact between the wheel and the rail in railway operations results in high contact stresses, causing wear and plastic
deformation to accumulate at the rail surface. Over time, with many wheel passes, this cumulative effect can lead to changes in the
rail geometry, as well as the formation and propagation of cracks. Therefore, effective maintenance strategies are essential to prevent
rail failure and extend the life of the rail. Additionally, minimizing service disruptions, ensuring operational safety, and reducing
costs are crucial. Numerical computations offer a promising approach for predicting rail damage, which can optimize maintenance
procedures.

Previous work [1–5] has proposed a methodology to compute long-term railhead surface damage. The approach involves a
series of steps applied in repetition: (1) For a given traffic scenario, multibody simulations of dynamic vehicle-track interactions are
computed to provide information about the position and the magnitude of the contact load. (2) The wheel-rail contact in the normal
direction is analyzed to understand the elastic–plastic behavior under load. (3) Cumulative damage is evaluated by considering both
plasticity and surface wear. The framework also predicts surface rolling contact fatigue. (4) Finally, the railhead profile is updated
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from accumulative wear and plasticity. To accelerate the framework, the second step utilizes a metamodel to evaluate the elastic–
plastic contact, and the third step limits the elastic–plastic computation to a 2D analysis, which does not fully capture the complexity
of railhead behavior under contact.

To address the limitations of the two-dimensional analysis, we propose transitioning to a more comprehensive 3D description
of elastic–plastic computation. This transition allows for a more accurate representation of phenomena such as contact stress
distribution, Poisson’s effects in the railhead, and longitudinal stress propagation due to frictional contact. However, traditional
3D Finite Element (FE) methods for solving elastic–plastic wheel-rail contact under a moving contact load are computationally
demanding for each wheel pass. This method has been extensively used in works such as [6–10].

Traditional 3D Finite Element (FE) simulations are typically performed in a Lagrangian frame 𝒙0 = (𝑥0, 𝑦0, 𝑧0) as shown in Fig. 1a.
These simulations require numerous time steps 𝑡 to model the moving contact load 𝒕 along the railhead. Also, a fine discretization
near the contact area (illustrated in blue in the Figure), with a contact location that can shift depending on the contact scenario, is
crucial to capture the material response accurately. This fine discretization is required for the entire length of the railhead since the
contact load moves along the railhead. Moreover, achieving a stable solution and mitigating boundary effects associated with the
contact load rolling over the railhead’s edge requires considering a long railhead section. As a result, evaluations are limited to a
specific region of interest (shown in the Figure), since including the unloaded part or accounting for boundary effects would result
in inaccurate results. All of these factors extend the simulation times, whereby many over rollings are rarely considered.

Fig. 1. Comparison of moving surface traction 𝒕 in (a) the Lagrangian frame 𝒙0 = (𝑥0 , 𝑦0 , 𝑧0), which requires a longer railhead and multiple time steps 𝑡, and (b)
the convective coordinate system 𝒙 = (𝑥, 𝑦, 𝑧), which simplifies the problem to a stationary one. Material flows in from the right boundary and out from the left.
The blue region illustrates where a fine discretization is necessary. (For interpretation of the references to color in this figure legend, the reader is referred to
the web version of this article.)

A convective coordinate system 𝒙 = (𝑥, 𝑦, 𝑧) and assuming steady state can be used to address the computational challenges
with traditional 3D FE simulations, as shown in Fig. 1b. This has been demonstrated in [11–15] for rails and pavement structures
under an applied contact load and in [16–22] for both bodies in rolling contact. The convective coordinate system moves with the
velocity of the contact load through space. As a result, the contact load becomes stationary and the material response becomes time
independent, expressed in terms of spatial variation instead. Thus, each wheel pass can be solved from a single load increment,
resulting in lower computational costs. Moreover, it requires a fine mesh (illustrated in blue in the Figure) only at the contact area,
and a shorter railhead section can be discretized compared to the Lagrangian approach.

Incorporating nonlinear rail material behavior in the convective coordinate system can lead to issues since the material is not
fixed to the FE mesh. It can result in large computations because of the coupling between material tangents and displacements, and
potential asymmetry in the stiffness matrix. This can be solved by tracking the material history at each integration point along the
streamlines within the FE mesh to update the state variables, as done in previous studies [11–13,22,23]. It involves reading the
material history of the prior integration point upwind. Fig. 1b shows how the material flows in at the right boundary, travels along
the streamline, and flows out at the left boundary.

The computational complexity can also be reduced by implementing a Reduced-Order Model (ROM), e.g., the Proper Generalized
Decomposition (PGD) method [24–26]. This method is useful for applications such as parametric modeling [27–33] and high-
dimensional problems [24,25,34,35]. In our previous work [36], we used PGD to efficiently solve the displacement field. There,
we demonstrated the ability to accurately predict the elastic response of the railhead in various contact load scenarios using PGD.
Specifically, the PGD model includes a domain decomposition of the 3D solid railhead considering a two-dimensional in-plane
cross-section 𝒚 = (𝑦, 𝑧) and a one-dimensional out-of-plane discretization 𝑥 as parameters in the PGD approximation. This domain
decomposition, as proposed by [30,37,38], allows the the fully 3D displacement field 𝒖(𝒚, 𝑥) to be approximated as a finite sum of
unknown functions 𝒀 𝑛 (vectorial, 3D) and 𝑋𝑛 (scalar), respectively, as

𝒖(𝒚, 𝑥) ≈
𝑁
∑

𝒀 𝑛(𝒚) 𝑋𝑛(𝑥), (1)
2

𝑛=1
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enriching the solution iteratively. Furthermore, the distributed contact load can be parameterized and incorporated as additional
coordinates in the PGD formulation. The load, predicted from dynamic vehicle-track simulations, is described using a semi- Hertzian
contact [39,40]. By incorporating this approach, numerous contact scenarios can be accommodated effectively while maintaining
computational efficiency comparable to that of two-dimensional methods.

In this work, we propose a ROM framework to efficiently address the evolving plasticity in a railhead by expanding on the
PGD model developed in [36]. This approach incorporates three key components: (1) assuming a steady state of the moving
contact load within the convective coordinate system to simplify the problem to a stationary contact problem, (2) implementing an
iterative scheme to manage the coupling between the displacement field and plastic strain, and (3) using the PGD method with a
domain decomposition outlined in [36] to solve the displacement field efficiently. Moreover, parallel processing for plastic strain
computations speeds up the computation by treating each integration point in the cross-section independently.

The present study examines different Hertzian contact pressures [41] for our proposed ROM. Our results for one and multiple over
rollings are validated against results from a moving contact load analysis solved using 3D finite elements in commercial software.
In addition, the evolving plasticity of the railhead is investigated given a load collective.

2. Problem description - 3D elastic–plastic solid railhead analysis

We shall analyze the straight 3D solid railhead section shown in Fig. 2. The railhead material is modeled as elastic–plastic, with
a focus on studying the effects of evolving plasticity for a moving contact load. The load is represented as a distributed surface
pressure that moves with the velocity 𝒗̄. The analysis assumes a small deformation framework. We want to evaluate state variables,
such as plastic strains 𝝐p, and the displacement field 𝒖 within the railhead. The simulations will consider steady-state conditions
of moving contact loads and deal with the coupling to solve the displacement field and plastic strain with an iterative scheme,
which will be elaborated on in later sections. The PGD method is used to compute the displacement field efficiently. The study will
consider both single over rolling events and multiple passes over the rail.

Fig. 2. A 3D railhead section 𝛺0 with a Hertzian [41] surface pressure 𝒒 = (𝑠, 𝑎, 𝑏, 𝑝n , 𝑝t , 𝑝x) moving along 𝛤N,0, positioned at 𝑠 with semi-axes 𝑎 and 𝑏. The
maximum tractions 𝑝n, 𝑝t , and 𝑝x act in the directions 𝒆n, 𝒆t and 𝒆x, defined locally from the contact center. The displacements are fixed at 𝛤D,0. The cross-section
coordinates are 𝒚0 = (𝑦0 , 𝑧0) ∈ 𝛺̂, while 𝑥0 ∈ (−∞,∞) is the out-of-plane coordinate.

