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Impact of decoherence on the fidelity of quantum gates
leaving the computational subspace
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1Department of Microtechnology and Nanoscience, Chalmers University of Technology, 412 96 Gothenburg, Sweden
2AWS Center for Quantum Computing, Pasadena, CA 91125, USA

The fidelity of quantum operations is of-
ten limited by incoherent errors, which
typically can be modeled by fundamen-
tal Markovian noise processes such as
amplitude damping and dephasing. In
Phys. Rev. Lett. 129, 150504 (2022), we
presented an analytical result for the av-
erage gate fidelity of a general multi-
qubit operation in terms of the dissipa-
tive rates and the corresponding Lindblad
jump operators, provided that the oper-
ation remains in the computational sub-
space throughout the time evolution. Here
we generalize this expression for the aver-
age gate fidelity to include the cases where
the system state temporarily leaves the
computational subspace during the gate.
Such gate mechanisms are integral to sev-
eral quantum-computing platforms, and
our formula is applicable to all of them; as
examples, we employ it for the two-qubit
controlled-Z gate in both superconducting
qubits and neutral atoms. We also obtain
the average gate fidelity for simultaneous
operations applied in multiqubit systems.
These results are useful for understanding
the error budgets of quantum gates while
scaling up quantum computers.

1 Introduction
Architectures such as circuit quantum electro-
dynamics [1–4], trapped ions [5, 6], quantum
dots [7], and photonics [8] present promising
paths to building a quantum computer that has
the potential to solve problems that are classi-
cally intractable [1, 9–17]. To reach this goal,
the ability to implement high-fidelity quantum
operations is essential. For example, achieving
Tahereh Abad: Tahereh.Abad@chalmers.se

quantum control with high fidelity lies at the
heart of enabling fault-tolerant quantum comput-
ing [12, 18–21].

For fault-tolerant computation, characterizing
and reducing the remaining errors becomes in-
creasingly challenging [22, 23]. Quantum process
tomography can completely characterize a gate,
decomposing a process into Pauli or Kraus op-
erators [24]. However, improving gates is com-
plicated: gate parameters map non-intuitively
onto the process matrix, and state preparation
and measurement errors can be confused with
process errors. The well-understood approach
to achieve high-fidelity gates, Clifford-based ran-
domized benchmarking (RB) [25–28], maps gate
errors onto control parameters and feeds this back
to optimize the gates.

In Ref. [29], a metrological tool based on RB to
quantify noise on time scales relevant for quan-
tum gates was introduced. That work included
an analytical expression for the effect of noise
during an idle gate period in an RB sequence.
However, this expression, which has been used in
several experimental studies since [30, 31], was
only derived for single-qubit Clifford gates. Since
single-qubit gates now can be performed with
very high fidelity, the focus of recent experimen-
tal work is on improving two-qubit gates [32–36],
a much more challenging task. Furthermore, by
controlling multiple two-qubit couplings simulta-
neously [37, 38], three-qubit iToffoli gates [39]
and fast three-qubit controlled-CPHASE-SWAP
(CCZS) gates [40] have been implemented.

To improve the performance of quantum op-
erations, understanding the effect of decoherence
such as amplitude damping (energy relaxation)
and dephasing on both single- and multi-qubit
gates is essential. In Refs. [41, 42] analytical re-
sults for quantifying the effect of decoherence on
fidelity have been given, provided that the quan-
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tum operations take place in the computational
subspace, i.e., the states {|0⟩, |1⟩} of the qubits;
dissipation leading to leakage to states outside
of the computational subspace, e.g., heating pro-
cesses, can still be accounted for.

Since many quantum gates, in various
quantum-computing architectures, rely on mech-
anisms that temporarily populate states outside
the computational subspace, a natural extension
of the work in Refs. [41, 42] is to account also for
such processes. A typical example of a gate going
outside the computational subspace is the two-
qubit controlled-Z (CZ) gate, where in supercon-
ducting circuits [36, 43, 44] a full swap between
|11⟩ and |02⟩ (or |20⟩) and back is used to imprint
a π phase shift on |11⟩; simultaneous such CZ
gates yield the three-qubit CCZS gate [37, 40].
A similar approach is used for realizing multi-
qubit entangling gates between individual neutral
atoms [45, 46] and trapped ions [47] through Ry-
dberg interactions, where a transition to the Ry-
dberg level, a state outside of the computational
subspace, is used.

