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Abstract
Ion cyclotron resonance heating (ICRH) has the potential of providing efficient ion heating of
reactor grade fusion plasmas especially during the start-up phase. In order to assess such heating
scenarios, ICRH modelling is required. However, the physics is complex and certain elements
are not universally taken into account in ICRH modelling. In this paper we discuss the
importance of including Doppler shift displacements of resonance points away from the cold
resonance (i.e. where ω = nΩc) in Fokker–Planck calculations of the distribution function of
resonating ions. In particular, the resonant interaction time and the wave electric field varies
with the local Doppler shifted resonance positions. The importance of accounting for these
variations in Fokker–Planck modelling is investigated. Furthermore, it is shown how these
effects can be included in a simplified Fokker–Planck treatment that is sufficiently quick for
integrated modelling frameworks of fusion plasmas. Because 2D effects in velocity space play a
crucial role in determining Doppler shifts, we employ a model of the anisotropy of the
non-thermal distribution function. Simulation results show that taking the Doppler effects into
account in Fokker–Planck modelling can have a significant impact on the distribution functions
of fast ions and important quantities, such as the collisional power transfer to the background
plasma. This is especially important in cases where the poloidal variation of the left-hand
component of the wave electric field is strong.

Keywords: ICRH, Fokker–Planck, Pitch angle average, Doppler effect, quasi-linear

1. Introduction

Auxiliary heating of tokamak fusion plasmas by y ion cyclo-
tron resonance heating (ICRH) has a proven track record
and its potential for providing effective ion heating has been
demonstrated in DT plasmas by [1–3]. In fact, out of the cur-
rent auxiliary heating methods for tokamaks, it is the only one
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that could provide significant ion heating during the start-up
phase of a reactor grade plasma. There are also other aspects
of ITER that could be of interest for ITER and a demon-
stration (DEMO) reactor, such as current drive, profile and
impurity control and wall conditioning [4–7]. It is therefore
of interest to continue to explore the potential of ICRH, not
least by simulating its impact on fusion plasmas. To this end,
not only models with a high degree of physics fidelity [8–
12] should be developed, but also simplified models which
are suitable for inclusion in frameworks for integrated mod-
elling of fusion plasmas, such as PION [13] and FoPla [14].
It is especially important when developing simplified model-
ling to assess key physics effects that should be included in the
modelling. In this paper, the effect of the Doppler shifted wave
frequency on the distribution function of the resonating ions is
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investigated. For simplicity, the analysis presented here is lim-
ited to the thin banana width limit, which may be appropriate
for a large reactor-grade plasma away from the most central
region. However, finite orbit width effects may play a signi-
ficant role in smaller devices requiring at least the solution
of a three-dimensional orbit averaged Fokker–Planck equation
including a collision operator and a quasi-linear operator, see
e.g. [15]. While such modelling has proved indispensable in
studying many detailed aspects of ICRH heating, for example
by [16–20], it is not necessary for assessing the salient features
of the Doppler effect on the distribution function of resonating
ions.

An individual ion following its guiding centre orbit in a
tokamak receives a ‘kick’ in energy in the vicinity of a res-
onance point, where the phase ν of the cyclotron motion rel-
ative to the Doppler shifted wave oscillation is stationary, i.e.
ν̈ = nΩc(rres)+ k∥v∥ −ω = 0. Here ω is the angular wave fre-
quency, Ωc the cyclotron frequency, rres the spatial location
of the resonance, n the harmonic number of the resonance,
while k∥ and v∥ are the wave vector and velocity compon-
ents parallel to the magnetic field. As a result of including the
Doppler shift, k∥v∥, the resonance is shifted away from the
cold resonance, ω = nΩc. There are two major effects associ-
ated with this that need to be accounted for: (i) the effective
time of a resonant interaction (in terms of a stationary phase
approximation) depends inversely on

√
ν̈ and varies strongly

with the spatial location of the resonance point; (ii) in certain
scenarios the wave polarisation is more advantageous away
from the cold resonance and also the magnitude of the wave
electric field may vary significantly spatially. Thus, a full 2D
Fokker–Planck code that uses only the flux surface averaged
absorbed power density and a ratio E−/E+ at the cold reson-
ance as input does not capture the correct physics. Here E−
and E+ are the right and left hand polarised components of
the wave electric field respectively. In the current paper we
develop a Fokker–Planck model for the resonating ions that
incorporates the Doppler effect. Furthermore, in order to make
the scheme suitable for integrated modelling, the 2D character
of the distribution function needed for the analysis is described
by the pitch angle distribution proposed by Dendy et al [21]
together with a solution of an appropriately pitch-angle aver-
aged Fokker–Planck equation. The latter takes into account the
anisotropy provided by the model for the pitch angle distri-
bution. For numerical evaluation of the quasilinear diffusion
coefficient in the Fokker–Planck equation, wave fields have
been taken from the full wave code FEMIC [22].

We find that the impact of the Doppler effect on import-
ant quantities for integrated modelling, such as the collisional
power transfer to the background ions and electrons, can be
significant when an ion–ion hybrid layer (IIHL) is formed by
the presence of at least two ion species.

