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Abstract. We investigate the negative part of the spectrum of the operator
−∂2 − μ on L2(R), where a locally finite Radon measure μ ≥ 0 serves as
a potential. We obtain estimates for the eigenvalue counting function, for
individual eigenvalues and estimates of the Lieb–Thirring type. A crucial
tool for our estimates is Otelbaev’s function, a certain average of the
measure-potential μ, which is used both in the proofs and the formulation
of most of the results.

Mathematics Subject Classification. Primary 47A75, 34L15; Secondary
34E15.

Contents

1. Introduction 570
1.1. Eigenvalue Estimates 570
1.2. Singular Potentials 571

2. Preliminaries 573
2.1. Radon Measures on R

1 573
2.2. Formulation of the Problem 574
2.3. Discreteness of the Negative Spectrum of Hμ 575

3. Otelbaev’s Function 576
4. Eigenvalue Estimates 583

4.1. Auxiliary Lemmas 583
4.2. Neumann Bracketing 585
4.3. Two-Sided Estimate for the Spectral Distribution Function 587

http://crossmark.crossref.org/dialog/?doi=10.1007/s00023-025-01549-z&domain=pdf
https://orcid.org/0000-0003-3218-9410
https://orcid.org/0000-0003-2447-940X
http://orcid.org/0000-0001-7145-1851


570 R. Fulsche et al. Ann. Henri Poincaré
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1. Introduction

The paper is devoted to obtaining negative spectrum estimates, in particu-
lar, Lieb–Thirring type estimates, for Sturm–Liouville operators with Radon
measure serving as potential.

1.1. Eigenvalue Estimates

Eigenvalue estimates for Schrödinger type operators are a classical topic in
analysis. For Schrödinger operators of the form

H = −Δ − V (x), x ∈ R
N, (1.1)

with the ‘potential’ V (x) tending to zero at infinity, there are numerous re-
sults concerning the number of negative eigenvalues, the sum of their powers
and their distribution (when there are infinitely many of them). A huge, but
still not exhausting, bibliography can be found in the recent book [15]. Of
special interest is the Lieb–Thirring inequality [20], relating the spectral prop-
erties of the Schrödinger operator and properties of the corresponding classical
Hamiltonian. It has, in its most classical case, the form

LTγ(H) ≡
∑

|λν(H)|γ ≤ C

∫

RN

V+(x)
N
2 +γdx, (1.2)

where λν(H) are the negative eigenvalues and C = Cγ,N is a constant not
depending on V . The inequality (1.2) holds for γ ≥ 0 if N ≥ 3 (for γ = 0, it is
called the CLR inequality), for γ > 0 if N = 2, and for γ ≥ 1

2 if N = 1.
Among many possible generalizations and versions of eigenvalue inequal-

ities, one line of research consists in finding versions of these estimates for the
case when the potential V (x), classically supposed to be a function on R

N, is,
in fact, more singular, e.g., a Radon measure on R

N. As a special case, one can
consider measures which are singular with respect to the Lebesgue measure.

In physical and mathematical literature, such singular potentials have
attracted considerable interest. A huge bibliography can be found in [1,2,5,
7–9,13,19,22,30] and many more. Of course, the one-dimensional case was
studied in most detail.
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As it concerns the quantitative spectral analysis for general measures
serving as a potential, one of the complications is the absence of a quasi-
classical pattern which usually hints for the expression entering into the eigen-
value inequalities and asymptotics—compared, say, with (1.2), where both the
dependence on the potential V and even the best possible coefficient in the
estimate are governed by certain quasi-classical heuristics. So, although the
qualitative spectral analysis of such Schrödinger operators was satisfactory,
the question on spectral estimates was rather unexplored.

1.2. Singular Potentials

Probably the first rigorous quantitative spectral study involving singular po-
tentials was [14], where, for a potential supported on a hyperplane in R

N,
V (x′, xN) = v(x′) ⊗ δ(xN), the estimate, similar to (1.2), for the quantity
LTγ(H) was found, with the integral of v(x′)N+2γ on the right-hand side.

Quite recently, in [28,29], an approach was developed to establish eigen-
value estimates and LT type inequalities for singular potentials of the form
μ = v(x)�, where � is a fixed measure satisfying the ‘upper Ahlfors condi-
tion’,

�(B(x, r)) ≤ Ars, s > 0, (1.3)

or its two-sided version, and v(x) ≥ 0, x ∈ supp� is a weight function. Here,
B(x, r) is the ball with radius r centered at x. Note that s = N corresponds to
an absolutely continuous measure and thus to the usual Schrödinger operator
(1.1). The estimate in [28] has the form

LTγ(H) ≤ C

∫
v(x)θ�(dx), θ =

s + 2γ

s + 2 − N
, s > N − 2, s > 0, (1.4)

where γ > 0 for N ≥ 2, γ ≥ 1
2 for N = 1, in particular, reproducing the above

result by R. Frank and A. Laptev, where s = N−1 (the case γ = 0 and N ≥ 2
was taken care of previously in [29]).

In particular, in the one-dimensional case, N = 1, which we are going
to discuss further in the present paper, the conditions in (1.4) allow γ = 1

2
as long as s > 0. For this special value of the parameter γ, thus, θ = 1,∫

v�(dx) = μ(R1), estimate (1.4) takes the form

LT 1
2
(H) ≤ C1μ(R1). (1.5)

This aesthetic estimate, in which the measure μ itself enters (and not its den-
sity), creates an impression that, hopefully, (1.5) is valid for s = 0, this means,
for an arbitrary non-negative measure μ, not necessarily an absolutely contin-
uous, as well. The proof in [28] breaks down for s = 0, however, fortunately,
this case was taken care of previously, in [17], moreover, with sharp constant
C1 = 1

2 in (1.5). For other values of θ, θ �= 1
2 , estimate (1.5) does not admit a

natural generalization; moreover, it is even hard to guess proper terms.
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Generally, the spectra of Schrödinger (Sturm–Liouville) operators with
singular potential were studied for a long time, especially, in cases where the
potential is a purely discrete measure. Such operators appear in various math-
ematical models, interesting by themselves but also as an approximation to
‘continuous’ models, and they are still an important field of research today.
Here, many methods specific to the one-dimensional case can be applied. How-
ever, in these studies, the eigenvalue properties are usually expressed rather
indirectly, via zeros and poles of some analytic functions generated by the
problem or through continued fractions, rather than directly in terms of the
characteristics of the potential.

Therefore, we considered it a challenging problem to find estimates for
the distribution of negative eigenvalues and for LTγ(H) with general, possibly
singular and containing a discrete component, measures acting as a potential.
The question on a discrete component, to the best of our knowledge, is pre-
sented only in dimension 1. In a higher dimension, a complication arises when
defining a self-adjoint operator; say with δ-potentials in R

N, N ≥ 2, one needs
to choose among possible self-adjoint realizations, and this choice, of course,
may influence the spectrum considerably. Formally, in (1.4), discrete measures
are excluded by the condition s > N − 2.

The feature, common for all dimensions, is the following. Usually, eigen-
value estimates, including LT-estimates like (1.2) or (1.4), bound the eigenval-
ues via integral characteristics of the potential V ; this means, in particular,
that the estimates are the same for equimeasurable potentials and, therefore,
do not capture the spacial distribution of the potential. Such dependence needs
to be reflected by some different form of the right-hand side of the estimates.
The natural idea is to use a kind of averaging of the potential in order to obtain
sharper eigenvalue estimates. One of the possible choices of averaging, which
we use in this paper, is the instrument created long ago by M. Otelbaev for
finding eigenvalue estimates for the one-dimensional Schrödinger operator in
the case when the potential, although a function, but quite singular, tends to
+∞ at infinity, so that the whole spectrum is discrete, see [25,26]. The idea of
M. Otelbaev’s method involves constructing a certain function, the ‘Otelbaev
function,’ which a certain variable window average of the singular potential.
In this way, Otelbaev’s function reflects both the size of the measure-potential
and the spreading of this measure along the real line.

Recently, the two first-named authors of this paper applied this approach
by M. Otelbaev to finding sharp eigenvalue estimates for the Sturm–Liouville
operator with a measure serving as a potential, again, in the case when the
whole spectrum is discrete, see [16,24].

In the present paper, we study the spectrum in the case of the potential
tending to zero at infinity (in some sense). This case is somewhat more delicate
than the one above due to the presence of the essential spectrum filling the
positive semi-axis.
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We start with some general properties of Radon measures on R
1 and

discuss criteria for discreteness of the negative spectrum of the Schrödinger
operator with such measure as the potential. After this, we introduce a proper
version of the Otelbaev function and describe its basic properties, such as
its dependence on the averaging parameter α and behavior at infinity. These
properties enable us further on to find two-sided eigenvalue estimates for the
distribution of negative eigenvalues for the potential being a Radon measure.
The measure is not necessarily discrete; however, it may be. In particular, LT
type estimates are obtained in terms of the Otelbaev function, providing both
upper and lower bounds, including direct and reverse LT type inequalities. The
latter inequalities cover all positive values of γ and are sharp in the sense that
both upper and lower estimates involve one and the same expression containing
the Otelbaev function. For upper estimates we follow initial approach by Weidl
[32], where bracketing is used, with the size of partial intervals adapted to the
measure μ. Note that reverse LT estimates, see [15], Theorem 4.48, hold only
for γ ≤ 1

2 , while ours are valid for all values of γ > 0. Note, however, that
for γ = 1

2 , the result in [31] gives a sharp value of constant in the reverse
LT estimate. However, the approach in [31] to the lower LT estimate does not
easily extend to measure-potentials.

Further on, in a number of examples, detailed calculations show effects
of various properties of the measure influencing the eigenvalue distribution.
We show that our estimates turn out to be sharper than the ones in [32], and
we also show that our estimates improve the subcritical (γ < 1

2 ) ones in [23].
Additionally, in the case when the condition of discreteness of the negative
spectrum is not assumed, we find, in terms of the Otelbaev function, two-
sided estimates for the lowest point of the spectrum and the lowest point of
the essential spectrum of the operator H.

In paper [3] and preprint [4], which appeared recently, a different ap-
proach to spectral estimates, including LT ones, for nonregular potentials is
developed, based upon the ‘landscape function.’ Some results, although less
explicit, look similar to ours; however, the conditions on the operator are con-
siderably more restrictive, requiring, in particular, the potential to be a func-
tion in the Kato class. Finally, we mention the works [4,12,31] and references
therein for studies on lower bounds.

