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1. Introduction

A locally compact group G is called x-regular if for any closed, two-sided ideal I in
the full group C*-algebra C*(G), we have I = I N L1(G), where the closure is in C*(G)-
norm. An in-depth study of groups with this property was first initiated by Boidol,
Leptin, Schurman and Vahle in [12]. They identified that groups of polynomial growth
are x-regular. Boidol then continued to add to the list of x-regular groups, showing that
semidirect products of abelian groups belong to this class [11]. He also characterized
the connected groups which are *-regular [10]. Later, Hauenschild, Kaniuth and Voigt
[21] showed that the class of #-regular groups is closed under Cartesian products. Boidol
conjectured that every symmetric (=hermitian) locally compact group is *-regular, and
that conversely every almost connected, *-regular group is symmetric [11]. To honor his
contributions to the theory, *-regular groups are sometimes referred to as Boidol groups
[38, Definition 10.5.8].

A closely related notion is that of C*-uniqueness, where a locally compact group G
is said to be C*-unique if the Banach *-algebra L'(G) has a unique C*-norm. It is not
difficult to see that L'(G) has a unique C*-norm if and only if, for any non-zero, closed,
two-sided ideal I in C*(G), we have I N LY(G) # {0}. From this it follows that every
x-regular group is C*-unique, and that every C*-unique group has the weak containment
property (the full and reduced group C*-algebra coincide), and therefore is amenable;
see also [13, Proposition 2]. In recent work, the first named author and Raum [5] showed
that locally virtually polycyclic groups are C*-unique.

Boidol gave examples of amenable groups which are not C*-unique, and of C*-unique
groups which are not x-regular [13, p.230], thereby showing strict containment between
these classes of groups. However, it remains unknown if such examples exist among
discrete groups, prompting Leung and Ng to pose the question if all discrete, amenable
group are C*-unique [30]. An even more ambitious, yet also unresolved, question is:

Question A. Are all discrete, amenable groups x-reqular?

While Boidol focused on #-regularity and uniqueness of C*-norm for L'-algebras of
locally compact groups, the notions were studied for more general x-algebras by Barnes
in [6]. We also mention that *-regularity of more general convolution algebras has been
studied by Leung and Ng [31,32], Leung [29], and more recently by Flores [15]. On the
other hand, C*-uniqueness was studied for twisted group algebras by the first named
author [3], and for twisted groupoid algebras in collaboration with Ortega [4].

A closely related topic is algebraic C*-uniqueness for a discrete group I', defined
by uniqueness of the C*-norm on the group algebra C[I']. It is straightforward to see
that this implies uniqueness of the C*-norm on ¢!(T), and consequently, it also implies
amenability. However, examples like the group of integers show that C*-uniqueness is a
strictly weaker property than algebraic C*-uniqueness. The question of which discrete
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groups are algebraically C*-unique has attracted much attention in recent years [18,1,43].
Interestingly, #-regularity of C[I'] appears to not have been investigated so far.

One can view x-regularity and C'*-uniqueness of a locally compact group G as the
ideal separation and ideal intersection properties for the inclusion L*(G) C C*(G). Here,
we say that a subalgebra A of a C*-algebra B has the ideal separation property (ISP
for short) if for any closed, two-sided ideals T and J in B we have I C J whenever
INA C JnA. Likewise, we say A C B has the ideal intersection property (IIP for short)
if for any non-zero, closed, two-sided ideal I in B we have INA # {0}; see Definition 2.2.

Barnes’ notions of #-regularity and C*-uniqueness for a *-algebra A then correspond
precisely to the ISP and the IIP for the inclusion A C C*(A), where C*(A) is the
enveloping C*-algebra of A. (One needs to assume that A admits some C*-norm so that
A embeds into C*(A).)

The ISP and the IIP have also been extensively studied for C*-algebras arising from
dynamical systems or groupoids. For example, Kawamura and Tomiyama [23] showed
that the action of an amenable, discrete group I' on a compact, Hausdorff space X is
topologically free if and only if C(X) C C(X) x T has the ISP. For actions on possibly
noncommutative C*-algebras A, the ISP and the IIP for the inclusion A C A X¢q " have
been studied for example by Sierakowski [44], Kennedy and Schafthauser [25] and Geffen
and Ursu [17]. The IIP and the ISP for the inclusion C(G(®) C C%* ,(G) for a groupoid
G have for example been studied by Kennedy, Kim, Li, Raum and Ursu [24] and Brix,
Carlsen and Sims [14].

We note that the ISP and the ITP are always studied with respect to the reduced
crossed product and the reduced groupoid algebra. The reason is that the kernels of the
quotient maps A x G — A Xeq G and C*(G) — CF 4(G) have trivial intersection with A
and C(G©), respectively.

Similarly, for the canonical quotient map A: C*(G) — C;,(G), we always have
LY(G) Nker A = {0}. Therefore, if G is nonamenable, then L'(G) C C*(G) does not
have the IIP, let alone the ISP. We therefore believe that the natural setting to study
ideal separation and ideal intersection for a locally compact group G is with respect to
the inclusion of L!(G) in the reduced C*-algebra C* (G), and we define:

Definition B. We say that a locally compact group G has

(1) the ideal separation property, ISP for short, if for any distinct closed, two-sided ideals
I,J C Cry(G) we have I N LY(G) # J N LYG).
(2) the ideal intersection property, IIP for short, if for every non-zero, closed, two-sided
ideal I C C7,4(G) we have I N LY(G) # {0}.
We make the following easy, yet useful, observation, whose proof follows from the
above discussion:

Proposition C. Let G be a locally compact group. The following statements hold:
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(1) The group G is *-regular if and only if G is amenable and has the ISP.
(2) The group G is C*-unique if and only if G is amenable and has the IIP.

Thus, the known classes of #-regular or C*-unique groups provide examples of (au-
tomatically amenable) groups with the ISP or the IIP. Moreover, there are many non-
amenable groups with the ISP or the IIP. For example, it is immediate that the class
of groups with the ISP includes all C*-simple groups, that is, all groups G for which

»q(G) is simple.

We note that Definition B is inspired by the analogous property for C*-dynamical
systems from [5], where it is termed the L!-ITP.

In this paper we establish several permanence properties of the ISP and the IIP for
locally compact groups, as summarized in the following theorem.

Theorem D. Let G and H be locally compact groups.

(1) If G has the ISP (the IIP) and N C G is a closed (compact), amenable, normal
subgroup, then G/N has the ISP (the IIP); see Proposition 3.1.

(2) If every open, relatively compact subset of G is contained in a closed subgroup with
the ISP (the IIP), then G has the ISP (the IIP); see Theorem 3.3.

(3) If G = lim, G, is an inverse limit such that the maps G — G are surjective with
compact kernel, then G has the ISP (the IIP) if and only if each G, does; see
Theorem 3.9.

(4) The product group G x H has the ITP (the ISP) if and only if both G and H
have the IIP (the ISP, and the pair of group C*-algebras C},,(G) and C}. (H) has
Tomiyama’s property (F)); see Theorem 4.13.

Statement (2) shows in particular that the ISP and the IIP are local properties;
see Corollary 3.4. Further, statement (3) implies that the ISP and the IIP for an al-
most connected, locally compact group are determined by its Lie group quotients; see
Corollary 3.11.

We note that our results for Cartesian products allow us to deduce that groups such
as Z x Fy have the ISP, which was not known with the current technology. Further,
Theorem 4.13 offers a strategy to exhibit a counterexample to the following natural
extension of Question A to the setting of nonamenable groups:

Question E. Do all discrete groups have the ideal separation property?

Indeed, if I" and A are discrete groups for which the pair of group C*-algebras C; ;(T")
and C} ;(A) does not have Tomiyama’s property (F), then I x A does not have the ISP.
It remains unclear if such a pair of groups exists; see Question 4.16 and the discussion
preceding it.
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The paper is structured as follows. In Section 2 we introduce the ISP and the ITP
for an inclusion of a subalgebra in a C*-algebra. We give characterizations in terms of
primitive ideals and *-structure spaces.

Specializing to locally compact groups, we treat the inclusion L'(G) C C*4(G) in
detail in Section 3, and we investigate preservation of the ISP and the IIP with respect
to quotients, approximation by closed subgroups, inductive limits, and inverse limits.
Lastly, Section 4 deals with the ISP and the IIP for the inclusion of the algebraic and
projective tensor product in the minimal tensor product of C*-algebras. This is then
applied to characterize the ISP and the IIP for Cartesian products of locally compact
groups.

