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Although the similarity between nonstabilizer states—also known as magic states—in discrete-variable
systems and non-Gaussian states in continuous-variable systems has widely been recognized, the precise
connections between these two notions have still been unclear. We establish a fundamental link between
these two quantum resources via the Gottesman-Kitaev-Preskill (GKP) encoding. We show that the neg-
ativity of the continuous-variable Wigner function for an encoded GKP state coincides with a magic
measure we introduce, which matches the negativity of the discrete Wigner function for odd dimensions.
We also provide a continuous-variable representation of the stabilizer Rényi entropy—a recent proposal
for a magic measure for multiqubit states. We further provide the magic measure with an operational
interpretation as a runtime of a classical simulation algorithm. In addition, we employ our results to prove
that implementing a multiqubit logical non-Clifford operation in the GKP code subspace requires a non-
Gaussian operation even at the limit of perfect encoding, despite the fact that the ideal GKP states already

come with a large amount of non-Gaussianity.

DOI: 10.1103/PRXQuantum.6.010330

L. INTRODUCTION

The difference between what constitutes quantum and
classical physics is often hard to grasp. The hope is to
leverage quantum mechanics in order to get a computa-
tional speedup when using quantum computing compared
to classical computation. Finding and pinpointing the ori-
gins of the speedup or what property allows for such a phe-
nomenon is still an open problem. Aside from an academic
interest, this undertaking would allow us to identify and
quantify what resources are required to do a certain compu-
tational task. This fact becomes even more important, as in
reality every quantum information-processing task will be
restricted in a certain way given that it will be implemented
in a physical system, subjected to experimental constraints.

One of the promising paradigms for quantum infor-
mation processing assumes infinite-dimensional Hilbert
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spaces associated with observable possessing a continuous-
variable spectrum. Such a model can be implemented
using for example quantum optical systems [1], as well
as microwave cavities coupled to superconducting sys-
tems [2,3] or trapped ions [4,5], among others. In such
systems, non-Gaussian components have been identified
as necessary resources for quantum computational advan-
tages, as computation solely run by Gaussian resources
can be efficiently simulated classically [6-9]. Such non-
Gaussian features in, e.g., quantum states can be quantified
by several measures of non-Gaussianity [10—16], among
which the negativity of Wigner function [12,13,17] has
been known as a computable measure that is necessary for
exponential quantum advantage [7].

The other paradigm for quantum information process-
ing assumes discrete-variable systems, in which quan-
tum information is encoded in finite-dimensional Hilbert
spaces, and can be implemented in a vast amount of
platforms [18]. Among many relevant quantum resources
needed for efficient quantum information processing in
discrete-variable systems, one peculiar quantity necessary
for quantum speedup is the nonstabilizerness [19], also
known as quantum magic, which stems from the fact that
quantum circuits only consisting of stabilizer states and
Clifford operations can be efficiently simulable by classi-
cal computers [20]. Interestingly, for odd dimensions the
magicness of discrete-variable states can also be studied

Published by the American Physical Society
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by looking at a discrete version of the Wigner function
[21,22] analogously to the case of continuous-variable sys-
tems. Indeed, the negativity of the discrete Wigner function
[23,24] has been shown to be a valid magic measure
when the underlying Hilbert space has odd dimensions.
For even dimensions, one needs to consider other measures
[25-38], as there is no known quasiprobability distribution
that easily connects to magic.

Although some conceptual similarities between non-
Gaussianity and magic resources have been observed [22,
38—40], the direct quantitative connection between these
two resources has still been elusive. In particular, con-
structing a map between magic and non-Gaussianity would
strengthen the relation between two main operational
frameworks that are important for quantum computing and
provide a novel approach where one resource could be
analyzed by employing tools developed for analyzing the
other.

In this work, we accomplish this mapping by finding a
fundamental relation between the discrete and continuous-
variable systems via the Gottesman-Kitaev-Preskill (GKP)
encoding [41], which is one of the most promising error-
correcting codes for continuous-variable systems. We
introduce a family of distributions for discrete-variable
systems and show that their /,-norm exactly corresponds
to that of the continuous-variable Wigner function for the
GKP state encoding the original discrete-variable qudit.
Specifically for odd dimension, the /;-norm of the qudit
distributions yields the negativity of the associated Wigner
function for both discrete and continuous-variable settings.
The connection is even stronger as the continuous Wigner
function can be directly represented using the discrete
Wigner function of the encoded state. On the other hand,
our distributions yield a magic measure for all dimen-
sions, which encompasses the negativity of the discrete
Wigner function defined for odd dimensions and the sta-
bilizer Rényi entropy [33] defined for multiqubit systems
in a unified manner. These results allow us to provide a
fundamental and quantitative relation between magic and
non-Gaussianity. Our results, therefore, allow for recover-
ing and significantly extending a recent finding of the rela-
tion between multiqubit systems and continuous-variable
systems [34].

In addition to the Wigner function, we also find that
the /,-norm of the discrete-variable characteristic func-
tion (which corresponds to the coefficients of the gen-
eralized Pauli operators) exactly corresponds to the one
of continuous-variable characteristic functions of GKP-
encoded states. This provides a new interpretation of the
stabilizer Rényi entropy—which is precisely defined by
the /,-norm of the Pauli coefficients—in terms of GKP
encoding, and naturally extends it to all dimensions.

Furthermore, we obtain operational insights from our
framework. We first show that our magic measure—which
naturally emerges as the quantity corresponding to

non-Gaussianity—is equipped with an operational mean-
ing as a runtime of a classical simulation algorithm,
extending the previous approaches of classical simula-
tion based on quasiprobability distributions [42,43] to
all dimensions. Furthermore, we introduce a simulation
algorithm for GKP circuits that allows for all Gaussian uni-
taries as well as arbitrary qudit states encoded in GKP. In
addition, we apply our results to prove that the determinis-
tic implementation of a logical non-Clifford operation with
the same input and output systems in the GKP code sub-
space requires a non-Gaussian operation even in the limit
of ideal GKP input state. Since ideal GKP states have
unbounded non-Gaussianity, it is not a priori obvious that
more non-Gaussianity is needed to apply a logical non-
Clifford operation. Our result shows that this is actually
the case in general, extending an observation for specific
non-Clifford gates in multiqubit systems [44] to the general
class of non-Clifford gates on all dimensions.

II. PRELIMINARIES

Here we briefly review the relevant formalism for
discrete- and continuous-variable quantum computing.

A. Discrete variables

Qubits are ubiquitous in quantum information process-
ing and are d = 2 level systems. Qudits are an intuitive
generalizations to d dimensions. A general pure qudit state
is defined as

d—1
) =Y aili) (1)
i=0

with normalization condition Y “"!|e;|> =1 and [i) a
computational basis state. The Pauli group can be defined
for arbitrary dimensions in analogy to the qubit case as
Pa={0hX)Z) - v,w € Zg,u € Zp}, where wy; = /4
is the dth root of unity and

d: fordodd

D=
2d :

)

for d even’

with Z,; being the integers modulo d. The d-dimensional
Pauli operators Z;, X;, sometimes also called clock and
shift operators, are a way to generalize the qubit Pauli
operators Z,, X, and are defined as

d—1

X=) i+l 3)
j=0
d—1 ]

Za= 1) il 4)
j=0

with the property X = Z4 = 1 [45].
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We use the generalized Pauli operators X, Z; to define
the d-dimensional Heisenberg-Weyl operators as [21,22]

Py(a,b) = a)d X;zg, (5)

with a, b € Z,. Note here that for odd dimensions % =21

is the multiplicative inverse on Z, while for even dimen-
1

sions it means wj = ¢4 as there is no multiplicative

inverse of 2. Note that if we write ¢/™/9%  the product

ab is taken in Z rather than Z,. Then, the commutation

relations are

a, C. T
Pa(a,b)Py(c,d) = oD Py(c,d)Py(a,b),  (6)

0 -1
2= () o
is the symplectic form.

For n-qudit systems, the Heisenberg-Weyl operators are
written by

where

Ps(n) = ®_,Pyla;, b)) (8)

with u = (a,b) € Z2", which satisfy the orthogonality
relation

Te [PaPiw) | = d8u. ©)

The d-dimensional n qudit Clifford group is generated by
the following unitary operations:

d—1
R=)"dl)ls)

J.s=0
d—1 > ‘
P=Y o, P )7 )Gl (10)
j=0
d—1
SUM = > 1) (il @ li+) (/.
ij =0

For d = 2, these operators reduce to the Hadamard, Phase,
and CNOT gate [45], respectively. A Clifford unitary Ue
acts on the Heisenberg-Weyl operator in a simple way

UcPy(w)UL = €?Py(Su), (11)
where S € SP(2n, Zp) is a symplectic matrix [45] associ-

ated with the Clifford unitary Uc, and e is some phase
factor.

Using the discrete Heisenberg-Weyl operators, we
define the characteristic function [22]
x>V () = d"Tr[pPsw)']. (12)
Odd-dimensional systems allow for a simple way to define
the discrete Wigner function W0V : Z2" — R as the dis-

crete symplectic Fourier transform of the characteristic
function

ng(u) Z —ulQ,v DV(V) (13)
veZz"
=d"Tr[4A(w)p], (14)

where 2, now takes the form

0 -1,
Q= (L 0 ) (15)

and 1, is the » x n identity matrix. The phase-space point
operator in Eq. (14) can be written as

Aw =d ™" Y o P,m. (16)

2n
VEZY

The discrete Wigner function W,(u) in odd dimensions
has many useful properties. It is covariant under Clifford
unitaries Uc meaning that

w W= WY (Su) (17)

with S € Sp(2n,Z,) being the symplectic matrix asso-
ciated with the Clifford unitary Ue. Although it is a
quasiprobability distribution and is thus not necessarily
positive, W, (u) yields a valid probability distribution for
an arbitrary stabilizer state. A pure stabilizer state is a
state that is uniquely defined by a set of d" commut-
ing Heisenberg-Weyl operators—the stabilizer group—of
which the state is in the +1 eigenspace of all operators in
the stabilizer group. A mixed stabilizer state is a convex
sum of pure stabilizer states. This property was utilized to
introduce a magic measure—a measure for nonstabilizer-
ness—given by the /;-norm of the discrete Wigner function
s as

V1 = 7Y ). (18)

u

This quantity is therefore the negativity of the Wigner
function Eq. (17) [24]. This is a monotone under Clifford
operations in the sense of resource theories [46], i.e., it
is monotonically nonincreasing under stabilizer protocols
[24], which consist of (1) Clifford unitaries, (2) compo-
sition with stabilizer states, (3) Pauli measurements, (4)

010330-3



HAHN, FERRINI, and TAKAGI

PRX QUANTUM 6, 010330 (2025)

partial trace, (5) the above operations conditioned on the
outcomes of Pauli measurements or classical randomness.
Moreover, it is faithful for pure states, i.e., || WEVHI =1if
and only if v is a stabilizer state for an arbitrary pure state
v [22].

In the following, we also consider the /,-norm of a
functionf : Z2" — C defined by

1/p

If ||p =

> rap

2n
ueZd

(19)

for a real number p > 0, therefore yielding a generalization
of the negativity.