2. Preliminaries

2.1. Radon Measures on R
1

Throughout this paper, L(A) denotes the Lebesgue measure of the Borel set
A ⊂ R. For any interval I in R, the notation |I| refers to the length of the
interval. For a set A ⊂ R, we denote its closure as A. We let D(·) and d(·)
denote the domain of an operator and a form, respectively. By σ(·) and σess(·),
we denote the spectrum and the essential spectrum of an operator, respectively.
By δx, we denote the Dirac measure concentrated at x ∈ R. For x ∈ R, by [x],



574 R. Fulsche et al. Ann. Henri Poincaré

we mean the largest integer not exceeding x. For x ∈ R, we use the notation

Δx(d) =
[
x − d

2
, x +

d

2

]
.

Recall that a (positive) locally finite measure μ on the Borel-σ-algebra
B(R) of R is a Radon measure if it satisfies the conditions of local finiteness,
outer regularity and inner regularity:

μ(K) < ∞ for all K ⊂ R compact,

μ(K) = inf{μ(O);O ⊃ K, O open} for all K ⊂ R compact,

μ(O) = sup{μ(K);K ⊂ O, K compact} for all O ⊂ R open.

Later, we will use the following simple lemma:

Lemma 2.1. Let μ be a non-negative Radon measure on R and x ∈ R. Then,
μ([x − τ, x)) → 0 as τ → 0.

Proof. For ε > 0, the inner regularity says that

μ((x − 2τ, x)) = sup{μ(K);K ⊂ (x − 2τ, x), K compact}.

Therefore, there exists a compact set Kε ⊂ (x−2τ, x) such that μ((x−2τ, x))−
μ(Kε) < ε. Since Kε ⊂ (x − 2τ, x) is compact, it follows for sufficiently small
τε that [x − τε, x) ∩ Kε = ∅. Therefore, [x − τε, x) ⊂ (x − 2τ, x) \ Kε, and
consequently, μ([x − τε, x)) < ε. �

2.2. Formulation of the Problem

Let μ be a non-negative Radon measure on R. We consider the following
sesquilinear form

aμ(f, g) =
∫

R

f ′g′ dx −
∫

R

fg dμ (2.1)

with the domain

d(aμ) =
{

f ∈ H1(R) :
∫

R

|f |2dμ < ∞
}

;

the corresponding quadratic form will be denoted by aμ[f ] := aμ(f, f). We
recall the Brinck condition for μ, see [10]: There exists C > 0 such that

μ([x, x + 1]) < C for any x ∈ R. (2.2)

It is known that (2.2) guarantees that the form aμ is lower semi-bounded and
closed; see [16] or [22]. Since μ is sign-definite, the converse is also true:
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Lemma 2.2. Let μ be a non-negative Radon measure. The following statements
are equivalent:

1. The Brinck condition (2.2) holds.
2. The sesquilinear form aμ is lower semi-bounded and closed.

Proof. Due to [16, Prop. II.4] or [22], it remains to show that (2) implies (1).
Assuming that (1) does not hold, for any fixed C > 0, there exists x ∈ R, say,
x = 1

2 , such that μ([x, x + 1]) ≥ 3C + π2. We define

u(x) :=

{
1 − cos (π (x − 2)) , x ∈ [0, 2],
0, x �∈ [0, 2].

Then, ‖u‖2 = 3, while u ≥ 1 on [12 , 3
2 ]. Therefore,

aμ[u] = π2 −
∫ 2

0

u2dμ ≤ π2 − μ

([
1
2
,
3
2

])
.

Hence,

aμ[u] ≤
(

π2

3
− μ([1/2, 3/2])

3

)
‖u‖2 ≤ −C‖u‖2.

Since C > 0 was arbitrary, we conclude that aμ is not semi-bounded. �

From now on, we will always assume that μ satisfies (2.2), so that aμ

is semi-bounded, closed, symmetric, and densely defined. We investigate the
spectral properties of the operator Hμ associated with aμ in the sense of Kato’s
first representation theorem [18, Theorem 2.6].

2.3. Discreteness of the Negative Spectrum of Hµ

Spectral properties of the operator Hμ for an absolutely continuous measure
μ are well known, see, e.g., [6]. For our more general case, we refer to [21].
There, the measure μ is even allowed to be non-sign-definite.

We recall the general abstract criterion for discreteness of the negative
spectrum of Schrödinger-like operators; see Theorem 1.3 in [6]. Being applied
to the operator Hε,μ defined by the lower semi-bounded quadratic form

hε,μ[u] = a[u] − εμμμ[u], a[u] =
∫

R1
|u′(x)|2dx, μμμ[u] =

∫

R1
|u(x)|2dμ(x),

on its natural domain, this theorem establishes that the negative spectrum of
Hε,μ is discrete for all ε > 0 if and only if the quadratic form μμμ[u] is compact
in the Sobolev space H1(R1).

The necessary and sufficient condition of this compactness is contained
in Theorem 2.5 in [21]:
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Theorem 2.3. The quadratic form μμμ is compact in the Sobolev space H1(R1)
if and only if, for any fixed a > 0, the functions

G+(t) = et

∫ ∞

t

e−sdμ(s), G−(t) = e−t

∫ t

−∞
esdμ(s)

satisfy

lim
x→±∞

∫ x+a

x−a

G±(t)2dt = 0.

Remark 2.4. For a positive measure, this condition is equivalent to

μ((x − a, x + a)) → 0 as x → ±∞ (2.3)

for some, and therefore, for every a > 0.

We will always suppose that these conditions are fulfilled.

Remark 2.5. Theorem 2.3 is valid for a non-sign-definite measure μ as well.
Finding eigenvalue estimates for such measures, even for absolutely continuous
ones, while one needs to trace the possible cancelation of the contributions of
the positive and negative components, is a hard and challenging problem. See
[11] for some partial results.

3. Otelbaev’s Function

In this section, we introduce Otelbaev’s function and establish its properties.
This function, introduced in [25] for the study of Schrödinger operators on R

1

having purely discrete spectrum, is a special kind of averaging of the potential.
This construction was extended to measure-potentials in [16,24].

Definition 3.1. Let μ be a non-negative Radon measure on R; we fix the aver-
aging parameter α > 0. Then, we define the Otelbaev function by

q∗
α(x) := q∗

α,μ(x) := inf
{

1
d2

: μ (Δx(d)) <
1

αd

}
. (3.1)

We will write q∗
α,μ(x) or q∗

α(x) if we want to emphasize the dependence
on the particular measure μ or, otherwise, if no confusion between different
measures is possible.

Obviously, for any fixed x and sufficiently small d > 0, the inequality in
(3.1) holds; for d large enough, this inequality does not hold, provided μ is not
the zero measure. By monotonicity in d, q∗

α is well defined. Moreover, we will
show that q∗

α is continuous, and if μ(R) > 0, then it is strictly positive. We
will also consider the auxiliary quantity

dα(x) :=
1√

q∗
α(x)

.
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Remark 3.2. If μ is a continuous measure, that is, it contains no point masses,
then dα(x) is the unique solution to the equation

μ (Δx(d)) =
1
αd

. (3.2)

If μ contains point masses, this statement may be wrong. Indeed, take
μ = δ−1 + δ1. Then, for any 0 < τ < 2 and κ ≥ 2,

μ
([

−τ

2
,
τ

2

])
= 0 <

1
2τ

, μ
([

−κ

2
,
κ

2

])
= 2 >

1
2κ

.

Therefore, q∗
1(0) = 1/4 and d1(0) = 2. Since

μ

([
−d1(0)

2
,
d1(0)

2

])
= μ([−1, 1]) > 1/2,

we conclude that d1(0) does not satisfy (3.2) with x = 0.
In general, dα(x) is the length of the smallest interval centered at x such

that its μ-measure is not less than 1/(αdα(x)). More formally, this property
can be stated as follows:

Lemma 3.3. Let α > 0 and x ∈ R. Then

μ (Δx(dα(x))) ≥ 1
αdα(x)

and

μ (Δx(dα(x) − ε)) <
1

α(dα(x) − ε)

for any 0 < ε < dα(x).

Proof. Assume that the first estimate breaks down, that is, μ (Δx(dα(x))) <
1

αdα(x) . By Lemma 2.1,

μ

([
x − dα(x) + ε

2
, x − dα(x)

2

))
→ 0, μ

((
x +

dα(x)

2
, x +

dα(x) + ε

2

])
→ 0,

as ε → 0. Therefore, μ (Δx(dα(x) + ε)) → μ (Δx(dα(x)). Since 1
α(dα(x)+ε) →

1
αdα(x) , we obtain, due to our assumption, for sufficiently small ε > 0:

μ (Δx(dα(x) + ε)) <
1

α(dα(x) + ε)
.

Hence, by the definition of q∗
α, we obtain 1

(dα(x)+ε)2 ≥ q∗
α(x), and this contra-

dicts q∗
α(x) = 1/d2α(x).

If the second statement of the lemma is wrong, there should exist ε ∈
(0, dα(x)) such that

μ (Δx(dα(x) − ε)) ≥ 1
α(dα(x) − ε)

.
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Then, for any d ≥ dα(x) − ε,

μ (Δx(d)) ≥ μ (Δx(dα(x) − ε)) ≥ 1
α(dα(x) − ε)

≥ 1
αd

.

Therefore,

q∗
α(x) = inf

{
1
d2

: μ (Δx(d)) <
1
αd

}

= inf
{

1
d2

: μ (Δx(d)) <
1
αd

and d < dα(x) − ε

}
.

In particular,

q∗
α(x) ≥ 1

(dα(x) − ε)2
,

and this contradicts q∗
α(x) = 1/d2α(x). �

In [16], Otelbaev’s function was defined in a slightly different way, i.e.,
in the infimum defining q∗

α, the condition μ(Δx(d)) ≤ 1
αd was used instead of

the present condition with the strict inequality. We will briefly verify that the
definition in [16] and the present one are equivalent; the present one is more
convenient.

Lemma 3.4. The following equalities hold true:

q∗
α(x) = inf

{
1
d2

: μ (Δx(d)) ≤ 1
αd

}

and

dα(x) = sup
{

d : μ (Δx(d)) ≤ 1
αd

}
. (3.3)

Proof. Due to the relation between q∗
α and dα, we only need to show the second

statement. Further, it suffices to prove the statement for α = 1; so we denote
the right-hand side of (3.3) by d̃1(x). For x ∈ R, obviously, d1(x) ≤ d̃1(x). To
show the converse estimate, we choose any d > d1(x). Then, by Lemma 3.3,

μ (Δx(d)) ≥ μ (Δx(d1(x))) ≥ 1
d1(x)

>
1
d

for any d > d1(x). Therefore,

d̃1(x) = sup
{

d > 0 : μ (Δx(d)) <
1
d

}

= sup
{

d > 0 : μ (Δx(d)) ≤ 1
d
, d ≤ d1(x)

}
.