Acknowledgments The authors thank Leonel Robert for valuable comments on the min-
imal tensor product of C*-algebras.

2. Definition and first properties

In this section, we introduce the ideal separation property (ISP) and the ideal intersec-
tion property (IIP) for the inclusion of a subalgebra into a C*-algebra, and we study basic
properties of these notions. We neither assume that the subalgebra is dense nor closed,
to allow for the study of inclusions such as A C A X,eq G as well as L' (G) C C*,(G).

Later we will specialize to the inclusion A C B of a dense #-subalgebra A in a
C*-algebra B, and we give characterizations of the ISP (Proposition 2.6) and the ITP
(Proposition 2.8) in terms of the connection between the -structure space of A and the
primitive ideal space of B. We also characterize the ISP and the ITP using estimates on
C*-seminorms; see Proposition 2.9.

Convention 2.1. All ideals in this paper are assumed to be two-sided.
Definition 2.2. Let A C B be an inclusion of a subalgebra into a C*-algebra B.

(1) We say that A C B has the ideal separation property (ISP for short), or that A
separates ideals in B, if for all distinct closed ideals I and J in B we have I N A #
JNA.

(2) We say that A C B has the ideal intersection property (IIP for short), or that A
detects ideals in B, if for every non-zero, closed ideal I in B we have I N A # {0}.

The next result provides basic characterizations of the ISP. Most useful is con-
dition (3), which states that every closed ideal in B can be reconstructed from its
intersection with A.

Proposition 2.3. Let A C B be an inclusion of a subalgebra into a C*-algebra B. The
following statements are equivalent:
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(1) The inclusion A C B has the ISP.

(2) For every closed ideal I C B, the inclusion (A+1)/I C B/I has the IIP.

(3) Every closed ideal I C B is equal to the closed ideal of B generated by I N A.
(4) For any closed ideals I,J C B we have I C J whenever IN A C JN A.

Proof. We show the implications ‘(1) = (2) = (3) = (4) = (1) Assuming (1), let us
verify (2). Let I C B be a closed ideal, and let J C B/I be a non-zero, closed ideal. Let
mr: B — B/I denote the quotient map, and set J' := 7r;1(J), which is a closed ideal of
B with I C J' and I # J'. Since A separates ideals in B, we obtain a € A with a € J’
but a ¢ I. Then 0 # 7r(a) € J N 7w (A).

Assuming (2), let us verify (3). Let I C B be a closed ideal, and let H denote the
closed ideal of B generated by I N A. We clearly have H C I, and we need to show that
I C H. Let myg: B — B/H denote the quotient map. We have I N A C H, and using
H C I a straightforward calculation will show that 7y (I) N7y (A) = 7y (I NA) = {0}.
Using that mg(A) C B/I has the IIP, we get my (1) = {0}, and so I C H.

Assuming (3), let us verify (4). Let I, J C B be closed ideals with TN A C JN A.
Then the closed ideal of B generated by I N A is contained in the closed ideal generated
by J N A, and by assumption this implies that I C J.

Assuming (4), let us verify (1). To show that A separates ideals in B, let I,J C B
be closed ideals with TN A = J N A. We need to show that I = J. But the assumption
immediately implies that I C Jand JCI. O

It follows easily from Definition 2.2 that both the ISP and the IIP pass to superalge-
bras in the following sense.

Proposition 2.4. Let B be a C*-algebra, and let Ay C As C B be subalgebras. If Ay C B
has the ISP (the IIP), so does As C B.

We now turn to characterizations of the ISP and the IIP in terms of primitive ideal
spaces and *-structure spaces. We recall the basic definitions and refer the reader to [38,
Chapter 10.5] for further details.

For a *-algebra A we denote by I’ the set of all kernels of topologically irreducible
x-representations of A, and we equip it with the hull-kernel topology. This topological
space is known as the x-structure space of A. For any subset S of A the hull of S is
defined as

h(S)={Pelly | SC P}.
For any subset L of IT% the kernel of L is defined as

k(L)= () QCA

QeL
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We also write ha(S) for h(S), and ka(L) for k(L). As the space II% is equipped with
the hull-kernel topology, a subset K C II*% is defined to be closed if K = h(k(K)). For
every subset S C A, the set h(S) is closed.

Under mild assumptions on A (that are always satisfied for Banach *-algebras, in
particular for L'(G) for a locally compact group G), whenever I C A is a *-ideal, then
there is a natural homeomorphism of IT% \ h(I) with II} given by the map P +— PN I;
see [38, Theorem 10.5.5].

If A is a C*-algebra, then the x-structure space coincides with the primitive ideal space,
which we denote by II4. Moreover, in a C*-algebra any closed ideal is the intersection
of the primitive ideals containing it, so in this case we have I = k(h(I)) for every closed
ideal I C A.

Let A C B be an inclusion of a dense *-subalgebra A into a C*-algebra B. We will
characterize the ISP and the IIP by conditions that capture to what extent A separates
the primitive ideal space of B. Since A is dense in B, the restriction of a topologically
irreducible *-representation of B to A is again topologically irreducible. We therefore
have a well-defined map between the x-structure spaces

v:Ip —1II%, P~ PNA. (2.1)
Given a subset S C A, we have
U1 (ha(S)) = hp(S),

which shows that ¥ is continuous. We show in Proposition 2.6 that ¥ is open if and only
if A C B has the ISP.

Lemma 2.5. Let A C B be an inclusion of a dense x-subalgebra into a C*-algebra. Let
Y CT1lp, and let P € Ilg. Then ¥ (P) belongs to the closure of U(Y) in II* if and only
ifkp(YYNAC PNA.

Proof. We first note that ¥(P) belongs to the closure of ¥(Y) in IT% if and only if
U(P) € ha(ka(¥(Y)), that is, if and only if

kA(U(Y)) C U(P) = PN A.
We have

kp(Y)NA= (ﬂ{Q:QeY}) NA={QNA4:Q eV}, =ka(¥(Y))
which completes the proof. O

Proposition 2.6. Let A C B be an inclusion of a dense x-subalgebra A into a C*-algebra
B. The following statements are equivalent:
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1) The inclusion A C B has the ISP.

(1)

(2) We have I = mH'HB for every closed ideal I C B.

(3) The map ¥ of (2.1) is a homeomorphism onto its image.
(4)

(5)

The map ¥ of (2.1) is open onto its image.
For every closed and proper subset K C Ilg and every P € Ilg \ K there exists
f € A such that f € kp(K) and f ¢ P.

Proof. Assuming (1), let us verify (2). Let I C B be a closed ideal. Since A C B is
dense, the closed ideal generated by I N A is the closure of I N A. Therefore I = TN A
by Proposition 2.3(3).

Assuming (2), let us verify (3). Observing that P = PN A for all P € Iz we deduce
that W is injective. Since ¥ is continuous, it remains to show that ¥ maps closed subsets
of IIp to relatively closed subsets of U(IIg) in IT%. Let K C Il be a closed subset. To
show that U(K) is closed inside the image of ¥, let P € Il such that ¥(P) belongs to
the closure of U(K) in IT%. Using that assumption at the first and last step, and using
Lemma 2.5 at the second step, we get

kB(K):k:B(K)ﬂAQPﬁA:P

Thus, P € hp(kp(K)), which implies P € K since K is closed. This shows that ¥(K)
is closed relative to the image of W.

It is clear that (3) implies (4). Assuming (4), let us verify (5). Suppose that K C IIg
is a proper, closed subset, and let P € IIg \ K. By assumption, U(K) is closed relative
to the image of ¥, and thus ¥(P) ¢ ha(ka(¥(K))). This means that k4 (V(K)) is not
a subset of U(P). Choose f € ka(¥(K)) with f ¢ U(P). We have seen in the proof of
Lemma 2.5 that ka(U(K)) = kp(K) N A. Thus, we have f € A and f € kp(K), but
f ¢ ¥ (B)=Pn A, which implies that f ¢ P.

Assuming (5), let us verify (1). Let I and J be distinct closed ideals in B. We need to
show that T N A # J N A. Without loss of generality, we may assume that I ¢ J. Then
hp(I) € hp(J), which allows us to pick P € hg(I) \ hp(J). Since hp(J) is a closed
subset of Iz, we can apply the assumption to find f € A with f € kg(hp(J)) = J but
féP.Since I CP,wehave f ¢ [,andthus INA#JNA. O

Lemma 2.7. Let A C B be an inclusion of a dense x-subalgebra into a C*-algebra, and
let Y CIlg. The following statements hold:

(1) The subset Y C Ilg is dense if and only if kg(Y) = {0}.
(2) The subset U(Y) C Im(W) is dense if and only if kp(Y) N A= {0}.