2. Fokker–Planck theory

2.1. Bounce averaged Fokker–Planck equation

The evolution of the orbit averaged distribution function, f 0,
of ions resonating with ICRH waves in a toroidal plasma can

be described by a three-dimensional orbit averaged Fokker–
Planck equation,

∂f0
∂t

= ⟨C( f0)⟩+ ⟨Q( f0)⟩ (1)

as presented by [15]. Here, ⟨C( f0)⟩ is the collision operator
and ⟨Q( f0)⟩ is the quasi-linear operator representing the effect
of the wave-particle interaction on the distribution function.
The distribution function, f 0, is a function of three invariants
of the unperturbed particle motion, e.g. the velocity, v, the nor-
malised magnetic moment, Λ = µB0/W= (1− ξ2)B0/B and
the canonical toroidal angular momentum Pϕ = mRv∥Bϕ/B+
Zeψ. In these definitions, µ= m(v2 − v∥2)/(2B) is the mag-
netic moment, Bϕ is the toroidal component of the magnetic
field and B0 is the magnetic field strength at a reference point.
The particle energy is denoted by W= mv2/2, and ξ = v∥/v
is the pitch. Note that R is the major radius coordinate in the
toroidal geometry and ψ is the poloidal flux. The quasi-linear
description of the wave-particle interaction is valid provided
the relative phase between the waves and the Larmor motion
of the resonating ions is sufficiently randomised between
successive transits of an orbit as discussed in [23–25],
and we assume that this is the case throughout this
paper.

Resolving the full three-dimensional orbit averaged
Fokker–Planck equation is cumbersome and numerically
costly. It is therefore not suitable for the rapid calculations
needed for instance in integrated modelling. For this reason,
we seek to simplify the equation and aim at a reduced model
where only a one-dimensional differential equation needs to
be solved. The first step in the simplification procedure is to
neglect spatial transport of the resonating ions (either by neo-
classical effects or by wave-induced transport). Furthermore,
we adopt the small banana width limit. Wide orbit effects
are important when fast ions on wide orbits can transfer their
power by collisions predominantly in the colder, outer regions
of the plasma. Such effects are important especially in smaller
fusion devices, but are less important in bigger devices such as
JET or ITER. With the assumption of small banana orbits, the
distribution function on a given flux surface is a function of the
velocity and the normalised magnetic moment, f0 = f0(v,Λ).
Then, the operator, ⟨Q( f0)⟩, reduces to [15]

⟨Q( f0)⟩=
1
√
g
∂

∂v

[
√
gDvv ∂f0

∂v

]
+

1
√
g
∂

∂v

[
√
gDvΛ ∂f0

∂Λ

]
+

1
√
g
∂

∂Λ

[
√
gDΛv ∂f0

∂v

]
+

1
√
g
∂

∂Λ

[
√
gDΛΛ ∂f0

∂Λ

]
,

(2)

where
√
g= v3τB/(4πZeB0) is the Jacobian arising by

changing from action variables to the invariants of
motion (v,Λ,Pϕ), and τB is the bounce time. The
diffusion coefficients are

2
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Dvv =
( ω
mv

)2
D0,

DvΛ = DΛv = 2
ω (nΩc,0 −Λω)

m2v3
D0,

DΛΛ =

(
2
nΩc,0 −Λω

mv2

)2

D0,

(3)

where Ωc,0 is the cyclotron frequency evaluated at the refer-
ence magnetic field, B0. In the diffusion coefficients, there is

D0 =
1
2τB

(
Ze
ω

)2∑
n

∣∣∣∣˛
orbit

v⊥Eee
iνdt

∣∣∣∣2 , (4)

where the effective electric field strength is defined as Ee =
E+Jn−1 +E−Jn+1. Jn is the nth order Bessel function of the
first kind with the argument k⊥ρL = k⊥v⊥/Ωc evaluated at the
stationary points, where k⊥ and v⊥ are the wave vector and the
velocity component perpendicular to the magnetic field. If we
use the stationary phase method as done in [23, 24, 26], only
stationary points of the phase contribute to the orbit integral.
Consequently, we may write

D0 =
1
2τB

(
Ze
ω

)2∑
n,s

∣∣∣∣∣v⊥Ee

√
2π
|ν̈|

∣∣∣∣∣
2

, (5)

where we sum over all stationary points s and the phase ν has
been approximated using a Taylor expansion to obtain the res-
onant interaction time

√
2π/|ν̈|.

2.2. Pitch angle averaged Fokker–Planck equation

Here, the pitch angle average of a quantity X is defined with
an integral operator I,

⟨X⟩Λ = I(X)/I(1) , I(X) =
ˆ
Xd3rd3v, (6)

where the integration is performed over a narrow range of flux
surfaces, (ψ,ψ+ dψ), and velocities, (v,v+ dv). For func-
tions of the invariants of motion, X(v,Λ,Pϕ), it is useful to
change the integration variables to the invariants (v,Λ,Pϕ)
and the canonical angles. In the small banana width limit,
Pϕ = Zeψ. This enables a transformation from (v,Λ,Pϕ) to
(v,Λ,V), where V(ψ) is the volume enclosed by a flux sur-
face ψ. Integrating over the canonical angles, the phase space
volume element can be replaced by

d3rd3v→
(
4π v2dv

)
(a
√
g dΛ) dV. (7)

This formulation introduces an additional factor a=
2π2Ze/(v2V ′) to the Jacobian, where V ′ = dV/dψ. Then, I(X)
can be written as

