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A B S T R A C T

This study investigates the frictional losses in a horizontal flow of solids fluidized under bubbling conditions,
relevant to applications like combustion, gasification, drying, and waste incineration. Experiments were con-
ducted in a fluid-dynamically down-scaled setup simulating a bed of Geldart type B solids, fluidized under typical
industrial conditions for thermochemical conversion processes, corresponding to sand (particle density: 2650 kg/
m3; diameter: 950 µm) fluidized with air/flue gas at 900 ◦C. The rig features a bubbling bed with a closed
horizontal loop for controlled solids circulation, equipped with in-bed pressure probes to measure horizontal
pressure drop. Horizontal solids velocity was evaluated by performing magnetic solids tracing experiments. Key
parameters varied included solids velocity (0–0.10 m/s), channel width (0.58–1.0 m), and settled bed height
(0.67–0.83 m).

The results clearly indicate a horizontal pressure gradient (15–485 Pa/m), which is proportional to the solids’
mean velocity (0–0.101 m/s in upscaled terms). An inverse relationship between the pressure gradient and
channel width was also identified. Rheological analysis indicates shear-thinning behavior, with wall shear stress
ranging from 10 to 140 Pa for shear rates of 2 × 10− 3–0.45 s− 1 (on an up-scaled basis). Existing models for non-
Newtonian flow were found to underestimate the impact of geometric parameters. An alternative correlation is
proposed, and friction coefficients are calculated. Analysis of friction coefficients against the Reynolds number
confirms laminar flow. Additionally, a strong positive correlation between the generalized Reynolds and Péclet
numbers highlights the impact of viscous forces in solids mixing. Lastly, the friction factor analysis, based on
granular flow rheology, indicates that friction dynamics occur within the dense flow regime.

1. Introduction

The establishment of a horizontal solids flow in a bubbling fluidized
bed is a desirable feature that finds use in various fluidized bed appli-
cations, particularly in processes that are of importance for the energy
sector’s transition towards sustainability. These include dual fluidized
bed systems, such as those used in biomass gasification, chemical
looping processes (combustion, gasification, cracking), and thermo-
chemical energy storage (Basu, 2006; Winter and Schratzer, 2013).
Horizontal solids flow is also critical in operations like drying, iron ore
reduction, pharmaceutical production, and waste incineration (Yates,
1983; Kunii and Levenspiel, 1991; Winter and Schratzer, 2013; Pawar
et al., 2020). In all these applications, an efficient operation requires
significant mass and heat transfer, which depend on the ability to
circulate solids.

In contrast to vertical transport, horizontal solids flow demonstrates
a greater ability to generate plug flow-like behavior, reducing back-
mixing (Wanjari et al., 2006; Levenspiel, 2012; Chen et al., 2017).

This flow pattern is particularly beneficial for processes requiring nar-
row residence time distributions, such as biomass gasification and
chemical looping (Murakami et al., 2007; Aronsson et al., 2017). Simi-
larly, in drying and pharmaceutical production, a homogeneous and
controllable residence time distribution ensures uniform exposure to
heat and reactants, which is crucial for product quality and process
control (Ramli and Daud, 2007; Kong et al., 2018; Zhang and Abatzo-
glou, 2022). In iron ore reduction and waste incineration, this flow
pattern also helps prevent local overheating or incomplete reactions,
facilitating temperature control and reaction uniformity (Yin et al.,
2008; Parvathaneni et al., 2024). Furthermore, horizontal convection of
a dense bed allows for more compact units and lower compression re-
quirements compared to traditional vertical solids convection.

The frictional losses incurred between the horizontally flowing bed
of solids and the reactor walls, as well as between the bed solids, are key
design considerations. These losses directly affect the solids flow pat-
terns and can have major impacts on the overall energy efficiency of the
operation. Since applications with horizontal flow of fluidized solids is
still limited, there is a significant gap in the scientific knowledge
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concerning the specifics of these frictional losses, particularly their
magnitude and how they vary with different operational parameters.
This lack of understanding poses substantial challenges for process
design and scale-up efforts.

While not being specific to horizontal flow of solids, previous
research has indeed explored methodologies for quantifying frictional
losses in fluidized beds, primarily through the solids friction factor, f ,
which represents the relative flow resistance through the ratio of viscous
to inertial forces. Numerous correlations for this factor exist in litera-
ture, mainly addressing dilute-phase flow in circulating fluidized bed
(CFB) risers and pneumatic conveying systems. In these systems, dif-
ferential pressure measurements are utilized to deduce the profile of
average solids concentration which, combined with assumptions or
measurements of the solids transport velocity, allow to estimate the
solids flux (Jones et al., 1967; Konno and Saito, 1969; Capes and
Nakamura, 1973; Kmieć et al., 1978; Özbelge, 1984; Hariu and Molstad,
1949; Breault and Mathur, 1989; Garić et al., 1995; Rautiainen and
Sarkomaa, 1998; Lech, 2001; Jones and Williams, 2003; Mabrouk et al.,
2008). However, pressure measurements often make it difficult to
isolate the distinct impacts of pressure drops due to the gas-solid sus-
pension, wall friction, and particle acceleration. There are only a few
investigations into the precise delineation of these contributions, and
the existing research focuses primarily on circulating fluidized bed
risers. In such systems, the solids flow occurs in the vertical direction
that are distinct from those in focus in the present study (bubbling beds
with horizontal solids flow). Table 1 provides a summary of the corre-
lations reported in literature pertaining to frictional pressure drops that
result from particle-wall interactions. Note that in most correlations, the
friction factor is a function of the solids’ velocity ‘uS’.

As indicated above in Table 1, solids friction factor correlations
predominantly rely on empirical data obtained from vertical gas-solid
flow configurations. It is important to note that the fluidization

conditions and particle dynamics differ significantly across the various
studies. Additionally, the correlations provided correspond to dilute
solids flow systems, where volumetric solids concentrations are typically
below <10− 2 kg/m3. However, while existing studies underscores the
importance of frictional losses in solids suspension flow, research on
solids friction in dense fluidized beds remains limited.

Regarding the characterization of dense fluidized beds, various
methods for assessing the rheological properties have been explored.
Table 2 provides an overview of the literature on experimental studies of
the rheological characteristics of solids fluidized under dense condi-
tions, specifying the viscometer types employed and the operational
conditions explored. Each work investigates different rheological pa-
rameters, such as wall shear stress ‘τw’, wall shear rate ‘γ̇w’, and effective
viscosity ‘η’. Fluids exhibit varying responses to an increase in shear rate:
the effective viscosity either remains constant (Newtonian fluid) or
changes (non-Newtonian fluid). For the latter, as the shear rate increases
the effective viscosity can decrease (shear-thinning fluid) or increase
(shear-thickening fluid). Moreover, some fluids (e.g., Bingham plastics
or pseudoplastic fluids) exhibit a stress threshold at a zero-shear rate
(known as the yield stress), beyond which they begin to flow. An un-
derstanding of these rheological descriptions is used then in the tailoring
of equipment design for each type of suspension and is also crucial for
predicting how the flow will vary under different loads (i.e. different
levels of solids throughflow). For instance, shear-thickening fluids might
require more robust-agitation to move, while shear-thinning fluids flow
more easily.

The falling sphere viscometer determines the viscosity of the fluid-
ized bed by measuring the velocity or fall time of a sphere driven by
gravity or buoyancy. This velocity can be inferred from the falling/rising
time, or by tracking the sphere’s motion (Chhabra and Richardson,
2008; Coussot, 2005). Köhler et al. (2021) used this principle to explore
the rheological characteristics of a gas-solids emulsion under minimum

Nomenclature

A cross-sectional area [m2]
a, b geometrical parameters, as defined by the Kozicki et al.

model [− ]
C geometrical constant [− ]
Ci concentration [kg/m3]
CW,CHb geometrical parameters, as defined by the proposed model

[− ]
D equivalent bed diameter [m]
Dh hydraulic diameter [m]
DS solids lateral dispersion coefficient [m2/s]
dS mean particle diameter [μm]
fF fanning friction factor [− ]
g gravity constant, 9.81 [m/s2]
GS solids circulation rate [kg/m2 s]
H bed height [m]
Hb expanded bed height [m]
I inertial number [− ]
I0 constant, μ(I) constitutive law [− ]
K flow consistency index constant [Pa sn]
k* flow consistency index [Pa sn]
L length [m]
n* flow behavior index [− ]
P pressure [Pa]
Pp particle pressure [Pa]
PSD particle size distribution [− ]
Per wetted perimeter [m]
Re* Reynolds number [− ]
t time [s]

u0 fluidization velocity [m/s]
umf minimum fluidization velocity [m/s]
ur relative velocity between the phases [m/s]
uS solids velocity [m/s]
W channel width [m]
x horizontal position [m]

Greek letters
β geometrical parameter, as defined by the Delplace–Leuliet

model [− ]
εg bed voidage [− ]
εS solids concentration [− ]
η apparent viscosity [Pa s]
λ shape factor constant [− ]
ρB bulk density [kg/m3]
ρf density of the bed in fluidized state [kg/m3]
ρg density of gas [kg/m3]
ρS density of solid particles [kg/m3]
μ(I) effective friction coefficient [− ]
μ2 friction coefficient at high inertial numbers, μ(I)

constitutive law [− ]
μF gas viscosity [Pa s]
μS static friction coefficient, μ(I) constitutive law [− ]
ξ geometrical parameter, as defined by the modified

Kostic–Hartnett model [− ]
τw wall shear stress [Pa]
γ̇a apparent shear rate [s− 1]
γ̇w wall shear rate [s− 1]
φ particle sphericity [− ]
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Table 1
Summary of the solids-wall friction factor correlations from various literature studies.

