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Braking Distance Minimization on Roads with Varying Friction

EKTOR KARYOTAKIS
Department of Electrical Engineering
Chalmers University of Technology

Abstract

Braking safely and efficiently becomes especially challenging when road fric-
tion is uneven—for example, when one side of the car is on ice while the other
is on asphalt. This situation, known as split friction, can cause vehicles to
veer off course unless both braking and steering are carefully controlled.

This thesis explores how optimizing both braking and steering can mini-
mize stopping distances on split friction roads. By using mathematical opti-
mization and vehicle simulations, the research shows that traditional braking
systems, like ABS, work well when the friction difference between the left
and right wheels is small. However, on more extreme split friction surfaces, a
more advanced approach is needed—allowing slightly higher slip at the low-
friction wheels and adjusting steering to maintain stability. A proposed con-
trol method, tested in simulations, reduces stopping distances by up to 13%
compared to professional human drivers.

The research also investigates how a vehicle’s path can be optimized when
friction varies across the road, such as when avoiding an icy patch. Results
show that even a simplified vehicle model can accurately predict optimal
paths, offering a fast and efficient way to enhance automated braking and
path-planning systems.

These findings could help improve the safety and performance of future
driver assistance systems, ensuring vehicles can stop faster and more pre-
dictably in challenging road conditions.

Keywords: Braking distance, minimization, road friction, varying fric-
tion, vehicle dynamics, split friction, steering control, stopping distance, path
optimization.
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CHAPTER 1

Introduction

1.1 Background

The push to make vehicles autonomous is driving significant advancements
in automotive technology. As vehicles become smarter and more software-
oriented, they offer increased functionality and enhanced capabilities. A key
aspect of this evolution is the data-driven approach, where vehicle fleets col-
lect and send data to the cloud. Companies like NIRA Dynamics and Volvo
Cars are at the forefront, gathering road condition and surface information
and projecting it onto online maps. This data can be used by traffic author-
ities to better maintain roads during winter and to warn other drivers (see
Fig. . The advent of vehicle-to-everything (V2X) communication promises
even more information, enabling interconnected vehicles to dynamically adapt
to changing conditions. However, a critical challenge remains: the vehicle’s
motion capability is largely dependent on the road surface conditions. This
issue is often overlooked due to the high uncertainty of road friction estimates
and their low availability.
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Figure 1.1: Slippery road warning shared with other cars \

1.2 Crash statistics

Most drivers know that there is an increased accident risk in poor road and
weather conditions. This is well documented in literature, typically proved
after analyzing data from crash databases. One commonly used open database
is the Fatality Analysis Reporting System (FARS) from the National Highway
Traffic Safety Administration (NHTSA) of the USA. Using this database, [2]
showed a positive trend in reducing fatalities due to adverse road conditions
over 1994-2012, coinciding with the general trend of reducing accidents as
vehicles become smarter and authorities maintain the roads better. This newer
study [3] showed that accident risk significantly increases in rare adverse road
and weather conditions, namely icy rain, slush, and combinations that make
the pavement slippery, e.g., heavy snowfall and below freezing temperatures.

The same study also found a higher risk for single-vehicle accidents. These
are typically crashes with the infrastructure after a road departure. One of the
pre-impact mechanics in such accidents is typically skidding, where a vehicle
becomes unstable after braking or steering just before the crash. Skidding
happens more frequently on low-friction conditions . The role of skidding
in crashes can be analyzed based on road surface conditions using NHTSA’s
online database querying tool , with the results presented in Table Road
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Table 1.1: Subset of all vehicles involved in fatal crashes with query pre-impact
skidding, per crash year and road surface condition (adapted from Pa-

per D).
Roadway Surface Conditions
Crash Year Dry Wet Snow  Slush Ice
2020 3906 830 60 30 153
2021 3918 770 78 20 185
2022 3927 651 89 34 202
Total 11751 2251 227 84 540
Percentage of total | 7,9% 11,9% 21,8% 30,5% 35,7%

surface conditions are ranked from high to low friction in the table (typical
ranges can be found in [6], Paper A). A clear trend emerges: lower friction
correlates with a higher percentage of fatal accidents involving pre-impact
skidding. This suggests current stability systems can be further improved,
but also highlights the potential for reducing these accidents by incorporating
predictive road friction information in vehicle motion planning.

Automation has led to a reduction in accident risk, except for comfort-
related functions such as the adaptive cruise control (ACC), which increase
the risk instead, as analyzed in [7]. Specifically, lane-keeping aid (LKA),
driver monitoring systems (DMS), and automated emergency braking (AEB)
showed the strongest crash rate reduction effects. The LKA reduced crash
rates by 19.1%, while AEB achieved a 10.7% reduction. Incorporating friction
information can further enhance safety, as discussed in the following section.

1.3 Road Condition and Friction Estimation

Tyre-road interaction plays a critical role in vehicle behavior, with the friction
limit determining the maximum achievable braking and steering forces. In
conventional human-driven vehicles, drivers rely on experience and intuition
to anticipate how the vehicle will respond to road conditions. While human
drivers often perform well, many accidents still result from misjudging the
situation—such as entering a curve at excessive speed or failing to brake hard
enough.
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To enhance safety and support driver decision-making, Advanced Driver As-
sistance Systems (ADAS) have been developed. Systems like Anti-lock Brak-
ing System (ABS) and Electronic Stability Control (ESC) operate effectively
even without explicit road friction knowledge. However, the performance of
many other ADAS functions is heavily influenced by the available road fric-
tion, which is typically not included in their design.

Common assumptions about the road condition
Optimal conditions

The basis for current in-production ADAS is to assume that the road surface
is dry asphalt, and the temperature is well-above zero. ADAS are designed to
operate under these road conditions mainly due to legal reasons and the need
to minimize false interventions [8]. Studies, both theoretical and experimental,
have shown that most ADAS are less effective in adverse weather conditions.
Real-life tests of an AEB system in optimal and adverse conditions [9] re-
vealed significant variations in detection distance and braking initiation. This
reduced effectiveness in adverse weather is partly due to sensor performance
deterioration [10].

Homogeneity assumption

Another common assumption in the literature is that road friction remains
constant based on the last observed value. The homogeneity assumption has
two implications.

First, using the tyre as a sensor, obtaining frequent and accurate estimates
typically requires significant tyre excitation, coming from either braking or
steering. The required level of excitation is estimated to lie in the range 30—
50% of the maximum tyre force [11]. Such estimation will be referred to as local
friction estimation, as it only provides the current friction coefficient under the
tyres. In contrast, predictive friction estimation refers to information about
road conditions ahead of the vehicle, which can be obtained from cloud data
or perception sensors.

Second, there might be local variations of the road surface ahead of the vehi-
cle. This study [12] examined the variations in road surface temperature and
condition from traffic camera images. They discovered differences in temper-
ature and condition laterally across the road, which were more pronounced in
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low-traffic areas like the hard shoulder. One explanation for these variations is
differential drying, which is caused by the traffic clearing contamination such
as water or snow as drivers follow similar routes.

Addressing these limitations requires dynamically estimating and adapting
to varying road conditions.

Road friction estimation

Accurate road friction estimation is crucial for ADAS, as it enables precise
calculations based on the friction limit. This section introduces current and
emerging technologies for estimating road friction, and discusses their primary
benefits and limitations.

Tyre-based

Local friction estimation using tyres as sensors has been researched for over
three decades, yet it remains largely an open question. The most common
methods are slip-based, relying on measuring tyre slip during either longitu-
dinal excitation (braking or accelerating) [13], [14] or lateral excitation (steer-
ing). The measured slip data are then fitted to a tyre/friction model using
methods like recursive least squares (RLS) [15], [16] or newer approaches like
neural networks [17].

The widely used slip slope method [13|, [14], [16] focuses on the linear
tyre region (tyre stiffness), assuming that knowing the initial slope allows
for estimating the maximum friction coefficient u (see Fig. . However, the
slip slope method is highly variable due to factors like tyre pressure, wear |13],
[14], and temperature [11]. This method typically involves low tyre excitation.
With higher excitation, a more advanced tyre model can be utilized. Paper B
applied the method from [15], which is effective at maximum braking. Only
a few samples of the linearized RLS algorithm near the maximum are needed
to obtain the friction coefficient with high accuracy.

