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A B S T R A C T

Public transport electrification stands out as a notable response to the environmental concerns in
the transport sector. This study proposes a joint optimization framework for the coupled battery
electric bus (BEB) transit system and active power distribution network (APDN) integrated with
the flexibility of demand response (DR). The primary objective is to effectively support BEB
mobility services by addressing their spatial and temporal charging demands. Special emphasis
is placed on leveraging APDN capabilities to facilitate BEB operations with minimal costs.
The problem is formulated as a bi-level stochastic programming by incorporating the non-
profit agent at the upper level and the DR aggregators at the lower level. The upper level
aims to minimize the joint costs of the APDN and BEB transit system, while the lower level
seeks to maximize its profit through interaction with the upper level. The problem is then
reformulated into an equivalent single-level model using Karush–Kuhn–Tucker conditions. The
findings underscore the effective coupling framework in tackling the charging scheduling in
the BEB sub-transit system in Skövde, Sweden, alongside the proper DR activation to meet
the technical constraints of the coupled BEB transit and APDN. The proposed optimization
framework can compensate for the additional burden of charging demands from BEBs by
curtailing 6.4% of energy during peak hours.

. Introduction

The electric transportation system has garnered significant attention in recent years due to the needs of reduction in global
reenhouse gas emissions. Expanding public transport electrification stands out as a notable response to the environmental
oncerns in the transport sector (He et al., 2023; Zhou et al., 2024b). Battery electric buses (BEBs) have attracted considerable
ttention due to their benefits such as low emissions and enhanced energy efficiency (Wang et al., 2017; Zhang et al., 2023).
owever, despite these advantages, the integration of BEBs into existing urban transport systems poses significant challenges. For
xample, the higher upfront cost of BEBs compared to fuel-based buses hinders their widespread adoption and efficient operation
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Nomenclature

A. Sets and indices:
𝑡,  Index and set of timeslots.
𝑤, Index and set of scenarios.
𝑘, Index and set of DR aggregators.
𝑏, Index and set of nodes in active power distribution network.
𝑛, Index and set of nodes of the BEB transit system.
N Set of electrified nodes in APDN.
G Set of APDN nodes which are managed by aggregators.
𝑖, 𝑗 , Indices and set of service trips in transit system.
𝑜, Index and set of the first trips departing the depot.
𝑑 , Index and set of the last trips arriving at the depot.
 Set of all trips excluding the last trips to the depot.
  Set of all trips excluding the first trips leaving the depot.
B. Parameters:
𝐷P

𝑏,𝑡, 𝐷
Q
𝑏,𝑡 Active and reactive loads of APDN at node 𝑏 at 𝑡.

𝜆M𝑡,𝑤 Electricity market price at scenario 𝑤.
𝜆𝙱𝙴𝙱 Procurement price of BEBs.
𝜆NS
𝑏 Price of energy not supplied at APDN node 𝑏.

𝑀1, 𝑀2 Big numbers.
𝛷𝑏 Coefficient of power curtailment at APDN node 𝑏.
𝛬𝑏 Coefficient of energy curtailment at APDN node 𝑏.
cDR
𝑏,𝑡 Incentive price of load curtailment at node 𝑏.
r𝑏, x𝑏 Resistance and reactance of branch 𝑏, 𝑏 + 1 in APDN.
V, V Upper and lower bound of output voltage.
P
PV
𝑏,𝑤 Maximum generation limit of PV panel at node 𝑏, scenario 𝑤 and time 𝑡.

𝜌𝑤 Probability of scenario 𝑤.
𝑃 𝐹 Penalty factor of voltage deviation from the minimum limit.
𝑢𝑖, 𝑢𝑖 Start and end time of service trip 𝑖.
𝜏S2D
𝑖𝑗 Deadhead trip time from service trip 𝑖 to depots (𝑗 ∈ ).
𝜏O2S
𝑖 Deadhead trip time from the origin node (depot) to trip 𝑖.
𝜏DH
𝑖 Deadhead trip time upon finishing trip 𝑖.
𝜏𝑖 Travel time of service trip 𝑖.
𝛶 , 𝛶 Minimum and maximum battery energy percentage.
𝐴 Capacity of a BEB.
𝑐O2S
𝑜𝑖 Energy consumption from the depot to initiate the first service trip.
𝑐SL𝑖 Energy consumption during service trip 𝑖.
𝑐S2D
𝑖𝑗 Energy consumption upon finishing the last trip and arriving at the depot (𝑗 ∈ ).
𝑐ST𝑖𝑗 Energy consumption after trip 𝑖 and before trip 𝑗.
I𝑏𝑔 A binary input to define whether consumer 𝑏 is registered through aggregator 𝑔.
𝑝EnMax
𝑛 Capacity of the charging station 𝑛.
𝑝DMax Capacity of the charging station at the depot.
C. Variables:
𝐶DR
𝑔 ,𝑤 DR cost of aggregator 𝑔.

𝑃𝑏,𝑤,𝑡, 𝑄𝑏,𝑤,𝑡 Active and reactive power in branch 𝑏, 𝑏 + 1 at 𝑡 and 𝑤.
𝑃 PV
𝑏,𝑤,𝑡 Power generation through PV panel 𝑏 at 𝑡 and 𝑤.

𝑃 𝙰𝙿𝙳𝙽
𝑡,𝑤 Power purchased from the market for the APDN at time 𝑡 and scenario 𝑤 without consideration of

charging demands.
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𝑝𝑏,𝑡,𝑤 Overall power purchased from the market for the APDN at time 𝑡, scenario 𝑤, and node 𝑏 including
charging demands.

𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 Power curtailed by the aggregator 𝑔 in APDN node 𝑏, at timeslot 𝑡 and scenario 𝑤.

𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 Power shifted by aggregator 𝑔 in APDN node 𝑏, at timeslot 𝑡 and scenario 𝑤.

𝑄CAP
𝑏,𝑡 Reactive power of capacitor banks at APDN node 𝑏, and time 𝑡.

𝑉𝑏,𝑤,𝑡 Magnitude of voltage at APDN node 𝑏 time 𝑡 and scenario 𝑤.
𝛥𝑉𝑏,𝑤,𝑡 Deviation of voltage from the minimum bound of APDN node 𝑏 at 𝑡 and 𝑤.
𝜆AG𝑔 ,𝑡,𝑤 Offering price to DR aggregator 𝑔 at 𝑡 and 𝑤.
𝑃 PV
𝑏,𝑤,𝑡 PV generation at APDN node 𝑏, timeslot 𝑡 and scenario 𝑤.

𝑒Ter𝑖𝑛𝑗 En-route charging energy at terminal 𝑛 between trips 𝑖 and 𝑗.
𝑒Dep𝑖𝑗 Received energy at the depots by the bus after trip 𝑖 at depot 𝑗 ∈ .
𝑆 𝑂 𝐶𝑜𝑖 Energy of the bus when it leaves the depot before the first trip 𝑖.
𝑆 𝑂 𝐶𝑖𝑗 Energy level of the bus after trip 𝑖 and exactly before starting trip 𝑗.
̃𝑆 𝑂 𝐶 𝑖 Amount of remaining energy in the battery upon finishing trip 𝑖.

𝑝Ter𝑖𝑛𝑗 𝑡 Power received by the bus at the stations (en-route) at 𝑡, after trip 𝑖 and before trip 𝑗.
𝑝Dep𝑖𝑗 𝑡 Power received by the bus at the depot at 𝑡, after trip 𝑖 at depot 𝑗 ∈ .
𝐶EQ
𝑔 ,𝑡,𝑤 Auxiliary variable substituting with nonlinear bi-product.

𝑥𝑖𝑗 Binary variable defining the chain of trips.

D. Abbreviations:
APDN Active power distribution network.
BEB Battery electric bus.
DR Demand response.
KKT Karush–Kuhn–Tucker.
PDN Power distribution network.
PV Photovoltaic.

(Perumal et al., 2022; Dong et al., 2024). Furthermore, transport electrification intensifies the existing energy demands on
power distribution networks (PDNs), potentially resulting in challenges in energy systems particularly during peak charging
periods (Hartvigsson et al., 2022).