Reference Solids-wall friction factor correlation Geometric configuration Properties of the bed solids used

(Jones et al., 1967) f = 1.89 × 10− 6 A0
(

6
dpA0

)1/2

where ‘A0’ is the surface area of the solid particles.

Diameter: 0.03 m
Height: 0.54 m

Fused alumina, glass beads, steel, zircon silica
dp: 156–765 μm
ρS: 2460–7600 kg/m3

(Konno and Saito, 1969)
f = 0.0285

̅̅̅̅̅̅
gD

√

uS

Diameters: 0.027 m, 0.047 m
Height: 8 m

Copper spheres, glass beads
dp: 120–1050 μm
ρS: 2500–8900 kg/m3

(Capes and Nakamura, 1973) f =
0.048
uS1.22

Diameter: 0.076 m
Height: 4.87 m

Glass beads, steel spheres
dp: 256–2900 μm
ρS: 2470–7850 kg/m3

εS: 0.03 [− ]
(Kmieć et al., 1978) f =

0.074
uS0.75

Diameter: 0.04 m
Height: 2 m

Silica gel, turnip seed
dp: 683–2240 μm
ρS: 802–1154 kg/m3

(Hariu and Molstad, 1949; Özbelge, 1984)
f = 0.0054

(Wrρg
ρS

)− 0.115[ug
ur

⋅
dp
D

]0.339

where ‘Wr’ is the solids loading ratio.

Diameter: 0.0068 m, 0.0135 m Cracking catalyst, sand
dp: 110–503 μm
ρS: 980–2710 kg/m3

εS: 0.001–0.02 [− ]
(Breault and Mathur, 1989) f = 12.2 (1 − ε)

ε3uS
Diameter: 0.038 m
Height: 2.3 m

Gypsum, limestone, sand
dp: 296–452 μm
ρS: 2100–2950 kg/m3

(Garić et al., 1995)
f = 0.0017

(1 − ε)ut
ε3ug

[
(1 − ε)ut
(
ug − uS

)

]− 1.5 Diameter: 0.03 m
Height:4.4 m

Glass beads
dp: 1200–2980 μm
ρS: 2507–2641 kg/m3

εS: 0.008–0.085 [− ]
(Rautiainen and Sarkomaa, 1998) f = f∞ −

1
uS

where ‘f∞’ is the constant solids friction factor at high solids velocity.

Diameter: 0.192 m
Height: 16.2 m

Glass beads
dp: 64–310 μm
ρS: 2450 kg/m3

εS < 0.01 [− ]
(Lech, 2001) f = 0.0108+ 0.066

MS

uSAρS
Diameter: 0.05 m
Height: 0.953 m

Polyethylene cube, PVC powder, sand
dp: 80–3000 μm
ρS: 958–2650 kg/m3

εS: 0.03–0.21 [− ]
(Jones and Williams, 2003) f =

83
MS

Mf

0.9
Fr2i

where ‘Fri’ is the Froude number at the inlet.

Diameter: 0.053 m
Height: 50 m

Copper ore, iron powder, PFA
dp: 42–64 μm
ρS: 2446–5710 kg/m3

(Mabrouk et al., 2008) For smooth wall surface:
f s = 0.022u− 1.0

S
For rough wall surface:
fr = 0.051u− 1.0

S

Diameter: 0.052 m
Height: 1 m

Alumina, sand
dp: 170–250 μm
ρS: 2500–3400 kg/m3

εS: 0.01–0.035 [− ]
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fluidization conditions, with the focus on the drag experienced by the
immersed sphere. Their research, which employed magnetic particle
tracking, revealed shear-thinning behavior of the fluidized solids and the
presence of a yield stress (causing stagnation of the immersed spheres,
despite the presence of a net buoyancy force). A subsequent study
(Guío-Pérez et al., 2023) conducted using the same methodology,
revealed that larger bulk solids increase the effective viscosity perceived
by the sphere. This increased viscosity is due to the greater resistance to
sphere motion, as there is comparatively less space for the migration of
bed solids within the emulsion. It was also noted that non-spherical
solids, as compared to spherical ones, increase effective viscosity
because of their poorer flowability (they flow and rearrange less easily),
thereby offering more resistance. Furthermore, Guío-Pérez et al. (2023)
found that an increase in solids density increases the effective viscosity
of the suspension by providing greater resistance due to higher inertia.
This research highlighted the non-Newtonian nature of gas-solids sus-
pensions at minimum fluidization conditions, as evidenced by a signif-
icant yield stress and shear rate-dependent drag on the spheres.

The capillary (Ostwald) viscometer quantifies kinematic viscosity by
measuring the amount of time required for a fluid to traverse through a
capillary tube (Coussot, 2005; Chhabra and Richardson, 2008). Based on
this principle, Bakhtiyarov et al. (1996) studied the effective viscosity of
fluidized foundry sand, observing that while the viscosity was not
influenced by the overall pressure drop in the capillary tube, it was
significantly affected by the tube’s length-to-diameter ratio. This effect
is primarily attributed to the energy losses in the tube’s entrance region.

The rotational viscometer allows the calculation of fluid viscosity
from the torque required to rotate a spindle, which induces a shear stress
(Chhabra and Richardson, 2008; Bhattad, 2023). In a similar approach,

Bouillard et al. (2014) used a four-bladed vane rheometer to examine
the rheological properties of powders and nanopowders under fluidized
conditions. The results showed that an increase in the shear rate resulted
in a transition of the gas-solids behavior from Newtonian to
shear-thinning and, eventually, to shear-thickening.

The Couette viscometer quantifies fluid viscosity by measuring the
torque between concentric cylinders, thereby gauging the shear stress in
the confined fluid (Coussot, 2005; Chhabra and Richardson, 2008).
Anjaneyulu and Khakhar (1995) used this principle to study a
gas-fluidized bed of glass beads and found the fluidized bed to behave as
a Bingham plastic, displaying a constant plastic viscosity above the
minimum fluidization level and a reduced yield stress with increased
flowrate. Yahia et al. (2020) conducted experiments with an aerated bed
Couette rheometer, identifying a Coulomb flow behavior for the gran-
ular materials studied. Colafigli et al. (2009) explored the rheological
behaviors of fluidized beds using a Couette fluidized-bed rheometer
under various bed expansion conditions and shear rates. Their experi-
ments, which focused on homogeneously gas-fluidized fine powders,
revealed pseudo-plastic behavior. Kottlan et al. (2018) utilized a Couette
viscometer and a setup that entailed an orbiting sphere submerged in a
fluid (akin to a rotational viscometer) to study the rheological properties
of fluidized powders. They noted that the fluidized solids exhibited
shear-thinning, Newtonian, and shear-thickening behaviors, depending
on the fluidization velocity and the powder’s physical characteristics.

Despite extensive research, a clear understanding of how rheological
behaviors influence frictional losses in a bubbling bed subjected to
horizontal forced convection remains limited, highlighting the need for
further investigation in this area. In summary, the previous literature
(see Table 2) lists evidence of varying fluid behaviors, with most studies

Table 2
Literature overview of viscometry techniques utilized to study dense gas-solids suspensions.

Method Bed properties Rheological properties Fluid analogy Reference

Falling sphere Spherical glass beads
dS: 212–250 μm
ρS: 2600 kg/m3

εS: 0.61 [− ]
Condition: umf

τw: 25–150 Pa
γ̇w: 0–50 s− 1

Shear-thinning (Köhler et al., 2021)

Capillary Silica sand
dS: 425–710 μm
ρS: 2600 kg/m3

εS: 0.42–0.46 [− ]
Condition: umf

γ̇w: 0.2–600 s− 1

η(γ̇w): 100–950 Pas
Shear-thinning (Bakhtiyarov et al., 1996;

Bouillard et al., 2014)
γ̇w: 650–2800 s− 1

η(γ̇w): 10− 3–10− 2 Pa s
Shear-thickening ​

Rotational Glass beads
dS: 500–1000 μm
ρS: 2700 kg/m3

εS: 0.57–0.62 [− ]
Condition: umf

γ̇w: 10− 2–450 s− 1

η(γ̇w): 100–600 Pa s
Newtonian, shear-thinning,
and shear-thickening

(Bouillard et al., 2014)

​ Carbon black powder
dS: 25–330 nm
ρS: 1830–2350 kg/m3

εS: 0.06–0.42 [− ]
Condition: umf

τw: 30–850 Pa
γ̇w: 10–600 s− 1

Shear-thinning, and shear-thickening ​

​ Glass beads
ρS: 2600 kg/m3

dS: 400–1000 μm
Condition: umf

τw: 3.5–17 Pa
γ̇w: 0.08–1.7 s− 1

Bingham plastic (Anjaneyulu and Khakhar, 1995)