B. Continuous variables

The continuous-variable paradigm in quantum infor-
mation processing uses infinite-dimensional systems. The
central observables in these systems are commonly called
position O and momentum P and that fulfill the canonical
commutation relations

[0,P] =i

These operators have continuous spectra, which is why
this type of quantum information processing is often called
continuous variables, in contrast to the discrete-variable
systems described in the previous section. For a n-mode
system, the infinite-dimensional Heisenberg-Weyl opera-
tors, also known as displacement operators, are defined by

(20)

n
D(l‘) — l_[ eirpj rqj /Ze—irqj Pj eirpj O; , (21)

j=l1
where r = (7, ..., 7p,, 7,5+ -»7q,) = (p,¥q) and O;, P,

are position and momentum operators for the jth mode.
Displacement operators fulfill the commutation relation

D(r)D(r) = e~ % D'y D(r). (22)

Similarly to the discrete case, we can use the continu-
ous Heisenberg-Weyl operators to define the characteristic
function

Xg " (r) = Tr[pD(—r)] (23)

and the Wigner function as its symplectic Fourier trans-
form

1

T Qay
1

T Qay

weY(r)

/ dr/eirQnr’Xp (l‘/)

00 ) x

/ d"xerX <Q =1Iq + 5‘ P

—00
X

X Q=rq——>.

. 24)

The continuous Wigner function is a quasiprobability dis-
tribution and the Wigner negativity [17]

IV = / dr |5V ()| (25)

can be used as a valid measure for non-Gaussianity [12,
13]. Similarly to the case of discrete variables, we also
consider a /,-norm for a function f : R** — C defined by

1/p
i, = (f drvmw) ,

which for p = 1 gives back the Wigner negativity (25) as
the /;-norm of the Wigner function.

A family of states playing a major role in this work
are the Gottesman-Kitaev-Preskill (GKP) states [41]. They
were originally introduced as error-correction codes for
bosonic quantum systems. In this work, we employ this
encoding as a platform to map magic and non-Gaussian
resources for general qudit dimensions, extending a prior
result for multiqubit systems [34].

In the following, we use a subscript to denote a
continuous-variable state that encodes a discrete-variable
state. For instance, pggp refers to a continuous-variable
state that encodes the qudit state p by the GKP encoding.
The computational basis state |j) is encoded in the GKP
code as an infinite superposition of position eigenstates as

(26)

ioke = D 10 =a( +ds)),

§=—00

@27

which is analogously described by the Wigner function

WCV

V) lgkp (Vp, Vq)

=5z [ (o 5) ¥ (-3)
o< i (—1)"s (r,, — %5) 5 (rq o — %“t) . (28)
St=—00

with o = /27 /d, and where ¥/ (x) = (Q =x |j)gkp- A
useful property of the GKP code is that all Clifford uni-
taries on the code subspace can be implemented using
Gaussian unitaries.

As can be seen in Eq. (28), the Wigner function of a
GKP state consists of a collection of § functions. This
comes with an unbounded negativity, which reflects the
fact that an ideal GKP state is unnormalizable. Neverthe-
less, one can see that the 6 peaks are periodically posi-
tioned, with the unit cell having the size v/2dmw x +/2drw.
This motivates us to consider the /,-norm of a function f
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considered for a unit cell, defined by

1/p
Ir ”p,cell = (/ " dr|f (r) |p) s (29)

where fc o refers to the integral over the domain restricted
to a hypercube 7, € [0,v2dm),r,, € [0,4/2dm) in the
phase space.

We also note that there is a subtlety when we com-
pute /,-norm of a function that involves a § function.
We describe the procedure to perform such integrals in
Appendix A.

III. BRIDGING MAGIC AND NON-GAUSSIANITY

In this section, we present our results that directly con-
nect the resource content of the discrete-variable state
with that of the continuous one, establishing a quantitative
relation between magic and non-Gaussianity.

A. Via Wigner function

The first path to connect magic and non-Gaussianity
uses the continuous Wigner function.

In order to make this connection, we consider an oper-
ator basis for qudit systems. For I,m € Z,,, let Oy, be an
operator defined by

O = e~ ™z, (30)
where
M= > u)]. 31)
u,vely
ut+v=l mod d

This is proportional to a variant of the phase-space point
operator studied in Ref. [47]—we will later make this con-
nection more apparent. The operator in Eq. (30) can easily
be extended to n-qudit systems, where we define Oy, =
&) Oim; for L m € Z,. The operators Oy are invo-
lutions that are orthogonal in the Hilbert-Schmidt inner
product and therefore form a basis. Furthermore, they are
closed under Clifford unitaries. We will delve more into the
properties of the operators Oy, in the next subsection.
Let us now define the distribution

x,(Im) :=d "Tr(Oymp), (32)

which corresponds to the coefficients for Oy, when
expanding the state p with this operator basis. Although
I, m are elements of 75, in general, the operators Oy,
and correspondingly x,(l, m), can only gain a phase fac-
tor by a translation /; — /; 4+ d and m; — m; + d for any
i=1,...,n, and that the operators {Ol,m}l,mezg form an

operator basis of a n-qudit system. We consider the /,-
norm for this distribution over the restricted domainl, m €
7", i.e.

d? s

1/p

> e @myp | (33)

LmeZl;

”x,o ”p =

Its properties as a magic measure depend on whether the
dimension of the discrete-variable systems is even or odd.
Let us make this point explicit for the case of p = 1. We
first introduce the following proposition:

Proposition 1. The quantity ||x,||; is a magic measure
for pure states, i.e., it satisfies the following properties, in
any dimensions.

(1) Invariance under Clifford unitaries Uc:

HxUCPU-E 1 = ||xp ”1

(2) Multiplicativity: | x,g0 ||, = x5, %o :-

(3) Pure stabilizer states achieve the minimum value:
Ixslli =1 for every pure stabilizer state ¢, and
lxy Il1 > 1 for every pure state .

The first two properties directly follow from the proper-
ties of O m, which we will address in detail in Sec. IITA 1.
We show the third property in Appendix B.

For odd dimensions, ||x,||; coincides with the discrete
Wigner negativity [22,24]. As such, it can be defined
for general mixed states, and it satisfies the properties
discussed below Eq. (18), namely monotonicity under gen-
eral Clifford protocols, also including Pauli measurements,
along the following property.

Proposition 1. (continued)

(4) Faithfulness: For a pure state ¢, [|xgll1 = 1 if and
only if ¢ is a stabilizer state.

On the other hand, for the case of even dimensions, [|x,||1,
and more generally [|x,||,, do not reduce to known magic
measures in general. As a matter of fact, the definition
of a discrete Wigner function in even dimensions is more
challenging and involves expanding the set of phase-space
point operators to an overcomplete basis [48]. In addition,
the phase-space point operators always have a unit trace
[22,48], while it is not the case for Oy, in even dimen-
sions, indicating the subtlety of connecting it to Wigner
functions. However, for the special case of d = 2, we will
show in Sec. III B that |x,||, is proportional to the sta-
bilizer Rényi entropy for o = p/2 [33], as the operators
O;m reduce to the Pauli operators. As a consequence, we
recover faithfulness of ||x ||, for pure multiqubit states in
arbitrary p. In addition, it has recently been shown that
the stabilizer Rényi entropy with o > 2 satisfies the mono-
tonicity under stabilizer protocols [49], implying the same
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property for [lxy ||, in qubit systems. Stabilizer protocols
include Clifford unitaries, computational basis measure-
ments, addition of computational basis states and feedfor-
ward of the previous operations on measurement outcomes
and classical randomness.

In summary, the major dividing line between even and
odd dimensions for the above magic measures is the
question of monotonicity under Pauli measurement and
the inclusion of mixed states. Broadly speaking, it is an
important problem to find computable magic measures for
multiqudit systems that are nonincreasing under Pauli mea-
surements. Beyond the stabilizer Rényi entropy with o >
2, one such measure is known as stabilizer nullity [31],
but it is a highly discontinuous measure unstable under
an infinitesimally small perturbation. Finding such other
computable measures with full monotonicity will make an
interesting future direction.

Having introduced the main ingredients, we are ready
to present the main result. We provide a fundamental and
quantitative relation between magic and non-Gaussianity,
both of which are central quantum resources in the major
operational frameworks for quantum computing. We do so
by directly connecting the magic measure defined above
to the amount of Wigner negativity of the continuous-
variable state encoding the discrete-variable state. More
precisely, we connect the /,-norm of the continuous
Wigner function of a qudit encoded in GKP with the
l,-norm of the distribution defined in Eq. (32).

Theorem 1. For an n-qudit state p on a d"-dimensional
space and for an arbitrary real number p > 0, it holds that

v
dn(l—l/p)”x ” _ ”VVEGKPHP’cell (34)
pllp = ey >
l STAB,,,GKP ”p,cell
where
v . v
|| WgTABn,GKP ||p,cell = || WgGKP ||p,cell

= (4d)"'? /(8 d)"* (35)

is a quantity that takes the same value for every n-qudit
pure stabilizer state ¢. When d is odd, we further have

A%
” W/SGKP ”p,cell

&P gl = PNV, = .
I Wstas,.cipllp.cen
(36)

We prove Theorem 1 later in this section using the fol-
lowing general relation between the continuous-variable
Wigner function of the GKP state encoding a state and
the corresponding discrete Wigner function of the encoded
state, which may be of interest on its own.

The peculiar property of the Wigner function of GKP
states is that it comes with an atomic form, where the Dirac
distribution has disjoint support

W oo (F)
Jd'
= W ZCPGKP(Lm)‘S <rp —my %) 8 <rq _l‘/ %) )

IL,m

(37)

where ¢, (1, m) is a coefficient serving as a weight for
each peak in the Wigner function of a GKP state pgxp. We
show how to derive Eq. (37) from Eq. (28) in Appendix C.
This Wigner function forms a lattice, so we restrict it to one
unit cell and focus on /;, m; € [0,2d — 1] or equivalently
li,m; € Zpgforeachi=1,..., n.

The following result shows that the weight ¢, (I, m)
in the domain I, m € 7, exactly coincides with the distri-
bution defined in Eq. (32).

Proposition 2. Forl,m € 7, it holds that

Cpgiep 1, m) = x, (1, m). (39)

The proof of Proposition 2 can be found in Appendix C.
This establishes the fundamental relation between discrete-
variable and continuous-variable representations of an
arbitrary state p. As we will see later in this section, for odd
dimensions, Proposition 2 directly connects the discrete
Wigner function of an arbitrary state p and the continuous
Wigner function of the GKP state that encodes p.

Theorem 1 relates the /,-norm of GKP Wigner func-
tions to the /,-norm of x, for a discrete-variable state p,
which quantifies the magicness in p, and therefore estab-
lishes a direct connection between the Wigner negativity
of a qudit encoded in GKP and a finite-dimensional magic
measure. The case of p = 1 is particularly insightful. In
this case, the 1 norm of the continuous-variable Wigner
function coincides with the continuous-variable Wigner
negativity, which is known to be a valid measure of non-
Gaussianity [12,13]. The quantity in Theorem 1 is then the
amount of non-Gaussianity renormalized by the negativity
of the GKP states encoding stabilizer states. This renor-
malization is necessary, as even stabilizer states encoded
in GKP have nonzero continuous Wigner negativity. In
light of Theorem 1, the properties in Proposition 1 can
be equivalently proven by leveraging on the properties of
continuous Wigner function.

1. Properties of operator basis

Since the operators Oy, defined in Eq. (30) are of inter-
est in their own way and play a central role in connecting
the continuous-variable and discrete-variable worlds as
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can be seen in Theorem 1 and Proposition 2, let us inves-
tigate their properties. A proof of the properties outlined
here can be found in Appendix D.

