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Abstract. We investigate the negative part of the spectrum of the operator
—0% — pon L*(R), where a locally finite Radon measure p > 0 serves as
a potential. We obtain estimates for the eigenvalue counting function, for
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tool for our estimates is Otelbaev’s function, a certain average of the
measure-potential u, which is used both in the proofs and the formulation
of most of the results.
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1. Introduction

The paper is devoted to obtaining negative spectrum estimates, in particu-
lar, Lieb—Thirring type estimates, for Sturm—Liouville operators with Radon
measure serving as potential.

1.1. Eigenvalue Estimates

Eigenvalue estimates for Schrodinger type operators are a classical topic in
analysis. For Schrodinger operators of the form

H=-A-V(z), zcRN, (1.1)

with the ‘potential’ V(z) tending to zero at infinity, there are numerous re-
sults concerning the number of negative eigenvalues, the sum of their powers
and their distribution (when there are infinitely many of them). A huge, but
still not exhausting, bibliography can be found in the recent book [15]. Of
special interest is the Lieb—Thirring inequality [20], relating the spectral prop-
erties of the Schrodinger operator and properties of the corresponding classical
Hamiltonian. It has, in its most classical case, the form

LT, (H) = Y A (H) <C / RAGETS (1.2)

where )\, (H) are the negative eigenvalues and C' = C, n is a constant not
depending on V. The inequality (1.2) holds for v > 0 if N > 3 (for v = 0, it is
called the CLR inequality), for v > 0 if N = 2, and for v > % if N =1.

Among many possible generalizations and versions of eigenvalue inequal-
ities, one line of research consists in finding versions of these estimates for the
case when the potential V (z), classically supposed to be a function on RN, is,
in fact, more singular, e.g., a Radon measure on RN. As a special case, one can
consider measures which are singular with respect to the Lebesgue measure.

In physical and mathematical literature, such singular potentials have
attracted considerable interest. A huge bibliography can be found in [1,2,5,
7-9,13,19,22,30] and many more. Of course, the one-dimensional case was
studied in most detail.
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As it concerns the quantitative spectral analysis for general measures
serving as a potential, one of the complications is the absence of a quasi-
classical pattern which usually hints for the expression entering into the eigen-
value inequalities and asymptotics—compared, say, with (1.2), where both the
dependence on the potential V' and even the best possible coefficient in the
estimate are governed by certain quasi-classical heuristics. So, although the
qualitative spectral analysis of such Schrédinger operators was satisfactory,
the question on spectral estimates was rather unexplored.

1.2. Singular Potentials

Probably the first rigorous quantitative spectral study involving singular po-
tentials was [14], where, for a potential supported on a hyperplane in RN,
V(z',on) = v(2) ® §(xn), the estimate, similar to (1.2), for the quantity
LT, (H) was found, with the integral of v(2’)N+27 on the right-hand side.

Quite recently, in [28,29], an approach was developed to establish eigen-
value estimates and LT type inequalities for singular potentials of the form
1 = v(z)w, where w is a fixed measure satisfying the ‘upper Ahlfors condi-
tion’,

w(B(z,r)) < Ar®, s>0, (1.3)

or its two-sided version, and v(z) > 0, z € suppw is a weight function. Here,
B(x,r) is the ball with radius r centered at 2. Note that s = IN corresponds to
an absolutely continuous measure and thus to the usual Schrodinger operator
(1.1). The estimate in [28] has the form

s+ 2y

LT’Y(H) < C/v(x)ew(dz), 0= ma

s>N—-2,s>0, (14)

where v > 0 for N > 2, v > % for N = 1, in particular, reproducing the above
result by R. Frank and A. Laptev, where s = N —1 (the case v = 0 and N > 2
was taken care of previously in [29]).

In particular, in the one-dimensional case, N = 1, which we are going
to discuss further in the present paper, the conditions in (1.4) allow v = %
as long as s > 0. For this special value of the parameter , thus, § = 1,
[vw(dz) = p(RY), estimate (1.4) takes the form

LT, (H) < Cyu(RY). (1.5)

3
This aesthetic estimate, in which the measure p itself enters (and not its den-
sity), creates an impression that, hopefully, (1.5) is valid for s = 0, this means,
for an arbitrary non-negative measure u, not necessarily an absolutely contin-
uous, as well. The proof in [28] breaks down for s = 0, however, fortunately,
this case was taken care of previously, in [17], moreover, with sharp constant
Ci = % in (1.5). For other values of §, 6 # 3, estimate (1.5) does not admit a
natural generalization; moreover, it is even hard to guess proper terms.
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Generally, the spectra of Schrodinger (Sturm-—Liouville) operators with
singular potential were studied for a long time, especially, in cases where the
potential is a purely discrete measure. Such operators appear in various math-
ematical models, interesting by themselves but also as an approximation to
‘continuous’ models, and they are still an important field of research today.
Here, many methods specific to the one-dimensional case can be applied. How-
ever, in these studies, the eigenvalue properties are usually expressed rather
indirectly, via zeros and poles of some analytic functions generated by the
problem or through continued fractions, rather than directly in terms of the
characteristics of the potential.

Therefore, we considered it a challenging problem to find estimates for
the distribution of negative eigenvalues and for LT, (H) with general, possibly
singular and containing a discrete component, measures acting as a potential.
The question on a discrete component, to the best of our knowledge, is pre-
sented only in dimension 1. In a higher dimension, a complication arises when
defining a self-adjoint operator; say with d-potentials in RN, N > 2, one needs
to choose among possible self-adjoint realizations, and this choice, of course,
may influence the spectrum considerably. Formally, in (1.4), discrete measures
are excluded by the condition s > N — 2.

The feature, common for all dimensions, is the following. Usually, eigen-
value estimates, including LT-estimates like (1.2) or (1.4), bound the eigenval-
ues via integral characteristics of the potential V'; this means, in particular,
that the estimates are the same for equimeasurable potentials and, therefore,
do not capture the spacial distribution of the potential. Such dependence needs
to be reflected by some different form of the right-hand side of the estimates.
The natural idea is to use a kind of averaging of the potential in order to obtain
sharper eigenvalue estimates. One of the possible choices of averaging, which
we use in this paper, is the instrument created long ago by M. Otelbaev for
finding eigenvalue estimates for the one-dimensional Schrédinger operator in
the case when the potential, although a function, but quite singular, tends to
+o00 at infinity, so that the whole spectrum is discrete, see [25,26]. The idea of
M. Otelbaev’s method involves constructing a certain function, the ‘Otelbaev
function,” which a certain variable window average of the singular potential.
In this way, Otelbaev’s function reflects both the size of the measure-potential
and the spreading of this measure along the real line.

Recently, the two first-named authors of this paper applied this approach
by M. Otelbaev to finding sharp eigenvalue estimates for the Sturm—Liouville
operator with a measure serving as a potential, again, in the case when the
whole spectrum is discrete, see [16,24].

In the present paper, we study the spectrum in the case of the potential
tending to zero at infinity (in some sense). This case is somewhat more delicate
than the one above due to the presence of the essential spectrum filling the
positive semi-axis.
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We start with some general properties of Radon measures on R! and
discuss criteria for discreteness of the negative spectrum of the Schrédinger
operator with such measure as the potential. After this, we introduce a proper
version of the Otelbaev function and describe its basic properties, such as
its dependence on the averaging parameter a and behavior at infinity. These
properties enable us further on to find two-sided eigenvalue estimates for the
distribution of negative eigenvalues for the potential being a Radon measure.
The measure is not necessarily discrete; however, it may be. In particular, LT
type estimates are obtained in terms of the Otelbaev function, providing both
upper and lower bounds, including direct and reverse LT type inequalities. The
latter inequalities cover all positive values of v and are sharp in the sense that
both upper and lower estimates involve one and the same expression containing
the Otelbaev function. For upper estimates we follow initial approach by Weidl
[32], where bracketing is used, with the size of partial intervals adapted to the
measure u. Note that reverse LT estimates, see [15], Theorem 4.48, hold only
for v < %, while ours are valid for all values of v > 0. Note, however, that
for v = %, the result in [31] gives a sharp value of constant in the reverse
LT estimate. However, the approach in [31] to the lower LT estimate does not
easily extend to measure-potentials.

Further on, in a number of examples, detailed calculations show effects
of various properties of the measure influencing the eigenvalue distribution.
We show that our estimates turn out to be sharper than the ones in [32], and
we also show that our estimates improve the subcritical (v < ) ones in [23].
Additionally, in the case when the condition of discreteness of the negative
spectrum is not assumed, we find, in terms of the Otelbaev function, two-
sided estimates for the lowest point of the spectrum and the lowest point of
the essential spectrum of the operator H.