2.1. Momentum balance

To describe the mechanical response of the infinitely long railhead within the domain 𝛺0 shown in Fig. 2, we consider the balance
of linear momentum under the assumption of quasi-static loading conditions. Neglecting body forces, the governing equation reads

−𝝈 ⋅ 𝛁0 = 𝟎 in 𝛺0 ∶= 𝛺̂ × (−∞,∞), (2a)

𝒖 = 𝟎 on 𝛤D,0 ∶= 𝛤D × (−∞,∞), (2b)

𝝈 ⋅ 𝒏 = 𝒕 (𝒒; 𝒚0, 𝑥0 − 𝑣̄𝑡) on 𝛤N,0 ∶= 𝛤N × (−∞,∞). (2c)

Here, 𝝈 denotes the Cauchy stress tensor and 𝒏 is the outward normal to the surface. The del operator 𝛁0, related to the fixed
coordinate system 𝒙0 = (𝑥0, 𝑦0, 𝑧0), is defined as 𝛁0 = 𝜕𝒆x∕𝜕 𝑥0+𝜕𝒆y∕𝜕 𝑦0+𝜕𝒆z∕𝜕 𝑧0 with 𝒆x, 𝒆y and 𝒆z being the local unit base vectors
aligned with the railhead profile in the center of the contact load (see Fig. 2). Displacements are fixed at the bottom of the railhead
𝛤D,0, while distributed surface traction 𝒕 is applied on the surface 𝛤N,0. The traction is assumed stationary, centered around 𝒙0 = 𝒗̄𝑡
with the velocity 𝒗̄ = 𝑣̄𝒆x, and is parametric by some load scenario 𝒒, e.g., a Hertzian pressure distribution [41]. The cross-section
of the railhead reads 𝒚 = (𝑦 , 𝑧 ) ∈ 𝛺̂ and the out-of-plane coordinate 𝑥 ∈ (−∞,∞).
3
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2.2. Constitutive relations of elasto-plasticity

To capture ratcheting in rail material under multiple over rollings, we use the Ohno–Wang model [42], which incorporates
linear isotropic elasticity and nonlinear kinematic hardening. An overview of the constitutive model is provided in this Section, for
 detailed description, refer to [43].

In the small deformation framework, we consider the constitutive relations of isotropic plasticity as

𝝈 = 𝗘 ∶ 𝝐e, 𝝐e = 𝝐 − 𝝐p, (3)

with the strain tensor 𝝐 being related to the displacement 𝒖 as 𝝐[𝒖] = 1∕2 ([∇0 ⊗ 𝒖] + [∇0 ⊗ 𝒖]T) and can be separated into its elastic
component 𝝐e and plastic component 𝝐p. The 4th order constant elasticity tensor is defined as 𝗘 = 2𝐺𝗜 + 𝐾b𝑰 ⊗ 𝑰 , where 𝗜 and 𝑰
are the 4t h and 2nd order identity tensors, respectively, and 𝐺 and 𝐾b are the shear and bulk modulus, respectively.

The von Mises yield function 𝛷 is adopted and can be expressed as

𝛷 = 𝜎r ede − 𝜎y , 𝜎r ede ∶=
√

3
2
|𝝈red

|, 𝝈red = 𝝈dev − 𝜶, (4)

where the stress tensor 𝝈 is divided into its volumetric 𝝈vol = 𝑰 ∶ 𝝈 and deviatoric part 𝝈dev = 𝝈 − 𝝈vol∕3𝑰 . Furthermore, 𝜎r ede is the
effective (reduced) stress, 𝜎y is the yield limit, and 𝜶 =

∑𝑛b
𝑖=1 𝜶

𝑖 is the sum of all 𝑛b back-stresses due to kinematic hardening.
The plastic flow rule and the kinematic hardening evolution rule governing the plastic strain ̇𝝐p and back stresses 𝜶̇𝑖 for

𝑖 = (1,… , 𝑛b) are given by

𝝐̇p = 𝜆𝝂, 𝝂 = 𝜕 𝛷
𝜕 𝝈

= 3
2𝜎r ede

𝝈dev, 𝝐p(𝒚0, 𝑥0, 0) = 𝝐p0(𝒚0, 𝑥0), (5a)

𝜶̇𝑖 = 2
3
𝐶𝑖 ̇𝝐p −

𝛾𝑚𝑖+1
𝑖

𝐶𝑚𝑖
𝑖

𝛼𝑖,𝑚𝑖
e < ̇𝝐p ∶ 𝜶𝑖 > 𝜶𝑖

𝛼𝑖e
, 𝛼𝑖e ∶=

√

3
2
|𝜶𝒊

|, 𝜶𝑖(𝒚0, 𝑥0, 0) = 𝜶𝑖
0(𝒚0, 𝑥0), (5b)

where 𝐶𝑖, 𝛾𝑖 and 𝑚𝑖 are material parameters, and 𝝐p0(𝒚0, 𝑥0) and 𝜶𝑖
0(𝒚0, 𝑥0) are initial conditions defined at time 𝑡 = 0. The plastic

ultiplier 𝜆 is determined from the Kuhn–Tucker loading/unloading conditions

𝛷(𝝈,𝜶) ≤ 0, 𝜆 ≥ 0, 𝜆 𝛷(𝝈,𝜶) = 0. (6)

3. Steady state for moving contact loads - 3D elastic–plastic analysis

Handling moving loads in a fixed coordinate system for 3D FE elastic–plastic analyzes is computationally demanding, since it
requires many time increments. Using a convective coordinate system that moves with the load, the contact load is regarded as
fixed in space with rail material in motion, as shown in Fig. 3. Furthermore, considering the steady-state solution, the deformations,
stresses, and strains are independent of time. In particular, this allows for spatial integration of the evolution rules without
consideration of time increments, reducing computational costs.

3.1. Kinematics

A convective coordinate system 𝒙 = (𝑥, 𝑦, 𝑧) is introduced to describe the material points in the region 𝛺 in Fig. 3. Upon assuming
steady-state conditions in this frame, it is defined by

𝒙 = 𝒙0 − 𝒗̄𝑡, (7)

where 𝒗̄ = 𝑣̄𝒆x is the constant material velocity. Thus, the coordinate 𝑥(𝑥0, 𝑡) = 𝑥0 − 𝑣̄𝑡 is time dependent, while the coordinates
𝑦 = 𝑦0 and 𝑧 = 𝑧0 remain constant. The origin of the coordinate system is placed in the center of the load as seen in Fig. 3.

For any field quantity 𝒇 (𝒙, 𝑡) linked to the material, the spatial derivative transformation from 𝒙0 to 𝒙 reads
𝜕 𝒇
𝜕 𝒙0

|

|

|

|𝑡
=

𝜕 𝒇
𝜕 𝒙

|

|

|

|𝑡
⋅
𝜕 𝒙
𝜕 𝒙0

|

|

|

|𝑡
=

𝜕 𝒇
𝜕 𝒙

, (8)

where the identity 𝜕𝒙∕𝜕𝒙0 = 𝑰 was used. Similarly, the time material derivative is
𝒇̇ =

𝜕 𝒇
𝜕 𝑡

|

|

|

|𝒙0
=

𝜕 𝒇
𝜕 𝑡

|

|

|

|𝒙
+

𝜕 𝒇
𝜕 𝒙

|

|

|

|𝑡
⋅
𝜕𝒙
𝜕 𝑡

|

|

|

|𝒙0
. (9)

This expression can be simplified by considering the steady-state assumption, which implies that the time dependence of 𝒇 vanishes,
i.e., 𝜕 𝒇∕𝜕 𝑡|𝒙 = 𝟎. Additionally, using the transformation in (7), 𝜕𝒙∕𝜕 𝑡|𝒙0 = −𝑣̄𝒆x. Substituting these simplifications into (9) we
btain:

𝒇̇ = −𝑣̄ 𝒆x ⋅
𝜕 𝒇
𝜕 𝒙

= −𝑣̄ 𝜕 𝒇
𝜕 𝑥 . (10)

Thus, the time derivative in the Lagrangian frame is replaced by a spatial derivative in the convective coordinate system scaled by
the negative velocity.
4
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Fig. 3. Convective coordinate system 𝒙 = (𝑥, 𝑦, 𝑧) moving with the contact load at constant speed 𝒗̄ = 𝑣̄𝒆x. The boundaries of the interval 𝐼x = [−𝑑∕2, 𝑑∕2] define
the inflow and outflow of the state variables: 𝝐pin(𝒚), 𝜶

𝑖
in(𝒚), 𝝐

p
out (𝒚) and 𝜶𝑖

out (𝒚).