The existing literature extensively discusses studies on the charging scheduling of BEB and the application of Demand Response
(DR) flexibility within power systems to support transport electrification. However, a significant gap exists in investigating the
impact of BEB charging schedules on PDNs. Current efforts primarily focus on enhancing BEB transit systems or integrating flexibility
into standalone Active Power Distribution Networks (APDN), characterized by controllable resources such as vehicle-to-grid (V2G)
technology, energy storage systems, DR services, and distributed renewable energy sources. There is a notable scarcity of studies
addressing approaches to mitigate the adverse effects of charging demand from BEB transit systems on PDNs through the utilization
of flexible PDN resources. The current studies either limit the coupled operation of BEB transit systems to deploying BEBs solely
or grid restoration purposes or neglect the broader impacts of BEBs on PDNs altogether. To address this gap, we propose an

integrated framework involving BEB transit systems and APDN to analyze the implications of BEB charging demands on PDN
operations. Moreover, we advocate for the integration of DR services to alleviate the adverse effects of BEB charging demands on
APDN. Generally, two primary solutions exist for accommodating the additional charging demands of BEBs alongside existing APDN
equirements: enhancing electricity generation capacity through new generator installations and managing demand-side flexibility to
acilitate the integration of new charging demands within APDN constraints. Our emphasis in this study is on leveraging demand-side
anagement flexibility to mitigate technical constraints, rather than relying solely on new generation installations to address the

imultaneous electricity demands of existing infrastructure and newly introduced BEB charging requirements.
Motivated by these challenges, we propose a novel framework aimed at optimizing the charging operations of integrated BEB

ransit systems and APDN. The primary objective is to effectively support BEB mobility services by addressing their spatial and
temporal charging demands. Special emphasis is placed on leveraging APDN capabilities to facilitate BEB operations with minimal
costs, while ensuring compliance with power system constraints imposed by charging demands. In our envisioned framework, a
non-profit third-party entity administers the integrated BEB-APDN system to optimize both BEB charging scheduling and APDN
lectricity procurement costs. The proposed approach employs a bi-level leader-follower Stackelberg game to model interactions
mong stakeholders, thereby minimizing the overall costs associated with the integrated BEB-APDN system. This research endeavors
o foster sustainable development of BEBs in diverse urban settings characterized by power system constraints, and aims to enhance
he efficiency of BEB operations through optimized charging scheduling and operational strategies.
3 
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The paper is structured as follows: Section 2 reviews the relevant work. Section 3 introduces the problem description and presents
he mathematical modeling. Section 4 outlines the solution methodology. Section 5 presents the results of a case study. Lastly,

Section 6 provides the concluding remarks.

2. Literature review

This section reviews the pertinent literature in three main areas:charging scheduling of BEBs, coupled optimization of transport
and power distribution networks, and application of DR in APDNs.

The scheduling of BEBs for charging is a critical process that ensures sufficient energy is available for pre-scheduled service trips.
onsequently, a significant body of research has concentrated on the challenges associated with charging scheduling, exploring
arious objectives. Charging scheduling of BEB transit systems and charging infrastructure planning were addressed in He et al.

(2023), neglecting the impact of charging scheduling or infrastructure planning on the PDN. The charging scheduling problem
concerning the battery degradation and constraints of charging facility capacities was proposed in Zhang and Yang (2024) using
a partial charging strategy. The partial charging strategy gives the possibility to recharge with any amount of energy up to full
apacity, deploying time-of-use prices. The uncertainty regarding energy consumption in charging accessibility through en-route
harging was explored in Zeng et al. (2024). The uncertainty was addressed through a robust optimization approach, with charging

energy performed under time-of-use electricity prices. Moreover, the possibility of deploying hybrid charging options including
plugged-in and battery swapping in the scheduling of BEBs, was suggested in Huang et al. (2023) subject to the uncertainty of
remaining capacity upon arrival at the station. Guschinsky et al. (2023) has concentrated on practical aspects of charging in a
ingle depot problem, encompassing the non-linear nature of charging profile, various types of chargers and batteries, cyclic wear
f batteries, various charging strategies such as partial charging strategy, interruption in the charging process, using switching to
void interruption, and minimizing total number of switching. In Li et al. (2024) and Zhong et al. (2024), the charging scheduling

was investigated while BEBs were charged in motion using wireless lanes. To achieve this, a bi-level framework was proposed,
incorporating the planning of charging lanes at the upper level and the charging scheduling problem at the lower level. In Wang
et al. (2023), the conflict of charging during the dwelling of passengers was presented alongside an emphasis on battery degradation
in the deployment of fast chargers for charging scheduling of BEBs. A charging scheduling problem was implemented in Bao et al.
(2023), operating across multiple bus lines and multiple depots and terminals, towards determining an optimal solution for the
location and time of charging given a pre-scheduled timetable. In Xie et al. (2023), three aspects were considered simultaneously:
scheduling of charging, buses, and drivers by deploying a collaborative scheme incorporating multiple charging modes. Moreover,
he ramifications of multiple depots and partial charging policy in charging scheduling were explored in Zhou et al. (2024a). The

partial charging policy offers flexibility to charging time due to a short dwell time for full replenishment, particularly during peak
hours when bus schedules are tightly packed. Cui et al. (2023) suggested a joint framework to address the optimization of the
vehicle and recharging scheduling under the limitation of a number of chargers to serve trips adhered to a pre-established bus
timetable. Despite a number of relevant studies about charging optimization of BEB, current methodologies predominantly adopt a
standalone optimization of charging scheduling and neglect the impacts of charging demand on PDNs and constraints from PDNson
the charging optimization of BEB. Several studies have concentrated on the detailed aspects of scheduling battery electric buses
(BEBs). For example, Zhou et al. (2024a) investigated the heterogeneity of BEBs in scheduling, while Avishan et al. (2023) addressed
the BEB scheduling and procurement problem, incorporating uncertainties related to energy consumption and travel time.

In recent years, researchers have shown interest in exploring various aspects of coupled transport systems and power distribution
etworks. However, the majority of studies have predominantly explored coupled systems for private electric vehicles. For
nstance, Qiao et al. (2022), Li et al. (2023) and Shao et al. (2023) delved into the behavior of selfish drivers leading to road
ongestion in their pursuit of charging stations. The coupling of PDNs and BEB transit systems has also been investigated in several

studies. Shaheen et al. (2021) and Ren et al. (2022) presented a framework to highlight the benefits of integrating the set of
photovoltaics (PVs) and battery electric storage in PDNs. The former investigated the impact of a set of PVs and batteries in the
reduction of total operation costs and emissions. The latter focused on the payback period of implementing PV and battery in the
BEB transit system. The impact of fast charging stations on PDNsdemands was explored in Lin et al. (2019), which disregarded
the charging scheduling of BEBs by concentrating on large-scale planning of charging stations. Additionally, El-Taweel et al.
(2020) investigated how energy consumption affects the adoption of BEBs. Then, the given approach considered the operational
equirements of BEB transit systems to integrate with a PDN in order to develop a PDN-BEB formulation for the optimal design
f BEB transit systems. Similarly, Mohamed et al. (2017) examined the impact of various charging strategies for BEBs, such as
vernight and fast charging, on PDNs. This research included the design of the necessary infrastructure for charging stations. Some
tudies have also suggested the utilization of BEBs in facing hazardous cases in PDNs. Wu et al. (2023) proposed the integration of
EBs to restore PDNs. Restoration in PDNs involves the process of restoring electrical power to customers following an outage or
isruption. Although the electrical part was addressed comprehensively, BEB scheduling was carried out to fulfill the objectives of
he PDN operator. Similarly, the deployment of idle BEBs to restore the PDN was studied by Li et al. (2021). Nevertheless, these

studies have not primarily addressed the impact of BEB transit systems on the technical constraints of PDNs, such as voltage drop
or branch overload.

Exploring the management of APDN in the presence of flexibility resources has been a focal point in the power systems. The
pplication of DR in coordination with neighboring APDN was investigated in Homaee et al. (2023) wherein the DR flexibility was

modeled when the APDN were situated in different areas of pricing in an electricity market. The coordination of electrified road
systems with APDN was proposed in Najafi et al. (2024) to investigate the traffic assignment problem and its impact on APDN. A time
4 
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Table 1
Overview of the literature review and the including items in their approach.

