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Fahad Aziz 1,2,14, Kuan-Ting Lin3,4,14, Ping-Yi Wen5,14, Samina1, Yu-Chen Lin3, Emely Weigand6,
Ching-Ping Lee1, Yu-Ting Cheng1, Yong Lu 7,8,9, Ching-Yeh Chen1, Chin-Hsun Chien1, Kai-Min Hsieh1,
Yu-Huan Huang1, Haw-Tyng Huang10, Hou Ian11,12, Jeng-Chung Chen1, Yen-Hsiang Lin1,
Anton Frisk Kockum 6, Guin-Dar Lin3,4,13 & Io-Chun Hoi 2

Reaching the quantum limit for added noise in amplification processes is an important step toward many
quantum technologies. Nearly quantum-limited traveling-wave parametric amplifiers with Josephson
junction arrays have been developed and recently even become commercially available. However, the
fundamentalquestionofwhetherasingleatomalsocan reach thisquantum limit hasnotyetbeenanswered
in practice. Here, we investigate the amplification of a microwave probe signal by a superconducting
artificial atom,a transmon, at theendof asemi-infinite transmission line, under astrongpumpfield. Theend
of the transmission line acts as amirror formicrowave fields. Due to theweak anharmonicity of the artificial
atom, the strong pump field creates multi-photon excitations among the dressed states. Transitions
between these dressed states, Rabi sidebands, give rise to either amplification or attenuation of the weak
probe.Weobtain amaximumpower amplification of 1.402 ± 0.025, higher than in any previous experiment
with a single artificial atom. We achieve near-quantum-limited added noise (0.157 ± 0.003 quanta; the
quantum limit is 0.143 ± 0.006 quanta for this level of amplification), due to quantum coherence between
Rabi sidebands, leading to constructive interference between emitted photons.

Stimulated emission1, a fundamental phenomenon that is at the heart of
modern laser and maser technology, plays a key role in amplifiers2. This
process occurs when an incident photon interacts with a fully excited
(population inversion) two-level atom, resulting in the emission of an
additional photon, leading to a power gain G of 2, with added noise of one
quantum. The quantum limit for the noise is3

QLN ≥
1
2
∣1� 1

G
∣; ð1Þ

i.e., 0.25 quanta for the gain in this example. To achieve quantum-limited
added noise, this mechanism can be extended to a multi-level atom with a
multi-photon pump. In such a system, it is possible to have emissions with
the same energy from two different dressed-state transitions with
population inversion. If these emissions do not interfere, the total emitted
intensity I will be the sum of the individual intensities, i.e.,

I ¼ jE1
!j2 þ jE2

!j2 � 2jEj2, where E≡ E1 ≈ E2 is the electric field of
individual emission. With quantum interference, the maximum intensity
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becomes I ¼ ðE1
!þ E2

!Þ
2
¼ jE1

!j2 þ jE2
!j2 þ 2E1

!� E2
!� 4jEj2 when E1

!

and E2
!

are in phase. The dot-product term represents the contribution from
the interference. Thus, the emission intensity, and thus the gain, with
quantum constructive interference can be twice that of emission without
quantum interference. Crucially, the added noise is the same for both cases.
Here, we utilize these properties to achieve nearly quantum-limited added
noise in amplification with a single artificial multi-level atom.

To explore amplificationby stimulated emission fromatoms in a three-
dimensional open space is challenging since atoms and electromagnetic
fields only interact weakly there, due to spatial mode mismatch4. However,
the interaction can be increased by confining an atom to interact with the
continuum field in a one-dimensional open waveguide5,6; one realization of
such a setup iswith a single artificial atom in anopen transmission line7. The
study of numerous quantumoptical effects in such setups has paved theway
for the emerging field of waveguide quantum electrodynamics (QED)8–20.

Existing amplification schemes in waveguide QED have employed
various mechanisms, such as population inversion between bare states7,
population inversion between dressed states21, and amplification without
population inversiondue tohigher-orderprocesses betweendressed states22.
However, none of those schemes have led to experimentally measured
amplitude (power) amplification ofmore than 1.09 (1.19), nor noise close to
the quantum limit. Here, we demonstrate a significant improvement in the
amplification of the probe field using quantum coherence between the Rabi
sidebands of a strongly driven superconducting artificial atomat the endof a
semi-infinite transmission line; at the same time, we also achieve nearly
quantum-limited noise. The mechanism, which builds on top of an essen-
tially half-waveguide-QED system, differs from previous work21, where the
artificial atom was coupled to an open transmission line and only a two-
photon pump was investigated. Due to the weak anharmonicity of the
artificial atom, the strong pumpfield not only generates stable dressed states
but also produces population inversion across them. The key difference
between this work and others7,21,22 is the degenerate stimulated emission.

