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Radiative transfer models for rotary kilns – from fossil fuels to hydrogen gas and thermal 
plasmas 

ELIAS EHLMÉ 

Division of Energy Technology 

Department of Space, Earth, and Environment 

Chalmers University of Technology 

 

Abstract 
Global warming caused by greenhouse gas emissions remains a serious challenge in our 
Society. Combustion of fossil-based fuels is common in thermal engineering processes within 
the industrial sector. Electrification of such processes is key to reducing related carbon dioxide 
and particle emissions. Industries that are aiming to electrify by adapting current processes to 
operate with alternative fuels, such as hydrogen gas or thermal plasmas, require a 
comprehensive understanding of the combustion processes, heat transfer mechanism, overall 
heat balances, and process optimization. Therefore, there is an urgent need to develop modeling 
tools and to conduct experiments to validate those tools.      

This thesis investigates the effects on the heat transfer within rotating furnaces that occur when 
substituting fossil-based fuels for alternatives, such as hydrogen gas and electrically aided 
heating using thermal plasmas. The focus is on radiative heat transfer assessed in rotary kiln 
processes (high-temperature processes) that are used for iron ore and cement production.  

Paper I present a heat transfer modeling study employing adiabatic flame temperature 
conditions, showing that the fuel shift from coal to hydrogen gas in rotary kilns for iron ore 
production significantly increases the local heat transfer rate to the inner surface of the kiln 
wall. Specifically, the heat transfer rate is affected near the burner region, achieving high levels 
for the hydrogen flame. Further investigations of the local effects of fuel shifting in rotary kilns 
require precision in terms of the heat transfer calculations, motivating the development of an 
updated gas radiation model, as presented in Paper II, and the application of such gas radiation 
models with computational fluid dynamics codes, as presented in Paper III.  

By combining computational fluid dynamics codes with the updated gas radiation model, the 
present work concludes that, although using hydrogen gas as a fuel effectively reduces carbon 
dioxide emissions and particle formation, heat transfer during hydrogen firing is less efficient 
than during coal firing. Consequently, most of the heat transferred from fuel heat release exits 
with the flue gases during hydrogen combustion due to increased flame temperatures. This 
indicates a need for either coal-hydrogen co-firing conditions, as the presence of particles may 
enhance effectively the heat transfer rate within the kiln or alternative kiln designs.  

Keywords: Radiative heat transfer, rotary kilns, hydrogen, thermal plasma 
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Outline 
 

This thesis includes a summary of the work and the three appended papers. The first three 
chapters describe the background to the topics of the thesis, related previous work, and thermal 
radiation theory. Chapter 4 describes the heat transfer model, which is an essential tool within 
this work, the modeling setup, and the discrete transfer model. Chapter 5 compares the results 
of Papers I and III, showing the improvements to the modeling work from Paper I. Finally, 
Chapters 6 and 7 present the conclusions from the thesis and provide possible directions for 
future work.  

Paper I assesses the heat transfer conditions with the focus on radiative transfer via a kiln-
based heat transfer model, which represents the rotary kilns used in heat treatment processes 
for iron ore production. The modeling study implements adiabatic flame conditions to model 
coal-fired and hydrogen-fired kilns, and compares the heat transfer contributions to the kiln 
surfaces. Two areas of improvement with respect to the heat transfer study are identified and 
addressed in Papers II and III.   

In Paper II, updated gas radiation parameters for use in a weighted-sum-of-gray-gases model 
(WSGGM) are generated and evaluated, extending the applicable range up to 5000 K, which 
is suitable for modeling hydrogen combustion and plasma-heated systems. The evaluation 
focuses on 1D homogeneous/non-homogeneous and isothermal/non-isothermal gaseous 
domains, assessing the accuracy levels against a statistical narrow-band model used as the 
reference.   

Paper III compares the WSGGM of Paper II with models applied in computational fluid 
dynamic codes, assessing the relevant gas radiation approaches in three cases defined by the 
kiln-based heat transfer model: coal-fired; hydrogen-fired; and thermal plasma-heated kilns.   
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1. Introduction  
The impact of global warming caused by greenhouse gases remains a crucial challenge for 
modern Society. Substantial amounts of greenhouse gases are produced during the combustion 
of fossil fuels, specifically in the transportation sector and in industries, such as those involving 
thermal engineering processes and power generation. During combustion, air is typically used 
as oxidant, resulting in flue gases that contain chemical compounds, mainly water vapor, 
nitrogen, and carbon dioxide. Moreover, the combustion is often incomplete, leading to the 
release of particulate matter in the forms of char, ash, and soot, especially from solid-based 
fossil fuels such as pulverized coal, which is valued for its availability, high heating value, and 
low cost, despite its negative environmental impacts.   

To address these emissions, recent technological advancements have focused on capturing the 
carbon dioxide in the flue gas through absorption, as in the carbon capture storage (CCS) 
technology, and oxyfuel combustion, where air is replaced by oxygen, resulting in low nitrogen 
and high carbon dioxide concentrations, facilitating CCS. Alternatively, some advancements 
have focused on electrifying the existing processes through the utilization of decarbonized 
fuels. Substituting fossil-based fuels with electrification through alternative fuels – such as 
hydrogen gas or electrically aided combustion via thermal plasmas that apply a process-suitable 
working gas – can significantly reduce the levels of greenhouse gas emissions and particle 
formation. For instance, combusting hydrogen primarily produces flue gases that consist of 
water vapor. Hydrogen is considered a renewable fuel if produced from green energy sources, 
such as solar, wind or hydro power. Thermal plasma technologies may also be regarded as a 
renewable energy source if the required electricity is produced from green energy sources.     

However, transitioning towards electrification through hydrogen gas or plasma technology 
requires a deep understanding of how these changes affect the heat transfer that occurs during 
combustion and material heat treatment. Heat transfer within high-temperature enclosures, 
such as furnaces, is primarily governed by the thermal radiation emitted from the fuel heat 
release. Accurately estimating radiative transfer is complicated, as it is affected by the presence 
of gases (particularly water vapor and carbon dioxide) and particles suspended in the flame, 
which absorb, emit, and scatter the radiation in the furnace. Thus, adapting combustion 
processes requires knowledge of chemistry, fluid dynamics, and thermal radiation, assessed 
through combinations of measurements and modeling tools.   
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1.1 Aim 
This work aims to develop heat transfer models, with the focus on radiation, to study the effects 
on the overall and local heat transfer conditions within furnaces for the fuel shift from coal to 
hydrogen gas or thermal plasmas. The models can be employed in various modeling 
frameworks and for a wide range of applications. Here, the models are evaluated in cylindrical 
rotating furnaces, i.e., rotary kilns, used in high-temperature processes for iron ore and cement 
production. This thesis includes: heat transfer modeling studies of coal-fired, hydrogen-fired, 
and plasma-heated kilns; the generation of updated parameters for gas radiation modeling, and 
the application of gas radiation models in computational fluid dynamics (CFD) codes.      
 

Scope 
This thesis focuses exclusively on the kiln section within the respective high-temperature 
processes. As such, the heat that exits with the flue gases from the kilns and its effects on the 
respective overall process are considered outside the scope of this work.   

Three models are examined, each with varying complexity in terms of radiative transfer 
calculations, depending on the selected sub-models:  

 For three-dimensional problems, a heat transfer model with detailed descriptions of the 
heat transfer mechanisms (specifically for radiation) within the kilns and without mass 
or momentum transport equations. The heat transfer model offers the possibility to 
study the isolated effects on the kiln heat balance of temperature, gas, and particle 
profiles, which are defined as inputs.    

 A three-dimensional computational fluid dynamics model, of limited complexity with 
respect to radiative transfer calculations but including heat, mass, and momentum 
transport equations to generate the flow field within kilns. Thus, the model can be used 
to provide detailed inputs to the heat transfer model. 

 For one-dimensional problems, a discrete transfer model, which has the highest level 
of complexity with respect to radiative transfer calculations among the included 
models, examines local radiative transfer effects by comparing sub-models of varying 
complexity. The model allows for evaluations of selected sub-models to improve the 
precision of the radiative transfer calculations within the heat transfer model.             
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2. Background 
 

The rotary kiln – a high-temperature process 
The rotary kiln, which is a cylindrical rotating furnace for heat treatment of solid materials, is 
commonly used in industries such as iron ore processing, cement, and pulp and paper 
production [1–5]. An example of a process with a rotary kiln is the grate-kiln process, which is 
a high-temperature process used for iron ore production (Fig. 1). This process includes a grate 
section in which pretreated iron ore (here called ‘green pellets’) undergoes drying, preheating, 
and sintering in different zones (denoted as UDD to PH in Fig. 1), followed by heat treatment 
in the rotary kiln, and cooling with ambient air in a cooler (C1–C4 in Fig. 1) [4]. In the cooling 
unit, gases are recycled to provide heat to the grate zones. 

 
Figure 1: Schematic of a grate-kiln process: a high-temperature process for iron ore 
production. Source: Paper I. 
 

Another example of a process with a rotary kiln is the high-temperature process used for cement 
production (Fig. 2). Here, the raw material is a pretreated raw meal, which undergoes 
preheating in a series of cyclones that are arranged in a tower (denoted Cy1–Cy5 in Fig. 2), 
followed by chemical transformation through calcination within the calciner [6]. The material 
undergoes further chemical transformation by heat treatment within the kiln. Finally, the 
product is cooled with air within the cooler, and the gases from the cooling unit are recycled as 
preheated air to the kiln and calciner.            
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Figure 2: Schematic of a high-temperature process for cement production. 
 

In direct-fired kilns, as shown in Figures 1 and 2, the burners at one end combust the fuel to 
supply heat, and the material entering in the opposite direction to the burner flows counter-
currently to the flame. The majority of the heat transfer is by thermal radiation originating from 
the large luminous flame, which is typically fueled by pulverized coal/mixtures of fossil fuels 
and preheated air. Thus, large industries that continuously operate rotary kilns generate 
substantial carbon dioxide emissions, prompting industrial users to transition to less-carbon-
intensive fuels or electrically aided heating. However, measuring and implementing process 
changes is challenging due to the complexity of the heat transfer to the kiln surfaces from the 
fuel heat release, which is influenced by radiation, convection, and conduction, as well as the 
rotation of the kiln. 

Anticipated from the substitution of fossil-based fuels for electrification is the reduction of 
char, ash, and soot particles, components that have been shown to dominate the contribution to 
radiative transfer [7]. Therefore, substituting for electrification, through the use of hydrogen 
gas or thermal plasmas, is likely to decrease the overall heat transfer, since particle radiation 
effects are terminated. The transition is likely to result in a gas volume with higher peak 
temperatures and increased concentrations of water vapor (from hydrogen) or carbon dioxide 
(from thermal plasmas with carbon dioxide as the working gas), further enhancing the intensity 
of heat transfer, especially locally. It is, therefore, of interest to study how the fuel shift affects 
the overall and local heat transfer conditions within kilns by developing detailed modeling 
tools, as well as to identify new modeling strategies for treating the radiation of the changed 
gas volume.  
 