This implies d̃1(x) ≤ d1(x). Hence, we conclude that d̃1(x) = d1(x). �

Now, we are ready to derive some crucial properties of the function q∗
α.
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Proposition 3.5. Let μ be a non-negative Radon measure on R. The following
statements hold true:
1. If μ �= 0, then q∗

α(x) > 0 for every x ∈ R.
2. q∗

α(x) is a jointly continuous function of (α, x) ∈ (0,∞) × R.

Proof. By the definition, q∗
α,μ(x) = q∗

1,αμ(x). Hence, (1) follows from the state-
ment for α = 1, cf. [16, Prop. III.3]. To verify (2), note that whenever there is a
sequence (αn, tn)n∈N such that (αn, tn) → (α, t), then αnμ(· − tn) → αμ(· − t)
in weak∗ topology, i.e., for any f ∈ Cc(R), by the dominated convergence
theorem,

∫
f(x) d(αnμ(· − tn))(x) = αn

∫
f(x + tn) dμ(x)

n→∞−→ α

∫
f(x + t) dμ(x) =

∫
f(x) d(αμ(· − t))(x).

Hence, by [16, Prop. III.5], for each x ∈ R,

q∗
αn,μ(x − tn) = q∗

1,αnμ(·−tn)(x) −→ q∗
1,αμ(·−t)(x) = q∗

α,μ(x − t),

proving that q∗
α,μ(x) is jointly continuous in α and x. �

We will now show that Otelbaev’s function has a controlled variation.

Lemma 3.6. Let μ be a non-negative Radon measure on R. Let α > 0 and
x ∈ R. Then, for all points y ∈ Δx(dα(x)) and z ∈ Δx (dα(x)/2), the following
inequalities hold true:

1
4
q∗
α(z) ≤ q∗

α(x) ≤ 4q∗
α(y).

Proof. First, we prove the estimate on the right-hand side. Let y ∈ Δx(dα(x)).
Then, Δx(dα(x)) ⊂ Δy(2dα(x)). Hence, by Lemma 3.3,

μ (Δy(2dα(x))) ≥ μ (Δx(dα(x))) ≥ 1
αdα(x)

≥ 1
2αdα(x)

.

Therefore, by the definition of q∗
α,

q∗
α(y) ≥ 1

4d2α(x)
=

1
4
q∗
α(x).

To show the estimate on the left-hand side, we let z ∈ Δx (dα(x)/2). For
sufficiently small ε > 0, the following inclusion holds true:

Δz

(
dα(x) − 2ε

2

)
⊂ Δx(dα(x) − ε).

Therefore, by Lemma 3.3,

μ

(
Δz

(
dα(x) − 2ε

2

))
≤ μ (Δx(dα(x) − ε)) <

1
α(dα(x) − ε)

<
1

α
(

dα(x)−2ε
2

) .

Since q∗
α(z) ≤ 4

(dα(x)−2ε)2 for all sufficiently small ε > 0, by the definition of
q∗
α, we arrive at q∗

α(z) ≤ 4
d2

α(x) = 4q∗
α(x), just what we need. �
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Next, we give a reformulation of the Brinck condition (2.2) in terms of
q∗
α:

Lemma 3.7. Let μ be a non-negative Radon measure. The following statements
are equivalent:

1. For any α > 0, q∗
α is a bounded function.

2. The condition (2.2) is satisfied.

Proof. If (1) does not hold, there exists a sequence {xk} such that q∗
α(xk) > k,

or equivalently, dα(xk) < 1/
√

k. By Lemma 3.3,

μ (Δxk
(1)) ≥ μ (Δxk

(dα(xk))) >
1

αdα(xk)
>

√
k

α
,

and hence, (2) is violated.
On the opposite, if (1) holds, so that q∗

α(x) < C for all x ∈ R, it follows,
dα(x) > 1/

√
C, and Lemma 3.3 implies

μ
(
Δx

(
1/

√
C
))

<

√
C

α
.

Therefore,

μ([x, x + 1]) < ([
√

C] + 1)
√

C

α
,

which gives (2). �

From Lemmas 2.2 and 3.7, we derive the following criterion for semi-
boundedness of the quadratic form aμ in terms of q∗

α.

Corollary 3.8. Let μ be a non-negative Radon measure. Then the sesquilinear
form aμ is semi-bounded if and only if for any fixed α > 0, the function q∗

α is
bounded.

Next, we study the behavior of the Otelbaev function at infinity.

Lemma 3.9. For any α > 0, the following statements are equivalent:

1. q∗
α(x) → 0 as x → ∞;

2. For any fixed d > 0, μ (Δx(d)) → 0 as x → ∞.

The second property is just a reformulation of (2.3). Therefore, both proper-
ties above, by Theorem 2.3, are equivalent to the discreteness of the negative
spectrum of the operator H = − d2

dx2 − μ.

Proof. Assume that (1) does not hold. Then, q∗
α(xk) > C for some sequence

{xk} tending to infinity and some C > 0. Therefore, dα(xk) < 1/
√

C. Now, by
Lemma 3.3,

μ
(
Δxk

(
1/

√
C
))

≥ μ (Δxk
(dα(xk))) ≥ 1

αdα(xk)
≥

√
C

α
,

which contradicts (2).



Vol. 27 (2026) Negative Eigenvalue Estimates 581

Conversely, if (1) holds, but (2) does not, there exists a sequence {xk}
tending to infinity and constants d, C > 0 such that

μ (Δxk
(d)) > C. (3.4)

We choose ε > 0 such that

d

2
<

1
2
√

ε
,

√
ε

α
< C. (3.5)

Since (1) holds, there exists N > 0 such that q∗
α(x) < ε for all |x| > N .

Therefore, dα(x) > 1/
√

ε for all |x| > N . Relation (3.5) and the second part
of Theorem 3.3 imply now

μ (Δxk
(d)) ≤ μ

(
Δxk

(
1/

√
ε
)) ≤

√
ε

α
< C,

for sufficiently large k, such that |xk| > N . This contradicts (3.4). �

For different values of the averaging parameter, Otelbaev’s functions are
equivalent:

Lemma 3.10. Let μ be a non-negative Radon measure. If 0 < β < α, then

q∗
β(x) ≤ q∗

α(x) ≤ α2

β2
q∗
β(x),

for all x ∈ R.

Proof. For a fixed x ∈ R, it is clear that α �→ q∗
α(x) is an increasing function,

so that q∗
β(x) ≤ q∗

α(x).
Let us show the second inequality. If q∗

β(x) = q∗
α(x), the statement is

obviously true. Otherwise, if q∗
β(x) < q∗

α(x), then dα(x) < dβ(x); this means
that dα(x) < dβ(x)− ε for some sufficiently small ε > 0. Therefore, by Lemma
3.3,

1
αdα(x)

≤ μ(Δx(dα(x))) ≤ μ(Δx(dβ(x) − ε)) ≤ 1
β(dβ(x) − ε)

,

for any sufficiently small ε > 0. Thus,

1
dα(x)

≤ α

βdβ(x)
.

Recalling the relation between q∗
α and dα completes the proof. �

The following lemma concerns the dependence of q∗
α on the choice of the

measure.

Lemma 3.11. Let μ1 and μ2 be non-negative Radon measures and μ = μ1+μ2.
Then, for any α > 0,

q∗
α,μ(x) ≤ 2

(
q∗
α,μ1

(x) + q∗
α,μ2

(x)
)
. (3.6)
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Proof. By Lemma 3.3,

μj(Δx(dα,μj
(x))) ≥ 1

αdα,μj
(x)

, for x ∈ R, j = 1, 2. (3.7)

We note that
dα,μj

(x) ≥ dα,μ(x) for j = 1, 2. (3.8)
If dα,μ1(x) = dα,μ(x), then q∗

α,μ1
(x) = q∗

α,μ(x) and (3.6) holds. If the estimate
in (3.8) is strict for both j = 1, 2, i.e., for some ε > 0,

dα,μj
(x) − ε > dα,μ(x),

then, by Lemma 3.3,
1

α(dα,μ1 (x) − ε)
+

1

α(dα,μ2 (x) − ε)
> μ1(Δx(dα,μ1 (x) − ε)) + μ2(Δx(dα,μ2 (x) − ε))

≥ μ1(Δx(dα,μ(x))) + μ2(Δx(dα,μ(x))) = μ(Δx(dα,μ(x))) ≥ 1

αdα,μ(x)

holds true for any sufficiently small ε > 0. Now (3.6) follows from
1

α(dα,μ1(x))
+

1
α(dα,μ2(x))

≥ 1
αdα,μ(x)

.

�

We conclude this section by showing that Otelbaev’s function satisfies a
certain lower bound for its decay at infinity:

Proposition 3.12. Let 0 �= μ be a non-negative Radon measure. Then,

lim inf
|x|→∞

q∗
α(x)|x|2 ≥ 1

4
.

Proof. We first assume that μ is supported in some interval [−R,R]. Further,
we only consider x > 0, since the case x < 0 can be dealt with analogously.

Since μ is a compactly supported Radon measure, it is finite. Assume
that x is large enough such that 2(x + R) > μ(R)

α . Then, with d = 2(x + R),
we obtain

μ(Δx(d)) = μ([−R, 2x + R]) = μ(R) >
1

2α(x + R)
=

1
αd

.

Hence, we see that for every x sufficiently large,

q∗
α(x) ≥ 1

d2
=

1
4(x + R)2

,

which implies

lim inf
x→∞ q∗

α(x) · x2 ≥ lim inf
x→∞

x2

4(x + R)2
=

1
4
.

If μ is not compactly supported, then for arbitrary R > 0 we have μ ≥
1[−R,R]μ, so

q∗
μ,α(x) ≥ q∗

1[−R,R]μ,α(x),
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and therefore

lim inf
x→∞ q∗

μ,α(x) · x2 ≥ q∗
1[−R,R]μ,α(x) · x2 ≥ 1

4
.

The estimate at −∞ is dealt with analogously. This finishes the proof. �

Remark 3.13. If μ is compactly supported, then we also have

lim sup
|x|→∞

q∗
α(x) · x2 ≤ 1,

which will be clear from the discussion in Example B.3.

4. Eigenvalue Estimates

Lemma 3.9 gave us a condition of discreteness of the negative spectrum in
terms of the function q∗

α. In terms of the same function, we now find two-
sided estimates for the spectral distribution function N(−λ,Hμ) for λ > 0,
defined as the number of eigenvalues less than −λ. The reasoning uses the
standard bracketing idea, in the realization of, e.g., [32], adapted to general
measures. Further, we always assume that μ is a non-negative Radon measure
that satisfies Brinck’s condition (2.2).

4.1. Auxiliary Lemmas

We consider a covering of R by closed intervals which have common endpoints.
If such endpoint coincides with the position of a point mass of the measure μ
we split this point mass in two, in a special way, and assign each summand to
the corresponding interval. Note that besides depending on μ, the construction
also depends on α > 0.