Due to the low-excitation problem and the difficulty of accurate friction
estimation, active excitation algorithms have been developed. In [18], one
axle is driven while the other brakes, resulting in zero net force but still
exciting the tyres. With a fleet of vehicles, active excitation (probing) can be
requested from an available vehicle at a specified location [19].

Another promising area is equipping tyres with additional sensors, such as
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Figure 1.2: Normalized tyre force-slip curves on various road frictions. The peak
is marked with an asterisk, with its magnitude corresponding to the
road friction coefficient p and its position to the peak slip per tyre o}
(Paper B).

acceleration sensors and RFID [20]. These intelligent tyres offer new compu-
tational opportunities for tyre manufacturers, enabling new services for tyre
wear and friction estimation, among others.

Perception-based road condition estimation

Perception-based sensors, such as cameras and lidars, are increasingly being
incorporated into passenger vehicles due to their preview information and
high availability. For road friction estimation, though, mapping images to
road friction coefficient values is challenging. Instead, the road surface con-
dition (RSC) (e.g., dry, wet, or snow) can be estimated. Most papers classify
the entire road image [21], [22], while others focus on dividing the image into
grids of the drivable area ahead of the vehicle [23], [24], which is more useful
for planning the vehicle’s motion. The overall confidence of such algorithms
typically exceeds 90% for whole image RSC. For grid-based RSC, by incor-
porating the whole image and temperature measurements, the confidence can
reach up to about 90% [24], depending on the available data and number of
classes selected.

This study [22] demonstrated that using RSC to update the reference slip of
a ABS logic has the potential to reduce braking distances on non-dry roads.
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Similarly, |25] highlighted the significant benefits of fusing RSC with local
friction estimation obtained during braking, showing enhanced performance
in several simulated critical scenarios. Combining these two estimates can
leverage both the predictive capabilities of a perception system and the high
accuracy of tyre excitation. As perception-based estimation continues to ad-
vance, the potential for integrating RSC with additional ADAS is expected to
increase.

Cloud road friction data

A promising area of business involves collecting floating car data (FCD), such
as road condition, friction, and roughness, using fleets of vehicles. Some com-
panies equip their vehicles with additional sensors, like optical sensors [26],
while others rely solely on onboard estimation. The data are then uploaded
to the cloud and projected onto online maps. By providing real-time infor-
mation on road conditions, traffic authorities can respond more quickly to
hazards and plan maintenance more effectively.

In [27], the authors analyzed FCD during the winters of 2021-2022 in Swe-
den. They demonstrated the promising reliability of real-time data compared
to friction test measurements and compared friction data suppliers to each
other. They also claimed sufficient coverage of the Swedish road network for
winter road maintenance understanding and follow-up.

Real-time road information can also provide warnings to drivers, as in Volvo
Cars’ Slippery Road Alert [1] (as shown in Fig.[L.1), or even use this informa-
tion to plan the vehicle’s motion (Paper D). In his thesis, |28] investigated the
potential of a weather-related road surface condition estimator from FCD to
enhance current ADAS, such as adaptive cruise control (ACC) and emergency
steering and braking (ESB) systems. Knowing the current road condition al-
lows for increasing the safety distance for ACC and adjusting the points to
brake and steer of ESB more accurately. However, to make these adjustments,
a road friction value must be assigned to each road condition, which may still
be inaccurate.

The sensitivity of road friction misidentification has been investigated by
TU Braunschweig [29] for an AEB system [30] and an emergency steering
system [31]. Mistaking a high-friction surface for a low-friction one (false
positive) can lead to unnecessary interventions and driver frustration. Con-
versely, mistaking a low-friction surface for a high-friction one (false negative)
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is safety-critical.

Although cloud data offer great potential, challenges remain, such as ensur-
ing data accuracy, managing large volumes of data, and addressing privacy
concerns. Continued advancements in sensor technology and data processing
will be crucial in overcoming these obstacles and fully realizing the potential
of cloud-based road friction data.

1.4 Contributions

The previous sections established the common assumptions and limitations
of current ADAS with regard to road friction and introduced the prospects
of predictive road friction information. This thesis addresses one of the most
immediate aspects of using predictive road friction information: improving
the braking performance. This is achieved by:

o Establishing methods to find the shortest braking distance on roads with
varying friction conditions.

e Analyzing the combined braking and steering mechanics under those
conditions.

e Proposing control frameworks that enable reaching the shortest braking
distance.

Paper-specific contributions:

e« Paper A:

— Natural road friction variation can remain minimal with proper
test-track preparations and post-processing methods.

— Local road friction variations can still occur despite test-track prepa-
rations.
o Paper B:

— Imposing a slip constraint on a low-friction tyre reduces the total
braking potential (Section 4.1).

— Analysis of the physical limits of combined steering and braking on
split friction roads (Sections 4.2-4.3 and Fig. 13).

10
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— Significant reductions in braking distance can be achieved through
automated steering compared to human drivers (Section 7.1).
o Paper C:

— Extension of braking & steering optimization from Paper B to
curved paths.

— Low friction on the inner curve side is detrimental to safety due to
load transfer to the outer side.
¢ Paper D:

— Formulation of an optimal control problem that considers lateral
variations in road friction for calculating the shortest braking dis-
tance.

— Development of a particle model that provides near-optimal brak-
ing paths for varying road friction profiles.

1.5 Limitations

The scope of this study is limited to:

e The vehicle operates on flat, asphalted roads. Off-road terrains are not
considered.

e The tyre-road interaction is simplified by neglecting texture-related ef-
fects such as snow or gravel displacement. Instead, road friction is
assumed to be uniform across each tyre contact patch but may vary
between different road sections.

11






CHAPTER 2

Vehicle Models

Vehicle dynamics describe how a vehicle behaves as a dynamical system over
time, encompassing acceleration, braking, and steering. A precise understand-
ing of these dynamics is essential for developing effective automotive control
systems.

This thesis focuses on the vehicle’s interaction with road friction, requiring
a curvilinear coordinate frame. Unlike a time-based reference, a curvilinear
frame relates vehicle motion to the distance along the path centerline, making
it particularly useful for optimization problems involving road friction varia-
tions.

The vehicle models developed in this thesis incorporate the following key
aspects:

¢ Longitudinal Dynamics — Governs acceleration and braking forces
along the path. A crucial component is ABS, which regulates wheel slip
to achieve maximum braking force.

o Lateral Dynamics — Describes motion perpendicular to the path, in-
cluding steering and yaw disturbances. While ESC influences lateral
stability, it is not modeled in this thesis.

13
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e Curvilinear Frame — Captures path curvature and variations in road
friction along the trajectory.

¢ Road-Tyre Interaction — Models frictional forces between the tyres
and road surface, which are critical for braking performance on different
road conditions.

Accurate modeling of these aspects is essential for optimizing braking and
friction-based path-planning. The main methodology of this study is opti-
mization. A standard optimal control problem (OCP) formulation minimizes
a cost function J as

min J : cost
subject to & = f(z,u) : dynamics
(2.1)
g(z,u) =0 constraints
hz,u) <0

The key components of this formulation are:

e Cost (J): The objective function to be minimized, such as braking
distance (Paper D) or static acceleration (Papers B, C').

¢ Dynamics (& = f(z,u)): The vehicle model, which in this thesis in-
cludes:

— Vehicle position and orientation.

Forces and moments acting at the center of gravity.

Tyre forces and their interaction with the road.
— Actuator dynamics, if relevant.
o Constraints (g(x,u) = 0, h(z,u) < 0): These enforce physical and
operational limits, such as:
— Actuator constraints (e.g., steering angle or brake torque limits).
— Physical constraints (e.g., slip limits, tyre friction limits).
— Road constraints (e.g., lane boundaries).

The following sections introduce the vehicle models used in this thesis, pro-
gressing from simplified to more complex representations.