Let us consider a single-qudit case, as the extension to
multiqudit case is straightforward. One can see that for
I,m € Zg4, the operator Oy, can also be written as

Ol,m — e—iﬂml/dRdelzm, (39)

where R |j) = |—j) forj € Z, is the reflection operator for
a computational basis state |j) with |—j) := |d —j). The
form in Eq. (39) implies that our operator basis {Op}im
is equivalent to the phase-space point operator introduced
in Ref. [47] up to a constant factor. In the case of odd
d, Xd_l/ % and Z;"/ ? are well defined (as Z, contains mul-
tiplicative inverse of 2 and thus —//2,m/2 € Z;), and the
relation between O;,, and the phase-space point operator
(16) becomes apparent as

. Im
OI,m — e—mml/dwdz X;/2Zd_m/2RZ;n/2Xd_l/2

__qpyip (L _m Lom\
=(-1) Pd(z, Z)de<2’ 2)

_ g (L

= (-1 A(z’ ) (40)

where we used X/R = RX,“ and ZSR = RZ;I’ for every
a,b € Z,. We discuss the relation between O;,, and the
phase-space point operator in detail in Appendix D.

In general, [, m € Z,, are defined over mod 2d. How-
ever, for most applications, one can restrict to Z,. For a
value above d, the operators are periodic in d

M; = M4 (41)

i =2 (42)
but can have different phases
Orram = (=1)" Oy,
Otmra = (=1)'Op (43)
Otramia = (=)0,

Therefore, if one is only interested in the operators inde-
pendent of the sign, one can restrict the domain of /, m.

In general, O;,, and Z; are unitary, and M; is Hermitian.
Thus, it holds that

01,0}, = 1. (44)
The operator O, is also Hermitian O = O and thus
Ol,mol,m = ]]-a (45)

implying that the spectrum is £1.

These operators are orthogonal in the sense of the
Hilbert-Schmidt inner product

Tt (01O’ ) = S Surd. (46)

Furthermore, the action of Clifford unitaries on the opera-
tors Oy 18 equivalent to a symplectic linear transformation
on the coordinates (I, m) and constant shifts. We show
this in Appendix D2. For d = 2, one recovers the stan-
dard Pauli operators. Therefore, O;,, can be seen as a
Hermitian generalization of the Pauli operators to arbitrary
dimensions.

M; contains d 1s for any dimension, but they behave
differently for even and odd dimensions. Whether the oper-
ator is traceless for even dimensions depends on whether /
is even or odd—»7/, is traceless for odd /, while it has trace
2 for even [. For odd dimensions, the matrices M; have
trace 1.

Using the properties of M; and the known properties of
Z4, we can now give a summary of the properties of O,

1+ (D" d,leven
Tr[Om] = 30 d even, [ odd 47)
(—DHm™ d odd
O =0}, (48)
0}, =1 (49)
Tr (Ol,mol’m/) = (Smm/all’d- (50)

The properties above extend straightforwardly to the case
of many qudits.

As we have seen that the operators are orthogonal under
the Hilbert-Schmidt norm and form a basis, we can expand
operators in that basis. We restrict to 1, m € 7, since the
operators for other 1, m are the same modulo a potentially
different sign that can be absorbed in the coefficients.

We can represent every multiqudit quantum state in the
basis of the operators O,y such that

O
o= ZTI’ |:,0 C;nm:| Oim

m,l

= x,(Lm)Oy . (51)
ILLm

Given by the spectrum of Oy, we can bound the value of
the coefficients

1 1
o <x,(I,m) < . (52)
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We can further bound x, (I, m) using Tr(p) = 1 as

Tr(p) = )%, (b m)Tr (O1m)
Lm

_ {Zl,m<—1>"mxp<l,m> —1 o

Zl,m:even 2nx;0 (l, m) =1 cven

wherel-m = > | Iim;.
Interestingly, we find the following characterization of
pure stabilizer states, which we prove in Appendix D 3.

Proposition 3. For an arbitrary pure stabilizer state ¢,
X (1, m) has the same magnitude |x¢ a, m)| = 1/d" with d"
non-zero coefficients over L, m € 7).

We note that, because of the property in Eq. (43), the
nonzero coefficients in the larger domain m,1 € Z/, for a
pure stabilizer state still solely takes the value d~", and the
number of nonzero coefficients increases to (4d)”.

We see that x, (1, m) is not directly a quasiprobability
distribution but can easily be modified to be one for odd
dimensions. In the case of odd dimensions, we can show
a direct connection between the operators O, and the
phase-space operators A(a;, a;). The precise connection is

O24,-20, = A(a1, a2), (54
where now the index 2a;, —2a, € Z,4 go over numbers
mod 2d, to get the sign correct. We can make the connec-
tion even more explicit by correcting the trace of Oy, and
remembering that otherwise the phase-space operators and
Oy, are reordered versions of each other

(=120 4y = A(c[ar,a2]"), (55)
where o is some permutation matrix over Z>. This result
directly connects the discrete Wigner function W9V with
the distribution x, via

xXp(a,a) = (D2 W)V (o[ar,a]").  (56)

2. Proof of Theorem 1
We are now ready to show Theorem 1.

Proof. Using Propositions 2 and 3, we get for an arbi-
trary pure stabilizer state ¢ that

d \"* pl/p
” W;XKPHp,cell = |:(4d)n {<g> dn} :|

(4d)"'»

= —(8nd)"/2' 57

Proposition 2 gives

- 1
p] i

d n/2
” WS(\}]KP ”p,cell = Z { (g) |xp (l: m)| }

| LmeZ2,
P d\"? 1"
2 [ ]
n/2
() i,
_ dn(lfl/p)”Wg(‘;’KP||p,ceu||xp||p, (59)

which shows Eq. (34).
For odd-dimensional cases, we can employ Eq. (55) to
get

p= W aLada,a)

ap,a
= Z xp(al’ aZ)Oal,az
ar,ay
=Y x@,a)(=D""A@a,al).  (59)
ap,a
This gives in particular
1/p
12, = (e aat
ap,ay
I/p
= (Z | (=1, (1, m) |”)
ILLm
= lIxpllp- (60)

This, together with Eq. (34), shows Eq. (36), completing
the proof. |

This concludes the section on establishing a connec-
tion between magic and non-Gaussianity with Wigner
functions.

B. Via characteristic function

In this section, we use the formalism of characteris-
tic functions to establish a connection between magic and
non-Gaussianity similar to the one found in the previous
section.

The characteristic function of a qudit state p =
Zu,vezg Puy 1) (v| encoded in GKP can then be written
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as

2 i 27
X/JC(X(P(r) —y d Z Yoaip (I M) <p — m,/ 7)

Im=—

2
x 8 (q - 1@) : (61)

where y,,,(/,m) is a coefficient serving as a weight for
each distribution of the characteristic function of a GKP
state pgxp. We show the derivation in Appendix E.

The following result establishes the fundamental con-
nection between the discrete characteristic function and the
continuous-variable characteristic function of GKP states
that encodes the discrete-variable state.

Theorem 2. Let p be an n-qudit state on a d”"-
dimensional space. For 1, m € Z7 ,, it holds that

Vookp (l, m) — dne—iﬂl‘m/dw;Lm/ZX/]))V(l, m)* (62)
In particular,

_ ”XEC?I/(P ”p,cell

l, =
CcV >
[ XSTAB,GKP llp,cell

d" P Y (63)

where

I xstaB.GKp lpcen = [l X Ip.cei
27 \"?
= <7> (4d)"” (64)

is a quantity that takes the same value for every pure
stabilizer state ¢.

The proof can be found in Appendix E. This gives us a
direct connection to the «-stabilizer Rényi entropy defined
for multiqubits [33], which has recently been shown to be a
magic monotone under stabilizer protocols for o« > 2 [49].
Our result also provides an immediate generalization to
all dimensions. The natural extension of the «-stabilizer
Rényi entropy to n-qudit state is

M,y (p)

=0 —-a)log|d™ Z ITr (pP)|** | — nlogd
PeP;;

= a(l —a) " log||E(p)ll, — nlogd, (65)
where P is the projective generalized Pauli (Heisenberg-

Weyl) group, which only contains +1 phase, Ep(p) =
dlnTr (pP)?* forms a probability distribution when p is pure.

Thus, we see immediately by comparison that we can
write all a-stabilizer Rényi entropies with the /, norm
of the continuous-variable characteristic function for the
qudit state that the GKP state encodes. Specifically, we
have

20
My (p) = T——10glix;" Il — nlogd
2 log 11X Senep 120 cet anlogd 66)
l—«a ”XS]YAB,GKP”th,ceH l—a’

where in the second equality we used Theorem 2.

We show the faithfulness property for the case p =1
in Appendix [. It is straightforward to see that the other
properties include invariance under Clifford unitaries and
multiplicativity.

IV. SIMULATION ALGORITHMS

In this section, we provide simulation algorithms for
qudit circuits that use magic measures based on the con-
nections we established with the Wigner and characteristic
functions. We give the technical details in Appendix F.
Furthermore, we provide a simulator for GKP circuits
that surprisingly resembles the introduced qudit simula-
tors. The details can be found in Appendix J. This provides
an operational interpretation of the magic measures as the
simulation overhead incurred by the nonclassical features.

A. Wigner function

The magic measures that were inspired by the continu-
ous Wigner function allow for an operational interpretation
of the simulation cost of a quantum circuit. Pashayan et al.
[42] introduced a simulation algorithm for quasiprobabil-
ity distributions that strictly resemble the discrete Wigner
functions in odd dimensions. These ideas were used to
adapt the simulator to multiqubit cases by Rall et al. [43].
Using our unified approach that works for all dimensions,
we can extend the simulator by Pashayan et al. to all
dimensions and recover the simulator of Rall er al. for
d = 2 (see Appendix F). Crucial ingredients to do this are
the properties of the operators O, especially how they
transform under Clifford unitaries. Consult Appendix D
for details. The simulation timescales with the aggregated
/i-norm of the circuit, similarly as for the total forward
Wigner negativity of Ref. [42]:

T
M = x|, ]J max [xu, (o), max n ol (67)
where the maximum is taken over all trajectories and

0
x,(\) = Tr <pd—:> (68)
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’ Oy it
xU(A , )\.) =Tr WUO)LU (69)
xn(A) = Tr(I10;) (70)

are the coefficients related to the input state p, the uni-
tary evolution U and the measurement effect IT with A =
(I,m) € Zf,”. The number of samples K that achieves
precision € with a failure probability py is given by

Kzz/\/liizm (3> (71)
€ Pr

This shows that the number of samples directly scales with
the resourcefulness of the input state |x, ”1 if we evolve
using the free operations of our magic measures like Clif-
ford unitaries and measure in the computational basis. This
result gives an operational interpretation of the measures
discussed in this work, as already noted in the case for the
discrete Wigner negativity [42].

A few comments on the difference between even-
and odd-dimensional systems are in order. For odd-
dimensional systems, it holds pr Hl > 1, whereas it is
possible for qubits that pr || , < 1 for specific states, which
reduce the number of samples needed. These qubit states
are discussed in Ref. [43] and are called hyperoctahedral
states. We show that this phenomenon exists in all even
dimensions and call these states hyperpolyhedral states.
See Appendix G for details. However, for pure states, it
holds that ||x, |, > 1.