In paper [3] and preprint [4], which appeared recently, a different ap-
proach to spectral estimates, including LT ones, for nonregular potentials is
developed, based upon the ‘landscape function.” Some results, although less
explicit, look similar to ours; however, the conditions on the operator are con-
siderably more restrictive, requiring, in particular, the potential to be a func-
tion in the Kato class. Finally, we mention the works [4,12,31] and references
therein for studies on lower bounds.

2. Preliminaries

2.1. Radon Measures on R*!

Throughout this paper, £(A) denotes the Lebesgue measure of the Borel set
A C R. For any interval I in R, the notation |I| refers to the length of the
interval. For a set A C R, we denote its closure as A. We let D(-) and 2(-)
denote the domain of an operator and a form, respectively. By o(-) and oegs(-),
we denote the spectrum and the essential spectrum of an operator, respectively.
By 6., we denote the Dirac measure concentrated at « € R. For = € R, by [z],
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we mean the largest integer not exceeding z. For x € R, we use the notation

Ag(d) = [m—;l,m—i—;i].

Recall that a (positive) locally finite measure p on the Borel-o-algebra
B(R) of R is a Radon measure if it satisfies the conditions of local finiteness,
outer regularity and inner regularity:

#(K) < oo for all K C R compact,
p(K) =inf{u(0);0 D K, O open} for all K C R compact,
w(0) = sup{u(K); K C O, K compact} for all O C R open.

Later, we will use the following simple lemma:

Lemma 2.1. Let p be a non-negative Radon measure on R and x € R. Then,
w(lx —7,2)) — 0 as 7 — 0.

Proof. For € > 0, the inner regularity says that

w((z —27,2)) =sup{p(K); K C (x — 27,2), K compact}.
Therefore, there exists a compact set K. C (z—27, z) such that u((z—27,2))—
u(K.) < e. Since K. C (x — 27, z) is compact, it follows for sufficiently small
7. that [z — 7.,2) N K. = 0. Therefore, [z — 7.,2) C (z — 27,2z) \ K., and

consequently, u([z — 7.,2)) < e. O

2.2. Formulation of the Problem

Let p be a non-negative Radon measure on R. We consider the following
sesquilinear form

au(frg) = / /7 de— / 17 du (2.1)

with the domain
o(ay) = {f € H'(R): / |f12du < oo};
R

the corresponding quadratic form will be denoted by a,[f] := a,(f, f). We
recall the Brinck condition for u, see [10]: There exists C' > 0 such that

p([z,z+1]) < C  for any z € R. (2.2)

It is known that (2.2) guarantees that the form a,, is lower semi-bounded and
closed; see [16] or [22]. Since u is sign-definite, the converse is also true:
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Lemma 2.2. Let i1 be a non-negative Radon measure. The following statements
are equivalent:

1. The Brinck condition (2.2) holds.
2. The sesquilinear form a,, is lower semi-bounded and closed.

Proof. Due to [16, Prop. I1.4] or [22], it remains to show that (2) implies (1).

Assuming that (1) does not hold, for any fixed C' > 0, there exists « € R, say,
T = %7 such that u([z,z + 1]) > 3C + 72, We define

() = {1—005(7r(ac—2))7 x €10,2],
0, x & [0,2].

Then, [|u||? = 3, while u > 1 on [, 3]. Therefore,

i =~ [eanse-u([1.3])

Hence,
™ u([1/2,3/2])
auful < (& — =) [ull* < =Clu|*.
3 3
Since C' > 0 was arbitrary, we conclude that a, is not semi-bounded. O

From now on, we will always assume that p satisfies (2.2), so that a,
is semi-bounded, closed, symmetric, and densely defined. We investigate the
spectral properties of the operator H,, associated with a,, in the sense of Kato’s
first representation theorem [18, Theorem 2.6].

2.3. Discreteness of the Negative Spectrum of H,,

Spectral properties of the operator H,, for an absolutely continuous measure
u are well known, see, e.g., [6]. For our more general case, we refer to [21].
There, the measure p is even allowed to be non-sign-definite.

We recall the general abstract criterion for discreteness of the negative
spectrum of Schrodinger-like operators; see Theorem 1.3 in [6]. Being applied
to the operator H, , defined by the lower semi-bounded quadratic form

heulul = afu] = culul, alu] = [ '@)Pdo, plul = [ Juo)Pduta),

on its natural domain, this theorem establishes that the negative spectrum of
H, , is discrete for all € > 0 if and only if the quadratic form p[u] is compact
in the Sobolev space H*(R?!).

The necessary and sufficient condition of this compactness is contained
in Theorem 2.5 in [21]:
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Theorem 2.3. The quadratic form p is compact in the Sobolev space H'(R')
if and only if, for any fixred a > 0, the functions

t

G (t)=¢ /too e *du(s), G_(t) = e*t/ e’du(s)

— 00

satisfy
r+a
lim/ G4 (t)?dt = 0.

r—+o0

Remark 2.4. For a positive measure, this condition is equivalent to
wl(x —a,x+a)) -0 asz — +oo (2.3)

for some, and therefore, for every a > 0.
We will always suppose that these conditions are fulfilled.

Remark 2.5. Theorem 2.3 is valid for a non-sign-definite measure p as well.
Finding eigenvalue estimates for such measures, even for absolutely continuous
ones, while one needs to trace the possible cancelation of the contributions of
the positive and negative components, is a hard and challenging problem. See
[11] for some partial results.

3. Otelbaev’s Function

In this section, we introduce Otelbaev’s function and establish its properties.
This function, introduced in [25] for the study of Schrédinger operators on R*
having purely discrete spectrum, is a special kind of averaging of the potential.
This construction was extended to measure-potentials in [16,24].

Definition 3.1. Let i be a non-negative Radon measure on R; we fix the aver-
aging parameter o > 0. Then, we define the Otelbaev function by

dale) = i) =it @) < o (31)

We will write ¢;, ,(x) or ¢, (z) if we want to emphasize the dependence
on the particular measure p or, otherwise, if no confusion between different
measures is possible.

Obviously, for any fixed 2 and sufficiently small d > 0, the inequality in
(3.1) holds; for d large enough, this inequality does not hold, provided p is not
the zero measure. By monotonicity in d, ¢}, is well defined. Moreover, we will
show that ¢ is continuous, and if u(R) > 0, then it is strictly positive. We
will also consider the auxiliary quantity
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Remark 3.2. If p is a continuous measure, that is, it contains no point masses,
then d, (z) is the unique solution to the equation

1 (D (d)) =

= (3.2)

If i contains point masses, this statement may be wrong. Indeed, take
=209_1+9d1. Then, for any 0 < 7 < 2 and k > 2,

(1) RPN ()RR

Therefore, ¢;(0) = 1/4 and d;(0) = 2. Since

(|22 20 ) = -1 > 172

we conclude that d;(0) does not satisfy (3.2) with z = 0.

In general, d, () is the length of the smallest interval centered at = such
that its p-measure is not less than 1/(ad,(x)). More formally, this property
can be stated as follows:

Lemma 3.3. Let o« > 0 and x € R. Then

1
H A (@) > s
and
1
IU‘(AI(dOL(‘T) - 8)) < a(da(x) _ E)

for any 0 < & < dy(x).

Proof. Assume that the first estimate breaks down, that is, u (A, (do(2))) <
m. By Lemma 2.1,

u({w— da(x2)+a . daz(x))) —>O,u(<x+d“2(x) . da(x2)+s}) ~o0.

as € — 0. Therefore, p (Az(do(x) +¢€)) — p(Az(do(x)). Since m —

ﬁ, we obtain, due to our assumption, for sufficiently small € > 0:

1
a(da(z) +¢)
Hence, by the definition of ¢}, we obtain m > ¢ (z), and this contra-
dicts ¢ (z) = 1/d2 ().

If the second statement of the lemma is wrong, there should exist € €
(0,dq(2)) such that

1 (Az(da(z) +¢)) <
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Then, for any d > d,(x) — ¢,
1

p(Ba(d) > p(As(da(z) =) > v

1
> —.
~ ad
Therefore,

deto) = int {

:inf{

1
1 (Au(d)) < ad}

= -

s (Ag(d)) < % and d < do(z) — 5} .

In particular,
* > -
QQ(x) - (da(fE) — 6)27
and this contradicts ¢ (x) = 1/d? (). O

In [16], Otelbaev’s function was defined in a slightly different way, i.e.,
in the infimum defining g7, the condition ;(A,(d)) < -5 was used instead of
the present condition with the strict inequality. We will briefly verify that the
definition in [16] and the present one are equivalent; the present one is more

convenient.