I(X) =
(
4π v2dv

)
dV
∑
σ

ˆ Λmax

0
X a

√
gdΛ, (8)

where Λmax = B0/Bmin is the maximum value of Λ and
∑

σ

takes care of the two possible signs σ =±1 of the pitch asso-
ciated with each Λ. Now the average can be written as

⟨X⟩Λ =
1
ℓ

∑
σ

ˆ Λmax

0
X vτBdΛ, (9)

where vτB is velocity independent in the small banana width
limit and the normalization length ℓ is given by

ℓ=
∑
σ

ˆ Λmax

0
vτBdΛ. (10)

In this work, the distribution function on a given flux surface
is separated into a velocity distribution, η(v), and a pitch angle
distribution, χ(v,Λ), where the latter is normalised such that
⟨χ(v,Λ)⟩Λ = 1. The distribution can then be written as

f0 (v,Λ) = η (v)χ (v,Λ) . (11)

In section 2.4, an analytical model for χ(v,Λ) is introduced,
thus the task here is to find an equation for η(v).

The pitch angle average of the collision operator eliminates
the pitch angle scattering term, leaving

⟨⟨C( f0)⟩⟩Λ =
1
v2

∂

∂v
v2
(
κη+

β

2
∂η

∂v

)
. (12)

Here κ=−α+ 1
2v2

d
dv

(
βv2
)
, where α and β are given e.g. by

[27] and are functions of the velocity v. The pitch angle aver-
aged quasi-linear operator takes the form

⟨⟨Q( f0)⟩⟩Λ =
1
v2

∂

∂v
v2
(
dη+D

∂η

∂v

)
. (13)

where the RF diffusion coefficient is

D := ⟨Dvvχ⟩Λ =

〈∑
n,s

1
2τB

∣∣∣∣∣ZeEe

m
v⊥
v

√
2π
|ν̈|

∣∣∣∣∣
2

χ (v,Λ)

〉
Λ

,

(14)

and the RF drift coefficient is

d :=

〈
Dvv ∂χ

∂v
+DvΛ ∂χ

∂Λ

〉
Λ

=

〈∑
n,s

1
2τB

∣∣∣∣∣ZeEe

m
v⊥
v

√
2π
|ν̈|

∣∣∣∣∣
2(

∂χ

∂v
+

2(Λres −Λ)

v
∂χ

∂Λ

)〉
Λ

,

(15)

with Λres = B0/Bres and the magnetic field strength at the cold
resonance (ω = nΩc), Bres. In summary, diffusion in v and Λ
appears due to theΛ-average as a drift in vwhen an anisotropic
pitch angle distribution χ is present. The quasi-linear coeffi-
cients above depend on the velocity v and on the flux surface
label for each ion species.

3
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2.3. Resonant poloidal angle average

A problem that arises when evaluating (14) and (15) are the
singularities when ν̈ = 0. These singularities are not present
in equation (4), but are introduced by the stationary phase
method. There are orbits that have their point of stationary
phase (ν̇ = 0) where also the phase acceleration vanishes (ν̈ =
0). At such tangential resonances, the phase remains station-
ary, and ions keep being accelerated, causing the expression
for the diffusion coefficient to diverge. Higher order expan-
sions in the stationary phase method resolve singularities at
tangential resonances [26, 28]. This method introduces Airy
functions that are needed to evaluate the resonant interaction
time. However, in pitch angle averaged coefficients these sin-
gularities become apparent. Thus, higher order expansions are
not needed to resolve them. We now show that a change of
coordinate from the constant of motion Λ to a more suitable
one resolves singularities of the resonant interaction time.

A useful variable for that purpose is the resonant poloidal
angle, θres, defined as the equal arc-length poloidal angle, for
which the resonance condition ν̇ = 0 is fulfilled. The relation
between θres and Λ can be found by considering the paral-
lel velocity required to Doppler shift the cyclotron resonance
along a flux surface to a poloidal angle θres, i.e.

v∥ (θres) =
ω− nΩc (θres)

k∥ (θres)
. (16)

Consequently, the value of Λ corresponding to resonance at
θres can be expressed as

Λ(θres) =

(
1−

v∥2 (θres)

v2

)
B0

B(θres)
. (17)

The value of σ corresponding to resonance at θres is given
by the sign of v∥ in equation (16). For each velocity v, har-
monic number n and wave mode,Λ and σ are functions of θres.
This mapping is illustrated in figure 1, where the functions are
numerically evaluated for a JET-like plasma at different ener-
giesW on a selected flux surface ψ. Note that at low energies,
valid regions of θres do not cover the whole flux surface, and
that in general not all combinations of Λ and σ are resonant,
e.g. at high energies, most passing orbits are not resonant. In
order to find how dΛ/dθres is related to ν̈ it is useful to start
with the resonance function, fres(θ,Λ) := ν̇ = nΩc + k∥v∥ −ω,
on a given flux surface and for a given velocity. The differen-
tial of this function is given by

dfres = fθdθ+ fΛdΛ, (18)

where the derivatives f θ and fΛ are calculated in appendix A.
Equation (18) can be used to describe how the resonance is dis-
placed when Λ is perturbed. In this scenario we are tracing the
resonance, thus fres = 0, dfres = 0 and θ = θres. Consequently,

dΛ =
fθres
−fΛ

dθres =
B0

Bθ

Lν̈
π k∥v2

dθres (19)

where L is the length of the flux surface in the poloidal cross
section and the poloidal component of the magnetic field is

denoted by Bθ. It is possible to use this change of coordinates
for averaging of functions that are evaluated at resonances,
i.e. the quasi-linear drift and diffusion coefficients in (14)
and (15). Considering the integration over domains with pos-
itive and negative sign σ of the pitch in (9), the factor 1/|ν̈|
is cancelled by the factor ν̈ in (19). The pitch angle averaged
RF diffusion coefficient can then be written as an integral over
θres