Another interesting difference between even and odd
dimensions when Pauli measurements are involved is that
the simulator is less competitive in even dimensions. The
cost of the measurements is taken into account via the term

max |xp (Ar)]. (72)
At

Since for odd-dimensional systems Oy, has trace 1, com-
putational basis measurements do not increase the simula-
tion time. This is not the case for even dimensions. In this
case, the measurements increase simulation time, as was
noted by Rall et al. [43].

Let us assume that we would like to measure £ qudits
of our n-qudit system in a computational basis state |i).
The measurement effect then is given as I[1 = 1,,_; ® [i)(i].
Without loss of generality, assume the measurement of the
state |1) (1], the state with all measured qudits in the 1 state.
The expansion of a qudit in the operators Oy, is |1)(1| =
1/d Zflz_ll O,;. The cost inferred from the measurement is
then

max |xr (A)| = max [Tr [Oym Lt ® ID(L][  (73)
AT IL,m

=, max |Tr [OIn—ksmn—k]| max |Tr [OIk,mk |1)(1|]| .
n—k-Mp—k Ix,mg
(74)

The maximum trace \Tr [Olk,mk 1) (1|]| is 1 for both even
and odd dimensions. However, for the first term there is a
big difference between even and odd dimensions. For odd
dimensions the trace of Oy, is &1, so unmeasured qudits
do not add to the simulation cost in any way. This is not
the case for even dimensions. In even dimensions the trace
of a single-qudit operator Oy, is either 0 or 2. Therefore,
the maximum of the first term }Tr [OIn—k,mn—k] ‘ is 2"* and
thus the number of unmeasured qudits increase the number
of samples required exponentially.

However, this cost only plays a role if not all qudits are
measured. Relevant examples where naturally all qudits
are measured at the end of the computations are variational
algorithms and sampling algorithms. Also, the existence
of hyperoctahedral states admits the simulation of noisy
magic states at the cost of pure stabilizer states (or even
less in some cases), which allows us to use the peculiar
behavior of even-dimensional systems to our advantage.

B. Characteristic function

The same ideas can be used to construct a simulator that
is based on characteristic functions. It will reduce to the
simulator by Rall et al. [43] for d = 2. The simulation cost
scales with a resource quantified using magic measures
based on the connection of the characteristic functions.

Instead of representing the quantum state in the basis
of Oim, we use the Heisenberg-Weyl operators P,(l, m)
defined in Eq. (8) as our basis. Since they are unitary and
traceless (with the exception of the identity operator) a few
small modification are in order. A qudit state p and its
characteristic function xV can be written as

1
p=- %} x5 (1, m)Py(1, m), (75)

with xPV(0,0) =1, since P,4(0,0) = 1. Furthermore,
since the density operator is Hermitian, it holds that

> x4 mPm) =Y [xPVA,m)]" Pyl m)’.
I,m I,m

(76)

Therefore, many coefficients in the decomposition are
redundant. For Heisenberg-Weyl operators it holds that

P, m) = o}™Py(—1, —m) (77)
and therefore
[xPVa,m)]" = o™ )PV (-1, —m). (78)

This implies that we have only (d*> — 1)/2 independent
coefficients in the decomposition. Thus, we can only
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sample from the independent coefficients, since they are
pairwise dependent.

The rest of the algorithm works equivalently. In par-
ticular, the simulation time scales with the aggregated
[{-norm:

M =[x, Hmax | ol max | xf

(79)

with

.
xp" (h) = Tr (p le(n”) (80)

BV(A’,A):Tr( Palh Dup (,\)UT) (81)
DY) = Tr (ITP4(1)) . (82)

The simulator behaves similarly to the previous one for
even dimensions. The same simulation time increase hap-
pens for unmeasured qudits in this case.

C. Simulating GKP

The connection between the continuous Wigner func-
tion and the introduced discrete distributions can also be
used to simulate the dynamics of GKP states. Here, we
introduce a simulation algorithm for circuits that use ideal
GKP codewords, Gaussian unitary operations, and Gaus-
sian measurements, i.e., homodyne detection. The details
can be found in Appendix J. We remark that the works
[50,51] show a simulator that efficiently simulates GKP
qubit stabilizer states with rational symplectic unitaries
with displacements. On the other hand, our algorithm
works beyond this restricted set of operations, encompass-
ing all Gaussian unitaries and measurements. Instead, our

J

P(x) =

NZA
NE

2n
ueZyy

. x,(w)
Z sign(x, (W) [, w
o

Z(S(x—i—Trp[Sd—

1 pezn

algorithm only weakly simulates the dynamics, while the
one in Ref. [51] realizes strong simulation.

We want to simulate the run of a quantum circuit, but
in contrast to the previous section, in the end we want
to obtain a sample x of a homodyne measurement. The
sample x is drawn from the probability distribution of
obtaining a certain measurement outcome x given by the
Born probability

P(x) = Tr[T,UgpUL], (83)
where Iy describes the measurement effect of obtaining
measurement outcome x. However, a few comments are in
order. First, GKP states are not quantum states, since they
are non-normalizable. In consequence, if p in the equation
above is such an object, P(x) is not a probability distri-
bution, i.e., the integral over all measurement outcomes is
not 1 but co. Even though such a quantity is not properly
defined in a physical context, this idealized case can still
give insights. To differentiate between a probability P(x)
and the quantity we obtain by measuring an ideal GKP
state, we call the latter P(x).

We will assume now an ideal GKP codeword encoding
a multiqudit state p. We then rewrite the “probability” we
want to sample from as

P(x) = / dr Y (r) WCv

UgpGkp

_Vd§
_ﬁu;ooxp(u)

X /dpa ([p,x]T—i-Sd—\/gSu), (85)

where we used the atomic form defined in Eq. (37).
We use the periodicity of coefficients x,(u) to simplify
the expression further and obtain

;g ® (84)

T
S5 \/anSn:D . (86)

Thus to obtain a sample according to the equation above we first sample a u according to \xp (u)|/ ||xp ” ;- Then we

—Sd + \/gSu + 27rdSn] as the index of the measurement result.

Here another comment is in order. Sampling from the integers is not possible since the set is not closed. We can however
use the form we derived by just investigating how the first unit cell of the GKP lattice evolves by setting n = 0. Then the

dynamics have the familiar form
Tr, | sd — | s (87)
I' — —
P 247"

sample uniformly a n € Z%ZZ and return x = Tr,

P(x) =

3 s | Bl (s

Tel,

Y.
N
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and the output sample depends only on the qudit dis-
tribution x,. Note the resemblance with the simulation
algorithm presented in Sec. [V A.

V. MAGIC NEEDS NON-GAUSSIANITY

It has been known since the original GKP paper [41]
that one can implement the logical T gate and thus get
an H-type magic state by using a cubic phase state or

cubic interaction €@’ However, this is merely one pos-
sibility for implementing a non-Gaussian interaction, and
this does not show the necessity of non-Gaussianity to
implement a non-Clifford operation on the code subspace.
This is a widely held belief based on the correspondence
between a pair of Pauli and displacement operators and that
of Clifford and Gaussian operations, where displacement
operators and Pauli operators are both Heisenberg-Weyl
operators. However, this “belief” has not been proven
in general, beyond specific cases in qubit systems [44],
where the conversion between a computational basis state
and the H state was ruled out. Indeed, GKP states have
large Wigner negativity and thus a priori additional non-
Gaussianity may not be required, making the necessity
of non-Gaussian operation to implement a non-Clifford
operation nontrivial.

Nevertheless, the results established above allow us to
show that non-Gaussian operations are essential to imple-
ment nonstabilizer operations in the GKP code space.
In fact, we find that the Gaussian protocols [12]—a
class of deterministic quantum channels larger than Gaus-
sian operations, which also admits feed-forwarded Gaus-
sian operations conditioned on the outcomes of Gaussian
measurements—are not able to implement nonstabilizer
operations in the GKP code space. Importantly, Gaus-
sian protocols include a gate teleportation circuit involving
a Gaussian measurement and a feedforwarded Gaussian
unitary, which itself is not a Gaussian operation [52].

Theorem 3. Let A be a quantum channel with n-qubit
input and output. If there exists a pure stabilizer state ¢
and a pure nonstabilizer state i such that A(¢) = ¥, A
cannot be implemented in a GKP code space by a Gaus-
sian protocol. Also, for a quantum channel A with n-qudit
input and output systems with odd local dimensions, the
condition can be relaxed to the existence of a (potentially
mixed) stabilizer state o and a state p with WDV, > 1
such that A(o) = p.

Proof. Suppose that A can be implemented in the GKP
code space by a Gaussian protocol G, i.e., G(ogkp) =
pckp for qudit states o and p such that A(o) = p. Since
I WSXKP [l1,cen does not increase under Gaussian protocols

[12,13,34], we get

v v
ISV Neen = 15

v
pGKP Gtoa et < Iy icen. (88)

Because of the assumption that p is also an n-qudit state,
Theorem 1 and Eq. (88) imply that

ey,

[l1cen
ogkp '
XMt =
\Y
|| WSTABn,GKP ” 1,cell

[

PGKP ” 1,cell

\%
” WgTABmGKp || 1,cell
= [lxplli- (89)

Suppose that the input state o is a pure stabilizer state
denoted by ¢ and the output state p is a pure nonstabilizer
state Y. Since ||x4 |1 is faithful for pure states as shown in
Sec. III' A, i.e., for a pure state ¢, ||x4]l1 = 1 if and only
if ¢ is a stabilizer state, we get ||xy|l; = 1 and ||xy[l; > 1.
This is a contradiction with Eq. (89), showing that such a
channel A cannot be implemented by a Gaussian protocol.

The statement for odd dimensions follows by the same
argument using the relation (36). |

An immediate consequence is that a Gaussian protocol
cannot implement non-Clifford unitary gates determinis-
tically. This does not contradict the protocol by Bara-
giola et al. [53], which requires many auxiliary GKP
states—making the whole operation involving the prepa-
ration of such auxiliary states highly non-Gaussian—to
apply a single non-Clifford gate. In addition, their proto-
col is probabilistic and, therefore, does not directly fall into
the scope of our result, which is pertinent to deterministic
operations.

We stress that the statement of Theorem 3 directly bene-
fits from the connection between the DV and CV resources
established in this work. In particular, the general connec-
tion between DV and CV resource measures in Theorem
1 and the property of magic measure in Proposition 1 play
crucial roles in the proof of Theorem 3.