Proof. (1) The closure of Y in IIp is hp(kp(Y)). Thus, Y C IIg is dense if and only
if hg(kp(Y)) = IIp. Since B is a C*-algebra, we have kp(Ilp) = {0}. It follows that
hp(kp(Y)) =1p if and only if k(YY) = {0}.
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(2) Given P € Ilp, the element W(P) belongs to the closure of ¥(Y) if and only
kp(Y)N A C PN A; see Lemma 2.5. Thus, U(Y) C Im(¥) is dense if and only if
kp(Y)N A C PN A for every P € I, which in turn is equivalent to kp(Y) N A = {0}
since {P: Pellg} ={0}. O

Proposition 2.8. Let A C B be an inclusion of a dense x-subalgebra A into a C*-algebra
B. The following statements are equivalent:

(1) The inclusion A C B has the IIP.

(2) A subsetY CIlp is dense if (and only if) ¥(Y) C Im(¥) is dense.

(3) For every closed and proper subset K C Il there exists a non-zero f € A such that
fekp(K).

Proof. Assuming (1), let us verify (2). Let Y C II. In general, if Y is dense in I, then
U(Y) is dense in the image of ¥. To show the converse, assume that ¥(Y) is dense in
Im(¥). Applying Lemma 2.7, we get kp(Y) N A = {0}. Using that A C B has the IIP,
we deduce that k(YY) = {0}. Applying Lemma 2.7 again, we get that Y is dense in IIp.

Assuming (2), let us verify (3). Let K C IIg be a closed and proper subset. The
assumption implies that U(K) is not dense in Im(¥). By Lemma 2.7 we get kp(K)NA #
{0}, which shows that there exists a non-zero f € A with f € kp(K).

Assuming (3), let us verify (1). Suppose that I C B is a non-zero, closed ideal. Then
hp(I) C Ip is a closed and proper subset. By assumption, we find a non-zero element
feAwith f € kg(hg(l)) =1. Thus, INA#{0}. O

We will have use for relating the ISP and the IIP for an inclusion A C B of a dense
x-subalgebra into a C*-algebra to statements about C*-seminorms on the x-algebra A.
In order to state and prove our next result, let us introduce some notation. Denote by
RZ the collection of x-representations of A which extend to *-representations of the C*-
algebra B. Assuming that A admits a C*-envelope C*(A) (then A is called a G*-algebra
[38, Definition 10.1.1]), we may identify RS with

{me Ri*(A) | ker(m,) 2 ker(C*(A) — B)}

where 7, is the natural extension of 7 to C*(A), and C*(A) — B is the canonical surjec-
tion. Indeed, this identification is justified by observing that by the universal property
of C*(A), # € R% if and only if 7, factors through the surjection C*(A) — B.

Proposition 2.9. Let A C B be an inclusion of a dense *-subalgebra A into a C*-algebra
B. For m € RE, denote by T the extension to B. The following statements hold:

(1) The inclusion A C B has the ISP if and only if for every w, 0 € RE the containment
ker(m) C ker(p) in A implies |[a(b)|| < ||7(b)|| for allb € B.
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(2) The inclusion A C B has the IIP if and only if for every = € R, the statement
ker(m) = {0} in A implies |[7(D)|| = ||bl|z for all b € B.

Proof. We begin by proving (1). We first note that 7, o € R satisfy ker(7) C ker(p) if
and only if ||2(b)|| < ||7(b)]| for all b € B.

Suppose now that A C B has the ISP, and let 7, o € R satisfy ker(m) C ker(p) in A.
Then

ker(7) N A = ker(7) C ker(p) = ker(p) N A.

By Proposition 2.3, we get ker(T) C ker(g), as desired.

Conversely, suppose that ker(m) C ker(p) in A implies ker(7) C ker(g) for all 7,0 €
RE. To show that A C B has the ISP, we verify statements (4) in Proposition 2.3. Let
1,J C B be closed ideals satisfying I N A C J N A. Choose #-representations a and S of
B with I = ker(a) and J = ker(83). Set m = a|4 and ¢ = (|4, which belong to RE and
satisfy a =7 and 8 = 9. We have

ker(m) =ker(m)NA=INACJNA=ker(p) N A = ker(p).
By assumption, we get ker(7) C ker(g), and thus
I = ker(7) C ker(g) = J.
Statement (2) is shown similarly. O
3. Permanence properties of the ISP and IIP for groups

In this section we investigate permanence of the ideal separation property (ISP) and
the ideal intersection property (IIP) for locally compact groups when passing to quotients
(Proposition 3.1), inductive limits (Theorem 3.5) and inverse limits (Theorem 3.9). We
also show that a locally compact group has the ISP (the IIP) if sufficiently many of its
closed subgroups do (Theorem 3.3), and in particular that the ISP and the IIP are local
properties (Corollary 3.4).

Every locally compact group will be assumed to come equipped with a fixed left Haar
measure. Recall from Definition B that a locally compact group G is said to have the
ISP or the IIP if this property holds for the inclusion L'(G) C C%4(G).

The next result generalizes results about the passage of x-regularity and C*-uniqueness
to quotient groups; see Corollary 3.2.

Proposition 3.1. Let G be a locally compact group, and suppose N C G is a closed,
normal subgroup. The following statements hold:

(1) If G has the ISP and N is amenable, then G/N has the ISP.
(2) If G has the IIP and N is compact, then G/N has the IIP.



A. Austad, H. Thiel / Journal of Functional Analysis 289 (2025) 110904 11

Proof. Using that N is a closed, normal subgroup, we obtain a well-defined map
o: LY(G) — LY(G/N) given by

o(f)(@N) = / f(zn)dn
N

for f € LY(G) and n € N. By [41, Proposition 3.4.5 and Theorem 3.5.4], g is a surjective
*-homomorphism.

Assuming that N is also amenable (which holds under the assumption of (1), as well
as of (2)), the map p extends to a surjective *-homomorphism 7: C’ ,(G) — C!,(G/N).
(This is folklore but the details can be found in e.g. [34, Corollary 2.4]). We obtain the
following commutative diagram:

LYG) = C1a(G)

LY (G/N)—— Cy4(G/N).
We have
a(x Y I)NLYG)) =INL'(G/N), and = *(I)NLYG)=="'(InL(G/N))

for every closed ideal I C C (G/N).

(1) Assuming that G has the ISP and that N is amenable, we verify that G/N has
the ISP. Let I,.J C C%,4(G/N) be closed ideals with INL'(G/N) C JNL*(G/N). Then

M HNLYG) =7 Y (INLYG/N)) Ca ' (INLYG/N)) =x"YI)n LG)

Applying that G has the ISP, we get 7= 1(I) C 7=1(J), and thus I C J.

(2) Assuming that G has the IIP and that N is compact, we verify that G/N has
the ITP. We first identify G, ,(G/N) with a direct summand of C ;(G). For full group
C*-algebras a similar result is contained in [33, Lemma 5.2].

The normalized Haar measure on N defines a central idempotent z in the measure
algebra M(G), which we identify with the multiplier algebra M (L'(G)) of L*(G). We
have ker(g) = (1 — z)L'(G). Using that L!(G) contains a contractive approximate iden-
tity for C*,(G), we obtain a natural contractive *-homomorphism ¢: M(L'(G)) —
M(C} 4(GQ)). Then ¢(z) is a central projection in M(C} ,(G)), and we obtain that
ker(m) = (1 — ¢(2))C 4(G). This means that ¢ and 7 induce bijections

2LH(G) = LY (G/N), and ¢(2)Cjeq(G) = Creg(G/N).
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To verify that G/N has the IIP, let I C C},,(G/N) be a non-zero, closed ideal, and
set

J = o(z)r ().

Then J is a closed ideal in C¥,(G) with 7(J) = I. Since G has the IIP, it follows that
J N LY(Q) is non-zero. Since J N L1(G) is contained in 2L'(G), and since g is injective
on zLY(G), it follows that

{0} # o(J N LY(G)) C INLYG/N),
as desired. O

The following result is (implicitly) contained in [10] and [13]. We note that it is not
clear if C*-uniqueness passes to quotients by closed, normal subgroups, even in the case
of discrete groups; see [30, Remark 3.6].