3.2. Momentum balance

The momentum balance (2) is adapted to the convective coordinate system 𝒙, and will read

−𝝈 ⋅ 𝛁 = 𝟎 in 𝛺 ∶= 𝛺̂ × 𝐼x, (11a)

𝒖 = 𝟎 on 𝛤D ∶= 𝛤D × 𝐼x, (11b)

𝝈 ⋅ 𝒏 = 𝒕(𝒒; 𝒚, 𝑥) on 𝛤N ∶= 𝛤N × 𝐼x. (11c)

The transformation in (7) is used and the del operator 𝛁 =
(

𝜕𝒆x∕𝜕 𝑥 + 𝜕𝒆y∕𝜕 𝑦 + 𝜕𝒆z∕𝜕 𝑧
)

is defined based on the relation (8).
Furthermore, the interval 𝐼x = [−𝑑∕2, 𝑑∕2] related to the 𝑥-variable is introduced in Fig. 3. The length parameter 𝑑 represents
the domain of influence to justify the far-field approximation that the boundaries 𝑥 = ±𝑑∕2 in the normal direction 𝒏 = ±𝒆x are
stress-free, i.e.,

𝝈(𝒚,±𝑑∕2) ⋅ 𝒆x = 𝟎. (12)

The weak form of (11) is derived by multiplying (11) with an arbitrary test function 𝛿𝒖, integrating over the region 𝛺, and using
the small strain constitutive relation (3). The resulting problem reads as follows: Find the displacement field 𝒖 ∈ U such that

𝑎(𝒖, 𝛿𝒖) − 𝑏(𝝐p, 𝛿𝒖) = 𝑙(𝒒; 𝛿𝒖) ∀𝛿𝒖 ∈ U, (13)

where

𝑎(𝒖, 𝛿𝒖) = ∫𝛺
𝝐[𝛿𝒖] ∶ 𝗘 ∶ 𝝐[𝒖] d𝛺 , (14a)

𝑏(𝝐p, 𝛿𝒖) = ∫𝛺
𝝐[𝛿𝒖] ∶ 𝗘 ∶ 𝝐p d𝛺 , (14b)

𝑙(𝒒; 𝛿𝒖) = ∫𝛤N
𝒕(𝒒; 𝒚, 𝑥) ⋅ 𝛿𝒖 d𝛤 . (14c)

Here, the trial function space is defined as U ∶= {𝒗 ∈ [H1(𝛺)]3 ∶ 𝒗 = 𝟎 on 𝛤D}, where H1(𝛺) is the space of functions on 𝛺 with
quare-integrable derivatives of order zero and one.

3.3. Stationary convected formulation of plasticity

Steady-state conditions are assumed as outlined in (10) to handle the material-time derivatives of the evolution rules in (5).
Thereby, the material-time derivatives are transformed into spatial derivatives along the 𝑥-axis as

𝝐̇p = 𝜕𝝐p
𝜕 𝑡

|

|

|

|𝑥0
= −𝑣̄ 𝜕 𝝐p

𝜕 𝑥 , 𝜶̇𝑖 = 𝜕𝜶𝑖

𝜕 𝑡
|

|

|

|𝑥0
= −𝑣̄ 𝜕 𝜶𝑖

𝜕 𝑥 , (15)

Hence, we obtain the constitutive relations as

−𝑣̄ 𝜕 𝝐p
𝜕 𝑥 = 𝜆𝝂, 𝝐p(𝒚, 𝑑∕2) = 𝝐pin(𝒚), (16a)

−𝑣̄ 𝜕 𝜶𝑖

𝜕 𝑥 = 2
3
𝐶𝑖𝜆𝝂 −

𝛾𝑚𝑖+1
𝑖

𝐶𝑚𝑖
𝑖

𝛼𝑖,𝑚𝑖
e < 𝜆𝝂 ∶ 𝜶𝑖 > 𝜶𝑖

𝛼𝑖e
, 𝜶𝑖(𝒚, 𝑑∕2) = 𝜶𝑖

in(𝒚), (16b)
5

𝛷(𝝈,𝜶) ≤ 0, 𝜆 ≥ 0, 𝜆 𝛷(𝝈,𝜶) = 0. (16c)
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Here, 𝝐pin(𝒚) and 𝜶𝑖
in(𝒚) define the initial conditions at the inflow boundary 𝑥 = 𝑑∕2 (see Fig. 3). As the material particles travel

from the inflow to the outflow boundary along the material streamlines, the state variables are updated according to (16). We now
consider the case of multiple load passages. Upon reaching the outflow boundary 𝑥 = −𝑑∕2, the plastic strain and back stress have
evolved as

𝑙𝝐pout (𝒚) = 𝝐p(𝒚,−𝑑∕2), 𝑙𝜶𝑖
out (𝒚) = 𝜶𝑖(𝒚,−𝑑∕2), (17)

where 𝑙 denotes each over rolling event, with the contact load parameters denoted as 𝒒 = 𝑙𝒒.
To simulate multiple over rolling, the outflow values serve as the initial conditions for the next loading cycle. This ensures that

the residual effects of the previous over rolling persist, such that 𝝐pin =
𝑙−1𝝐pout and 𝜶𝑖

in =
𝑙−1𝜶𝑖

out . For the first over rolling (𝑙 = 1), the
plastic strain and back-stress are initialized to zero: 𝝐pin = 𝟎 and 𝜶𝑖

in = 𝟎.

4. Reduced-order model

This section presents a ROM framework designed to solve the 3D displacement field for evolving plasticity efficiently. The
ramework focuses on separating displacements into elastic and plastic contributions, allowing for independent analysis. It uses the
GD method to decompose the spatial domain to reduce the complexity of the problem. State variables are updated from previous
ntegration points along the streamline of the FE mesh, utilizing spatial variation rather than time derivatives, which additionally
acilitates parallel computation. A fixed-point algorithm is used to manage the coupling between plastic strains and displacements.
hese strategies improve the computational efficiency and are elaborated on in the following Sections.

4.1. Preliminaries

The linearity of the weak form in (13) allows us to decompose the total displacement field 𝒖 into two contributions: the elastic
displacement 𝒖e and the permanent deformation 𝒖p. This separation is expressed as

𝒖 = 𝒖e[𝒒] + 𝒖p[𝝐p]. (18)

Here, 𝒖e[𝒒] = 𝒖e ∈ U represents the displacement field under a given loading scenario 𝒒 while 𝒖p[𝝐p] = 𝒖p ∈ U characterizes the
displacement field arising from plastic strains 𝝐p. By decoupling these contributions, each component can be solved independently,
leading to two equations of (13) as

𝑎(𝒖e, 𝛿𝒖) = 𝑙(𝒒; 𝛿𝒖) ∀𝛿𝒖 ∈ U, (19a)

𝑎(𝒖p, 𝛿𝒖) = 𝑏(𝝐p, 𝛿𝒖) ∀𝛿𝒖 ∈ U. (19b)

This separation simplifies the analysis.

4.2. Displacement field - PGD approximation

Solving for the displacement field in 3D is computationally expensive. To address this, the PGD method is used. In this case, PGD
s used for a spatial domain decomposition (𝒚, 𝑥). Thus, the 3D deformations are divided into simpler in-plane 𝒚 = (𝑦, 𝑧) ∈ 𝛺̂ and
ut-of-plane 𝑥 ∈ 𝐼x components. This approach has been extensively discussed in solving the linear elastic problem in our previous
ork [36], represented by 𝒖e in (19a). In that paper, it was demonstrated how the PGD approximation can be extended to also

include a large number of load parameters for complex loading. In what follows, we describe how this domain decomposition is
used to solve for the permanent deformation 𝒖p in (19b), applying the same PGD methodology.

The separated representation of 𝒖p with respect to 𝒚 and 𝑥 is expressed as

𝒖p(𝒚, 𝑥) ≈ 𝒖PGD𝑁 (𝒚, 𝑥) =
𝑁
∑

𝑛=1
𝒀 𝑛(𝒚) 𝑋𝑛(𝑥), (20)

where the approximation 𝒖PGD𝑁 (𝒚, 𝑥) improves as 𝑁 increases. Here, 𝒀 𝑛(𝒚) and 𝑋𝑛(𝑥) represent the unknown separated functions for
he 𝑛th mode and depend on the parameters in plane 𝒚 and out-of-plane 𝑥, respectively.

Assuming the first 𝑁 − 1 terms have already been computed, we seek to enrich the PGD solution by computing the modes
𝑁 (𝒚) ∈ Y and 𝑋𝑁 (𝑥) ∈ X

𝒖PGD𝑁 (𝒚, 𝑥) = 𝒖PGD𝑁−1(𝒚, 𝑥) + 𝒀 𝑁 (𝒚) 𝑋𝑁 (𝑥), 𝒖PGD𝑁−1(𝒚, 𝑥) =
𝑁−1
∑

𝑛=1
𝒀 𝑛(𝒚) 𝑋𝑛(𝑥), (21)

where Y and X are the function spaces defined as

Y ∶= {𝒗 ∈ [H1(𝛺̂)]3, ∶ 𝒗 = 𝟎 on 𝛤D}, X ∶= H1(𝐼x), (22)

Also, we note that any product 𝒀 𝑛𝑋𝑛 ∈ U.
The representation of 𝑎(𝒖p, 𝛿𝒖) and 𝑏(𝝐p, 𝛿𝒖) from (13), (14) and (19b) is separated as

𝑎(𝒖p, 𝛿𝒖) = 𝝐[𝛿𝒖] ∶ 𝗘 ∶ 𝝐[𝒖p] d𝛺̂ d𝑥, 𝑏(𝝐p, 𝛿𝒖) = 𝝐[𝛿𝒖] ∶ 𝗘 ∶ 𝝐p d𝛺̂ d𝑥. (23)
6
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with constrained displacements at 𝛤D.
The Galerkin method is used to establish the equations for determining the modes 𝒀 𝑁 and 𝑋𝑁 with 𝛿𝒖(𝒚, 𝑥) = 𝛿𝒖PGD(𝒚, 𝑥) =