Reference Transportation mode Charging scheduling Coupled systems APDN flexibility RES Uncertainty

He et al. (2023), Guschinsky et al.
(2023), Li et al. (2024), Wang et al.
(2023), Bao et al. (2023), Zhou et al.
(2024a), Cui et al. (2023) and Zhang
and Yang (2024)

BEB ✓ ✗ ✗ ✗ ✗

Zeng et al. (2024) and Huang et al.
(2023)

BEB ✓ ✗ ✗ ✗ ✓

Qiao et al. (2022), Li et al. (2023) and
Shao et al. (2023)

Private car ✓ ✓ ✗ ✗ ✗

Shaheen et al. (2021) and Ren et al.
(2022)

Private car ✓ ✓ ✗ ✓ ✓

Najafi et al. (2024) Private car ✗ ✓ ✓ ✓ ✓

Lin et al. (2019) BEB ✗ ✓ ✗ ✗ ✗

El-Taweel et al. (2020) and Mohamed
et al. (2017)

BEB ✓ ✓ ✗ ✗ ✗

Li et al. (2021) BEB ✓ ✓ ✗ ✗ ✗

Wu et al. (2023) BEB ✓ ✓ ✗ ✓ ✓

Proposed method BEB ✓ ✓ ✓ ✓ ✓

of use DR was presented in Bahlawan et al. (2022) as a means to optimally manage a power distribution network, addressing other
energy carriers and electric vehicle charging. The effect of main flexibility resources encompassing DR, V2G, and battery electric
storage was studied in Sivasankari and Narayanan (2022). The deployment of DR, alongside other flexibility resources such as V2G
and battery storage, was found to enhance APDN revenue and provide a broader and more reliable supply to consumers. In Wen et al.
(2024), a dynamic price-based DR model was explored, utilizing clustering and game theory concurrently to enable consumers to
reduce peak consumption while maximizing the utility of electricity service providers. The type of consumer was determined through
lustering, and the interaction between the consumer and the DR provider was modeled via game theory principles. However, there

is no research addressing the coupled BEB-APDN optimization leveraging DR, to our best knowledge.
For better understanding of existing research, Table 1 provides a comparative analysis of the topics addressed in each cited

tudy. It is important to clarify that the terms ‘‘coupled system’’ and ‘‘APDN flexibility’’ refer to whether the studies incorporate the
BEB-APDN framework and DR flexibility, respectively. The column labeled ‘uncertainty’ indicates whether the references consider
ny form of uncertainty, utilizing stochastic methods to address these complexities in the proposed solutions. Additionally, the

application of renewable energy sources (RES) is specified in a separate column.

3. Modeling framework

3.1. Problem description

We take into account a coupled system comprising the BEB transit system and APDN scheduled within a time horizon  . The
oint problem aims at minimizing total expected cost (E[𝐶]) for operating BEB constrained by the APDN, which encompasses the
ost of bus fleets to satisfy timetables of BEB transit system 𝐶𝙱𝙴𝙱 and total cost of electricity procurement from APDN (𝐶𝙰𝙿𝙳𝙽

𝑤 ) over
 set  of scenarios, as in

E[𝐶] =
∑

𝑤∈
𝜌𝑤 ⋅

(

𝐶𝙱𝙴𝙱
𝑤 + 𝐶𝙰𝙿𝙳𝙽

𝑤
)

. (1)

The total cost of electricity procurement from APDN consist of electricity for charging BEB and the electricity demand of other
sectors such as residential usage demand. The APDN interacts with DR aggregators (𝑔 ∈ ) that seek to maximize their own profit.
The concept of DR flexibility is predicated on the premise that, in the absence of DR, the cumulative charging demand from BEBs,
combined with the demand from other sectors, may exceed the technical constraints of the APDN, especially in peak hours. DR can
alleviate the electricity demand burden from these other sectors, thereby enabling the APDN to adequately support the charging
requirements of BEBs. This strategic modulation of demand ensures that the APDN operational limits are not breached, enhancing
the overall efficiency and reliability of BEB system. The DR aggregators are active entities at the lower level that interact with
he coupled BEB-APDN system at the upper level. It is assumed that there is a non-profit governmental entity that oversees the
perations of both BEB and APDN systems. The non-profit entity can procure electricity from a day ahead electricity market from
he upstream to support charging demands and the existing demands on the APDN. Both electricity prices and PV generations are
ubject to uncertainty. Fig. 1 depicts the schematic of the coupled systems interacting with DR aggregators. Please note that the

definitions and meanings of all variables in this section are summarized in nomenclature section at the beginning of this paper to
educe redundancy.
5 
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Fig. 1. Schematic of the coupled BEB-APDN system interacting with demand response aggregators.

We define overlapped sets to present our approach. Let  = ∪ ∪ denote the set comprising all trips in the timetables of BEB,
encompassing the first trip from the origin bus depot (), all trips excluding the first and last trips (), and the last trip to destination
depot () after a day. We define two additional sets to include the first trip with all service trips as  =  ∪  and the last trip
with all service trips   =  ∪ . The BEB transit system and the APDN are defined over sets of  and , respectively. Certain
nodes (i.e. charging stations) within the BEB transit system denoted by the set  B ⊂  are connected to the APDN through the
nodes of APDN specified as N ⊂ . Meanwhile, some nodes of APDN are virtually connected with and managed by DR aggregators
specified as G ⊂ .

The coupling between BEB and APDN systems arises from the charging demand from BEBs (𝑃 𝙱𝙴𝙱
𝑏,𝑤,𝑡), which is fed through charging

stations connected to the APDN. It is worth mentioning that the APDN is the only source to support charging demands in our
study. The set of variables of BEB transit system and APDN are denoted as 𝙱𝙴𝙱

𝑤,𝑡 and 𝙰𝙿𝙳𝙽
𝑤,𝑡 , respectively. The set of feasible

operational solutions are defined as 𝙱𝙴𝙱 and 𝙰𝙿𝙳𝙽, respectively. Therefore, our upper-level objective manifests as the following
cost-minimization problem.

min
{

∑

𝑤∈
𝜌𝑤 ⋅

(

𝐶𝙱𝙴𝙱
𝑤 + 𝐶𝙰𝙿𝙳𝙽

𝑤
)

}

over
(

𝙱𝙴𝙱
𝑤,𝑡 ∪ 𝙱𝙴𝙱

𝑤,𝑡

)

𝑤∈ ,𝑡∈

(2)

subject to
𝙱𝙴𝙱 𝙱𝙴𝙱
𝑤,𝑡 ∈  , ∀𝑡 ∈  , (3)

6 
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𝙰𝙿𝙳𝙽
𝑤,𝑡 ∈ 𝙰𝙿𝙳𝙽, ∀𝑡 ∈  , (4)

𝑃 𝙱𝙴𝙱
𝑏,𝑤,𝑡, ∀𝑏 ∈ N, 𝑤 ∈  , 𝑡 ∈  . (5)

In the following sub-section, we present the details of objective functions, decision variables, and constraints in optimizations of
ach system.

3.2. BEB transit system

The operational and charging scheduling of BEB transit systems must adhere to pre-designed timetables, encompassing all service
rips. Each bus may serve some trips on various routes, while one trip is performed only by one bus. To apply the operational
cheduling of BEBs, we define a binary variable 𝑥𝑖𝑗 , indicating the connection of trips. If trip 𝑖 is connected to trip 𝑗, 𝑥𝑖𝑗 is one;
therwise, it is zero (Duan et al., 2023). The objective function in operational and charging scheduling is to deploy the minimum
umber of BEBs to serve trips and use the minimum cost to support charging demands.

min 𝐶𝙱𝙴𝙱 =
∑

𝑖∈𝑆

∑

𝑜∈
𝜆𝙱𝙴𝙱𝑥𝑜𝑖 +

∑

𝑡∈

∑

𝑏∈N

∑

𝑤∈
𝜌𝑤𝜆

M
𝑡,𝑤𝑃

𝙱𝙴𝙱
𝑏,𝑤,𝑡. (6)

The scheduling of BEBs is subject to three constraints. Eq. (7) indicates that each tip is served only once. The conservation flow
onstraint, defining the equality of inflow and outflow of bus trips in a terminal, is given in (8) (Li et al., 2021). Eq. (9) ensures

that trip 𝑗 is performed after trip 𝑖 without any overlap in time, considering the deadhead trip time.
∑

𝑗∈ ,𝑖≠𝑗
𝑥𝑖𝑗 = 1, ∀𝑖 ∈  , (7)