14



2.1 Vehicle Position and Orientation in a Curvilinear Frame

Figure 2.1: Vehicle position, velocity, and orientation in the inertial coordinate
frame XY and in the curvilinear coordinate frame se defined by the
path centerline. The elapsed centerline distance s and the lateral dis-
tance e of frame se are denoted with blue color, at a curve radius R.
The velocity vector V, its corresponding angles, and the acceleration
components along, a,, and perpendicular, a,, to V' are denoted with
red color (Paper D).

2.1 Vehicle Position and Orientation in a
Curvilinear Frame

The following derivation is based on the formulations presented in Paper D.

The vehicle’s motion is described in a curvilinear coordinate frame aligned
with the path centerline, as shown in Fig. [32]. This choice is motivated
by the need to relate the road friction profile to position along the path rather
than time, useful for the coming optimization problems.

At the traveled distance s(t) [m] along the path centerline, the path’s cur-
vature is K = 1/R [1/m], where R is the radius of curvature. The vehicle’s
lateral deviation from the centerline is e [m], with the center of gravity chosen
as the reference point for straightforward coordinate transformations.

15
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The vehicle’s orientation is characterized by several angles: the path cen-
terline orientation v, [rad], the vehicle’s yaw angle ¢ [rad], and the velocity
vector orientation o [rad] relative to the path. Additionally, 8 [rad] represents
the body slip angle, and ¢ [rad] is the course angle relative to the inertial
frame XY. The velocity magnitude is given by V' [m/s].

The course angle £ determines the inertial position of the vehicle

X =V cos (€),
Y = Vsin (€). (2.2)
From Fig. € is expressed as
=0+, (2.3)
§=0+1. 2.4
Assuming circular motion, the centerline yaw rate follows
Yy = KS. (2.5)
Differentiating and using gives
£ =06+ ks (2.6)
Similarly, differentiating yields
B=E—1. (2.7)

This links the yaw rate ¢ [rad/s] to the body slip angle rate 3 [rad/s].

Change of independent variable

With the vehicle’s position and orientation defined, we express velocity along
s to change the independent variable from time to space, simplifying the
incorporation of road friction variations. From Fig. 2.1} this transformation

follows as
dt 1— ke

P~ ds  Vecos(o)
The state derivatives in space coordinates are then given by a transformation
of the time derivatives as

(2.8)

dx(s)  dx(t)
e T g Sp- (2.9)

Further details are available in Paper D and [32].

16



2.2 The Particle Model

2.2 The Particle Model

This section follows the formulation in Paper D, where the particle model
serves as a baseline for trajectory optimization.

A simplified vehicle representation, the particle model (PM), assumes all
mass is concentrated at the center of gravity without inertia. Despite its sim-
plicity, the PM provides near-optimal paths compared to high-fidelity models,
while significantly reducing computational complexity.

From Fig. Egs. (2.6), , and [33], the particle dynamics in the
curvilinear coordinate frame are given by

é=Vsin (o),
o= § - /’5/‘9;07
V =a, — ksV?,
=2 2.1
é=2, (2.10)

where kg is the aerodynamic coefficient modeling the drag force acting on the
vehicle. The acceleration components are expressed along the velocity vector
V, with a, [m/s?] denoting the tangential (longitudinal) component and a,
[m/s?] the radial (lateral) component. The above nonlinear system has the

state vector & = [e o V f} T, and the input vector u = [av ap]T.

Friction limits

A key simplification of the particle model is that it neglects tyre mechanics.
Instead, the acceleration components are constrained by the friction ellipse

a 2
v 2 2
(@)+%<w@@w, (2.11)

where k.; is an ellipse parameter representing the proportion of longitudinal to
lateral friction potential. The road friction coefficient (s, €) varies with posi-
tion [s, €] along the path, affecting the local acceleration limits. Consequently,
minimizing the braking distance depends on the local road properties.

Next, we introduce more advanced vehicle models that model the tyre-road
interaction.

17
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Figure 2.2: Double-track vehicle model with front-wheel steering (Paper B).

2.3 Tyre-Based Vehicle Modeling

This section presents two vehicle models: the single-track model (ST) and the
double-track model (DT). The ST is a simplified version of the DT, obtained
by lumping the forces on each axle together. The ST was used as a benchmark
for trajectory optimization of the particle model in Paper D, while the DT
was employed for static optimization in Paper B.

The section is structured as follows: first, it introduces the total forces
and moments at the center of gravity (CoG) and their relation to the vehicle
states. Next, it details how these forces are distributed among the tyres in
each vehicle model. Finally, it discusses the friction constraints that limit the
tyre forces.

Figure illustrates the vehicle model notation and tyre forces. The total
force at the CoG, denoted as F' [N], is decomposed into longitudinal (F,) and
lateral (F,) components. The yaw moment is M, [Nm] and the steering angle
0 [rad]. The force components and yaw moment are expressed as a function
of the body accelerations [ag, a,] [m/ s°] and yaw acceleration ¢ [rad/s?] from
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2.3 Tyre-Based Vehicle Modeling

Newton’s second law as

o ===, 2.12

= — (2.12)
F,

ay =L, (2.13)
. M,

=7 (2.14)

with m the vehicle mass [kg] and I, the rotational inertia [kgm?]. The
equations governing Fy, I, and M, are provided in Section for the single-
track model and Section for the double-track model.

The body accelerations are mapped to a, and a, using the transformation

MELCIME (2.15)

ap Gy
where R(-) is the rotation matrix. For an angle ¢, the rotation matrix is
defined as
_ |cos(¢) —sin(¢)
LR i (210

Using the above acceleration components ([2.15)), the yaw torque from ([2.14]),
and the angular expression (2.7)), the particle dynamics in (2.10]) are adapted
for the single-track and double-track models as

é¢ =V sin (o),

d:%—ﬁ/sp,

V=a,—kyV2,

=5 ¥

. 1

=M, (2.17)

which has the state vectorz =[e ¢ V 3 o] T and the input vector u =
[Fm- 5]T. The input formulation follows from the fact that the acceleration
components will be expressed as functions of the longitudinal tyre forces F;
and the steering angle 6, i.e., afy p1 = @y py(Fii, 0), as presented in the coming
sections.
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Chapter 2 Vehicle Models

The single-track model

For the single-track (ST) model, the forces F, and F, and the yaw moment
M, about the vertical axis are given by

1
ag =— (—Fyssin (0) + Fyfcos (0) + Fyy), (2.18)
m
1
Qy :E(Fyf cos (8) + Fyysin (8) + Fyr), (2.19)
M, =l§(Fyfcos(0) + Fypsin (6)) — I, Fyr, (2.20)

with the front longitudinal force F s [N], rear longitudinal force F, [N], and
steering angle § as the vehicle inputs. The lateral forces F,; [N] and F, [N]
are expressed as functions of the states through the chosen tyre model.

The double-track model

For the double-track (DT) model, the forces and moments become

Fy = (Fp1 + Fp2) cosd — (Fy1 + Fy2)siné + Fiz + Fou,

~ (Fp1 + Fug + Fuz + Fra) — (Fy1 + Fy2) 0, (2.21)
Fy = (Fp1 + Fypo)sind + (Fy1 + Fy2) cosd + Fyz + Fya

X (Fy1 + Fya + Fy3 + Fya) + (Fu1 + Fi2) 6, (2:22)
M, = (Fp1 + Fp2)sind + (Fy1 + Fy2) cosd) - 5

—(Fy3+Fy4)'lr
+ ((—le + Fzg) 0085 + (Fyl — Fy2) Sin5 — Fzg + Fx4) .
~ M5 - MAFI + Mcros.97

(2.23)

| 8

where a small § assumption is used. F; [N] refers to the four tyre forces
i € {1,2,3,4}, with F,; the longitudinal and F; the lateral ones. [Iy,{,,w]
[m] are length components defined in Fig. [2.2l The vehicle inputs here are
F,; and 0. The terms [Map,, Ms, M.ross] are yaw torque contributions due
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2.3 Tyre-Based Vehicle Modeling

to braking, steering, and a cross-term, respectively, given by

Mar, = ((Fat + Fug) = (Faz + Fur)) 5. (2.24)
= (Fp1 + Fyo)ly — (Fyz + Fya)ly, (2.25)
Meross = (Far + Fia)l 6 4 (Fy1 = Fyo) 5 8
~ (Fp1 + Fa2)ly 6. (2.26)

The forces [F, Fy,] and moments M, on the CoG are obtained through the
four tyres, briefly explained below.