VI. CONCLUSION AND OUTLOOK

In this work, we establish a quantitative relation-
ship between magic and non-Gaussianity through the
Gottesman-Kitaev-Preskill encoding, which serve as the
central resources for the key operational frameworks used
to study quantum computation in both discrete and con-
tinuous variables. Furthermore, our work provides a tool
to analyze resources in the setting when qudit systems are
encoded in CV systems. We introduced a family of dis-
tributions for discrete-variable systems and showed that
their /,-norm exactly corresponds to that of the continu-
ous Wigner function that encodes the same qudit states
via GKP encoding. Notably, the discrete-variable distri-
bution coincides with the discrete Wigner function for
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odd dimensions, allowing us to connect the negativity of
Wigner functions of discrete and continuous variables for
p = 1. More generally, our distributions allow for defining
a magic measure for all dimensions and extend the discrete
Wigner negativity defined for odd dimensions and the sta-
bilizer Rényi entropy defined for multiqubit systems in a
unified manner. Furthermore, we showed that the /,-norm
of the discrete-variable characteristic function corresponds
to the characteristic function of a GKP state that encodes
the same qudit state. This provides a new interpretation of
the stabilizer Rényi entropy in terms of the GKP encoding
and naturally extends it to all dimensions. By employing
this framework, we find an operational interpretation of
the magic measures by introducing a classical simulation
algorithm, where the run time scales with the magic con-
tent. The first algorithm is based on the magic measures
connected to the continuous Wigner function and recovers
the simulator in Ref. [42], while the second one is based on
the magic measures connected to the continuous charac-
teristic function. Both algorithms give a strong operational
interpretation to the magic measures we introduced. Then
we presented a weak simulation algorithm for ideal GKP
circuits. This algorithm improves the state of the art by
allowing all Gaussian unitaries as well as all qudit states
encoded in GKP. This algorithm bears many similarities
to the qudit simulators we introduced before. We utilized
our findings to demonstrate that achieving a determin-
istic implementation of a logical non-Clifford operation,
with identical input and output dimensions within the
GKP code subspace, necessitates a non-Gaussian opera-
tion, even when operating at the theoretical limit of the
ideal GKP state input. We conjecture that the faithful-
ness property holds independently of the dimension and
not only for odd-dimensional and multiqubit systems. An
implication is that Theorem 3 would hold for all dimen-
sions, where one could replace multiqubit systems with
any even-dimensional ones. We leave that conjecture for
future work.

Our framework offers a novel approach to analyze non-
Gaussian and magic resources in a mutual way: tools
developed for infinite-dimensional systems can be used
to describe properties of finite-dimensional systems, and
vice versa. We hypothesize that further cross-fertilization
between these two worlds is possible, allowing for inves-
tigating more properties in the light of our approach. Fur-
thermore, we have seen that the magic measures defined in
this work behave differently for even and odd dimensions.
An interesting future direction is to further investigate the
origin of this behavior. Finally, being able to investigate
and see the dependence of the dimensionality could shed
new light on the source of quantum speedups.

Note added—Recently, a related independent work by
Lingxuan Feng and Shunlong Luo [54] was brought to
our attention, where the authors found a complementary

relation between the description of a single-qudit state and
continuous-variable Wigner function of the corresponding
GKP state.
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APPENDIX A: /,-NORM AND
RENORMALIZATION

In this section, we formalize a way to compute the /,-
norm of the characteristic function as well as the Wigner
function of GKP states. Note here that the /;-norm of the
Wigner function is the Wigner negativity. The /,-norm is

defined as
I, = (/ dXIf(X)IP)p .

We are interested in computing the /,-norm of characteris-
tic and Wigner functions of GKP states, so we deal with
sums of Dirac distribution, where the distributions have

disjoint support
1
p) »

(/ dx
1 1

= (Z |fz~<xi>|f’6<0)P‘) = (Z m<x,-)|f’) 50)7 .

(A2)

(AT)

Y /X8 (x —x))

This integral evaluates to the same Dirac distribution
§(0)?=V/P for all GKP states, which will be canceled by
dividing it by the /,-norm for another GKP state as in
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Theorems 1 and 2. Therefore, we will define the norm as

. X

([ )
%0 r ’

=(/ dx 8(x—xi))

= (Z |f,~<x,~>|P>

as a kind of regularization.

fiX)8 (x —X;)

> fix)

(A3)

APPENDIX B: PROOF OF PROPERTY 3 OF ||x, |1

In this section, we prove a property of |x,||; among
those listed in Sec. III, specifically that |x4|; =1 for
every pure stabilizer state ¢ and ||x,||; > 1 for every pure
state .

We have the requirement for a pure state i that

Tr(y?) = Y xy(Lm)’d" =1, (B1)

I,m

which implies

> Tr(Omy)* = d". (B2)
I,m

Recalling that Oy, has eigenvalues =1, it holds that

[Tr(Oim¥)| < 1, VI, m. This gives

J

Y AT O] = Y Tr(Opm)> =d",  (B3)
I,m

I,m

showing ||xy || > 1 for every pure state .
Let ¢ be an arbitrary pure stabilizer state. Proposition 3
ensures that |xs(1, m)| = 1/d" for d" elements, leading to

1 n
Il =§|x¢<l,m>| = d'=1, (B4

completing the proof.

APPENDIX C: PROOF OF PROPOSITION 2

In this section, we derive the atomic form of an n-qudit
state encoded in the Gottesman-Kitaev-Preskill code. We
call the representation atomic if each Dirac distribution
with different support appears only once in the summation,
thus all Dirac distributions are distinct. We start deriving
the atomic form for one qudit encoded in GKP and then
generalize it to n-qudit systems.

1. One qudit

For a single qudit, the Wigner function of a computa-
tional basis state |j ) (j | encoded in GKP are

WEV

W lgkp

o Z( 1)sz3< ——s>5<rq—aj—d7at). @)

§,I=—00

(rq:rp)

In order to derive the Wigner function of an arbitrary qudit state p = ZM <z, Puv |u) (v| encoded in the GKP code, we

expand our state in the computational basis

PGKP(rp’rq) - Z puv / dxe™~ |: Z ) (rq

u,vely

)| [ S ofo-

2
Y 7(v +dt)>:| .

(€2)

We then use the linearity of the Wigner function and get cross terms between the computational basis states j and &

WC k|GKp(rp>Vq)— f dxelrpx|:z ‘S(rq ~

§=—00

27”(/ +ds)>:| [Z 5 <rq - ;ﬁ - %(kerz))}

Z 2 g s ( \/ "4k ds+ dt]>

27r
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1 2irp (rq—) ZF (k+dt—ds)) T,
= — ) — = k+dt

27 — ¢ & 2d[] kot di]

1 2iry | 2 ds 2iry (rq— ZE (k+d1) T
=E§e PV d PN d ) rq— ZZ(]+k+dt)

1 2d T, 2iry (2L G +kAdt) — ) 2ZE (k+dt))
=5S,‘S<VTP‘S)‘S<“‘W/+"+d”)e”; S

1 T T, i, \/Z (G —k—dt)
= 6 - - 8 - -~ k dt ’ d 9 C3
2/2md z,: (r” Y 2d> (r" V2a T )) ¢ (C3)
where in the second last line we used the Poisson resummation formula
oo o
Yo=Y skx—h. (C4)
n=—0oo ——00
We simplify Eq. (C2) by using Eq. (C3) and arrive at
R T T
WY St = —== D puw p_(=1)" /s (r,, —s /—) 8 (rq — J=@w+v+ dz)) . (C5)
roke 8nd u,v=0 S,t 2d 2d
[
We need to find the coefficients ¢, (1, m) such that As an example, if we take qubits d = 2
Woeke (Tp>7q) e 1 0 v 0 1 o
«/c—iz (Lm)s T\ s ki °=10 1 =\1 o (©9)
= — c ,m)é|\r, —m | — rg—1 [ —
/_87[ ~ PGKP p 2d q 2d

(Co)

only has disjoint support for each Dirac distribution in the
summation.

By inspection of Eq. (C5), we immediately see that
8 (r, — s/7/2d) is already in the correct form and thus
will only contribute a phase with s = m. Furthermore, we
restrict the GKP state to one until the cell of length +/2d,
so each m, [ can have 2d values m,l € {0,1,...,2d — 1}.
For now, let us consider s = m = 0. Then we get the same
Dirac distribution for g if u + v 4 df = I. This requirement
can be simplified if we remember that we consider only
a unit cell and thus ¥ + v mod d = . Consequently the
matrix element ¢, (/,0) will be a sum of p,,, with u + v
mod d = /. We can write this as

Cpaxp (1, 0) = d™'Tr (pM)), (C7)
with
M= 3wl (©8)
u,vely
u+v=I mod d

so we retrieve the identity and Pauli X. For qutrits d = 3
we get

1 00 010
My=[0 0 1]M=|1 0 0
010 0 0 1
0 0
My=|[0 1 0 (C10)
10

We now consider the general case with m # 0. Recalling
| = u + v + dt, the contribution for m # 0 is given by the
phase factor

Z(_l)m(u—v—dt)/d — Z(_l)m@u—l)/d

— E emm(Zufl)/d — efmml/dwzwj
m

(C11)

010330-15



HAHN, FERRINI, and TAKAGI

PRX QUANTUM 6, 010330 (2025)

where wy = €27/ is the dth root of unity. This allows us to

obtain the general form of matrix elements in Eq. (C6) as

Cpaxp (Lm) = d~ e ™" (M Z]) p) (C12)
=d 'Tr (0,(I,m)p) (C13)
=x,(l,m). (C14)

WCV

PGKP

= puvl_[

u,veZ

We are now ready to show Proposition 2 by confirming that

Jd'
WS(YKP (r) = n E : Cpap (1, M)
LT Im

[ [
xé(rp—m ZZ){S(rq_l Zl) (Cle)
coincides with Eq. (C15) by taking ¢, (I, m) = x,(1, m).
We note that

xp (1, m)
— dfnefir[m'l/dTr (Ml| R ---
= d e tTmV/d, (A/[lZ:an) ,

® M, Zy' ® - ® Z;"p)
(C17)

J

This shows Proposition 2 in the case of n = 1.

2. n qudits
In this section, we will derive the multiqudit atomic
form of GKP states. The state of an arbitrary n-qudit state
is given as p = Zu,vezg Puy 1) (v]. The Wigner function
for the GKP state that encodes this n-qudit state is then

/ drx ipiTx |: Z ) (rlh + = - ” (uz + dsz >:| |: Z ) (rqi FXl V (Ul + dt; )>:|
¥ (wi—vi—dty) _ | E L . 4
(F)n Z IOllV 1_[ |:Z( 1) d 8 (rpi \/;Sl) ) (ti \/;(dtl + Uj + vl))} .

(C15)
[
with
Tr (VZ3'o)
= D P VIMy @ @MZ @@ Z)" )
u,veZly
= > puyy" 0 (VM ® - @ M, ).
uveZ"
(C18)
Note that (v| M}, ® --- ® M, |[u) = 1 when
u; + v, +dt, =1 (C19)

and (v| M}, ® --- ® M, |u) = 0 otherwise. Consequently, the Wigner function (C16) with the coefficients (C17) becomes

Jd T T
ngKp(r) 871n ;ﬂ:xp(l, m)s <rp —m ZZ) Fy (rq — l\/Z:d)

—im myu My [T T
dnz Z Oun ml/d 11,,,0) <U|M11®...®Mln|u><rp_m Zl>5(rq_] ﬁ)

Lm yveZf

1 —m;(uj+vi+dt) /2 mju; T T
=— E Puv | | E w, T wy M = miy [ o ) 3\ gy — ) 55 i+ v+ dl)
V8rd' : 2d 2d
uveZl

i=1 mjti

— 8;d” Z O ﬁ Z(_ l)mi(ui*Ui*dti)/d

u,veZ i=1 myt;

g T
Vp; — M g 1) Vg — g(”j‘i‘vi"‘dti) ,

(C20)
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which coincides with Eq. (C15). This completes the proof

of Proposition 2.