Corollary 3.2. Let G be a locally compact group, and suppose N C G is a closed, normal
subgroup. The following statements hold:

(1) If G is x-regular, then G/N is x-reqular.
(2) If G is C*-unique and N is compact, then G/N is C*-unique.

Proof. As noted in Proposition C, a locally compact group is #-regular (C*-unique) if
and only if it is amenable and has the ISP (the IIP). Using that amenability passes to
quotients by closed, normal subgroups ([39, Proposition 1.13]), the result follows from
Proposition 3.1. O

The next result shows that a locally compact group has the ISP (the IIP) if ‘suffi-
ciently’ many closed subgroups do. Analogous results were shown for #-regularity in [11,
Theorem 1], and for C*-uniqueness (implicitly) in [30, Proposition 2.1].

Theorem 3.3. Let G be a locally compact group, and let (H;);er be a family of closed
subgroups of G such that every open, relatively compact subset of G is contained in some
H;. The following statements hold:

(1) If every H; has the ISP, then G has the ISP.
(2) If every H; has the IIP, then G has the IIP.

Proof. Our proof is modeled after that of [11, Theorem 1].
We first prove (1). To verify that G has the ISP, we use Proposition 2.9 for the inclusion
LYG) CCry(G). Let 0 € R(Ij{((g)) with ker(r) C ker(p) in LY(G). Let f € C.(G), and

set K = {g € G| f(g) # 0}. Then K is open and relatively compact, so by assumption
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we find i € I for which K C H;,. Then H;, is an open subgroup of G, and thus we may
assume that the Haar measure on H;, is given by the restriction of the Haar measure
on G. Then L'(H;,) embeds isometrically into L!(G), and we can restrict 7 and o to
x-representations of L'(H;,), which then satisfy ker(7r|L1(Hi0)) - ker(Q\U(HiO)). Using
that H;, has the ISP, we get

ol er (arg) Fla ) < Il ) (FLa -

Noting that l1(11,) (Flim,) = 7(F), and plusa,)(fla,) = (), we get ()] <
|7 (f)|l. Since f was arbitrary, this holds for all f € C.(G), and by density we deduce it
holds for all f € C}(G). By Proposition 2.9, we conclude that L(G) C C7(G) has the
ISP.

The proof of (2) is very similar. Let m € Rgf((g)) be such that ker(w) = {0} in L}(G).
Let f € C.(G) be arbitrary, and set K = {g € G | f(g) # 0}. As above, there is ig € I
for which K C H;,, and using that H;, has the IIP, we get

7| e,y (Fles )N = [1fllex g )-

Noting that C)(H;,) — C;(G) isometrically, we deduce that ||7(f)[| = ||f[lcx(c)- Since
f was arbitrary, this holds for all f € C.(G), and by density we deduce it holds for all
f € Cx(G). By Proposition 2.9 we conclude that L'(G) C C(G) has the IIP. O

Using Theorem 3.3 we can easily establish that both the ISP and the IIP are local
properties for groups. Analogous results for x-regularity and C*-uniqueness were shown
in [11, Corollary 1] and [30, Proposition 2.1], respectively.

Corollary 3.4. Let G be a locally compact group. The following statements hold:

(1) If every open, compactly generated subgroup of G has the ISP, then G has the ISP.
(2) If every open, compactly generated subgroup of G has the IIP, then G has the IIP.

Proof. Every open, relatively compact subset of G is contained in some open, compactly
generated subgroup of G. Therefore, the result follows from Theorem 3.3. O

Next, we consider preservation of the ISP and the ITP when passing to inductive limits.
We restrict to the case of discrete groups, which ensures that inductive limits exist. (For
a discussion of the subtleties in defining even a group topology on the inductive limit of
non-discrete, locally compact groups, we refer to [46].)

IfI'y - I's — -+ is a sequential inductive system of discrete groups with injective
connecting maps, then the natural maps I',, — h_r)nk I'; are automatically injective, which
shows that the conditions on the kernels in the next result are automatically satisfied in
this case.
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Theorem 3.5. Let I' = lim)\ 'y be an inductive limit of discrete groups. The following
—
statements hold.

(1) If each Ty has the ISP, and if the kernel of each Ty — T is amenable, then T' has
the ISP.

(2) If each T\ has the IIP, and if the kernel of each I'y — T' is finite, then I' has the
1IP.

Proof. For each A, let Ay denote the image of the natural map I'y — I'. Then (Ay)x
is a directed family of (automatically closed) subgroups of I'. Hence, every open and
relatively compact (=finite) subset of ' is contained in A for some A, which shows that
(Ax)a satisfies the general assumptions of Theorem 3.3.

(1) For each A, using that A, is the quotient of 'y by an amenable subgroup, and
that I'y has the ISP, it follows from Proposition 3.1 that Ay has the ISP. Consequently,
I" has the ISP by Theorem 3.3.

(2) Analogously to (1), we see that each Ay has the IIP by Proposition 3.1, and thus
I" has the IIP by Theorem 3.3. O

We deduce that *-regularity passes to inductive limits of discrete groups, which seems
to not have been noticed so far.

Corollary 3.6. Let I' = lim, I'y be an inductive limit of discrete groups. The following
statements hold:

(1) If each Ty is x-regular, then T' is *-regular.
(2) If each Ty is C*-unique and if all connecting maps T'x — Ty are injective, then T is
C* -unique.

Proof. (1) Since *-regular groups are amenable, and since amenability passes to (closed)
subgroups, we see that every subgroup of a discrete, *x-regular group is amenable. There-
fore, the kernel of the map I'y — T is automatically amenable for every A, and the result
follows from Theorem 3.5.

(2) The assumption implies that I'y — T is injective for every A, and the result follows
from Theorem 3.5. O

Remark 3.7. In light of *-regularity passing to inductive limits of discrete groups, it would
be of great interest to determine if x-regularity passes to extensions of discrete groups.
A positive answer (even just for extensions by finite groups and Z) would immediately
provide a good partial answer to Question A by showing that elementary amenable
groups are #-regular. Indeed, a result of Osin [36, Corollary 2.1] shows that the class of
elementary amenable groups is the smallest class C of groups which contains the trivial
group and is closed under inductive limits, and such that I € C for every extension
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with N € C and I'/N a finite group or I'/N = Z.

Since in the result of Osin it suffices to assume that the class is closed under induc-
tive limits with injective connecting maps, one could similarly deduce that elementary
amenable groups are C*-unique if one can show that C*-uniqueness passes to extensions
by finite groups and Z.

We deduce from Theorem 3.3 the existence of certain maximal subgroups that have
the ISP or the ITP. An analogous result for maximal %-regular subgroups of discrete
groups was shown in [30, Proposition 3.2].

Theorem 3.8. Let G be a locally compact group. The following statements hold:

(1) Ewvery (normal) open subgroup H < G having the ISP is contained in a mazimal
(normal) open subgroup of G having the ISP.

(2) Every (normal) open subgroup H < G having the IIP is contained in a mazimal
(normal) open subgroup of G having the IIP.

Proof. To verify (1), let H < G be an open (normal) subgroup that has the ISP. Let £
denote the set of open (normal) subgroups of G that contain H and that have the ISP.
We order £ by inclusion. The existence of maximal elements in £ follows once we have
verified the assumptions of Zorn’s lemma for L.

Given a chain C in £, we need to find an upper bound of C in L. Set H' := (s C,
which is an open (normal) subgroup of G containing H. Since C is a chain, every relatively
compact subset of H' is contained in some C' € C. This shows that the family C of open
(hence also closed) subgroups of H' satisfies the assumptions of Theorem 3.3, and since
each group in C has the ISP, we deduce that H’ has the ISP. Hence H’ belongs to L,
and it is clearly an upper bound for C.

An analogous argument proves (2). O

We now turn to inverse limits. As for inductive limits, inverse limits of locally com-
pact groups only exist under additional assumptions. We restrict our attention to the
important case of an inverse limit G = lim G where each map G — G is surjective
and has compact kernel K. Then (K)), is a downward directed family of compact,
normal subgroups with (), K = {1}, and given such a family of compact, normal sub-
groups we can realize G as an inverse limit of the quotients G/K). In this setting, we
show that G has the ISP (the IIP) if and only if each G has the ISP (the IIP). We
discuss in Remark 3.10 how our result generalizes similar statements about *-regularity
and C*-uniqueness from [10, Lemma 9] and [30, Corollary 2.3].
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Theorem 3.9. Let G be a locally compact group which can be realized as an inverse limit
G = lim G such that each canonical map G — G is surjective and has compact kernel.
The following statements hold:

(1) The group G has the ISP if and only if every G has the ISP.
(2) The group G has the IIP if and only if every Gy has the IIP.