We start with a0 = 0 and γ0 = 0. If μ([a0,+∞)) = 0, then we define
a1 = +∞. Otherwise, we set

a1 := sup
{

x ∈ (a0,+∞) : μ([a0, x)) ≤ 1
α|x − a0|

}
.

Since

μ([a0, x)) ↑ μ([a0,∞)) > 0 and
1

α|x − a0| ↓ 0 as x → ∞,

a1 is well defined and finite. Further, since both μ([a0, x)) → μ({a0}) < ∞
and (α|x − a0|)−1 → ∞ continuously as x → 0, we also obtain a1 > a0.

Having constructed a1 in this way, we have the following fact:
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Lemma 4.1. If a1 < ∞, then μ([a0, a1]) ≥ 1
α(a1−a0)

.

Proof. Assume it was μ([a0, a1]) < 1
α(a1−a0)

. Since

μ([a0, a1 + ε)) ε→0−→ μ([a0, a1]),

we would have for some ε′ > 0 sufficiently small:

μ([a0, a1 + ε′)) ≤ 1
α(a1 + ε′ − a0)

.

But this contradicts the definition of a1. �

If a1 = ∞, we set I0 = [a0,∞), define the measure μ0 on I0 as the zero
measure and end the construction here. If a1 < ∞, we can set (based on the
previous lemma) γ1 = 1

α(a1−a0)
− μ([a0, a1)) ≥ 0. We define the interval I0

as I0 = [a0, a1] and the measure μ0 on I0 as μ0 = μ · 1[a0,a1) + γ1δa1 . We
now continue the construction inductively. After having constructed finitely
many points a0, . . . , ak, intervals I0, . . . , Ik−1, constants γ1, . . . , γk and mea-
sures μ0, . . . , μk−1, we define ak+1 analogously, that is: if μ([ak,+∞))−γk = 0
we set ak+1 = +∞ and Ik = [ak,∞), μk = 0 on Ik. Otherwise

ak+1 := sup
{

x ∈ (ak,+∞) : μ([ak, x)) − γk ≤ 1
α|x − ak|

}
.

As above, ak+1 is well defined. If ak+1 = ∞, we let Ik = [ak,∞), μk = 0 on
Ik and end the construction here. Otherwise, analogously to Lemma 4.1, we
can set γk+1 = 1

α(ak+1−ak)
− μ([ak, ak+1)) + γk ≥ 0, Ik = [ak, ak+1], μk is the

measure on Ik given by μk = μ · 1[ak,ak+1) − γkδak
+ γk+1δak+1 .

For k ≤ 0, we repeat the construction symmetrically, i.e., we construct
the points

ak−1 := inf
{

x ∈ (−∞, ak) : μ((x, ak]) − γk ≤ 1
α(ak − x)

}

and for ak−1 > −∞ we set Ik−1 = [ak−1, ak], γk−1 = 1
α(ak−x) −μ((ak−1, ak])+

γk. We denote by K ⊂ Z the set of ordinals k of these points (with exception
of +∞ if such point is present). If ak �= −∞ and ak+1 �= ∞, we denote by xk

the mid-point of the interval Ik. With these definitions, the intervals Ik form a
partition of R. We emphasize that this whole construction implicitly depends
on the choice of the measure μ and the constant α > 0, even though we do
not capture this in the notation of the intervals and the points.

Remark 4.2. We want to emphasize that the assumption of Brinck’s condition
(2.2) on μ enforces that ak cannot converge to some finite point as k → ±∞,
i.e., the intervals Ik indeed form a covering of R.

We have now constructed a covering {Ik}k∈K of R and a collection of
measures μk such that for every Borel set A ⊂ R: μ(A) =

∑
k∈K

μk(Ak ∩ Ik).
With this data, we will perform our Neumann bracketing later.
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Lemma 4.3. The decomposition has the following properties:

1. For k ∈ K with μk(Ik) > 0: μk(Ik)|Ik| = 1
α .

2. It is: dα(xk) = |Ik|.
Proof. The first part is satisfied by construction. To show the second part, we
assume that |Ik| < dα(xk), i.e., ak+1 − ak < dα(xk). Then,

xk − dα(xk) − ε

2
< ak < ak+1 < xk +

dα(xk) − ε

2
for all sufficiently small ε > 0. By construction of ak+1, we have

μ

([
ak, xk +

dα(xk) − ε

2

))
>

1

α
(
xk + dα(xk)−ε

2
− ak

) + γk ≥ 1

α
(
xk + dα(xk)−ε

2
− ak

) .

On the other hand, by Lemma 3.3,

μ

([
ak, xk +

dα(xk) − ε

2

))
≤ μ (Δxk

(dα(xk) − ε)) <
1

α(dα(xk) − ε)
.

Therefore,
1

α
(
xk + dα(xk)−ε

2 − ak

) <
1

α(dα(xk) − ε)

for sufficiently small ε > 0. This is equivalent to

dα(xk) − ε < xk +
dα(xk) − ε

2
− ak

=
ak+1 + ak

2
+

dα(xk) − ε

2
− ak =

ak+1 − ak

2
+

dα(xk) − ε

2
,

and this contradicts our initial assumption that dα(xk) > ak+1 − ak.
Now, assume that dα(xk) < |Ik|. Then,

Δxk
(dα(xk)) ⊂ Iint

k ,

where Iint
k is the interior of Ik. This and Lemma 3.3 imply

μk(Ik) ≥ μ(Iint
k ) ≥ μ(Δxk

(dα(xk))) >
1

αdα(xk)
>

1
α|Ik| .

This contradicts part (1) of the present lemma. �

4.2. Neumann Bracketing

We consider here Sturm–Liouville operators with Neumann boundary condi-
tions on each interval Ik, with the potentials being the measure μk. To define
these operators precisely, we need the following lemmas.

Lemma 4.4 [10, Lemma 2]. Let I ⊂ R be an interval of length d and f ∈ H1(I).
Then, for all y ∈ I,

1
2d

∫

I

|f(x)|2dx − d

2

∫

I

|f ′(x)|2dx ≤ |f(y)|2 ≤ 2
d

∫

I

|f(x)|2dx + d

∫

I

|f ′(x)|2dx.
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Lemma 4.5. Let α > 0 and Ik be some interval as defined in Sect. 4.1. Then,
the sesquilinear form

ak
μ[f ] =

∫

Ik

|f ′|2dx −
∫

Ik

|f |2dμk, d(ak
μ) = H1(Ik), (4.1)

is lower semi-bounded, closed, symmetric, and densely defined in L2(Ik).

Proof. If μk(Ik) = 0, nothing needs to be proven. Otherwise, it is clear that ak
μ

is symmetric and densely defined. Due to Lemma 4.3, |Ik|μk(Ik) = 1
α . Hence,

by Lemma 4.4, for f ∈ H1(Ik) we obtain:
∣∣∣∣
∫

Ik

|f |2dμk

∣∣∣∣ ≤
2μk(Ik)

|Ik| ‖f‖2L2(Ik)
+ |Ik|μk(Ik)‖f ′‖2L2(Ik)

≤ 2μk(Ik)
|Ik| ‖f‖2L2(Ik)

+
1

α + 1
· (1 +

1
α

)‖f ′‖2L2(Ik)
.

Since (1 + α−1)‖f ′‖2L2(Ik)
is a non-negative, closed, symmetric and densely

defined quadratic form on the domain H1(Ik) and 1
1+α < 1, the KLMN-

Theorem implies that ak
μ is closed and semi-bounded; see, e.g., [27, Theorem

X.17]. �

Our upper estimates for eigenvalues will be, as this is often done, by
means of the Neumann bracketing. The standard application of the variational
principle (say, the Glazman lemma) is the following.

Lemma 4.6. Let μ be a Radon measure satisfying (2.2) and Hμ be the operator
generated by the sesquilinear form (2.1). Let α > 0 and {Ik}k∈K be the intervals
introduced above. Consider the operators Hk

μ associated with the sesquilinear
forms (4.1). Then, for every λ > 0, the following inequality holds true:

N(−λ,Hμ) ≤
∑

k∈K

N(−λ,Hk
μ).

In our first estimate, we use the intervals Ik corresponding to the special
value α = 2.

Lemma 4.7. Under the conditions above, for α = 2, the following estimate
holds for all λ > 0:

N(−λ,Hμ) ≤
∑

k∈K: −λ≥− 1
|Ik|2

1 = #{k ∈ K : λ ≤ 1/|Ik|2}.

Proof. Let λ > 0. Let Hk
μ be the operators from Lemma 4.6 and ak

μ be the
corresponding quadratic forms. Then,

N(−λ,Hμ) ≤
∑

k∈K

N(−λ,Hk
μ). (4.2)

By construction, if some Ik is unbounded, then it follows that μk(Ik) = 0, and
hence, N(−λ,Hk

μ) = 0. Therefore, from now on, we will only consider bounded
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intervals Ik. By Lemma 4.4,

ak
μ[f ] ≥ (1 − |Ik|μk(Ik)) ‖f ′‖2L2(Ik)

− 2
|Ik|μk(Ik)‖f‖2L2(Ik)

.

From Lemma 4.3, we know that 2μ(Ik) = 1/|Ik|. Hence, the estimate above
gives

ak
μ[f ] ≥ bk[f ], (4.3)

where bk is the sesquilinear form defined as follows:

bk[f ] =
1
2
‖f ′‖2L2(Ik)

− 1
|Ik|2 ‖f‖2L2(Ik)

, d(bk) = H1(Ik), f ∈ H1(Ik).

Therefore,

Hk
μ ≥ Bk, (4.4)

in the sense of quadratic forms, where Bk is the operator associated with bk.
Note that Bk is, up to a constant factor, (− d2

dx2 )N − cI, with (− d2

dx2 )N being
the Neumann Laplacian of the interval Ik. Hence, the spectrum of Bk is well
known: it is purely discrete and consists of the eigenvalues

ηm =
1
2

(
πm

|Ik|
)2

− 1
|Ik|2 , m ∈ N ∪ {0}.

For the lowest eigenvalue of Bk, we have η0 = −1/|Ik|2, but the next eigenvalue
is already larger than −λ:

η1 =
(

π2

2
− 1
)

1
|Ik|2 > 0.

Therefore,

N(−λ,Bk) =

{
1 if − 1/|Ik|2 < −λ,

0 otherwise,

and hence, (4.4) implies that N(−λ,Hk
μ) ≤ 1. Moreover, from (4.3), we know

that

N(−λ,Hk
μ) = 0, for − λ < − 1

|Ik|2 .