Rotary kilns - heat transfer studies using alternative fuels 
The rotation and size of the kiln complicate the takin of measurements during operation, and 
full-scale studies on substituting fossil-based fuels for alternative fuels are scarce. Therefore, 
some works have focused on developing models or conducting experiments on downscale 
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stationary kilns [8–13]. However, few studies have focused on radiation. Previous work from 
our research group, includes the studies conducted by Gunnarsson et al. [8] and Bäckström et 
al. [9], who looked at various fuel combinations, such as coal and biomass, in 580-kW and 400-
kW pilot-scale test furnaces to analyze the effects on temperature and radiative transfer. Their 
results revealed the possibility to model the radiative transfer for such combustion conditions, 
and that particle radiation dominated the heat transfer from the tested flames. Johansson et al. 
[10] examined coal and hydrogen co-firing conditions with different burner designs in a 130-
kW furnace and their effects on 𝑁𝑂௫ emissions. Their study showed that radiative heat transfer 
dominated, with co-firing (70% coal and 30% hydrogen) generating a more-intense flame, 
enhanced peak flame temperatures and heat transfer, specifically near the burner region, as 
compared to pure coal combustion. 

A deeper understanding of the heat transfer within kilns is achieved through advanced modeling 
approaches, particularly for modeling thermal radiation [1,3,5,7,14–18]. However, accurately 
assessing radiation is complex, as it requires the selection of appropriate models and strategies 
based on the complexity of the problem. Methods for treating radiation can be found in the 
work of Modest [19]; many of these methods have been used in our research group to develop 
models for studying radiation within cylindrical enclosures [20] [21]. The methods often 
require the integration of sub-models to determine how a radiative path is affected by the 
presence of gases and/or particles. In recent years, these sub-models, specifically for gas 
radiation, have been updated frequently to suit diverse combustion conditions, e.g., oxyfuel, 
oxygen-enriched, gasification, and hydrogen combustion [17–27]. Many of these are based on 
the original models developed by Hottel and Sarofim [33] (weighted-sum-of-gray-gases 
models), Edwards [34], Modak [35], Lallemant [36] (exponential wide-band models), and 
Leckner [37] (Leckner model).  

Our research group has combined detailed radiation modeling with other heat transfer 
mechanisms to model the heat transfer within kilns by developing a 3D heat transfer modeling 
tool [21]. However, this tool does not include sub-models for chemistry or fluid dynamics. 
Coupling radiation modeling with chemistry and fluid dynamics for heat transfer calculations 
within kilns requires more-complex modeling frameworks, such as CFD codes. However, these 
CFD frameworks are usually limited in terms of the complexity of the radiative transfer 
calculations. Nonetheless, the usage of CFD codes as a modeling framework has lately gained 
substantial attention in the scientific community. Fooladgar et al. [11] have combined CFD and 
experiments to study 𝑁𝑂௫ formation in a pilot-scale furnace that represents a kiln that uses a 
plasma torch and applying air, pure 𝑁ଶ, and mixtures of 𝐻ଶ and 𝑁ଶ as plasma-forming gas. 
Their study shows the possibilities for using 𝐻ଶ and 𝑁ଶ as a plasma-forming gas, reaching the 
same order of 𝑁𝑂௫ formation as traditional fossil fuels. Hercog et al. [12] have applied CFD 
modeling to study the heat transfer effects on burners in cement kilns during petroleum coke 
and hydrogen co-firing. Here, it is shown that adding hydrogen to the fuel mixture increases 
the peak flame temperatures, thereby improving heat transfer locally, which may damage the 
inner kiln wall close to the burner. Wang et al. [13] have studied the effects of combustion using 
mixtures of hydrogen and propane gas for the design and operating conditions of rotary kiln 
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burners. Their work shows that mixing hydrogen with propane while maintaining the same 
total heat release can effectively reduce the levels of carbon oxides and 𝑁𝑂௫ emissions. 

In summary, these studies highlight the importance of implementing advanced modeling tools, 
as well as experimental data, to study/optimize heat transfer, flame characteristics, and 𝑁𝑂௫ 
emissions during the transition to electrification using alternative fuels in kilns.  
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3. Radiation – Governing equations and theory 
The radiative heat transfer equation (RTE), as expressed in Eq. (1), describes the radiative 
intensity change for a given wavenumber in a set direction, 𝑠, which depends on the 
participating gases and particles in a ray’s path as they absorb, emit, and scatter radiation. The 
absorption coefficient, 𝜅௩, depends on the radiative properties of the present gases and particles, 
while the scattering coefficient, 𝜎௦, and the scattered intensity in a set direction, described by 
the integral term, depend on the present particles only.  
 

𝑑𝐼ఔ

𝑑𝑠
= 𝜅ఔ𝐼௕ఔ − (𝜅ఔ + 𝜎௦ఔ)𝐼ఔ + 𝜎௦ఔ/4𝜋 න 𝐼ఔ(𝑠̂௜)Φఔ(𝑠̂௜ , 𝑠̂)𝑑Ω௜

ସగ

଴

 (1) 

 
Discrete transfer model and discrete ordinates method 
This work applies two modeling approaches to calculate the radiative intensity field: the 
discrete transfer model (DTM); and the discrete ordinates method (DOM). Both approaches 
employ SN approximation and discrete ordinates to define the ray’s path through a domain. 
Along a radiative path, the spectral intensity, as given by the RTE, i.e., Eq. (1), is considered 
by a set of discrete directions called ‘ordinates’, each of which is paired with quadrature 
weights, which in total corresponds to the angle range 4π. The ordinates, 𝜇, 𝜂, 𝜉, are illustrated 
in Figure 3, showing the intensity, 𝐼, at position (x, y, z) in the discrete direction 𝛺௠(𝜇௠ =

cos 𝛷, 𝜂௠ = sin 𝛳 sin 𝛷 , 𝜉௠ = sin 𝛳 cos 𝛷). Figure 3 also includes the sum over the total 
number of discrete directions, N, multiplying each ordinate by its corresponding weight, w. The 
ordinates and weights used in this work are obtained from Modest [19]. 
 

 
Figure 3: Direction cosines and coordinates. 

 

For both the DTM and DOM, the radiative intensity is approximated along each ordinate, 
significantly reducing the number of radiative paths that need to be solved. The DTM traces 
each radiative path from a source of origin, solving the RTE along the path through the 
computational domain. In previous studies conducted by our research group, the DTM was 
applied to model the radiative intensity field, for instance, in oxyfuel combustion studies of an 
infinitely long cylinder by Johansson et al. [38] and in studies of radiative transfer of different 
fuel combinations in pilot-scale test furnaces by Gunnarsson et al. [8] and Bäckström et al. [9]. 
From their modeling work, the results comparing the measured intensity data and the intensities 
predicted by the DTM showed good accordance. 
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However, the ray tracing methods used in the DTM become cumbersome in a 3D geometry. 
Our group has, therefore, developed a DOM-based model of the radiative intensity field in a 
3D cylindrical furnace, as presented in the paper of Gunnarsson et al. [20] [21]. The DOM 
divides a cylindrical enclosure into computational cells in the axial, radial, and angular 
directions, solving the RTE along each set of ordinates with its corresponding cells. In [21], the 
predictive capabilities of the DOM-based model, assessed by predicting the inner surface 
temperatures of a pilot-scale test furnace, were compared with the experimentally gathered 
data. The model showed an error of 11%, which is considered satisfactory.   

In this thesis, the DOM is used to study the heat transfer conditions within 3D full-scale rotary 
kilns for various fuels. In addition, the DTM is employed to solve the radiative field in 1D 
slabs, allowing for evaluations of new gas radiation modeling parameters. The DTM is also 
used to investigate the local radiative transfer effects in a representative cross-section of the 
kiln, which is modeled as a gaseous domain located between two infinite black plates.  
 

3.1 Radiative properties of gases 
If no particles are present, the scattering coefficient, 𝜎௦, in the RTE can be neglected, and the 
RTE is simplified according to Eq. (2). According to Eq. (2), the change in radiative intensity 
in a set direction can be calculated with the radiative properties of the present gases integrated 
over all wavenumbers. However, these properties depend on the temperature and species 
concentrations, requiring highly detailed knowledge of every spectral line for each species. 
Therefore, estimating the radiative properties of radiating gases that are typically found in 
combustion, such as 𝐻ଶ𝑂 and 𝐶𝑂ଶ, requires models of lower complexity and decreased 
accuracy.  
 

𝑑𝐼ఔ

𝑑𝑠
= 𝜅ఔ(𝐼௕ఔ − 𝐼ఔ) (2) 

 
Line-by-line and band models 
Line-by-line (LBL) models, which integrate the RTE across multiple spectral lines in the gas 
spectrum, require information on the line strengths and the broadening of these lines, 
parameters that are dependent upon the temperature, gas concentration, and the pressure levels 
of the gases along a ray’s path [19]. As such, a significant amount of data is required, and this 
can be gathered from spectroscopy databases. Some examples of these databases utilized across 
various fields, such as astrophysics, chemistry, and radiation, are: HITRAN1996, 
HITRAN2004, HITRAN2008, and HITRAN2010, with molecular data for temperatures up to 
3000 K; and HITEMP and HITEMP2010 with data for temperatures up to 5000 K [39–44]. 

Other models are based on statistical bands that divide the gas spectrum into wide or narrow 
spectral bands, representing a range of wavelengths that contain many spectral lines [19]. 
Within these bands, the spectral properties are treated as constant, resulting in statistically 
averaged gas properties for each band. These models often require tabulated band parameters 
for the gas, which are derived from the HITRAN/HITEMP databases and can be found in the 
reports from the EM2C lab [45–47] (based on the HITRAN1992 database, with additional 
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spectral lines from Flaud et al. [48]) or the updated parameters from the work of Rivière et al. 
[49]. 

Since the performance levels of the models depend on the spectroscopy database used, Chu et 
al. [50] and Becher et al. [51] have compared the different spectroscopy databases. In the study 
of Chu et al. [50], an LBL model using the HITEMP1995, HITRAN2004, HITRAN2008, and 
HITEMP2010 databases was compared against a statistical narrow-band model (SNBM) using 
the EMC2 lab band parameters. The analysis focused on radiative transfer calculations for 𝐻ଶ𝑂 
and 𝐶𝑂ଶ, as well as the mixture of the two. Their results showed that older databases are 
missing many hot-lines at higher temperatures, specifically beyond 1000 K. In addition, the 
SNBM was found to perform as accurately as the LBL model for the studied cases. In both [50] 
and [51], it was concluded that HITEMP2010 is the preferred database.     

Moreover, the exponential wide-band model (EWBM) [34] [52] [53], which is similar to the 
statistical band models, assumes that gas absorption occurs in spectral bands. It employs 
average band parameters over a specified wavenumber interval that varies with temperature 
and wavenumber over the band. Here, the band parameters are approximated using analytical 
expressions, requiring a smaller database compared to the SNBM and LBL model [36]. 
However, the EWBM has demonstrated limited accuracy in terms of producing the total 
emissivity of gases, such as for mixtures of 𝐻ଶ𝑂 and 𝐶𝑂ଶ; see [54] [55]. Furthermore, the 
described band models (SNBM and EWBM) are currently limited to predicting the radiant 
properties of gases only in the infrared (IR) spectra, specifically for wavenumbers relevant to 
thermal radiation, in the range of 50–11250 𝑐𝑚ିଵ. The emission and absorption events in the 
IR spectra are mainly due to the changes in the vibrational states of the gas molecule, whereas 
the emissions in the UV-to-visible spectra are due to excitation within the molecule [36]. Thus, 
the descriptions of these transitions differ, and new expressions have yet to be derived.      
 