Proof. For each A, let K, denote the kernel of the natural map G — @G, so that
G\ =2 G/K,. By Proposition 3.1, the ISP and the IIP pass to quotients by compact,
normal subgroups, which shows the forward implications in (1) and (2).

Given A, using that K is a compact, normal subgroup of G, we have seen in the proof
of Proposition 3.1 that there exist natural surjective *-homomorphisms 7y: C%  (G) —
Cr4(Gy) and px: L' (G) — L'(G,) such that the following diagram commutes:

I

LY(G) = Ca(G)

LNGy) = Cpa(G).

Set I := ker(my), which is a closed ideal in C} ,(G).
Claim 1: We have [, Ix = {0}. We have seen in the proof of Proposition 3.1 that for
each X there exists a central, contractive idempotent zy € M(G) such that

ker(ox) = (1= 2)LN(G), and I = ker(m) = (1 - (:2))Ciaa (@), (3.1)

where ¢: M(G) — M(C},4(G)) denotes the natural, contractive s-homomorphism. Using
that (N, Kx = {1} and [41, Proposition 3.5.6], it follows that limy ||zxf — f|[1 = 0 for
every f € L'(G). Given a € C/4(G), let us verify that lim, |[¢(2x)a — al| = 0. Given
e > 0, choose f € L*(G) with |ja — f|| < &. Then

le(za)a —all < [le(zn)a —p(z) fIl + lle(a) f = fII+ [Lf —all
<lle)llla = fll+llaxf = fll+ 1f —al < 3e.

Now, given a € (), In € C/4(G), we get (1 — zy)a = 0 and thus zya = a for each A,
which then gives a = 0. Thus, (1, Ix = {0}. This proves the claim.

Claim 2: Given a closed ideal I C C* (G), we have
(1) N LYGy) = ma(I N LYG))

for every X. Indeed, the inclusion ‘O’ is clear. To show the converse inclusion, let a €
7x(I) N LY(Gy), and choose b € I and f € L*(G) such that
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mA(b) =a, and ox(f) =a.

Then 2, f € L'(G). Since I is a C*-algebra, every element factors and we can choose
b1,bs € I such that b = b1by. Then

©(22)b = p(2x)biby € Cy(G)I C 1.
Note that using Equation (3.1) we obtain

ma(aaf) = ma(f) = a=7x(b) = ma(p(2a)b)

and since 7y is injective on ¢(2zx)Ck 4(G) by Equation (3.1), we get zxf = ¢(22)b €
I N LY(G). This proves the claim.

(1) Assuming that each G has the ISP, let us verify that G has the ISP. Let I, J C
* 1(G) be closed ideals with I N L'(G) C J N LY(G). For each A, using Claim 2, we
deduce that

(1) N LYGy) = ma(I N LYG)) C ma(J N LYG)) = ma(J) N LY(GY).

Using that G5 has the ISP, we get (1) C 7 (J), and thus I C J+1. Applying Claim 1
at the last step, we obtain

ICJ+D)=J+(Ix=1,
A A

as desired.

(2) Assuming that each G has the IIP, let us verify that G has the IIP. Let I C

*4(G) be a non-zero, closed ideal. By Claim 1, we have (), I, = {0}, and we find A

such that I ¢ I. Then 7, (I) C C,4(G,) is a non-zero, closed ideal. Using that G has
the IIP at the first step, and using Claim 2 at the second step, we get

{0} # ma(1) N LY(Gy) = m(I N LY(G)),
which shows that I N L!(G) is non-zero, as desired. O

Remark 3.10. Let G be a locally compact group, and let (K)x be a downward directed
family of compact, normal subgroups with (], Ky = {1}. By [10, Lemma 9], the group
G is x-regular if and only if all G/K) are x-regular. Similarly, by [30, Corollary 2.3], the
group G is C*-unique if and only if G/K) is C*-unique for large enough .

Theorem 3.9 recovers and generalizes these results (and even strengthens the result
about C*-uniqueness). Indeed, by [39, Proposition 1.13], if N is a closed, normal subgroup
in G, then G is amenable if and only if N and G/N are amenable. Since compact groups
are amenable, it follows that G is amenable if and only if G/K) is amenable for some
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A (equivalently, for every A). Therefore, [10, Lemma 9] follows from Theorem 3.9 using
that by Proposition C a locally compact group is #-regular if and only if it is amenable
and satisfies the ISP. Similarly, we recover [30, Corollary 2.3], and in fact we obtain that
G is C*-unique if and only if all G/K) are C*-unique.

Given a locally compact group G, let Gy denote the connected component of the
identity, which is always a closed, normal subgroup. One says that G is connected if
G = G, that G is almost connected if G/G is compact, and that G is totally disconnected
if Go = {1}. The quotient group G/Gy is totally disconnected, and it follows from van
Dantzig’s theorem (see, for example [45, Theorem 1.6.7]) that there exists an open,
compact subgroup U C G/Gp. Then the pre-image of U in G is an open subgroup
V C G such that V/V, (= V/Gyp) is compact. This shows that every locally compact
group contains an almost connected, open subgroup.

By the Gleason-Yamabe theorem ([35, Theorem 4.6]), every almost connected, locally
compact group is an inverse limit of (finite-dimensional, real) Lie groups. (See also [45,
Theorem 1.6.1].) As a consequence of Theorem 3.9, we see that the ISP and the IIP for
an almost connected, locally compact group is determined by its Lie group quotients.
This generalizes a similar statement for C*-uniqueness from [30, Proposition 2.2(b)]. One
also obtains that an almost connected, locally compact group is *-regular if and only if
all of its Lie group quotients are x-regular.

Corollary 3.11. Let G be an almost connected, locally compact group, and set
L:= {K C G : K is a compact, normal subgroup such that G/K is a Lie group}.
Then G has the ISP (the IIP) if and only if G/K has the ISP (the IIP) for every K € L.

Proof. This follows from Theorem 3.9 using that the family £ is downward directed
(possibly with a minimal element {1} if G is already a Lie group). O

4. Ideal separation in tensor products of C*-algebras

Given C*-algebras A and B, we observe that the inclusion of the algebraic tensor
product A ® B in the minimal tensor product A ® B always has the ideal intersection
property (IIP); see Theorem 4.8. For the ideal separation property (ISP) this is no longer
true: The inclusion A ® B C A ® B has the ISP if and only if the pair of C*-algebras A
and B has Tomiyama’s property (F); see Theorem 4.5. Analogous results holds for the
inclusion of the projective tensor product AQB in A ® B.

Using this, we show that for two locally compact groups G and H, the Cartesian
product G x H has the IIP if and only if G and H have the IIP. Further, G x H
has the ISP if and only if G and H have the ISP and the pair of reduced group C*-
algebras C ;(G1) and C} (G2) has Tomiyama’s property (F); see Theorem 4.13. Since
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Tomiyama’s property (F) is automatic whenever one of the C*-algebras is exact, we
deduce that for two locally compact groups G and H, at least one of which is exact,
G x H has the ISP if and only if G and H do; see Corollary 4.14.

We begin by recalling some basic facts about algebraic, injective, projective, minimal
and maximal tensor products of C*-algebras. Let A and B be two C*-algebras. We use
A ® B to denote the algebraic tensor product as C-vector spaces, which is a complex
x-algebra with involution induced by (a ® b)* := a* ® b*.

Viewing A and B as Banach spaces, we let || - ||c and || - || denote the injective and
projective norms on A® B, with the respective completions denoted by A®B and ARB;
see [42, Sections 2 and 3] for details. We further let || - ||min and || - ||max denote the
minimal and maximal C*-norms, with completions denoted by A ®,.x B and A ® B; see
[7, Section I1.9] for details.

While A® B and A @pmax B are C*-algebras, AQB is ‘only’ a Banach *-algebra. Even
worse, A®B is in general not even a Banach algebra, since the multiplication on A ® B
may not extend to this completion; see [9, Corollary 4]. We have

|| : ||€ < H : ||min < ” : ||max < || : ||7ra

and in general all norms can be different. We obtain contractive maps with dense ranges
as shown in the following commutative diagram:

AQ@max B—= A® B

| l

ARBC— ~ ARB.