D=
∑
n

ˆ
∆res

∣∣∣∣Lℓ B
Bθ

Λ

k∥v

∣∣∣∣∣∣∣∣ZeEe

m

∣∣∣∣2χ dθres, (20)

and the pitch angle averaged RF drift coefficient becomes

d=
∑
n

ˆ
∆res

∣∣∣∣Lℓ B
Bθ

Λ

k∥v

∣∣∣∣∣∣∣∣ZeEe

m

∣∣∣∣2
×
(
∂χ

∂v
+

2(Λres −Λ)

v
∂χ

∂Λ

)
dθres. (21)

where∆res represents the resonant regions the flux surface, see
e.g. figure 1. To ensure that the power transfer from the wave
to the resonant ions is consistently described in the Fokker–
Planckmodel and the wave solver, the quasi-linear coefficients
d and D may be normalised. The details of this normalisation
are described in section 3.

2.4. Solution to the Fokker–Planck equation and model for
the anisotropy

The pitch angle averaged Fokker–Planck equation is one-
dimensional in velocity v on each flux surface ψ. In steady-
state, we can solve for the distribution function for each ψ by
direct integration, as shown in [27, 29]

η (v) = η (0)exp

(
−
ˆ v

0

κ+ d
β/2+D

dv ′
)
, (22)

where η(0) is a normalisation to match the ion density ni.
In order to perform the averages in (20) and (21), we need a

model for the pitch angle distribution χ(v,Λ). To avoid solv-
ing the two-dimensional Fokker–Planck equation, we propose
an ad-hoc model for the pitch angle distribution, which is sim-
ilar to the bi-Maxwellian distribution proposed in [21] and
given by

χ (v,Λ) = χ 0 (v)
( m
2π

)3/2 1

T⊥T
1/2
∥

× exp

(
−W⊥

T⊥
−
∣∣W∥

∣∣
T∥

−
W∥ −

∣∣W∥
∣∣

T⊥

)
, (23)

where W⊥ = µBres, W∥ =W−W⊥, Bres = mω/(nZe). T∥ and
T⊥ denote temperatures (in units of energy) parallel and per-
pendicular to the magnetic field, respectively, at B= Bres. The
factor χ 0(v) is defined such that ⟨χ⟩Λ = 1. Note that although
W⊥ and W∥ have units of energy, they are the same as the
perpendicular and parallel energies only at the resonance,

4
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Figure 1. Example for constant of motion Λ as function of resonant poloidal angle θres in [0,π], where the cold resonance ω = nΩc is
marked with ξ= 0. The angle θres = 0 is in the equatorial plane on the high field side and increases anti-clockwise. The regions with
positive σ= 1 and negative σ =−1 pitch are marked with black arrows. For reference, the maximum value Λmax, the value at the cold
resonance Λres and the trapped-passing boundary Λtpb are marked.

B= Bres. In fact, when Λ> Λres then W∥ < 0. The distribu-
tion function (23) differs from the one proposed by [21] by
the third term in the exponent, which ensures that the distri-
bution function is isotropic when T⊥ = T∥. This affects only
deeply trapped ions with turning points on the low field side
of the resonance, Λ> Λres.

In our model, we wish to describe both thermal and fast
ions using (23). For this reason, we generalise the temper-
atures T⊥ and T∥ to be functions of the velocity. We set
T⊥ =−[∂W lnη]−1, which can be interpreted as a local tem-
perature, or slope, of the velocity distribution function. The
pitch angle dependence in the distribution function has differ-
ent behaviour above and below the critical velocity, Vγ , given
by [29]. Below the critical velocity, rapid pitch angle scattering
ensures an isotropic distribution function, whereas above the
critical velocity, the parallel temperature is mostly unaffected
by the pitch angle scattering [30]. We therefore propose that
T∥(v) is limited by the critical energy Wγ = mV2

γ/8 [29]. An
example of the modified Dendy distribution, χ, can be found
in figure 2. Note that at very high energies, the peak-width in
Λ is limited to a small but finite value in order to resolve the
distribution function numerically.

3. The Foppler code

With this paper we introduce a new code called Foppler. The
code is implemented inMATLAB, is object oriented, and com-
putes the quasi-linear diffusion coefficients and solutions in
parallel on CPUs. It solves the bounce averaged and pitch
angle averaged Fokker–Planck equation (22) for each flux sur-
face and each ion species while including Doppler physics,
hence the name. In this work, the quasi-linear operator is cal-
culated using electric wave fields computed by the FEMIC
code [22]. FEMIC is a full-wave solver that uses COMSOL

Multiphysics to compute the electric wave fields in two-
dimensional axisymmetry, assuming Maxwellian distribution
functions of all plasma populations. However, FEMIC does
not account for the modification of the dielectric response due
to the non-Maxwellian distributions calculated with Foppler.
Consequently, the wave absorption in Foppler, is not fully
consistent with the absorption in FEMIC. To address this
inconsistency, the quasi-linear coefficients are normalised by
a factor CP on each flux surface, i.e. D(v,ψ)→ CP(ψ)D(v,ψ)
and d(v,ψ)→ CP(ψ)d(v,ψ). The value of CP is selected such
that the flux surface averaged absorbed power from Foppler
matches the corresponding value from FEMIC. Further details
of this procedure are provided in appendix B.