Global models 
The most-efficient models for estimating the radiative properties of gases, in terms of 
computational effort, are global models that consider the entire gas spectrum with absorption 
coefficients. These models aim to fit the radiative data of gas species within a range of 
temperatures, gas mixtures, and pressure-path lengths [36]. The simplest of these models are 
the gray gas models, which assume that the absorption coefficient of the gas medium is constant 
across all wavelengths. Typically, a spectrally averaged coefficient is used.  

The weighted-sum-of-gray-gases model (WSGGM) is widely used in engineering applications. 
The model treats the spectrum as one in which gases participate in radiation through a set of 
gray fictitious gases, each represented by an absorption coefficient and corresponding weight 
[33]. It can be employed as a gray gas model or to model non-gray gas behavior by estimating 
various gray gases that represent spectral absorption coefficients within the gas spectrum. The 
WSGGM is used in particular to model 𝐻ଶ𝑂 and 𝐶𝑂ଶ species, whereas the LBL and band 
models can be used to model a variety of species. The accuracy of the WSGGM depends on: 
(i) the accuracy of the radiative database that the model aims to fit; and (ii) the fitting process 
used to minimize the numerical differences between the model and the database. Consequently, 
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the model’s accuracy depends on the range of data that it must cover, which is a limitation. As 
a result, many different WSGGM parameters have been developed to suit specific conditions 
[17–27].    

Other methods that apply absorption coefficients to model the non-gray gas behavior reorder 
the absorption lines on the wavenumber spectrum. These include the full-spectrum k-
distribution (FSCK) model [56] [57], the spectral-line-based weighted-sum-of-gray-gases 
(SLW) model [58] [59], and the absorption distribution function (ADF) approach [60]. The 
SLW model is similar to the WSGGM except that it utilizes line-by-line databases to calculate 
the weight factors. In contrast, the ADF approach is similar to the SLW model but differs with 
respect to how the weights are calculated. The FSCK model assumes a spectrally reordered 
absorption coefficient over a narrow-band, part-spectrum or the full-spectrum by integrating 
over the Planck-weighted function [56]. The result is a continuous k-distribution and contrasts 
with the WSGGM, SLW, and ADF models, which generate step-wise absorption coefficients 
(see Fig. 4). However, application of the FSCK model to radiative transfer calculations is 
limited, since the correlations are provided for only one gas species. Including multiple gas 
species requires one to combine the spectra of the various species, which is difficult to 
approximate as it includes determining the k-distribution of the mixture from the k-distribution 
of each individual gas species. As such, two mixing models have been proposed: the 
multiplication model [57]; and the un-correlated mixture model [61].    

The LBL and narrow-band models are the most-accurate models for predicting the radiative 
properties of absorbing and emitting gases. However, since they require large amounts of data, 
using them in radiative transfer problems becomes too expensive computationally. As a result, 
these models are often employed in simple geometries to provide a benchmark solution for 
evaluating other gas radiation models, such as the WSGGM. The differences in complexity 
between the three gas models, LBL, SNBM, and WSGG, are illustrated in Figure 4. 
  

 

                                               (a)                                                    (b) 
Figure 4: Examples of the spectral absorption coefficients estimated by an SNBM, including 
an example of the LBL model (a), and the WSGGM showing one clear and three gray gases 
(b). 
 

This thesis employs two of the mentioned gas radiation models. It includes the WSGGM, due 
to its simplicity and efficiency of use in complex heat transfer problems. In specific cases, the 
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statistical narrow-band model (SNBM) is used for its high level of accuracy in evaluating less-
complex problems.  
 

Weighted-sum-of-gray-gases model 
The WSGGM, originally proposed by Hottel and Sarofim [33], has previously been updated to 
suit specific combustion conditions [17–27]. In this context, our research group [23] has 
updated the WSGGM parameters described in [33] to suit oxy-fuel combustion. In the work of 
Johansson et al. [23], the accuracy of the model was assessed through radiative source term 
test cases in a 1D slab that consisted of a gaseous domain with two infinite black plates. 
Specifically, to evaluate the WSGGM accuracy, a DTM (see [38]) was employed to solve the 
radiative heat transfer equation under isothermal non-homogenous and non-isothermal 
homogeneous/non-homogeneous conditions. In this work, a similar method is applied to 
generate and assess the accuracy of the updated WSGGM parameters presented in Paper II. 

Calculating the total emissivity using the WSGGM, as in Eq. (3), requires, for each gray gas, 
𝑗, the corresponding weight, 𝑎௝, and absorption coefficient, 𝜅௝, as well as the pathlength, 𝑆, 
pressure 𝑃, and molar fraction, 𝑌. Equation (3) also includes one clear gas, where the total 
number of gray gases and the clear gas sums to 𝐽.   
 

𝜀ௐௌீீ = ෍ 𝑎௝൫1 − 𝑒𝑥𝑝 ൣ−𝜅௝𝑆𝑃൫𝑌஼ைమ
+ 𝑌ுమை൯൧൯

௃

௝ୀଵ

 (3) 

 
The weight of each gray gas, 𝑎௝, is expressed in Eq. (4) as a function of temperature and 
represents the fraction of the black-body radiation for spectral regions in which a gray gas with 
absorption coefficient 𝜅௝ exists. The absorption coefficient of the clear gas is set to zero, to 
account for all the transparent windows between the absorption bands. The sum of all the 
weights (including the clear gas) is unity, and the reference temperature is constant and is 
dependent upon the applied WSGGM.  
 

𝑎௝ = ෍ 𝑐௝,௜(𝑇/𝑇௥௘௙)௜ିଵ

ூ

௜ୀଵ

 (4) 

 
In more recent models, the coefficients 𝜅௝ and 𝑐௝,௜ of each gray gas are polynomial functions of 

the molar ratio of water vapor and carbon dioxide, MR, and its polynomial degree can vary 
depending on the WSGGM. Expressed in Eq. (5) is an example of a four-order polynomial, 
which is used in the model presented in Paper II, and the coefficients 𝐶1 − 𝐶5 and 𝐾1 − 𝐾5 
are all constants for each gray gas, as listed in Paper II.   
 

𝑐௝,௜ = 𝐶1௝,௜ + 𝐶2௝,௜ ቆ
𝑌ுమೀ

𝑌஼ைమ

ቇ + 𝐶3௝,௜ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ

ଶ

+ 𝐶4௝,௜ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ

ଷ

+ 𝐶5௝,௜ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ

ସ

 

 

𝜅௝ = 𝐾1௝ + 𝐾2௝ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ + 𝐾3௝ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ

ଶ

+ 𝐾4௝ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ

ଷ

+ 𝐾5௝ ቆ
𝑌ுమை

𝑌஼ைమ

ቇ

ସ

 

(5) 

 
 



12 
  

Statistical narrow-band model 
The SNBM statistically averages the radiative properties across spectral bands that represent a 
range of wavelengths over which the participating gases in a ray’s path absorb and emit 
radiation. The SNBM used in this work applies the Malkmus model [62], as expressed in Eq. 
(6), for which the tabulated parameters for each band include the mean line-intensity to typical 
line-spacing within a narrow band, 𝑘௞, and the inverse of the mean line spacing, 𝑑௞, for the 
mean line half-widths, 𝛾 [45]. Here, the band parameters are gathered from previous work [49], 
and the parameters describing 𝐻ଶ𝑂 and 𝐶𝑂ଶ are based on spectroscopy databases. Specifically, 
the HITEMP 2010 database [44] is used for 𝐻ଶ𝑂, while the CDSD-4000 database is used for 
𝐶𝑂ଶ [63]. For detailed information on the accuracy of the mentioned spectroscopy databases, 
the reader is referred to the papers of Soufiani and Taine [45], Chu et al. [50], and Becher et al. 
[51].  

In this work, the wavenumbers are defined for 𝐻ଶ𝑂 and 𝐶𝑂ଶ gases in the IR spectra, in the 
range of 50–11250 𝑐𝑚ିଵ with a spectral width of 25 𝑐𝑚ିଵ, resulting in a total of 449 bands. 
To address non-uniform pathways, the SNBM employs the Curtis-Godson approximation [19] 
[64]. 
 

𝜏௩ೖ
= 𝑒𝑥𝑝ൣ− 2𝛾 /𝑑௞൫(1 + 𝑌𝑃𝑆𝑘௞𝑑௞ 𝛾⁄ )ଵ/ଶ − 1൯൧ (6) 

 
The mean spectral line-half width for 𝐻ଶ𝑂 and 𝐶𝑂ଶ used in Eq. (6) is temperature-dependent 
and determined according to Eq. (7). The reference temperature and pressure are 296 K and 1 
atm, respectively. For 𝐻ଶ𝑂 and 𝐶𝑂ଶ mixtures, the total transmissivity of the gas mixture is the 
product of the transmissivities of the separate gases.     
  

𝛾ுଶை =
𝑃

𝑃௥௘௙
ቊ0.462𝑌ுଶை

𝑇௥௘௙

𝑇
+

𝑇௥௘௙

𝑇

଴.ହ

[0.079(1 − 𝑌஼ைଶ − 𝑌ைଶ) + 0.106𝑌஼ைଶ + 0.036𝑌ைଶ]ቋ  

𝛾஼ைଶ =
𝑃

𝑃௥௘௙
ቐ

𝑇௥௘௙

𝑇

଴.଻

{0.07𝑌஼ைଶ + 0.058(1 − 𝑌஼ைଶ − 𝑌ுଶை) + 0.1𝑌ுଶை}ቑ 

 

            (7) 

 
Eq. (8) describes the total emissivity calculated by the SNBM using the averaged black-body 
intensity of band k (estimated from Planck’s radiation law) and its corresponding transmissivity 
as in Eq. (6).  
 

𝜀ௌே஻ெ = 1 − 1/𝐼௕ ෍ 𝐼௕௩ೖ
𝜏௩ೖ

௞
 (8) 

 
Generation of WSGGM parameters  
WSGGM parameters are generated using a predefined emissivity database, defined for a 
specific set of temperatures, pressure pathlengths, and species concentrations for each band or 
spectral line. This process involves using the LBL models that utilize HITRAN for 
spectroscopy data on the gases of interest or employing an SNBM with the band parameters 
for the gas species. Within this thesis, the SNBM approach is applied to construct an emissivity 
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database, using Eq. (8) for pure 𝐻ଶ𝑂 and 𝐶𝑂ଶ species, as well as the mixture of the two, at 
temperatures up to 5000 K.  

The WSGGM is then fitted to the database by minimizing the numerical difference between 
Eq. (3) and Eq. (8). The aim is to obtain, for each gray gas 𝑗, the weight parameters 𝑐௝,௜, and 

absorption coefficient 𝜅௝ and their dependencies on concentration and temperature. Various 

numerical minimization methods can be applied. Here, the nonlinear least-squares method and 
the Levenberg-Marquardt algorithm [65] are used. These selected methods aim to fit 
polynomials that best represent the coefficients of 𝜅௝ and 𝑐௝,௜ based on the reference emissivity.  