​ Glass beads
dS: 75 μm
ρS: 2450 kg/m3

εS: 0.43–0.60 [− ]
Condition: 0<u0/umf<3.8

γ̇w: 10− 2–65 s− 1

η(γ̇w): 10− 1–5420 Pa s
Newtonian, Bingham plastic,
shear-thinning, and shear-thickening

(Kottlan et al., 2018)

Couette Glass beads
ρS: 2600 kg/m3

dS: 50–210 μm
Condition: 0<u0/umf<1

τw: 100–290 Pa
γ̇w: 2.5–20 s− 1

Shear-thinning (Yahia et al., 2020)

​ Silica sand
dS: 26 μm
ρS: 460 kg/m3

εS: 0.43–0.55 [− ]
Condition: umf

γ̇w: 0.05–0.80 s− 1

η(γ̇w): 1.5–10 Pa s
Pseudoplastic (Colafigli et al., 2009)
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identifying non-Newtonian characteristics of bed solids under fluidized
and aerated conditions. Given that dense beds, like diluted beds, are
expected to exhibit frictional interactions with the wall, their behavior is
intricate. Dense beds also exhibit significant viscous forces and strong
non-Newtonian behavior. This complexity necessitates adopting a
framework that accounts for these effects when predicting the extent of
frictional losses, as this could significantly impact the operation’s energy
expenditure.

The aim of this work is to elucidate the frictional losses in a hori-
zontal flow of solids fluidized under bubbling conditions. The specific
objectives are to evaluate the rheological characteristics of the hori-
zontal solids flow, examine the impact of key operational and geometric
parameters—such as channel width, bed height, and solids flow veloc-
ity—on the frictional parameters, and assess whether existing models for
non-Newtonian single-phase flow in channels can describe the frictional
behavior of gas-solid flows, proposing a new expression if required.
Further, this investigation integrates experimental methods with
analytical models from the literature to achieve this. To facilitate the
application of advanced measurement techniques and to generate data
with quantitative relevance for large-scale industrial processes, the ex-
periments were conducted in a fluid-dynamically down-scaled unit
operated under ambient conditions. The use of magnetic solids tracing
technique enabled precise quantification of the horizontal solids flow-
rate, while in-bed pressure probes provided data on friction losses in the
flow (horizontal) direction. The scope of the present study is restricted to
Geldart B solids fluidized under bubbling conditions.

2. Theory

This section compiles some of the theoretical models used in the
description of the flow of generic (non-Newtonian) fluids in rectangular
channels. In Section 2.1 the basic expressions related to flow friction in
non-circular conduits are presented. Section 0presents three literature
power-law models for characterizing the rheology of non-Newtonian
flows (such as gas-fluidized solids in general) and which are used in
this study. This section provides the framework for calculating key
rheological parameters, such as the flow behavior index, flow consis-
tency index, wall shear stress, and wall shear rate. The resulting wall
shear stress versus apparent shear rate profiles will be evaluated against
experimental data to identify the model that most accurately captures
the observed flow behavior. Lastly, Section 2.3 presents the μ(I)
constitutive law, which facilitates understanding of the flow in terms of
the granular flow regime.

2.1. Friction in non-circular conduits

While the gas-solids friction dominates the pressure loss in vertical
solids transport systems (e.g., risers and downers), in dense fluidized
beds that feature a macroscopic horizontal solids transport, the pressure
drop along the horizontal direction is primarily governed by solids-
solids (particle collisions and friction) and solids-wall interactions
(dependent partially upon wall material properties, such as roughness)
(Jones et al., 1967; Konno and Saito, 1969; Capes and Nakamura, 1973;

Kmieć et al., 1978; Özbelge, 1984; Hariu and Molstad, 1949; Breault and
Mathur, 1989; Garić et al., 1995; Rautiainen and Sarkomaa, 1998; Lech,
2001; Jones and Williams, 2003; Mabrouk et al., 2008). The established
solids flow pattern, and the corresponding horizontal pressure differ-
ences, reflect the varying intensities of these interactions. As solids move
horizontally, their collisions and friction with each other and the wall
create resistance, which affects the pressure distribution in the bed.

Fig. 1 presents a schematic of the horizontal force balance over a
vertical bed slice with a horizontal solids flow in analogy with an open
channel flow that is characterized by length ΔL in the flow direction,
width W, and fluidized bed height Hb. The horizontal forces include the
pressure forces P applied to the front and back faces, and the wall shear
stress τw exerted along the contact surface with the channel walls.

Under steady state, the difference in pressure along the flow direc-
tion can be expressed in relation to the friction force between the solids
flow and the walls:

P Acs − (P+ΔP)Acs = τw⋅Per⋅ΔL (1)

where the flow cross-section is Acs = W⋅Hb, and the wetted perimeter is
Per = W + 2Hb. These geometric parameters are connected by the
concept of the hydraulic diameter:

Dh = 4
Acs

Per
(2)

The calculation of the hydraulic diameter for open channel flow has
been discussed in the literature (see Chow, 1959 and references therein).
Strictly considering the wetted perimeter yields Dh = 4 WHb

W+2Hb
.

Inserting the generic concept of hydraulic diameter into Eq. (1)
yields the following expression for the wall shear stress:

τw =
Dh

4
ΔP
ΔL

(3)

The ratio of the wall shear stress to the inertial force of the fluid flow
is calculated using the Fanning friction factor, fF (Bird et al., 2007),
which relates to the Darcy–Weisbach friction factor fF = fD/4. For a
horizontal flow of fluidized solids with a horizontal velocity (uS) and bed
density (ρf ), as schematized in Fig. 1, it is expressed as follows:

fF =
τw

ρf uS2

2

(4)

The expression can be simplified when an analytical solution to the
wall shear stress is available, such as for Newtonian flows in circular
cross-sections. Using the analytical solution of the radial profile of the
fluid velocity (Hagen–Poiseuille equation) eventually yields τw = 4ηu/R,
such that:

fF =
16
Re

(5)

However, lacking a suitable analytic derivation of the wall shear
stress for a non-Newtonian flow in an open rectangular channel, such as
the one studied here, an alternative approach is needed.

Combining Eqs. (3) and (4) yields the Darcy–Weisbach equation,
which provides a framework for relating the pressure drop along the
flow direction in a conduit to the cross-sectional geometry, flow veloc-
ity, and properties:

ΔP
ΔL

=
2fFρf uS2

Dh
(6)

This expression assumes that the flow is incompressible, steady-state,
and characterized by fully developed single-phase conditions (see
Appendix A for details). In fluidized solids suspensions, the density ex-
hibits considerable fluctuations at small spatial and temporal scales,
primarily due to the bubble flow dynamics. However, in the macro-
scopic perspective, these local variations aggregate into an overall
behavior that generally conforms to that of an incompressible fluid. This

Fig. 1. Schematic illustrating the balance of horizontal forces on a fluidized
bed with horizontal solids flow in an open rectangular channel.
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implies that, under standard operating conditions, the bed density re-
mains relatively constant despite pressure changes and exhibits a
marked degree of homogeneity across a bubbling fluidized bed. Despite
the fact that the Darcy–Weisbach equation originates from single-phase
flow, its application extends to fluidized beds by considering the bed as a
homogenous mixture of the gas and particulate phase. In this approach,
the corresponding fluid density is calculated as:

ρf =
(
1 − εg

)
ρS + εgρg (7)

where ‘εg’ is the bed voidage (see measurement details in Farha et al.
(2023)).

2.2. Rheological models

Drawing from the analysis in Table 2, which reviews various aerated
solids, many studies in the literature adopt the assumption that gas-
solids systems can be described as a single-phase flow, treating this
mixture as a fluid with specific rheological behavior. This simplification
enables the use of rheological models, such as the power-law, to describe
the overall behavior of the mixture. The power-law model, also known
as the Ostwald-de Waele relationship, is a fundamental tool for
analyzing the behavior of non-Newtonian fluids (Chhabra et al., 2001;
Chhabra, 2007; Chhabra and Richardson, 2008):

τ = kγ̇n (8)

This model provides the basic description of the shear stress τ, as a
function of the shear rate γ̇ , i.e., as a function of the relative movement
rate between adjacent fluid layers (Chhabra and Richardson, 2008). The
power law uses two constants: the flow behavior index n, and the flow
consistency index k. Depending on the value of the flow behavior index,
the rheological behaviors of fluids are classified as: Newtonian (n = 1);
shear-thinning (pseudoplastic, n < 1), where the viscosity decreases
with shear rate; and shear-thickening (dilatant, n > 1), where the vis-
cosity increases with shear rate (Chhabra et al., 2001; Chhabra, 2007).
The power-law model has been shown to be most effective in describing
data for the shear-thinning regime (Chhabra and Richardson, 2008). In
contrast, the model struggles to describe shear-thickening fluids that
typically exhibit discontinuous or abrupt viscosity changes at specific
shear rates, the accurate representation of which requires more complex
models with additional parameters.