3.1. Modelling without Doppler effects

In order to assess the importance of the Doppler shift dur-
ing ICRH, simulations with the RF diffusion and drift coef-
ficients (20) and (21) are compared with simulations with the
coefficients proposed by Stix [29], which are also the basis
for both the PION [13] and the FoPla [14] codes. Excluding
Doppler effects, the quasi-linear diffusion coefficient is given
by

D∝
∣∣∣∣ZeEe

m

∣∣∣∣2 (24)

and the drift d= 0. In this model, Doppler effects are not
included, thus particles resonate with the wave at the cold res-
onance, ω = nΩc. However, on flux surfaces where no such
resonance can be found, the diffusion coefficient is evaluated
at the point on the flux surface that is the closest to the res-
onance. Both diffusion coefficients, with and without Doppler
effects, are normalised to absorb the same RF power density.

5
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Figure 2. Example of the modified Dendy distribution χ in log10 plot as function of energyW and normalized magnetic moment Λ. The
value of Λ for trapped orbits with turning points at the cold cyclotron resonance, Λres, and the critical energy,Wγ , are indicated for reference.

Consequently, the difference between the models lies in the
distribution of the absorbed power over the velocity axis.

3.2. Quasilinear diffusion with small Doppler effects

The pitch angle-averaged diffusion coefficient in (20) extends
the model without Doppler shifts, first derived by Stix [29], by
including phase integrals in toroidal geometry, Doppler shifted
resonances, poloidal variations of the wave electric field, and
anisotropic distributions. The model without Doppler effects
can be derived from (20) under two conditions. First, vari-
ations in the wave electric field must be small over the Doppler
broadened resonance. Second, the denominator in (5), ν̈τB,
should be independent of the velocity. Assuming B∼ 1/R and
neglecting guiding centre drifts we obtain

ν̈ =
nΩc

R
BR
B
vξ. (25)

In the absence of Doppler shifts the explicit velocity depend-
ence in ν̈ cancels out the velocity dependence in τ b.

However, when Doppler shifted resonances are considered,
an implicit velocity dependence arises in the expression for
ν̈. This is because all quantities must be evaluated at the
Doppler shifted resonance positions, which are themselves
velocity dependent, i.e. θres(v). The most significant velocity
dependence is found in the ratio BR/B in (25), which pro-
jects the parallel velocity onto the major radius direction. This
ratio changes on the scale lengths of the minor radius, r.
Consequently, the diffusion coefficient without Doppler shifts
can only be recovered for Doppler shifts smaller than r. Amore
detailed analysis of the variations in BR/B suggests that ν̈τB is
constant when

v≪ ω

k∥

r
R
. (26)

The diffusion coefficient without Doppler effects can be
derived from (20) by expanding B(θres) around the cold res-
onance. Including linear terms in the expansion and assum-
ing a constant Ee gives a velocity independent diffusion
coefficient,

D=
∑
n

4
3

∣∣∣∣ZeEe

m

∣∣∣∣2∣∣∣∣ 1ω Lℓ B0

Bθ

B0

dB/dθ

∣∣∣∣. (27)

This diffusion coefficient recovers the functional dependence
proposed by Stix, while still including phase integrals in tor-
oidal geometry.

However, when including higher-order terms in the expan-
sion of B(θres) gives an additional velocity dependence that is
not present in (24). These terms represent the bending of the
flux surfaces, which impacts the quasilinear diffusion through
BR(θres(v))/B in (25).

4. Effects of Doppler shifts on quasi-linear diffusion

In this section, the effects on the diffusion coefficient
described in section 3.2 are illustrated for a JET deuterium
plasma with a 3 % hydrogen minority. The electron density
is 5×1019m−3, the ion and electron temperatures are 4 keV,
the waves have a frequency of 50MHz, and the toroidal mode
number is nϕ = 27.

Figure 3 shows the quasilinear diffusion coefficient when
the cold resonance is centred on the magnetic axis. For illus-
tration, we have selected the flux surface ρ= 0.2, where
the cold resonances are found above and below the mag-
netic axis. Note that on other flux surfaces or in other scen-
arios, the diffusion coefficient may differ quantitatively. Here,
finite Larmor radius (FLR) effects are disabled for clarity.
This corresponds to setting k⊥ = 0, or the effective elec-
tric field strength Ee = E+. The figure shows four diffusion
coefficients calculated under different assumptions. The blue
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Figure 3. Example for the effects on the quasi-linear diffusion coefficient for a minority heating scenario in a JET-like plasma for nϕ = 27
on the flux surface ρ= 0.2. Here, FLR effects are neglected for clarity. The blue curve shows the coefficient (20) with Doppler shifts (DS),
phase integrals in toroidal geometry, poloidal variations of the wave electric field, and the anisotropic pitch angle distribution. The red curve
shows the coefficient but with an isotropic pitch angle distribution. The yellow curve illustrates the case of isotropic pitch angle distributions
for constant electric fields, but with phase integrals in toroidal geometry. The coefficient without Doppler shifts is shown in green.

curve shows the full diffusion coefficient given by (20), for
a power density of 0.44 MWm−3 , including the Dendy
model for the anisotropy. When the Dendy model is replaced
by an isotropic distribution we move from the blue to the
red curve. Here we tend to overestimate the effects of the
Doppler shift above the critical energy Wγ . There are two
reasons. First, the isotropic model overestimates the number
of ions with large v∥ and large Doppler shifts, such that the
resonance condition is no longer fulfilled on the flux sur-
faces. Second, the anisotropy accumulates particles around
trapped orbits with turning points near the cold resonance,
where the wave-particle interaction is strong. Note that the
power normalization CP(ψ) rescales the diffusion coefficients
to absorb the same power density, i.e. boosting the diffusion
in the red curve to compensate for the lower diffusion above
Wγ .