In this Letter, we derive analytical results for
how quantum operations are affected by decoher-
ence, without being limited by whether the time
evolution includes transitions to states outside
of the computational subspace. We consider the
case where errors are dominated by the common
processes of energy relaxation and dephasing, act-
ing independently on the individual qubits. Us-
ing a Lindblad-master-equation method, we find
a simple formula that is applicable to any quan-
tum system. For the CZ and CCZS gates in su-
perconducting qubits, the formula gives a very
minor modification of previous results [40, 44, 48],
which assumed trace preservation in the compu-
tational subspace. We also employ our formula
to CZ gates in neutral atoms, simultaneous gates
in a multiqubit system, and show how to find a
total gate fidelity from the fidelity of individual
gates. Our results provide bounds that allow for
robust estimation and optimization of gate fideli-
ties across quantum-computing platforms.

Having the easy access to estimates of aver-
age gate fidelities from decoherence rates that
our results provide opens up for many appli-
cations. For example, if the average gate fi-
delity can be estimated, that can in turn be
used to place an upper bound on errors and
assess progress towards fault-tolerant quantum

computation [49]. Similarly, an estimate of av-
erage gate fidelity can in turn be used to es-
timate whether the quantum approximate opti-
mization algorithm (QAOA) [16] can be used for
solving various instances of combinatorial opti-
mization problems [50]. Furthermore, since our
results enable calculating the impact of incoher-
ent errors on average gate fidelity, it can be com-
bined with measurements of such gate fidelity to
make an error budget that includes the level of
coherent errors. Reference [51] then shows how
to analyze the robustness of quantum algorithms
against coherent errors and presents worst-case
fidelity bounds for quantum circuits affected by
such errors. Also, average gate fidelities calcu-
lated from decoherence rates enables checking
whether a quantum computer can be simulated
classically [52] and choosing the most suitable
gate set for running QAOA [53].

2 Average gate fidelity
The average gate fidelity F , defined as [18]

F ≡
∫
d|ψ⟩

〈
Ψ
∣∣∣Û †
gE(|Ψ⟩⟨Ψ|)Ûg

∣∣∣Ψ〉, (1)

measures the overlap between the state evolved
by the quantum channel E and the ideal unitary
gate operation Ûg. Here, the integral is over all
pure initial states |ψ⟩ in the computational sub-
space and the initial state |Ψ⟩ = |ψ⟩ ⊕ |O⟩, where
|O⟩ is a zero vector in the space of states outside
the computational subspace, has no component
outside the computational subspace. Note that
the evolution operation E can take states outside
the computational subspace, and that E thus may
not preserve the trace in the computational sub-
space. For E perfectly implementing Ûg, we have
F = 1.

The gate operation in Eq. (1) can be gener-
ated by a time-dependent Hamiltonian Ĥ(t) ap-
plied for a time τ , such that Ûg = Û(τ) =
T exp[− i

ℏ
∫ τ

0 Ĥ(t)dt], where T is the time-
ordering operator. Adding NL different dissipa-
tive processes, the time evolution of the system
is then given by the master equation

˙̂ρ(t) = − i

ℏ

[
Ĥ(t), ρ̂(t)

]
+

NL∑
k=1

ΓkD[L̂k]ρ̂(t), (2)

where D[L̂]ρ̂ = L̂ρ̂L̂† − 1
2{L̂†L̂, ρ̂} is the standard

Lindblad superoperator [54], and each process has
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a corresponding rate Γk and Lindblad jump oper-
ator L̂k. Note that both the ideal gate evolution
and the jump operators are allowed to take the
system out of the computational subspace.