Specifically, 𝜅௝ and 𝑐௝,௜ can, for each gas concentration value 𝑌 (defined as either 𝑌ுଶை , 𝑌஼ைଶ or 
MR), be treated as equations for a 3D plane that describes the emissivity, temperature, and 
pressure pathlengths multiplied by the gas concentration, along the z-, y-, and x-axes, 
respectively. This is illustrated in Figure 5. 
 

 
Figure 5: Example of a plane described by WSGGM parameters, which is fitted to the 
emissivity values calculated by the SNBM (dots). 

 

In the following sequence, specifically for 𝐻ଶ𝑂 and 𝐶𝑂ଶ mixtures, the coefficients 𝐾 and 𝐶 
from Eq. (5) are fitted to the sets of 𝜅௝ and 𝑐௝,௜ coefficients through a second polynomial fit. 

Single 𝐻ଶ𝑂 and 𝐶𝑂ଶ species do not depend on the gas mixture fraction of Eq. (5), and only the 
sets of 𝜅௝ and 𝑐௝,௜ coefficients are provided. All the coefficients needed for the updated WSGGM 

are listed in Paper II.  

A summary of the overall minimization procedure applied for generating the parameters 
presented in Paper II is illustrated as a flowchart in Figure 6. Here, an iteration procedure is 
utilized to find the optimal fit and the iteration is divided into four steps, facilitating the fitting 
process by fitting the 𝜅௝ and 𝑐௝,௜ coefficients for one gray gas at a time. Initially, a 3D plane is 

described with one gray gas, i.e., only four coefficients. In the next step, the known four 
coefficients are inputs to fit 𝜅௝ and 𝑐௝,௜ for two gray gases, such that the coefficients are updated 

to achieve a more-precise fit. The iteration is repeated until the coefficients for all gas 
concentrations are defined. 
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Figure 6: Flowchart of the overall minimization procedure for defining coefficients for the 
weighted-sum-of-gray-gases model parameters presented in Paper II. 
 

3.2 Radiative transfer by gases 
Integrating the RTE, as in Eq. (2), over the spatial domain and using the WSGGM or SNBM 
to estimate the radiative properties of gases give the discretized formulation, according to Eq. 
9. Specifically, the radiative path is discretized into computational cells, solving the intensity 
for one homogeneous cell at a time evaluated over a spectral band k. Here, Eq. (9) is presented 
in terms of transmissivity, representing a radiative path as the sum of the difference in 
transmitted intensity multiplied by the spectral black-body intensity, 𝐼௕̅௩ೖ

, of the neighboring 

cell position 𝑛-1 to 𝑛 (9a), or for cell position 𝑛 to 𝑛𝑖, including the distance between those 
positions (9b). Equation (9a), which is known as the non-correlated formulation of the RTE, 
requires less computational effort compared to Eq. (9b) due to the absence of the summation 
term, and it is commonly used in CFD frameworks. For global models that use absorption 
coefficients, multiple spectral peaks are lumped together, making them efficient to use with Eq. 
9a. Here, the WSGGM is applied with Eq. (9a). In contrast, the correlated formulation of the 
RTE, i.e., Eq. (9b), predicts the averaged spectral properties over band k as a function of the 
pathlength and is suitable for use with the SNBM.  
 

𝐼௩̅ೖ,௡ = 𝐼௩̅ೖ,௡ିଵ𝜏̅௩ೖ,௡ିଵ→௡ + 𝐼௕̅௩ೖ,௡ିଵ/ଶ(1 − 𝜏̅௩ೖ,௡ିଵ→௡) (9a) 
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𝐼௩̅ೖ,௡ = 𝐼௩̅ೖ଴𝜏̅௩ೖ,଴→𝑛𝑖 + ෍ 𝐼௕̅௩ೖ,௡ାଵ/ଶ(𝜏̅௩ೖ,௡ାଵ→௡௜ − 𝜏̅௩ೖ,௡→௡௜)

௡ିଵ

௜ୀ଴

 (9b) 

 
The radiative properties may be assumed to be non-dependent on the wavenumber, v, treating 
the gases as a gray medium, which reduces the number of intensity equations that must be 
solved. Integrating the WSGGM can be used to calculate the intensity with Eq. (9), which 
results: for a non-gray gas, as in Eq. (10a); and for a gray gas, as in Eq. (10b). In Eq. (10a), the 
intensity is solved along its defined ordinate and corresponding computational cells for each 
gas j, and the total intensity is the sum of the intensities of each ordinate. For the gray gas, in 
Eq. (10b), the intensity is solved in a way similar to that shown in Eq. (10a), but instead a 
spectral averaged absorption coefficient, 𝜅, is estimated by the WSGGM. The implication of 
assuming gray or non-gray gas properties was briefly investigated for oxy-fuel conditions by 
Johansson et al. [23], although the cases were limited to 1D problems. Their study concluded 
that a gray medium performs poorly when temperature gradients are present in the gaseous 
domains of 𝐻ଶ𝑂 and 𝐶𝑂ଶ. Within this thesis, Paper III investigates the implications of a 
gray/non-gray gas assumption for 3D problems and its effect on the overall heat transfer for 
conditions relevant to coal/hydrogen combustion or plasma-aided heating.      
 

𝐼௡ = ෍ 𝐼௝,௡ିଵ𝑒𝑥𝑝ൣ−𝜅௝(𝑝ுଶை + 𝑝஼ைଶ)∆𝑠൧ + 𝑎௝𝐼௕,௝,௡ିଵ ଶ⁄ ൫1 − 𝑒𝑥𝑝ൣ−𝜅௝(𝑝ுଶை + 𝑝஼ைଶ)∆𝑠൧൯

௝

௝ୀଵ

 (10a) 

𝐼௡ = 𝐼௡ିଵexp (−𝜅∆𝑠) + 𝐼௕,௡ିଵ/ଶ(1 − exp (−𝜅∆𝑠)) 
𝑤ℎ𝑒𝑟𝑒: 𝜅 = −ln(1 − 𝜀ௐௌீீ(𝑇, 𝑌, 𝑃, 𝑆௖௛௔௥))/𝑆௖௛௔௥ 

 
(10b) 

 
In summary, calculating the total radiative transfer in a domain requires spectral integration, in 
order to yield the total intensities presented for a non-scattering medium by Eqs. (10a) and 
(10b). Applying a DTM or DOM to integrate further the total intensities over all solid angles, 
𝑁, gives the radiative flux. As such, the incident radiative flux, 𝑞௥, is the sum of the intensities, 
I, weighted by a quadrature weight, 𝜔௠, in a direction cosine, 𝜁, for a discrete direction, m, 
according to Eq. (11):   
 

𝑞௥
ᇱᇱ =  ෍ 𝐼௠𝜔௠𝜁௠

ே

௠ୀଵ

 (11) 

 
Similarly, the divergence of the radiative heat flux, 𝑞௥, which is the radiative source term, can 
for a 1D slab be calculated using Eq. (12). The source term is, for a radiative path and cell n, 
the difference between the locally absorbed and emitted intensities, 𝐼ା and 𝐼ି, respectively. For 
the 1D slab, half of the ordinates originate from the wall at the beginning of a path, n=0, and 
the remaining half arise from the wall at the end of a path. In this thesis, the source term 
equation is solved by the DTM, providing information on the local radiative transfer effects for 
a specified gaseous domain.    

∇𝑞 =  ෍ 𝜔௠𝜇௠(𝐼௡
ା − 𝐼௡

ି)

ே/ଶ

௠ୀଵ

 (12) 
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3.3 Particles and gases in radiative transfer 
 
Particle radiation 
Incomplete combustion of solid-based fuels leads to the formation of particles, which are 
suspended in the flame and participate in radiation. Since the particles emit, absorb, and scatter 
radiation, the integral term of Eq. (1) must be modeled appropriately for radiative transfer 
calculations.  

These particles continuously emit and absorb radiation in the spectrum and are characterized 
as broad-band emitters. Depending on their size, they can also scatter radiation via three distinct 
phenomena: diffraction, where the direction of a ray of light is changed due to the presence of 
particles; reflection; and refraction, where the light ray penetrates the particle and changes 
direction [19]. As such, the radiative scattering of light by a cloud of particles can be described 
in terms of the complex index of refraction and the size of the scattering particles, i.e., the ratio 
of the particle radius to the wavelength, at a given wavelength 𝜆, according to Eq. (13):  
 

𝑚ఒ = 𝑛ఒ − 𝑖𝑘ఒ 

𝑠𝑖𝑧𝑒 =
2𝜋 𝑟𝑎𝑑𝑖𝑢𝑠

𝜆
 

(13) 

 
Equation (13) includes a real part, the refractive index n, and an imaginary part, the absorptive 
index k, which define the optical properties specific to the particle of interest. In this work, two 
types of particles are included for modeling the coal flames: fuel/char particles and soot 
particles, both of which are treated as spherical entities. In particular, the coal flames in Paper 
I include char and soot particles, whereas those in Paper III only include char particles. 

The spectral dependency on the radiative properties is not as complex as that of gas radiation, 
although the modeling of particle radiation entails other challenges. As seen from the integral 
term in Eq. (1), solving the RTE in the presence of particles requires an absorption coefficient 
𝜅, scattering coefficient 𝜎௦, and a scattering phase function Φ, representing the fraction of 
energy that is scattered from direction 𝑠̂௜ into direction 𝑠̂. Determining these parameters 
necessitates simplifications derived from sub-models. Typically, this requires information on 
particle composition, density, temperature, concentration, and size distribution [66]. The 
composition determines the refractive index. 

A common assumption regarding heat transfer problems is isotropic scattering or non-
scattering. Isotropic scattering assumes that the scattering of radiation is equal in all directions, 
i.e., the scattering phase function is equal to unity. For a non-scattering assumption, the 
scattering phase function is zero. However, other methods for estimating anisotropic scattering 
are also available, for instance, using a linear anisotropic phase function or a Delta-Eddington 
phase function [67].  

Related to the scattering phase function is the forward scattering factor, 𝑓, which accounts for 
the amount of forward scattering such that a value of unity is treated as transmission. The 
absorption and scattering coefficients for a cloud of particles are related to 𝑓, such that an 
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absorption, 𝜅, and a scattering, 𝜎௦, coefficient are calculated for a group of particles, i, as a 
function of the projected particle surface area, 𝐴௣௥௢௝, particle emissivity, 𝜀, and number density, 

𝑁, as in Eq. (14). This approach is commonly applied in commercial CFD codes [67]. 
 

𝜅 = ෍ 𝜀௣௔௥௧௜௖௟௘,௜𝑁௜𝐴௣௥௢௝,௜

௜

 

𝜎௦ = ෍(1 − 𝑓௜)(1 − 𝜀௣௔௥௧௜௖௟௘,௜)𝑁௜𝐴௣௥௢௝,௜

௜

 
(14) 

 
In the literature relevant to coal combustion modeling, a constant forward scattering factor, 
typically 0.6 or 0.9, is commonly used in conjunction with the assumption that the radiative 
particle properties are gray, neglecting the spectral dependency. As such, the particle emissivity 
is either constant at 0.9 or varies linearly between 1.0 and 0.6, representing the emissivities of 
unburnt coal and fly ash [68–71]. However, char and fly ash particles have significantly 
different scattering properties, since fly ash scatters more radiation and char tends to absorb 
more radiation [72]. Therefore, if both particle types are present in a flame, the radiative 
properties of coal and fly ash should be modeled separately with typical 𝑓 and 𝜀௣௔௥௧௜௖௟௘ 

properties for the corresponding particle type and conditions.   