When applied to study the local flow conditions at the wall, the
power-law model [Eq. (8)] becomes:

τw = k γ̇nw (9)

For Newtonian fluids in circular flow cross-sections, the wall shear
rate can be analytically derived, as shown in Eq. (10). Although this
expression is not directly applicable to non-Newtonian fluids (e.g., flu-
idized solids, as presented in Table 2) or non-circular flow cross-
sections, it is often used in these cases as an approximation under the
concept of apparent shear rate:

γ̇a =
8uS
Dh

(10)

The actual wall shear rate in circular flow cross-sections for non-
Newtonian fluids can be calculated from the apparent shear rate using
the Rabinowitsch–Mooney equation (Rabinowitsch, 1929; Mooney,
1931; Metzner and Reed, 1955), which is γ̇w = γ̇a(3n + 1 /4n). The
validity of the Rabinowitsch–Mooney equation for non-Newtonian
fluids assumes that the fluid does not exhibit time-dependent behav-
iors such as thixotropy or rheopexy. This equation is applicable when the
fluid properties (such as the flow consistency index and flow behavior
index) are constant over the range of shear rates considered. Inserting
this expression into Eq. (9) provides the following general expression for
non-Newtonian flow in circular cross-sections:

τw = k* γ̇n
*

a (11)

where the two flow indexes correspond to k* = (3n+ 1/4n)n and n* = n.
Combining the above expressions, the apparent viscosity of a non-

Newtonian fluid in circular cross-sections can be evaluated at the wall:

η =
τw
γ̇w

= k
(

3n+ 1
4n

)n(8uS
Dh

)n− 1

(12)

Substituting the above expression yields the Metzner–Reed equation,
which defines the Reynolds number for non-Newtonian fluids in circular
cross-sections (Metzner and Reed, 1955):

Re* =
ρf uSDh

η =
ρf uS2− n Dn

h

8n− 1 k
(

3n+1
4n

)n (13)

Consideration of non-Newtonian flow in non-circular cross sections
entails a higher level of complexity. This study examines three models
from the literature that extend the above expressions for non-Newtonian
flow, derived from the power-law model [Eq. (9)] and the Rabino-
witsch–Mooney equation [Eq. (13)], by comparing them against mea-
surements from this work. Note that these models are applied to more
complex geometries, including open channels.

Kozicki et al. (1966) developed a model for application to open
channels with cross-sections of arbitrary geometry. For rectangular open
channels, they derived a Reynolds number, Re*

KT, based on a
two-shape-factor framework (Kozicki et al., 1966; Kozicki and Tiu,
1967):

Re*
KT =

ρf u2− n
S Dn

h

8n− 1KKT

[
a+bn
n

]n (14)

where a and b are geometry-dependent constants whose analytical so-
lutions have been further developed by Kozicki and Tiu (1967), Tiu et al.
(1968), Kozicki and Tiu (1971), building upon the foundational work of
Straub et al. (1958):

a =
1
2

(
λ

1 + λ

)2
⎡

⎢
⎣1 −

32
π3

∑∞

0

(− 1)n
*

(2n* + 1)3
1

cosh (2n*+1)
2 πλ

⎤

⎥
⎦

− 1

(15)

b = a[3ϕ − 1] (16)

where

ϕ =

1 − 32
π3

∑∞
0

(− 1)n
*

(2n*+1)3
1

cosh (2n*+1)
2 πλ

1 − 192
π5λ

∑∞
0

1
(2n*+1)5 tanh

(2n*+1)
2 πλ

(17)

λ =
W

2Hb
(18)

The model of Kozicki et al. has been applied in various studies to
analyze the behaviors of non-Newtonian fluids in open channels with
different cross-sectional shapes (Burger et al., 2010; Burger et al., 2015;
Ayas et al., 2019; Ayas et al., 2021).

Furthermore, the Fanning friction factor [Eq. (5)] can be generalized
for non-circular cross-sections based on geometric parameters from the
Kozicki et al. model, as shown below (Kozicki and Tiu, 1967; Tiu et al.,
1968; Kozicki and Tiu, 1971):

fF =
C
Re*⇒

16(a+ b)
Re* (19)

Note that for a given geometry, C is a constant for a fully developed
flow under laminar conditions (Metzner and Reed, 1955; Kozicki and
Tiu, 1967; Chhabra and Richardson, 2008). In circular geometries, a =

M. Farha et al. International Journal of Multiphase Flow 189 (2025) 105192 

6 



1/2 and b = 1/2, yielding the geometric parameter C = 16 [Eq. (5)].
However, in non-circular cross-sections, Eq. (19) remains elusive due to
non-linear momentum effects caused by the viscosity’s dependence
upon the rate of shear strain.

The second model considered in this work, as proposed by Kostic and
Hartnett (1984), merges the geometrical parameters introduced by
Kozicki et al. (1966) with the Metzner–Reed framework (Metzner and
Reed, 1955), to yield the following Reynolds number:

Re*
KH =

ρf u2− n
S Dn

h

8n− 1KKHξ
[

3n+1
4n

]n (20)

where ξ is the extended geometry-flow function:

ξ =

[
4(bn+ a)
3n+ 1

]n

(21)

This model has been simplified by Ayas et al. (2019), who primarily
focused on shear-thinning fluids in rectangular ducts and proposed a
linearization of the geometry-flow function with the flow behavior
index:

ξ =

(
C
16

− 1
)

n+ N (22)

where N=1 (since ξ tends to unity as the flow index n approaches zero).
This method was later empirically validated within the range of 0 < n <

2 (Ayas et al., 2021).
Lastly, Delplace and Leuliet (1995) contributed an additional model

by addressing the fact that while the geometric coefficients (a, b)
accommodate the characteristics of non-circular cross-sections, the
factor 8n− 1 [denominator in Eqs. (14) and (20)] pertains exclusively to
circular cross-sections. Consequently, they proposed the following
expression for the Reynolds number:

Re*
DL =

ρf u2− n
S Dn

h

βn− 1KDL

[
24n+β
(24+β)n

]n (23)

where β = C/2.
Table 3 summarizes the three literature models considered in this

study, selected from the limited literature on non-Newtonian flows in
non-circular cross-sections. These models will be evaluated below to
determine their applicability in characterizing fluidized solids flow, as
they were originally developed for non-Newtonian single-phase flows.

2.3. Granular flow rheology

In granular systems, the macroscopic friction coefficient is defined as
the ratio of the wall shear stress to the normal stress exerted by the
particles on the wall (MiDi, 2004; Jop et al., 2006):

μ =
τw
Pp

(24)

where the particle pressure, Pp, can be determined experimentally (see
for example Campbell and Wang, 1990) or from correlations with
fluid-dynamical parameters such as the bubble size (see for example
Campbell and Wang, 1991).

In addition to the friction coefficient, the inertial number I, charac-
terizes the flow by comparing two timescales: the time governing par-
ticle inertia (indicative of the ability of particles to rearrange) tP, and the
deformation time of the granular material when under a given shear tγ̇w

(MiDi, 2004; Jop et al., 2006):

I =
tP
tγ̇w

=

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ρSd
2
S
/
Pp

√

1/γ̇w
(25)

A notable advancement in the understanding of granular flows has

Table 3
Summary of the rheological parameters for the considered models from the literature.

Model 1 Model 2 Model 3

References (Kozicki et al., 1966; Kozicki and Tiu, 1967;
Tiu et al., 1968; Kozicki and Tiu, 1971)

(Kostic and Hartnett, 1984;
Ayas et al., 2019; Ayas et al., 2021)

(Delplace and Leuliet, 1995)

Reynolds number, Re* [− ] ρf u2− n
S Dn

h

8n− 1KKT

[
a+ bn

n

]n
ρf u2− n

S Dn
h

8n− 1KKHξ
[
3n+ 1

4n

]n
ρf u2− n

S Dn
h

βn− 1KDL

[
24n+ β
(24 + β)n

]n

Flow behavior index, n* [− ] n n n
Flow consistency index, k* [Pa sn] KKT

[
a+ bn

n

]n
KKHξ

[
3n+ 1

4n

]n
KDL

[
24n+ β
(24 + β)n

]n

Wall shear rate, γ̇w [s− 1]
[
a+ bn

n

][
8uS
Dh

]

ξ1/n
[
3n+ 1

4n

][
8uS
Dh

] [
24n+ β
(24 + β)n

][
βuS
Dh

]

Wall shear stress, τw [Pa]
KKT

[
a+ bn

n

]n[8uS
Dh

]n
KKHξ

[
3n+ 1

4n

]n[8uS
Dh

]n
KDL

[
24n+ β
(24 + β)n

]n[βuS
Dh

]n

Table 4
Main parameters used in the fluid-dynamical scaling.