∑

𝑖∈ ,𝑖≠𝑗
𝑥𝑗 𝑖 −

∑

𝑖∈ ,𝑖≠𝑗
𝑥𝑖𝑗 = 0, ∀𝑗 ∈  , (8)

𝑢𝑖 + 𝜏𝑖 + 𝜏DH
𝑖 ≤ 𝑢𝑗 +𝑀(1 − 𝑥𝑖𝑗 ), ∀𝑖, 𝑗 ∈  , 𝑖 ≠ 𝑗 . (9)

Upon departure from the depot, each bus initiates its first trip fully (or near fully) charged. Subsequently, each bus performs
the trips and replenishes its energy solely en route between trips. En-route charging refers to the process of recharging BEBs at bus
stops along a route where sufficient time is available for the charging operation. While the proposed optimization methodology
accommodates the possibility of charging at any bus stop, the present case study is limited to charging activities conducted
exclusively at the starting or ending bus stops, stations, or depots upon trip completion. This focus is justified by the short stopping
durations at intermediate bus stops, which in this study are typically limited to 1–2 min. The BEBs do not return to the depot until
completing the entire chain of trips in a day. It means that each bus returns to the depot upon finishing its last trip in a day, typically
in the evening. The BEB transit system model should ensure the level of energy satisfy the energy consumption of all trips during
the chain of trips, including in the depot, first trip, last trip, and other daily trips. Hence, we represent the matter mathematically
as follows. Based on the assumption, the BEBs leave the depot nearly fully charged (here, over 90% of the capacity). Therefore,
Eq. (10) reflects this aspect.

𝑆 𝑂 𝐶𝑜𝑖 = 𝑥𝑜𝑖𝛶 𝐴, ∀𝑖 ∈  , 𝑜 ∈ . (10)

The energy level should also adhere to its restrictions throughout the daily trips. We define the variable ̃𝑆 𝑂 𝐶 𝑖 to denote the
nergy level in the battery of BEB after completing trip 𝑖. The remaining energy after finishing trip 𝑖 is updated based on the energy

consumed during the trips (𝑐SL𝑖 ) and also from the depot to the first trip (𝑆 𝑂 𝐶𝑜𝑖), as specified in (11). Additionally, there is the
possibility of recharging BEBs between the trips. It should be noted that a BEB cannot return to the depot before finishing all its
daily trip. Hence, the BEB can only recharge en route after leaving the depot. Eq. (12) illustrates the amount of battery energy after
finishing trip 𝑖 and before trip 𝑗. It is important to note the potential for recharging the battery between consecutive trips en route.
Upon completing all service trips of a day, the bus returns to the depot. It is crucial to ensure sufficient energy for the deadhead
trip from the last service trip to the depot. Eq. (13) indicates the energy in batteries required for a deadhead trip to the depot after
he last trip. It is worth mentioning that the three mentioned constraints are valid when there is a connection between the trips

(𝑥𝑖𝑗 = 1); otherwise, the equations are changed to self-evident constraints (He et al., 2023).
̃𝑆 𝑂 𝐶 𝑖 ≤ (𝑆 𝑂 𝐶𝑜𝑖 − 𝑐O2S

𝑜𝑖 − 𝑐SL𝑖 )𝑥𝑜𝑖 + 𝛶 𝐴(1 − 𝑥𝑜𝑖), ∀𝑖 ∈  , 𝑜 ∈ , (11)

̃𝑆 𝑂 𝐶𝑗 ≤ ( ̃𝑆 𝑂 𝐶 𝑖 + 𝑒Ter𝑖𝑛𝑗 − 𝑐ST𝑖𝑗 − 𝑐SL
𝑗 )𝑥𝑖𝑗 + 𝛶 𝐴(1 − 𝑥𝑖𝑗 ), ∀𝑖, 𝑗 ∈  , 𝑖 ≠ 𝑗 , (12)

𝑆 𝑂 𝐶𝑖𝑗 ≤ ( ̃𝑆 𝑂 𝐶 𝑖 − 𝑐S2D
𝑖𝑗 )𝑥𝑖𝑗 + 𝛶 𝐴(1 − 𝑥𝑖𝑗 ), ∀𝑖 ∈  , 𝑗 ∈ . (13)
7 
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In any situation during daily trips, the energy of the BEBs should adhere to its capacity range. The updated energy value in
11) compiles with the energy range specified in (14). The energy level during the trips and after recharging Eq. (15) and energy

consumption for the next deadhead trip for the next service trip 𝑗 in Eq. (16) are bounded by the upper and lower limits of battery
capacity. Additionally, the remaining energy after the last trip to the depot conforms to the battery capacity bound specified in (17).

𝛶𝐴𝑥𝑜𝑖 ≤ (𝑆 𝑂 𝐶𝑜𝑖 − 𝑐O2S
𝑜𝑖 − 𝑐SL𝑖 )𝑥𝑜𝑖 ≤ 𝛶 𝐴𝑥𝑜𝑖, ∀𝑖 ∈  , 𝑜 ∈ , (14)

𝛶𝐴𝑥𝑖𝑗 ≤ ( ̃𝑆 𝑂 𝐶 𝑖 + 𝑒Ter𝑖𝑛𝑗 )𝑥𝑖𝑗 ≤ 𝛶 𝐴𝑥𝑖𝑗 , ∀𝑖, 𝑗 ∈  , (15)

𝛶𝐴𝑥𝑖𝑗 ≤ ( ̃𝑆 𝑂 𝐶 𝑖 + 𝑒Ter𝑖𝑛𝑗 − 𝑐ST𝑖𝑗 − 𝑐SL
𝑗 )𝑥𝑖𝑗 ≤ 𝛶 𝐴𝑥𝑖𝑗 , ∀𝑖, 𝑗 ∈  , (16)

𝛶𝐴𝑥𝑖𝑗 ≤ ( ̃𝑆 𝑂 𝐶 𝑖 − 𝑐S2D
𝑖𝑗 )𝑥𝑖𝑗 ≤ 𝛶 𝐴𝑥𝑖𝑗 , ∀𝑖 ∈  , 𝑗 ∈ . (17)

The following constraints delineate the level of energy in the depot. The BEB is expected to undergo recharging at the depot
upon finishing all service trips to a predetermined energy level to prepare for service trips of the next day (18). Meanwhile, the
energy of BEBs in the depot respects its upper and lower restrictions in (19).

(𝑆 𝑂 𝐶𝑖𝑗 + 𝑒Dep𝑖𝑗 )𝑥𝑖𝑗 ≥ 𝛶 𝐴𝑥𝑖𝑗 , ∀𝑖 ∈  , 𝑗 ∈ , (18)

𝛶𝐴𝑥𝑖𝑗 ≤ 𝑆 𝑂 𝐶𝑖𝑗𝑥𝑖𝑗 ≤ 𝛶 𝐴𝑥𝑖𝑗 , ∀𝑖 ∈  , 𝑗 ∈ . (19)

The energy of BEBs received from chargers en route and in the depot is indicated in Eqs. (20) and (21), respectively.

𝑒Ter𝑖𝑛𝑗 = 1
| |

∑

𝑡∈
𝑝Ter𝑖𝑛𝑗 𝑡, ∀𝑖, 𝑗 ∈  , 𝑛 ∈  B, (20)

𝑒Dep𝑖𝑗 = 1
| |

∑

𝑡∈
𝑝Dep𝑖𝑗 𝑡 , ∀𝑖 ∈  , 𝑗 ∈ . (21)

The charging received from the APDN is limited through the charging station capacity in both charging option of en route and
in depot, as in

𝑝Ter𝑖𝑛𝑗 𝑡 ≤ 𝑥𝑖𝑗𝑝
EnMax
𝑛 , ∀𝑖, 𝑗 ∈  , 𝑖 ≠ 𝑗 , 𝑡 ∈ [𝑢𝑖 + 𝜏DH

𝑖 , 𝑢𝑗 − 𝜏DH
𝑗 ], 𝑛 ∈  B, (22)

𝑝Dep𝑖𝑗 𝑡 ≤ 𝑥𝑖𝑗𝑝
DMax, ∀𝑖 ∈  , 𝑗 ∈ , 𝑖 ≠ 𝑗 , 𝑡 ∈ {[𝑢1 − 𝜏O2S

𝑖 ] ∪ [𝑢𝑗 + 𝜏S2D
𝑖𝑗 ]}. (23)

3.3. APDN model

The APDN aims to minimize its total cost of electricity procurement from BEBs and other sectors through engagement with the
wholesale electricity market and DR aggregators. The objective function of the APDN is given as

𝐶𝙰𝙿𝙳𝙽
𝑤 =

∑

𝑡∈
𝑃 𝙰𝙿𝙳𝙽
𝑡,𝑤 𝜆𝙼𝑤,𝑡 + 𝐶DR

𝑤 , ∀𝑤 ∈  , (24)

where 𝐶𝙰𝙿𝙳𝙽
𝑤 is the total cost of APDN including procuring electricity and interactions with DR aggregators. 𝐶DR

𝑤 represents the
operational cost of DR aggregators. We formulate a radial APDN wherein node 𝑏 ∈  and 𝑏 + 1 ∈  are exclusive sequent nodes.
The active and reactive power balance for each node is defined by the power flow model (Wang et al., 2016; Baran and Wu, 1989).