The map from the maximal to the minimal tensor product is a quotient map, and it
is an isomorphism whenever A or B are nuclear (and also sometimes when neither A
nor B are nuclear [40]). Haagerup showed in [20, Proposition 2.2] that the canonical map
A®B — A®B is injective. It follows that the map A®B — A ® B is injective as well
since the first map in a composition of maps making up an injection must be injective.
We will therefore usually identify A ©® B and AQB with subalgebras of A ® B:

A®BC ARBC A® B.

Given #-homomorphisms 71: A7 — A and 7y: By — B, the naturally induced *-
homomorphism A; ® By —+ A ® B extends to the respective completions, when both
tensor products are equipped with the minimal (maximal, projective) norm. If 7 and
o are injective, then so are the maps Ay ©® By > A® B and A1 ® By - A® B, but
Al ®max B1 = A ®max B may not be injective. If m; and w9 are surjective, then so are
AiOBy - A®B,aswellas A1 ® By > A® B and A1 ®max B1 — A Qmax B.

If J is a closed ideal in B, then the kernel of the map A® B — A ® (B/J) is equal
to A ® J. Thus, the sequence
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0A0J—>AOB—-A®(B/J)—=0
is exact. The maximal tensor product is also exact in this sense: The sequence
0— A®max J = A ®max B— A®max (B/J) =0

is exact. This is no longer true for the minimal tensor product, and one says that A is
exact if taking minimal tensor products with A preserves short exact sequences.

The projective tensor product of C*-algebras has the remarkable property of pre-
serving exact sequences and isometric embeddings induced by sub-C*-algebras. First,
analogous to the minimal tensor product, if A; C A and By C B are sub-C*-algebras,
then the map A; ® By — A ® B is isometric for the projective tensor products and
induces a natural isometric embedding 4;®B; — ARXB; see [19, Theorem 1]. Second,
analogous to the maximal tensor product, if J C B is a closed ideal, then the sequence

0— A®J — ARB — AR(B/J) — 0

is exact, that is, the map A®J — A®B is an isometric embedding and its image agrees
with the kernel of the quotient map A®B — A®(B/J); see [42, Proposition 2.5, see
also [19, Lemma 1].

Next, we study closed, prime ideals in projective tensor products of C*-algebras. By
an ideal we mean a ring-theoretic ideal, that is, an additive subgroup that is invariant
under taking products on the left or right with elements from the containing algebra. We
note that ideals in C*-algebras are not necessarily subspaces; see [7, Examples 11.5.2.1].

We begin by generalizing the well-known result that the minimal tensor product of
prime C*-algebras is prime to the setting of projective tensor products.

Lemma 4.1. Let A and B be prime C*-algebras. Then A®B is prime.

Proof. The proof is based on ideas in the proof of [8, Lemma 2.13]. To reach a contradic-
tion, let I}, Iy C A®B be nonzero ideals such that I; I, = {0}. Let I; and Iy denote the
closures in A®B. By [19, Corollary 2], there exist nonzero elementary tensors a; ®b; € In
and ag ® by € Ir. Since A is prime and a;, as # 0, we obtain « € A such that a;zas # 0.
Similarly, we get y € B such that byyby # 0. Then

0 # (a1za2) @ (biybs) = (a1 @ bi)(z @ y) (a2 @ b2) € I - I
But [, I, = {0} implies I; - Iy = {0}, a contradiction. O

The next result establishes a natural bijection between the set of closed, prime ideals
in A®B, and the Cartesian product of the spaces of closed, prime ideals in A and
in B. The result is probably well-known to experts, but we could not locate it in the
literature. The analogous statement identifying closed, maximal ideals (and maximal
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modular ideals) in A®B with Cartesian products of respective ideals in A and B is
[19, Theorem 9]. An analogous statement for closed, prime ideals in the operator space
projective tensor product is [22, Theorem 6].

Proposition 4.2. Let A and B be C*-algebras, and let I C ARB be a closed, prime ideal.
Set

J::{aeA:a@BgI}, and K::{beB:A@ng}.
Then J C A and K C B are closed, prime ideals, and we have
I=(J®B)+ (ARK) C A®B.

Conversely, if J C A and K C B are closed, prime ideals, then (JOB) + (ARK) is a
closed, prime ideal in ARB.

Proof. The proof is based on ideas in the proof of [8, Lemma 2.13]. First, it is straight-
forward to check that J is a closed, additive subgroup. To show that J is a left ideal, let
a € Jand a; € A. Given b € B, we need to verify (a1a) ® b € I. Since every element in
a C*-algebra can be written as a product of two elements ([7, Proposition 11.3.2.1]), we
find b1, by € B such that b = b1by. Then

(ala) (24 b= (ala) X (blbg) = (a1 X bl)(a (%9 bg) el

Similarly, one shows that J is a right ideal. To show that .J is a prime ideal, let J;,J; C A
be ideals such that J;Jo C J. Let J; and Jo denote the closures in A. Since J is closed,
we have J;Jo C J. Then J;®B and J>®B are ideals in AR B such that

(i®B) (J2®B) C (J12)®B C J®B C I.

Since I is prime, we get Ji®B C I or Jb,eB C I, which entails J; € J; C J or
Jy C Jo C J. Analogously, it follows that K is a closed, prime ideal in B.

It is clear that I contains (J&B)+(A®K). To show the other inclusion, we consider the
natural map 7: A®B — (A/J)®(B/K). Since the projective tensor product is exact (see
[42, Proposition 2.5]), the kernel of 7 is (J®B) + (AR K). We will show that 7(I) = {0}.

Since 7 is a quotient map, 7(I) is a closed ideal in (A/.J)®(B/K). To reach a contra-
diction, assume that m(I) # {0}. Then m(I) contains a nonzero, elementary tensor, say
x@yewn(I)forx € A/J and y € B/K; see [19, Corollary 2]. Choosing lifts a € A and
b € B, and using that the kernel of 7 is contained in I, we deduce that a ® b € I. Let
J1 € A and K; C B denote the closed ideals generated by a and b, respectively. Then

(J1(§>B) (A®K1) C I®K, CI.
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Using that I is prime, it follows that J;®B C I or AQK, C I, and therefore a € J or
b € K, which implies that 7(a ® b) = 0, a contradiction. By the above identification of
the kernel of 7 with (J®B) + (A®K) we therefore have

I Cker(r) = (JOB) + (ABK).
Next, assume that J C A and K C B are closed, prime ideals. As above, we consider
the map 7: A®B — (A/J)®(B/K), whose kernel is (J&B) + (A®K). By Lemma 4.1,
the algebra (A/J)®(B/K) is prime, and therefore the kernel of 7 is a closed, prime

ideal. O

An ideal [ in a ring R is said to be semiprime if for every ideal J in R one has J C I
whenever J2 C I. It is known that an ideal is semiprime if and only if it is the intersection
of some family of prime ideals; see [27, Section 10]. In [16, Corollary 5.5] it is shown that
semiprime (not necessarily closed) ideals in C*-algebras are self-adjoint subspaces. With
view to the next result, it is therefore natural to ask if semiprime (not necessarily closed)
ideals in projective tensor products of C'*-algebras are self-adjoint subspaces.

Corollary 4.3. Let A and B be C*-algebras. Then every closed, semiprime ideal in AQB
is a self-adjoint subspace.

Proof. It suffices to show the result for closed, prime ideals, since being a self-adjoint
subspace passes to intersections. So let I C A®B be a closed, prime ideal. By
Proposition 4.2, there are closed, prime ideals J C A and K C B such that

I = (J®B) + (ABK).

Since closed ideals in C*-algebras are self-adjoint subspaces, it follows that I has the
claimed properties. O

The next result is mostly contained in [8, Lemma 2.13].

Proposition 4.4. Let A and B be C*-algebras, and let I C A® B be a closed, prime ideal.
Set

Ji={a€A:a®@BCI}, and K:={beB:A®bCI}.
Then J C A and K C B are closed, prime ideals, and we have
(JOB)+(A®K)CICI;x:=ker(A®B— (A/J)® (B/K)).
Moreover,

(JOB+A®K)N(AGB)=INA®GB=1;kNAGB=JOB+A0OK
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and
(J®B+A® K)N (A®B) =INA®B = I,k NA®B = J®B + ARK.
If I =1NA®B (in particular, if [ = TN A® B), then
JO@B+AQ K =1.

Proof. As in the proof of Proposition 4.2, we see that J and K are closed, prime ideals,
and that (J® B)+ (A® K) C I C I;k. (This is also contained in [8, Lemma 2.13].)