Parameter Units Hot unit Cold flow model

Temperature ◦C 900 24
Fluidization gas − Hot air or flue gas Air
Gas density (ρg) kg/m3 0.359 1.187
Gas viscosity (μF) m2/s 1.4 × 10− 4 1.54 × 10− 5

Bed geometry m LHOT 0.12 LHOT
Bed material − Silica sand Bronze
Particle density (ρS) kg/m3 2650 8770
Mean particle diameter (dS) μm 950 125
Gas superficial velocity (u0) m/s u0,HOT

̅̅̅̅̅̅̅̅̅̅
0.12

√
u0,HOT

Minimum fluidization velocity (umf ) m/s 0.31 0.108
Solids mean horizontal velocity (uS) m/s uS,HOT

̅̅̅̅̅̅̅̅̅̅
0.12

√
uS,HOT

Solids lateral dispersion coefficient (DS) m2/s DS,HOT 0.042 DS,HOT
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been the development of the constitutive law (Jop et al., 2006) that links
the macroscopic friction coefficient, μ, to the inertial number, I, thereby
providing a framework for predicting the flow behavior of dense gran-
ular materials. The μ(I) constitutive law establishes a correlation be-
tween the above two dimensionless numbers through (MiDi, 2004; Jop
et al., 2006):

μ(I) = μS +
μ2 − μS

I0/I + 1
(26)

where μS is the static friction coefficient (at low inertial numbers), μ2
represents the friction coefficient at high inertial numbers, and I0 is a
constant that represents the rate of transition between the two states as
the inertial number I increases.

The constitutive law relation [Eq. (26)] describes the behavior of a
granular flow as it transitions from a quasi-static regime, through a
dense flow regime to eventually, a collisional regime (da Cruz et al.,
2005; Chevoir et al., 2009). In the quasi-static regime, the material ex-
hibits minimal frictional variation, behaving similar to a solid due to the
dominant inter-particle contacts and the substantial influence of a
confining pressure that restricts particle movement. At higher values of
the inertial number, the flow enters the intermediate dense flow regime,
in which the material maintains a liquid-like state that is marked by an

increased interplay of particle sliding and collisions, leading to a higher
friction coefficient. Finally, with a significant increase in the inertial
number, the collisional or rapid flow regime is attained, wherein inertial
effects predominate, and the friction coefficient either reaches a plateau
or diminishes as particle collisions take precedence, with the confining
pressure exerting weaker control over the flow behavior.

3. Methodology

3.1. Experimental work

3.1.1. Experimental setup
This work implements a fluid-dynamical down-scaling methodology

to design experiments that resemble a large-scale hot flow of solids,
conducted under ambient conditions. The use of ambient conditions

Fig. 2. Fluid-dynamically down-scaled model used for the experiments. (a) Top view, indicating the direction of the forced horizontal solids circulation, and the
locations that delineate the conveying, transport, and measuring zones. (b) Lateral view, showcasing how the channel width is adjusted by insertion of a rigid
module. (c) (c) Lateral view, indicating the injection probe, pressure probes, and magnetic coil frames.

Table 5
Experimental matrix.

Parameter Units Downscaled Upscaled

Fixed bed height (H) m 0.08–0.10 0.67–0.83
Channel width (W) m 0.07–0.12 0.58–1.00
Conveyed solids velocity (uS) m/s 0–0.035 0–0.101
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increases operational flexibility and the possibilities to implement
advanced measurement techniques, while still delivering results that are
relevant for industrial energy conversion applications. The experimental
unit is designed and operated according to Glicksman’s simplified set of
scaling laws (Glicksman et al., 1993), ensuring dynamic similarity by
preserving key dimensionless groups that govern the conservation of
momentum in gas-solid systems:

u2
0

gD
,

ρS

ρg
,

u0

umf
,

GS

ρSu0
,

L1

L2
, φ, PSD

Adhering to these dimensionless parameters allows the scaling
approach to accurately replicate, under ambient lab-scale conditions,
the fluid dynamics of a hot, large-scale system (8.3× length-scaling, 900
◦C in this work). This scaling method has been extensively vali-
dated—see Djerf et al. (2021) for large-scale (300 MW) validation in the
literature.

In line with the scaling, spherical bronze particles (particle diameter
125 µm; particle density 8770 kg/m3) are used as bed material to
simulate the behaviors of sand (725 µm, 2650 kg/m3) under hot
conditions.

Table 4 summarizes key parameters of both the cold flow model and
the represented hot unit; further details of the scaling parameters are
provided in Farha et al. (2023).

The bed material in this study falls under Geldart B-type classifica-
tion, characterized by the onset of bubbling at or just above the mini-
mum fluidization velocity. As bubbles rise, they grow through
coalescence, with minimal gas back-mixing in the dense phase (Geldart,
1973; Kunii and Levenspiel, 1991).

The fluid-dynamically down-scaled unit employed (Fig. 2) has a
footprint of 0.5 m × 0.4 m and a height of 0.5 m. A rigid central block
creates the annular region that entails the solids circulation loop. The
annular region consists of two differentiated zones: the conveying zone,
where convection of the horizontal solids flow is forced by means of air
injection (Fig. 2a, see Farha et al. (2023) for details), and the transport
zone, where the solids move horizontally while being fluidized under
bubbling conditions. The flow of the fluidization agent to the conveying
and transport zones is independently regulated via mass flow control-
lers, ensuring a stable airflow. A fluidization number (u0 /umf ) of 3 is
maintained in the transport zone throughout all experiments, ensuring
bubbling fluidization for the Geldart B-type solids used in this study.
Pressure transducers placed around the experimental rig enable
real-time monitoring of solids density and circulation rate, allowing
precise control of bubbling conditions in the transport zone.

A section of the transport zone, referred to as the measuring zone
(length of 0.23 m), was selected to carry out solids velocity and pressure
drop measurements. The standard width of the measuring zone is 0.12
m, but it can be reduced by adding an extension to the central block (see
Fig. 2b). The bed height can be varied by changing the amount of bed
material in the system.

Within the measurement zone, four magnetic solids tracing (MST)
coil frames are installed to measure the lateral solids velocity (see Sec-
tion 3.1.3 In addition, in-bed pressure probes are installed at both ends
of the measurement section (see Fig. 2c) to allow measurements of the
bed density and horizontal pressure drop along the measuring zone.

3.1.2. Test matrix
The parametrization of the results incorporates variations in:

conveyed solids velocity (0–0.035 m/s, a range attained by varying the
air flow injected into the conveying zone, see Fig. 2a); settled bed height
(0.08–0.1 m); and channel width (0.07–0.12 m) (for up-scaled values of
these operational parameters, see Table 5). The upper limits for the first
two parameters are set based on the need to avoid bed material loss
through splashing. The lower limit for the bed height is constrained by
the design of the conveying section, which is not suitable for forcing a
solids flow at lower bed heights. The lower bound of the channel width is
defined by geometric constraints: a reduction beyond this limit hampers
accurate pressure profile extraction and complicates the placement of
the pressure probes. The fluidization velocity in the transport zone is
kept constant at 0.225 m/s (u0/umf = 3). Although fluidization velocity
affects bed density and may impact frictional forces, the extent of this
effect is outside the scope of the present study. In total, this study en-
compasses 27 distinct operational cases, each of which is replicated
thrice to ensure statistical robustness.

3.1.3. Measurement techniques
The solids circulation flow rate was assessed by measuring the bed

voidage (proportional to the solids concentration) and the solids mean
horizontal velocity. Bed voidage, εg, used for calculating bed density
[Eq. (7)], is measured with immersed pressure probes, as detailed in
(Farha et al., 2023). The determination of the solids velocity uS, is done
using the magnetic solids tracing (MST) technique (Farha et al., 2023).
This involves measuring the impedance change generated in magnetic
coil frames when ferromagnetic solids tracers, which mimic the bulk
solids, move through the coils. The impedance time series can then be
converted to transient profiles of the solids concentration at the position
of each coil. The solids mean velocity can be evaluated by fitting the
experimental concentration transients to a theoretical flow model,
which assumes the solids follow convective-dispersive transport. Thus,
the transient concentration at a given location can be expressed as
Versteeg and Malalasekera (2007):

∂Ci

∂t =

(

DS ×
∂2Ci

∂x2

)

− uS
∂Ci

∂x (27)

For each experiment, a 200 g batch of tracer solids was introduced
0.14 m upstream of Coil 1 (see injection probe in Fig. 2b), and the
transient impedance response at each of the four coils was sampled at
100 Hz for 6 min. The coils are located at the following distances
downstream of the solids tracer injection: 0.140, 0.195, 0.250 and 0.305
m. It is important to note that the quantity of tracer injected represents
only 0.25–0.32 % of the total solids inventory, thereby ensuring that it
does not interfere with the assumption of steady-state conditions. This is
corroborated by monitoring the pressure signals, which demonstrate
consistency of the pressure measurements before and after injection of
the tracer, affirming the stability of the system. The tracer solids are
removed from the bed after each experiment. Table 6 lists the physical
properties of both the bed solids and the ferromagnetic tracer used in the
experiments. Details on the extraction of data pairs [solids velocity,
solids dispersion coefficient] from MST experiments are provided in
Appendix B.