𝑃𝑏+1,𝑤,𝑡 = 𝑃𝑏,𝑤,𝑡 − rb𝐼𝑏,𝑤,𝑡 − 𝑝𝑏,𝑤,𝑡, ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (25)

and

𝑄𝑏+1,𝑤,𝑡 = 𝑄𝑏,𝑤,𝑡 − xb𝐼𝑏,𝑤,𝑡 − 𝑞𝑏,𝑤,𝑡, ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (26)

where 𝑃𝑏,𝑤,𝑡 and 𝑄𝑏,𝑤,𝑡 represent the active and reactive power flowing between nodes 𝑏 and 𝑏 + 1, respectively. 𝐼𝑏,𝑤,𝑡 denotes the
squared magnitude of the current of the line. The resistance and reactance of the lines are denoted by rb and xb, respectively.
𝑏,𝑤,𝑡 and 𝑞𝑏,𝑤,𝑡 indicate the node net active and reactive power injection. The net power injections are represented in the following

equations using the flexibility of DR and generations of PVs.
𝑝𝑏,𝑤,𝑡 = 𝐷P

𝑏,𝑡 +
∑

𝑔∈
(𝑃 L S

𝑔 ,𝑏,𝑤,𝑡 − 𝑃 LC
𝑔 ,𝑏,𝑤,𝑡) − 𝑃 PV

𝑏,𝑤,𝑡 + 𝑃 𝙱𝙴𝙱
𝑏,𝑤,𝑡, ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (27)

where 𝑃 PV
𝑏,𝑤,𝑡 represents the generation of PV, 𝐷P

𝑏,𝑡 denotes power demand, 𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 is load curtailment, and 𝑃 L S

𝑔 ,𝑏,𝑤,𝑡 indicates load
shifting. The effect of charging demands is denoted by 𝑃 𝙱𝙴𝙱

𝑏,𝑤,𝑡 and 𝑃 𝙰𝙿𝙳𝙽
𝑡,𝑤 = 𝑝𝑏,𝑤,𝑡 − 𝑃 𝙱𝙴𝙱

𝑏,𝑤,𝑡.
The reactive power injection is represented similarly as

Q CAP
𝑞𝑏,𝑤,𝑡 = 𝐷𝑏,𝑡 −𝑄𝑏,𝑡 , ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (28)
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where 𝑄CAP
𝑏,𝑡 indicates the reactive power injection of the node capacitor bank. The voltage drop between 𝑏 + 1 and 𝑏 is measured

by

𝑉𝑏,𝑤,𝑡 − 2 (r𝑏𝑃𝑏,𝑤,𝑡 + x𝑏𝑄𝑏,𝑤,𝑡
)

−
(

r2𝑏 + x2𝑏
)

𝐼𝑏,𝑤,𝑡 = 𝑉𝑏+1,𝑤,𝑡, ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (29)

where 𝑉𝑏,𝑤,𝑡 is the squared magnitude of the APDN node’s voltage. Branch power flows are obtained using the second-order conic
relaxation model inequality as presented in Low (2014).

𝑉𝑏,𝑤,𝑡𝐼𝑏,𝑤,𝑡 ≥ 𝑃 2
𝑏,𝑤,𝑡 +𝑄2

𝑏,𝑤,𝑡, ∀𝑏 ∈ , 𝑠 ∈  , 𝑡 ∈  . (30)

The voltage magnitude should adhere to the safe bounds as

𝑉 ≤ 𝑉𝑏,𝑤,𝑡 ≤ 𝑉 , ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  . (31)

A PV generation should also meet its upper and lower bounds, as in
0 ≤ 𝑃 PV

𝑏,𝑤,𝑡 ≤ 𝑃
PV
𝑏,𝑤, ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (32)

where the (maximum) PV generation 𝑃
PV
𝑏,𝑤 is a scenario-dependent parameter.

3.4. Demand response flexibility

A flexible electricity demand can be adjusted in response to signals from the operator of the APDN. The adjustment refers to
curtailment or (and) shifting part of loads to other hours based on the preferences of consumers. Since individual consumers are
not large enough, an aggregator is assigned to collect the flexibility and interact with the operator. Indeed, the aggregator acts on
behalf of the consumer and decides whether to shift or curtail based on the received price signal from the APDN operator. For ease
of presentation, we assume one load at each APDN node. The amount of flexibility of demands is obtained in response to the DR
prices 𝜆AG𝑔 ,𝑡,𝑤. Each aggregator engages in the co-optimization of a portfolio comprising flexible loads, by determining the amount of
energy that can be shifted or curtailed, with the purpose of either minimizing its energy cost or maximizing its profit. It is formulated
hrough the optimization problem, as in

𝐶DR
𝑔 ,𝑤 = min

Ξ

{

∑

𝑡∈

∑

𝑏∈
I𝑏𝑔

(

𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 ⋅ (c

DR
𝑏,𝑡 − 𝜆AG𝑔 ,𝑡,𝑤) + 𝜆NS

𝑏 𝑃NS
𝑔 ,𝑏,𝑤

)}

, ∀𝑤 ∈  , 𝑔 ∈ , (33)

where I𝑏𝑔 indicate whether the load at APDN node 𝑏 is registered with the aggregator 𝑔 ∈ . Ξ denotes the set of decision variables at
the lower-level problem, which represents the DR program decision variables, including 𝑃 LC

𝑔 ,𝑏,𝑤,𝑡, 𝑃
L S
𝑔 ,𝑏,𝑤,𝑡, 𝑃

NS
𝑔 ,𝑏,𝑤, cDR𝑏,𝑡 , 𝑎𝑛𝑑 𝜆NS

𝑏 signify the
cost parameters representing the compensation that the aggregator pays to the load users when curtailing or not serving, respectively.
The total cost at the lower level in each scenario is obtained as

𝐶DR
𝑤 =

∑

𝑔∈
𝐶DR
𝑔 ,𝑤, ∀𝑤 ∈  . (34)

The proposed objective functions are subject to the constraints of the DR program. Here, we present the constraints, where the
dual variable of each constraint is given after the colon. The aggregator is not allowed to shift the energy more than those curtailed.
This matter is represented mathematically, as in

∑

𝑡∈
𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 ≤

∑

𝑡∈
𝑃 LC
𝑔 ,𝑏,𝑤,𝑡, ∶ 𝜙𝑔 ,𝑏,𝑤, ∀𝑏 ∈ , 𝑤 ∈  , 𝑔 ∈ . (35)

Any shortage in the shift of curtailed energy is interpreted as no supplied energy, which has to be compensated as mentioned in
he last term of (33). The not-supplied energy is obtained as in,

𝑃NS
𝑔 ,𝑏,𝑤 =

∑

𝑡∈
𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈
𝑃 L S
𝑔 ,𝑏,𝑤,𝑡, ∶ 𝛿𝑔 ,𝑏,𝑤, ∀𝑏 ∈ , 𝑤 ∈  , 𝑔 ∈ . (36)

The total curtailment and shift cannot exceed a certain portion of the demands over the period and in each time-slot, as in
∑

𝑡∈
𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 ≤

∑

𝑡∈
𝛬𝑏𝐷

P
𝑏,𝑡, ∶ 𝜔𝑔 ,𝑏,𝑤, ∀𝑏 ∈ , 𝑤 ∈  , 𝑔 ∈ , (37)