Using that the algebraic tensor product is exact, we see that the kernel of the map
Ao®B— (A/J)® (B/K)is (J ©® B) + (A ©® K), which implies that

I;kN(A®B)=(J®B)+ (A0 K).

The inclusions
(JOB)+(AOK)C (J®B)+(A®K))N(A®@B)CIN(A®@B)CI;xkN(AGB)
are clear, and therefore are all equalities. The equalities for the intersection with A®B
follow analogously, using that the projective tensor product is exact.

Lastly, let us assume that I = I N A®B. Using at the last step that the sum of closed
ideals in a C*-algebra is closed, we get

I=INARB=J3B+ARK =J@B+ARK=J®B+A®K,
as desired. O

A pair of C*-algebras A and B is said to satisfy Tomiyama’s property (F') if closed
ideals in A ® B are separated by states of the form ¢ ® 1, where ¢ is a pure state on
A and v is a pure state on B, [47]. We say that an ideal in the minimal tensor product
A ® B of two C*-algebras is a product ideal if it is of the form I ® J for an ideal I C A
and an ideal J C B.

The next result characterizes Tomiyama’s property (F) in terms of the ISP for the
inclusion of the algebraic and the projective tensor product in the minimal tensor prod-
uct of C*-algebras. For the algebraic tensor product this is essentially contained in [8,
Proposition 2.16], see also [28, Proposition 5.1], and our contribution is the characteri-
zation in terms of the projective tensor product. This is crucial for showing that if the
Cartesian product G x H of two locally compact groups has the ISP, then the pair of
C*-algebras C7 (G) and C}  (H) has Tomiyama’s property (F); see Theorem 4.13.

Theorem 4.5. Let A and B be C*-algebras. Then the following are equivalent:
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(1) The pair (A, B) satisfies Tomiyama’s property (F).

(2) Every closed ideal in A® B is the closure of the sum of all contained product ideals.

(3) The inclusion A® B C A® B has the ideal separation property, that is, closed ideals
I, I, C A® B satisfy I; C Iy whenever 1 N(A® B) C LN (A® B).

(4) We have I = 1N (A® B) for every closed ideal I C A® B.

(5) The inclusion A®B C A® B has the ideal separation property.

(6) We have I =IN (A®B) for every closed ideal ] C A® B.

(7) We have P = P N (A®B) for every closed, prime ideal P C A® B.

Proof. The equivalence of (1) and (2) is shown in [8, Proposition 2.16]. The equivalence
of (3) and (4) follows from Proposition 2.6 using that A® B is dense in A® B. Similarly
we see that (5) and (6) are equivalent. It is also easy to see that(2) implies (4), that (4)
implies (6), and that (6) implies (7).

Let us show that (7) implies (1). Given a closed, prime ideal P C A ® B, using the
assumption P = P N (A®B), it follows from Proposition 4.4 that P = (J® B) + (AQ K)
for closed, prime ideals I C A and K C B. This verifies condition (iii) in [8, Proposi-
tion 2.16], which then shows that the pair (A,B) satisfies Tomiyama’s property (F). O

Remark 4.6. Consider the following statements for a closed ideal I C A ® B:

(1) I is the closure of the sum of all product ideals contained in I.
(2) I=INn(A®B).
(3) I=1N(A®B).

If a closed ideal satisfies (1), then it satisfies (2), which in turn implies that it satisfies (3).
Further, Theorem 4.5 shows that if all closed ideals in A ® B satisfy (3), then the pair
(A,B) satisfies Tomiyama’s property (F) and consequently all closed ideals in A ® B
satisfy (1) and (2).

If the pair (A,B) does not satisfy Tomiyama’s property (F), then there necessarily
exists a closed ideal in A ® B that does not satisfy (3) (hence neither (1), nor (2)). In
this case, it remains unclear if there also exist closed ideals in A ® B that satisfy (3) but
not (2), or that satisfy (2) but not (1).

Note that statement (2) in Theorem 4.8 below shows that, unlike the ISP, the IIP
always holds for the inclusion of the algebraic into the minimal tensor product of C*-
algebras.

Paragraph 4.7. Let A and B be C*-algebras. Given v € B*, that is, a bounded, linear
functional ¢: B — C, we consider the left slice map LQ(/JO): A® B — A given by

Ly <; ar ® bk> = ;1/J(bk)ak.
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If ¢ is a positive, linear functional, then it is well-known that Libo) extends to the

completion A ® B and induces a positive, linear map Ly: A ® B — A; see [7, Para-
graph I1.9.7.1]. Using that every bounded, linear functional on a C*-algebra is a linear
combination of positive, linear functionals ([7, Theorem I1.6.3.4]), we see that Lff) ex-

tends to a bounded, linear map Ly: A ® B — A for every ¢ € B*.

Theorem 4.8. Let A and B be C*-algebras containing subalgebras Ay C A and By C B.
The following statements hold:

(1) The inclusion Ay ® By C A® B has the ISP if and only if Ao C A and By C B have
the ISP and the pair (A,B) has Tomiyama’s property (F).

(2) The inclusion Ay ® By C A® B has the IIP if and only if Ag C A and By C B have
the IIP.

Proof. (1) To show the forward implication, assume that A9 © By C A® B has the ISP.
Then A® B C A® B has the ISP (see Proposition 2.4), and thus (A,B) has Tomiyama’s
property (F) by Theorem 4.5. To verify that Ag C A has the ISP, let I, J C A be distinct
closed ideals. Then I ® B and J ® B are distinct closed ideals in A ® B. By assumption,
their intersections with Ay ® By are also distinct. Without loss of generality, we assume
that there is t € A ® B with

te I®B)N(Ay® By), and t¢J® B.

Since (A,B) has Tomiyama’s property (F), the slice map problem has a positive so-
lution with respect to closed ideals; see [48, Remark 24]. Thus, if an element x € A® B
satisfies Ly (x) € J for every ¢ € B*, then z € J ® B. Since our element ¢ does not
belong to J ® B, we can pick ¢ € B* such that

Ly(t) ¢ J.

We have Ly (I ® B) C I, and therefore Ly(t) € I. Finally, since t € Ay ® By, say
t =23, ar®by for a finite sum of elementary tensors with a, € Ay and by € By, we have

Ly(t) =Y _v(br)ax € A,.
k

Thus, the element L, (t) belongs to I N Ag but not to J, which shows that A separates
ideals in A. Analogously one shows that By C B has the ISP.

To show the backwards implication, assume that A C A and By C B have the
ISP and that the pair (A,B) has Tomiyama’s property (F). Given a subset S in a C*-
algebra, let us use (S) to denote the closed ideal generated by S. To show the ISP for
Ay ©® By € A ® B, we verify condition (3) in Proposition 2.3, that is, we prove that
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I = (IN(Ay® By)) for every closed ideal I C A ® B. We first consider the case that
I = J® K for closed ideals J C A and K C B. Note that

(JOK)N(Ag® Bg) 2 (J N Ap) @ (KN By).

Since Ag C A has the ISP, we have J = (J N Ag) by Proposition 2.3. Similarly, we get
K = (K N By), and thus

(JRK)N(Ag®By)) 2{(JNA) ®(KNBy)2(JOK)=J®K.

Now, let I C A ® B be an arbitrary closed ideal. Since (A4,B) has Tomiyama’s prop-
erty (F), we obtain a family of product ideals Iy such that I is the closure of ), I\. For
each A\, we have

<IQ(A0®BQ)> D) <I)\Q(A0®Bo)> =1,

and thus

(IN(A@By))y 2 (Y L)y =1,

A

as desired.

(2) To show the forward implication, assume that A9 ® By € A ® B has the IIP.
To verify that Ag C A has the IIP, let I C A be a non-zero, closed ideal. Then I ® B
is a non-zero, closed ideal in A ® B. By assumption, we obtain a non-zero element
t € (I®B)N(Ag® Bp). Since slice maps detect if an element in A ® B is zero (see S3
on p.541 in [48]), we obtain ¢ € B* such that

Ly(t) # 0.

Asin (1), we get Ly (t) € I N Ap. Analogously one shows that By C B has the IIP.