Tyre modeling

The tyre forces are typically modeled as functions of slip, with lateral forces be-
ing a function of the steering angle é. Different approaches exist for modeling
the combined effects of braking and steering: Paper B employed a combined
slip model incorporating both longitudinal and lateral slips, whereas Paper D
used a simplified approach that limits the maximum lateral force, following
[34]. For a more detailed discussion on tyre force-slip relationships, refer to
the corresponding papers and [16], [35]-]37].
In this work a simplified Pacejka model [35] was used, defined as

CiCTi
F; = Fiax,sin |Barctan | ——— | |, 2.27
' e IH[ ' H<BFmax,i)} ( )
where C; are the tyre stiffness, B is a shape factor at large slip, and Finax,;
are the maximum attainable forces, defined as

Fmax,i = M1(57 E)ina (228)

with p; the friction coefficient in the curvilinear frame se and F}; the vertical
force of each tyre. The F,; are obtained from a steady state longitudinal and
lateral load transfer model, as in [38, p. 350]. Further, C; is assumed to be
linearly dependent on F,;. The tyre force F; as a function of the combined slip
o; is presented in Fig. and shows how the curve changes with the friction
coefficient p. In the figure, the asterisks depict the Fiax i, which happens at
the peak slip.
The friction circle limitation is defined as

Fy21 + (—lez/"b'/kel)2 < (-Fmaxﬂ‘)2 . (229)
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CHAPTER 3

Braking and Optimization Approaches

This chapter begins by discussing existing solutions for maximum braking,
their underlying principles, and their limitations. A key drawback of cur-
rent systems, such as ABS and ESC, is their reactive nature—they respond
only to the vehicle’s current state. However, many accidents could be mit-
igated or even prevented if corrective actions were taken earlier. This can
be achieved by incorporating information about the vehicle’s surroundings,
such as nearby traffic and road conditions, to predict its motion and intervene
proactively when necessary. The chapter then introduces our proposed solu-
tions for instantaneous control on split friction roads, where ABS and ESC
may be suboptimal, as well as cases where predictive friction information is
essential for minimizing stopping distance through full-trajectory optimiza-
tion.
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Chapter 8 Braking and Optimization Approaches

(a) (b) (©)

Figure 3.1: Vehicle velocity vector V, force vector F' projected F, along and Fj
perpendicular to V, and yaw torque M, for: (a) General case, (b)
Straight uniform road, (c) Curved road.

3.1 Maximizing Braking Force: Problem
Formulation

As introduced in Section 2.1} a road vehicle’s trajectory is characterized by
its velocity vector V, the total force F', and the yaw torque M, acting on its
CoG, as illustrated in Fig. [3.1h. Figure [3.1b presents a simplified case of a
straight road with uniform friction, while Fig. depicts the vehicle on a
curved road.

Each scenario is discussed in the following sections:

e Section [3.2| considers braking on a straight road with uniform friction,
representing a simplified yet insightful baseline scenario.

e Section [3.3] introduces the special case of split friction, where one side
of the vehicle experiences low friction while the other remains on high
friction.

o Section [3:3] addresses path planning for braking on roads with both
longitudinal and lateral friction variations.

Using a force-centric approach (as in [36]), the following theorem gives the
shortest braking distance, when the road friction profile only changes in the
longitudinal direction (along the vehicle travel, but not perpendicular to it):
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3.1 Maximizing Braking Force: Problem Formulation

Theorem 1: On laterally uniform road friction roads, the shortest braking
distance is obtained by mazimizing the force opposite to the velocity, F,, at
every time instant.

The theorem can be expressed as an optimization problem as

max —F,(t) WVt
subject to F,, (3.1)
M,

which is essentially an instantaneous optimization problem. When the road
friction profile is uniform across the lane (i.e., no lateral variation), there is
no reason for the vehicle to deviate from the path centerline. In such cases,
the instantaneous solution converges to the full-trajectory solution, as the
optimal path remains along the centerline. However, as shown in Paper D,
when the friction profile varies laterally, simply maximizing the force oppo-
site to the direction of travel at each instant can become suboptimal. In
these scenarios, planning the entire braking trajectory—rather than reacting
moment-to-moment—can result in a significantly shorter braking distance.
From , braking on a straight path can be summed up to

max —F,(t) Vt,
subject to  Fj,(t) = 0, (3.2)
M,(t) — 0,

while braking on a non-straight path to

max —F,(t) WVt

subject to  Fy(t) — Fpa(t), (3.3)
M (t) = Mpa(t),

where Fj,q and M.4 are the desired perpendicular force and yaw torque. In
the special case of braking on a split friction road, following a straight path is
determined by (3.2]) (Paper B). For curved roads, an instantaneous solution

is derived by setting Fpq(t) = m‘;((tt))z and M,q = 0 (Paper C). Otherwise,
Foq and M4 can be indirectly determined by following a desired path.

The optimization problems (3.1)-(3.3) are presented at a high level. Real
vehicle actuation originates from its brakes, powertrain, and steering system,

all of which are transmitted through the tyres and the tyre-road interaction.
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Chapter 8 Braking and Optimization Approaches

Consequently, the actual reconstruction of the high-level forces F,,, F},, and M,
is ultimately a combination of tyre forces, steering angles, and vehicle states.
This interaction is explained in the vehicle models of Chapter [2] Braking on
a straight path with uniform road friction can greatly reduce the complexity
of the vehicle model, as discussed in the next section.

3.2 Braking Distance on Uniform Roads

It is commonly assumed that braking occurs in a relatively straight line and
that the road conditions remain nearly uniform, as illustrated in Fig.[3.Ip. In
this context, "uniform" refers to the assumption that friction is constant or
only varies slowly over the braking path. The uniformity holds in an averaged
sense, such that the road friction coefficient can be treated as constant over
the braking distance. Under such conditions, any steering interventions are
minimal, allowing the braking distance calculations to be simplified accord-
ingly.

Mathematically, these assumptions can be expressed relative to the general
optimization problem as {F, =0,M, =0, F = F,}. The total force on
the vehicle F' is opposite to the path, as illustrated in Fig. Using energy
conservation, the following relation holds

P 1 1
Fds=-mV?— -mVg, (3.4)
Py 2 2
where Py, P; are the starting and final braking points, and Vj, V7 the starting
and final velocities; m is the vehicle’s mass.

For uniform friction and maximum F' at every instant, the braking distance
s becomes from the above

Pl Lo 1 o
/(—mug)ds:mel—meO,

o, 2 2
1
= pgs =5 (Vg -V7),
2 12
s Yo VT (3.5)
2pg

which shows that the braking distance is a function of the road friction coef-
ficient p and the initial speed Vj; g is the gravitational constant.
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3.2 Braking Distance on Uniform Roads

Figure 3.2: A vehicle braking in a straight line on a straight path, with uniform
friction (same setting as Fig. [3.1p). s is the braking distance, [Py, Vo]
are the starting braking point and velocity, and [P1, V4] the final brak-
ing point and velocity.

Although variations in friction may occur along the braking path, the equa-
tion ({3.5)) is still applicable when considering the average friction fi over the
braking distance, which is defined as

1 =
= / w(s)ds. 3.6
g . ) (36)
Thus, in this section, the friction is treated in a macroscopic sense, with p = j.

While this approach works well for theoretical calculations, it is impractical
for real-world applications such as onboard predictive friction estimates, where
friction is often discretized along the path ahead. To handle this, a piecewise
constant distance calculation algorithm is required, such as the one patented
in Patent F.