This all means that the intervals Ik with −1/|Ik|2 < −λ contribute with at
most one eigenvalue to the sum (4.2), while the remaining intervals do not
make any contribution to this sum at all. �

4.3. Two-Sided Estimate for the Spectral Distribution Function

Now, we are ready to obtain the main results of this section, which are ex-
pressed in terms of the measure of sublevel sets for q∗

α:

Mα(λ) := {x ∈ R : q∗
α(x) ≥ λ}.
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Theorem 4.8. Let μ be a non-negative Radon measure satisfying (2.2) and Hμ

be the operator generated by sesquilinear form (2.1). Let α =
(
π2 + 3/4

)−1.
Then, for λ > 0 the following estimates hold true:

1
2

min
y∈Mα(4λ)

√
q∗
α(y)L(Mα(4λ)) ≤ N(−λ,Hμ) ≤ max

y∈M2(λ/4)

√
q∗
2(y) · L(M2(λ/4)),

(4.5)
√

λL(Mα(4λ)) ≤ N(−λ,Hμ) ≤
√

‖q∗
2‖∞L(M2(λ/4)), (4.6)

sup√
η≥λ

(η · L(Mα(4η))) ≤ N(−λ,Hμ) ≤ 4
∫

M2(λ/4)

√
q∗
2(y)dy. (4.7)

Here, L is the Lebesgue measure.

Remark 4.9. Theorem 4.8 does not make a-priori assumptions about the na-
ture of the negative spectrum of Hμ. The inequalities should be understood in
the following way. If, for a given λ > 0, one of the quantities on the right-hand
side is finite, then the spectrum below −λ is finite, and the inequalities hold.
On the other hand, if some of the quantities on the left-hand side is infinite,
the spectrum of Hμ in (−∞,−λ] is infinite and thus contains at least one point
of the essential spectrum.

Proof. The upper bound. We apply Lemma 4.7, which gives

N(−λ,Hμ) ≤
∑

k∈K: −λ≥− 1
|Ik|2

1, (4.8)

where the Ik are the intervals defined as Sect. 4.1 with α = 2. For those k ∈ K

for which

− λ ≥ − 1
|Ik|2 , (4.9)

we know from Lemma 4.3 that Ik = Δxk
(d2(xk)). Therefore, for any y ∈ Ik,

Lemma 3.6 and (4.9) imply that

q∗
2(y) ≥ 1

4
q∗
2(xk) =

1
4|Ik|2 ≥ λ

4
.

Hence, we obtain

1 = |Ik| · 1
|Ik| ≤ 1

|Ik| · L
({

x ∈ Ik : q∗
2(x) ≥ λ

4

})
.

Then,

N(−λ,Hμ) ≤
∑

k∈K: −λ≥− 1
|Ik|2

1
|Ik| · L

({
x ∈ Ik : q∗

2(x) ≥ λ

4

})

≤ max
y∈{x∈Ik:q∗

2 (x)≥ λ
4 }
√

q∗
2(y) · L

({
x ∈ R : q∗

2(x) ≥ λ

4

})
.
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This gives the first upper bound. The second upper bound is an obvious con-
sequence of the first one. The third upper bound is obtained from:

N(−λ,Hμ) ≤
∑

−λ≥− 1
|Ik|2

∫

Ik

1
|Ik|dy

≤ 4
∑

−λ≥− 1
|Ik|2

∫

Ik

√
q∗
α(y)dy ≤ 4

∫

{x∈R:q∗
2 (x)≥ λ

4 }

√
q∗
2(y)dy.

The lower bound. For a fixed λ > 0, we define intervals

Jk :=
(

k − 1√
λ

,
k√
λ

)

J̃k :=
(

k − 1√
λ

+
1

4
√

λ
,

k√
λ

− 1
4
√

λ

)

˜̃Jk :=
(

k − 1√
λ

+
3

8
√

λ
,

k√
λ

− 3
8
√

λ

)

for k ∈ Z. Note that Jk, J̃k, and ˜̃Jk have the same centerpoint and their lengths,
respectively, are 1√

λ
, 1

2
√

λ
, and 1

4
√

λ
. We define the orthogonal system of test

functions

fk(x) :=

{
1 − cos

(
2π

√
λ
(
x − k√

λ

))
, x ∈ Jk,

0, x �∈ Jk,

for k ∈ Z. Since fk ≥ 1 in J̃k, we can estimate the value of the quadratic form
on fk:

aμ[fk] = 2π2
√

λ −
∫

Jk

f2
k dμ ≤ 2π2

√
λ − μ(J̃k).

We set α =
(
π2 + 3

4

)−1 and suppose that there exists ξ ∈ ˜̃Jk such that q∗
α(ξ) >

4λ. Then, by the definition of the function q∗
α,

μ(J̃k) ≥ μ

([
ξ − 1

4
√

λ
, ξ +

1
4
√

λ

])
>

π2 + 3
4

1
2
√

λ

=
(

2π2 +
3
2

)√
λ.

Therefore, aμ[fk] < − 3
2

√
λ. Since ‖fk‖2 = 3

2
√

λ
, the last estimate gives

ak
μ[fk] < −λ‖fk‖2L2(R).

Now, we conclude that, for k ∈ Z such that
{

x ∈ ˜̃Jk +
j

4
√

λ
: q∗

α(x) ≥ 4λ

}
�= ∅,

fk satisfies the last estimate. Moreover, since {fk} have disjoint supports, these
functions are linearly independent. Therefore, the variational principle implies

N(−λ,Hμ) ≥
∑

k∈Z:
{
x∈ ˜̃Jk:q∗

α(x)≥4λ
}

	=∅

1 = 4
√

λ
∑

k∈Z:
{

x∈ ˜̃Jk:q∗
α(x)≥4λ

}
	=∅

1
4
√

λ
.
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For any interval I ⊂ R, we denote by I + d the interval I ⊂ R shifted by d,
that is,

I + d := {x + d : x ∈ I}.

By the arguments above, we know that

N(−λ,Hμ) ≥
∑

k∈Z:
{

x∈ ˜̃Jk+ j

4
√

λ
:q∗

α(x)≥4λ
}

�=∅
1 = 4

√
λ

∑

k∈Z:
{

x∈ ˜̃Jk+ j

4
√

λ
:q∗

α(x)≥4λ
}

�=∅

1

4
√

λ

(4.10)
for j = 0, 1, 2, 3. The intervals ˜̃Jk + j

4
√

λ
cover R1 with multiplicity 4, therefore,

summing (4.10) over j, we obtain

4N(−λ,Hμ) ≥ 4
√

λ · L ({x ∈ R : q∗
α(x) ≥ 4λ}) ,

and this finishes the proof for the lower bound. �

4.4. Estimates for Eigenvalues

It is convenient to reformulate the preceding results as estimates for the indi-
vidual negative eigenvalues of Hμ.

Theorem 4.10. Let μ be a non-negative Radon measure which satisfies (2.2)
and Hμ be the operator generated by sesquilinear form (2.1). Assume that the
negative part of the spectrum of Hμ is discrete. Denote by (λn)n∈N the non-
decreasing sequence of negative eigenvalues (counting multiplicities) with the
convention that λm+1 = λm+2 = · · · = Λ = inf σess(Hμ) if there are only m
eigenvalues below the lowest point Λ of the essential spectrum. Then, for each
n ∈ N,

sup

{
−λ < 0 : L({x : q∗

2(x) ≥ λ/4}) ≤ n − 1√‖q∗
2‖∞

}

≤ λn

≤ inf
{

−λ < 0 : L({x : q∗
α(x) ≥ 4λ}) ≥ n√

λ

}
,

where α =
(
π2 + 3/4

)−1.

Proof. Suppose that λ satisfies L({x : q∗
2(x) ≥ λ/4}) ≤ n−1√

‖q∗
2‖∞

. Then, by

Theorem 4.8,

N(−λ,Hμ) ≤ n − 1,

so that λn ≥ −λ. On the other hand, if −λ satisfies L({x : q∗
α(x) ≥ 4λ}) ≥ n√

λ
,

then Theorem 4.8 yields N(−λ,Hμ) ≥ n, hence λn ≤ −λ. �

As corollary, we obtain a lower estimate for the number N−(Hμ) of neg-
ative eigenvalues of Hμ.

Corollary 4.11. Under the above general conditions for the measure μ,

N−(Hμ) ≥ sup
ε>0

ε3/2

2

∫

{q∗
α≥ε}

1
q∗
α

dx, (4.11)
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where α =
(
π2 + 3/4

)−1.

Proof. We use the conventions from Theorem 4.10. Let N(0,Hμ) = n. Then,
λn+1 = 0. Hence, for every λ > 0,

n + 1√
λ

> L({x : q∗
α(x) ≥ 4λ}) ≥ 4λ

∫

{q∗
α≥4λ}

1
q∗
α(x)

dx. (4.12)

This yields for every ε > 0:

n + 1 >
ε3/2

2

∫

{q∗
α≥ε}

1
q∗
α(x)

dx,

just what we need. �

In particular, from (4.11), one can immediately obtain a necessary con-
dition for the finiteness of the negative spectrum.

Remark 4.12. In the results above, we essentially made use of the lower bounds
obtained in Theorem 4.8. Since qα(x) decays at infinity not faster than |x|−2,
the upper bound in this theorem tends to infinity as λ → 0; therefore, it is
useless for estimating the number of all negative eigenvalues from above.

We conclude this section with an estimate for the lowest point of the
spectrum.

Corollary 4.13. Let μ be a non-negative Radon measure, as usual, and Hμ be
the operator generated by sesquilinear form (2.1). Let λ1 = inf σ(Hμ). Then,
the following estimates hold true:

−4‖q∗
2‖∞ ≤ λ1 ≤ −1

4
‖q∗

α‖∞,

where α =
(
π2 + 3/4

)−1.

Proof. Recall that λ1 = sup{λ ∈ R : N(λ,Hμ) = 0}. Assume that −λ <
−4‖q∗

2‖∞, i.e., λ/4 > ‖q∗
2‖∞. Then, by Theorem 4.8,

N(−λ,Hμ) ≤
√

‖q∗
2‖∞L({x : q∗

2(x) ≥ λ/4}).

By our assumption on λ, {x : q∗
2(x) ≥ λ/4} = ∅, and therefore N(−λ,Hμ) ≤ 0,

as required.
On the other hand, if −λ > −‖q∗

α‖∞/4, that is, 4λ < ‖q∗
α‖∞, then

N(−λ,Hμ) ≥
√

λL({x : q∗
α(x) ≥ 4λ}).

Since 4λ < ‖q∗
α‖∞, the set {x : q∗

α(x) ≥ 4λ} is non-empty. Since q∗
α is continu-

ous, the set needs to have a positive Lebesgue measure. Hence, N(−λ,Hμ) > 0
and, being integer it is not less than 1. This means that λ1 ≤ −λ. �

Note that in Corollary 4.13, it is not supposed that the negative spectrum
of Hμ is discrete or that the lowest point of the spectrum is an eigenvalue. An
estimate for the lowest point of the essential spectrum can be obtained as well.