Lemma 3.4. The following equalities hold true:

and
do(z) = sup {d sp(Ag(d) < ald} . (3.3)

Proof. Due to the relation between ¢, and d,, we only need to show the second
statement. Further, it suffices to prove the statement for a« = 1; so we denote
the right-hand side of (3.3) by dy(z). For z € R, obviously, d;(z) < d;(z). To
show the converse estimate, we choose any d > d;(x). Then, by Lemma 3.3,

(D)) > 1 (Ag(dy () > d@ >
for any d > di (). Therefore,
i) =sup >0 (o) < 1
—sup{d> 05 p@@) < L),

This implies dy (z) < dy(x). Hence, we conclude that dy(x) = d, (z). O

Now, we are ready to derive some crucial properties of the function ¢f.
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Proposition 3.5. Let p be a non-negative Radon measure on R. The following
statements hold true:

1. If w # 0, then ¢’ (x) > 0 for every x € R.
2. ¢k (x) is a jointly continuous function of (v, x) € (0,00) X R.

Proof. By the definition, g, , () = ¢7 ,, (7). Hence, (1) follows from the state-
ment for o = 1, cf. [16, Prop. I11.3]. To verify (2), note that whenever there is a
sequence (Qu,, tn)nen such that (ap,t,) — (a,t), then a,u(- —t,) — ap(-—1t)
in weak® topology, i.e., for any f € C.(R), by the dominated convergence
theorem,

/ F(2) d(npl(- — ta))(x) = / f(@ + 1) d(z)

= [ fett) duw) = [ 1) dant - 0)).
Hence, by [16, Prop. IIL.5], for each = € R,
Qo (T = 10) = @1 o p(—t) (@) — A ap(—n (@) = a5, (2 — 1),
proving that g, ,(z) is jointly continuous in o and z. 0
We will now show that Otelbaev’s function has a controlled variation.

Lemma 3.6. Let i be a non-negative Radon measure on R. Let o« > 0 and
x € R. Then, for all points y € Ayz(da(x)) and z € Ay (do(x)/2), the following
inequalities hold true:

1

iqZ(Z) < qi(z) < 4q,(y).

Proof. First, we prove the estimate on the right-hand side. Let y € A, (dq(z)).
Then, A, (dy(z)) C Ay(2ds(z)). Hence, by Lemma 3.3,

1 (A (20(2))) > 1 (Ag(da(z))) > — !

> .
ady () 7 2ad,(2)
Therefore, by the definition of ¢,

) > g = 10 ()

To show the estimate on the left-hand side, we let z € A, (do(x)/2). For
sufficiently small € > 0, the following inclusion holds true:

A, (‘W) C Au(da(z) —e).

Therefore, by Lemma 3.3,

(o (H2)) <ot < sty <ty

Since ¢ (z) < m for all sufficiently small ¢ > 0, by the definition of

ql, we arrive at ¢ (z) < % = 4q% (x), just what we need. O
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Next, we give a reformulation of the Brinck condition (2.2) in terms of
*

Ao

Lemma 3.7. Let i1 be a non-negative Radon measure. The following statements
are equivalent:

1. For any o > 0, ¢ is a bounded function.
2. The condition (2.2) is satisfied.

Proof. Tf (1) does not hold, there exists a sequence {z} such that ¢’ (xy) > k,
or equivalently, do(xx) < 1/vk. By Lemma 3.3,

M(Awk(l)) > M(Awk (da(xk))) > ai

and hence, (2) is violated.
On the opposite, if (1) holds, so that ¢’ () < C for all x € R, it follows,
do(x) > 1/3/C, and Lemma 3.3 implies

M (Ai (1/\@)) <.

[

Therefore,

wlw,z+ 1)) < (VC] + 1)§7

which gives (2). O

From Lemmas 2.2 and 3.7, we derive the following criterion for semi-
boundedness of the quadratic form a,, in terms of g,.

Corollary 3.8. Let p be a non-negative Radon measure. Then the sesquilinear
form a,, is semi-bounded if and only if for any fized o > 0, the function q, is
bounded.

Next, we study the behavior of the Otelbaev function at infinity.

Lemma 3.9. For any « > 0, the following statements are equivalent:

1. g5 (x) = 0 as x — oo;

2. For any fixzed d > 0, p1(Az(d)) — 0 as x — oco.
The second property is just a reformulation of (2.3). Therefore, both proper-
ties above, by Theorem 2.3, are equivalent to the discreteness of the negative

spectrum of the operator H = f% — [

Proof. Assume that (1) does not hold. Then, ¢%(z;) > C for some sequence
{x}} tending to infinity and some C' > 0. Therefore, d, () < 1/v/C. Now, by
Lemma 3.3,

1 Ve

- >
ado(zr) —

)

i (B0, (1VC)) 2 (Au, (da)) =

which contradicts (2).

(67
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Conversely, if (1) holds, but (2) does not, there exists a sequence {zj}
tending to infinity and constants d, C' > 0 such that

1(Ds, (d) > C. (3.4)

We choose € > 0 such that

d 1 NG
- < —= — < C. 3.5
RN < (3.5)
Since (1) holds, there exists N > 0 such that ¢} (z) < € for all |z| > N.
Therefore, do(x) > 1/4/¢ for all |z| > N. Relation (3.5) and the second part
of Theorem 3.3 imply now

NG

(B (@) < 1 (B, (1/VE)) < Y5 <

for sufficiently large k, such that |x| > N. This contradicts (3.4). O

For different values of the averaging parameter, Otelbaev’s functions are
equivalent:

Lemma 3.10. Let p be a non-negative Radon measure. If 0 < 3 < «, then
o2
95(7) < 4a(®) < Z345(2),

for all x € R.

Proof. For a fixed z € R, it is clear that a — ¢’ () is an increasing function,
so that ¢3(z) < ¢, ().

Let us show the second inequality. If ¢j(z) = g (), the statement is
obviously true. Otherwise, if gj(z) < g5 (z), then do(x) < dg(x); this means
that do () < dg(x) — ¢ for some sufficiently small € > 0. Therefore, by Lemma
3.3,

i) S M) € Adal@) = 9)) € S
for any sufficiently small € > 0. Thus,
1 < @
do(z) = Bdg(z)
Recalling the relation between ¢, and d, completes the proof. O

The following lemma concerns the dependence of ¢, on the choice of the
measure.

Lemma 3.11. Let 11 and po be non-negative Radon measures and pn = 1+ fia.
Then, for any o > 0,

0o (®) < 2(ah,p0, () + 05, (@) - (3.6)
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Proof. By Lemma 3.3,
1
1 (Az(day, (2) > ——F—, forzeR, j=1,2. (3.7)
’ " adav,“'j (.CE)

We note that

Aoy () > dop(x) for j=1,2. (3.8)
If doy, () = do (), then g, (z) = g5 () and (3.6) holds. If the estimate
in (3.8) is strict for both j = 1,2, i.e., for some £ > 0,

da,uj (33) —&> da,u('x)y

then, by Lemma 3.3,
1 1
+
adau, (@) —€)  alda,us (@) —€)

> 11 (D (da (2))) + 12 (D (deee (2))) = (D (A (1)) > ————
ada,u ()

> 1 (Dz(da,py () = €)) + p2(As(da,uy () —€))

holds true for any sufficiently small € > 0. Now (3.6) follows from

1 . 1 < 1
dapy (7)) alda,pu, (7))

adg,,(z)
O

We conclude this section by showing that Otelbaev’s function satisfies a
certain lower bound for its decay at infinity:

Proposition 3.12. Let 0 # u be a non-negative Radon measure. Then,

l‘irlninfqii(l”)lx\2 > 7
Proof. We first assume that u is supported in some interval [—R, R]. Further,
we only consider x > 0, since the case x < 0 can be dealt with analogously.
Since p is a compactly supported Radon measure, it is finite. Assume
that z is large enough such that 2(x + R) > %R). Then, with d = 2(z + R),
we obtain
1 1
Az(d) = uw([-R, 22+ R]) = p(R) > —————— = —.
p(8a(d) = ([~ R. 20 + B = p(R) > 5 =
Hence, we see that for every z sufficiently large,
1 1
* > - -
which implies
2
1
it g3 (o) o > il 7 = 3
If o is not compactly supported, then for arbitrary R > 0 we have p >
1_g Rrjp, so

Goal®) 2 G0 @),
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and therefore

(z)- 22 >

o

lim inf qz,a(u’c) x> QI[,R,R

T—00 1H,

The estimate at —oo is dealt with analogously. This finishes the proof. O
Remark 3.13. If p is compactly supported, then we also have

limsup ¢ (z) - 22 < 1,

|z]— o0

which will be clear from the discussion in Example B.3.