Alternatively, 𝑓 and 𝜀௣௔௥௧௜௖௟௘ can be replaced with the corresponding efficiency factors for 

absorption, 𝑄௔௕௦, and scattering, 𝑄௦௖௔, as in Eq. (15). 𝑄௔௕௦ and 𝑄௦௖௔ are functions of the optical 
particle properties determined from Mie theory. These properties can be either assumed as gray 
or non-gray, and their implications have been investigated [66]. 
 

𝜅 = 𝑄௔௕௦𝐴௣௥௢௝ 
𝜎௦ = 𝑄௦௖௔𝐴௣௥௢௝ 

(15) 

 
In this work, and as previously reported by Gunnarsson [20] [21], char particles are modeled 
by applying Mie theory using the functions of Mätzler [73], with the optical properties of 
particles from Foster and Howarth [74]. Part of the incoming radiation is scattered forward 
using a forward scattering factor of 0.8, as suggested by Gronarz et al. [75], while the remaining 
radiation is scattered isotropically. Fly ash particles are not considered in this work but can be 
included, for example, using the optical properties from Goodwin and Mitchner [76].  
 

Soot particles 
Since soot particles are smaller in size than char particles, they have a negligible effect on 
scattering, and their radiative properties can be estimated according to Rayleigh’s theory [19]. 
Rayleigh’s theory describes the particle radiation by soot particles through a spectral absorption 
coefficient, 𝜅௩, which is a function of the particle volume fraction, 𝑓௙, and the complex 

refractive index 𝐸(𝑚ఒ), according to Eq. (16): 
 

𝜅௩ =  𝐸(𝑚ఒ)
6𝜋𝑓௙

𝜆
 (16) 
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The function of the complex refractive index in Eq. (16) is spectrally dependent and has to be 
modeled. While several parameters are described in the literature, in this thesis, the needed 
spectral soot properties used during coal flame modeling are taken from the paper of Chang 
and Charalampopoulos [77]. 

Figure 7 illustrates the refraction index in Eq. (13) (Fig. 7a) and the absorptive index (Fig. 7b), 
on which both the spectral absorption and scattering coefficients of particles are based. Figure 
7 includes char [74] and fly ash [76] particles, as well as soot [77]. As observed in Figure 7, 
the three particle types show distinct refractive and absorptive index behaviors across different 
wavelengths. In Figure 7a, char and soot particles show increasing refraction of light as a 
function of wavelength, whereas the fly ash particles are almost constant, showing wavelength 
dependency only in the narrow region of 6–13 𝜇𝑚. In Figure 7b, the absorption index for char 
and fly ash remains constant for most of the wavelengths, with spectral dependence seen only 
between 0.5 and 13 𝜇𝑚. In contrast, soot particles show an increasing absorption index with 
wavelength. 
 

      

                            (a)                                                                   (b) 
Figure 7: Spectral variation of the refractive index and absorptive index parameters in Eq. (13) 
for coal, fly ash, and soot particles. The wavelengths are relevant for thermal radiation.  
 

Particle and gas radiation 
Determining the absorption coefficients for several particle types, such as char [Eq. (14) or Eq. 
(15)] and soot [Eq. (16)] particles, the summed radiative contribution is estimated from the sum 
of the absorption coefficients, as in Eq. (17): 
 

𝜅௩ = 𝜅௩,௖௛௔௥ + 𝜅௩,௦௢௢௧ 
𝜎௦ೡ

= 𝜎௦ೡ,೎೓ೌೝ
 (17) 

 
Furthermore, the effect of particle radiation on gas radiation can be determined by the total 
transmissivity over a spectral band, k, as expressed by Eq. (18), which is the product of the 
transmissivities of the gases and particles, estimated from the absorption and scattering 
coefficients. Equation (18) can be implemented with the SNBM. 
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𝜏௩ೖ
= 𝜏௩ೖ,೒ೌೞ

𝜏௩೛ೌೝ೟೔೎೗೐ೞ
   𝜎௦ೡ

= 𝜎௦ೡ,೎೓ೌೝ
 

𝑤ℎ𝑒𝑟𝑒: 𝜏௩೛ೌೝ೟೔೎೗೐ೞ
= 𝑒ି(఑ೡାఙೞೡ)∆௦ 

(18) 

 
In addition, gray particle absorption coefficients can also be implemented with the gas 
absorption coefficient in each wave band. By Planck averaging, the spectral particle properties, 
see Eq. (19), can be transformed into gray properties and implemented with the WSGGM, 
according to Eq. (20). 
 

𝜅௚௥௘௬ =
1

𝐼௕
෍ ∆𝑣𝐼௩ 𝜅௩ 

𝜎௦,௚௥௘௬ =
1

𝐼௕
෍ ∆𝑣𝐼௩ 𝜎௦,௩ 

(19) 

 
𝜅ௐௌீீெ = 𝜅௚௔௦ + 𝜅௚௥௘௬೛ೌೝ೟೔೎೗೐ೞ

 (20) 
 
In Eq. (19), the black-body and spectral intensities are determined by the particle temperature. 
The spectral intensity is the intensity of a spectral band, and ∆𝑣 is the width of the band. This 
thesis employs Eqs. (19) and (20) for the coal flames (Papers I and III) to estimate the radiative 
contributions from the particles and gases. For the particles, it is assumed that the temperature 
is equal to the surrounding gas and they are evaluated in spectral bands within the IR spectra, 
ranging from wavenumbers 100–20000 𝑐𝑚ିଵ. The bandwidth is 50 𝑐𝑚ିଵ.  

Utilizing the DOM for a cylindrical, three-dimensional enclosure to calculate the intensity, a 
radiative path along a discrete ordinate is in the nodal point of a computational cell that is 
assumed to spread in all directions in a spherical pattern. As such, the intensity is evaluated one 
sphere quadrant at a time. Thus, the intensity to node-point, 𝑃, from one direction in a octant 
of the sphere, where a ray originates from the wall boundary, gives Eq. (21) [7]:  
 

𝐼௠,௉ =
𝜇௠𝐴𝐼஺ + 𝜂௠𝐵𝐼஻ + 𝜉௠𝐶𝐼௖ +

𝛼𝐼ఈ
𝑤௠

+ (𝜅𝐼௕ + 𝜎௦𝐼௦௖௔௧)𝑉௉

𝜇௠𝐴 + 𝜂௠𝐵 + 𝜉௠𝐶 +
𝛼

𝑤௠
+ (𝜅 + 𝜎௦)𝑉௉

 (21) 

 
Equation (21) includes several variables: the directional cosines, 𝜇௠, 𝜂௠, 𝜉௠, and quadrature 
weight, 𝑤𝑚; cell wall areas 𝐴, 𝐵, and 𝐶, where the radiation enters and leaves in the radial, 
angular, and axial directions, respectively; correction for the cylindrical curvature, 𝛼; the cell 
volume 𝑉 at node point 𝑃; the upstream intensities 𝐼𝐴, 𝐼𝐵, and 𝐼𝐶, estimated through a diamond 
scheme [19]; and the absorption and scattering coefficients, as in Eq. (19) and Eq. (20), along 
with the black-body intensity and the scattered intensity, 𝐼௦௖௔௧. 𝐼௦௖௔௧ is determined as the total 
of the integrated radiation from all directions. Since part of the incoming radiation is assumed 
to scatter isotropically in this work, 𝐼௦௖௔௧  is divided by 4𝜋.      
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4. Models  
The heat transfer models developed within this thesis examine the various complexities 
inherent to radiative heat transfer modeling, as illustrated in Figure 8. With increasing 
complexity, the computational effort (computational time) and resources (memory usage) 
increase, necessitating vital sub-model selections and assumptions in the different 
frameworks. 

 
Figure 8: Flowchart of the models included in this thesis and their differences in terms of 
complexity for radiative transfer calculations. 
 

In summary, this thesis employs the heat transfer model developed by Gunnarsson et al. [21], 
which includes detailed descriptions of the heat transfer mechanisms within kilns in a 3D 
framework. The heat transfer model compares various fuels, such as pulverized coal, to 
hydrogen gas or thermal plasmas, studying the effects on the heat transfer conditions within 
kilns. The complexity of the heat transfer calculations depends on the inputs to the model. 
These inputs can be determined through various methods: adiabatic conditions, such as those 
presented in Paper I, providing an ideal case to study heat transfer conditions within kilns 
during the combustion of a variety of fuels; experimental data obtained from pilot-scale test 
furnaces, as investigated by Gunnarsson et al. [8]; and through CFD, as presented in Paper III, 
providing inputs based on detailed modeling that includes combustion chemistry, fluid 
dynamics, and radiative transfer. The chosen method depends on the specific kiln conditions, 
the availability of experimental data, and the affordability of the computational approach. 

In addition, to examine radiative transfer locally this work includes a DTM, which is 
geometrically limited to one dimension. The inputs used for the DTM are either user-defined 
inputs, representing the combustion conditions of interest, as presented in Papers II and III, 
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or those obtained through CFD (Paper III). Since the model is limited to one dimension, 
different radiation models and modeling strategies can be evaluated, for example, by comparing 
the performance levels of gas models of varying complexity. Thus, the DTM used in this work 
also allows us to evaluate numerical errors among different gas models and to identify methods 
to optimize computational efficiency within more-complex geometries and modeling 
frameworks. The results obtained from the DTM facilitate sub-model selection for the heat 
transfer model and CFD codes.  

As such, selecting the appropriate model for radiative transfer calculations depends on the 
objectives, achieved either by comparing sub-models with the DTM or conducting heat transfer 
analyses within kilns using the heat transfer model and CFD.    
 

4.1 Heat transfer model 
The heat transfer model used in this thesis describes the heat transfer within a full-scale rotary 
kiln and is described in detail elsewhere [20] [21]. The model includes: gas radiation from the 
hot 𝐻ଶ𝑂/𝐶𝑂ଶ gases modeled by the WSGGM [Eqs. (4) and (5)]; particle radiation from 
particles suspended in the flame modeled according to Mie theory [Eq. (15)] and Rayleigh 
theory [Eq. (16)], in combination with the WSGGM [Eq. (20)]; surface radiation from the kiln 
surfaces, treated as gray and diffusive; convection from the flue gas flow; and conduction 
through the kiln wall. In addition, the model considers heat losses from the outer wall of the 
kiln that occur via radiation and convection, as well as the heat generated by chemical reactions 
from the product material, which forms a solid bed within the kiln. Furthermore, the model 
accounts for the kiln’s rotation, dividing the bed surface into two distinct layers: a bottom layer, 
and a surface layer. The bottom layer follows the rotation of the kiln wall (in the angular 
direction), and the surface layer moves in the opposite direction to the bottom layer. Eventually, 
the bottom layer is mixed into the surface layer. The bed is treated as a flat surface, determined 
from a specified filling degree – a furnace volume portion filled with the bed material – and is 
accounted for during cell discretization. The flat surface assumption has negligible effects on 
the radiation from/to the material or on the convective heat transfer to the material. The bed 
material projects an area towards the inner kiln wall surfaces comparable to a flat surface, and 
the heat transfer coefficients for convective transfer applied in this work depend solely on the 
flow size.  