Furthermore, measurements of the horizontal pressure drop are
made via the pressure transducers (Huba Control, piezoelectric type;
precision >0.5 % fs; range ±20 mbar) sampled at 5 Hz. The pressure
measurement data under steady-state conditions are time-averaged over
a 180 s interval for each experimental run for subsequent processing.
The probes are positioned at the midpoint of the channel width, at a
consistent bed height of 0.525 m from the distributor plate. One probe is
located at the beginning of the measurement zone, while the other is
placed at the end.

Table 6
Properties of the bed and tracer solids used in the present work.

Parameter Units Bed solids Tracer solids

Material − Bronze Iron-based alloy
Particle density (ρS) kg/m3 8770 7988
Bulk density (ρB) kg/m3 5522 4520
Particle size distribution d10-d50-d90 μm 80–112–132 25–69–123
Sauter mean diameter (d32) μm 125 102
Ar1/3 − 8.386 6.127
Minimum fluidization velocity (umf ) m/s 0.074 0.039
Magnetic susceptibility − 0 0.9
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3.2. Data processing

Three parameters are measured: bed voidage; horizontal pressure
gradient; and horizontal solids velocity. From these data, the Fanning
friction factor and wall shear stress are calculated using Eqs. (6) and (3),
respectively. This study compares three extended models (see Table 3)
that apply the power-law framework [Eq. (8)] and the Rabino-
witsch–Mooney equation for non-Newtonian flows in non-circular cross-
sections. Subsequently, for each of the three models considered, the flow
behavior and apparent flow consistency indices are fitted to the
measurement-derived wall shear stress values (see last row in Table 3).
Thereafter, other parameters, such as the generalized Reynolds number
Re* and the wall shear rate γ̇w, can also be calculated (see Table 3).

4. Results and discussion

4.1. Pressure drop variation

Fig. 3 presents the normalized horizontal pressure drop measured
(0–1600 Pa/m) against the horizontal mean velocities of the solids
(0–0.035 m/s) extracted form MST measurements. The expected general
trend of increased pressure drop for higher solids velocities, higher bed

height and narrower channel widths is observed. Note that the error bars
in the figures (both horizontal and vertical) represent the standard de-
viation calculated from three independent repetitions of each experi-
mental condition.

Unlike equivalent measurements in liquids, defining the effective
wall perimeter for a channel containing a fluidized bed with horizontal
solids movement is not straightforward. The role of the gas distributor
plate in defining the hydraulic diameter remains debated in fluidized
bed setups (Grace et al., 2006). As shown in Fig. 3, the measurements
indicate that a decrease in channel width is associated with an increase
in pressure drop, highlighting the dominant role of bed-wall interactions
in causing flow resistance. This suggests that shear stress is primarily
governed by the effect of the sidewalls, while friction with the bottom
(gas distribution) plate is considerably less significant. The friction at the
sidewalls intensifies as the channel width decreases due to a steeper
normal velocity gradient. Additionally, the diminishing effect of bed
height at the narrowest width indicates that the bottom plate has a
limited contribution to shear resistance, likely due to a lubrication effect
caused by gas injection. Thus, the measurement data support the
exclusion of the gas distributor plate from the wetted perimeter calcu-
lation, which then simplifies to:

Dh = 4
WHb

2Hb
= 2W (28)

The influence of incorporating channel width in the wetted perim-
eter is presented in Appendix E, where an additional result—the wall
shear stress–shear rate plot—is provided for comparison.

Regression analysis (yielding R2 = 0.964) indicates that channel
width variation confers the most significant factorial effect, contributing
70.61 %, as shown in Fig. 4. Conversely, the fixed bed height and solids
velocity contribute to a much lesser extent, at 11.4 % and 18.0 %,
respectively, and display a direct dependence with the normalized
pressure drop. Fig. 4 further illustrates that bed height has a minor
impact on friction compared to the channel width and solids velocity,
suggesting that the increase in wetted perimeter (see Eq. (28)) has a
negligible effect. The channel width significantly influences the
normalized pressure drop, exhibiting an inverse relationship (Fig. 3),
likely due to its effect on flow patterns, which is characteristic of non-
Newtonian fluids. Additionally, the impact of velocity varies with the
cross-sectional area available for flow, indicating a dependence on shear
rate and highlighting the non-Newtonian behavior of the fluid.

Fig. 3. Normalized pressure drop in the horizontal direction as a function of the horizontal solids velocity.

Fig. 4. Evaluation of the influence of operational conditions (channel width
‘W’, fixed bed height ‘H’ and solids velocity ‘uS’) on the normalized pressure
drop attributed to induced solids circulation, in the regression model.
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4.2. Rheological characterization

Fig. 5a shows the relationship between the wall shear stress [Eq. (3)]
and the apparent shear rate [Eq. (10)], for various combinations of
channel width and bed height as obtained from the measurements. The
consistently non-linear relationship confirms the non-Newtonian
behavior of fluidized solids throughflow. Additionally, the figure
shows that, for a given shear rate, the wall shear stress increases with
bed height and decreases with channel width. To complete the rheo-
logical characterization of this system, it is necessary to consider an
expression that accounts for both the non-Newtonian behavior of the
fluid and the non-ideal (non-circular) cross-section. The models intro-
duced in Section 2.2 (see Table 3) are applied to the results shown in
Fig. 5a.

Table 7 presents the fitted values of the flow consistency index
constant (K) and the flow behavior index (n) for each of the three models
considered, along with the resulting flow consistency index (k*) for each
of the geometric configurations. It is important to note that conventional
rheological models exhibit geometry-dependent variations in k*, despite
being developed for single-phase flows.

The flow behavior index, which is consistent across all models, yields
an average value of 0.24 after fitting, indicating that the fluidized gas-
solids suspension exhibits shear-thinning behavior (n < 1). The flow
consistency index constant for the three different models ranges from
34–37 Pa sn. Although the magnitude of geometric variations in k* is
small (<2.0 %) within each model, the observed qualitative trends are
consistent—k* increases with bed height and decreases with channel
width.

Fig. 5b compares the wall shear stress values provided by each of the
three rheological models considered (lines) with the experimentally
derived values (markers). The comparison reveals significant

discrepancies between the modeled and experimental data (R2 =

0.29–0.35), primarily because the geometric parameters were not
included in any of the rheological models considered. Notably, none of
the three models considered were originally developed for or previously
applied to gas-fluidized solids systems.

Consequently, it becomes of particular interest to develop a model
that incorporates the impact of geometry on wall shear stress in fluidized
gas-solids systems. Building on the generalized Rabinowitsch–Mooney
model (Rabinowitsch, 1929; Mooney, 1931), this study presents an
equation for the flow consistency index of the investigated solids in
rectangular open-channels, incorporating the channel width and fluid-
ized bed height as geometry parameters:

k* = K[f(W,Hb)]
n (29)

where both variables are used in their dimensionless forms and weighted
with respective coefficient, C:

k* = K
[

CW

[
W
dS

]

+ CHb

[
Hb

dS

]]n

(30)

Fitting to the measurement-derived data from this work yields CW =

− 5.85 × 10− 3 and CHb = 6.51 × 10− 3.
Table 8 displays the values of the main rheological parameters ob-

tained for the proposed model, featuring a flow behavior index of 0.23
and a flow consistency index of 35.78 Pa sn. These results do not differ
significantly from the outcomes from the three literature models pre-
viously considered. However, in contrast to those models, the k* values
reflect a significant impact of the channel’s geometry (channel width
and bed height).

The results in Table 8 highlight that while the fundamental rheo-
logical parameters of the system—K and n*—remain unchanged, k* in-
corporates geometric parameters and therefore varies with channel

Fig. 5. Wall shear stress as a function of apparent shear rate for various channel widths and bed heights. (a) Experimental data. (b) Comparison of three literature
models–see Table 3 –with experimental data. (c) Comparison of the proposed fitted expressions from this work [Eqs. (29) and (30)] with experimental values.
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width and bed height. This indicates that geometric confinement effects
influence shear stress distribution, despite not altering the intrinsic
material properties. Thus, introducing geometry into the shear stress
expression provides a means to account for its impact in zero-
dimensional descriptions. However, for generic spatially-resolved de-
scriptions, this adjustment is unnecessary, as the mesh inherently cap-
tures geometric effects.

Fig. 5c compares the experimentally-derived values of the wall shear
stress (markers) to those obtained using the fitted expressions proposed
in this work [Eqs. (29) and (30)], (dashed curves in the figure). The
model effectively captures the trends for different channel configura-
tions, particularly for channel widths in the range of 0.07–0.095 m,
yielding R2 = 0.785. However, it should be noted that the applicability
of the model is confined by the operational (Geldart B-type solids,
limited ranges for the fluidization number, bed height) and geometric
boundaries (channel width, bed height) applied in the present tests and
cannot be generalized to other fluidized bed systems.

The higher R2 value of the proposed model, compared to the
considered single-phase flow models available in the literature (see
Table 3), stems from highlighting the impact of channel geometry
(width and bed height) through the coefficients CW and CHb . Unlike
single-phase flow, dense gas-solid systems exhibit compressible
behavior, non-uniform stress distributions, and local defluidization.

These phenomena are especially significant in connection with geo-
metric singularities, leading to stronger sensitivity of flow friction to
wall and corner effects.