𝛿𝒀 (𝒚) 𝑋𝑁 (𝑥) + 𝒀 𝑁 (𝒚) 𝛿 𝑋(𝑥) for 𝛿𝒀 , 𝛿 𝑋 ∈ Y × X. Thus, inserting the PGD approximation (20) into (19b) we obtain the problem of
eeking 𝒀 𝑁 , 𝑋𝑁 ∈ Y × X such that

𝑎(𝒀 𝑁𝑋𝑁 , 𝛿𝒀𝑋𝑁 ) = 𝑏(𝝐p, 𝛿𝒀𝑋𝑁 ) − 𝑎(𝒖PGD𝑁−1, 𝛿𝒀𝑋𝑁 ) ∀𝛿𝒀 ∈ Y, (24a)

𝑎(𝒀 𝑁𝑋𝑁 , 𝒀 𝑁 𝛿 𝑋) = 𝑏(𝝐p, 𝒀 𝑁 𝛿 𝑋) − 𝑎(𝒖PGD𝑁−1, 𝒀 𝑁 𝛿 𝑋) ∀𝛿 𝑋 ∈ X. (24b)

Finally, the strain can be separated as

𝝐[𝒖PGD(𝒚, 𝑥)] =
𝑁
∑

𝑛=1
𝝐̂[𝒀 𝑛(𝒚)] 𝑋𝑛(𝑥) + 𝝐X[𝒀 𝑛(𝒚)]

𝑑 𝑋𝑛(𝑥)
𝑑 𝑥 , (25)

where 𝝐̂[𝒀 (𝒚)] ∶= [𝒀 (𝒚)⊗ ∇̂]sy m, 𝝐X[𝒀 (𝒚)] ∶= [𝒀 (𝒚)⊗ 𝒆x]sy m and ∇̂ = [𝑰 − 𝒆x ⊗ 𝒆x] is the projection of the in-plane gradient ∇. This
eparation allows us to solve a 2D and 1D problem separately instead of the full 3D problem. A more detailed description of the
eparated representation and the matrix structure of the problem is presented in Appendix A.

4.3. Integration of flow rule and back stresses along streamlines

In order to integrate the evolution rules in (16), spatial integration is considered along the streamlines for each given
displacement field 𝒖. In the prismatic mesh, the streamlines 𝑘 = (1, 2,… , 𝐾𝛺̂) are defined through the quadrature points 𝒚𝑘 in
the cross section 𝛺̂. Each streamline in the out-of-plane interval 𝐼x is discretized into 𝑁 discrete points, 𝑥1 > 𝑥2 > ⋯ > 𝑥𝑁 , where
each point corresponds to a Gauss point pertinent to the finite element discretization of 𝐼𝑥. The integration points are defined from
the right as shown in Fig. 4. In addition, 𝑥0 = 𝑑∕2 corresponds to the inlet boundary condition, 𝝐pin and 𝜶𝑖

in, and the outlet values,
𝝐pout and 𝜶𝑖

out , are extracted at 𝑥𝑁 . Due to the structured mesh in the 𝑥-direction, each streamline 𝑘 shares the same discretization.

Fig. 4. Integration point numbering 𝑛 = (0, 1, 2,… , 𝑁) along streamlines parallel to the 𝑥-axis from right to left, where 𝑛 = 0 is the given initial condition 𝝐pin,
𝑖
in and 𝑛 = (1, 2,… , 𝑁) corresponds to the quadrature points. The integration points align with the Gauss points in the FE-mesh, and 𝛥𝑥 defines the distance

between the two points.

Applying the Backward Euler (BE) method to the discretized interval 𝐼x in (16a) and (16b) yields the integrated flow rule as

−𝑣̄ 𝜕 𝝐p
𝜕 𝑥 ≈ 𝑣̄

𝛥𝑥
(

𝝐p − 𝑛−1𝝐p
)

= 𝜆𝝂 ⇒ 𝝐p = 𝑛−1𝝐p + 𝜇𝝂. (26)

where 𝝐p = 𝝐p(𝒚𝑘, 𝑥𝑛) and 𝑛−1𝝐p = 𝝐p(𝒚𝑘, 𝑥𝑛−1) for streamline 𝑘. Moreover, 𝛥𝑥 = (𝑥𝑛 − 𝑥𝑛−1), and we introduce the re-scaled
E-integrated plastic multiplier 𝜇 = 𝛥𝑥

𝑣̄ 𝜆. Similarly, the integrated back-stresses are integrated as

𝜶𝑖 = 𝑛−1𝜶 + 2
3
𝐶𝑖𝜇𝝂 −

𝛾𝑚𝑖+1
𝑖
3

𝛼𝑖,𝑚𝑖
𝑒 < 𝜇𝝂 ∶ 𝜶𝑖 > 𝜶𝑖

𝛼𝑖𝑒
. (27)

where 𝜶𝑖 = 𝜶𝑖(𝒚𝑘, 𝑥𝑛) and 𝑛−1𝜶𝑖 = 𝜶𝑖(𝒚𝑘, 𝑥𝑛−1).
In (26) and (27), we note that 𝝂 = 𝝂(𝝐, 𝝐p,𝜶𝑖) from (5a) is considered at (𝒚𝑘, 𝑥𝑛), and the Kuhn Tucker conditions are evaluated

t the current integration point, i.e., 𝛷(𝝐, 𝝐p,𝜶𝑖) ≤ 0, 𝜇 ≥ 0, 𝜇 𝛷 = 0.
In the case of plastic loading, i.e., 𝛷

[

𝝈t r , 𝑛−1𝜶𝑖] > 0, and from 𝝈 = 𝗘 ∶ (𝝐 − 𝝐p), we obtain the integrated stresses for a specific
treamline between two out-of-plane integration points as

𝑹𝜎 (𝝈, 𝜇) = 𝝈 − 𝝈t r + 𝜇 𝗘 ∶ 𝝂 = 𝟎, 𝝈t r ∶= 𝗘 ∶ (𝝐[𝒖] − 𝑛−1𝝐p), (28a)

𝑹𝛼(𝜶𝑖, 𝜇) = 𝜶𝑖 − 𝑛−1𝜶𝑖 − 2𝐶𝑖𝜇𝝂 +
𝛾𝑚𝑖+1
𝑖
𝑚𝑖

𝛼𝑚𝑖
e < 𝜇𝝂 ∶ 𝑛𝜶𝑖 > 𝜶𝑖

= 0, (28b)
7
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𝑅𝜇(𝝈,𝜶𝑖) = 𝛷 = 0, (28c)

where the trial stress 𝝈t r corresponds to fixed plastic strain at 𝑥𝑛−1. The integrated stresses
{

𝝈,𝜶𝑖, 𝜇} are computed iteratively using
Newton’s method for a given displacement 𝒖 and with initial conditions 𝝐pin(𝒚𝑘) and 𝜶𝑖

in(𝒚𝑘), which are defined at each streamline
{𝒚𝑘}

𝐾𝛺̂
𝑘=1 in the cross-section 𝛺̂. Details of the iterative procedure are provided in Appendix B.

In summary, the evolution equations can be compactly expressed as

[𝝐p(𝒚, 𝑥),𝜶𝑖(𝒚, 𝑥)] = 𝑓
(

𝝐[𝒖](𝒚, 𝑥), 𝝐pin(𝒚),𝜶𝑖
in(𝒚)

)

, (29)

where 𝑓 represents the algorithmic (discrete) evolution in (26) and (27). These variables can be solved independently for each
streamline in the cross-section, enabling parallelization to improve computational efficiency.

For increased accuracy, a finer discretization of 𝐼x is used near the contact load, where larger changes in stresses and strains are
expected rather than throughout the entire interval. Since the material response is strain-controlled in the trial stress, convergence
is normally ensured for small step sizes. However, sub-incrimination is applied in a streamline 𝑘 if the solution in an integration
point 𝑥𝑛 does not converge.

4.4. Fixed-point algorithm for elastic and plastic displacement fields

To efficiently manage the coupling between 𝝐p and 𝒖p, we will alternate between solving (19b) and (29) with fixed-point iterations
until convergence is achieved. An advantage of this approach is that it allows us to account for the inelastic material of the railhead

ithout the need to update the tangent stiffness tensor during iterations, which reduces the computation time. We utilize fixed-point
terations rather than methods such as Newton or Newton–Raphson, to avoid computing the function’s derivatives.

The iterative process alternates between updating 𝝐p (𝑘) in iteration 𝑘 assuming that 𝒖p (𝑘−1) is known and then updating 𝒖p (𝑘) from
𝝐p (𝑘). The elastic displacement 𝒖e[𝑙𝒒] can be precomputed from (19a) for linear elastic material given a loading scenario 𝑙𝒒. The elastic
displacement can be determined either with a 3D FE solution or using PGD with a domain decomposition and a parameterization
of the load as explained in [36].