The yellow curve is again calculated for an isotropic dis-
tribution, but here the electric field, E+ has artificially set to
a constant value. Comparing this yellow curve with the red
curve we conclude that the poloidal variations in E+(θres) can
significantly alter the quasilinear diffusion. In fact, while ions
around 1 keV absorb near the cold resonance, ions around
20 keV absorb mainly near the ion-ion hybrid layer where
the polarisation is more favourable. As a reference, the dif-
fusion coefficient without Doppler effects, (24), is shown in
green.

Figure 3 also indicates the energy WD/2≈ 6 keV (where
WD = 1/2m(ω/k∥)2(r/R)2), below which we expect the
model without Doppler shifts to be valid at constant E+.
Indeed, below this energy the model without Doppler shifts
(green curve) agrees with the yellow curve that includes
Doppler shifts, except that different normalisations, CP, have
been applied.

5. Application to the three-ion scenario

In this section, we apply the Foppler code to study three-ion
heating [31] in a JET-like plasma. This is a scenario where
Doppler effects are particularly important. The RF waves have
a frequency of 32.5MHz with a toroidal mode number nϕ =
27. The plasma is composed of 71% hydrogen, 29% deu-
terium and small traces of 3He, which should maximize the
3He absorption [31]. We use parabolic density and temperat-
ure profiles, where the on-axis electron density is 4×1019m−3

and the on-axis ion and electron temperatures are 4 keV.
In the remainder of this chapter, we study how the Doppler

shifts influence the collisionally transferred power, distribu-
tion functions and the quasi-linear RF diffusion coefficients.
This permits the DEMO of the abilities of the Foppler code,
and the importance of the Doppler shifts.

5.1. Collisional power transfer

One of the main goals of ICRH is heating of the thermal ion
species to high temperatures. Our model describes how wave
power is absorbed by ions and how the power is transferred
to the thermal plasma through collisions. Here we are partic-
ularly interested in the fraction of the heating power that is
collisionally transferred to each plasma species.

In the three-ion scenario, the concentrations of the majority
species (here H,D) are selected such that the L-cutoff falls on
the cold resonance position of a third ion species (here 3He).
Consequently, the polarization of the wave field is favour-
able at the resonance of the third ion species. This effect is
illustrated in figure 4, showing the left-hand polarised elec-
tric field component, E+. In figure 4(a) the 3He concentration
is 0.005%, yielding a maximum in E+ at the cold cyclotron
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Figure 4. Absolute value of the left-hand circularly polarised component of the electric wave field as calculated with FEMIC for the
three-ion scheme for 3He concentration of 0.005% on the left (a) and 0.5% on the right (b). The cold resonance position of 3He is marked
with a white dashed line in each sub figure.

resonance. However, when increasing the concentration to
0.5% 3He, the polarisation is modified to reduce E+ at the cold
resonance, as shown in figure 4(b). At this concentration, two
IIHLs appear on the high and low field side of the cold 3He
resonance, causing strong spatial variations in E+.

Increasing the concentration further, to around 1.7% 3He
and higher, results in a transition from the three-ion scheme
to a so-called inverted scenario [32]. In this case, the wave
encounters an evanescent layer before it reaches the cold
resonance position of 3He. The resulting wave reflection
decreases power absorption in the plasma significantly, mak-
ing such scenarios inefficient for plasma heating.

In the case of 0.5% 3He, the value of |E+|2 is two orders
of magnitude smaller at the cold resonance compared to the
value at the nearby maximum. Thus, Doppler-shifted reson-
ances with an anisotropic pitch angle distribution are partic-
ularly important for the diffusion coefficient. This effect is
illustrated in figure 5, where the 3He concentration and the
coupled power are simultaneously changed to keep the power
per particle constant.

We observe that for 3He concentrations below 0.4%, the
model with and without Doppler effects agree. However,
above 0.4% the models start to diverge and at 1% the model
with Doppler effects predicts four times more electron heat-
ing than the model without Doppler effects. At 1 MW total
absorbed wave power and 0.5% 3He, 96% of the wave power
is absorbed by 3He as seen from the black curve. Out of this
power, Foppler predicts that 42% is transferred to the elec-
trons, compared to 34% when Doppler shifts are neglected.

In figure 6, it can be seen that for 0.5% 3He (1MW),
this difference is localised to two regions in the plasma.
The collisional power transfer to electrons (shown in yel-
low) is increased and the transfer to ions (shown in red and
blue) is decreased due to Doppler shifts, both in the centre,
ρ ∈ [0,0.15], and farther out, ρ ∈ [0.32,0.45], where ρ is the
poloidal flux coordinate. Note that with consistent coupling of

FEMIC and Foppler the fraction of power absorbed by 3He
will likely change, see the black curves in figures 5 and 6. In
particular, this change may differ between the models with and
without Doppler-shift. This is going to be investigated in future
work.