Fig. 6 compares the rheograms (using the wall shear rate rather than
the apparent shear rate) obtained for the experimental cases in this work
(red markers) with the data from previous works with aerated/fluidized
solids acquired using four different rheometric techniques: falling
sphere, capillary, rotational, and Couette. Note that the expression
derived in this work (see the equation in Konno and Saito, 1969) appears
as a straight line in this log-scale plot due to its formulation being based
on the power-law model [Eq. (8)]. The shear stress-strain relationship
observed for the set-up used in the present work exhibits shear-thinning
behavior, consistent with most equivalent data previously reported in
the literature (see Table 2). Despite this, the specific correlation between
shear rate and shear stress is strongly case-dependent, highlighting the
significant roles of the geometric setup, flow conditions, experimental
methods, and the gas-solids pair used. Due to the differences among
these factors in various studies, direct comparisons are not
straightforward.

The findings presented by Köhler et al. (2021), Bouillard et al.
(2014), Kottlan et al. (2018), Bakhtiyarov et al. (1996), and Yahia et al.
(2020) demonstrate a shear-thinning trend, mirroring the behavior
observed in the present study. Köhler et al. (2021) experimented with
glass beads under minimum fluidization conditions using the falling
sphere viscometry technique. Since the researchers experimented with
spheres of different sizes/densities to achieve various shear rates, the
results are challenging to compare directly due to the nature of the
technique. Bouillard et al. (2014) used rotational viscometry to study
glass beads and carbon black powder under minimum fluidization
condition. The finer carbon black particles (25–330 nm) exhibited lower
stress-strain trend, whereas their experiments with coarser glass beads
(500–1000 µm) showed higher trend compared to the present study.
Kottlan et al. (2018) observed a variety of rheological behaviors using
rotational viscometric technique for glass beads—including Newtonian,
Bingham plastic, shear-thinning, and shear-thickening—across different
aeration velocities. They noted a decrease in wall shear stress at higher
aeration levels due to reduced frictional forces. The present study’s

Table 7
Fitted values of the main rheological parameters for each of three literature models considered.

Rheological models Geometric parameters,
(W,H) [m]

Flow consistency index, (Geometry
dependent) k* [Pa sn]

Flow consistency index
constant, K [Pa sn]

Flow behavior index,
n = n* [− ]

Model 1
(Kozicki et al., 1966; Kozicki and Tiu, 1967; Tiu
et al., 1968; Kozicki and Tiu, 1971)

0.070, 0.08 40.05 KKT = 34.98 0.24
0.070, 0.09 40.60
0.070, 0.10 41.05
0.095, 0.08 38.43
0.095, 0.09 39.09
0.095, 0.10 39.64
0.120, 0.08 37.00
0.120, 0.09 37.75
0.120, 0.10 38.37

Model 2
(Kostic and Hartnett, 1984; Ayas et al., 2019; Ayas
et al., 2021)

0.070, 0.08 41.85 KKH = 36.82 0.24
0.070, 0.09 42.04
0.070, 0.10 42.19
0.095, 0.08 41.32
0.095, 0.09 41.53
0.095, 0.10 41.72
0.120, 0.08 40.85
0.120, 0.09 41.09
0.120, 0.10 41.30

Model 3
(Delplace and Leuliet, 1995)

0.070, 0.08 39.61 KDL = 35.62 0.24
0.070, 0.09 40.10
0.070, 0.10 40.52
0.095, 0.08 38.30
0.095, 0.09 38.82
0.095, 0.10 39.27
0.120, 0.08 37.28
0.120, 0.09 37.80
0.120, 0.10 38.26

Table 8
Rheological parameters for the proposed model [Eqs. (29) and (30)].

Geometric
parameters,
(W,H) [m]

Flow consistency index,
(Geometry-dependent)
k* [Pa sn]

Flow consistency
index constant, K
[Pa sn]

Flow behavior
index, n* [− ]

0.070, 0.08 43.51 35.78 0.23
0.070, 0.09 46.21
0.070, 0.10 48.46
0.095, 0.08 37.07
0.095, 0.09 41.32
0.095, 0.10 44.46
0.120, 0.08 14.57
0.120, 0.09 32.87
0.120, 0.10 38.64
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results align closely with the work of Kottlan et al. (2018) at lower
aeration rates, but the particle density here is about three times higher.
Bakhtiyarov et al. (1996), using a capillary viscometer, detected
shear-thinning behaviors for fluidized sand particles at shear rates in the
range of 0.2–600 s− 1 and shear-thickening behaviors at shear rates in the
range of 650–2800 s− 1. In the shear-thinning range, the stress-strain
trend was higher than in the present study, primarily due to larger
particle sizes (425–710 µm) used. The findings of Yahia et al. (2020)
using Couette viscometry reported higher wall shear stresses, con-
strained to a fluidization number of 0.4. Note that higher stress-strain
trends are often seen below minimum fluidization due to insufficient
fluidization reducing inter-particle friction. Lastly, in addition to the
above-mentioned works exhibiting shear-thinning characteristics in the
studied flow, other research has yielded different findings. Anjaneyulu
and Khakhar (1995) on Bingham plastics with glass beads, and Colafigli
et al. (2009) on pseudoplastic behavior with silica particles, both re-
ported lower wall shear stresses compared to this investigation.

4.3. Generalized Reynolds number

After developing a satisfactory model to describe the flow studied in
this work (as shown in Fig. 5c), the friction factor can be calculated for
the various conditions tested experimentally. Fig. 7 displays the values
of the Fanning friction factor (100–105) against the generalized Reynolds
number (10− 4–101) obtained for the proposed expression fitted to the
current fluidized bed data [Eqs. (29) and (30)]. The relation that applies
to a Newtonian laminar flow in circular pipes is also plotted for refer-
ence (dashed line). The rheological models proposed in this study shows
minor deviations from this benchmark, confirming the assumption of
laminar flow conditions with Reynolds numbers in the low laminar
range (Metzner and Reed, 1955). This confirmation of the laminar
profile indicates a velocity distribution across the transport channel, not
a uniform mean velocity as assumed by the 1D convection-dispersion
model (see Eq. (27)). Separating velocity distribution from dispersion
requires accounting for the velocity profile of laminar flow, which is
beyond the scope of this work.

Fig. 8 presents the Péclet number (defined as Pe = uS⋅L/DS) plotted
against the generalized Reynolds number for the cases investigated. The

Fig. 6. Rheograms of the data from the present work compared to literature data (referenced in Table 2).

Fig. 7. Fanning friction factor as a function of the generalized Rey-
nolds number.

Fig. 8. Péclet number versus generalized Reynolds number.
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horizontal solids dispersion coefficient and solids velocity are derived
from fitting the transient concentrations of the solids tracer to Eq. (27).
These DS-uS data pairs are plotted in Kong et al. (2018). The Re*-values
are obtained using the correlation from the proposed model [Eqs. (29)
and (30)]. An increasing trend between the two dimensionless param-
eters on the given log-log scale suggests that as viscous forces become
less significant, convective transport becomes more dominant relative to
dispersive transport (although the dispersion coefficient increases with
solids velocity; see Fig. A.3). In industrial applications, this implies that
at low Péclet numbers, a greater marginal energy input is required to
increase velocity, whereas at high Péclet numbers, the same velocity
increase requires less additional energy.

4.4. Granular flow regime

In addition, based on the theory of granular flow rheology, the
effective friction coefficient can be calculated. Fig. 9 presents the
effective friction coefficient [Eq. (24)] as a function of the inertial
number [Eq. (25)], together with the fit to the μ(I) constitutive law
(dashed line, μS = 0.08, μ2 = 0.28, I0 = 4.5 × 10− 4), which yields R2 =

0.71.
The experimental data encompasses an inertial number range of

10− 6–10− 2, while the effective friction coefficient ranges from 0.03–0.3.
There is a positive correlation between the inertial number and the
effective friction coefficient, indicating that the solids flow for all the
investigated cases in this work occurs in the dense flow regime. While
the constitutive law fit provides threshold values for the inertial number,
indicating regime shifts, confirmation of these values requires a broader
experimental window that is not feasible with the current experimental
setup.

5. Conclusions

This study investigates frictional losses in horizontal fluidized solids

flow using a down-scaled fluidized bed model, featuring a rectangular
cross-sectional channel through which fluidized solids are conveyed.
Measurements of horizontal pressure drop and solids flow rate were
used to determine rheometric parameters. The solids velocity was
extracted using the magnetic solids tracing (MST) method, com-
plemented by in-bed pressure probes that sampled the pressure gradient.
The effects of solids velocity, bed height, and channel width are
considered. The results show that the normalized pressure gradient
(0–1600 Pa/m) is directly proportional to the solids velocity (0–0.035
m/s). However, this gradient decreased with an increase in transport
channel width, likely due to increased wall effects and boundary layer
interactions in restricted geometries.