Each iteration in the fixed-point algorithm consists of:

• Integration of 𝝐p (𝑘) and 𝜶𝑖 given 𝒖p (𝑘−1), 𝒖e[𝑙𝒒], and the inflow of the material 𝝐pin(𝒚) and 𝜶𝑖
in(𝒚) (see Section 3.2). This integration

was formulated in (29) and is expressed as

[𝝐p (𝑘)(𝒚, 𝑥),𝜶𝑖(𝒚, 𝑥)] = 𝑓
(

𝝐[𝒖e[𝒒] + 𝒖p (𝑘−1)](𝒚, 𝑥), 𝝐pin(𝒚),𝜶𝑖
in(𝒚)

)

. (30)

• Computation of 𝒖p (𝑘) from 𝝐p (𝑘), where (19b) is stated as

𝑎(𝒖p (𝑘), 𝛿𝒖) = 𝑏(𝝐p (𝑘), 𝛿𝒖) ∀𝛿𝒖 ∈ U. (31)

It should be noted that: (1) the integration of plastic strains also gives 𝑙𝝐pout and 𝑙𝜶𝑖
out after each over rolling, (2) 𝝐p (𝑘) and 𝜶𝑖 can

e solved with parallel computation for each streamline in the cross-section as explained in Section 4.3, and (3) for a given 𝝐p (𝑘),
the permanent displacement in (31) can be solved efficiently for a dimensional decomposition of (𝒚, 𝑥) using PGD as outlined in
ection 4.2 and Appendix A.

The fixed-point algorithm begins with an initial assumption for 𝒖p at 𝑘 = 1, setting it to 𝒖p,(0) = 𝟎 for the first over rolling. For
he subsequent over rollings, we use the initial guess

𝒖p,(0)(𝒚, 𝑥) = 𝑙−1𝒖p(𝒚,−𝑑∕2) (𝒚, 𝑥) ∈ 𝛺̂ × 𝐼x. (32)

Here, 𝑙−1𝒖p(𝒚,−𝑑∕2) is the resulting displacement field after the prescribed load passage. Using the uniform extension in 𝐼x ensures1

consistency for zero external loads.
Each over rolling requires several fixed-point iterations to converge. The iterations continue until the residual 𝛥 is smaller than a

ser-specified tolerance 𝜖. The residual represents the norm of incremental permanent displacement change between two iterations
(𝑘) as

𝝓(𝑘) = 𝒖p (𝑘) − 𝒖p (𝑘−1), (33a)

𝛥 =
‖𝝓(𝑘)

‖

√

‖𝝓(1)
‖

2 + ‖𝒖p,(0)‖2
. (33b)

In practice, the 𝐿2 norm of the functions is replaced with the Euclidean norm of the nodal vector. Specifically, for the functional
values of 𝒖, the nodal vector norm is calculated as ‖𝒖‖ → |𝒖| =

√

∑𝑁
𝑘=1 𝑢

2
𝑘. The residual is divided with the start guess 𝒖p,(0) and

first iteration 𝒖p,(1) to get a normalized value. This indicator for convergence monitoring is chosen because negligible changes in
permanent deformation between iterations signify convergence.

The algorithmic implementation for the ROM framework is summarized in the flow chart shown in Fig. 5.

1 This would formally require 𝑑∕2 → ∞, i.e., where there is no remaining elastic deformation at the truncated inflow boundary.
8
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Fig. 5. Algorithmic implementation of the ROM framework, evaluated for over rollings in the load collective 𝑙max. The fixed-point iteration continues until
convergence 𝛥 < 𝜖 or the number of iterations 𝑘max is reached.

5. Verification against reference FE solution

To validate the accuracy and highlight the computational time of the ROM framework implemented in an in-house code in
MATLAB, the results are compared with those obtained from a 3D FE model. The 3D FE model simulated a moving contact load and
s based on the momentum balance described in Section 2.1. The 3D FE simulations are carried out using the commercial software
BAQUS.

5.1. Problem setup

5.1.1. Material model
Both analyzes consider the properties of the elastic–plastic material of the railhead, described by the Ohno–Wang material

odel [42], as explained in Section 2.2. The material model is calibrated against experimental data controlled by uniaxial stress of
260 rail grade material from Ahlström et al. [44]. The identified material parameters, including three back-stresses (𝑛b = 3), are

listed in Table 1. The material routine is implemented in Fortran and integrated into Abaqus as a user material subroutine (UMAT).
For the ROM framework implementation in MATLAB, the routine is compiled with a MEX function, enabling faster computation.
Section 4.3 details the integrated plastic response. It is emphasized that the (standard) temporal integration in the reference model
irectly carries over to the convected formulation in the ROM simply by changing the timestep 𝛥𝑡 to the spatial step 𝛥𝑥∕𝑣̄.

Table 1
Calibrated material parameter values for the Ohno–Wang model [42] for the rail grade R260.
Description Symbol Value

Elastic modulus 𝐸 200 GPa
Poisson’s ratio 𝜈 0.3
Yield limit 𝜎𝑦 295 MPa
Kinematic hardening modulus 𝐶 [492.2, 37.5, 2.5] GPa
Material parameter 𝛾 [3929, 156, 0]
Multiplier 𝑚 [1.59, 2.97, 1] MPa

5.1.2. Mesh configuration
The 3D railhead in both analyzes is modeled according to a measured UI60 railhead profile, as shown in Fig. 6. The results

are evaluated in the middle part of the railhead with a depth of 𝑑 = 100 mm (highlighted in blue in the Figure) to minimize
9
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boundary effects. Both the ROM framework and the reference model use the same mesh configuration with wedge elements of
762 × 50 = 22,860 Degrees Of Freedom (DOF). This mesh allows for direct comparisons, although it is better suited for ROM. It
equires fine discretization for both methods, especially near the contact region, to accurately capture stress and strain gradients.
or the reference solution, this necessitates fine discretization in the contact region along the entire length of the railhead, thus
eading to longer simulation times.

Fig. 6. Mesh for (a) the reference model, (b) the ROM framework, and (c) the domain decomposition used for computing the permanent displacement field in
he ROM. The midsection, 𝑑m = 100 mm, is highlighted in blue in (a) and (b). Results are evaluated for a chosen cross-section, (a) at the middle, and (b) at the
ront. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

To account for the influence of contact loads, the models extend beyond the midsection of the railhead. Different lengths 𝑑 for
he ROM and reference solutions are considered, as illustrated in Fig. 6. In the ROM framework, a length of 𝑑 = 200 mm is used.
his model requires only one additional row of wedge elements on each side of the midsection to mitigate the boundary effects due
o the stationary contact load, resulting in 762 × 52 = 39,624 DOF in total. On the other hand, the reference model uses a shorter
ength of 𝑑 = 150 mm to balance the computation time and the accuracy of the solution. Longer rails require more time increments
ue to the longer rolling distance and larger DOF in the case of moving contact loads. More wedge elements are needed outside the

midsection to prevent an overly stiff response, with a wedge element length chosen of 5 mm for the outer regions. This configuration
results in 762 × 60 = 45,720 DOF in the reference model.

To save computational time while maintaining accuracy, the computation of the permanent displacement field 𝒖p is performed
using the domain decomposition with the PGD method explained in Section 4.2. The PGD solution comprises an equivalent
discretization with 762 in-plane DOF and 52 out-of-plane DOF, as seen in Fig. 6c. In-plane, 3-noded triangular elements with linear
shape functions are used, while 1D linear elements are used out-of-plane. When computing 𝒖p, the tolerance in the PGD solution is
et to 𝜖PGD = 1 × 10−2, not to confuse with 𝜖 in Section 4.4. Refer to Appendix A for the definition of the convergence criterion.

5.1.3. Contact load scenario
The contact scenario is defined by a Hertz distributed load [41], 𝒒 = (𝑠, 𝑎, 𝑏, 𝑝n, 𝑝t , 𝑝x), as illustrated in Fig. 2. The load is placed

n the middle of the railhead (𝑠 = 0 mm) with a semi-axis length of 𝑎 = 𝑏 = 10 mm. To assess the ROM’s capability to model the
esponse from various load scenarios, three different traction setups are investigated:

1. Normal and lateral (peak) surface contact traction [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0] GPa.
2. Normal and longitudinal (peak) surface contact traction, [𝑝n, 𝑝t , 𝑝x] = [1.2, 0, 0.3] GPa.
3. (Peak) traction applied in all directions [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa.
The elastic displacement 𝒖e[𝒒] is precalculated from a given load scenario in the ROM framework. To identify the accuracy of

the fixed-point procedure without the domain decomposition affecting the solution, a 3D FE solution is used as explained in [36].

5.2. Single over rolling

In this Section, the response for a single over rolling is compared between the ROM framework and the reference case in terms
of convergence, CPU time, and permanent displacement field for the different load cases mentioned in Section 5.1.3.