592 R. Fulsche et al. Ann. Henri Poincaré

Corollary 4.14. Under the above conditions, let Λ = inf σess(Hμ). We set

Q1 = lim sup
x→±∞

q∗
2(x), Q2 = lim inf

x→±∞ q∗
α(x),

where α = (π2 + 3/4)−1. Then,

−4Q1 ≤ Λ ≤ −1
4
Q2.

Proof. Recall that Λ = sup{λ ∈ R : N(λ,Hμ) < ∞}. Assume that −λ <
−4Q1, or equivalently λ/4 > Q1. Then, by Theorem 4.8, we have

N(−λ,Hμ) ≤
√

‖q∗
2‖∞L({x : q∗

2(x) ≥ λ/4}).

By the assumption on λ, the Lebesgue measure above is finite. Therefore, we
have N(−λ,Hμ) < ∞, i.e., Λ ≥ −λ.

If −λ > −Q2/4, then 4λ < Q2. Thus,

N(−λ,Hμ) ≥
√

λL({x : q∗
α(x) ≥ 4λ}) = ∞,

since the set on the right-hand side contains at least one infinite interval
(−∞, a) or (b,∞). Thus, Λ ≤ −λ. �

4.5. Lieb–Thirring Type Estimates

Now we are ready to establish the LT estimates for any γ > 0 for an arbitrary
Radon measure μ. Moreover, we prove lower estimates for LTγ for all γ > 0; in
the special case γ = 1

2 , the lower bound can be expressed explicitly in terms of
μ itself. For other values of γ, our estimates are expressed via the Otelbaev’s
function. Throughout this section, we assume that the negative part of the
spectrum of Hμ is discrete, that is, q∗

1(x) → 0 as x → ±∞ according to
Lemma 3.9 and Remark 2.4.

We recall that for γ > 0,

LTγ(Hμ) ≡
∞∑

ν=1

|λν |γ = γ

∫ 0

−∞
|λ|γ−1N(λ,Hμ) dλ, (4.13)

as soon as one of the quantities in (4.13) is finite.
We now establish a reverse LT estimate for γ = 1/2. For completeness,

the following theorem presents our result (a lower bound) alongside a known
result (an upper bound) from [17].

Theorem 4.15. Let μ be a non-negative Radon measure satisfying the Brinck
condition (2.2). Let Hμ be the operator associated with the sesquilinear form
(2.1). Assume that the negative part of the spectrum of Hμ is discrete. Let
{λν} be the negative eigenvalues of Hμ, then

α

32
μ(R) ≤

∞∑

ν=1

|λν | 1
2 ≤ 1

2
μ(R), (4.14)

where α =
(
π2 + 3/4

)−1.
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The theorem should be understood in the sense that all the occurring
terms in (4.14) are either simultaneously finite or infinite.

Proof. The upper bound was proved in [17]. Let us prove the lower bound. By
(4.5),

∞∑

ν=1

|λν |γ ≥ γ

∫ 0

−∞
|λ|γ−1

√
|λ|L ({x ∈ R : q∗

α(x) ≥ 4|λ|}) dλ

≥ γ

∫ 0

−∞
|λ|γ− 1

2

∫

R

χ{x∈R:q∗
α(x)≥4|λ|}(y) dy dλ,

where χA is the indicator function of the set A. Using Fubini’s theorem, we
obtain

∞∑

ν=1

|λν |γ ≥ γ

∫

R

∫ 0

− 1
4 q∗

α(x)

|λ|γ− 1
2 dλ dx =

γ

γ + 1
2

(
1
4

)γ+ 1
2
∫

R

(q∗
α(x))γ+ 1

2 dx.

(4.15)
We now set γ = 1/2. Let Ik again be the intervals from Sect. 4.1 and xk be
their middle points. Then

∞∑

ν=1

|λν | 1
2 ≥ 1

8

∑

k∈K

∫

Ik

q∗
α(x) dx ≥ 1

8

∑

k∈K: μk(Ik)>0

∫

Ik

q∗
α(x) dx.

Lemma 3.6 implies now
∞∑

ν=1

|λν | 1
2 ≥ 1

32

∑

k∈K: μk(Ik)>0

|Ik|q∗
α(xk).

Using q∗
α(xk) = 1

dα(xk)2
, Lemma 4.3 yields:

∞∑

ν=1

|λν | 1
2 ≥ 1

32

∑

k∈K: μk(Ik)>0

|Ik| 1
|Ik|2 ≥ α

32

∑

k∈K: μk(Ik)>0

μk(Ik) =
α

32
μ(R).

This finishes the proof. �
For a general γ > 0, the classical Lieb–Thirring estimate, where the

potential is raised to the power of 1
2+γ, seems not to have a reasonable analogy

for a measure-potential, unlike γ = 1
2 . Here, we establish a Lieb–Thirring type

estimate expressed in terms of the function q∗
α. We want to emphasize that the

following result covers the subcritical case 0 < γ < 1
2 as well.

Theorem 4.16. Let μ be a non-negative Radon measure satisfying (2.2) and Hμ

be the operator generated by quadratic form (2.1). Suppose that the negative
part of the spectrum of Hμ is discrete. Let γ > 0 and let {λν} be the negative
eigenvalues of Hμ, then

γ

γ + 1
2

(
1
4

)γ+ 1
2
∫

R

|q∗
α(x)| 1

2+γdx ≤
∞∑

ν=1

|λν |γ ≤ 4γ+1

∫

R

|q∗
2(x)| 1

2+γ
dx

if the integrals converge (they do this simultaneously). Otherwise,
∑∞

ν=1 |λν |γ =
∞. Here, α =

(
π2 + 3/4

)−1.
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Proof. The lower bound follows from (4.15). We now derive the upper bound.
By using (4.13) and the upper bound in Theorem 4.8, one sees that

∞∑

ν=1

|λν |γ ≤ 4γ

∫ 0

−∞
|λ|γ−1

∫

{x∈R:q∗
2 (x)≥ |λ|

4 }

√
q∗
2(y) dy dλ.

Using Fubini’s theorem, we derive
∞∑

ν=1

|λν |γ ≤ 4γ

∫

R

√
q∗
2(x)

∫ 0

−4q∗
2 (x)

|λ|γ−1dλdx = 4γ+1

∫

R

(q∗
2(x))γ+ 1

2 dx.

This yields the required estimate. �
This theorem and Lemma 3.10 show:

Theorem 4.17. Let μ be a positive Radon measure satisfying (2.3). Then, for
every γ > 0, the following holds true:

C1

∫

R

|q∗
1(x)| 1

2+γ dx ≤
∞∑

ν=1

|λν |γ ≤ C2

∫

R

|q∗
1(x)| 1

2+γ dx,

where

C1 =
γ

γ + 1
2

(
1

2π2 + 3
2

)1+2γ

, C2 = 24γ+3.

Next, we estimate LTγ(Hμ) in terms of the intervals Ik from Sect. 4.1
with respect to the constant α = 2

Theorem 4.18. Let μ be a non-negative Radon measure satisfying (2.3). Let
γ > 0 and {λν} be the negative eigenvalues of Hμ. Then, the following holds
true: ∞∑

ν=1

|λν |γ ≤ 22γ
∑

k∈K

μk(Ik)2γ .

Proof. In notations of Lemma 4.7, we have

∞∑

ν=1

|λν |γ ≤ γ

∫ 0

−∞
|λ|γ−1

⎛

⎜⎝
∑

k∈K: −λ≥− 1
|Ik|2

1

⎞

⎟⎠ dλ.

We will use use the following notation for the shifted Heaviside function:

H− 1
|Ik|2

(−λ) :=

{
1 if − λ ≥ − 1

|Ik|2 ,

0 otherwise.

Then, the last estimate can be rewritten as follows:
∞∑

ν=1

|λν |γ ≤ γ

∫ 0

−∞
|λ|γ−1

∑

k∈K

H− 1
|Ik|2

(−λ) dλ ≤
∑

k∈K

γ

∫ 0

−∞
|λ|γ−1

H− 1
|Ik|2

(−λ) dλ

=
∑

k∈K

γ

∫ 0

− 1
|Ik|2

|λ|γ−1dλ =
∑

k∈K

1

|Ik|2γ
.

Therefore, due to Lemma 4.3 with α = 2, we have proven the result. �
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Appendix A. Comparison with Preceding Results

Here, we recall some known results and compare them with Theorem 4.16.
Throughout this section, we assume that q ∈ L1

loc(R) is a non-negative function
satisfying

∫ x+a

x

q(x) dx → 0 as |x| → ∞ (A. 1)

for any fixed a > 0. Let μ be the measure defined by

μ(A) =
∫

A

q(x)dx (A. 2)

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/


596 R. Fulsche et al. Ann. Henri Poincaré

for every Borel set A ⊂ R. Due to (A. 1), the negative part of the spectrum of
Hμ consists of negative eigenvalues {λν(q)}.

A.1. Comparison with the Lieb–Thirring Estimate

We assume that γ > 1/2 and use notation p = 1/2 + γ. Since the measure
associated with q is continuous (no point masses), the following result holds:

Proposition A.1. Let α > 0 and q ∈ L1
loc(R) be a non-negative function. Then,

q∗
α(x) =

α

dα(x)

∫ x+dα(x)/2

x−dα(x)/2

q(y)dy.

Proof. For a fixed x ∈ R, consider two monotonous functions of the variable
d ∈ (0,∞):

fx(d) :=
∫ x+d/2

x−d/2

q(y)dy, hx(d) :=
1
αd

.

These functions are continuous in d; moreover, the second one is strictly decay-
ing. For d small enough, fx(d) < hx(d), while for d large enough, fx(d) > hx(d).
Thus, there exists a unique solution dx to the equation fx(dx) = hx(dx). By
the definition of q∗

α, we have q∗
α(x) = 1/d2x, that is dα(x) = dx. Then,

q∗
α(x) =

1
dα(x)2

=
α

dα(x)

∫ x+dα(x)/2

x−dα(x)/2

q(y) dy.

This completes the proof. �

The following result immediately follows from the classical Lieb–Thirring
estimate, Lemma 3.6 and the lower bound in Theorem 4.16. However, we would
like to give an alternative proof.

Theorem A.2. Let α > 0, 1 < p < ∞, then there exists Cp,α > 0 depend-
ing only on p and α such that for any non-negative function q ∈ Lp(R), the
estimate holds

‖q∗
α,μ‖Lp(R) ≤ Cp,α‖q‖Lp(R).

Proof. We recall the definition of the Hardy–Littlewood maximal function:

Mf(x) = sup
r>0

1
|B(x, r)|

∫

B(x,r)

|f(x)|dx.