Tyre-road interaction

A key assumption in deriving is that maximum braking is achieved at
every instant, as stated in Theorem [I} This is facilitated by ABS.

ABS primarily prevents wheel lock-up, maintaining directional control. Its
secondary function is to sustain high braking forces by dynamically identifying
the peak slip—the slip ratio that maximizes tyre force, as shown in Fig.
Notably, this approach does not require prior friction knowledge. In practice,
production ABS operates through a complex multi-phase regulation, with up
to eight phases [39]. The effectiveness of the ABS on different surfaces and
speeds can be found in [40], [41].

27
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Since each wheel has independent ABS actuation, maximum force can be
achieved per tyre, maximizing braking for the whole vehicle. Under uniform
lateral friction conditions, this would also result in the shortest braking dis-
tance. However, as described in Paper B, when friction varies significantly
between the vehicle’s sides, achieving peak slip on all wheels may be infeasi-
ble due to the induced yaw moment on the vehicle. This finding is explained
in Section

Autonomous Emergency Braking

Autonomous Emergency Braking (AEB) is an ADAS designed to prevent or
mitigate collisions by automatically applying the vehicle’s brakes when an
imminent collision is detected. The system utilizes various sensors, such as
radar, LiDAR, and cameras, to monitor the vehicle’s surroundings and assess
potential collision threats. Since its initial introduction, AEB systems have
undergone significant advancements. Early systems were primarily designed to
operate at low speeds, suitable for urban environments. Modern AEB systems
have expanded their capabilities to include high-speed scenarios, pedestrian
detection, and rear automatic emergency braking. More details on current
AEB technologies and other ADAS features included in Volvo’s Safe Space
can be found in [42].

In an AEB system, the safe distance is first estimated (typically using )
and then compared to the measured distance to the front vehicle. Thus, its
effectiveness relies on accurately assessing the road condition. Correct safe
distance estimation is crucial, as overestimating distance can delay braking,
endangering the vehicle and others, while underestimation may cause unnec-
essary early braking.

Most current AEB systems lack information about road conditions and
instead assume dry road conditions with a friction coefficient of 1. This as-
sumption means that when braking autonomously on a low-friction surface,
the intervention may be initiated too late. To initiate braking earlier but
avoid unnecessary interventions, [43| used a warning brake to get the current
friction estimate and reassess the amount of braking needed. This approach
is clever if friction does not vary ahead. With predictive friction information,
the braking distance for a varying friction profile can be calculated using a
method as in [44]. However, predictive friction estimates are often inaccurate.

A missing key piece of the puzzle is the effect of incorrect friction estima-
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3.2 Braking Distance on Uniform Roads

tion on the braking distance. The next section presents the mathematical
background for explaining misestimation in AEB systems, while the results
are presented in Section [£.1]

Friction estimate properties

Friction estimation deviations can be transformed into braking distance de-
viations using (3.5). The road friction deviation is defined as the difference
between the estimated friction p and the real friction pu,.

ey = te — fhr- (3.7)
Similarly, the braking distance deviation is defined using (3.5)) as

€s =Se — Sr,

VE (1 1
2 (-2). (3.5
29 \fte  fir

where s, is the estimated braking distance and s, is the real braking distance.
The consequence of friction overestimation, i.e., e, > 0, can be better un-

derstood by reformulating the residual distance into an impact velocity for a

forward collision (Paper A). The impact velocity V), is calculated from

setting the distance up to collision s equal to the estimated s, as

— Vo - Vp2 S8,

)

29 pr
V02 _V02 - ‘/;)2 e > fr
294 29, ’
e
V, =Vo./-£. (3.9)
p Me

Impact velocity is useful for categorizing crash severity according to ASIL
classification. An analysis of this for an AEB system was conducted in |29,
suggesting the categorization presented in Table [B.I] which illustrates the
severity of front and rear collisions as a function of impact velocity. These
values can also be used to assess the consequences of friction misestimation
in AEB systems, which falls under SOTIF considerations rather than ASIL,
as it stems from limitations in environmental perception rather than system
failure.
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Table 3.1: Severity index ASIL classification for a Front-/Rear-end collision |29

Class S() Sl SQ 85
Description no injuries light & mode- severe injuries life-threatening
rate injuries injuries

Front/Rear- no harms to v, <20km/h  20<wv, <40km/h v, >40km/h
end collision persons

Now that the impact velocity is mapped to the severity index, it can be
related back to the distance deviation by replacing (3.9) into (3.8) as

175

——r 3.10
29 pr (3.10)

es =

The analysis of the impact of friction estimation deviations on braking dis-
tance and impact velocity is presented in Section[4.1] In addition to estimation
deviations, friction itself can vary naturally along the road, affecting the ap-
plicability of the average friction coefficient p defined in . Section
presents a methodology to explore and quantify these natural variations for
locally uniform roads.

3.3 Braking with Steering: Handling Non-Uniform
Road Conditions

So far, we have handled cases with minimal steering involvement. Introducing
steering changes the vehicle’s dynamic behavior, rendering the previously used
equations largely invalid. This is typically the case on non-uniform, non-
straight roads.

Braking on split friction roads

Papers B, C addressed the special case of braking on a split friction road,
where one half of the vehicle is on high friction and the other half on low
friction, as illustrated in Fig. The key challenge in this scenario is the
abrupt yaw moment disturbance (M.) caused by asymmetric road friction.
Unprepared drivers may be surprised and either deviate from their path during
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3.8 Braking with Steering: Handling Non-Uniform Road Conditions

K

Figure 3.3: Vehicle on a split friction road.

braking [45] or release the brakes. Steering must be applied to counteract the
yaw disturbance and keep the vehicle in its lane, but this is not an easy task.

Much of the literature assumes that ABS alone can effectively maintain
stability while braking in these conditions [46]-[48]. However, this assump-
tion breaks down at large split friction magnitudes. As analyzed in Paper
B, traditional ABS algorithms limit slip on the rear axle [49], preventing an
increase beyond the peak slip on the low-friction side—an adjustment nec-
essary for large splits. Additionally, ESC systems often restrict yaw torque
by reducing braking on the high-friction side [50], leading to longer braking
distances. These findings indicate that a redesign of ABS and ESC strategies
is necessary for effective handling of high split friction conditions.

Previous literature has primarily focused on automating steering compen-
sation while allowing the ABS to manage braking [46]—|48]. Others proposed
ABS modifications for split friction [51], but without controlling steering.
More recent studies [52], [53] have combined braking and steering control.
In [52], ABS was redesigned to account for combined slip and coupled with
a steering controller. Their fuzzy control allocation scheme first determines
the steering angle to maintain stability and a straight path, then computes
brake forces to achieve zero yaw torque. This method was later extended to
curved roads in [54]. However, a key limitation of this approach is its reliance
on tyre model inversion, which is impractical due to real-world tyre variations
from wear, pressure, and temperature changes [13], [37], as well as between
manufacturers and tyre types. Furthermore, their strategy restricted slip to
remain below the peak, which, as we show, is suboptimal for large split friction
magnitudes.
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In [53], an integrated steering and braking MPC controller was proposed
for a bus and verified on a test bench. The study used yaw acceleration as
a threshold for identifying large split friction cases and selecting a control
strategy accordingly. Paper B similarly differentiates between small and large
split friction cases, but instead of relying on an arbitrary yaw acceleration
threshold, it bases the transition on static optimal solution characteristics
that vary with split friction magnitude. This allows a split friction estimate
to determine the threshold for switching control strategies. Moreover, [53]
limited wheel slips to the linear region only for high-friction tyres, which is
less restrictive than doing so for the low-friction tyres. Still, they did not
evaluate their control strategy at large splits or analyze its limitations, as
done in Paper B.

The key results and insights from the analysis of split friction roads are
presented in Section while the next section introduces the optimization
method.

Static optimization

The core idea of Paper B is that the high-level optimization problem
can be reduced to a static problem once transients have settled. This analysis
has been conducted for straight, even roads. Instead, Paper C expanded the
static optimization to curved roads.