5.2.1. Residual and displacement error
To evaluate the accuracy of the displacement response in the ROM solution, the number of fixed-point iterations needed to reach

 certain displacement error is analyzed. Fig. 7a presents the relative error 𝑒 in the permanent deformation of the railhead profile
when comparing the solutions. Fig. 7b illustrates the residual 𝛥 after each fixed-point iteration, as given in (33b). The relative error
𝑒 is defined as

𝑒 =
|

pr of𝒖pREF − pr of𝒖pROM|

p , (34)
10
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where pr of𝒖pREF and pr of𝒖pROM are the nodal displacement pertinent to nodes on the top of the rail profile (𝛤𝑁 ) for a chosen cross-section
of the models defined in Fig. 6.

The figures show a gradual improvement in the accuracy of the solution as more fixed-point iterations are carried out (see Fig. 7a).
The accuracy reaches a plateau after approximately 15–30 iterations, depending on the load case. At this point, 𝛥 < 5 × 10−3 (see
Fig. 7b), which provides a tolerance level for the results presented. At that point, the PGD solution can accurately capture the
isplacement field with a relative displacement error of 0.1 (see Fig. 7a).

Fig. 7. Relationship between iterations and (a) relative displacement error 𝑒 defined in (34), and (b) residual 𝛥 defined in (33b), for different load cases. In
a), the dots show the displacement error when 𝛥 < 5 × 10−3.

5.2.2. Computational time
When comparing the Central Processing Unit (CPU) time, the ROM is significantly more computationally efficient than the

eference analysis. Both simulations were executed on a computer cluster using 20 cores of an Intel Xeon Gold 6130 (‘‘Skylake’’) CPU
nd 96 GB of RAM [45]. Depending on the load case, the reference solution typically requires 3000 to 5000 s to complete a single
ver rolling simulation. In contrast, the CPU time for the ROM, specifically fixed-point iterations, is shown in Fig. 8. Each fixed-point

iteration takes around 2.3 s, most of that time coming from the computation of the plastic strains in the railhead part. It is important
to note that the CPU time excludes the time needed to establish a parallel pool in MATLAB, which is approximately 84 s. However,
this pool is established only for the first over rolling. Even when this time is included, obtaining the response from one over rolling
using the ROM framework is significantly faster than in the reference case. For the loading scenario [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa,
the CPU time is 4631 s the reference case and 73 s (not including the time to open the parallel pool) in the ROM for a total of 32
fixed-point iterations, making the computation 63 times faster.

Fig. 8. CPU-time for the fixed-point iterations for the ROM solution.

5.2.3. Displacement field
Fig. 9 displays the 3D displacement field 𝒖p+𝒖e in the middle section of the railhead (see Fig. 6) for the stationary rolling contact

load condition after a single over rolling, with the residual satisfying the chosen tolerance. The maximum displacement occurs in
the middle of the railhead where the load is applied, and the front of the railhead displays the permanent deformation that remains
after the contact load’s passage.
11
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Fig. 9. Norm of displacement field in the ROM solution for different load setups of [𝑝n , 𝑝t , 𝑝x].

Figs. 10a, 11a and 12a illustrate a comparison of the ROM solution with the reference case in terms of vertical displacement
along a surface line throughout the railhead for the three different load cases described in Section 5.1.3. The reference case uses
conventional FEM to solve the moving contact load problem, with results extracted when the contact load is at the middle and end of
the rail. These cases are labeled ‘‘Reference’’ and ‘‘Ref. over rolling’’, respectively, in the Figures. Hence, ‘‘Reference’’ represents the
displacement under the moving load and ‘‘Ref. over rolling’’ the remaining displacement after over rolling. The vertical displacement
in the non-linear ROM is well-matched to the reference solution. A slight discrepancy in vertical displacement can be observed in
the reference solution after the complete passage of the moving contact load, attributed to the discretization of the railhead model.

Figs. 10b, 11b and 12b show the permanently deformed railhead profile, with the deformation scaled by a factor of 200, for a
cross-section in both the ROM and reference case. Three cross-sections are chosen for the reference case post-over rolling to illustrate
the variation throughout the railhead. Given the correspondence of the solutions, we thus conclude that the ROM solution is suitable
for accurately evaluating the plasticity-induced deformation of the railhead from over rolling.

Fig. 10. Displacement for [𝑝n , 𝑝t , 𝑝x] = [1.2,−0.3, 0] GPa. (a) Vertical displacement along a line at the railhead surface, and (b) cross-section of the railhead profile
in its undeformed and deformed state, the deformation is scaled by a factor of 200.
12
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Fig. 11. Displacement for [𝑝n , 𝑝t , 𝑝x] = [1.2, 0, 0.3] GPa. (a) Vertical displacement along a line at the railhead surface, and (b) cross-section of the railhead profile
in its undeformed and deformed state, the deformation is scaled by a factor of 200.

Fig. 12. Displacement for [𝑝n , 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa. (a) Vertical displacement along a line at the railhead surface, and (b) cross-section of the railhead
profile in its undeformed and deformed state, the deformation is scaled by a factor of 200.

5.2.4. Effect of load magnitude on convergence
To evaluate the robustness of ROM, the convergence behavior of the residual 𝛥 is investigated under varying load magnitudes for

the Ohno–Wang and linear hardening material models. The latter is a simpler isotropic hardening model with a hardening modulus
of 𝐻 = 𝐸∕10. Specifically, the convergence is assessed by scaling one of the load scenarios, [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa, with a
load amplitude factor 𝜆. Fig. 13 illustrates the effect of this scaling on the convergence of 𝛥 for 𝜖 = 5 × 10−2. As the load amplitude
ncreases, the convergence rate decreases. Notably, for 𝜆 = 1.5, the ROM does not converge when using the Ohno–Wang material
odel (marked with an ‘‘X’’ in the figure), while the linear hardening model maintains convergence. This suggests that the hardening
ithin the Ohno–Wang model becomes saturated at higher load levels.

5.3. Multiple load passages

To further validate our ROM, multiple load passages were simulated using the Ohno–Wang plasticity model, with a residual
tolerance, defined in Section 4.4, of 𝜖 = 5 × 10−3. The material model and mesh settings described in Sections 5.1.1 and 5.1.2 were
used, including the three different load scenarios described in Section 5.1.3. The following sections present the results obtained for
he load cases applied repeatedly.
13
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Fig. 13. How the load scale amplitude 𝜆 affects the convergence of 𝛥 < 5 × 10−2 for load case [𝑝n , 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa. The ‘‘X’’ indicates that no convergence
was reached at 𝜆 = 1.5 for the Ohno–Wang plasticity model.

5.3.1. Number of fixed-point iterations
Fig. 14 illustrates the number of fixed-point iterations required to achieve convergence in the load case [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0.3]

GPa. The iterations decrease to find a converged solution as more over rollings are simulated. This reduction occurs because the
plastic zone stabilizes and the hardening of the material becomes saturated for successive over rollings for the load case considered.

Fig. 14. Number of fixed-point iterations needed to reach convergence 𝛥 < 5 × 10−3 for ten over rollings of load case [𝑝n , 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa.

5.3.2. Computational time
Fig. 15 shows the CPU time for the ROM and the reference solution for multiple over rollings. The ROM requires significantly

ess computational time. The initial over rolling takes 73 s (excluding the time to open the parallel pool), with each subsequent
ne taking less time due to fewer fixed-point iterations needed for convergence, as illustrated in Fig. 14. In contrast, the reference

solution takes much longer for each over rolling due to the multiple load increments applied, resulting in consistent but extended
computational times.

Fig. 15. CPU-time after each over rolling for the ROM and the reference solution.
14
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5.3.3. Displacement field
Figs. 16 to 17 display the displacement field for multiple load passages. Fig. 16a compares the 𝐿2 norm of the permanent profile

displacement for a railhead cross-section after each over rolling, considering the three different load scenarios. It is evident that the
ROM effectively captures the permanent displacement. Fig. 16b shows the 3D displacement field after five over rollings for the load
case [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa, revealing permanent deformation along the entire railhead compared to when only one over
rolling in Fig. 9 was considered.

Fig. 16. (a) Norm of nodal displacement vector of the permanent profile after each over rolling for the ROM and reference solution. (b) Norm of displacement
field in the ROM solution after five over rollings.

Fig. 17a presents the vertical displacement for a line along the railhead surface for the load case [𝑝n, 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa.
Fig. 17b shows the permanently deformed railhead profile after one and five over rollings for the ROM and the reference solution. The
results are similar, especially after five over rollings, indicating the ROM’s robustness and accuracy in capturing railhead deformation
for repeated over rollings.

Fig. 17. Displacement for [𝑝n , 𝑝t , 𝑝x] = [1.2,−0.3, 0.3] GPa after the first and fifth over rolling. (a) Vertical displacement along a line at the railhead surface, and
(b) cross-section of the railhead profile before and after it has been deformed, the deformation is scaled by a factor of 200.