The heat transfer model requires several inputs, including temperature, gas, and particle 
profiles. The DOM is then applied, dividing the cylindrical enclosure into computational cells 
in three directions: axial, radial, and angular. The RTE is solved iteratively within the 3D 
enclosure, and the bed and wall temperatures are updated in each iteration from the calculated 
heat transfer contributions of radiation, convection, and conduction. The bottom layer is in 
contact with the kiln wall and is subjected to conductive heat transfer, which is treated in the 
model by applying a penetration model. The surface layer, which is exposed to gases, particles, 
and the kiln wall, is subjected to convective heat transfer, with coefficients obtained from the 
work of Gorog et al. [78], and radiative heat transfer, calculating the flux from Eq. (11) and the 
corresponding intensities from Eq. (21). For all the heat transfer mechanisms, the heat transfer 



22 
  

rate is estimated from the residence time of the bed material within a computational cell, 
determined by the product flow rate, kiln’s rotation and inclination angle. At a defined point, a 
computational cell in the angular direction within the bottom layer of the bed material is mixed 
with the surface bed layer under the assumption of perfectly mixed conditions, resulting in an 
average bed temperature. For a reacting bed material, several reactions have to be included and 
this depends on the bed material (see next section for the reactions included in this work). The 
outer wall heat losses due to radiation are calculated by assuming a surrounding temperature 
of 300 K and an outer wall temperature that is determined by the wall material properties. 
Losses due to convection are calculated using the outer wall convective heat transfer 
coefficients obtained from Barr et al. [79]. For more details of the heat transfer calculations 
and correlations used within the model, see [7]. 

The output includes the heat transferred by radiation, convection, and conduction to the kiln 
surfaces, the enthalpy changes in the colder secondary gas stream, and heat losses. As such, the 
overall heat balance, illustrated in Figure 9, is the energy over the fuel heat release transferred 
to the bed material boundary (via radiation, convection, and conduction), heat losses from the 
outer wall boundary (via radiation and convection), and the enthalpy change (between the 
inflowing secondary gas and outflowing flue gas).   
 

 
Figure 9: Overall heat balance solved by the heat transfer model.  
 

The overall heat balance, Figure 9, is closed by iteratively specifying the flue gas temperature. 
Using a guessed flue gas temperature, the heat transfer model solves the total heat transfer in 
the kiln, and the difference between the fuel heat release and the total heat transfer, the error, 
is checked. The model is considered to be converged when the error for the overall heat balance 
is within 1%.    
 

Modeling setup 
In this thesis, two kilns are analyzed: industrial-scale kilns for iron ore production and 
demonstration-scale kilns for cement production. Table 1 presents the setups used to model 
these kilns.   
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Table 1: Modeling setups for the two kilns analyzed in this thesis. 

Product 
Dimensions 

[m] 

Bed 
flow 

[𝒌𝒈/𝒔] 

Bed feed 
temperature 

[°C] 

Secondary 
gas flow 
[𝑵𝒎𝟑/𝒔] 

Secondary 
gas 

temperature 
[°C] 

Kiln 
rotation 
[𝑹𝑷𝑴] 

Iron ore 
Length: 33 
Radius 2.6 

~150 1000 
Air:  

58.85–40 
Air:  

1150-1200 
1.6-2.0 

Cement 
Length: 18 
Radius 0.48 

~3.6 900 𝐶𝑂2: 1.74 𝐶𝑂2: 980 3.8 

 

Iron ore kilns 
The primary objective of the iron ore kilns included in this work is to sinter iron ore pellets 
through oxidizing magnetite to hematite and heat treatment, achieving temperatures of 
approximately 1200°–1300°C [80]. Before entering the kiln, the pellets are preheated to 
1000°C by the flue gases that exit the kiln. To promote pellet oxidization during preheating, 
large quantities of preheated air, around 40–60 𝑁𝑚ଷ/𝑠 at 1150°–1200°C (Table 1), are typically 
supplied to the kiln process during combustion, ensuring an oxygen concentration of ~16% in 
the kiln flue gas. The pellets are oxidized from magnetite to hematite according to Reaction 
(R1) [81], which is an exothermic process.  
 

4 𝐹𝑒ଷ𝑂ସ + 𝑂ଶ → 6 𝐹𝑒ଶ𝑂ଷ   ∆𝐻 = −119 𝑘𝐽/𝑚𝑜𝑙 (𝑅1) 
 
In this thesis, the heat transfer model assumes that the pellets enter the kiln, representing an 
industrial kiln used for iron ore production (see specifications in Table 1), with a degree of 
oxidation of 85%. The pellets are further oxidized within the kiln according to Reaction (R1), 
adding the heat of reaction as a source term, which is assumed to be evenly distributed along 
the kiln axis. The size and temperature of the secondary air flow mimic typical full-scale 
production. Papers I and III utilize the heat transfer model, providing the heat transfer 
conditions within iron ore kilns for conditions relevant to pulverized coal and hydrogen gas.  
 

Cement kilns 
In cement kilns, powdered raw meal is sintered by supplying sufficient heat such that the 
material undergoes calcination and clinkerization. Similar to iron ore kilns, the hot flue gases 
exiting the kiln are used to preheat the powered raw meal before it enters the kiln. The raw 
meal is preheated to 900°C to promote calcination, as in Reaction (R2) described by Watkinson 
and Brimacombe [82].  
 

𝐶𝑎𝐶𝑂ଷ → 𝐶𝑎𝑂 + 𝐶𝑂ଶ     ∆𝐻 = 1700 𝑘𝐽/𝑘𝑔 𝐶𝑎𝐶𝑂ଷ (𝑅2) 
 
Reaction (R2) is endothermic, dissociating calcium carbonate to form calcium oxide and 
carbon dioxide. In the heat transfer model, the raw meal is partially calcinated within the kiln 
according to Reaction (R2). In addition, the model includes clinkerization – a series of complex 
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chemical reactions needed to produce the cement-containing components (mainly alite and 
belite) – which occurs between the calcination and sintering temperatures, i.e., 900°C to 
1450°C [83] [6]. All the heat generated or consumed by the calcination reaction (R2) or by the 
clinkerization reactions are determined from the enthalpies estimated using the FactSage 
software, and as a function of the bed material temperature.     

As a low-carbon alternative heat source for modeling cement kilns, the heat transfer model 
applies electrically generated thermal plasmas (Paper III), specifically when using 𝐶𝑂ଶ as the 
working gas, as 𝐶𝑂ଶ from the calcination reaction is inherent to the cement process. The 
resulting flue gases will, thus, contain high carbon dioxide concentrations, facilitating efficient 
carbon capture if integrated with a CCS technology. Moreover, by excluding air as the oxidant 
for combustion, the process eliminates 𝑁𝑂௫ formation. In Table 1, the cement kilns represent a 
demonstration scale, and the 𝐶𝑂ଶ working gas is heated using 8 MW of electric power with a 
corresponding efficiency of 90% [83]. The secondary gas is assumed to be 𝐶𝑂ଶ, maintaining 
the same temperature as in industrial conditions, and the flow size is scaled from typical full-
scale conditions. 
 

4.2 Model inputs 
The temperature, gas, and particle profiles required by the heat transfer model depend on the 
heat source and the selected sub-models, such as combustion, turbulence, and radiation models, 
as well as the modeling strategy. The sub-model selection is vital, as it will affect the overall 
heat balance (see Fig. 9), i.e., the output from the heat transfer model.  
 

Adiabatic profiles 
The adiabatic flame temperature is achieved by assuming that no losses occur when the energy 
is released from the fuel, whereas all the energy goes into raising the temperature of the gas. 
Depending on the sizes of the primary and secondary air streams, an air-to-fuel ratio (AFR) 
can be determined, providing an estimation of the amount of excess air that will mix with the 
flue gases. As more air is mixed, the temperature rise in the system decreases, thereby lowering 
the adiabatic flame temperature. As such, the centerline of the flame can be correlated to the 
AFR and the adiabatic flame temperature of the applied fuel. 

If the flame length, shape, and temperature distribution from the centerline are unknown, they 
must be assumed. In this thesis, these assumptions are illustrated in Figure 10a, which considers 
an axisymmetric conical flame shape with a radially linear temperature decrease from the flame 
centerline to the outer cone boundary. In the axial direction, plug flow is reached at the end of 
the flame length. As such, a local AFR is determined for each cell in the axial direction, 𝑧, 
within the flame, according to Eq. (22). In Eq. (22), as the flame widens into a cone and 
approximates the kiln radius, the AFR decreases towards plug flow conditions, and the 
temperature distribution along the flame centerline for each axial cell follows the adiabatic 
flame temperature profile of the fuel (see Fig. 10b). The gas concentration of the flame is 
determined from the adiabatic flame temperature.       
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                            (a)                                                                   (b) 

Figure 10: The flame assumptions within the kiln (a), and an example of the adiabatic flame 
temperatures (b).  

𝐴𝐹𝑅௭  =
𝑅௙௟௔௠௘,௭

ଶ

𝑅௞௜௟௡,௭
ଶ  𝐴𝐹𝑅୫ୟ୶ (௣௟௨௚ ௙௟௢௪) (22) 

 
The combined assumptions and adiabatic flame temperature profile map the temperature field 
within the kiln. Temperature fields for various fuels can then be used as an input to the heat 
transfer model, to calculate the isolated effects of the temperature, gas, and particle fields on 
the overall heat transfer conditions.   
 

Profiles derived using experimental data 
Previous work conducted by this research group, presented in Gunnarsson et al. [8], include 
experimental measurements performed in a 580-kW, pilot-scale test furnace that represents a 
stationary cylindrical furnace without bed material. The study measured the radiative intensity, 
temperature, gas concentration (𝐻ଶ𝑂 and 𝐶𝑂ଶ), and particle (char and soot) concentrations in 
axial ports located equidistantly along the furnace, yielding (for temperature and gas) radial 
data for each axial port. The gathered data were then interpolated to map the temperature and 
gas concentration within the furnace. For particles, the data were collected at the center position 
of the axial ports at fractions of the flame length. The particle data were then fitted to the 
radiative intensity measurements along the furnace, where it could be assumed that the particles 
were distributed throughout the furnace cross-section, resembling a cosine distribution with 
peak value in the center. In this work, the method presented previously [8] was used to 
implement particles in the heat transfer model, so as to study the radiation effects under 
adiabatic flame conditions.  
 