APPENDIX D: PROPERTIES OF THE OPERATOR
BASIS

1. Basic properties

In this section, we will show the properties of the
operator

O = e ™™ app 7, (D1)

As mentioned in the main text, the parameters are /,m €
Z4. We will first show a property that involves all ,m €
Zg4. 1t holds that

d—1
Y Om= ) Zw;""é"‘)|—x+z><x|

lLmeZpq ILmeZpg x=0

d—1
=YY Y o b ©3)

1€sz x=0 meZyy

d—1
=) Siacl—x + x|

x=0 lGsz

—1. (D5)

(D2)

(D4)

Thus by summing over all /,m € Z,; we can resolve the
identity using the operators Oy,,.

Using the operators, however, as an operators basis we
donotneedall [, m € Z,,. 1t suffices to restrict to [, m € Z,.
If we now have a value above d, we have

My = My

m __ m+d
d_Zd .

(Do)
(D7)
However, the phases can be different

Ol+d ”= e—inm(l+d)/dMlZ;ln

= (=D"Oim

Ol,m+d — e_iﬂl(m-‘rd)/dMlZ:in

= (=1)'Op

Ol+d mtd = e_iﬂ(m+d)(l+d)/dM[Z;1n

= (=)o, (D8)

So we get the same operators with a different sign.

It is easy to see that M; is Hermitian. M; is also an
involution meaning M? = 1 because

MM, = Z ) (v}u/) <v/} (D9)
u+v=I[ modd
W' +v'=[ modd
= > w{ (D10)
u+v=Il modd
v4+v'=l modd
= > | (D11)
u=v' modd
= Z [u) (u] . (D12)
Therefore,
01,0}, = MiZy (22)" M)
= MM,
=1. (D13)

This confirms that Oy, is unitary. The operator Oy, is also
Hermitian

OT — [efirrml/dMlZ;ln]T

ILm

— |:einm1/d Z

u+v=I[ modd

— einml/d Z

u+v=I[ modd

— e*inml/d Z

u+v=I[ modd

— e*inml/d Z

u+v=I[ modd

;
wg" |u) (vl]

7" [v) (ul
@ v) (ul

wg" [v) {ul

= O (D14)

and thus also an involution
Ol,mol,m =1

(D15)

because of Eq. (D13). This implies that its eigenvalues are
+1.
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The operators are orthogonal under the Hilbert-Schmidt
inner product

Tr (Ol,m Ol’,m’) — e—inml/de—inm’l//dTr <M1221M1/ZZI/>

i/
— wmvwm v e—mml/d —inm'l'/d
d “d
u+v=I[ modd
v'4+v modd=I'

x Tr (|u) (v'])
— Z w;’nv—ﬁ—m’uefirrml/definm/l’/d‘

u+v=I[ modd
u+v=l' modd

(D16)

This is 0 if / # I’ because [,/ €
get

Tr (Ol,m OI,m/) = Z

u+v=I modd

- ¥

u+v=I modd

— § a)mv —irml/d

VEZg

— e—mml/d § :w;nu’

VEZy

[0,d — 1]. For [ = I', we

/
a)(n;va);ln ue—mml/d —im'l/d

ein(m—m/)(v—u)/d

(D17)

where we set m := m — m’. Thisis 0 if m # 0,i.e., m % m’
because a sum over roots of unity is 0. On the other hand,
when !/ =1 and m = m’ we get

t(OnOm) = ) 1= (D18)
VEZy
In conclusion, we have
Tr (Ol,m O[/,m/) = 8,,,,,,/5/1/01’. (D19)

As we have seen earlier, O, are the standard Pauli oper-
ators for d = 2. So for d > 2 the operators Oy, are a gen-
eralization of the Pauli operators to arbitrary dimensions
with the property of being an involution and Hermitian. In
general, M; and O;,, behave differently for even and odd
dimensions, so we will separate the discussion.

a. Odd dimensions

In this section, we assume that the dimension d is odd.
Then, the trace is

Tr (Ol,m) — Z e*inml/dw;lmc'

2x=[ modd

(D20)

When [ is even, the solution for 2x =/ mod d is x = //2
and gives Tr(O;,) = 1. When [ is odd, the solution for

2x =1 mod d is x = (d + [)/2, which gives Tr(Oy,,) =
(—1)™. These can concisely be written as

Tr (O1n) = (=D™. (D21)

The operator M; has more structure, as seen in Eq. (31),
which we report here for convenience

M=

u+v=I modd

[} vl . (D22)

There are d possibilities to fulfill this equation, so the
matrix representation of M; in computational basis will
have d ones and the rest 0. Furthermore, the diagonal
entries 2u mod d = [ have only one solution for every /.
Therefore, the matrix M; has one diagonal term 1 and is
zero otherwise. Consequently Tr (M)) = 1.

Recall that we introduced the operators Oy, as the ones
that connect the GKP state to the qudit state it encodes.
Remarkably, we can establish a direct connection between
this and the phase-space point operators in odd dimen-
sions, which a priori may not have anything to do with the
operators Oy,,. The phase-space point operators are defined
as

d—1
— i T byby/2
A(al,az) —d 1 Z e 21d(a1,a2)Qd(b1,b2) wdl 2/
b1,bp=0

N\ onD2
< (%) (@)
— 4! aihy bi(3by—az) i by 7t by

b1.by
(D23)

Using the expansion of Z; and X; in the computational

basis
75 = szx x)(x

Zw—bx = Z(=b)
(D24)
Xd = Z |x 4+ b) (x
=l (et bl =X (=b)
we can write the phase-space point operator as
aj+1 —a _ _
Aara) =d™ Y S T iy iz
X b1b2
—d 122 bz(al—x+ bp) ;azbl x — by) (x].
X blbz
(D25)
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In order to further simplify, we need the discrete resumma-
tion formula

(W
|

jr k1
eZIH d — SOﬂ‘

(D26)

Ul -

k

Il
o

The phase-space point operators can then be simplified to

A(ar,az)

1 by(ar—x+3b1)  —ayb
=d'Y Y o, V0 % x — by) (x|

X blbz

—ayb
= Z ZSO,alfor%blwd x — by) (x]
X b]

—ayb
=D Sbaw-apg ™ Ix — by) (x|

X b]

=0 =20 —a)) (]

=Y i Cw | —x + 2a1) (x] . (D27)
P
Using the following substitutions
u=—x+2a;
vV=yx , (D28)
u+v=2a =1
we rewrite the phase-space point operators as
Ala) = > ;0 lu) (]
u+v modd=I
= > oo u)(v]. (D29)
u+v modd=I

By comparing this equation with the definition of O;,,, we
can identify m = —2a, and we get

A(ar, az) = 024y, 24, (D30)

This shows that the operator basis {Oy,}1mez, 1s equiva-
lent to the phase-space point operators {A(ai, a2)}4, aye7y
up to permutation and phase factors. Indeed, the odd-
ness of d and Eq. (D8) ensure that there is a one-to-one
correspondence between aj,a; € Zy and [,m € Z,; such
that A(ay, az) = Oa4y,—24, X Oy, up to phase, as 2a; and
—2a,, respectively, takes all values in Z; by changing
ai,ay € Zq, and Oy, ,», and Oy, ,», coincide up to phase if
Iy =1, modd and m; = m, modd.

b. Even dimensions

Now we investigate the operators Oy, for the case of
even-dimensional systems. The trace is

™ (x| |u) (v] |x)

Tr (OI,m) — Zefinml/d Z
X

u+v=Il modd

(D31)
(D32)

— E e—mml/dwnvc’

2x=I modd

which vanishes if / is odd. Suppose / is even and write / =
2k. Then we get

Tt (Om) = Y e ™™ (D33)
2x=[ modd

— w—mk (wmk +wm(k+%)) (D34)

=1+ 0" (D35)

=1+ (D" (D36)

We have the same behavior for the operators M;. For odd
dimensions the equation # + v mod d = / has d solutions.
Therefore, the matrix representation in computational basis
will have d 1°s with the rest being 0. For odd /, the equation
2u mod d = [ has no solution, implying Tr (M;) = 0 for
odd /. For even [, the equation 2u modd =/ has two
solutions, # = 1/2 and u = [/2 4 d/2. Therefore, we have
Tr (M) = 2.

We can make here an interesting observation. It is
known that for odd dimensions the phase-space point
operator at the origin A4(0, 0) acts as the parity operation

A(0,0) |x) = |—x) (D37)

for a computational basis state |x). The operators Oy, show
the same behavior for even dimensions and thus for all
dimensions

Ooyp |x) = My |x) = |—x). (D38)

2. Clifford covariance

This section investigates how the operators O;,, trans-
form under Clifford unitaries. We will see that they behave
almost equivalently to the Heisenberg-Weyl operators.

Xa,Zy generate the d-dimensional Heisenberg-Weyl
group and R, P, SUM the d-dimensional Clifford unitaries.
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their action of computational basis state are [45]

Xa:jy—=>U+10D (D39)

Zy: i) = o lj) (D40)
d—1

R:lj) = Y ol ls) (D41)
s=0

Pilj) = o P@por) 7 1) (D42)

SUM: i) [j) = ) li+J]). (D43)

A Clifford unitary U maps the Heisenberg-Weyl operators

1q
Pa(a,b) = w2 X927} (D44)
in the following way:
UcPa(u) UL = P4(Su), (D45)

where S is a 2n x 2n matrix with entries over Zp with
D = d for d odd and D = 2d for d even. Heisenberg-Weyl
operators have the following commutation relations:

(28 (4 2) = e 2 (i 24 (g2
(D46)

We are now interested in how Clifford unitaries and Pauli
operators transform

d—1
O =) e ™ |—x + 1) (x]

x=0

(D47)

with I, m € [0,2d — 1] or equivalently Z,,. The values the
computational basis states can have are mod d and the
operators Z);', M; are repeating for m,/ > d. The difference

for m,l > d is the phase factor w;ml/ ? that repeats after
2d. This phase factor is important for the action of Clifford
unitaries on the operators O;,,, while it can be essentially
neglected if we only want to use them as a basis. We expect
by our construction through GKP that Clifford unitaries
map Oy to another Oy .