6. Evolving plasticity under varied hertzian contact load scenarios

To demonstrate the potential of our ROM, the response from different contact load scenarios was simulated while keeping the
mesh and material settings from Section 5. The load collective of 100 different contact scenarios was generated based on multibody
simulations of the dynamic vehicle-track interaction for a given traffic scenario described in [5]. The residual tolerance, defined in
Section 4.4, was set to 𝜖 = 1 × 10−2. In total, it takes 36 min to generate the plasticity response for the entire load collective.
15
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Fig. 18a shows the number of fixed-point iterations required to achieve convergence in each over rolling. Consistent with Fig. 14,
the general trend indicates that fewer iterations are needed for subsequent over rollings as the material hardens, or for lower traction
magnitudes.

Fig. 18. Number of fixed-point iterations for the load collective to achieve convergence 𝛥 < 1 × 10−2.

Fig. 19a shows the Euclidean norm of the permanent profile displacement for a cross-section of the railhead profile after each over
rolling. For some over rollings, this value is constant, indicating that some load scenarios do not result in any plastic deformation.
Fig. 19b displays the cross-section of the deformed railhead profile for the entire load collective, with the deformation scaled by
a factor of 400. It can be seen how the shift in contact location results in the geometry of the railhead evolving at various points
along the profile.

Fig. 19. (a) Norm of nodal displacement vector of the permanent profile per over rolling. (b) Displacement field for the entire load collective, the deformation
s scaled by a factor of 400.

7. Conclusion

In this paper, we have developed a Reduced-Order Model (ROM) framework to efficiently solve the evolving plasticity in
 three-dimensional railhead in various wheel-rail contact scenarios. Our approach assumes a stationary contact problem for a

single over rolling for a convective coordinate system along the railhead. In addition, fixed-point iterations are used to solve
or plastic strains from the displacement field and the displacements caused by given loading scenarios and plastic strains. The

displacement field is solved using Proper Generalized Decomposition (PGD) for spatial domain decomposition. The response of
he strain-controlled material ensures the convergence of the material routine, and parallel computations are used to increase the

computational efficiency.
Comparisons between the ROM framework and a 3D finite element reference solution for a moving contact load show high

ccuracy for both a single over rolling and multiple over rollings when comparing the displacement fields. Moreover, our non-linear
ROM formulation significantly reduces the computational cost, making it suitable for computing the accumulated plastic deformation
for many over rollings under different contact load scenarios.
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Future work aims to integrate this ROM into existing simulation frameworks from [5] to accurately capture the evolution of
plasticity in rails, especially to efficiently predict long-term damage. Further research suggests using this ROM framework to predict
the development of fatigue cracks in rolling contact and the crack direction initiation. Another possible extension is to use this
framework to develop advanced models for contact formulation, i.e., to determine the load distribution from the simulation of the
wheel-rail contact. If inertial terms or transient loads are to be considered, the solution will need to be expanded to include a
time-dependent component.
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Appendix A. Separated representation

This Section gives a detailed description of the separated representation of 𝑎(∙, ∙) from (24) and gives the matrix structure of the
roblem. The separation of 𝑎(∙, ∙) into products of modes is given by

𝑎(𝒀𝑋 , 𝒀 ∗𝑋∗) =
4
∑

𝐼=1
𝑚𝐼 (𝑋 , 𝑋∗) 𝑎𝐼 (𝒀 , 𝒀 ∗). (A.1)

Here, 𝒀 ∗ and 𝑋∗ denotes either 𝒀 𝑁 and 𝑋𝑁 or 𝛿𝒀 and 𝛿 𝑋, respectively. Moreover, 𝑚𝐼 (∙, ∙) and 𝑎𝐼 (∙, ∙) are bilinear forms on the
separated domains defined according to

𝑚1(𝑋 , 𝑋∗) = ∫𝐼x
𝑋 𝑋∗ d𝑥, 𝑎1(𝒀 , 𝒀 ∗) = ∫𝛺̂

𝝐̂[𝒀 ] ∶ 𝗘 ∶ 𝝐̂[𝒀 ∗] d𝛺̂ , (A.2a)

𝑚2(𝑋 , 𝑋∗) = ∫𝐼x

𝑑 𝑋
𝑑 𝑋 𝑋∗ d𝑥, 𝑎2(𝒀 , 𝒀 ∗) = ∫𝛺̂

𝝐̂[𝒀 ] ∶ 𝗘 ∶ 𝝐X[𝒀 ∗] d𝛺̂ , (A.2b)

𝑚3(𝑋 , 𝑋∗) = ∫𝐼x
𝑋 𝑑 𝑋∗

𝑑 𝑥 d𝑥, 𝑎3(𝒀 , 𝒀 ∗) = ∫𝛺̂
𝝐X[𝒀 ] ∶ 𝗘 ∶ 𝝐̂[𝒀 ∗] d𝛺̂ , (A.2c)

𝑚4(𝑋 , 𝑋∗) = ∫𝐼x

𝑑 𝑋
𝑑 𝑥

𝑑 𝑋∗

𝑑 𝑥 d𝑥, 𝑎4(𝒀 , 𝒀 ∗) = ∫𝛺̂
𝝐X[𝒀 ] ∶ 𝗘 ∶ 𝝐X[𝒀 ∗] d𝛺̂ . (A.2d)

where the separated representation of the strain was defined in (25). It allows for computing the integrals separately. However, this
eparation is not possible for 𝝐p, which is why 𝑏(𝝐p, 𝒀 ∗𝑋∗) is expressed as

𝑏(𝝐p, 𝒀 ∗𝑋∗) = ∫𝐼x ∫𝛤N

(

𝑋∗𝝐̂[𝒀 ∗] + 𝑑 𝑋∗

𝑑 𝑥 𝝐X[𝒀 ∗]
)

∶ 𝗘 ∶ 𝝐p d𝛺̂ d𝑥. (A.3)

Finally, (24) can be explicitly written as finding 𝑋𝑁 ∈ X and 𝒀 𝑁 ∈ Y, with the function spaces defined in (22), such that
4
∑

𝐼=1
𝑚𝐼 (𝑋𝑁 , 𝑋𝑁 )𝑎𝐼 (𝒀 𝑁 , 𝛿𝒀 ) = 𝑏(𝝐p, 𝛿𝒀𝑋𝑁 ) −

𝑁−1
∑

𝑛=1

4
∑

𝐼=1
𝑚𝐼 (𝑋𝑛, 𝑋𝑁 )𝑎𝐼 (𝒀 𝑛, 𝛿𝒀 ) ∀𝛿𝒀 ∈ Y, (A.4a)

4
∑

𝐼=1
𝑚𝐼 (𝑋𝑁 , 𝛿 𝑋)𝑎𝐼 (𝒀 𝑁 , 𝒀 𝑁 ) = 𝑏(𝝐p, 𝒀 𝑁𝛿 𝑋) −

𝑁−1
∑

𝑛=1

4
∑

𝐼=1
𝑚𝐼 (𝑋𝑛, 𝛿 𝑋)𝑎𝐼 (𝒀 𝑛, 𝒀 𝑁 ) ∀𝛿 𝑋 ∈ X. (A.4b)

In (A.4a) and (A.4b), we observe descriptions of the 2D and 1D problems, respectively.
To solve the modes in the enrichment step 𝑁 , a fixed-point alternating algorithm is adopted to find 𝒀 𝑁 (𝒚) and 𝑋𝑁 (𝑥). This

procedure is explained in more detail in [36]. The fixed-point iterations continue until the weighted difference 𝛥 between two
iteration steps is smaller than a tolerance 𝜖 , i.e., until
17
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𝛥 ∶=
√

|𝛥𝛼𝑁 |

2 + ‖𝛥𝒀̂ 𝑁‖

2
Y + ‖𝛥𝑋̂𝑁‖

2
X < 𝜖PGD, (A.5a)

𝛼𝑁 = ‖𝒀 𝑁‖Y ‖𝑋𝑁‖X, (A.5b)

𝒀̂ 𝑁 =
𝒀 𝑁

‖𝒀 𝑁‖Y
, ‖𝒀 ‖Y ∶= 4

√

√

√

√

4
∑

𝐼=1
[𝑎𝐼 (𝒀 , 𝒀 )]2, (A.5c)

𝑋̂𝑁 =
𝑋𝑁

‖𝑋𝑁‖X
, ‖𝑋‖X ∶= 4

√

√

√

√

4
∑

𝐼=1
[𝑚𝐼 (𝑋 , 𝑋)]2. (A.5d)

Here, 𝛼𝑁 and 𝒀̂ 𝑁 , 𝑋̂𝑁 are the amplitude and the normalized mode shapes, respectively.
To numerically solve the PGD approximation of the displacement field, linear finite elements are used. The FE-subspaces are

defined as Yℎ ⊂ Y and Xℎ ⊂ X. The nodal approximations for 𝒀 ∗ and 𝑋∗, along with the strains, are represented as

𝒀 ∗(𝒚) ≈
𝑁 𝐷 𝑂 𝐹y
∑

𝑖=1
𝑵 (y )