To describe the weakly dissipative dynamics of
the system [35–37, 39, 43, 55–60], one can expand
the solution to the master equation in the small
parameter Γkτ ≪ 1 [61], and find that each dissi-
pative process contributes independently to F̄ to
first order in Γkτ [41]:

F̄ = 1 +
NL∑
k=1

Γk
∫ τ

0
dt δF (t, L̂k) + O

(
τ2Γ2

k

)
, (3)

where

δF (t, L̂) =
∫
dψTr

[
L̂†ρ̂ψ(t)L̂ρ̂ψ(t)

]
−
∫
dψTr

[
L̂†L̂ρ̂ψ(t)

]
. (4)

Here ρ̂ψ(t) = Û(t)|ψ⟩⟨ψ|Û †(t) is the result of the
unitary transformation that preserves the purity
of the state.

We rewrite Eq. (4) as

∫
dψ
(
Tr
[
L̂†(t)ρ̂ψL̂(t)ρ̂ψ

]
− Tr

[
L̂†(t)L̂(t)ρ̂ψ

])
= δF (t, L̂) ≡ δF (L̂(t)), (5)

where L̂(t) = Û †(t) L̂ Û(t), to be able to use a
certain expansion of the density matrix in our cal-
culations later. Here, we note that the trace op-
eration is over the full Hilbert space. Still, since
the initial-state density matrix ρψ only has ele-
ments in the computational subspace, it also im-
plies a projection of the operators L̂(t), L̂†(t), and
L̂†(t)L̂(t) onto the computational subspace. The
gate fidelity will thus depend explicitly on both
the jump operator L̂ and the gate Û(t).

To perform the integral over the initial states
for the general N -qubit case in Eq. (5), we
expand the density matrix as ρ̂ = 1

d(1̂N +∑d2−1
i=1 cif̂i), where the f̂i are tensor products of

Pauli matrices (the N indices i1 . . . iN are col-
lected into the single combined index 1 ≤ i ≤
d2 − 1, where d = 2N ). Following the symmetry
arguments given in Ref. [62], we use ⟨ci⟩ = 0 and
⟨cicj⟩ = δij/(d + 1) [41] and average over all ini-
tial states |ψ⟩ to find that the fidelity reduction

for the N -qubit case becomes (see Appendix A)

δFN (L̂(t)) = 1
d(d+ 1)Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
+ 1
d2(d+ 1)

d2−1∑
i=0

Trcmp
[
L̂†(t)f̂iL̂(t)f̂i

]
−1
d
Trcmp

[
L̂†(t)L̂(t)

]
, (6)

where “cmp” denotes that the trace is over the
states in the computational subspace. Here
1̂cmp = 1̂N ⊕ 0̂ is the identity operation ap-
plied to the computational subspace of N qubits,
but without support outside the computational
subspace (0̂ is a zero matrix in the space out-
side the computational subspace), and there-
fore Trcmp[L̂†(t)1cmpL̂(t)] ̸= Trcmp[L̂†(t)L̂(t)],
i.e., the first and last terms of the right-hand
side of Eq. (6) cannot be added directly. Note
that since the unitary operation might take the
state outside of the computational subspace,
Trcmp [L̂†(t)L̂(t)] ̸= Trcmp [L̂†L̂].

To simplify Eq. (6) further, we project
the time-dependent jump operator L̂(t) into
the computational subspace. Representing
it in the f̂i basis, we obtain terms like∑
i Tr [f̂j f̂i f̂k f̂i], where indices j and k are as-

sociated with contributions from L̂†(t) and L̂(t),
respectively. In Appendix B, we show that∑d2−1
i=0 Tr [f̂j f̂i f̂k f̂i] = d3δj0δk0, so the only non-

zero term of the summation in Eq. (6) is the con-
tribution of the identity f̂0 in L̂(t). Thus, the
fidelity reduction for the N -qubit operation re-
duces to (see Appendix B)

δFN (L̂(t)) = 1
d(d+ 1) Trcmp

[
L̂†(t)

]
Trcmp

[
L̂(t)

]
+ 1
d(d+ 1)Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
− 1
d

Trcmp
[
L̂†(t) L̂(t)

]
. (7)

This is the main result of this article. Together
with Eq. (3), it means that the average gate fi-
delity depends on the operation time, the dissi-
pation rate, and the time-evolved jump operator.
Note that d = 2N no matter how many levels each
qubit has beyond its computational subspace.