For straight split friction roads, a quasi-steady-state solution exists, where
deceleration remains constant and velocity eventually reaches zero. Since this
static solution yields maximum braking, reaching it as quickly as possible
leads to the shortest braking distance. The advantage of a static solution lies
in its computational efficiency and its ability to provide insights into brake
force and steering combinations that achieve maximum braking.

For a straight road, the optimization problem from becomes static
by setting the derivatives to zero, yielding the maximum static deceleration
problem formulation

’ (3.11)
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where g represents the optimization variables

q= [/{i357ﬂ]T7 (312)

which include the brake controls, represented by the longitudinal slips k;, and
the steering-related variables § and 5. The optimization also considers the
friction coefficients on each vehicle side, [u1, p2]. The accelerations a, and a,
are given by (2.15)), and the yaw moment M, by (2.23).

The zero yaw rate condition, ©» = 0, is imposed to prevent vehicle rotation.
This constraint expresses the lateral slip angles as a function of 8 and ¢

tana; = [§ — 8,6 — B,—8, —B] . (3.13)

Next, we discuss roads with lateral friction variations, where careful path
planning is essential to minimize braking distance.

Optimal braking path on varying friction roads

In the previous sections, path planning during braking was unnecessary, as
the vehicle always brakes along the centerline, whether the road is straight or
curved. This is because there are either no lateral friction variations or, in the
case of split friction, lateral movement is undesirable. However, in Paper D, we
demonstrated that when friction varies laterally, the shortest braking distance
may not be achieved by staying on the centerline. In such cases, lateral
vehicle movement becomes crucial for minimizing braking distance. Figure
illustrates an example where avoiding an icy patch could potentially lead to
a shorter stopping distance. Knowing the friction distribution in advance can
provide significant benefits in such scenarios.

Paper D investigated full-trajectory optimization to determine the optimal
path, i.e., the trajectory that results in the shortest braking distance, by
allowing lateral movement while braking. The objective is to minimize the
final centerline position sy of the vehicle while ensuring that it remains within
the lane limits [emin, €max] (see Fig.|2.1]). This optimal control problem (OCP)
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1}1:0

S1

52

Figure 3.4: Two braking distance candidates: Moving laterally can result in faster
stopping (Paper D).

is formulated as

minimize sy
xz,u

subject to  &(s) = G(z(s),u(s)),
{ZB(O) = X0, Vf < V:stop}v
emin < €(5) < emax,
g(x(s), u(s)) = 0,
h(z(s), u(s)) <0

(3.14)

where x(s) € R™ and u(s) € R™ denote the vehicle state and control vec-
tors, respectively. The function G(x(s), u(s)) represents the vehicle dynamics
in space coordinates (PM: (2.10), ST & DT: (2.17)). Furthermore, the initial
conditions are defined by xg, while the final condition ensures that the veloc-
ity V¢ is reduced to a sufficiently small value, determined by an appropriate
threshold Vg, > 0. This threshold is necessary because the inverse path
dynamics S, becomes singular as V' approaches zero. Finally, ¢g(-) and
h(-) represent all other equality and inequality constraints, respectively. For
instance, h(-) includes the friction limits (PM: , ST & DT: (2.29)), while
g(+) includes equality constraints specific to the multiple-shooting optimiza-
tion method used.

Applying the above OCP to different vehicle models requires an appropriate
adaptation of the road friction profile when simplifying the vehicle model: for
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Figure 3.5: Closed-loop simulation block diagram in CarMaker ™ where s(t) is the
longitudinal distance as a function of time ¢, e(¢) the lateral distance,
d a chosen preview distance, 1/}(75) the yaw rate, 6(t) the front steering
angle, k;(t) the long. slip, and Tpqi(t) the brake torque demand for
each tyre ¢ (adapted from Paper D).

the ST model, the friction is averaged per axle from the four tyres of the
DT model, while for the PM, a single equivalent friction value represents the
entire vehicle since it lacks individual tyres.

The optimization problems discussed here form the basis for determining
optimal vehicle trajectories and the distribution of braking and steering forces.
To translate these theoretical results into practical vehicle control, a dedicated
control framework is required, which is introduced in the next section.

Control structure overview

In Papers B, C, D, a similar control structure is implemented within the simu-
lation environment CarMaker™ . The block diagram is presented in Fig. 3.5

In Papers B & C, the steering controller consists of a constant feedfor-
ward component, determined based on the split friction magnitude, and a
path-following controller that previews the path ahead at a selected preview
distance, following [16, Chapter 13]. The brake controller for split friction
conditions regulates the high-friction brakes to eliminate yaw torque using
Lyapunov theory [55] for large split friction magnitudes, while ABS is em-
ployed for small splits and always on the low-friction side. The details of this
control strategy are explained in Section [£.3]

In contrast, Paper D adopts a much simpler control approach: the steering
is managed solely by the path-following controller, and braking is handled
entirely by the ABS.
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CHAPTER 4

Road friction influence on braking distance

4.1 Braking Distance Estimate Deviations

Braking distance estimates used in AEB systems are inaccurate when the
average friction coefficient of the braking path deviates from the assumed
value. This section evaluates the impact of friction misestimation on the
braking distance.

Following the methods of Section [3:2} Fig. [I.1] presents the braking distance
deviations e, as a function of the friction estimate deviation e, at a high,
medium, and low friction. Setting an e, deviation to a small value of 0.1,
it becomes clear that the lower the friction, the higher the braking distance
deviation. In other words, the lower the friction, the more accuracy is needed
in the estimates.

The braking distance deviations of the figure are also influenced by the
square of the initial speed . Therefore, the higher the initial speed, the
larger the expected deviations on the braking distance.

Overestimating friction might result in a collision. The impact speed thresh-
olds for the ASIL classes are noted in Fig. for the medium (u, = 0.5) and
low friction (u, = 0.25) using . At high real friction, there is no misesti-
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Figure 4.1: Effect of road friction estimation deviation on braking distance for a
initial speed of 50 km/h; true friction p,, estimated friction pe, Vp
impact speed. Positive braking distance deviations indicate braking
earlier than expected, while negative deviations suggest braking later
than expected, potentially leading to a collision.

mation. The severity indexes can then be updated according to Table and
the results are presented in Table The friction deviation thresholds for
transitioning from S; to Sy are quite small: 0.1 for medium friction and 0.05
for low friction. Consequently, an AEB system that assumes dry friction can
significantly increase the risk of severe injuries at medium friction and even
cause life-threatening consequences (S3) at low friction. System safety engi-
neers can use a table like this to assess the margin for deviation at different
speeds and road friction levels.

4.2 Natural Friction Variation of a Locally Uniform
Road

Using measurements from the same area and under uniform conditions, one
can reveal the combined natural variation of the road conditions and the vehi-
cle’s braking ability. This was the core idea behind Paper A, where measure-
ments from a vehicle braking were evaluated under several uniform snowy /icy

38



4.2 Natural Friction Variation of a Locally Uniform Road

Table 4.1: Severity index example for a Front-/Rear-end collision according to the
specification of Table in the same setting as Fig.

Real friction ‘ Friction deviation threshold Severity index
high | N/A So
medium 0.1 < Si
> So
0.05 < Sq
low between So
0.45 > S3

conditions. Next, the methodology used in the paper is briefly described,
which involves using full-vehicle ABS braking measurements.

Friction and distance uncertainties from measurements

Solving (3.5) for x and applying it to the speed and distance measurements, a

set of estimates i = [ﬂl, st N] T is obtained. Taking the maximum minus
the minimum of the set, the friction uncertainty is given by

5, = max(fr) — min(f). (4.1)

An estimate of the braking distance can be obtained from (3.5). By taking

the difference between the maximum and minimum braking distances, the
uncertainty in braking distance can be calculated as follows

65 = max(s) — min(s),

2 1 1

S S—— ). (4.2)
29 \min(7))  max(f)

A necessary step for this calculation is to ensure the same initial velocity is

used for the entire dataset during the data post-processing. Next, the results
are presented in brief.