The QFT gate R transforms the operator Oy, as

d—1

ROWR" = "™ a R|—x + 1) (x| RT (D48)

x=0
= e N Wi 1) (] (D49)
S,8 x

= e Ys,_y Is) (S| (D50)
— Z e—inml/dwz'tlw;ls’ |m B S/) (S/| (DS])
= e ™y X m — x) (x| (D52)
and therefore transforms the coordinates like
m— —I (D53)
[ — m. (D54)

The Phase gate P behaves differently for even and odd
dimensions. For odd dimensions, we get

PO\ nP' = Z w;’”’/ 2 v a);—x“)(_x”_ ) /2w;x("_l) /2

X

X |=x + 1) (x]

_ 2_ _

= Y 0" Pl TP | D)
X

= 3w IR |y () (DSS)
X

with the coordinates transforming like

m—>m—1I1+1 (D56)

(D57)

[ — I

For even dimensions we nearly get the same result

POy pt— Z o—imml/d o™ ein(—x+l)2/d e—iﬂxz/d |—x 4+ 1) (x|
X

(D58)
= D" el |y 4 1) (x]
* (D59)
_ Ze—inl(mfl)/dwz(m—l) |—x + 1) (x| (D60)
and
m—m—1 (D61)
I— 1. (D62)

The action of Z,; transform Oy, as
ZiOmZy =Y e ™Mo o | —x + 1) (x|
X
(D63)
=Y e DG x4 1) (x| (D64)
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with the coordinates transforming as

m—m-—2

(D65)
(D66)

-1
Similarly for X; we get

XiOimX, =Y e ™ |—x + 14 1) (x + 1] (D67)

=Y e T |—x 4 14 2) (x| (D6B)

J

SUMO]’m ® 01/’m,SUMT — Ze—irrml/de—iﬂm/]//dw;’nxwgl’y \_x + 1’ —y —x+ 1/) (x,y +x|

xy

’
X,y

= TR |—x 4 142) (x| (D69)

X

and

m— m

[ — 142

(D70)
(D71)

The missing gate for the full Clifford group is the SUM
gate

(D72)
— Ze—inml/de—irrm/l’/dw;nxw:;l/(y/—x) ’_x "y _y/ +7+ l) (x’y/’ (D73)
= Z e*i”mz/"e*"””’/l//dwz(m_m/)a);"/yl |—x+ 1=y + 1 +1){xy| (D74)

x.y

and
m—m—m (D75)
[ 1 (D76)
m — m (D77)
I > +1 (D78)

So we can write down the matrices that transform the coor-
dinates under the action of Clifford unitaries UcOj UTC =
OMUC[IJCm,m’]T' The matrices have the basis (/,m) or

LI, m,m’, without the constant shifts and are given as

1 0
P.(_l 1) (D79)
0 1
R.(_l o) (D80)
1 00 0
110 0
SUM: |y o 1 - (D81)
000 1

These matrices are all symplectic and therefore they fulfill
the relation

MIQM = Q

a= (5 1),

(D82)

(D83)

(

Interestingly, Clifford unitaries act on the Heisenberg-Weyl
operators in a very similar way. The matrices S in the basis
a,band ay,a,, by, b, are given as [45]

, (10
P.(1 1) (D84)
, (0 —1
R.(l 0> (D85)
1 00 0
110 0
SUM:ly o 1 -1l (D86)
000 1

where these matrices are over Zp (D = d for odd D = 2d
for even). It was shown that these matrices generate the
symplectic group over Zp. We can connect our matrices
(up to constant shifts) to these matrices

35 o (0 —1
R—R—<1 0
-1 _pr_ (1 0
P _P_(1 |

while the SUM gate is already in the correct form. So the
action of a Clifford unitary on Oy, is a symplectic trans-
formation over Z,, of I, m. There is, however, a constant
shift for P in the odd-dimensional case.

(D87)

(D88)
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3. Stabilizer states (proof of Proposition 3)

This section shows that pure stabilizer states are flat
when decomposing in the operators O;,, meaning all oper-
ators have the same weight modulo signs. We can write the
zero state in all dimensions as

1 .
001 =10001+ 53 Y W, [ (vl

J  ut+v=0 modd
v# 0
1 d—1
=52
j=0
1 j
=) _MZ,
J

=$Z > W) u) vl

J  utv modd=0

(D89)

J

where in the first line we used that

d—1 )
D =0
j=0

(D90)

for v # 0. We see that all nonzero O;, have the same
weight. Using that the operators O;,, are covariant under
Clifford unitaries as shown in Appendix D2, we see that
every pure stabilizer state has a flat weight.

APPENDIX E: PROOF OF THEOREM 2

We compute the characteristic function for a qudit state
p encoded in a GKP state. We need to use the following
property of the displacement operator:

n
irg. 1p; /2 irg; Pi —irp. Oj
D) =[[e" s e e ™9

Then, the characteristic function of a qudit encoded in a GKP state is given as

X oy 1) = Tr[pD(—1)]

= Y puy (ul D(=1) |v)

UVELy
> 2
= Z Pu,v Z 7(u—|—ds)
UVELy S,t=—00

u,v st

D(—r)

Z Zpu’veirqrp/Ze”p 2;1r(”+df)< ’277[(1/{ + dS)

) : T 12
— Z Z pu’vezrqrp/Zele\/g(v—kdt)s (rq _ 77[(” —v—d(t— S)))

u,v st

0 Ay i 0 [2T ot 27
_ Z Z pu,uel s(rp 271)61 5 (rg+ \/7(v+ t))a (Vq _ 7(14 —v— dt))

uv  Ss,t

— 277T PIPILAL (rp —y 27NS> 8 (rq —y 2771(“ —v- dt)) ¢ B orsn /By

uv st

— \/%Z Z puavei%s(u+v+dt)8 <rp

u,v St

With this expression, we aim at finding the coefficient y, ., (,m) for [, m € Z,; such that

2T —
Koo ® =\ =5 D Voaro ()8

Lm=—00

(ET)
j=l
2w
,/7(U+df)>
q
,/%(v+dr)+rq>
q
2 12
— 7ns> P} <rq — 77[(1/[ — vV — dt)) . (EZ)
(rp—m\/%[)5(”q_l 27”) (E3)
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Similarly to the case for the Wigner function, we restrict to
one unit cell. Thus, the requirement for / is

u—v—dt=1 (E4)
u—v=I[ modd (ES)
and therefore
Vear L) = Y (lplu) =Tr[Xjp]. (E6)
u—v=I mod d

By simplifying the phase factor
ei%s(u+u+dt) — ei%s(—l+2u) — e—insl/dwzu (E7)

we can write the coefficients as
Vo (Lm) = e ™ Te [ pXiZ7] . (E8)

Therefore, the coefficients are given by the trace over the
Pauli operators in d dimensions. This can be generalized to
n qudits as

Voaxe L m) = e~ ATr [ px'ZM]

= d"e ™, MV A m)", (E9)

which shows Eq. (62).

Using Eq. (62) and the fact that | ;¥ (1, m)| = d~" for
(4d)" elements in L, m € Z, and zero otherwise, we can
get for a pure qudit state ¢ that

cv wip 27 "2
I X gecp lp.cent = (4d) - - (E10)

We then get, again by using Eq. (62), that

r I/p

cv 27 \"? DV 3
”XpGKp”p,cellz Z <7> dn|Xp (1, m)|

| LmeZ,
r 1/p
= 4" Y {@rad)? %)V 0, m)|}’
LmeZ’
= 4" @ d)"*||x VI,
=d" """V, (E11)

completing the proof.

APPENDIX F: SIMULATION ALGORITHM

For the convenience of the reader we will use the frame
notation from the works of Ref. [42]

— 0)‘
Fy =" (F1)
G(A) = Oy (F2)

0
p=> Tr (pd—:> 01 =Y GO)Tr(pF(1)). (F3)
A A

Unitary evolution of a state can be rewritten in this nota-
tion as

UpU" =" UG U'Tr (pF (1)) (F4)
A

= Z GONTr (FOHYUGO)U') Tr (pF (1)) (F5)
Yy

and the output of a measurement IT is

Tr (MUpU') = an Wxp(W, )x,(0)  (F6)

A
with
x,(A) = Tr (pF (X)) (F7)
xp(W,2) = Tr (FHUGW)UY) (F8)
xn(A) = Tr (TIIG(L)) . (F9)

Out of these quantities we can define the following proba-
bility distributions:

PG = ) (F10)
”xﬂ Hl
/ |xU()“/’ )“)|
P |U,x) = "1 F11
S lxu (M) E10)
o)l =Y [ro /)] (F12)
A./
%, = Z EACSIP (F13)
A
Thus we can rewrite the Born rule probability as
P(IUPpU) = " xn (W)xu(, 1)x, (1) (F14)
A0
=Y M PO|UDP(p)  (F15)
A

with M; = sign (x, Wxg(W, 1) xn (V) lxo 1l ||x, |-
The simulation strategy is to sample A from P(X|p) and
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then consider a possible transition to A" from P(A'|U, A).
This can easily be generalized to a sequence of unitaries of
length 7" as well. We then define a random variable as

M; = xp(Ar)sign(x, (ko)) [x, |, (F16)
X ]1[ sign(xg, (A, Ae=1) [x0, (=) |, - (F17)
t=1
The expectation value of this random variable is
E(M;) = ZPwp) 1'[P(M|Ut,xt OM;  (FI18)
=1
(F19)

= xn(ir) ]_[xU, (Ats Ae-1)X, (ko)
x =1

which is exactly the Born probability we want to estimate.
The random variable output from our sampling algorithm
is an unbiased estimator for the Born probability. The
number of samples needed to achieve a given precision
can be computed using the Hoeffding inequality Given
a sequence of K iid random variables X; bounded by
|X | < b and expected mean [E(X), the probablhty that

Z, 1 Xj /K deviates from the mean by more than € is
upper bounded by

K X
P ]E(X)—Z—f > ¢
j=1

Ke?
< 2exp <——> (F20)

or equivalently we can achieve precision ’E(X ) —

K X
Y%

the number of samples as

< € with probability at least (1 — p,) by setting

(F21)

We then define the aggregated /;-norm as

Mo = o[ [Tmax v, ko, max bl (F22)
t=1

so it is the maximum /;-norm over all trajectories. This
bounds the random variable from above, so we need at
least

K >2M?* = (F23)

=n(;;)
2ln —
€ pr

samples.

APPENDIX G: HYPERPOLYHEDRAL STATES

In this section, we investigate the phenomena of hyper-
polyhedral states. In Ref. [43] the authors encounter hyper-
octahedral states for qubit systems. They define these states
as the states that have the stabilizer norm smaller than 1
or in our formulation ), |x|,m| < 1. For odd-dimensional
states these states are equivalent to Wigner positive states
Zl,m ‘xl,m| = 1. This set is strictly bigger than the set of
stabilizer states.

For even dimensions, the question of a Wigner func-
tion is more difficult, especially related to computability,
even though one can define such a quantity [48,55,56].
We define the hyperpolyhedral states similarly to the qubit
case for all even dimensions with Zlm |x|m| < 1. Here
we show that hyperpolyhedral states exist for all even
dimensions and that they are not equivalent to stabilizer
states.

The computational basis states can be expanded in the
operators Oy, as

1 d—1
- ZZZOOJ (G1)
i=0
. 1 d—1
I1)(1] = X4 10)(0 X = 3;02,,- (G2)
(G3)
d\ [d d d
Yoot
1 d— d—1
=32 0(d,i) = - Z( 1’0y (GS)
i=0 i=0
(G6)
ld—1)(d— 1] =x"10)01x) ' (G7)
1 d—1 .
== (=10 (G8)
i=0

Thus, we can reorder them to pairs in the following way

d d d—1
|0><0|+‘5>< ' Z(1+( )00 (G9)

(G10)

d dl 1 l.
|><k|+‘k+ ><k+ ' ;l;m(—l))ok,i.

(G11)
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The maximally mixed state is 1/d =1/d Zl —o 1) (
Therefore, if we compute

Tr| =0
r m
/ 1,

we get a value that is smaller than the one for a pure sta-
bilizer state. Therefore, one can “hide” magic in a product
state of a magic state and the maximally mixed state or
similarly including Clifford equivalent states. Since this
quantity goes directly into the simulator cost, we see that
the hyperpolyhedral states are easier to simulate than pure
stabilizer states.

d—1 1
= = G12
1]’ ( )

1,m=0

APPENDIX H: DECOMPOSITIONS OF
STABILIZER STATES

In this section, we show how to obtain the decompo-
sitions of stabilizer states in the basis of Oy, given their
stabilizers.