We investigate the cases of two-photon, three-photon, and four-
photon pumping, which result inmultiple Rabi sidebands that lead to either
amplification or attenuation of the weak probe. When two amplification
Rabi sidebands cross, the emitted photons from one sideband interfere
constructively with those from the other sideband to further enhance
amplification. In addition, the one-dimensional and unidirectional output
ensures perfect interference between the two amplification Rabi sidebands
and eliminates thedisadvantage of losinghalf of the stimulatedemissiondue
to the bidirectional output in a waveguide-QED system23. We also engineer
the artificial atom to have a relaxation rate much faster than its pure
dephasing rate, which further improves amplification.With all these effects
combined, we obtain amaximumpower amplification ofG = 1.402 ± 0.025,
higher than any previous workwith a single artificial atom7,21,22. At the same
time, our experiment is the first in such a setup to achieve nearly quantum-
limited addednoise. By analyzing the spectrumof spontaneous emission,we
find that the addednoise in our amplification is 0.157 ± 0.003 quanta. This is
very close to the quantum limit of 0.143 ± 0.006 quanta for our power gain
G, as given by Eq. (1). The bandwidth and saturation power of the ampli-
fication is 4MHz and−131 dBm, respectively.

Results and discussion
Theoretical model and experiment
The theoretical model is illustrated in Fig. 1a, b. We consider a super-
conducting artificial atom, an M-level transmon24, at the end of a semi-
infinite transmission line16,22. A strong resonant pump field is fed into the
atom from the openend, exciting the transmon from its ground state ∣0i to a
particular excited state ∣Ni by absorbing N photons. In order to probe the
transmon dressed by the pump, we apply a weak probe field, whose Rabi
frequencyΩp is much smaller than the transmon decoherence rate γ10, and
analyze the power reflectance ∣r∣2 of this probe. The results show that
amplification (∣r∣2 > 1) is caused by the probe photons being resonant with
the dressed states exhibiting population inversion. Additionally, due to the

multiple levels of the transmon, near-resonant transitions from different
sidebands constructively contribute to the reflected signal, resulting in an
enhancement of the amplification. Conversely, attenuation (∣r∣2 < 1) occurs
when the population between dressed states is not inverted. The theoretical
description of the system’s dynamics and the calculation of reflectance are
discussed in the “Methods” section.

We characterize the basic properties of the artificial atom through
single-tone scattering14,20. We employ two-tone, three-tone, and four-tone
spectroscopies to characterize the energy structure of the transmon (see
Supplementary InformationNote 2 for details).All the extractedparameters
are summarized in Table 1. Note that we, throughout the manuscript,
calibrate the incident field bymeasuring the reflected field when the qubit is
far detuned. In the measurements of amplification, we focus on the case of
three-photon pumping, in which we observe quantum coherence between
Rabi sidebands. We also investigate the two- and four-photon pumping
cases in Supplementary Information Notes 3 and 5, respectively. The
maximumpoweramplification obtained for all three pumping cases is given
in Supplementary Information Table 2.

In the three-photon-pumping experiment, we pump the ∣0i ! ∣3i
transition of the transmonwith the experimental setup in Fig. 1c.When this
pump is resonant, the frequencies of three pump photons sum up to
ω30 =ω10+ω21+ω32. Therefore, we set the pump frequency to ωpump/
2π =ω30/6π = 4.530GHz, indicated by the purple arrow in Fig. 2a, b, and
sweep the pump power Ppump from−125 to−85 dBm. To probe the driven
system, we simultaneously sweep a weak continuous probe field at fre-
quency ωp over a wide range of frequencies, including higher transitions.
The experimental data for the reflectance ∣r∣2 of the probe field are shown in
Fig. 2a and the corresponding numerical simulation is shown in Fig. 2b.