4. Eigenvalue Estimates

Lemma 3.9 gave us a condition of discreteness of the negative spectrum in
terms of the function ¢%. In terms of the same function, we now find two-
sided estimates for the spectral distribution function N(—X, H,) for A > 0,
defined as the number of eigenvalues less than —\. The reasoning uses the
standard bracketing idea, in the realization of, e.g., [32], adapted to general
measures. Further, we always assume that p is a non-negative Radon measure
that satisfies Brinck’s condition (2.2).

4.1. Auxiliary Lemmas

We consider a covering of R by closed intervals which have common endpoints.
If such endpoint coincides with the position of a point mass of the measure p
we split this point mass in two, in a special way, and assign each summand to
the corresponding interval. Note that besides depending on u, the construction
also depends on a > 0.

We start with ap = 0 and vy = 0. If p([ag, +00)) = 0, then we define
a1 = +00. Otherwise, we set

a1 = sup {x & (a0, +50) : pllao,)) < a|1_|}

Since

1
0 d — 10
1(lao, ) T p([ao,00)) >0 an oz — ag| 10 asx— o0,
ap is well defined and finite. Further, since both u([ag, z)) — p({ao}) < oo
and (a|z — ag|) ™! — oo continuously as x — 0, we also obtain a; > ag.

Having constructed a; in this way, we have the following fact:



584 R. Fulsche et al. Ann. Henri Poincaré

1
= alar—ao) "

Lemma 4.1. If a; < oo, then u([ag, a1])

Proof. Assume it was p([ag,a1]) < m Since

w(ao, a1 +€)) = u([ao, ai)),

we would have for some ¢’ > 0 sufficiently small:
1
ala; + € —ap)’

But this contradicts the definition of a;. O

t(lao, a1 +¢€)) <

If a1 = oo, we set Iy = [ag, ), define the measure py on Iy as the zero
measure and end the construction here. If a; < oo, we can set (based on the
previous lemma) v, = m — u([ag,a1)) > 0. We define the interval I
as Iy = [ag,a1] and the measure po on Iy as po = - Ljgy,a,) + V104, We
now continue the construction inductively. After having constructed finitely
many points ag, ..., ak, intervals Iy, ..., Ix_q, constants v1,...,7; and mea-
sures fio, - - ., ik —1, we define a1 analogously, that is: if p([ag, +00)) —vr =0
we set app1 = +00 and I = [ag,00), ur = 0 on I. Otherwise

1
Qf41 1= Sup {I € (ak, +00) : p(lak, x)) — e < oz|x—ak|}'

As above, agy1 is well defined. If axy1 = oo, we let I, = [ag, ), pr = 0 on
I, and end the construction here. Otherwise, analogously to Lemma 4.1, we
can set ypy1 = m — p([ag, ak+1)) + v > 0, I, = [ag, ag+1], px is the
measure on Iy given by pg = 1+ Lig, ap 1) = VeOay + Ve+10a,,, -

For k£ < 0, we repeat the construction symmetrically, i.e., we construct
the points

ap_1 := inf {x € (—oo,ag) : p((z,ar]) — v < aw:_x)}

and for ap_1 > —oo we set I = [ag—1, ag), Th—1 = m —n((ag—1,ax)) +
~i- We denote by K C Z the set of ordinals k of these points (with exception
of +oo if such point is present). If a # —oo and agy1 # 0o, we denote by xy
the mid-point of the interval I;;. With these definitions, the intervals I} form a
partition of R. We emphasize that this whole construction implicitly depends
on the choice of the measure p and the constant a > 0, even though we do
not capture this in the notation of the intervals and the points.

Remark 4.2. We want to emphasize that the assumption of Brinck’s condition
(2.2) on u enforces that aj cannot converge to some finite point as k — +oo,
i.e., the intervals I} indeed form a covering of R.

We have now constructed a covering {I;}rex of R and a collection of
measures pi, such that for every Borel set A C R: u(A) = >, o p(Ap N Iy).
With this data, we will perform our Neumann bracketing later.
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Lemma 4.3. The decomposition has the following properties:
1. For k € K with ,U,k(Ik) > 0: ,Ufk(Ik)uk‘ :é
2. It is: da(l'k) = ‘Ik|

Proof. The first part is satisfied by construction. To show the second part, we
assume that |I;| < do(zk), i-e., ak+1 — ar < do(xy). Then,

do(xr) — € do(zr) — €
mk_&<ak<ak+l<xk+&
2 2
for all sufficiently small € > 0. By construction of a1, we have
da(xk) —8>) 1 1
N(ak’axk"f‘i > +7 2> .
2 a (xk + da(x;-)—s _ ak) o (mk T da<x2k>fe _ ak)

On the other hand, by Lemma 3.3,

do(z1) — € 1
_— < p(Ag, (do — _
oot =) ) < wiattnton - < S

Therefore,
1 1

<
o (-’Ifk + da(aczk)—s . ak) a(da(;vk) - E)

for sufficiently small € > 0. This is equivalent to

do(x)) — €
da(mk)—s<xk+%—ak
apq1tar  do(rk) —€ g1 —ar  do(Tp) —€
= —ap = + )
2 2 2 2

and this contradicts our initial assumption that d,(zx) > ags1 — ag.
Now, assume that d,(x) < |Ix|. Then,

Az, (do(zi)) € I,

where I} is the interior of Ij. This and Lemma 3.3 imply

1 - 1
ade(zr) ~ ally|

This contradicts part (1) of the present lemma. 0

pe(Ii) = p(I") = (A, (da(2r))) >

4.2. Neumann Bracketing

We consider here Sturm—Liouville operators with Neumann boundary condi-
tions on each interval I, with the potentials being the measure uy. To define
these operators precisely, we need the following lemmas.

Lemma 4.4 [10, Lemma 2]. Let I C R be an interval of length d and f € H'(I).
Then, for ally € 1,

3 [VPas =5 [1F@Pde<1s@F < § [P+ [ 17@)Pds
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Lemma 4.5. Let o > 0 and I, be some interval as defined in Sect. }.1. Then,
the sesquilinear form

bl = /Ik|f/|2dx_/,k|f2duka oay) =H' (L), (41)

is lower semi-bounded, closed, symmetric, and densely defined in L?(I}).

Proof. If uy(Ix) = 0, nothing needs to be proven. Otherwise, it is clear that a®
is symmetric and densely defined. Due to Lemma 4.3, |Ij,|ux () = +. Hence,
by Lemma 4.4, for f € H'(I}) we obtain:

24k (I1,)
A ||f|\%2(1k) + |Ik|:uk(lk)||f/”%2(1k)

ZMk(Ik) 2 1 1 2
A 1z + arl A+ N ze -

|f|2de

Iy,

IN

Since (1 + a=1)|f'||? 12(1,) 18 a non-negative, closed, symmetric and densely
defined quadratic form on the domain H'(I;) and 14%& < 1, the KLMN-

Theorem implies that a/’j is closed and semi-bounded; see, e.g., [27, Theorem
X.17]. O

Our upper estimates for eigenvalues will be, as this is often done, by
means of the Neumann bracketing. The standard application of the variational
principle (say, the Glazman lemma) is the following.

Lemma 4.6. Let i be a Radon measure satisfying (2.2) and H,, be the operator
generated by the sesquilinear form (2.1). Let o > 0 and {Ii } ek be the intervals
introduced above. Consider the operators Hﬁ associated with the sesquilinear
forms (4.1). Then, for every XA > 0, the following inequality holds true:

W) <) N(=AH)).

keK

In our first estimate, we use the intervals I} corresponding to the special
value a = 2.