Every stabilizer state with a d"-dimensional stabilizer
group S fulfills the following eigenvalue equations [21]:

T
wy™ Py(m) |Ms, v) = |Ms, v), (H1)

where My is the space of coordinates associated with the
stabilizer group and v is the coordinate of one Heisenberg-
Weyl operator. Note that m € Zf,” and that the phases are

taken care of by the phase factor w}QmT. This v takes care
of the phase in front of the Heisenberg-Weyl operator. The
stabilizer group S and in turn the set of coordinates are gen-
erated by n Heisenberg-Weyl operators S = (S1,...,S,) or
n coordinates Mg = (sy, ..., Sy), respectively. The set M
includes a linear combinations involving the n generators
s; with coefficients k; € Z,. The characteristic function of
a stabilizer state |¢) (¢| can be represented as [22]

T
Xy @) =~y g (@), (H2)

where 8);(a) is the indicator function that 8y, (a) = 1, if
and only if a € My and 0 otherwise.

For odd dimensions, the phase space point operators
A(ay, ay) had a one-to-one correspondence with the opera-
tors O;,,. Something similar holds for even dimensions as
well. In that case, the operators Oy, are directly connected
with operators A (a1, ay) that are identically defined as the
phase-space point operators but do not fulfill the same set
of properties.

In the proof to show the connection between the phase-
space point operators in odd dimensions and the operators

O m, we used the resummation formula

1 -
2 ZEZM% — 80,n-

(H3)

For even dimensions, the sums appear with 2d instead of
just d and then

d
3 Z 7”2d # 80,}1)

(H4)

&.

so one cannot easily use the discrete resummation for-
mula. However, the equation can be modified to hold in
all dimensions. In even dimensions, it holds that

1 2d—1 . 12171 p ik
omifn 1 wid
7D PILE L TS
k=0 k=0

We see that by doubling the domain of the sum, we
recover the discrete resummation formula. So we can use
the discrete resummation formula in all dimensions by
considering

D = 8, (H6)

D

where D is the quantity defined in Eq. (2) and in conse-
quence

1 —(u-rv XT
o wp TV = 30,utv- (H7)
XGZ%)”
We define the symplectic Fourier transform as
_al
(Ff)@) =— > wop* ®f (b). (H8)

2,
beZp

We see here again that the parameters a are not over
Z%' but over Z%' as mentioned before. In order to dif-
ferentiate between the phase-space point operators in
odd dimensions A(a) = 1/d" ¥z w;* " Pi(b) with
their intimate relation with the discrete Wigner func-
tion, we define the equivalently defined operator A(a) =
/D"y, ez a)B"‘m’TPJr (b) for even dimensions.
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Then consequently for even dimension, we can rewrite
A(a) as

~ 1 T
A@) =5 Y wp* PPib) (HY)
beZ¥!
1 b2(271+b71_x) —azb;
= 5 Z Wy @wp [x —by) (x|
beZ xeZ!
(H10)
1 -
== Y nacwe™ x—by) (& (HID
by €Z! xeZ!}
1 _
=5 2 @ ar = x) (x], (H12)
xeZj
which is equivalent to Oy, forl = a3, m = —a,.

We transform the characteristic function to get the coef-
ficients x4y corresponding to the operators O;, for a
stabilizer state ¢ as

1 1 —a Tob vQb?
F Xy (@) = G & 22 Sy, (D))
be sz
(H13)
_ 1 l —(a—2v)TQb
=G T > oy . (H14)

beMgUMg+d

We used that Mg was defined on Zﬁ", but the sum goes
over 753" so we need to take this into account when dealing
with the phase factors. We write Mg U Mg + d as the exten-
sion from Zﬁ" to Z%Z This set is generated by the same
generators s; but includes now linear combinations with
coefficients k; € Z,,. We can simplify the sum by using
the generators of the coordinate space Mg = (sy,...,Sp) t0

1 1 —(a—2wnT
FKigyg) (@) = Cara D e (HIS)
beMgUMg+d
n 2d—1
11 —@-207Qlks;]
= W n Z“)zd
@2d) d i=1 \ k=0
(H16)
n 2d—1
I 1 —kia—2v)TQs;
= i Z“)zd
@2d)"d i=1 \ k=0
(H17)
= d—n(SMS+2v(3)~ (HI18)

From the first to the second line we decomposed the ele-
ments b € Mg U Mg + d using the generators Mg U Mg +

d. Each element b can be decomposed into a linear combi-
nation of the generators s; and coefficients k; € Zy,. In the
last line, we used the resummation formula (H7) and saw
that the sum is 0 except in the case where (a — 2v)Qb” = 0
and thus the Pauli operators in the stabilizer group com-
mute with Pauli operators with coordinates a — 2v. This
implies that a — 2v € My since S is a stabilizer group with
the maximal number of commuting Pauli operators. As
shown in Eq. (H12), the expression in Eq. (H18) coin-
cides with x4y (/ = a;,m = —a,). A few comments are
in order. We have shown that we can write every pure sta-
bilizer state using d” operators Oy that all have the phase
+1

) (pl= Y XipypmOim  (HI19)
(m)ez3"
1
= > Om (H20)

(1,—m)eMy+2v

Note that the sums go over D and not d, which makes a
difference in even dimensions. As we know, the operators
O\ m repeat with period d with the opposite sign. Let us take
the example of qubits Z, = Oy, while —Z; = O,;. So if
we constrain (I, m) € Zé” we can get phases +1, while if
we allow for all (I, m) € Z%)” we get decompositions with
only +1 signs.

APPENDIX I: CHARACTERISTIC FUNCTION:
FAITHFULNESS
In this section, we will prove the faithfulness property
for the 1 norm of the characteristic function H X%yl Hl

The characteristic function of a state returns the coeffi-
cients of that state expanded in the Pauli basis. A pure
stabilizer state is by definition stabilized by d" commuting
Pauli operators and thus can be represented with d” equally
weighted Pauli operators. Thus if [i) (| is a stabilizer

state then HXI];YW H1 =1.
We need to show the other direction as well namely that
if Hxlg;’w Hl = 1 then |¢) (¢] is a stabilizer state. We will

use the purity of the states we are considering. The pure
state has to have purity 1 and can be written using the
characteristic function as

Tr[I¢) (¢°] =

& 2 I

anf”

a@[ =1 an

The characteristic function is bounded by ‘ Xié ¢|(a)‘ <1
The magic measure we are considering is the 1 norm of the
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discrete characteristic function

Ix@al, = 5 X sl (12)

anzn

As we have seen, | X@?@‘ is 1 for d" values corresponding
to the stabilizer group and is 0 otherwise. By observ-
ing the purity condition we see that ‘ X@?’W‘ needs to be

nonzero for at least 4" values. Assume now a state |y)
has a decomposition including d" Pauli operators with
coefficients +1/d". Such a state satisfies (V| Py|y¥) = 1
for every P, in the decomposition. |¢) = Py |¥) is also a
proper pure quantum state so it has to hold that |¢) = |v/),
which immediately implies P, [y} = | ). This means |y)
is a simultaneous +1 eigenstate of all 4" Pauli operators,
which implies that the Pauli operators are commuting. This
is precisely the definition of a stabilizer state. Thus if the
characteristic function is nonzero for exactly d”" values, it is
a stabilizer state. Now let us assume a state that is nonzero
for more than d" values. This set of values we call R. The
purity condition is then

Tr[le) (¢1°] = Z Vs @| = (13)

ack

with card(R) > d". Since card(R) > d" it has to hold that
at ‘X@xm(a)‘ < 1 for at least two a;, a5. Assume for sim-

plicity now that card(R) = d" + 1 and two | 3, @)] < 1.
Then it has to hold that

Tr[l¢) <¢|2]

Z\X Yo @]’

aeR
= (d" L+ o @] + ) a2)| )
=1 (14)

and in consequence
[XDYo1 @[+ x5 @] = (15)

As long as ‘Xlg}/(q,‘(al)‘ # 0 and ‘Xll;y(cbl(al)) # 0, which
would violate our assumption of card(R) > d”, it holds that

| Xiaye1@D] + |Xig)ig @] > 1, (16)

since x > x? for every positive real number x < 1. In
consequence, the 1 norm is then

| xeyelll, = an|X Yol @] A7)

aeR

= (@ X @D+ [ xigyp @2)]) > 1.
(I8)

The same argument applies to any increase in cardinality
above d" but is easiest to see for two coefficients < 1. This
immediately gives us faithfulness for the discrete charac-

teristic function if restricted to pure states. H X3yl H =1
1
if and only if |¢) (¢] is a pure stabilizer state.

APPENDIX J: SIMULATING GKP

In this section, we provide additional details on the
simulation algorithm for circuits that use ideal GKP code-
words, Gaussian unitary operations, and Gaussian mea-
surements, i.e., homodyne detection, that we introduced in
the main text.

We want to simulate the run of a quantum circuit, where
we in the end obtain a sample x of a homodyne mea-
surement. The sample x is drawn from the probability
distribution of obtaining a certain measurement outcome X

P(x) = Tr[[UgpUL], an

where Iy describes the measurement effect of obtaining
measurement outcome X. However, GKP states are not
quantum states, since they are non-normalizable. To dif-
ferentiate between a probability P(x) and the quantity we
obtain by measuring an ideal GKP state, we call the latter
P(x).

We will assume now an ideal GKP codeword encoding
a multiqudit state p. We then rewrite the “probability” we
want to sample from as

[S(X) - /dl' W%\x/(l') WS]\G/PGKPUTG ® (2)

PGKP

= [,

_ / dr Y O (STr+d) (03)

x| + d). (J4)
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We then insert the atomic form defined in Eq. (37)

_ 7 &
P(x) = { PREA

u=-—0o0

x/dprS(S_l[p,X]T—l-d—\/gu) J5)

Z x, ()

u=—00

X / dp s ([p, x]” +5d - \/gSu) . (J6)

P(x) = va > xp(u)/dprS ([P,X]T+Sd—

\ 87[" u=-—00

Z xp(w) Y /dp ([p, T+5d -

Z2n nezz2n

Let us investigate the last integral

neZz?2n

This is only # 0 if and only if

[p,x]” = /%Su + /27dSn — Sd.

Integration over p removes the Dirac distributions over p

nez2n

To conclude

P(x) =

2n 2n
ueZy; nez

To get a sample x drawn for the distribution we first sample a u according to |xp ] / pr

> 8<x+Trp[Sd—

nezz2n

P(x) = > signGx, ) x|,

Z2n

.
N

Z /dp5 ([p,x]T—l-Sd—

> 3<x+Trp[Sd—
gn PIEACHY 8<x+Trp |:Sd—

o] @
Tl

We used the following property of Dirac distributions. It
holds for Dirac distributions composed with a function g :
R?" — R?" that

. 8 ([P, x1” — [Xi0, Piol”)
I} (g([P,X] )) = Z |det[g/([xi,o,pi,o]T)]| > a7

where g’ is the first derivative and [xi,o,pi,o]r are
the roots of g. In our case g is linear and thus
‘det[g’([xi,o,pi,o]T)“ = ]det[S‘l]} = 1, since all symplec-
tic matrices have det[S] = 1.

The coefficients x, (u) repeat with a period of 2d. So we
write

b4
\/%Su) (J8)

%Su _ \/anSn) . (J9)

%Su - mSn> . (J10)
(1)

T su- mSnD . (12)
%Su - \/ﬁSn]) . (J13)

| |» Which leads to the expression

v
75U JzndSnD : (J14)

Then we sample uniformly an € Z%Z and return x = Trp [—Sd + \/gSu ++/ anSn] as the index of the measurement

result.
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