In Fig. 2a, the dashed curves show the numerically calculated Rabi
sidebands resulting from transitions between dressed states in Fig. 1b (see
Supplementary Information Note 6 for details). Note that the number of
Rabi sidebands is predicted to be N N þ 1ð Þ in ref. 23. Taking N = 3 as in
ref. 23 would yield 12 sidebands, which is inconsistent with the measured
results (14 sidebands). This disagreement is due to the effect of higher
transmon levels than those considered in ref. 23, which become important
here due to our strong pumping leading to three-photon processes.
The strong pumping in our experiments leads to the emergence of addi-
tional transitions, some of which lie outside the measured frequency
range. For Ppump >−95 dBm, transitions involving dressed states,
∣Di; F þ 1i $ ∣Dj; Fi, where i > j (i < j), lead to amplification (attenuation)
when ωp >ωpump (ωp <ωpump). This observation can be explained by the
population distribution of the dressed states in Supplementary Information
Fig. 9. Amplification (attenuation) occurs when population inversion (non-
inversion) takes place among the dressed states.

At lowpumppowers, whenPpump ~−120 dBm, only a single response
is visible in the reflectance spectrum in Fig. 2a, b, around the ∣0i $ ∣1i
transition frequency, in the form of split bright stripes. As the pump power
increases, we observe a clear and increasing splitting around the resonance
frequency ω10/2π = 4.766 GHz. This effect is detuned Autler–Townes
splitting25 (detuningΔ =ωpump−ω21 =−2π × 8MHz), suggesting that there
are dressed states formed by the bare states ∣1i and ∣2i with the pumping
field. Details are shown in Supplementary Information Fig. 12. When the
pump power increases further, beyond −110 dBm, we observe multiple
Rabi sidebands, which correspond to various transitions between the
dressed states. The Rabi sidebands appear as amplification or attenuation of
the weak probe field.

The maximum amplification occurs when the signals of the two
amplified Rabi sidebands ∣D3; F

� $ ∣D4; F þ 1
�
[label (i)] and ∣D4; F

� $
∣D5; F þ 1

�
[label (ii)] in Fig. 2b cross at frequencyωp/2π ≈ 4.739 GHz and

pump power −95 dBm, interfering constructively. As the near-resonant
transitions involving two different transition paths can take place at the
same time, an emitted photon from one path triggers the emission of both
transitions, thus contributing to the amplification in a collective way. The
degree of enhancement can be calculated more accurately by explicitly
considering multiple sideband cross-coherences, as shown in ref. 26.
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Figure 2c shows the experimental measurement (dots) and numerical
simulation (black solid curve) of a horizontal linecut at maximum ampli-
fication (indicated by red arrows in Fig. 2a, b). A zoomed-in view of the
amplifiedRabi sidebands crossing,wherewe observe quantumcoherence, is
provided in Supplementary Information Note 4. The solid blue curve

represents the theoretical curve without quantum coherence between the
amplified Rabi sidebands26. The amplified peak has a full width at half
maximum (FWHM) of 4MHz, revealing a maximum power amplification
of 1.402 ± 0.025. The data and the simulations are in excellent agreement
without any free-fitting parameters.

Fig. 1 | The pump-probe scheme and the experimental setup. a An M-level
transmon is pumped by a strong resonant field with Rabi (carrier) frequencyΩpump

(ωpump). The Rabi frequency is related to the radio-frequency (RF) power through
Ω ¼ k

ffiffiffi
P

p
, where k is a coupling constant and P is the RF power14. The transmon is

pumped from ∣0i to ∣Ni by an N-photon absorption process. A weak probe with
frequencyωp is applied to the system. The relaxation rate between adjacent states ∣Ni
and ∣N � 1i is denoted by ΓN,N−1. b Energy diagram of the dressed states in the
rotating frame of a pump frequency ωpump. Here Di (i = 0, 1, …, M−1) is the ith
eigenstate (with energy _ωD

i ) of the system with Hamiltonian H0
a ¼ Ha þ Hd (Ha

andHd are defined in Eqs. (4) and (5), respectively, in the “Methods” section) and F
denotes the photon number. The dashed purple line represents the pump frequency
ωpump and the solid blue double-sided arrow indicates the transition between dressed