∑

𝑡∈
𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 ≤

∑

𝑡∈
𝛬𝑏𝐷

P
𝑏,𝑡, ∶ 𝜎𝑔 ,𝑏,𝑤, ∀𝑏 ∈ , 𝑤 ∈  , 𝑔 ∈ , (38)

𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 ≤ 𝛷𝑏𝐷

P
𝑏,𝑡, ∶ 𝛼𝑔 ,𝑏,𝑤,𝑡, ∀𝑡 ∈  , 𝑏 ∈ , 𝑤 ∈  , 𝑔 ∈ , (39)

𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 ≤ 𝛷𝑏𝐷

P
𝑏,𝑡, ∶ 𝜛𝑔 ,𝑏,𝑤,𝑡, ∀𝑡 ∈  , 𝑏 ∈ , 𝑤 ∈  , 𝑔 ∈ . (40)
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4. Solution algorithms

The proposed framework takes into account the coupled BEB-APDN system at the upper-level and the set of DR aggregators
t the lower-level. The relation of the BEB-APDN and DR aggregators constitutes a leader-follower Stackelberg game. Hence, the
ower-level problem is transferred to the upper-level using Karush–Kuhn–Tucker (KKT) conditions (Yi et al., 2021; Zhao et al., 2021).

In this section, we provide the methodology for transferring the bi-level model to the equivalent single model using KKT conditions.
he deployed linearization methods are presented as well.

4.1. BEB-APDN upper-level problem

At the upper level, the non-profit entity manages both the BEB transit system and APDN. Hence, both objectives are integrated
into the upper-level problem. The objective function in (41) represents the coupled objective. Notably, the last term accounts for
the cost of interaction with the set of DR aggregators at the lower-level.

min
∑

𝑡∈

∑

𝑤∈

∑

𝑏∈
𝜌𝑤

(

∑

𝑜∈
𝜆𝙱𝙴𝙱𝑥𝑜𝑖 + 𝜆M𝑡,𝑤𝑝𝑏,𝑤,𝑡 +

∑

𝑔∈
𝜆AG𝑔 ,𝑡,𝑤𝑃 LC

𝑔 ,𝑏,𝑤,𝑡

)

. (41)

4.2. Demand response aggregator lower-level problem

The set of DR aggregators establishes the lower-level problem. We utilize the well-known KKT condition to bring the lower-
evel constraints to the upper level and construct a single-level model (Carrion et al., 2009). Eqs. (42) to (49) indicate the derived
quations.

cDR𝑏,𝑡 − 𝛿𝑔 ,𝑏,𝑤 + 𝜎𝑔 ,𝑏,𝑤 +𝜛𝑔 ,𝑏,𝑤,𝑡 − 𝜙𝑔 ,𝑏,𝑤 − 𝜆AG𝑔 ,𝑡,𝑤 = 0, (42)

𝛿𝑔 ,𝑏,𝑤 + cLL𝑏 = 0, (43)

𝜙𝑔 ,𝑏,𝑤 + 𝛿𝑔 ,𝑏,𝑤 + 𝜔𝑔 ,𝑏,𝑤 + 𝛼𝑔 ,𝑏,𝑤,𝑡 = 0, (44)

𝜔𝑔 ,𝑏,𝑤(
∑

𝑡∈
𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈
𝛬𝑏𝐷

P
𝑏,𝑡) = 0, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (45)

𝜎𝑔 ,𝑏,𝑤(
∑

𝑡∈
𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈
𝛬𝑏𝐷

P
𝑏,𝑡) = 0, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (46)

𝜙𝑔 ,𝑏,𝑤(
∑

𝑡∈ 𝐷

𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈ 𝐼

𝑃 LC
𝑔 ,𝑏,𝑤,𝑡) = 0, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (47)

𝛼𝑔 ,𝑏,𝑤,𝑡(𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 −𝛷𝑏𝐷

P
𝑏,𝑡) = 0, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (48)

𝜛𝑔 ,𝑏,𝑤,𝑡(𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 −𝛷𝑏𝐷

P
𝑏,𝑡) = 0, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  . (49)

In the given constraints, 𝜔𝑔 ,𝑏,𝑤, 𝜎𝑔 ,𝑏,𝑤, 𝜙𝑔 ,𝑏,𝑤, 𝜛𝑔 ,𝑏,𝑤,𝑡 and 𝛼𝑔 ,𝑏,𝑤,𝑡 are non-negative dual variables.

4.3. Linearization techniques

The constraints derived in (45)–(49), known as complementary slackness conditions, consist of non-linear terms. We employ the
big-M method to linearize them (Najafi et al., 2022), as in

𝜔𝑔 ,𝑏,𝑤 ≤ 𝑀1𝑈𝑔 ,𝑏,𝑤, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (50)
∑

𝑡∈
𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈
𝛬𝑏𝐷

P
𝑏,𝑡 ≤ 𝑀2(1 − 𝑈𝑔 ,𝑏,𝑤), ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (51)

𝜎𝑔 ,𝑏,𝑤 ≤ 𝑀1𝐾𝑔 ,𝑏,𝑤, ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (52)
∑

𝑡∈
𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈
𝛬𝑏𝐷

P
𝑏,𝑡 ≤ 𝑀2(1 −𝐾𝑔 ,𝑏,𝑤), ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (53)

𝜙𝑔 ,𝑏,𝑤 ≤ 𝑀1𝐻𝑔 ,𝑏,𝑤, ∀𝑔 ∈ , 𝑏 ∈ G, (54)
∑

𝑡∈ 𝐷

𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 −

∑

𝑡∈ 𝐼

𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 ≤ 𝑀2(1 −𝐻𝑔 ,𝑏,𝑤), ∀𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (55)

G
𝛼𝑔 ,𝑏,𝑤,𝑡 ≤ 𝑀1𝑅𝑔 ,𝑏,𝑤,𝑡, ∀𝑡 ∈  , 𝑔 ∈ , 𝑏 ∈  , 𝑤 ∈  , (56)
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𝑃 L S
𝑔 ,𝑏,𝑤,𝑡 −𝛷𝑏𝐷

P
𝑏,𝑡 ≤ 𝑀2(1 − 𝑅𝑔 ,𝑏,𝑤,𝑡), ∀𝑡 ∈  , 𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (57)

𝜛𝑔 ,𝑏,𝑤,𝑡 ≤ 𝑀1𝑌𝑔 ,𝑏,𝑤,𝑡, ∀𝑡 ∈  , 𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  , (58)

𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 −𝛷𝑏𝐷

P
𝑏,𝑡 ≤ 𝑀2(1 − 𝑌𝑔 ,𝑏,𝑤,𝑡), ∀𝑡 ∈  , 𝑔 ∈ , 𝑏 ∈ G, 𝑤 ∈  . (59)

where 𝑈𝑔 ,𝑏,𝑤, 𝐾𝑔 ,𝑏,𝑤, 𝑅𝑔 ,𝑏,𝑤,𝑡, 𝑌𝑔 ,𝑏,𝑤,𝑡, and 𝐻𝑔 ,𝑏,𝑤 are binary variables. The bilinear product 𝜆AG𝑔 ,𝑡,𝑤𝑃 LC
𝑔 ,𝑏,𝑤,𝑡 in (33) is also a non-linear term.

e use the strong duality theorem to linearize the product (Najafi et al., 2023), as in
𝐶EQ
𝑔 ,𝑡,𝑤 = −

∑

𝑏∈G

(

𝜎𝑔 ,𝑏,𝑤𝛬𝑏𝐷
P
𝑏,𝑡 + 𝜔𝑔 ,𝑏,𝑤𝛬𝑏𝐷

P
𝑏,𝑡 + 𝛼𝑔 ,𝑏,𝑤,𝑡𝛷𝑏𝐷

P
𝑏,𝑡 +𝜛𝑔 ,𝑏,𝑤,𝑡𝛷𝑏𝐷

P
𝑏,𝑡

)

+

cDR
𝑏,𝑡 𝑃

LC
𝑔 ,𝑏,𝑤,𝑡 + 𝜆NS

𝑏 𝑃NS
𝑔 ,𝑏,𝑤, ∀𝑔 ∈ , 𝑤 ∈  , 𝑡 ∈  .