To show the backwards implication, assume that Ag C A and By C B have the IIP.
Let I C A® B be a non-zero, closed ideal. Then I contains a nonzero elementary tensor
a ® b; see, for example, [8, Lemma 2.12(ii)]. Let J be the closed ideal of A generated
by a, and analogously for K. Then J ® K C I. Since Ag C A has the IIP, we obtain a
nonzero element x € J N Ag. Similarly, we obtain a nonzero element y € K N By. Then

0£z®ye(JNA) ©(KNBy) C(JOK)N(Ay® By) CIN(Ay® Byp)
as desired. O

The following corollary is immediate by Theorem 4.8.
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Corollary 4.9. Let A be a C*-algebra, and suppose Ay C A is a subalgebra with the ISP
(the IIP). Then M, (Ao) C M, (A) has the ISP (the IIP).

The next result recovers [1, Corollary 2.3] and also proves the converse direction.

Corollary 4.10. Let T" and A be discrete groups. Then I' x A is algebraically C*-unique
if and only if I and A are.

Proof. Similarly as in Proposition C, we see that a discrete group H is algebraically
C*-unique if and only if H is amenable and the inclusion C[H] C C}, (H) has the IIP.
The natural isomorphism between C ;(I' x A) and C/,(T) @ C* 4(A) identifies C[T" x A]
with C[T'] ® C[A], as shown in the following commutative diagram:

CI x Alc——— Ci (' x A)

:l l:

CIIT o ClA] = C/u(l) @ Crg(A).

Now the result follows from Theorem 4.8 together with the result that I' x A is amenable
if and only if I and A are amenable ([39, Proposition 1.13]). O

Example 4.11. Let ' = Z[i] x Z? be one of the torsion-free, algebraically C*-unique
groups constructed by Scarparo in [43], and let A be any locally finite group. Then A x A
is algebraically C*-unique.

Theorem 4.12. Let 14: Ay — A and tp: By — B be bounded homomorphisms from
Banach algebras Ay and By to C*-algebras A and B, and let v: Ao®By — A® B be the
naturally induced map. The following statements hold:

(1) The inclusion 1(Ao®By) € A ® B has the ISP if and only if ta(Ao) € A and
t5(Bo) C B have the ISP and the pair (A,B) has Tomiyama’s property (F).

(2) The inclusion 1(Ag®By) C A ® B has the IIP if and only if 1a(Ay) € A and
t5(Bo) C B have the IIP.

Proof. Given ¢ € B*, we consider the left slice map L, : A® B — A as in Paragraph 4.7.
It follows easily from the universal property of the projective tensor product that there
exists a bounded, linear map Ew : Ag®By — Ag determined on finite sums of elementary
tensors by

E¢ (Z ag ®bk> = Z?/}(Lg(bk))ak.
k

k



28 A. Austad, H. Thiel / Journal of Functional Analysis 289 (2025) 110904

Using that Lyocand t40 Zd, are bounded and linear and agree on elementary tensors,
we see that both maps agree. Thus, the following diagram commutes:

A()@)BO e A® B

Ao A.

LA

We will use that if I C A is a closed ideal, then L, (I @ B) C I.

(1) To show the forward implication, assume that t(4o®By) € A ® B has the ISP.
Since t(Ag®By) is contained in A®B, it follows that AOB C A ® B has the ISP (see
Proposition 2.4), and thus (A4,B) has Tomiyama’s property (F) by Theorem 4.5. To verify
that t4(Ag) C A has the ISP, let I, J C A be distinct closed ideals. Then I® B and J® B
are distinct closed ideals in A ® B. By assumption, their intersections with +(Ao®By)
are also distinct. Without loss of generality, we assume that there is t € Ag®By with

(t)ye I®B, and (t)¢ J® B.
As in the proof of Theorem 4.8, we pick v € B* such that
Lo(u(t)) ¢ J.
Set x := Ly (t) € Ag. Then
ta(@) = a(Ly(®) = L) € Ly © B) 1, and 1a(a) = Ly(u(t)) ¢ J.

Thus, t4(x) separates I and J. Analogously, one shows that t5(By) C B has the ISP.

To show the backwards implication, assume that t4(Ag) C A and tp(By) C B have
the ISP and that the pair (A,B) has Tomiyama’s property (F). By Theorem 4.8, it follows
that

ta(Ao) ©tp(By) CA® B
has the ISP. Since t4(Ag) ® tp(By) is contained in ((Ag®DBy), it follows from

Proposition 2.4 that (A¢®By) € A ® B has the ISP.

(2) To show the forward implication, assume that +(4o®By) € A ® B has the IIP.
To show that t4(A4g) € A has the IIP, let I C A be a non-zero, closed ideal. Then
I® B C A® B is a non-zero, closed ideal, and by assumption we obtain t € Ag® By such
that 0 # ¢(t) € I ® B. As in the proof of Theorem 4.8, we can pick ) € B* such that

Lo(u(t)) # 0.
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Set x = Z,/,(t) € Ap. As in (1), we get ta(x) € I. Further, we have

va(z) = ea(Ly(t) = Ly(u(t)) #0,

and thus T Ne4(Ap) # {0}. Analogously, one shows that t5(By) C B has the IIP.
The backwards implication follows from Theorem 4.8, similarly as in (1). O

We are now ready to prove the main result of this section, characterizing when the
Cartesian product of two locally compact groups has the ISP or the ITP. We discuss
in Remark 4.15 how our result generalizes the characterization of *-regularity and C*-
uniqueness of product groups from [21, Corollary 3.5].

Theorem 4.13. Let G and H be locally compact groups. The following statements hold:

(1) The product G x H has the ISP if and only if G and H have the ISP and the pair
of C*-algebras C}.4(G) and C} 4(H) has Tomiyama’s property (F).
(2) The product G x H has the IIP if and only if G and H have the IIP.

Proof. Using the natural isomorphisms of L'(G x H) with L'(G)®L'(H) (see, for ex-
ample, [37, Corollary 1.10.14]), and of C (G x H) with C¥ (G) ® C} ,(H), we obtain
the following commutative diagram:

LMG % H) > Ciy(G x H)

gl lg

~

LYG)BLY(H) — Ciq(G) ® Cloq(H).

It follows that the natural map L*(G)®L(H) — C%4(G) ® Ciy(H) is an inclusion,
and we use it to identify L'(G)®L'(H) with a dense subalgebra of C* ,(G)  a(H).

Using this, we see that G x H has the ISP (the IIP) if and only if the inclusion
LY G)®L'(H) C C%4(G) ® C% 4(H) has the ISP (the ITP). Now the result follows from
Theorem 4.12. O

Following Kirchberg and Wassermann [26], a locally compact group G is said to be
ezxact if taking reduced crossed products by G preserves short exact sequences of C*-
algebras with continuous G-actions. By considering trivial actions on C'*-algebras in a
short exact sequence, we see that C ;(G) is an exact C*-algebra whenever G is an exact,
locally compact group. Conversely, a discrete group G is exact if (and only if) C} (G)
is exact ([26, Theorem 5.2]), and it remains a major open problem if this also holds for
nondiscrete groups; see [2, Problem 9.3] and [34].

Corollary 4.14. Let G and H be locally compact groups and assume that at least one of
them is exact. Then G x H has the ISP if and only if G and H have the ISP.
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Proof. A pair of C*-algebras automatically satisfies Tomiyama’s property (F) if one of
the C*-algebras is exact. To see this, note that [8, Proposition 2.17(2)] implies that [8,
Proposition 2.16(ii)] is satisfied, and the statement is now a consequence of Theorem 4.5.
Thus, it follows from the assumption that the pair of C*-algebras C ;(G) and C} ;(H)
satisfies Tomiyama’s property (F). Now the result follows from Theorem 4.13. O

Remark 4.15. Let G and H be locally compact groups. By [21, Corollary 3.5], the product
G x H is #regular (C*-unique) if and only G and H are x-regular (C*-unique).

Theorem 4.13 recovers and generalizes these results. Indeed, it follows from [39,
Proposition 1.13] that G x H is amenable if and only if G and H are amenable.
Therefore, [21, Corollary 3.5] follows from Theorem 4.13 (and Corollary 4.14) using that
by Proposition C a locally compact group is #-regular (C*-unique) if and only if it is
amenable and satisfies the ISP (the IIP).

With view towards Theorem 4.13, our Question E if every discrete group has the ISP
is closely related to Question 4.16 below. Indeed, if I'; and I's are discrete groups such
that the pair of C*-algebras C} 4(I'1) and C},4(I'2) does not have Tomiyama’s property
(F), then I'y x 'y does not have the ISP. Note that such groups are necessarily non-exact.
They also cannot both be C*-simple.

Question 4.16. Are there discrete groups I'y and I's such that the pair of C*-algebras
Cr4(T1) and CF 4(T'y) does not have Tomiyama’s property (F)?

r (&
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