𝑖 (𝒚)(𝒀 ∗)𝑖 ∈ Yℎ, (A.6a)

𝑋∗(𝑥) ≈
𝑁 𝐷 𝑂 𝐹x
∑

𝑖=1
𝑁 (x)

𝑖 (𝑥)(𝑿∗)𝑖 ∈ Xℎ,
𝑑 𝑋∗(𝑥)
𝑑 𝑥 ≈

𝑁 𝐷 𝑂 𝐹x
∑

𝑖=1
𝐵𝑖(𝑥)(𝑿∗)𝑖 ∈ Xℎ, (A.6b)

𝝐̂[𝒀 ∗(𝒚)] ≈
𝑁 𝐷 𝑂 𝐹y
∑

𝑖=1
𝝐̂[𝑵 (y )

𝑖 (𝒚)](𝒀 ∗)𝑖 =
𝑁 𝐷 𝑂 𝐹y
∑

𝑖=1
𝑩(Ω)

𝑖 (𝒚)(𝒀 ∗)𝑖, (A.6c)

𝝐X[𝒀 ∗(𝒚)] ≈
𝑁 𝐷 𝑂 𝐹y
∑

𝑖=1
𝝐X[𝑵

(y )
𝑖 (𝒚)](𝒀 ∗)𝑖 =

𝑁 𝐷 𝑂 𝐹y
∑

𝑖=1
𝑩(x)

𝑖 (𝒚)(𝒀 ∗)𝑖. (A.6d)

Here, 𝑵 (y )(𝒚) and 𝑁 (x)(𝑥) are the FE shape functions while 𝒀 ∗ and 𝑿∗ are vectors that contain nodal values in the FE mesh of the
in- and out-of-plane parameters, respectively. The summation extends to each parameter’s Number of Degrees Of Freedom (NDOF).

Using the FE-approximations on (24) leads to the discrete representation of the problem

𝑎̃(𝒀 𝑁 𝑿𝑁 , 𝛿𝒀 𝑿𝑁 ) = [𝑿𝑁 ]T𝑮 𝛿𝒀 −
𝑁−1
∑

𝑛=1
𝑎̃(𝒀 𝑛 𝑿𝑛, 𝛿𝒀 𝑿𝑁 ), (A.7a)

𝑎̃(𝒀 𝑁 𝑿𝑁 , 𝒀 𝑁 𝛿𝑿) = [𝛿𝑿]T𝑮 𝒀 𝑁 −
𝑁−1
∑

𝑛=1
𝑎̃(𝒀 𝑛 𝑿𝑛, 𝒀 𝑁 𝛿𝑿), (A.7b)

where the FE-discretized bilinear form 𝑎̃(∙, ∙) is defined from (A.1) and (A.2) as
𝑎̃(𝒀 𝑿, 𝒀 ∗𝑿∗) =([𝑿∗]T𝑴Ω 𝑿

)(

[𝒀 ∗]T𝑲Ω 𝒀
)

+
(

[𝑿∗]T𝑴ΩX 𝑿
)(

[𝒀 ∗]T𝑲ΩX 𝒀
)

+
(

[𝑿]T𝑴XΩ 𝑿∗)([𝒀 ∗]T𝑲XΩ 𝒀
)

+
(

[𝑿]T𝑴X 𝑿∗)([𝒀 ∗]T𝑲X 𝒀
)

.
(A.8)

The global stiffness matrices 𝑲 , mass matrices 𝑴 are given by

(𝑲Ω)𝑘𝑙 = ∫𝛺̂
𝑩(Ω)

𝑘 (𝒚) ∶ 𝗘 ∶ 𝑩(Ω)
𝑙 (𝒚) d𝛺̂ , (𝑴Ω)𝑘𝑙 = ∫𝐼x

𝑁 (x)
𝑘 (𝑥) ⋅𝑁 (x)

𝑙 (𝑥) d𝑥, (A.9a)

(𝑲ΩX)𝑘𝑙 = ∫𝛺̂
𝑩(Ω)

𝑘 (𝒚) ∶ 𝗘 ∶ 𝑩(x)
𝑙 (𝒚) d𝛺̂ , (𝑴ΩX)𝑘𝑙 = ∫𝐼x

𝐵𝑘(𝑥) ⋅𝑁
(x)
𝑙 (𝑥) d𝑥, (A.9b)

(𝑲XΩ)𝑘𝑙 = (𝑲ΩX)𝑙 𝑘, (𝑴XΩ)𝑘𝑙 = (𝑴ΩX)𝑙 𝑘, (A.9c)

(𝑲X)𝑘𝑙 = ∫𝛺̂
𝑩(x)

𝑘 (𝒚) ∶ 𝗘 ∶ 𝑩(x)
𝑙 (𝒚) d𝛺̂ , (𝑴X)𝑘𝑙 = ∫𝐼x

𝐵𝑘(𝑥) ⋅ 𝐵𝑙(𝑥) d𝑥. (A.9d)

These matrices are precomputed, while the external force matrix 𝑮

(𝑮)𝑘𝑙 = ∫𝐼x ∫𝛺̂

(

𝑩(Ω)
𝑘 (𝒚) ∶ 𝗘 ∶ (𝝐p[𝒚𝑘])𝑙𝑁 (x)

𝑙 (𝑥) + 𝑩(x)
𝑘 (𝒚) ∶ 𝗘 ∶ (𝝐p[𝒚𝑘])𝑙𝑩𝑙(𝑥)

)

d𝛺̂ d𝑥, (A.10)

is computed in each fixed-point iteration, see Section 4.4, after 𝝐p has been determined. These matrices facilitate the determination
of mode shapes 𝒀 and 𝑿 for solving 𝒖p as

𝒖p ≈ 𝒖PGD𝑁 =
𝑁
∑

𝑛=1
𝒀 𝑛 𝑿𝑛. (A.11)

Appendix B. Newton iteration plasticity integration

This Section describes how to solve the evolution equations expressed via the BE-method in (28) using Newton iterations. The
solution applies to a specific streamline 𝑘 in the cross-section, and between two integration points out-of-plane, [𝑥 , 𝑥 ] ∈ 𝐼 .
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b

a

The evolution equations can be expressed as the residual vector 𝑹 and the vector of unknowns 𝑿, which includes stress 𝝈,
ack-stress 𝜶, and the plastic multiplier increment 𝜇. This is expressed as

𝑹(𝑿) = 𝟎 with 𝑿 =
⎡

⎢

⎢

⎣

𝝈
𝜶
𝜇

⎤

⎥

⎥

⎦

, 𝑹 =
⎡

⎢

⎢

⎣

𝑹𝜎
𝑹𝛼
𝑅𝜇

⎤

⎥

⎥

⎦

. (B.12)

For each streamline 𝒚 in the cross-section, the iterative procedure for solving 𝑿 is based on the known quantities from the
previous integration point, 𝑛−1𝝈(𝒚) and 𝑛−1𝜶𝑖(𝒚). The initial values for the plastic strain and back-stress are given as 0𝝐p(𝒚) = 𝝐pin(𝒚)
nd 0𝜶𝑖(𝒚) = 𝜶𝑖

in(𝒚), respectively.
For each integration point 𝑥𝑛, the Newton iteration procedure is outlined as follows:

1. Compute an initial elastic trial solution: Compute the trial stress 𝝈t r from (28a) and set 𝜶t r,𝑖 = 𝑛−1𝜶𝑖, which is carried over
from the previous integration point 𝑥𝑛−1.

2. Check for yielding: Use the yield function 𝛷t r (4) to determine whether the material has yielded based on the trial solution.

• If no yielding has occurred (𝛷t r < 0), retain the trial stress 𝝈 = 𝝈t r , set the plastic strain increment to zero 𝛥𝝐p = 𝟎, and
maintain the back-stress from the previous integration point 𝑛𝜶𝑖 = 𝜶t r,𝑖.

• If yielding has occurred, proceed to the Newton iteration process.

3. Newton iteration procedure: If yielding is detected, the solution is updated iteratively until convergence:

• Calculate the unbalanced residual vector 𝑹(𝑗) given the values 𝑿(𝑗) in iteration 𝑗.
• Check for convergence, if the norm of the unbalanced stress |𝑹(𝑗)

| is below a predefined tolerance, terminate the
iterations.

• If convergence is not achieved, compute the Jacobian 𝑱 (𝑗) and use it to calculate an improved solution:

𝑿(𝑗+1) = 𝑿(𝑗) − [𝑱 (𝑗)]−1𝑹(𝑗), 𝑗 = 𝑗 + 1.

• Repeat this step until convergence is achieved.

4. Move on to the next integration point: Once the solution has converged at the current integration point, move to the next
point and repeat steps 1–3 for all integration points until 𝑛 = 𝑁 .

This iterative procedure is repeated for each streamline 𝒚 in the cross-section.

Data availability

No data was used for the research described in the article.
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