states (see Supplementary Information Note 6 for more details). c A simplified
circuit diagram of the experimental setup where a probe field (green) and a pump
field (purple) are combined by an RF combiner at room temperature with
attenuation (red rectangle) and fed into the sample (optical micrograph inside the
red dashed box). The micrograph shows an artificial atom (transmon), formed by a
large cross-shaped island, capacitively coupled to the end of a semi-infinite trans-
mission line, with a characteristic impedance ofZ0≃ 50Ω. The reflected output field
is measured in a vector network analyzer (VNA). The position of the super-
conducting quantum interference device (SQUID) loop of the transmon is shown in
the scanning electron micrograph on the right. The yellow dashed box shows the
cryogenic environment of the dilution refrigerator. Further details on the experi-
mental setup are given in Supplementary Information Note 1.

Table 1 | Extracted and derived transmon parameters

EC/h EJ/h EJ/EC ω10/2π ω21/2π ω32/2π ω43/2π Γ10/2π Γϕ1=2π γ10/2π

[MHz] [GHz] – [GHz] [GHz] [GHz] [GHz] [MHz] [MHz] [MHz]

228 13.67 59.96 4.766 4.538 4.287 4.005 2.264 0.0317 1.164

We extract the transition frequencyω10, the relaxation rate Γ10, and the decoherence rate γ10 by fitting themagnitude and phase data from single-tone scattering (see Supplementary Information Fig. 2b)34.

We calculate the pure dephasing rate Γϕ1 from Γ10 and γ10, using γ10 = Γ10=2þ Γϕ1. From the four-tone spectroscopy (see Supplementary Information Fig. 2d), we extract ω21, ω32, and ω43, and the

anharmonicity between the ∣0i $ ∣1i transition and the ∣1i $ ∣2i transition. The anharmonicity approximately equals the chargingenergy24EC.Wecalculate the JosephsonenergyEJ andEJ/EC fromω10 and

EC, where _ω10 ’ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
8EJEC

p � EC.
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It is important to further examine the amplification properties of the
system. Figure 3a shows the measured saturation of the amplification
process as a function of probe power Pp (Rabi frequency Ωp) at the max-
imumamplificationpoint.The details of themeasurements, includingmore
data, are provided in Supplementary Information Note 7. We observe a
maximumpower amplification of 1.405 ± 0.072 in the regimeofweakprobe
power. As we increase Pp (Ωp) beyond the saturation power Psat, the
amplification begins to saturate towards unity. We also studied gain lim-
itations; see Supplementary Information Note 4A for more details.
Approximately half of the excess maximum reflectance is ∣r∣2≃ 1.2. The
probe power and Rabi frequency at this reflectance correspond to the
saturation power Psat and linewidth Γ/2π, respectively, as indicated by the
markers. The saturation power Psat is related to the linewidth of the dressed
state by Psat = ℏωcΓ≃−131 dBm, where ωc and Γ are the resonance fre-
quency and the linewidth of the dressed state, respectively.

To further understand the noise properties at the point ofmaximum
amplification, we drove the transmon at a resonant three-photon pump
frequency. We then measured the inelastic (incoherent) spectrum of
spontaneous emission at frequencies near the maximum amplification
point using the experimental setup shown in Supplementary Informa-
tion Fig. 1b, with a resolution bandwidth of 910 kHz. We also measured
this spectrum with the pump turned off. The power spectral density
(PSD), normalized to a single photon energy quantum, shown in red on
the left y-axis in Fig. 3b, is obtained by subtracting the pump-off from the
pump-on spectral curve and calibrating the absolute power (see Sup-
plementary Information Note 8). The inelastic (incoherent) spectrum
reveals a peak due to the finite population of excited states among the
dressed states.

The PSD quantifies the intensity of the noise at the frequency of the
maximum amplification point produced by the spontaneous emission.
Since PSD can be directly converted to a noise temperature TN, we deter-
mined the noise temperature of the amplification from this data. The
resulting curve (blue, right y-axis) in Fig. 3b corresponds to the horizontal
linecut from Supplementary Information Fig. 11a, b at Ppump =−96.5 dBm
(see Supplementary Information Note 8 for details) and shows good
agreement with the numerical simulation.We summarize the peaks of gain,
noise, and quantum-limited noise in the caseswithout andwith interference
inTable 2, suggesting thatnearlyquantum-limitedmicrowave amplification