5.2. Distribution functions and quasi-linear diffusion
coefficients

The observed differences between modelling with and without
Doppler shift are particularly prominent on the flux surfaces
where ρ= 0.05 and ρ= 0.39, as shown in figure 6. The fol-
lowing analysis therefore focuses on these two flux surfaces.

In figure 7, the distribution functions calculated with
Doppler shifts are increased at energies above circa 50 keV
compared to the ones calculated without Doppler shifts.
This corresponds to an increased number of fast ions and a
decreased number of thermal ions.

The reason for this can be investigated by studying the
quasi-linear diffusion coefficient from equation (20) shown in
figure 8. The discussion in section 4 on figure 3 is also applic-
able here. Additionally, FLR effects appear in the Bessel func-
tions of Ee for both models with and without Doppler effects.
This can be seen in the dashed curves in figure 8 above 1MeV.
The diffusion coefficients with Doppler shifts (solid curves in
figure 8) exhibit an increase over the range from 2–20 keV. At
ρ= 0.39 this increase is mainly due to Doppler shifted inter-
actions at a more favourable polarisation, i.e. a stronger E+.
At ρ= 0.1 the reason is quite different. Here the cold reson-
ance does not intersect the flux surface, thus only ions above
3 keV can have sufficient Doppler shift to resonate with the
wave. In the 10 keV and 100 keV range, the anisotropic pitch
distribution boosts the diffusion coefficient, as described in
section 4. Above 500 keV, the diffusion coefficient at ρ= 0.39
with Doppler shift starts to decrease. This is associated to the
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Figure 5. Collisional power transfer to hydrogen (H), deuterium (D) and electrons (e) with and without Doppler shift (DS). The ratio of
total absorbed power to 3He concentration is kept constant, which is expressed with the two horizontal axes. The black curve shows the
fraction of the wave power absorbed by 3He.

Figure 6. Collisional power transfer profiles in the three-ion scenario at 1 MW and 0.5% 3He concentration, plotted for different plasma
species with and without Doppler shift (DS). The flux surface averaged power deposition from the wave to 3He is plotted in black.

further narrowing down of the pitch angle distribution around
Λ = Λres. These fast ions do not have sufficiently large parallel
velocities to resonate in the regions with strong E+.

We can conclude that diffusion can be enhanced or reduced
in certain energy regimes due to Doppler effects. However,
there cannot be an overall increased or decreased diffusion,
because the quasi-linear coefficients are normalised for each
model to match the absorbed wave power by FEMIC. The nor-
malisation moderates the impact of the omission of Doppler
effects on velocity space integrated quantities, such as the
collisional power transfer to ions and electrons. Nonetheless,
Doppler effects may have a significant impact on the velocity
distribution locally in velocity.

The enhanced diffusion regime due to Doppler effects is
situated largely above the critical energy of circa 30 keV as
seen in figure 8. This causes an increased fast ion population
above the critical energy due to Doppler effects as shown in
figure 7. For energies above the critical energy, fast ions slow
down predominantly on electrons, which increases the elec-
tron heating as seen in figure 6.

In summary, it is observed that in these cases, Doppler
shifts enhance power absorption at energies above the crit-
ical energy. In turn, this results in larger fast ion popula-
tions. Consequently, collisional power transport to electrons
is increased on certain flux surfaces. This increases the overall
volume integrated power transmitted to electrons, too, which
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Figure 7. Distribution functions of 3He in the three-ion scenario at 1 MW and 0.5% 3He concentration on two different flux surfaces ρ with
and without Doppler shift (DS).

Figure 8. Quasi-linear diffusion coefficients of 3He in the three-ion scenario at 1 MW and 0.5% 3He concentration on two different flux
surfaces ρ with and without Doppler shift (DS). The critical energiesWγ on both flux surfaces are in the shaded grey area.

alters the power partition. These Doppler effects can become
significant as shown in figure 5. Such effects are non-linear and
sensitive to wave polarization patterns, total absorbed power
and minority concentrations, among others. The normalisation
procedure tomatch the flux surface averaged power absorption
of the Fokker–Planck model with the wave solver moderates
the differences between different Fokker–Planck models.

6. Discussion and conclusion

In this report a new formulation of a pitch-angle averaged
Fokker–Planck equation, combinedwith amodel for the aniso-
tropy of the pitch angle distributions, has been used to study

the impact of Doppler effects on the distribution of ICRH
accelerated ions. The main conclusion from this study is that
the Doppler effects can play an important role, in partic-
ular in the presence of highly inhomogeneous wave fields.
Two examples are studied in this work, the three-ion scheme
and minority scheme with a prominent ion-ion hybrid layer.
Under such conditions, it is shown that the quasi-linear dif-
fusion coefficients is notably altered when Doppler shifts are
included. This modification, in turn, affects the velocity dis-
tribution function, leading to changes in the collisional power
density transferred from the resonating species to background
ions and electrons.

For this study, a new model has been developed to include
Doppler effects. The key technical step in deriving the pitch
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angle averaged distribution function with anisotropic pitch
angle distributions involved transforming an integral over the
generalised pitch angle variable, Λ, to an integral over the pol-
oidal angle at the resonance of the ions. This made it pos-
sible to resolve apparent singularities of the resonant interac-
tion time that appear at tangential resonances, where ν̈ = 0.
The presented model for the pitch angle averaged distribution
functions has been implemented in the new code Foppler.