Profiles derived using CFD  
Alternatively, the temperature, gas, and particle profiles can be modeled by computational fluid 
dynamics (CFD) codes; these calculations are often used in industry to model non-reacting and 
reacting flows. Such codes involve solving the governing transport equations for mass, 
momentum, energy, and chemical species. A typical solver technique applied in commercial 
CFD software is the finite volume method. This method involves integrating the transport 
equations over many computational cells, discretization, and iteration, in order to generate the 
flow and temperature fields. Depending on the problem, CFD codes can include the use of 
several sub-models, in order to increase the complexity of the calculations to capture the 
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studied physics. Examples of sub-models used in this thesis are: combustion models with the 
appropriate kinetic setups for chemical species transport for fuels, such as coal, hydrogen, and 
thermal plasmas with 𝐶𝑂ଶ as the working gas; turbulence modeling through applying the SST-
k ω model; and transport by radiation, utilizing the DOM. Transport by radiation is included in 
the CFD calculations as a source term in the energy equation, determined by locally absorbed 
and emitted radiative energy. As described in Chapter 3, the radiative intensity, which depends 
on the participating particles and gases, can be calculated by the different models available in 
commercial CFD software packages or by implementing user-defined functions.  

This work combines combustion, turbulence, and radiation sub-models in CFD modeling, 
which generates the flow field, with the detailed descriptions of heat transfer included in the 
heat transfer model that represents a rotary kiln. Thus, by constructing a CFD model that 
represents the same 3D full-scale rotary kiln with the same bed material as in the heat transfer 
model and maintaining many of the boundary conditions, the CFD-modeled profiles can be 
extracted to the heat transfer model to study the effect of fuel shifting on the overall heat 
transfer. 

The approach involves interpolating the temperature, gas composition, and particle 
concentration node data within the kiln geometry to a mesh that is compatible with the heat 
transfer model. Specifically, this requires obtaining the values of the temperature, gas, and 
particle concentrations at all nodes in the x-, y-, and z-directions, along with the coordinates of 
the generated mesh. Since the values for the gas volume are of interest for extraction, the mesh 
must be constructed so as to exclude the bed material. Furthermore, the node data from the 
CFD model are considerably larger than the generated mesh. Therefore, for the interpolation, 
the nearest-neighbor algorithm is employed, such that a node in the generated mesh assumes 
the closest value that lies within the larger CFD gridded dataset. This algorithm was found to 
give the best results, as opposed to linear interpolation, which creates intermediate values.   

In this work, the commercial software ANSYS FLUENT (2011) is used for the CFD 
calculations for coal-fired, hydrogen-fired, and thermal plasma-heated kilns, as presented in 
Paper III. The mesh is constructed within the MATLAB R2023b software as a cylindrical 
coordinates grid representing the cylindrical geometry of the kiln, which consists of nodes in 
the axial, angular, and radial directions. An example of the grid, where the bed material has 
been accounted for, is illustrated in Figure 11.  

 
Figure 11: Cylindrical grid that is compatible with the heat transfer model. 
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4.3 Discrete transfer model 
The DTM used in this thesis solves the radiative source term, Eq. (12), with the directional 
cosines gathered from Fiveland’s 𝑆ଵଶ discrete quadrature scheme [84], in a 1D slab that consists 
of a gaseous domain between two infinite black plates. Defining the distance between the plates 
with temperature and gas profiles representative of the desired combustion conditions allows 
one to study the local radiative transfer effects. Here, it includes evaluating the predictive 
capabilities of two types of gas radiation models: the less-detailed WSGGM [intensities from 
Eq. (10)]; and the more-complex SNBM [intensities from Eq. (9b)], in user-defined 
isothermal/non-isothermal and homogeneous/non-homogeneous 1D domains (for details, see 
Paper II). The non-isothermal/non-homogeneous domains are defined by assuming that the 
temperature and/or gas profile varies according to a cosine profile that ranges from the 
temperature/gas concentration at the plate walls to a peak value in the domain center, according 
to Eq. (23). As such, Eq. (23) is a function of the plate and peak temperatures/gas 
concentrations, the plate distance, 𝑆௠, and the coordinates in a radiative path between the 
plates, 𝑠. 
 

𝑇/𝑌௣௥௢௙௜௟௘ = 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡ଵ − 𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡ଶ𝑐𝑜𝑠(2𝜋𝑠 𝑆௠⁄ ) 
𝑤ℎ𝑒𝑟𝑒:  

𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡ଵ =
𝑇/𝑌௣௟௔௧௘௦ + 𝑇/𝑌௣௘௔௞

2
 &  𝐶𝑜𝑛𝑠𝑡𝑎𝑛𝑡ଶ =

𝑇/𝑌௣௘௔௞ − 𝑇/𝑌௣௟௔௧௘௦

2
 

(23) 

 
The accuracy is assessed by the average deviation, 𝜉, from the SNBM in predicting the radiative 
source term (for non-isothermal and/or non-homogeneous domains) or total emissivity (for 
isothermal and homogeneous domains) over the pathlength within the domain, according to 
Eq. (24):  
 

𝜉 =  න |𝜀ௐௌீீ − 𝜀ௌே஻ெ| න |𝜀ௌே஻ெ|
௦

଴

ൗ
௦

଴

 

𝜉 =  න |∇𝑞ௐௌீீ − ∇𝑞ௌே஻ெ| න |∇𝑞ௌே஻ெ|
௦೘

଴

ൗ
௦೘

଴

 
(24) 

 
Furthermore, in Paper III, the DTM is used to investigate local radiative transfer effects by 
calculating the source term in one cross-section of the coal/hydrogen-fired and plasma-heated 
kilns. Here, the temperature and gas profiles are defined from CFD simulations, and the gas 
emissions defined by the WSGGM parameters presented in Paper II are compared for 
gray/non-gray formulations [Eqs. (10a) and (10b)] to the SNBM [Eq. 9b)]. 
 

Radiative source term cases 
With the DTM, two radiative source term cases are included for analysis, and are presented in 
the results. These cases examine the local radiative transfer effects under conditions relevant 
to coal and hydrogen combustion. Several WSGGMs are employed and compared to the 
SNBM: the new WSGGM presented in Paper II; the WSGGM of Smith and Shen [24], which 
is commonly used in CFD codes for conventional combustion conditions; the WSGGM of 
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Johannsson [23], which is applied in Paper I to model the gas emissions from coal flames; and 
the WSGGM of Bordbar et al. [26], which is also applied in Paper I to model the gas emissions 
from hydrogen flames. The Smith, Johansson, and Bordbar WSGGMs are all limited with 
respect to temperature, to <2400/2500 K. Therefore, two temperature profiles are applied for 
the analysis: Eq. (25a) relevant to coal combustion, and Eq. (25b) relevant to hydrogen 
combustion. The profiles are assumed to follow a cosine function, as in Eq. (23), ranging from 
preheated air temperatures for iron ore kilns, 1473 K (see Table 1) to the calculated peak 
adiabatic temperatures of the coal and hydrogen flames in Paper I. 
 

𝑇 = 1650 − 450 𝑐𝑜𝑠(2𝜋𝑠 𝑆௠⁄ ) (25a) 

𝑇 = 2200 − 1000 𝑐𝑜𝑠(2𝜋𝑠 𝑆௠⁄ ) (25b) 
 
For Eq. (25a), the gas concentration in the domain is constant, with an 𝐻ଶ𝑂 to 𝐶𝑂ଶ molar ratio 
of unity, such that it is within the Smith WSGGM boundaries. For Eq. (25b), it is 100% 𝐻ଶ𝑂. 
The plate walls are set to maintain a temperature of 500 K, and the plate distance, 𝑆௠, is 5 m, 
representing the diameter of the iron ore kiln (Table 1). The WSGGM deviation from the 
SNBM, 𝜉, is determined according to Eq. (24), where a deviation from the SNBM of around 
20% is, according to a previous study [23], considered to be acceptable.   
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5. Results 
The result of this thesis cover two types of models: 1D problems for predicting the radiative 
source term in a slab (see Section 4.3), and 3D problems for predicting the heat transfer 
conditions within iron ore kilns using the heat transfer model (see Section 4.1). 
 

5.1 Radiative source term calculations in a one-dimensional slab   
The results from the source term calculations are presented and illustrated in Figure 12, a and 
b, and the deviations from the SNBM are listed in Table 2.  
 

 
(a)                                                                       (b) 

Figure 12: Radiative source term calculations for a domain relevant to conventional 
combustion (a), and for pure hydrogen combustion (b). The red dashed line represents the 
applied temperature profile.  

 

Table 2: Case specification and the deviation relative to the SNBM, as in Eq. (24), for the tested 
WSGGMs. 

Case 
Temperature 

profile 
Gas 

concentration 
𝝃:  

Paper II 
𝝃: 

Smith 
𝝃: 

Bordbar 
𝝃: 

Johansson 

Fig. 12a Eq. (25a) 
𝑌ுଶை

𝑌஼ைଶ
= 1 11% 28% - 18% 

Fig. 12b Eq. (25b) 𝑌ுଶை = 100% 15% 77% 88% - 

 

Figure 12a shows the performances of the mentioned WSGGMs for temperatures that are 
relevant to coal combustion. In Figure 12a, a gradient of deviation relative to the SNBM is 
observed for the Smith and Johansson WSGGM, specifically in the hot domain center. Among 
the WSGGMs tested, the WSGGM presented in Paper II exhibits the highest accuracy (see 
Table 2) compared to the SNBM, and its performance is considered acceptable.  

Figure 12b shows the source term when the temperatures exceed the validity range of 
conventional WSGGMs, such as those relevant for hydrogen combustion. For those models, 
more-prominent gradients of deviations from the SNBM are observed throughout the domain 
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compared to coal combustion conditions. However, the WSGGM in Paper II, again, performs 
at a satisfactory level, while the WSGGMs of Bordbar and Smith predict the source term with 
deviations that exceed the acceptable 20% range relative to the SNBM.    

The observed source term trends in Figure 12, a and b are similar. Close to the walls, the source 
term is negative due to the temperature gradient between the cold walls (500 K) and hot gas 
(~1200 K), resulting in gas emission. The gas temperature increases towards the peak in the 
domain center, where the gases emit radiation. At distances of around 0.5 m (Fig. 12a) and 
0.25–1.25 m (Fig. 12b) from the walls, the source term is positive, as the gas mixture absorbs 
radiation from the hotter gases in the domain center. The source term is positive in a broader 
range for Figure 12b compared to Figure 12a, due to the higher gas temperatures in the peak.     

In summary, the results highlight the need for accurate sub-model selection for predicting gas 
radiation, specifically during combustion modeling that involves pure hydrogen as the fuel. 
The performance of the WSGGM from Paper II shows its suitability for both coal and 
hydrogen combustion conditions.   
 

5.2 Three-dimensional heat transfer calculations within kilns 
This section compares the modeled heat transfer conditions within a rotary kiln for coal and 
hydrogen flames under adiabatic conditions (presented in Paper I) to the CFD-modeled coal 
and hydrogen flames (presented in Paper III), including the new gas radiation model presented 
in Paper II. The temperature profiles of the flames are illustrated in Figure 13.  
 