Brake event data synopsis

Three different tyre types were fitted to the same vehicle, and a variety of
snowy and icy conditions were prepared on a test track in northern Sweden
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over a five-day period. The road was prepared to have a uniform friction pro-
file. The results are presented in Paper A, and the key findings are discussed
here. For related research with the same data, see [56].

The uncertainty in friction measures, S# from , was generally small,
ranging from 0.04 to 0.08, which can be considered the lowest variation ex-
pected due to the test preparation conditions. However, even such small
variations in friction estimates can result in large braking distance deviations,
as shown in Fig. .1} Additionally, negligible dependencies of friction were
observed at the low and medium speeds tested.

Local variability of friction was revealed when projecting the brake events
onto a map, as shown in Fig. This variability was observed for the snow
conditions (snow, packed snow) across all tyres, but not for the ice conditions
(smooth ice, rough ice, rougher ice). This difference could be due to the
lower mean friction of ice (& = [0.07,0.11,0.18]) compared to snow (& =
[0.35,0.41]). Two areas were identified, with a buffer zone in between where
results were mixed. Therefore, local road properties are an important aspect
of the experienced friction.

4.3 Understanding Split Friction: From Braking
Limits to Control

Paper B provides an in-depth explanation of the combined braking and steer-
ing mechanics required to achieve maximum braking on split-friction roads. It
also demonstrates, through simulations, the physical limits of combined brak-
ing and steering as a function of the split friction magnitude. These limits
serve as a benchmark for evaluating control algorithms designed to optimize
braking efficiency.

Paper C extends the analysis by investigating how optimal braking and
steering characteristics change due to lateral load transfer in curved roads. A
key insight is that when friction is lower on the inner curve side, the lateral load
transfer further reduces the tyre capacity on that side, making the situation
more critical than when friction is lower on the outer curve side.

These findings emphasize two crucial aspects: (1) the need to jointly opti-
mize braking and steering to manage asymmetric road conditions effectively,
and (2) the importance of adapting the solution based on the split friction
magnitude. The next section provides a more detailed discussion on optimal
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Figure 4.2: Friction map of test region under (a) snow and (b) packed snow con-
ditions. Two areas are identified (adapted from Paper A).

brake force and steering angles, with control strategies addressed in the section
thereafter.

Optimal brake force and steering angles

One of the key findings of Paper B is that, for small split-friction magnitudes,
the peak slip and the optimal slip—i.e., the slip given by the static solution—
coincide for the low-friction tyres. However, as the friction split increases,
the optimal slip for the low-friction tyres shifts beyond the peak slip into
the unstable slip region. This trend is illustrated in Fig. which shows
the peak and optimal slips for various low-friction side values (u2), while the
high-friction side remains on dry asphalt (with p; = 1). For the high-friction
tyres (not shown in the figure), the slip remains at the peak slip and stays
close to it as the split increases.
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Chapter 4 Road friction influence on braking distance

A reason for this behavior was identified in the role of the steering. The
lateral slip must reach a steady-state value determined only by the steering
angle 6 and body side slip angle 3, as given by . Consequently, at
the static solution , the body rotates slightly to achieve the angle (3,
allowing the rear axle to generate slip. To facilitate this body rotation, an
initial front steering angle ¢ is required. The necessary steering and body slip
are determined by the optimization.

The optimal solution can be visualized using attainable global force dia-
grams, as shown in [57], [58]. The methodology starts by discretizing the
input vector ¢ = [m, d, ﬂ] T from . The longitudinal slips ; were varied
in the range k; € [0, —0.2], while the steering angle § was sampled in the range
0 € [0°,—20°], and the body slip angles in the range 8 € [0°, —10°]. Each of
these ranges was discretized into N = 10 points, resulting in a total of N
input combinations.

Figure [£.4] illustrates the attainable force distribution in the three planes.
The maximum deceleration (a,) for zero yaw torque (M) and zero per-
pendicular acceleration (a,) occurs at the optimal value ¢* = [k}, d*, 8*] =
—[0.11,0.11,0.08,0.08,4°,2°]7. The resolution difference between this brute-
force method and the static optimization is within the second decimal place
for x; and the first decimal place for the angles [0, 5] (in degrees). Further-
more, the optimal point (marked with a red cross in the figure) is located
at the intersection of the {M, = 0}-constraint, the {a, = 0}-constraint, and
the attainable force surface. Notably, in the a,-M, plane (Fig), this
point is located at the edge of the attainable force surface, aligning with the
{M, = 0}-constraint.

This observation connects to previous optimization-based research: [58]
studied post-impact dynamics, while [59] analyzed lateral collision avoidance.
Both studies found that the optimal solution maximizes lateral force (almost
equal to ap,) while maintaining zero yaw moment (M) in steady-state con-
ditions. In their findings, the optimal point also lies at the edge of the at-
tainable force surface. In contrast, this study focuses on maximizing braking
force. The observed alignment suggests a promising direction for extending
the static optimization framework into trajectory optimization.
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Figure 4.3: Tyre force - slip curve for the low-friction tyres for several road frictions
under split friction with g1 = 1; pe € [0.1 1]. The figure shows how
the optimal slip moves away from peak slip as split friction increases.
Marked with '*’ are the peak slips and with 'x’ the optimal slips. The
high-friction tyres are at the vicinity of the peak slip.

Control aspects

Now that we know the static equilibrium the vehicle should be in to achieve
maximum braking, we need to bring the vehicle to that state and maintain it
throughout the braking maneuver. For small friction splits, this is a straight-
forward task, as the slips of all wheels are at peak slip. In this case, ABS
provides optimal braking. However, for large friction splits, a more sophisti-
cated approach is required, which involves balancing yaw torque from braking
and counter-steering. The chosen approach is to fix the steering to an offline
optimal value and control the high-friction brakes such that the yaw moment
becomes zero.
A few considerations on the control:

1. Inexact steering application: The body slip angle S is largely influ-
enced by the steering angle §. Therefore, inaccurate steering application
leads to an incorrect body slip angle and, consequently, a suboptimal
equilibrium. Insufficient steering reduces braking effectiveness, whereas
excessive steering causes braking saturation and can ultimately lead to
vehicle instability (see Fig. 13 of Paper B).

2. Path deviations: Due to the combined effects of braking-induced yaw
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Figure 4.4: Attainable global force distribution for x; € [0,—0.2], § € [0°,—20°],
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B € [0°,—10°]: (a) deceleration - yaw moment (a, - M), (b) decel-
eration - perpendicular acceleration (a, - ap), (¢) perpendicular accel-
eration - yaw moment (a, - M.). Red 'x’ marks the optimal solution
and dash-dotted curves denote the constraints. Optimal solution oc-
curs for [k, 6, 8] ~ —[0.11,0.11,0.08,0.08,4°,2°]T. Large split with:
p1 =0.8; p2 =0.2



4.4 Lateral Movement for Shorter Braking

moment and tyre saturation, full braking can lead to a loss of directional
control and cause path deviations. Regaining control requires reducing
the braking force, which can be achieved by applying a steering angle
smaller than the optimal. However, this compromises braking perfor-
mance and results in suboptimal deceleration.

3. Steering application delays: Since counter-steering is required to
balance the yaw moment, any delays in steering application will delay
brake force buildup and result in longer braking distances. The delay
caused by a prepared professional human driver was measured and repro-
duced in simulation. These human-induced delays resulted in a 6%-13%
increase in braking distances, which represents the best performance
achievable by a human. Additionally, a few samples of close-to-limit
braking are required to estimate the friction on each side of the vehicle
and construct a split friction estimate for the algorithm to begin apply-
ing counter-steering. This process is fast enough, but a small benefit can
be gained by having pre-information about the road’s friction profile.

4.4 Lateral Movement for Shorter Braking

Paper D investigates the optimality of the paths generated using the OCP
in three road friction profiles: (%) partial snow cover, () snow-tracks,
and (4i) water puddles. The paths generated using the PM closely match
those from the ST model. The PM-generated paths are then perturbed in
simulation to verify their optimality. Although the PM does not provide the
overall optimal path, it comes close; see the results in Table This is
attributed to the tyre model used in the simulation, which includes transient
effects that enable the tyre to exert more force than in steady state.