The Doppler effects included in this model have been
illustrated by comparing with a model that does not include
Doppler effects; similar to the models implemented in codes
such as PION [13] and FoPla [14]. We show that Doppler
effects modifiy the quasilinear diffusion through both the res-
onant interaction time and by spatially displacing the absorp-
tion towards regions with either strong wave intensity, or more
favourable polarisation. Furthermore, we show that when
including Doppler effects it is important to also include the
anisotropy of the distribution.

In the future, we plan to benchmark Foppler with other
Fokker–Planck codes and experimental results, in order to val-
idate the model presented in this paper. In particularly, we
intend to assess the validity and possible alternatives for the
pitch angle distribution.
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Appendix A. Change of coordinate Λ → θres

In this appendix, the derivation of the change of coordinates
from the normalized magnetic moment Λ to the resonant pol-
oidal angle θres is presented. We start by expressing a general
differential of the resonance function as

dfres (v,Λ,ψ,θ) = d(nΩc)+ d
(
k∥v∥

)
− dω. (A.1)

where the antenna frequency ω is constant, such that dω = 0.
We consider thin orbits, wherePϕ = Zeψ and the total velocity

v are constant, while we allow changes in the resonance func-
tion due to changes in the normalized magnetic moment, Λ,
and the poloidal angle θ. In particular, the harmonic cyclotron
frequency Ωc and the parallel component of the wave vector
experienced by the ion, k∥, as well as the parallel velocity of
the ion

v∥ (Λ,θ) = σv

√
1− ΛB(θ)

B0
(A.2)

may change due to variations in the magnetic moment or due
to motion along the orbit. We can therefore express the change
in the resonance function as

dfres =

[
nZe
m

dB
dθ

+ k∥
dv∥
dθ

+ v∥
dk∥
dθ

]
dθ+

[
k∥

dv∥
dΛ

]
dΛ

(A.3)

≡ fθdθ+ fΛdΛ. (A.4)

In the case of an ion moving on its unperturbed orbit for con-
stant (v,Λ,Pϕ), and assuming that the change in fres takes place
over a short time dt, equation (A.4) can be written as

dfres
dt

= ν̈ = fθ θ̇. (A.5)

The rate of change of the poloidal angle in time can be
expressed as

θ̇ = v∥
Bθ

B
2π
L
, (A.6)

where the angle θ is defined by equal arc lengths and L is the
total length of the flux surface in a poloidal plane. Then, we
can write

dfres =
LBν̈

2π v∥Bθ
dθ+ fΛdΛ. (A.7)

where

fΛ = k∥
dv∥
dΛ

=−
v2k∥B

2v∥B0
. (A.8)

Nowwe restrict the differentials to obtain the relation between
Λ and θres. We consider only values of θ and Λ where fres = 0,
the ion is in resonance and therefore θ = θres. Assuming that
the resonance condition remains fulfilled, then dfres = 0 and it
can be observed how a change in θres relates to a change in
Λ. This corresponds to observing how the resonance moves
along the flux surface when the normalised magnetic moment,
i.e. the ion orbit, is changed. Now the relation that describes
the change of coordinates from Λ to θres is obtained,

dΛ =
LB0ν̈

π v2k∥Bθ
dθres. (A.9)
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Appendix B. Power normalisation procedure

To ensure consistency between the wave code FEMIC and
the Fokker–Planck code Foppler with respect to the flux sur-
face averaged power absorption of each species, a power nor-
malisation procedure is applied. This procedure aligns the
power absorption calculated by Foppler with that predicted
by FEMIC. The flux surface averaged power absorption in
Foppler,PQ,FP, is computed as the energymoment of the quasi-
linear operator

PQ,FP (ψ) =
ˆ ∞

0

mv2

2
⟨⟨Q( f0)⟩⟩Λ 4π v

2dv, (B.1)

where ⟨⟨Q( f0)⟩⟩Λ represents the quasi-linear operator from
equation (13), which depends on the velocity v and is eval-
uated for each ion species on each flux surface ψ. This power
density is then matched to the corresponding value predicted
by FEMIC, PQ,WS, using a normalisation factor

CP (ψ) =
PQ,WS

PQ,FP
. (B.2)

The quasi-linear coefficients D from equation (14) and d from
equation (15) are subsequently normalised by this factor for
each flux surface and species. The resulting quasi-linear oper-
ator is therefore implicitely defined by

⟨⟨Q( f0)⟩⟩Λ =

[
PQ,WS´

⟨⟨Q( f0)⟩⟩Λ 2πmv4dv

]
× 1
v2

∂

∂v
v2
(
dη+D

∂η

∂v

)
. (B.3)

To solve the Fokker–Planck equation with this normal-
ised quasi-linear operator, an iteration scheme is employed.
Initially, the distribution is assumed to beMaxwellian to calcu-
late the absorbed power from equation (B.1). The quasi-linear
operator is then normalised as described in equation (B.3)
and the velocity distribution is recalculated. These steps are
repeated iteratively until the normalisation factor CP(ψ) (B.2)
converges. This ensures that the flux surface averaged power
density is consistent between the wave solver FEMIC and the
Fokker–Planck model Foppler.
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