(60)

The trip chain binary variable representing the trip chain, denoted by 𝑥𝑖𝑗 is multiplied by (10)–(19), rendering them non-linear
equations. The bus scheduling problem is conducted based on a predetermined timetable. Given that the constraints governing bus
scheduling (Eqs. (7)–(9)) are entirely distinct from those governing charging scheduling, we can simply separate the problem into
wo distinct ones. In the first step of the problem, the bus schedule is solved, as in

min 𝐶𝙱𝙴𝙱 = min
∑

𝑖∈𝑆

∑

𝑜∈
𝜆𝙱𝙴𝙱𝑥𝑜𝑖, (61)

Eq. (61) is subject to (7)–(9). The binary variable 𝑥𝑖𝑗 is determined, and then, the binary variable comes to the second problem as
a parameter. In the second step of the problem, the following problem is solved.

min
∑

𝑡∈

∑

𝑤∈

∑

𝑏∈
𝜌𝑤

(

𝜆M𝑡,𝑤𝑝𝑏,𝑤,𝑡 +
∑

𝑔∈
𝐶EQ
𝑔 ,𝑡,𝑤 + 𝑃 𝐹 ⋅ 𝛥𝑉𝑏,𝑤,𝑡

)

, (62)

𝑉𝑏,𝑤,𝑡 ≥ 𝑉 − 𝛥𝑉𝑏,𝑤,𝑡, ∀𝑏 ∈ , 𝑤 ∈  , 𝑡 ∈  , (63)

where the bilinear product is substituted with the equivalent linear term in (60). Since the scheduling of BEBs adheres to a timetable,
the charging demands may result in infeasible voltage bounds. Therefore, considering the feasibility concerns, we substitute the
ower bound of the voltage constraint with a penalty term in the objective function at the upper-level. The amount of the penalty
s contingent upon the degree of voltage violation, which is calculated in (63). It is important to note that setting a fixed lower
ound for voltage may lead to power flow infeasibility under high charging demands. To address this, the penalty term is designed

to penalize infeasible solutions, guiding them towards reduced infeasibility while simultaneously allowing a degree of freedom
for certain violations. The modified upper-level objective function is subject to the constraints of BEB transit system, APDN, and
ower-level problem, including (10)–(23), (25)–(32), (37)–(40), (42)–(44), (50)–(60), and (63).

5. Numerical experiments and results

This section presents a case study about optimization of the coupled BEB transit system and APDN system utilizing the proposed
methods. Our study delves into the impact of the BEB transit system on the PDN and then deploys the flexibility of the DR to mitigate
the adverse effects of charging demands from BEBs on the PDN in terms of obtained voltage from the power flow model.

5.1. Case study

The case study uses a sub-transit BEB system in Skövde, Sweden, and 33-node APDN towards demonstrating the effectiveness
of the proposed methods. The sub-transit BEB system includes five terminals, while three of them are connected to the APDN at
the nodes #5, #19, and #31 with a nominal charging capacity of 600 kW, 300 kW, and 600 kW, respectively. There is a depot
with the capability of charging BEBs connected to the APDN #7 with a capacity of 400 kW. The depot is situated at the APDN
ode #7. There are three routes in the BEB sub-transit system depicted in Fig. 2 based on real information from Västtraffik (2023),

with the length of 9.1, 14, 6.4 km, for routes #1, #2, and #3, respectively. The timetables comprise a total of 833 trips across the
three routes mentioned. However, we have merged some trips to alleviate the computational burden when there is no possibility of
charging between two consecutive trips. The threshold for deciding whether to merge the trips is whether the time gap between two
service trips is over 5 min. Following the merging process, 316 trips are obtained. The first trip commences at 04:50, and the last
trip ends at 23:58. The battery capacity of the BEBs is homogeneous, with each BEB equipped with a 300 kWh battery, as reported
by Gao et al. (2017). The active and reactive peak demands in the PDN (excluding the charging demands of the BEBs) are 3700 kW
and 1800 kVar, respectively.

The characteristics of the demands and impedance of the PDN are adopted from Najafi et al. (2020). The electricity prices and
lectricity demands data are sourced from Homaee et al. (2023). The mean value of PV generations is adopted from Najafi et al.

(2020). The uncertainty of the electricity prices and PV generations are addressed through stochastic programming by generating
four scenarios for each uncertainty source with the given mean values and 10% standard deviation deploying a normal distribution
unction. The combination of scenarios results in a total of 16 scenarios considering the capabilities of our operating system and
ithout loss of generality.
11 
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Fig. 2. Routes understudy in the city of Skövde.

Table 2
Characteristics of the case study.

Item value

PV capacity in each location (kW) 300
Total lengths of three routes (km) 29.5
BEB battery capacity (kWh) 300
Energy consumption rate of BEBs (kWh/km) 1.67
Minimum/maximum level of energy of BEBs 20%, 90%
Total initial active demands of APDN (kW) 3700
Total initial reactive demands of APDN (kVar) 1800
Maximum capacity of chargers in each station (kW) 600

The scenarios of electricity prices and PV generations along with the pattern of electricity demands, are shown in Figs. 3 and 4.
The operation horizon is 24-h with a resolution of every two minutes. It should be noted that the timetable resolution of the BEB
system is one-minute, but we have decreased the resolution to each two-minute as the time sample to reduce the computational
burden without sacrificing the generality of the problem. The output voltage of the PDN nodes should adhere to the minimum
bound of 0.9 pu and the upper limit of 1.05 pu. The energy consumption of BEBs is assumed to be 1.67 kWh per kilometer, and the
average speed is 30 km/h. The minimum and maximum levels of the energy of the BEBs are set at 20% and 90%, respectively. The
maximum electrical demand is situated at node #25 of the PDN, where the demand reaches 420 kW. Thus, we presume that the
maximum charging capacity of a station for BEBs is 600 kW, taking into account other electrical demands within the PDN. However,
this capacity may vary in other cases. The characteristics of the capacities and BEBs are summarized in Table 2. There are three DR
aggregators, where APDN nodes #1–#22, #23–#25, and #26–#33 are manged by aggregator #1, #2, and #3, respectively. It is
assumed that a maximum of 15% of the electricity of consumers can be curtailed (or shifted), while the power curtailment at each
hour cannot exceed 25% of the initial demand at that hour. The simulations are performed on GAMS under a CPLEX solver utilizing
a Ci5 laptop equipped with 16 GB RAM for solving the proposed second-order conic problem.

5.2. Results and discussion

After optimization, 10 BEBs are scheduled to cover 316 trips over a 24-h period. Fig. 5 exhibits the results of trip assignment
to the electric BEBs. We take the trip chains of BEBs #5 and #6 for explanations. Bus #5 initiates the trips on route #2 by serving
two trips before transitioning to route #1 for the subsequent three trips. On the other hand, bus #6 commences the first two trips
on route #3 followed by a transition to route #2. Fig. 6 depicts the level of energy for BEBs #5 and #6. Both of the BEBs start
the trip when they are fully charged (or near fully charged). These BEBs are charged en-route multiple times to support the energy
12 
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Fig. 3. Generated scenarios of electricity prices and PV productions.

Fig. 4. Pattern of existing electricity demands on the PDN.

consumption during the trips. However, upon finishing their final trips, both BEBs return to the depot with low energy levels, thus
facilitating the opportunity for recharging during the period of low electricity prices, typically occurring between 00:00 and 08:00,
as depicted in Fig. 3).

The bars within Fig. 6 represent the received charging energy when the electric BEBs undergo recharging after a trip. For example,
bus #6 is charged after trips #59, #68, and #75, and the energy level curve reveals an increase after charging. Obviously, the higher
the charged energy is, the higher the slope of curve is. In addition, Fig. 7 graphically depicts the time intervals and charging amounts
at bus stations (en-route). The vertical axis represents the deployed BEBs, while the horizontal axis corresponds to the time samples.
The charged energy is illustrated by the intensity of the color displayed on the right bar, which ranges from 0 to 40 kWh. Darker
colors represent higher charging energy received by the BEBs. Each box represents a charging activity, and the width of the boxes
indicates the duration of the charging activity including starting and ending timestamps. For instance, BEB#1 charges in the time
intervals of #172–#176, #335–#342, #375–#376, #385–#387, #414, #595–#609, #648–#662, and #670–#684. It is observed
that during peak hours (after timeslot 500), the charging duration of the BEBs is longer compared to off-peak hours. However, the
charging energy received is lower, resulting in reduced charging demand during peak hours, as shown in Fig. 8. The reasons for this
reduced charging demand during peak hours are explored further from the PDN perspective, particularly considering its impact on
output voltage. Aligned with the level of energy and received charged energy by the BEBs, Fig. 8 demonstrates the gathered charging
demands of BEBs during the operational horizon in the depot and en-route. The overall charging demand is the accumulative value
of the two graphs in the figure. The highest charging demands are in the early-morning hours prior to time slot #100 (one timeslot
is 2 min), when BEBs are charged at the depot to take advantage of lower electricity prices. However, the charging demands during
other hours (en-route charging) exhibit lower magnitudes. It is worth mentioning that the lowest charging demands are during time
13 
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Fig. 5. Distribution of BEBs to support the trips.