In the examined cases, the optimal paths tend to move towards areas of
higher friction, aligning with human driver intuition. However, since drivers
typically avoid steering in critical situations, incorporating autonomous steer-
ing into an AEB system should be considered.
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Table 4.2: Braking distances from optimization and simulation for friction profile
(i), comparing the particle model (PM), single-track (ST), and the over-
all optimal solution; Vp = 30 m/s (adapted from Paper D).

Braking distance

absolute [m| relative to shortest [%)]

PM 83.9 1.8

ocP ST 84.2 2.2
w/ PM path 84.0 1.9

simulation w/ ST path 84.0 1.9
total optimal 82.4 ref

no steering 102.3 24.2
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Summary of included papers

This chapter provides a summary of the included papers.

5.1 Paper A

Ektor Karyotakis, Derong Yang, Mats Jonasson, Jonas Sjoberg
Experimental Study on Road Friction Variation and Stopping Distance
Uncertainty using ABS Braking Data

Presented in AVEC’22,

© 2022 Society of Automotive Engineers of Japan, Inc (JSAE). Reprinted,
with permission, from [E. Karyotakis, D. Yang, M. Jonasson, and J.
Sjoberg, “Experimental Study on Road Friction Variation and Stopping
Distance Uncertainty using ABS Braking Data', in 16th International
Symposium on Advanced Vehicle Control (AVEC’22), Kanagawa Insti-
tute of Technology, 2022].

This paper investigates the remaining fluctuation of road friction and stop-

ping distance when the contribution from known sources has been removed.
This fluctuation can serve as uncertainty for active safety functions relying
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on friction estimates. Data from repeated ABS brake maneuvers on several
uniform road conditions, including high and low friction surfaces, is analyzed.
Road friction estimates are obtained and used to estimate the uncertainty in
road friction and stopping distance. Measurements from the same road seg-
ment show a friction uncertainty of less than 0.1 with the presented procedure.
The stopping distance uncertainty becomes considerable at high speeds and
low friction for the intended use in emergency brake functions. Especially for
low friction, high estimate accuracy is motivated.

EK contributed with ideas, implementation, generation and analysis of re-
sults. MJ, DY, and JS contributed to the idea generation and analysis of
results. JS also contributed to the writing.

5.2 Paper B

Ektor Karyotakis, Mats Jonasson, Derong Yang, Jonas Sjoberg
Minimum Stopping Distance on Split Friction Roads via Joint Control
of Steering and Individual Wheel Braking

Submitted to Vehicle System Dynamics,

in Sept. 2024.

This paper addresses the problem of minimizing stopping distance on split-
friction roads through joint control of individual wheel brakes and automated
steering. A static optimization problem is formulated to maximize braking
while maintaining lane adherence. The analysis reveals two solution regions:
for small split asymmetries, ABS and path-following control are sufficient; for
large asymmetries, allowing higher slips at low-friction tyres enhances brak-
ing. A control framework leveraging feedforward steering and high-friction
brake control is proposed and validated in CarMaker simulations. Compared
to professional driver tests, automated steering reduces stopping distances by
6-13% and ensures effective braking even on zero-friction surfaces.

EK contributed with ideas, implementation, generation and analysis of re-
sults. MJ, DY, and JS contributed to the idea generation and analysis of
results. JS also contributed to the writing.
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5.3 Paper C

5.3 Paper C

Ektor Karyotakis, Derong Yang, Mats Jonasson, Jonas Sjoberg
Optimal Braking and Steering Control Under Split Friction on Curved
Roads

Published in Lecture Notes in Mechanical Engineering,

21954356 (ISSN) 21954364 (eISSN),

pp- 604-610, Conference: AVEC 2024.

© 2024 Springer, Cham. Reprinted, with permission, from [Karyotakis,
E., Yang, D., Jonasson, M., Sjoberg, J. (2024). Optimal Braking and
Steering Control Under Split Friction on Curved Roads. In: Mastinu,
G., Braghin, F., Cheli, F., Corno, M., Savaresi, S.M. (eds) 16th In-
ternational Symposium on Advanced Vehicle Control. AVEC 2024.
Lecture Notes in Mechanical Engineering. Springer, Cham. https:
//doi.org/10. 1007/978—3—031—70392—8_85] .

This paper examines maximum deceleration on split friction curved roads.
The optimal brake force and steering allocation is investigated as a function of
the split friction asymmetry. Results show that low friction is more detrimen-
tal to maximum braking on the inner side of the curve due to load transfer.
Finally, the paper showcases that the established control strategy of Paper B
enhances safety and maneuverability in critical split friction curved roads.

EK contributed with ideas, implementation, generation and analysis of re-
sults. DY, MJ, and JS contributed to the idea generation.

5.4 Paper D

Ektor Karyotakis, Mats Jonasson, Derong Yang

Trajectory Optimization for Safe Stops with Laterally Varying Road
Friction Ahead

Submitted to IEEE Transactions of Intelligent Transportation Systems,
in March 2025.

This paper presents an optimal control approach for minimizing stopping
distance by incorporating lateral variations in road friction. The paths lead-
ing to the shortest stopping distance are analyzed for three road friction pro-
files that vary across the road in the high-fidelity simulation environment

49


https://doi.org/10.1007/978-3-031-70392-8_85
https://doi.org/10.1007/978-3-031-70392-8_85

Chapter 5 Summary of included papers

of CarMaker. A computationally efficient particle model is compared to a
single-track vehicle model, demonstrating that the simpler model provides
sufficiently accurate reference paths for road friction-based path planning.
The paths generated from the particle model are perturbed in simulation and
show near-optimal performance, closely matching those from the single-track
model. The results highlight the importance of considering local friction vari-
ations, which are often neglected in advanced driver assistance systems.

EK contributed with ideas, implementation, generation and analysis of re-
sults. MJ and DY contributed to the idea generation and analysis of results.
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CHAPTER O

Concluding remarks and Future work

6.1 Concluding remarks

This thesis has investigated the combined braking and steering strategies that
minimize the braking distance on roads with non-uniform friction. Two key
aspects have been examined using optimization techniques and high-fidelity
simulations: braking under split friction conditions and path optimization in
the presence of lateral friction variations.

For braking on split friction roads, a static optimization was introduced to
determine the optimal distribution of brake forces and steering inputs. The
results demonstrate that traditional ABS-based braking is effective when the
split friction magnitude is small. However, at larger splits, increased slips are
required at the low-friction tyres, which cannot be achieved with traditional
ABS. The proposed control framework was shown to achieve reductions in
braking distance of up to 13% compared to a professional human driver.

Furthermore, this study explored the impact of lateral friction variations on
braking performance. A trajectory optimization approach was developed to
identify the paths that minimize braking distances when friction varies across
the road’s width. The findings reveal that even a simplified particle model
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Chapter 6 Concluding remarks and Future work

can generate near-optimal reference paths, closely matching those from a more
complex vehicle model. This paves the way for friction-aware path planning.

The findings of this work highlight the potential benefits of predictive fric-
tion estimation for improving braking performance in future advanced driver
assistance systems. They also stress the importance of coordinating braking
and steering control in cases of extreme friction differences between the tyres.

6.2 Future work

The primary objective of this work is to develop an implementable friction-
aware path and motion planning framework. This requires first analyzing the
effects of road friction variations on path planning and braking distance predic-
tions. Second, these methods should be extended to real-time implementation
and experimentally validated under real-world driving conditions. Any con-
trol framework must account for friction estimation uncertainty, translating
it into an acceptable risk based on the intended maneuver.

The first step for industrializing the friction-aware framework is to amend
several ADAS functions by incorporating friction information with uncer-
tainty. Both this and previous research indicate a substantial safety boost
for current ADAS with friction information.

Future work could explore the fusion of local and predictive friction esti-
mation to enhance adaptability to varying environmental conditions. These
fused estimates can then be integrated into a unified control strategy to further
improve the robustness and safety of motion and path planning decisions.
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