Fig. 2 | Reflectance of a weak probe with three-photon pumping. aMeasured
reflectance spectra ∣r∣2 of the weak probe field (Pp =−161 dBm) as a function of
probe frequencyωp (x-axis) and pump power Ppump (y-axis). The pump frequency is
ωpump = ω30/3 = 2π× 4.530 GHz. bNumerical simulation of the experiment. The left
y-axis is the pump power; the right y-axis is the Rabi frequencyΩpump.We setM = 6
and use the relaxation rates Γn,n−1/2π = nΓ10/2π = 2.264nMHz, where n = 1, 2,…, 5.
There are no free fitting parameters for the simulation. c A linecut taken at
Ppump =−95 dBm from Supplementary Information Fig. 4, where the two amplified
Rabi sidebands cross each other at ωp/2π ≈ 4.739 GHz (indicated by a red arrow in

Fig. 2a, b), shows a maximum reflectance 1.402 ± 0.025. The black arrows indicate
the width of the reflectance spectrum (Γ/2π ~ 4MHz). The solid red dots are the
experimental data with standard deviation, the solid black curve is the linecut of the
numerical simulation from b, and the solid blue curve is the theoretical result
without quantumcoherence between the amplifiedRabi sidebands26. The excess gain
(black) is about twice that of the case without quantum interference (blue). The
roughly 2% difference between data and theory from 4.72 to 4.73 GHz is most likely
due to the gain drift of the HEMT amplifier (see Supplementary Information Fig. 1)
measured with the background (reference) reflectance.

Fig. 3 | Saturation and noise properties of the amplification process (Figures 2a
and 3 were measured in different cooldowns with the same sample). Solid dots
represent experimental data with standard deviation; solid red curves show the
results of numerical simulations. We set the pump frequency to a fixed value of ω30/
6π = 4.530 GHz, and the pump power to Ppump =−96.5 dBm. aMeasured reflec-
tance ∣r∣2 as a function of probe power Pp (bottom x-axis) at the point where we
observed the maximum power amplification (1.405 ± 0.072) at weak probe power.
The top x-axis shows the Rabi frequencyΩp. bAt themaximum amplification point,
the pump field induces a population inversion between the states ∣D3; F

� $
∣D4; F þ 1

�
[label (i)] and ∣D4; F

� $ ∣D5; F þ 1
�
[label (ii)]. This population

inversion leads to the spontaneous emission of photons, as depicted in themeasured
spectrum in red on the left y-axis as a function of frequency ω. The spectrum reveals
the characteristic emission profile corresponding to these states. The noise tem-
perature, crucial for amplifier operation, is shown in blue on the right y-axis. The
arrows indicate the width of the spectrum (Γ/2π ~ 4MHz).

Table 2 | The peak values of power gain, noise, and quantum-
limited noise (expressed in units of quanta), with and without
interferenceeffects betweenRabi sidebands in the stimulated
emission

Without interference With interference

Gain 1.25 1.402 ± 0.025

Noise 0.157 0.157 ± 0.003

Quantum-limited noise 0.10 0.143 ± 0.006

The quantum-limited noise increases as the gain increases, according to Eq. (1).
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is achieved by interfering with degenerate stimulated emission in a single
artificial atom.

The observed linewidth Γ/2π in Figs. 2c and 3b is due to the minimal
effect of pure dephasing (2γ≃ Γ, where γ is the decoherence rate and Γ is the
linewidth of the dressed state at the crossing point). Figure 2c shows the
measurements conducted using a vector network analyzer (VNA)
employing two fields (pump and probe), which primarily explore elastic
(coherent) scattering of the probe, aiming atmeasuring stimulated emission
among dressed states. In contrast, Fig. 3b shows the measurement of
spontaneous emission with a spectrum analyzer (SA) utilizing a single RF
source as a pump field. This configuration captures the spontaneous
emission of the atom, directly related to inelastic (incoherent) scattering6.
The use of both instruments enabled the exploration of different quantum
processes occurring among the dressed states.