Lemma 4.7. Under the conditions above, for o« = 2, the following estimate
holds for all A > 0:

N(-\H,) < Z 1=#{kecK: )< 1/|L)*).

kEK: —A2—rly

Proof. Let A > 0. Let Hl’j be the operators from Lemma 4.6 and aﬁ be the
corresponding quadratic forms. Then,

H,) <) N(-\H)). (4.2)
keK

By construction, if some I}, is unbounded, then it follows that pg (1) = 0, and
hence, N(—=\, H l’f ) = 0. Therefore, from now on, we will only consider bounded
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intervals Ij,. By Lemma 4.4,

2
alf] > (1= [Lelpe(To) 11221,y — mﬂk(fk)“fHQL?(Iky

From Lemma 4.3, we know that 2u(I;) = 1/|I;|. Hence, the estimate above
gives

ai[f] > b*[f], (4.3)

where b is the sesquilinear form defined as follows:
1 1
DU = 310 ey — e, 2(0F) = H' (1), ] € H' (L),

Therefore,
H > BF, (4.4)

=

in the sense of quadratic forms, where BF is the operator associated with b*.
2 2

Note that B* is, up to a constant factor, (—-5) — cI, with (—-L;)x being

the Neumann Laplacian of the interval I;,. Hence, the spectrum of B* is well

known: it is purely discrete and consists of the eigenvalues

1 /mm\>2 1
m == — ———, meNU{0}.
" 2(|1k|> TAE {0y

For the lowest eigenvalue of B¥, we have g = —1/|I;,|?, but the next eigenvalue
is already larger than —A:

2 1
= (L2 1) — >o.
G (2 >|fk|2>0

1 i — 1|2 < A,

0 otherwise,

Therefore,
N(=\,B*) = {

and hence, (4.4) implies that N(—)\,Hﬁ) < 1. Moreover, from (4.3), we know
that
1

P

This all means that the intervals Ij, with —1/|Ix|> < —\ contribute with at
most one eigenvalue to the sum (4.2), while the remaining intervals do not
make any contribution to this sum at all. O

N(=A\H;)=0, for —\<

4.3. Two-Sided Estimate for the Spectral Distribution Function

Now, we are ready to obtain the main results of this section, which are ex-
pressed in terms of the measure of sublevel sets for ¢;:

Mo(N\) ={xeR: ¢i(x) > A}
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Theorem 4.8. Let ;1 be a non-negative Radon measure satisfying (2.2) and H,,
be the operator generated by sesquilinear form (2.1). Let o = (7r2 + 3/4)71.
Then, for X > 0 the following estimates hold true:

1 mln \/qa VL(M, ()\H) max a5 (y) - L(Ma(N\/4)),

2 yEM o ( yEMs(N/4)
(4.5)

VAL(Ma(4X) < N(=A\H,) < /165l £(M2(N/4)),  (4.6)

sup (1 £(Ma(4n))) < N(—A,H,) /MW Jowdy. @)

ViIZA

Here, L is the Lebesgue measure.

Remark 4.9. Theorem 4.8 does not make a-priori assumptions about the na-
ture of the negative spectrum of H,,. The inequalities should be understood in
the following way. If, for a given A > 0, one of the quantities on the right-hand
side is finite, then the spectrum below —\ is finite, and the inequalities hold.
On the other hand, if some of the quantities on the left-hand side is infinite,
the spectrum of H,, in (—oco, —A] is infinite and thus contains at least one point
of the essential spectrum.

Proof. The upper bound. We apply Lemma 4.7, which gives

N(-A\H,) < Z 1, (4.8)
kEK: —A2— ]
where the I, are the intervals defined as Sect. 4.1 with o = 2. For those k € K

for which
1
A 4.9
S )
we know from Lemma 4.3 that I, = A,, (d2(zy)). Therefore, for any y € I,
Lemma 3.6 and (4.9) imply that

2 (y) >

Hence, we obtain

< oo fawc({oeRigw=3}).

y€{m€[;¢q§ (m)z%}
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This gives the first upper bound. The second upper bound is an obvious con-
sequence of the first one. The third upper bound is obtained from:

<4 Y /\/Mdygzi/

s I {xER:qg(x)zﬁ}

\/ @3 (y)dy.

The lower bound. For a fixed A > 0, we define intervals

k—1 k
w= ("5 5)

k—1 1 k 1
’“':<ﬁ+4ﬁ’ﬁ_4ﬁ>
k—1 3 k 3
::(ﬁ+8ﬁ’ﬁ_8ﬁ>

for k € Z. Note that .Jy, jk, and jk have the same centerpoint and their lengths,

]

?rk‘”

respectively, are %, 2\15, and f We define the orthogonal system of test
functions
1 — cos (ZW\A (x— L)) , x € Jg,
fu(@) = { VA
O, x ¢ Jk,

for k € Z. Since f, > 1 in Ji, we can estimate the value of the quadratic form
on fi:

aufi] = 2m*VA— [ f7 du <20V — p(Jy).
Jr

We set o = (71'2 + %)71 and suppose that there exists £ € J;, such that q (&) >
4. Then, by the definition of the function ¢},

u(Jk)Zu([& 4f’§+4\1FD >7i1;2= <2w2+2> V.

Therefore, a,[fi] < —3V/A. Since || f¢||? = the last estimate gives

2\5’
al[fi] < =M fell72 -
Now, we conclude that, for £ € Z such that

L. qa<>>4x}¢@,

fr satisfies the last estimate. Moreover, since { fi. } have disjoint supports, these
functions are linearly independent. Therefore, the variational principle implies

N(=\H,) > > 1=4Vx > !

= = m'
kEZ: {erk:q(’;(ac)Z4>\};é(D keZ: {xEJk:qg(x)24)\};£V)

{mEJk—i—



590 R. Fulsche et al. Ann. Henri Poincaré

For any interval I C R, we denote by I + d the interval I C R shifted by d,
that is,
I+d:={z+d:xel}
By the arguments above, we know that
1
N(=\H,) > 1=4 —
keZ: {erk-s-LhF qa(x)zzx,\};sw kEZ: {aceJk+4f qa(x)24>\};é@
. (4.10)
for j = 0,1,2,3. The intervals Jj, + ﬁ cover R! with multiplicity 4, therefore,
summing (4.10) over j, we obtain

AN(=XH,) > 4VN-L{z eR: i (z) > 4)}),
and this finishes the proof for the lower bound. O

4.4. Estimates for Eigenvalues

It is convenient to reformulate the preceding results as estimates for the indi-
vidual negative eigenvalues of H,,.

Theorem 4.10. Let p be a non-negative Radon measure which satisfies (2.2)
and H,, be the operator generated by sesquilinear form (2.1). Assume that the
negative part of the spectrum of H,, is discrete. Denote by (Ap)nen the non-
decreasing sequence of negative eigenvalues (counting multiplicities) with the
convention that A1 = Apq2 = -+ = A = inf e (H,,) if there are only m
eigenvalues below the lowest point A of the essential spectrum. Then, for each
n €N,

SUp{_)\<0: L{z: ga(x) = A/4}) < ||q||1}

<\,

< inf{—)\ <0: L{z: qi(x) >41}) > \;LX},

where a = (7% + 3/4)_1.

Proof. Suppose that A satisfies L({z : ¢5(x) > \/4}) < —P——
Theorem 4.8,

. Then, by

N(_)‘vHM) <n-— 17
so that A, > —A. On the other hand, if —\ satisfies L({z : ¢} (x) > 4\}) > 75
then Theorem 4.8 yields N(—\,H,) > n, hence A, < —A. O

As corollary, we obtain a lower estimate for the number N_(H,,) of neg-
ative eigenvalues of H,.

Corollary 4.11. Under the above general conditions for the measure u,

£3/2
N_(H,) > sup — —da: (4.11)
e>0 2 {qz>¢} qa
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where a = (7% + 3/4)_1.

Proof. We use the conventions from Theorem 4.10. Let N(0,H,,) = n. Then,
An+1 = 0. Hence, for every A > 0,

n+1 1
— > L{z: qi(x) = 4\}) > 4)\/ dz. (4.12)
VA (g2 >4x} €0 (T)
This yields for every ¢ > 0:
3/2 1
n+1> < - dz,
2 Jigzzey @a(2)
just what we need. O

In particular, from (4.11), one can immediately obtain a necessary con-
dition for the finiteness of the negative spectrum.

Remark 4.12. In the results above, we essentially made use of the lower bounds
obtained in Theorem 4.8. Since g, (x) decays at infinity not faster than |z|~2,
the upper bound in this theorem tends to infinity as A — 0; therefore, it is
useless for estimating the number of all negative eigenvalues from above.

We conclude this section with an estimate for the lowest point of the
spectrum.

Corollary 4.13. Let p1 be a non-negative Radon measure, as usual, and H,, be
the operator generated by sesquilinear form (2.1). Let Ay = inf o(H,,). Then,
the following estimates hold true:

* 1 *
4@zl <A < =7 ldallee,
where a = (7% + 3/4)71.
Proof. Recall that Ay = sup{A € R: N(\ H,) = 0}. Assume that —\ <
—4||¢3 |0, 1-€., A/4 > ||¢3]|co- Then, by Theorem 4.8,
N(=AH,) </l alo Lz g3(x) = A/4}).

By our assumption on A, {z : ¢3(x) > \/4} = 0, and therefore N(—\,H,,) <0,
as required.
On the other hand, if —A > —||¢%||co/4, that is, 4\ < ||¢%||eo, then

N(-AH,) > VAL : gl(z) > 4)).