Using Proposition A.1, we obtain the estimate q∗
α(x) ≤ αMq(x). Therefore,

using the Hardy–Littlewood maximal inequality, we derive

‖q∗
α,μ‖Lp(R) ≤ α‖Mq‖Lp(R) ≤ αCp‖q‖Lp(R).

This completes the proof. �

The converse estimate does not hold. Consider the following example. Let
p > 1 and xk be the center point of F+

k = [2k−1, 2k], for k ∈ N. We define

q(x) =

{
2

k
p , x ∈ (xk − 1

2k+1 , xk + 1
2k+1

)
and k is even,

0, otherwise.
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Proposition A.3. Let α > 0 and 1 < p < ∞. Then, for q ∈ L1
loc(R), just

defined,
‖q‖Lp(R) = ∞ and ‖q∗

α,μ‖Lp(R) < ∞,

where μ is the measure given by (A. 2).

Proof. Due to Lemma 3.6, it is enough to prove this for α = 1. For our function
q, we clearly have ‖q‖Lp(F+

k ) = 1 for an even k. Hence, we obtain the first
statement.

To show the second statement, we write

‖q∗
1,μ‖p

Lp(R) = ‖q∗
1,μ‖p

Lp((−∞,1))+
∑

k=2l−1; l∈N

‖q∗
1,μ‖p

Lp(F+
k )

+
∑

k=2l; l∈N

‖q∗
1,μ‖p

Lp(F+
k )

.

(A. 3)
Since

q∗
1,μ(x) ≤ 1

dist(x, supp(q))2
, (A. 4)

we have
q∗
1,μ(x) ≤ 1

(2 − x)2
for x ∈ (−∞, 1),

and hence, ‖q∗
1,μ‖Lp((−∞,1)) < ∞.

Next, we assume that k is odd. Then dist(F+
k , supp(q)) � 2k. Therefore,

by (A. 4),

‖q∗
1,μ‖p

Lp(F+
k )

� 1
2k(2p−1)

,

and since p > 1, the second term on the right-hand side of (A. 3) is finite.
It remains to show that the third term on the right-hand side of (A. 3)

is finite; thus, k is even. We will estimate q∗
1,μ on the following two subsets of

F+
k :

Ik =
(

2k−1, xk − d1,μ(xk)
2

+
1

2k+1

)
, Jk =

(
xk − d1,μ(xk)

2
+

1
2k+1

, xk

)
.

(A. 5)
This gives the estimate of Lp-norm of q∗

1,μ over [2k−1, xk] ⊂ F+
k . The remaining

part of F+
k , the set [xk, 2k], can be treated similarly. We first integrate (q∗

1,μ)p

over Jk. Since p > 1, we know that 2k(1−1/p)−1 > 1/2k+1 for sufficiently large
k. Therefore,

μ
(
Δxk

(
2k(1− 1

p )
))

=
∫ xk+2k(1−1/p)−1

xk−2k(1−1/p)−1
q(y) dy =

1

2k(1− 1
p )

.

We conclude that d1,μ(xk) = 2k(1− 1
p ), see Remark 3.2. Let x ∈ Jk. Then,

x − d1,μ(xk)
2

< xk − 1
2k+1

, xk +
1

2k+1
< x +

d1,μ(xk)
2

,

for sufficiently large k. Therefore,

μ (Δx (d1,μ(xk))) =
∫ x+

d1,μ(xk)
2

x− d1,μ(xk)
2

q(y) dy =
∫ xk+

1
2k+1

xk− 1
2k+1

2
k
p dy =

1
d1,μ(xk)

.
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By Remark 3.2, d1,μ|Jk
= 2k(1−1/p) and

‖q∗
1,μ‖p

Lp(Jk)
=

1

2k(2p−3+ 1
p )

. (A. 6)

Next, we evaluate q∗
1,μ for x ∈ Ik: since

dist(x, supp(q)) = dist
(

x,

[
xk − 1

2k+1
, xk +

1
2k+1

])
.

(A. 4) implies:

q∗
1,μ(x) ≤ 1

(
xk − 1

2k+1 − x
)2 , for x ∈ Ik,

and hence,

‖q∗
1,μ‖p

Lp(Ik)
� 1

2k(2p−3+ 1
p )

.

Combining this with (A. 6), we obtain the above estimate for the interval
[2k−1, xk]. By the similar arguments, we study q∗

1,μ on [xk, 2k] and obtain

‖q∗
1,μ‖p

Lp(F+
k )

� 1

2k(2p−3+ 1
p )

.

Since p > 1, 2p − 3 + 1
p > 0, therefore, the third term on the right-hand side

of (A. 3) is finite, and hence, ‖q∗
1,μ‖Lp(R) is finite. �

Remark A.4. The above results show that our version of the Lieb–Thirring
estimate yields finite bounds for absolutely continuous potentials as long as
the classical Lieb–Thirring estimate does. But for the potential q in the above
example, our bound gives a finite bound, while the classical Lieb–Thirring
estimate yields no information.

A.2. Comparison with the Subcritical Netrusov–Weidl Estimate

We now consider the subcritical case, that is, 0 < γ < 1/2. For q ∈ L1
loc(R),

we define

Aγ(q) =

∞∑

k=0

(∫

Fk

(1 + |x|)σq(x)dx

) 1
2+γ

+

⎛

⎝
∞∑

k=0

(∫

Fk

(1 + |x|)σq(x)dx

) 1
2+γ

⎞

⎠

2γ
1
2+γ

,

Bγ(q) =
∞∑

k=0

(∫ k+1

k

q(x)dx

)2γ

+
∞∑

k=0

(∫ k+1

k

q(x)dx

) 1
2+γ

,

where σ = 1/2−γ
1/2+γ . We recall the following essential result; see [23]:

Theorem A.5 (Netrusov, Weidl). Let 0 < γ < 1/2 and σ = 1/2−γ
1/2+γ . Define the

sets F0 = [−1, 1] and Fk = [−2k,−2k−1] ∪ [2k−1, 2k], for k ∈ N. Then, there
exists C > 0 depending only on γ such that

∑

ν∈N

|λν(q)|γ ≤ C min {Aγ(q), Bγ(q)} , for any q ∈ L1
loc(R).
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Remark A.6. Here, we stated special versions of Theorems 3 and 4 from [23]
for the one-dimensional, non-fractional case.

Next, we note that the combination of Theorem A.5, the lower bound in
Theorem 4.16, and Lemma 3.10 gives the following estimate:

Corollary A.7. Let α > 0, and γ, σ, Fk, Aγ(q), Bγ(q) be as in Theorem A.5.
Then, there exists C > 0 depending only on α and γ such that

∫

R

|q∗
α,μ(x)| 1

2+γdx ≤ C min {Aγ(q), Bγ(q)} ,

for any q ∈ L1
loc(R) satisfying (A. 1), where μ is the measure given by (A. 2).

The converse relation does not hold; see the construction below.

Example A.8. Let 0 < γ < 1/2, σ = 1/2−γ
1/2+γ , and xk be the center point of

F+
k = [2k−1, 2k]. Define a function q = q1 + q2, where

q1(x) =

{
1, x ∈ (xk − 1

2kσ+1 , xk + 1
2kσ+1

)
and k is even,

0 otherwise,

q2(x) =

{
23

2
k
2γ

x ∈ (xk − 2k−3, xk + 2k−3
)

and k is even,

0 otherwise.

We show that for the example above, the upper bounds in Theorem A.5
are infinite, while the upper bound in Theorem 4.16 is finite.

Proposition A.9. Let α > 0, then there exists q ∈ L1
loc(R) such that

Aγ(q) = ∞, Bγ(q) = ∞, ‖q∗
1,μ‖

L
1
2+γ(R)

< ∞,

where μ is the measure given by (A. 2).

Proof. Due to Lemma 3.6, it suffices to prove the statement for α = 1 only.
Let q be the function defined in Example A.8. For an even k, it is clear that

∫ 2k

2k−1
(1 + x)σq1(x) dx � 1,

2k−1∑

m=2k−1

(∫ m+1

m

q2(x) dx

)2γ

� 1.

Therefore, the first two statements are true.
Let μ1 and μ2 be the measures defined by (A. 2) with q replaced by q1

and q2, respectively. Then, by Lemma 3.11, we know that

‖q∗
1,μ‖

L
1
2+γ(R)

� ‖q∗
1,μ1

‖
L

1
2+γ(R)

+ ‖q∗
1,μ2

‖
L

1
2+γ(R)

.

We write, for m = 1, 2,

‖q∗
1,μm

‖
1
2+γ

L
1
2+γ

(R)
= ‖q∗

1,μm
‖

1
2+γ

L
1
2+γ

((−∞,1))
+

∑

k=2l−1; l∈N

‖q∗
1,μm

‖
1
2+γ

L
1
2+γ

(F+
k )

+
∑

k=2l; l∈N

‖q∗
1,μm

‖
1
2+γ

L
1
2+γ

(F+
k )

. (A. 7)
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By the same arguments we do in the proof of Proposition A.3, the first term
on the right-hand side is finite for m = 1, 2.

To investigate the second term, we consider odd k first. For m = 1, 2, we
estimate

dist(F+
k , supp(qm)) ≤ dist(F+

k , supp(q)) � 2k.

Hence, (A. 4) implies

‖q∗
1,μm

‖ 1
2+γ

L
1
2+γ(F+

k )
� 2k−1 1

(22k)
1
2+γ

� 1
22kγ

.

Therefore, the second term in (A. 7) on the right-hand side of (A. 7)is finite.
It remains to show that the third term is finite for m = 1, 2, this means,

for an even k. We consider the potential q1,μ1 on the following subsets in F+
k :

I1k =

(
2k−1, xk − d1,μ1 (xk)

2
+

1

2kσ+1

)
, J1

k =

(
xk − d1,μ1 (xk)

2
+

1

2kσ+1
, xk

)
.

We study q∗
1,μ in J1

k first. Since 0 < σ < 1, for sufficiently large k,
(

xk − 1
2kσ+1

, xk +
1

2kσ+1

)
⊂ (xk − 2kσ−1, xk + 2kσ−1

) ⊂ F+
k .

Thus, μ1(Δxk
(2kσ)) = 2−kσ, and hence, d1,μ1(xk) = 2kσ, see Remark 3.2. For

x ∈ J1
k ,

x − 2kσ−1 < xk − 1
2kσ+1

, xk +
1

2kσ+1
< x +

d1,μ1(xk)
2

= x + 2kσ−1

and hence, μ1(Δx(2kσ)) = 2−kσ. Therefore, as in Remark 3.2, d1,μ1 |J1
k

= 2kσ,
so that

‖q∗
1,μ1

‖ 1
2+γ

L
1
2+γ(J1

k)
=
(

d1,μ1(xk)
2

− 1
2kσ+1

)
1

22kσ( 1
2+γ)

� 1
22kσγ

.