 
Figure 13: Temperature contours of the coal flame (a) and hydrogen flame (b) under adiabatic 
conditions (flue gas temperatures of 1596 K and 1617 K, respectively), and as a result of CFD-
modeled conditions for the coal flame (c) and hydrogen flame (d) (with flue gas temperatures 
of 1578 K for both flames).  
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The comparison includes the calculated heat transfer from fuel heat release (via radiation, 
convection, and conduction) to the product bed material and the flue gases (see Table 3). Since 
the fuel heat release differs between the cases, the heat transfer rates to the bed and flue gases 
are presented relative to the fuel heat release. In addition, to account for differences in the 
secondary gas flows and temperatures (40 𝑁𝑚ଷ/𝑠 and 1473 K in Paper I; and 58.85 𝑁𝑚ଷ/𝑠 
and 1423 K in Paper III), the heat transfer to the flue gas is normalized by the secondary gas 
flow rate. Furthermore, the comparison includes the temperature profiles of the product and 
kiln wall, as determined from the resulting heat transfer calculations (Fig. 14).   
 

Table 3: Heat transfer conditions for the adiabatic coal and hydrogen flames in Paper I, and 
the CFD-based coal and hydrogen flames in Paper III, applying the WSGGM from Paper II. 

 

 

(a)                                                                       (b) 
Figure 14: Temperature profiles of the product (a) and kiln wall (b). 
 

Adiabatic- and CFD-based coal flames 
Under adiabatic conditions, the coal flame predicts a total heat transfer fraction to the bed 
material that is ~17% higher than that of the CFD-based coal flame (see Table 3 and Fig. 14a). 
The majority of the heat transfer difference arises from radiation (fraction is ~16% higher in 
the adiabatic flame) and convection (fraction is ~80% higher in the adiabatic flame). The 
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overall heat balance is considered to be closed, showing only 0.1% and 8% differences in total 
heat transfer rate and heat release between the adiabatic and CFD-coal flames, respectively.  

The adiabatic flame results in higher gas temperatures compared to the CFD flame (see Fig. 
13), leading to increased radiative heat transfer from the suspended particles and gases. 
Furthermore, due to the conical shape of the flame, the temperature of the gas layers adjacent 
to the kiln surfaces is higher, promoting more-efficient convective heat transfer. As a result, the 
overall heat transfer under CFD-modeled conditions is not as efficient as under adiabatic 
conditions, and more heat exits with the flue gases (~62% more heat transfer fraction to the 
flue gas under CFD than under adiabatic conditions, and higher heat to flue gas per unit of 
secondary gas flow under CFD conditions). However, the flue gas temperatures are similar 
between CFD and adiabatic (see Fig. 13). Moreover, differences in wall temperature profiles, 
as illustrated in Figure 14b, indicate that the heat transfer rate to the kiln wall is higher in the 
CFD case. The reason for this is the different particle profiles; in the CFD case, particles travel 
farther downstream in the furnace, and along with the surrounding gases, they participate in 
radiation over a greater distance than in the adiabatic case.  
 

Adiabatic- and CFD-based hydrogen flames 
In the hydrogen cases, significant differences are observed between the adiabatic- and CFD-
modeled conditions (see Table 3 and Fig. 14). The total fraction of heat transferred to the bed 
material is ~89% higher in the adiabatic case, with the radiative contribution (fraction) being 
~103% higher and the convection contribution being 75% higher than the CFD case. 
Consequently, the heat transfer fraction to the flue gases and the normalized heat to flue gas 
per unit of secondary gas flow are 89% and 50% higher in the CFD case than in the adiabatic 
case, respectively. Again, the overall heat balance is considered closed for the two cases, 
showing 0.1% and 6% differences in total heat transfer rate and heat release between the 
adiabatic and CFD-hydrogen flames, respectively. The higher peak flame temperatures in the 
adiabatic case result in increased radiative heat transfer, primarily due to 𝐻ଶ𝑂 gas emissions. 
Here, it should be noted that the adiabatic case (Paper I) applies the gas radiation model 
(WSGGM) of Bordbar [26], which is limited to temperatures below 2400 K. The associated 
errors when exceeding the model’s limit are described in Section 5.1.  
 

CFD-based flames: coal vs hydrogen 
As shown in Figure 13, the CFD-based hydrogen flame achieves higher peak gas temperatures 
than the coal flame, but has lower heat transfer rates to the bed material (see Table 3). The 
reason for this is the lack of radiating particles in the hydrogen flame. Consequently, the lower 
heat transfer rates to the kiln surfaces result in the lowest product and wall temperatures among 
the studied cases, as illustrated in Figure 14. 

In summary, using CFD increases the precision of the calculations because the framework 
allows the integration of selected sub-models for combustion, turbulence, and radiation into 
the defined transport equations. Furthermore, applying the updated WSGGM (Paper II) 
increases the precision of describing gas emissions, specifically for temperatures above 2400 
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K. The impact of the fuel shift is observed locally in terms of the heat transfer to the kiln wall, 
with the variations depending on the complexity between cases. The heat transfer during 
hydrogen firing is not as efficient as during coal firing. To increase efficiency, co-firing 
hydrogen with coal may be considered, as adding particles may effectively enhance the 
radiative heat transfer rate within the furnace. However, results from Paper I indicate that 
adding particles to a hydrogen flame will, once again, exert a local effect on the overall heat 
transfer rate, specifically close to the burner region. Therefore, such calculations will require 
greater precision, achieved via careful sub-model selection. 
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6. Conclusions   
This work develops models to increase understanding of thermal radiation and its effects on 
the overall heat transfer within rotary kilns when substituting fossil-based fuels with 
electrification through hydrogen gas or thermal plasmas.  

This thesis includes: a heat transfer modeling study of coal and hydrogen-fired kilns under 
adiabatic flame temperature conditions (Paper I); the generation of updated parameters for a 
weighted-sum-of-gray-gases model to extend its applicability to 𝐻ଶ𝑂/𝐶𝑂ଶ gas mixtures at up 
to 5000 K (Paper II); the evaluation of WSGGMs in CFD codes (Paper III); and the use of a 
1D discrete transfer model to study the local radiative effects during fuel shifting (Paper III).     

Radiative source term calculations show that for conditions relevant to hydrogen combustion, 
the WSGGM derived for higher temperatures presented in Paper II outperforms the other 
WSGGMs tested. This highlights the importance of selecting appropriate gas radiation models, 
especially for predicting radiative heat transfer in hydrogen flames.  

Using CFD modeling with selected sub-models for combustion, turbulence, and radiation 
increases the complexity and precision of the calculations compared to adiabatic modeling. The 
updated WSGGM (Paper II) increases the precision of radiative predictions through gas 
emissions, which dominates heat transfer in the modeled hydrogen flames, as compared to the 
current standard model. The results show that under adiabatic conditions, the hydrogen flame 
predicts heat transfer rates at levels comparable to those for the coal flame. However, using 
CFD-based conditions, the overall heat transfer is lower for the hydrogen flame than for the 
coal flame. The reason for this is the lower peak flame temperatures (compared to adiabatic) 
and the lack of particles, which reduces the radiative heat transfer rates. As a result, the majority 
of the heat transferred from fuel heat release exits with the flue gases, indicating lower heat 
transfer efficiency compared to coal firing.  

In conclusion, the transition from coal firing to hydrogen firing in kilns affects the overall and 
local heat transfer rates, as observed in the kiln temperature profiles. The results show the 
importance of sub-model selection for describing the flame conditions (adiabatic flame 
temperature conditions are not optimal) and for accurately estimating the gas emissions 
(through appropriate gas model selection) in kilns during either coal or hydrogen firing. 
Although hydrogen firing effectively reduces the levels of carbon dioxide emissions and 
particulate formation, its heat transfer efficiency in rotary kilns is lower than that of coal, 
necessitating co-firing or alternative kiln designs.    
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7. Future work 
The findings presented in this thesis indicate several directions for future research aimed at 
increasing our understanding of the heat transfer conditions in rotary kilns. Future studies 
should:  

- Study the interactions of particles suspended in a hydrogen flame and their effects on 
the overall and local heat transfer rates to the kiln surfaces.  

- Perform model validation by comparing the updated WSGGM parameters against 
radiative intensity measurements made under conditions relevant to hydrogen flames 
or thermal plasmas, thereby assessing the accuracy levels of the model parameters in 
radiative transfer. 

- Evaluate the effects of dissociation on radiation by generating WSGGM parameters that 
include, for instance, the radiative contribution from the dissociation of 𝐶𝑂ଶ to 𝐶𝑂 
molecules and other radicals.     

- Examine methods that combine radiation modeling with optical measurement 
instruments to study combustion processes. It will be important to understand which 
optical measurements should be made during hydrogen combustion or thermal plasma 
heating, particularly those in the different emissions spectra, such as in the IR and 
visible spectra. This will facilitate the development of optical measurement techniques 
and increase the precision levels of our models.  
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Nomenclature 
𝐼 radiative intensity  

𝑠̂ unit vector in a given direction 

𝑠 the coordinates in a radiative path  

w quadrature weight in a direction m 

N total number of discrete directions 

MR gaseous molar ratio of 𝐻ଶ𝑂 to 𝐶𝑂ଶ 

𝑎௝ weight of gray gas 𝑗 

𝑆 pathlength  

𝑃 total pressure/node-point 

𝑌 gaseous molar fraction of species 

𝑇 temperature 

K parameter for WSGGM 

C parameter for WSGGM 

𝑘௞ mean line-intensity to typical line-spacing within a narrow band 

𝑑௞ inverse of mean line spacing 

∆𝑠 length of a computational cell 

𝑞௥ radiative flux 

∇𝑞 radiative source term 

𝑆௠ distance between plates 

𝑆௖௛௔௥ characteristic domain length between plates 

𝑓 forward scattering factor 

𝑄௔௕௦ absorption efficiency 

𝑄௦௖௔ scattering efficiency 

𝐴௣௥௢௝ projected particle surface area 

𝑓௙ particle volume fraction 

𝑁 number density 

𝑘ఒ absorptive index 
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𝑚ఒ complex index of refraction 

𝑛ఒ refractive index 

∆𝑣 bandwidth 

V volume 

𝑅 kiln radius 

A cell surface area in radial direction 

B cell surface area in angular direction 

C cell surface area in axial direction 
 
Greek symbols  

𝜅 absorption coefficient 

𝜎௦ scattering coefficient  

Φ scattering phase function/azimuthal angle 

Ω solid angle for in-scattering/direction vector of radiative intensity 

𝛳 polar angle 

𝜇, 𝜂, 𝜉 direction cosines in 𝑥, 𝑦, 𝑧 directions 

𝜁 any direction cosine 

𝜀 emissivity 

𝜏 transmissivity 

𝛾 mean line half-width 

𝜆  wavelength 

α geometrical coefficient 

𝜉 deviation from the SNBM 
 
Subscript 

𝑚 discrete direction 

𝑣 wavenumber/spectral property 

𝑏 black-body 

𝑗 gas 𝑗 in the weighted sum of gray gases model  

I polynomial degree 
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𝑖 factor i of polynomial degree I / cloud of particles 

𝑘 band in the statistical narrow band model     

𝑛 cell number  
 
Superscripts 

‾ averaged property 

+ leaving 

- arriving 
 
Chemical compounds 

𝐹𝑒ଷ𝑂ସ magnetite  

𝐹𝑒ଶ𝑂ଷ hematite 

𝐶𝑎𝐶𝑂ଷ calcium carbonate 

𝐶𝑎𝑂 calcium oxide 
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