Since 4\ < ||¢% |0, the set {2 : ¢’ (x) > 4A} is non-empty. Since ¢, is continu-
ous, the set needs to have a positive Lebesgue measure. Hence, N(—X, H,) > 0
and, being integer it is not less than 1. This means that A\ < —A. O

Note that in Corollary 4.13, it is not supposed that the negative spectrum
of H,, is discrete or that the lowest point of the spectrum is an eigenvalue. An
estimate for the lowest point of the essential spectrum can be obtained as well.
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Corollary 4.14. Under the above conditions, let A = inf o..s(H,). We set

Q. = lim sup (), Q2 = Hm}[ﬂf Ga(T),

r—+oo

where o = (7% +3/4)~'. Then,

QA< Qs

Proof. Recall that A = sup{\ € R: N(\ H,) < oco}. Assume that —\ <
—4@Q)1, or equivalently A\/4 > Q4. Then, by Theorem 4.8, we have

N(=X\H,) < /gl Lz g5(z) = A/4}).

By the assumption on A, the Lebesgue measure above is finite. Therefore, we
have N(—\,H,) < oo, i.e., A > —A.
If =\ > —Q2/4, then 4\ < Q,. Thus,

N(=M\H,) > VAL{z: ¢(x) > 4N)}) =

since the set on the right-hand side contains at least one infinite interval
(—00,a) or (b,00). Thus, A < —A. O

4.5. Lieb—Thirring Type Estimates

Now we are ready to establish the LT estimates for any v > 0 for an arbitrary
Radon measure p. Moreover, we prove lower estimates for LT, for all v > 0; in
the special case v = %, the lower bound can be expressed explicitly in terms of
w itself. For other values of v, our estimates are expressed via the Otelbaev’s
function. Throughout this section, we assume that the negative part of the
spectrum of H,, is discrete, that is, ¢j(z) — 0 as z — oo according to
Lemma 3.9 and Remark 2.4.

We recall that for v > 0,

Z\)\ & —7/ APIN (L H,) dA, (4.13)

as soon as one of the quantities in (4.13) is finite.

We now establish a reverse LT estimate for v = 1/2. For completeness,
the following theorem presents our result (a lower bound) alongside a known
result (an upper bound) from [17].

Theorem 4.15. Let i1 be a non-negative Radon measure satisfying the Brinck
condition (2.2). Let H,, be the operator associated with the sesquilinear form
(2.1). Assume that the negative part of the spectrum of H,, is discrete. Let
{A\} be the negative eigenvalues of H,,, then

<Z|/\%

(R), (4.14)

m\»—t

where a = (7% + 3/4)71.
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The theorem should be understood in the sense that all the occurring
terms in (4.14) are either simultaneously finite or infinite.

Proof. The upper bound was proved in [17]. Let us prove the lower bound. By
(4.5),

ZM w>v/ AP VL (o € R : gi(x) > 41A1)) dA

0
_1
2’7/ IA[772 AX{IER:q;(x)Z4|A|}(y) dy dA,

— 00
where x4 is the indicator function of the set A. Using Fubini’s theorem, we
obtain

v -3 v 1\ (NS
Z AT =y |)\| 2dhde = ——{ (go(2))""? da.
4’1a 7+ 9 R

2
(4.15)
We now set v = 1/2. Let Ij again be the intervals from Sect.4.1 and xj, be
their middle points. Then
ZI/\P> Z/qa /qa
Iy

Lemma 3.6 implies now

1 1 *

Z Az 2 o5 > Tklgi(an).

8 ok keK: uk(Ik)>0
keK: pr(Ix)>0

ool —

Using g (xy) = W’ Lemma 4.3 yields:

= 1 1 1 @ o
Az > — Iy|— > — 1) = —u(R).

kEK: pug(Ix)>0
This finishes the proof. O

For a general v > 0, the classical Lieb—Thirring estimate, where the
potential is raised to the power of %Jr’y, seems not to have a reasonable analogy
for a measure-potential, unlike v = % Here, we establish a Lieb—Thirring type
estimate expressed in terms of the function ¢. We want to emphasize that the
following result covers the subcritical case 0 < v < % as well.

Theorem 4.16. Let i be a non-negative Radon measure satisfying (2.2) and H,,
be the operator generated by quadratic form (2.1). Suppose that the negative
part of the spectrum of H,, is discrete. Let v > 0 and let {\,} be the negative
eigenvalues of H,,, then

1+3
%L ( ) /|qa +7dm<2|>\ |7<47+1/|q Y gy

if the integrals converge (they do this szmultaneously). Otherwise, > - | |A\|7 =
co. Here, v = (m? + 3/4)71,
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Proof. The lower bound follows from (4.15). We now derive the upper bound.
By using (4.13) and the upper bound in Theorem 4.8, one sees that

o0 0
e Va3 dy dx.
; —o0 {m’ER:q;(I)Z ‘M} 2

4
Using Fubini’s theorem, we derive
0

Sl gm/ \/q;*(x)/
v=1 R —4qg5(x)

This yields the required estimate. O

A ldade = 47! / (g3(x))"" % da.
R

This theorem and Lemma 3.10 show:

Theorem 4.17. Let p be a positive Radon measure satisfying (2.3). Then, for
every v > 0, the following holds true:

01/ g ()] *77 da < S < 02/ i (@)]2 Y da,
R =1 R

where

1+2y
1
G, = W1< 2 3) ; Cy =21713,
v+ 1 \or2 43
Next, we estimate LT, (H,) in terms of the intervals I} from Sect.4.1
with respect to the constant o = 2

Theorem 4.18. Let u be a non-negative Radon measure satisfying (2.3). Let
v > 0 and {\,} be the negative eigenvalues of H,. Then, the following holds

true:
oo

DO 22T (1)

v=1 kek

Proof. In notations of Lemma 4.7, we have

o 0

S gv/mw—l > 1] dx

v=1 - keK: —A>— 1
€ = Igl?

We will use use the following notation for the shifted Heaviside function:

. 1
H_ . (=)):= Lot _AZ_‘I’“P?
IRTAE 0 otherwise.

Then, the last estimate can be rewritten as follows:

IS
v=1

0

0
AP H o (=) dA< Z’y/ IATTUH_ 1 (—=)) dA

7,12
keK [ reK [T |

0 _ 1
:Zw/#mv 1d)\:2 5|27

kekK - 11,12 kekK

Therefore, due to Lemma 4.3 with o = 2, we have proven the result. O



Vol. 27 (2026) Negative Eigenvalue Estimates 595

Acknowledgements

This research of the second author was funded by the Science Committee of
the Ministry of Education and Science of the Republic of Kazakhstan (Grant
No. AP22683207). Also, the second author was supported by the European
Research Council of the European Union, grant 101086697 (LoCal), and the
Research Council of Finland, grants 347715 and 353096. Views and opinions
expressed are those of the authors only and do not necessarily reflect those of
the European Union or the other funding organizations. Neither the European
Union nor the other funding organizations can be held responsible for them.

Funding Open access funding provided by Chalmers University of Technology.

Data Availability Statement The authors declare that the data supporting the
findings of this study are available within the paper.

Declarations

Conflict of interest The authors have no conflict of interest to declare that are
relevant to the content of this article.

Open Access. This article is licensed under a Creative Commons Attribution 4.0
International License, which permits use, sharing, adaptation, distribution and re-
production in any medium or format, as long as you give appropriate credit to the
original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in
this article are included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in the article’s
Creative Commons licence and your intended use is not permitted by statutory regu-
lation or exceeds the permitted use, you will need to obtain permission directly from
the copyright holder. To view a copy of this licence, visit http://creativecommons.
org/licenses/by/4.0/.

Publisher’s Note Springer Nature remains neutral with regard to jurisdic-
tional claims in published maps and institutional affiliations.

Appendix A. Comparison with Preceding Results

Here, we recall some known results and compare them with Theorem 4.16.
Throughout this section, we assume that ¢ € L (R) is a non-negative function
satisfying

x+a
/ q(z) de — 0 as |z] — o0 (A. 1)

for any fixed a > 0. Let p be the measure defined by

p(4) = [ ateyts (A.2)
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for every Borel set A C R. Due to (A. 1), the negative part of the spectrum of
H,, consists of negative eigenvalues {\,(q)}.

A.1. Comparison with the Lieb—Thirring Estimate

We assume that v > 1/2 and use notation p = 1/2 4 . Since the measure

associated with ¢ is continuous (no point masses), the following result holds:

Proposition A.1. Let a > 0 and q € L}, .(R) be a non-negative function. Then,

loc

@ =2 [
a0 (z) = q(y)dy.
d&(z) rz—da(z)/2

Proof. For a fixed x € R, consider two monotonous functions of the variable
d € (0,00):

x+d/2
fuld) = / d)dy,  ha(d) =

—d/2 ad
These functions are continuous in d; moreover, the second one is strictly decay-
ing. For d small enough, f,(d) < h,(d), while for d large enough, f,(d) > hy(d).
Thus, there exists a unique solution d, to the equation f,(d,) = h(d;). By
the definition of ¢, we have ¢} (z) = 1/d2, that is d,(z) = d,. Then,

1 @ z+do(z)/2
* = = d .
75 () @) A /z s q(y) dy

This completes the proof. O

The following result immediately follows from the classical Lieb—Thirring
estimate, Lemma 3.6 and the lower bound in Theorem 4.16. However, we would
like to give an alternative proof.