Fig. 6. Variation of level of energy of BEBs with respect to the trips.

Fig. 7. Duration and charging time, charging value (in kWh) of the BEBs on bus stations (en-route).
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Fig. 8. Electricity purchased from the market and charging demands of BEBs.

Fig. 9. Temporal PV generations and supports of the PDN.

samples #500 to #600, coinciding with the peak of the electricity demands from other sectors and electricity prices. The en-route
charging starts after sample time 170 which is equivalent to 05:40 in the morning. It should be noted that the first trip is at 04:50.

Electricity purchased from the market in Fig. 8 also underscores the burden of charging demands from BEB on the PDN by
adding a fluctuation to the initial electricity demands of the PDN (as shown in Fig. 4). Importantly, these charging demands from
BEBs create another peak in the early-morning hours, while it does not pose a significant challenge to the APDN. This is because
the depot is located in a less vulnerable place of the PDN (PDN node #5), which can host higher demands within the APDN. Fig. 9
shows the generation of PVs alongside the difference between charging demands and electricity from PV generations. The negative
values in the early-morning hours denote that the electricity from PVs are insufficient to support the charging demands of BEBs.
During the day and mostly for the en-rout charging, the required electricity for charging demands of BEBs can be supported by the
PVs. However, a notable portion of electricity from the power grid are needed in the depot to charge BEBs during early-morning
hours.

Fig. 10 yields the results of activating the DR service in the APDN. The load curtailment is executed during peak hours spanning
from time samples #451 to #600, and #211 to #270 aligning with the peak of electricity prices and demands. The curtailed
loads are subsequently shifted to other time intervals characterized by lower electricity prices, thereby mitigating overall electricity
procurement costs. However, the shifted electricity is dispersed across various hours, rather than solely concentrated in the cheapest
time slots. Indeed, the cheapest time coincides with the new electricity demand peak due to the charging demands of BEBs,
15 
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Fig. 10. Results of the total DR compared to the input electrical demand.

Fig. 11. Minimum obtained voltage over all times and scenarios.

Fig. 12. Obtained voltage over all times and scenarios.

precluding further demand increase. Additionally, the results indicate that all curtailed electricity during peak hours is shifted to
the off-peak hours, showing that the amount of electricity not supplied during the activation of DR is zero.

Further insights into the coordination between charging scheduling of BEBs and DR flexibility are provided in Fig. 11. Even
though a significant portion of the charging demands from BEBs are not scheduled during peak hours, the minimum level of the
output voltage of the PDN is violated when the DR service is not activated as shown by the blue curve in Fig. 11. The minimum
16 
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Fig. 13. Balance of the generation and consumption in the PDN.

Table 3
Summarized results for the upper and lower levels.

Item value

Upper-level cost ($) 21 062
DR Aggregator profit ($) 1550
Electricity market cost ($) 19 512
Average of load curtailment (kWh) 139.7
Average of load shift (kWh) 139.7
Not supplied electricity (kWh) 0

voltage in PDN is elevated by activating the DR service to meet the minimum allowable bound of the voltage by curtailing 3352
kWh of the energy and shifting to the other hours. It should be noted that the total energy without activating the DR excluding the
charging demand from BEBs, is 51935 kWh. The curtailed electrical energy (which is thoroughly shifted) is equal to 6.4% of the
initial demands in kWh. This declares that the curtailment of the electricity demands during peak hours can effectively compensate
for the en-route charging demands of BEBs during peak hours. Fig. 12 depicts the expected value of the voltage across all time slots
when DR is utilized. All obtained voltages are above 0.9 pu, showing the reliability of the results in meeting the output voltage
of the APDN. It can also be observed from the figure that APDN nodes #13–#18 and #28–#33 are the most critical nodes during
the peak time samples #500–#600, as they yield the lowest expected voltage. Referring to Fig. 7, the reduced charging depth after
timeslot #500 can be attributed to the vulnerability of the PDN during these hours. As the charging demand (in terms of power)
increases, the voltage level decreases. Consequently, the duration of en-route charging extends instead of increasing the magnitude
of the charge. It is important to note that the case study used for the APDN represents a healthy network capable of maintaining a
minimum voltage level of 0.9 pu before the addition of new demands. However, this outcome may vary depending on the specific
case. The initial condition of the APDN plays a crucial role; some networks can accommodate higher charging demands, while others
may be more vulnerable. Consequently, decisions regarding flexibility must account for the varying vulnerability and stability of
the network when subjected to new charging demands.

Fig. 13 shows the balance between electricity procured and consumed in each time sample. The positive values denote electricity
consumption, while the negative values indicate electricity procurement. It is apparent that the primary source of electricity
procurement is purchased from the electricity market. Additionally, some part of the electricity is supplied through the PV
generations in the middle of the day. The electricity demands from other sectors on the PDN are the main load of the PDN.
Nevertheless, the charging demands from BEBs add some demands in other hours, particularly in the early-morning hours when
the BEBs are charged at the depot. Finally, we summarize the obtained results for the cost of the upper and lower levels, as well as
the curtailed and shifted electricity in Table 3. The upper-level cost includes the electricity market cost and the cost of operating
DR aggregators. The average curtailment and shift loads indicate the average over the scheduling period (24 h). The equality of
the curtailment and the shift (139.78 kWh) verifies that the supplied electricity demand is zero, i.e. balanced electricity supply and
demand.

6. Conclusion

This study presents a novel optimization framework designed for the efficient management of a coupled BEB transit system and
APDN. The framework addresses the joint optimization of operational scheduling of BEBs (operation and charging scheduling) and
17 
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the integration of demand response services in the APDN to satisfy the charging demand of BEBs without violating the voltage
onstraints of APDN. The objective is to minimize the total cost of fleet of BEBs and electricity procurement to appropriately meet
harging demands of BEBs and electricity demand from other sectors. A case study in Skövde, Sweden is conducted to demonstrate
he proposed methods. The results reveal the appropriate assignment of electric buses to fit the service trips of bus timetables as well
s the proper charging scheduling with minimal costs. The charging of BEBs is concentrated in the depot in order to benefit from
ower electricity prices. Although this results in another electricity demand peak in the morning due to the charging requirements
f BEBs, the proximity of the depot to the source of the APDN mitigates associated challenges. Furthermore, the demand response
ervice elevates the minimum voltage level by curtailing 3352 kWh of the electricity demands during the peak hours and shifting
t to the other hours to avoid violation of power grid voltage due to charging demand from BEBs.

Even though our study has contributed to the literature on joint optimization of BEBs coupled with an active power distribution
etwork integrated with DR flexibility, some future perspectives and challenges remain elusive. First, we have simplified the energy

consumption of electric buses through a linear relation with respect to driving distance. However, an accurate estimation of energy
consumption can enhance the understanding of BEB operational situation and the network topology. Therefore, future perspectives
should try to explore energy consumption predictions with uncertainty (Jia et al., 2025b). Second, this study has overlooked battery
degradation of BEBs. Degradation cost is an interesting topic and a challenge for researchers due to the intricacy of precise estimation
of the degradation cost (Jia et al., 2025a). Hence, a possible future research direction includes a proper degradation approach to
ur proposed framework, promising a more comprehensive optimization. Lastly, the DR program has been introduced to reduce

the burden of charging demands from BEBs on APDN. However, there is another potential within APDN to mitigate the impact of
harging demands. It is a promising and worthy future direction to further explore the combination of improving both generation
nd demand sides simultaneously to cope with the additional charging demands and various uncertainties in both BEB transit and
PDN system.
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