In conclusion, we investigated the amplification of a weak probe field
by a single artificial atom at the end of a semi-infinite transmission line due
tomulti-photonexcitations indressed states inducedbya strongpumpfield.
The reflectance of the weak probe displayedmultiple Rabi sidebands, which
were either amplified or attenuated. We observed a particularly strong
amplification when two amplified Rabi sidebands crossed, leading to con-
structive interference between the emitted photons. In one such case, we
observed a power amplification of 1.402 ± 0.025. About half of the excess
gain there can be attributed to quantum interference. We found, by ana-
lyzing the spectrum of spontaneous emission, that the added noise of the
amplification process was nearly quantum-limited at 0.157 ± 0.003 quanta;
the quantum limit was 0.143 ± 0.006 quanta for this level of amplification.
We thus demonstrated that nearly quantum-limited microwave amplifi-
cation can be achieved by interferingwith degenerate stimulated emission in
a single artificial atom.

Methods
System dynamics and calculation of reflectance
The dynamics of an artificial atom at the end of a semi-infinite transmission
line under a multi-photon drive can be described by the Born–Markov
quantum master equation24,27–29,

dρ
dt ¼ � i

_ HS; ρ
� �þ PM�1

n;m¼1

Γn;n�1þΓm;m�1

2 D σn;n�1; σm�1;m

� �
ρ

þ Γϕ1D
PM�1

n¼1
nσn;n;

PM�1

m¼1
mσm;m

� �
ρ;

ð2Þ

where the system Hamiltonian is given by

HS ¼ Ha þ Hd þ Hp; ð3Þ

with

Ha ¼
XM�1

n¼1

_ ωn � nωpump

� 	
σn;n; ð4Þ

Hd ¼
XM�1

n¼1

ffiffiffi
n

p _Ωpump

2
σn;n�1 þ H:c: ; ð5Þ

Hp ¼
XM�1

n¼1

ffiffiffi
n

p _Ωp

2
σn;n�1e

�i ωp�ωpumpð Þt þ H:c: ð6Þ

Here, σn;n ¼ ∣ni nh ∣ is the projection operator for the nth energy level with
atomic energy ℏωn and σn;n�1 ¼ ∣ni n� 1h ∣ is the atomic ladder operator
between thenth and (n−1)th level of the transmon. TheRabi frequency and
the carrier frequency of the pump (probe) field are denoted byΩpump (Ωp)
and ωpump (ωp), respectively. The pump frequency ωpump for N-photon
pumping is obtained by dividing the relevant transition frequency byN. For

instance, in the casesN = 2, 3, and 4, the pump frequencies areω20/2,ω30/3,
andω40/4, respectively.Here,ω20,ω30, andω40 are the transition frequencies
for the ∣0i $ ∣2i; ∣0i $ ∣3i, and ∣0i $ ∣4i transitions, respectively (see
Fig. 1a in the main text). The Lindblad superoperator is defined as
D A;B½ �ρ ¼ BρA� 1

2ABρ� 1
2 ρAB. The relaxation rate from the level ∣ni to

∣n� 1i is given by Γn,n−1. The last term inEq. (2) is added to account for the
pure dephasing process with the dephasing rate Γϕn for the nth level. Finally,
H.c. stands for Hermitian conjugate.

The reflectance is determined by jrj2 ¼ ∣ aouth i
ainh i ∣

2
, where the output and

input signals are the output annihilation operator aout and the input anni-
hilationoperatorain, respectively

30.Theoutput signal canbedetermined from
the input signal and the atomic response via the input–output relation31

aoutðtÞ ¼ ainðtÞ �
XM�1

n¼1

ffiffiffiffiffiffiffiffiffiffiffiffi
Γn;n�1

q
σn�1;nðtÞ: ð7Þ

In our setup, we apply a single-mode classical probe field as an input signal.
Then, the input operator can be approximated by a classical field32,33:

ainðtÞ ! � iΩp

2
ffiffiffiffiffiffi
Γ10

p e�i ωp�ωpumpð Þt : ð8Þ

Hence, the reflectance due to the weak probe beam is given by

jrj2 ¼ 1� 2i
XM�1

n¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Γ10Γn;n�1

p
σn�1;nðtÞ

 �

Ωp

�����
�����
2

: ð9Þ

Note that we limited the number of energy levels toM = 6, considering the
population in the state ∣5i to benegligible. Innumerical calculations,we thus
considered the sum of five atomic transitions σn�1;n


 �
for n = 1, 2,…, 5.

Data availability
The data that supports the findings of this study is available from the
corresponding authors upon reasonable request.

Code availability
The code that supports the findings of this study is available from the
corresponding authors upon reasonable request.
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