Theorem A.2. Let o > 0, 1 < p < oo, then there exists Cp o > 0 depend-
ing only on p and « such that for any non-negative function q € LP(R), the
estimate holds

g0, . llLr®) < CpallgllLew)-

Proof. We recall the definition of the Hardy—Littlewood maximal function:
1
M) =swp o [ Jf@lde.
r>0 |B($,’I")| B(z,r)

Using Proposition A.1, we obtain the estimate ¢’ (z) < aMq(x). Therefore,
using the Hardy—Littlewood maximal inequality, we derive

g, ullze ey < allMqllLrr) < aCpllgl|Ler)-
This completes the proof. O

The converse estimate does not hold. Consider the following example. Let
p > 1 and xj, be the center point of ]—",j' = [2k=1 2K], for k € N. We define

25, T € (xk—ﬁ,xk—i—ﬁ) and k is even,
q(x) = .
0, otherwise.
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Proposition A.3. Let « > 0 and 1 < p < oco. Then, for ¢ € L}, .(R), just
defined,

lgllr@) =00 and |lg3, ,llLe@®) < o0,
where p is the measure given by (A. 2).

Proof. Due to Lemma 3.6, it is enough to prove this for @ = 1. For our function
q, we clearly have ||q||Lp(}-:) = 1 for an even k. Hence, we obtain the first
statement.

To show the second statement, we write

HQT,H Iip(R) = ||q>1k,u||ip((_oo71))+ Z ||Q1,H||Lp (FH) + Z ||(J1,H||Lp F)
k=2l—1; [eN k=2l; IeN
(A. 3)

Since )

T < - A 4

B = Gt supp()? A
we have .

qiu(fﬂ) S m for x € (—0071),

and hence, ||qfu||Lp —o0,1)) < 00.

Next, we assume that k is odd. Then dist(F,", supp(q)) =< 2*. Therefore,
by (A. 4),

1
llay u||Lp(_¢+ SR2p—1)

and since p > 1, the second term on the right-hand side of (A. 3) is finite.

It remains to show that the third term on the right-hand side of (A. 3)
is finite; thus, k is even. We will estimate g7 , on the following two subsets of
Fih:

_ dy u(x 1 dy ,(x 1
Ik = <2k 17-’1/‘]@ - 17M2( k) + 2k+1> ) Jk) = (:L‘k; - I’HQ( k) + 2]€+1,$k) .

(A.5)
This gives the estimate of LP-norm of ¢} , over [271, ;] C F;7. The remaining
part of 7,1, the set [z, 2¥], can be treated similarly. We first integrate (a1,,)"

over Jj,. Since p > 1, we know that 2¢(:—1/P)—=1 > 1/2F+1 for sufficiently large
k. Therefore,

22k -1/p)—1

w (Awk (%(1—%))) :/J s q(y) dy = 216(111)

We conclude that dy ,,(z1) = ok(1- ) see Remark 3.2. Let 2 € Ji. Then,

di, () 1 1 di,u(zk)
_T<xk_2k+17 mk+2k+1<x+ 9 R

for sufficiently large k. Therefore,

d1 L(zk‘)

A, TSR 1
(dy,,(x ) dy = 2r dy = ——.
n La(TE) / CEWACT) Y /x — y dy (k)
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By Remark 3.2, dy |, = 2¥(=1/P) and

1

* p _
||q1”u.||LP(Jk) = 2k(2p—3+%) . (A. 6)

Next, we evaluate g , for x € I since

. . 1 1
dist(z, supp(q)) = dist <9:, [xk — W,zk + 2k+1}> .

(A. 4) implies:

1

qi . (z) < N 5 for x € Iy,
(25 — zier — @)
and hence,

1

* P < -
qu,uHLPUk) S ok(zer1)
Combining this with (A. 6), we obtain the above estimate for the interval
[2"1, ;). By the similar arguments, we study ¢} , on [z, 2¥] and obtain

1
< -
||ql ,u.”Lp(]:i» ~ 2k(2p—3+%) .

Since p > 1, 2p — 3+ 5 > 0, therefore, the third term on the right-hand side
of (A. 3) is finite, and hence, ||¢} ,[|»(m) is finite. O

Remark A.4. The above results show that our version of the Lieb—Thirring
estimate yields finite bounds for absolutely continuous potentials as long as
the classical Lieb—Thirring estimate does. But for the potential ¢ in the above
example, our bound gives a finite bound, while the classical Lieb—Thirring
estimate yields no information.

A.2. Comparison with the Subcritical Netrusov—Weidl Estimate

We now consider the subcritical case, that is, 0 < v < 1/2. For ¢ € L{. (R),
we define

2
1 e

o 3+ o 3+7\ T+y
-y (/ (1 + |2)7q(= )dx) + (Z </}_k(1+|x) q(x)dx) ) ,

k=0 k=0

l_;,_,\/

00 k1 27 k1 2
Bw<q>2</k q(x)da:> +;< / q(sc)dz> ,

k=0
1/2—~

17275 We recall the following essential result; see [23]:

where o =

Theorem A.5 (Netrusov, Weidl). Let 0 < v < 1/2 and 0 = 1@;3{ Define the
sets Fo = [—1,1] and Fy, = [-2F, —2F—1 U [2F=1 2], for k € N. Then, there

exists C > 0 depending only on v such that

> A(@)]” < Cmin{A,(q), By(q)}, for any q € Li,.(R).
veN
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Remark A.6. Here, we stated special versions of Theorems 3 and 4 from [23]
for the one-dimensional, non-fractional case.

Next, we note that the combination of Theorem A.5, the lower bound in
Theorem 4.16, and Lemma 3.10 gives the following estimate:

Corollary A.7. Let > 0, and v, o, Fi, Ay(q), B,(q) be as in Theorem A.5.
Then, there exists C > 0 depending only on « and v such that

/ g5 (@)) P de < Cmin {4, (q), By ()}
R

for any q € L} (R) satisfying (A. 1), where u is the measure given by (A. 2).

The converse relation does not hold; see the construction below.

— 12—
Ezample A.8. Let 0 < v < 1/2, 0 = 127

FF = [2F=1,2%]. Define a function ¢ = ¢1 + g2, where

and zj be the center point of

1, x€ (xk — Qki+1,xk + 2k§+1) and k is even,
q(r) = .
0 otherwise,

227

(@) Qz T e (ack — 2’“’3, T + 2’“’3) and k is even,
q2(r) =
0 otherwise.

We show that for the example above, the upper bounds in Theorem A.5
are infinite, while the upper bound in Theorem 4.16 is finite.

Proposition A.9. Let a > 0, then there exists q € L}, (R) such that
Ay(g) =00, Bylg) =00 llaiull g4n g, <00
where p is the measure given by (A. 2).

Proof. Due to Lemma 3.6, it suffices to prove the statement for « = 1 only.
Let ¢ be the function defined in Example A.8. For an even k, it is clear that

/;k (1+2)7qi(x) do 2 1, %—:1 </m+1 ¢ () dx) . > 1.

k—1
m=2k—1 m

Therefore, the first two statements are true.
Let p1 and po be the measures defined by (A. 2) with ¢ replaced by ¢;
and g, respectively. Then, by Lemma 3.11, we know that

18,01 3oy S 198 el gy + 1l 30

We write, for m = 1,2,

3+ 3+ 3+
llat, ., 112 = a3, 117 + llai,p,, 112
Lipm L%-PY ®) Lum L%-Py((foo,l)) k:m;; ren L um L%-;—»y(]__:)
14y
+ TR LI (A. 7)
k:;;leN Fr et
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By the same arguments we do in the proof of Proposition A.3, the first term
on the right-hand side is finite for m = 1, 2.

To investigate the second term, we consider odd k first. For m = 1,2, we
estimate

dist(]-',:r,supp(qm)) < dist(FF, supp(q)) =< 2F.

Hence, (A. 4) implies
3y ookl 1 _ 1
LatFEh T (22k)3+7 22K

141

Therefore, the second term in (A. 7) on the right-hand side of (A. 7)is finite.
It remains to show that the third term is finite for m = 1, 2, this means,
for an even k. We consider the potential g ,,, on the following subsets in ]—']j :

_ di,pu, (zr) 1 di,pu, (zr) 1
1 _ [ok—1 31 1_ 1
Ik—<2 ,Tp — 5 +2ka+l s Jp = |k — 5 +2ka+1’xk .