The analysis of the rheometric parameters showed that the hori-
zontal flow of fluidized solids in a rectangular cross-section exhibits non-
Newtonian behavior, more specifically shear-thinning. However, exist-
ing rheological models for non-Newtonian flow in non-circular geome-
tries showed limited ability for describing the measured data, due to an
underestimation of the impact of the geometric parameters. Instead, a
power-law-based expression is proposed that can be fitted to the mea-
surement data and better accounts for the channel width and bed height.
The extraction of friction coefficients and Reynolds numbers using the
proposed expression indicates that the solids flow remains within the
laminar regime. The experiments covered the ranges of Reynolds
numbers (10− 4–101), Fanning friction factors (100–105), wall shear
stresses (5–55 Pa s), and wall shear rates (0.002–4.5 s− 1). It is demon-
strated that an increased Re*-number results in a nonlinear increase in
the Pe-number, attributed to the dispersion coefficient also increasing
with solids velocity. Lastly, based on granular flow theory, the analysis
in terms of the μ(I) constitutive law indicates that the solids flow
investigated occurs in the dense flow regime, with inertial numbers in
the range of 10− 6–10− 2 and corresponding effective friction coefficients
in the range of 0.03–0.3.
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Appendix A

Fig. A.1 compares the RTD curves for the sections located between coils 1–2, 2–3, and 3–4 within the measurement zone, which are spaced equally,
as depicted in Fig. 2a. These sections were analyzed using a deconvolution technique referenced in Farha et al. (2024), with input signals derived from
coils 1, 2, and 3 for their respective slices. The resultant RTD curves overlap, indicating consistent mean residence times within a standard deviation of
1.478 s, thus supporting the hypothesis of a fully- developed flow.

Fig. 9. Effective friction coefficient as a function of the inertial number.
Experimentally derived values (markers) together with the fit to the constitu-
tive law equation [Eq. (26)].
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This methodology extends to various conditions, showing entrance effects that are generally acceptable, though diminished at low solids conveying
velocities. Nonetheless, the minor velocity variations observed across different segments have a negligible impact on the measured pressure drop
gradient, affirming the assumption of a fully developed flow.

Fig. A.1. Overlapping RTD curves for the sections located between coils 1–2, 2–3, and 3–4, demonstrating consistent mean residence times and supporting the
assumption of a fully developed flow. Conditions used for the experiment: W = 0.07 m, H = 0.09 m and uS = 0.012 m/s.

Appendix B

The raw concentration signal profile from MST experiments is presented in Fig. A.2a. The concentration signals are extracted from four positions
alongside the direction of the solids flow. As outlined in Section 3.1.3, solids velocity is determined by fitting concentration signals to the transient
convection-dispersion equation [Eq. (27)], yielding two parameters: lateral solids velocity and solids dispersion coefficient. This study focuses solely
on the velocity parameter, as dispersion effects are beyond the scope of the current work. Fig. A.2b illustrates the fitted concentration profiles
alongside experimental data. A comprehensive discussion of the modeling procedure, including assumptions, boundary conditions, and error cal-
culations, is provided in reference (Farha et al., 2024).

Fig. A.2. Estimation of solids velocity and dispersion coefficient based on model fitting using Eq. (27). (FNTZ = 3, H = 0.10 m, W = 0.12 m, uS = 0.013 m/s). (a)
Transient profile of the measured tracer concentration. (b) Measured and modeled transient concentrations of the solids tracer.

Fig. A.3 presents the data pairs [solids horizontal velocity, solids horizontal dispersion coefficient] for each experimental condition, obtained after
fitting the transient concentration data sampled by the coils to the convection-dispersion model [see Eq. (27)]. The highest dispersion rates are
observed for the experiments with the widest channel geometries. This aligns with previous studies on fluidized beds, that have consistently
demonstrated significantly higher dispersion coefficients in larger geometries (Sette et al., 2014), eventually reaching a saturation point (Liu and
Chen, 2010). Furthermore, an increase in solids velocity leads to greater dispersive mixing, which has been observed previously (Farha et al., 2024)
and this is hypothetically related to the enhanced mixing created by shear-induced flow structures, which become more significant at higher solids
velocities. Lastly, in the case of the narrowest geometry, the dispersion coefficient remains saturated at a level that is independent of the solids ve-
locity, which aligns with the previously mentioned observations regarding geometry-constrained dispersion rates.
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Fig. A.3. Solids horizontal velocity and dispersion coefficient from concentration data fitted to a convection-dispersion model.

Fig. A.4 presents the regression results, along with the main effects plots obtained for the solids velocity and solids lateral dispersion coefficient.
Through regression analysis, the influences of operational factors on model-derived parameters were examined. H exerts the least impact on the
response variables at 13–17 %. For the solids velocity, QCZ plays a greater role [64 %] than W [19 %]. Conversely, for the solids lateral dispersion
coefficient, the influence of W [65 %] surpasses that of QCZ [22 %].

Fig. A.4. Regression model results. (a) Quantified contributions of determinant factors to the regression model. Main effects plots for: (b) the solids velocity; and (c)
the solids lateral dispersion coefficient.
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Appendix C

The fluid density is calculated using Eq. (7), where the bed voidage ‘εg’ is determined following the methodology described in (Farha et al., 2023).
This approach involves in-bed pressure sampling at two vertically separated heights, Δh= 0.04 m. Fig. A.5 illustrates the pressure probe configuration
used for bed voidage measurement. The pressure probes are mounted on a plexiglass plate, positioned at a designated section within the cold flow
model to acquire vertical pressure drop data (ΔP). The module height is adjusted to three levels within the 0.06–0.08 m range above the perforated
plate (Farha et al., 2023).

Fig. A.5. Pressure probe configuration for bed voidage measurement.

The obtained time series of fluid density is plotted in Fig. A.6, from which a time-averaged value of 3868.55 kg/m3 is determined.

Fig. A.6. Time series of fluid density as calculated from pressure drop measurements.
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Appendix D

Table A.1 lists the equations that were employed to calculate the wall shear stress for both the literature-based models and the current study.

Table A.1
Equations for wall shear stress: literature models and current study.

Rheological model Model wall shear stress [Pa]

Model 1
(Kozicki et al., 1966; Kozicki and Tiu, 1967; Tiu et al., 1968; Kozicki and Tiu, 1971) τw = KKT

[
a+ bn

n

]n[8uS
Dh

]n

Model 2
(Kostic and Hartnett, 1984; Ayas et al., 2019; Ayas et al., 2021) τw = KKHξ

[
3n+ 1

4n

]n[8uS
Dh

]n

Model 3
(Delplace and Leuliet, 1995) τw = KDL

[
24n+ β
(24 + β)n

]n[βuS
Dh

]n

Current study
τw = K

[
CWWS + CHbHb,S

]n
[
8uS
Dh

]n

Fig. A.7 presents a comparison of the wall shear stresses calculated by the three literature-based models and the current study, alongside the
experimental data. The y-axis displays the model-calculated wall shear stress (Table A.1), while the x-axis represents the experimental wall shear stress
derived from Eq. (3). Error bars reflect deviations in solids’ velocity, based on three repetitions conducted for each case.

Fig. A.7. Comparison of the modeled and experimental wall shear stress values.

Fig. A.8 depicts the relationship between the wall shear stress (5–55 Pa) and the `true’ wall shear rate (0.002–4.5 s− 1) as determined by the
proposed model, indicating shear-thinning characteristics.

Fig. A.8. Wall shear stress vs. wall shear rate profile for the proposed model.
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Apparent viscosity is a measure of a non-Newtonian fluid’s resistance to flow under given conditions, reflecting how its viscosity changes with the
rate of shear strain. The apparent viscosity can be calculated from:

η(γ̇w) =
τw
γ̇w

(A.4)

Fig. A.9 depicts the apparent viscosity profile as a function of wall shear strain. Observed viscosities span a range of 10–7000 Pa s, corresponding to
wall shear strain rates in the range of 10− 3–4.5 s− 1. Across all three channel widths, there is a discernible trend towards decreasing viscosity with
increasing wall shear strain.

Fig. A.9. Apparent viscosity profile versus wall shear strain.

Appendix E

In the present work, the calculation of the hydraulic diameter for open channel flow, as defined in Eq. (2), excludes the gas distributor plate based
on experimental observations (see the discussion related to Fig. 3). For comparison purposes, this appendix presents results from the case where the
bottom plate is included, yielding Dh = 4 WHb

W+2Hb
. Fig. A.10 presents the wall shear stress versus wall shear rate profile for this modified calculation.

Fig. A.10. Wall shear stress versus wall shear rate profile for the hydraulic diameter calculation including the perforated plate.

When the gas distributor plate is included in the wetted perimeter calculation, the wall shear stress decreases by approximately 17.91 % at low
shear rates and 23.85 % at high shear rates compared to when it is excluded (see Fig. A.8). This reduction is attributed to the increased effective
perimeter, which distributes shear forces over a larger surface area. Excluding the bottom plate in this work is justified by the impact of bed height and
channel width on horizontal pressure drop at equivalent solids velocities (see Fig. 3). Rather than reducing pressure drop due to a decrease in contact
perimeter, a narrower channel width instead increases pressure drop, indicating the dominant role of shear interactions with the vertical walls.
Therefore, the gas-injected bottom surface contributes minimally to shear resistance due to its lubrication effect.
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