Let x ∈ I1k , then

dist(x, supp(q1)) = xk − 1
2kσ+1

− x. (A. 8)

Now, (A. 4) implies

‖q∗
1,μ1

‖
1
2+γ

L
1
2+γ

(I1
k)

≤
∫

I1
k

1
(
xk − 1

2kσ+1 − x
)1+2γ dx ≤ 1

(
d1,μ1 (xk)

2
− 1

2kσ

)2γ � 1

22kσγ
.

Combining this with (A. 8), we obtain

‖q∗
1,μ1

‖ 1
2+γ

L
1
2+γ(2k−1,xk)

� 1
22kσγ

.

In the same way, we investigate q∗
1,μ on the interval [xk, 2k] and derive

‖q∗
1,μ1

‖ 1
2+γ

L
1
2+γ(F+

k )
� 1

22kσγ
.

Since γ < 1/2, the latter estimates show that the third term on the right-hand
side in (A. 7) is finite for m = 1. We will show that this is also true for m = 2.
To study q∗

1,μ2
on F+

k with an even k, we will consider two cases: γ ≤ 1/4 and
γ > 1/4.
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Let γ ≤ 1/4. For x ∈ F+
k ,

(x − 2k−2, x + 2k−2) ⊂ F+
k−1 ∪ F+

k ∪ F+
k+1

and q∗
1,μ2

|F+
k−1∪F+

k+1
= 0. Therefore, using γ ≤ 1/4, we estimate

∫ x+2k−2

x−2k−2
q2(y) dy ≤ 2k−2 23

2
k
2γ

≤ 1
2k−1

for sufficiently large k. Then, d1,μ2(x) > 2k−1 for x ∈ F+
k and therefore:

‖q∗
1,μ2

‖ 1
2+γ

L
1
2+γ(F+

k )
� 1

22kγ
. (A. 9)

Hence, the third term on the right-hand side of (A. 7) is finite for m = 2.
Finally, for γ > 1/4,

∫ xk+2k−2

xk−2k−2
q2(x)dx = 2k−2 23

2
k
2γ

≥ 1
2k−1

for sufficiently large k, and hence, d1,μ2(xk) < 2k−1. This means that for
x ∈ F+

k ,
(

x − d1,μ2(xk)
2

, x +
d1,μ2(xk)

2

)
⊂ F+

k−1 ∪ F+
k ∪ F+

k+1,

for sufficiently large k. Therefore, since q∗
1,μ2

|F+
k−1∪F+

k+1
= 0, we estimate

1
d1,μ2(x)

=
∫ x+

d1,μ2 (x)
2

x− d1,μ2 (x)
2

q2(y)dy � d1,μ2(x)
1

2
k
2γ

, for x ∈ F+
k ,

so that q∗
1,μ2

(x) = 1/d21,μ2
(x) � 1/2

k
2γ . Therefore,

‖q∗
1,μ2

‖ 1
2+γ

L
1
2+γ(F+

k )
� 2k 1

2
k
2γ ( 1

2+γ)
.

Since 1
2γ

(
1
2 + γ

) ≥ 1 for γ < 1/2, we conclude from this and (A. 9) that for
both γ ≤ 1/4 and γ > 1/4, the third term on the right-hand side in (A. 7) is
finite for m = 2. This completes the proof. �

Remark A.10. For q as in Example A.8, Theorem A.5 gives no information
due to Proposition A.9. However, from Theorem 4.16 and Proposition A.9, we
conclude that LTγ(Hμ) is finite, which shows that our estimates are sharper.

Appendix B. Examples

In this section, we obtain some corollaries and give some examples.
Let (xk)k∈Z be a sequence tending to ±∞ as k tends to ±∞. Further,

let (ak)k∈Z be a sequence of positive numbers. Consider the measure μ =∑
k∈Z

akδxk
. Of course, the quadratic form aμ is not lower-bounded when the

sequence (ak)k∈Z is unbounded. Hence, we consider examples with case ak → 0
in the following.
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Corollary B.1. Let μ =
∑∞

k=1 akδxk
. Assume that there exists α > 0 such that

xk+1 − xk > max
{
(αak)−1, (αak+1)−1

}

for all k ∈ N. Then,

C1α
2γ

∞∑

k=1

a2γ
k ≤

∞∑

k=1

λγ
k ≤ C2α

2γ
∞∑

k=1

a2γ
k (B.1)

for some C1, C2 > 0 independent of {xk} and {ak}.

Proof. We note that

q∗
α(x) =

{
(akα)2, if x ∈ (xk − (2akα)−1, xk + (2akα)−1)(
min

{
1

x−xk
, 1

xk+1−x

})2
, if x ∈ (xk + (2akα)−1, xk+1 − (2ak+1α)−1).

Therefore, for k ∈ N,
∫ xk+(2akα)−1

xk−(2akα)−1
(q∗

α(x))
1
2+γ dx = (akα)2γ

and
∫ xk+1−(2ak+1α)−1

xk+(2akα)−1
(q∗

α(x))
1
2+γdx ≤

∫ xk+1−(2ak+1α)−1

−∞

(
1

xk+1 − x

)1+2γ

dx

+
∫ ∞

xk+(2akα)−1

(
1

x − xk

)1+2γ

dx � (ak+1α)2γ + (akα)2γ .

Consequently, we obtain (B.1). �

We note again that for the classical Lieb–Thirring estimate (1.2), when
the potential can be written as V = V1 + V2, with disjoint supports, the
inequality does not reflect how far these two supports are apart from each
other. This behavior is fundamentally different from our Lieb–Thirring type
estimates. We demonstrate this with the following explicit example.

Example B.2. Let μ = δ0 + δy, where y > 0. The Otelbaev function has dif-
ferent forms, depending on y < 1

4 , 1
4 ≤ y < 1

2 or y ≥ 1
2 . Explicit computations

show the following: for y ≥ 1
2 ,

q∗
2(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
4x2 , x ≤ − 1

4 ,

4, − 1
4 ≤ x ≤ 1

4 ,
1

4x2 , 1
4 ≤ x ≤ y

2 ,
1

4(y−x)2 , y
2 ≤ x ≤ y − 1

4 ,

4, y − 1
4 ≤ x ≤ y + 1

4 ,
1

4(y−x)2 , x ≥ y + 1
4 .
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Next, for 1
4 ≤ y < 1

2 , Otelbaev’s function equals

q∗
2(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
4x2 , x ≤ − 1

4 ,

4, − 1
4 ≤ x ≤ y − 1

4 ,
1

4(y−x)2 , y − 1
4 ≤ x ≤ y

2 ,
1

4x2 , y
2 ≤ x ≤ 1

4 ,

4, 1
4 ≤ x ≤ y + 1

4 ,
1

4(y−x)2 , x ≥ y + 1
4 .

Finally, for 0 < y < 1
4 ,

q∗
2(x) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
4x2 , x ≤ − 1

4 ,

4, − 1
4 ≤ x ≤ y − 1

4
1

4(y−x)2 , y − 1
4 ≤ x ≤ y − 1

8

16, y − 1
8 ≤ x ≤ 1

8 ,
1

4x2 , 1
8 ≤ x ≤ 1

4 ,

4, 1
4 ≤ x ≤ y + 1

4 ,
1

4(y−x)2 , x ≥ y + 1
4 .

Now, for γ > 0 we have the following expressions for the Lieb–Thirring esti-
mates from Theorem 4.16: For y ≥ 1

2 , it is

4γ+1

∫

R

|q∗
2(x)|γ+ 1

2 dx =
4 · 16γ

γ
+ 8 · 16γ − 2 · 4γ · y−2γ

γ
.

For 1
4 ≤ y < 1

2 , we have

4γ+1

∫

R

|q∗
2(x)|γ+ 1

2 dx =
γ42γ+2y + y−2γ4γ+ 1

2

γ
;

and for 0 < y ≤ 1
4 , one sees that

4γ+1

∫

R

|q∗
2(x)|γ+ 1

2 dx =
43γ+ 1

2 + yγ42γ+2 + γ43γ+ 5
2 ( 18 − y

2 )
γ

.

This calculation shows the following interesting limit behavior for the upper
Lieb–Thirring estimate, which is not captured by the classical Lieb–Thirring
estimates: When the two components of μ move away from each other, we
obtain the behavior:

4γ+1

∫

R

|q∗
2(x)|γ+ 1

2 dx
y→∞−→ 4 · 16γ

γ
+ 8 · 16γ .

On the other hand, when the components become close to each other, we see
that:

4γ+1

∫

R

|q∗
2(x)|γ+ 1

2 dx
y→0−→ 43γ+ 1

2 + γ43γ+1

γ
.
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Note that the limit y → 0 agrees with the Lieb–Thirring bound obtained for
the potential μ = 2δ0: Indeed, for this potential,

q∗
2(x) =

{
16, |x| ≤ 1

8 ,
1

4|x|2 , |x| > 1
8 .

It is not hard to verify that, for this function, the integral 4γ+1
∫
R

|q∗
2(x)|γ+ 1

2 dx
agrees with the above value. Of course, this is no coincidence, as it can eas-
ily be verified by the continuity result [16, Prop. III.5] and the dominated
convergence theorem.

On the other hand, for the limit y → ∞, one might expect to recover
the estimates for the potential δ0. But this is indeed not the case. Note that
Otelbaev’s function for the potential δ0 is given by:

q∗
2(x) =

{
4, |x| ≤ 1

4 ,
1

4|x|2 , |x| > 1
4 .

With this explicit form, it is simple to verify that

4γ+1

∫

R

|q∗
2(x)|γ+ 1

2 dx =
4γ + 2

γ
42γ .

This is clearly not the limit that we obtained for y → ∞ above.

Example B.3. Assume that the measure μ is compactly supported, say, [−R,R]
= conv(supp(μ)), the convex hull of the support of μ. Then, for any |x| ≥
R + 1

2αμ(R) ,

q∗
α(x) ≤ 1

dist2(x, supp(μ))
≤ 1

(x − R)2
.

Also, for any x ∈ R, by using Lemma 3.3, we estimate

μ(R) ≥ μ(Δx(dα(x))) ≥ 1
αdα(x)

=
1
α

√
q∗
α(x).

Therefore,

∫

R

|q∗
α(x)| 1

2+γdx ≤ 2
∫ R+ 1

2αμ(R)

0

(αμ(R))1+2γdx + 2
∫ ∞

R+ 1
2αμ(R)

1
(x − R)1+2γ

dx

≤ Rα1+2γμ(R)1+2γ + α2γ

(
1
2

+
22γ−1

γ

)
μ(R)2γ .

Hence, due to Theorem 4.16,

∞∑

k=1

|λk|γ ≤ 23+4γRμ(R)1+2γ + 24γ+1

(
1 +

22γ

γ

)
μ(R)2γ .
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