We study g7, in J}! first. Since 0 < o < 1, for sufficiently large ,
1 1 _ o
(xk—w,xk—l—w)c(xk—ng 17$k+2k 1)C.7:]j_

Thus, p1(Ag, (257)) = 27%7_ and hence, d; ,,, (z) = 2¥7, see Remark 3.2. For
T e J,i,

1 di, s ()
T + W <z+ 1?

and hence, j11(A,(257)) = 27%7. Therefore, as in Remark 3.2, dip |l = ke

so that
o (i) 1 11
L%+’Y(‘]é) - 2 9ko+1 22k0(%+7)  92koy

=g+ 2k0—1

197 a4 I

Let = € I}, then
1

Now, (A. 4) implies
l+py 1 1 1
Hqi#l H 2;+ = / 142~ dr < 2y S—‘ 2koy *
L2777 (1) I, (Zk*yw%*x) (dlmfwfgk%) S

Combining this with (A. 8), we obtain

* l"r’}’ 1
||q1,/,L1 ||[2,%+7(2k_1,wk) Sf 92koy ”

In the same way, we investigate ¢j , on the interval [zy, 2F] and derive

* l+’7 1
21 o S 5707

LEtY(FF) ™ 22Rkoy
Since v < 1/2, the latter estimates show that the third term on the right-hand
side in (A. 7) is finite for m = 1. We will show that this is also true for m = 2.
To study ¢7 ,, on f,j with an even k, we will consider two cases: v < 1/4 and

v > 1/4.
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+
Let v < 1/4. For z € F|,
(x—2"2 x4+ 22 c /L uFRF UL,
and qiu2|f,j UFf, T 0. Therefore, using v < 1/4, we estimate
o2t 25 1
dy <222 < —
LQ#Z@@)y_ SE S o

for sufficiently large k. Then, di ,, () > 2~ for x € F;" and therefore:

%"F’Y < 1
‘L%-F’Y(]:Ij) ~ 22]@')/' (A 9)

Hence, the third term on the right-hand side of (A. 7) is finite for m = 2.
Finally, for v > 1/4,

x+282 oo 23 1

r—2k—2 227

147 0, |

for sufficiently large k, and hence, dq,,(zx) < 2871, This means that for
T € .7:2' ,

2 2 k1

. . . _ .
for sufficiently large k. Therefore, since g7 ,, |]_-:71U]_-;r+1 = 0, we estimate

di, d
(x_m(xk) Hw@k))cﬁ_luﬁuﬁ

d1,ug (@)
—z

1 ot 1
- = dy <d —, forxzeFl,
dy ., (7) e oty ) q2(y)dy S di (56)2% or v & Sy

so that ¢f ,,(x) =1/d7 ,,(x) S 1/2%. Therefore,

1 1
* s+ < 9k
||Q1,;42||L%+7(F;) ~ 72%(%+A{).

Since % (3 +7) =1 for v < 1/2, we conclude from this and (A. 9) that for
both v < 1/4 and v > 1/4, the third term on the right-hand side in (A. 7) is

finite for m = 2. This completes the proof. O

Remark A.10. For ¢ as in Example A.8, Theorem A.5 gives no information
due to Proposition A.9. However, from Theorem 4.16 and Proposition A.9, we
conclude that LT, (H,,) is finite, which shows that our estimates are sharper.

Appendix B. Examples

In this section, we obtain some corollaries and give some examples.

Let (xk)rez be a sequence tending to oo as k tends to +oo. Further,
let (ar)rez be a sequence of positive numbers. Consider the measure p =
> kez Ak0z,, - Of course, the quadratic form a,, is not lower-bounded when the
sequence (ag)gez is unbounded. Hence, we consider examples with case ap, — 0
in the following.
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Corollary B.1. Let p = ZZo:1 a0y, . Assume that there exists o > 0 such that

Tpp1 — x> max { (aar) ', (@app1) '}

for all k € N. Then,

Cra® Y a7 <Y N < Ca® > a) (B.1)
k=1 k=1 k=1

for some C1, Cy > 0 independent of {xx} and {ax}.

Proof. We note that

ga(r) =

(are)?, , if 2 € (zx — (2ara) ™', zp + (2ax) ™)
{ <min {# L }) Jif € (zk + (2ap0) Y, ha1 — (2ak410)7h).

T—Tp ' Tpy1—T

Therefore, for k € N,

1

zp+(2ap0)” L
/ (g5(2))2 %7 dz = (ara)*

k7(2aka)_1
and

mk+17(2ak+1o¢)71 . zk+17(2ak+1a)71 1 142y
/ (@) < [ () de

r+(2apa)—1 —00 LTp+1 —

oo 1 142y

et (2ae)=t \T — Tk

Consequently, we obtain (B.1). O

We note again that for the classical Lieb—Thirring estimate (1.2), when
the potential can be written as V. = V; + Va, with disjoint supports, the
inequality does not reflect how far these two supports are apart from each
other. This behavior is fundamentally different from our Lieb—Thirring type
estimates. We demonstrate this with the following explicit example.

Ezample B.2. Let 1 = g + d,, where y > 0. The Otelbaev function has dif-
ferent forms, depending on y < i, i <y< % ory > % Explicit computations
show the following: for y > %,

1 1
7 TS -
1 1
4a _ZSxSZa
q*(a:)— ﬁ’ %SJ?S %’
2 () = 1 1
=22 d<z<y-—g,
1 1
4a y—1§$§y+17
1 1
Wy T2Vt
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Next, for % <y< %, Otelbaev’s function equals

1 1
el TS~y
1 1
4a _ZSxSy_Za
1 1 Yy
* . A(y—x)2° y72§x§§a
qQ(x)* 1 Y < <1
T27> 2S3T>
1 1
4a 1§$§y+17
1 1
e T2V
Finally, f0r0<y<%,
1 1
el TS g
1 1
1 1 1
4(y—x)? y_ZSxSy_g
% (x) = q 16, y—g<z<g,
1 1 1
el §ST=q,
1 1
4, 1<r<y+7y,
1 1
a7 T2YT

Now, for v > 0 we have the following expressions for the Lieb—Thirring esti-
mates from Theorem 4.16: For y > %, it is

4.167 2.47.y—27

4o+l / |q§(w)|7+% dz = +8-167 —
R v

For i <y< %,We have

4427 +2y 4 y7274v+%
gl

0 [ g o=
R
and for 0 < y < i, one sees that

341 2742 3v+3(1 _ ¥y
47*1/Iq;‘<x>m% dp = 2 A AT ARG )
R Y

This calculation shows the following interesting limit behavior for the upper
Lieb—Thirring estimate, which is not captured by the classical Lieb—Thirring
estimates: When the two components of y move away from each other, we
obtain the behavior:

0 [ g da
R

On the other hand, when the components become close to each other, we see
that:

— 00 4‘1 R
yooe 167 g 6

3y+4 3v+1
47“/ 3 (@) de v AT
R v
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Note that the limit y — 0 agrees with the Lieb—Thirring bound obtained for
the potential p = 26g: Indeed, for this potential,

. 16, lz| < &
Q2(x) = { 1 H

e |zl > 5

It is not hard to verify that, for this function, the integral 471 [0 |¢3 (z)+2 da
agrees with the above value. Of course, this is no coincidence, as it can eas-
ily be verified by the continuity result [16, Prop. IIL.5] and the dominated
convergence theorem.

On the other hand, for the limit y — oo, one might expect to recover
the estimates for the potential §y. But this is indeed not the case. Note that
Otelbaev’s function for the potential g is given by:

4, lz] <
q;(x) = 1
{4“, Z

With this explicit form, it is simple to verify that
4 2
47“/ (@) de = T2
R Y

This is clearly not the limit that we obtained for y — oo above.

Ezample B.3. Assume that the measure u is compactly supported, say, [— R, R|

= conv(supp(u)), the convex hull of the support of p. Then, for any |z| >
1

R+ 5@y

) S S
dist?(z,supp(p)) ~ (z — R)?

Also, for any x € R, by using Lemma 3.3, we estimate

1 1

P(R) > p(Az(da(z))) > RIS a5 ().

Therefore,

* l_l’_,)/d <9 R+2a/j(R) R 1+2'Yd 2 e 1 d
/R|qa($)| T < /0 (ap(R)) T+ / @—Rm ™

1
Bt sanm

22771

< RaM P2V p(RYT2Y 4 o7 (1 +

< 5+ )

Hence, due to Theorem 4.16,

o0 22'\/
D Il < 2T Ru(R)F2Y 4 24 (1 + 7) u(R)™.
k=1
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