In addition to the fidelity, it is often use-
ful to characterize processes by the leakage out-
side of the computational subspace, defined as
L̄ ≡

∫
d|ψ⟩ (1 − Trcmp [E(|ψ⟩⟨ψ|)]) [63]. Follow-

ing similar steps as those leading to Eqs. (3)
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Figure 1: Examples of gate operations using states out-
side the computational subspace. (a) In superconducting
qubits, iSWAP gates are confined to the computational
subspace (dashed rectangle), but some CZ gates are
not. (b) Transitions for a CZ gate with neutral atoms.
(c) Transitions for a CCZS gate with superconducting
qubits.

and (7), we obtain L̄ =
∑NL
k=1 Γk

∫ τ
0 dt δL(t, L̂k)+

O(τ2Γ2
k), with

δL(t, L̂) = 1
d
Trcmp

[
L̂†(t)L̂(t)

]
− 1
d
Trcmp

[
L̂†(t)1̂cmpL̂(t)

]
. (8)

3 Operations in the computational
subspace
For quantum operations confined to the compu-
tational subspace, e.g., a two-qubit iSWAP gate
(|01⟩/|10⟩ → i|10⟩/|01⟩), as shown in Fig. 1(a), or
a three-qubit iToffoli gate (|110⟩ → i|111⟩), Û(t)
only performs a rotation in the Hilbert space that
the trace is taken over, so using Û(t)Û(t)† = 1,
Eq. (7) becomes

δFcmp(L̂) = 1
d(d+ 1) Tr

[
L̂†
]

Tr
[
L̂
]

− 1
d+ 1 Tr

[
L̂† L̂

]
. (9)

The same result can be obtained considering a
qudit (d-level system) instead of an N -qubit sys-
tem [64]. This fidelity reduction is independent of
the specific operation; it depends only on the op-
eration time and the dissipation. Note that just

as the ideal gate evolution, the jump operators
are here confined to the computational subspace.
For energy relaxation acting on one qubit with
jump operator σ̂− and rate Γ1, or pure dephasing
with jump operator σ̂z and rate Γϕ [the rate mul-
tiplying the dissipator in Eq. (2) is Γϕ/2, making
the coherence decay with the rate Γϕ], we obtain

δFcmp(σ̂z⊗1̂N−1) = 2 δFcmp(σ̂−⊗1̂N−1) = − d

d+ 1 ,
(10)

in agreement with the results in Ref. [41].

We note that, following the argument given in
Ref. [41], when we apply a quantum operation,
irrespective of remaining in or leaving the com-
putational subspace, coherent errors and incoher-
ent errors contribute independently to the fidelity
reduction to the first order. We now proceed to
evaluate the fidelity reduction in the presence of
energy relaxation and dephasing for a few rele-
vant quantum operations leaving the computa-
tional subspace.

4 CZ gates with superconducting
qubits

Two-qubit gates available in the transmonlike [65]
superconducting qubit architecture include (vari-
ations on) CPHASE (controlled-phase), iSWAP,
and

√
iSWAP gates [66]. While the latter ones are

confined to the computational subspace and are
covered by Eq. (10), a CZ gate created by swap-
ping between |11⟩ and |20⟩ (through the Hamil-
tonian ĤCZ = λ (|11⟩⟨20| + |20⟩⟨11|)) is not; see
Fig. 1(a). The unitary operation ÛCZ(t) =
exp[−iĤCZt] adds a phase factor of −1 to |11⟩
in the gate time τ = π/λ.

For a three-level transmon, energy relaxation
is described by jump operator L̂− = σ̂−

01 +
√

2σ̂−
12

and rate Γ1. For the two three-level transmons
involved in a CZ gate, we descibe the effect of en-
ergy relaxation acting on both qubits individually
by L̂q1− = L̂− ⊗ 1̂ and L̂q2− = 1̂⊗L̂−, with the rates
Γq11 and Γq21 , respectively. These jump operators
are traceless, and their evolution by Û(t)† is still
traceless because that unitary is a change of basis,
so the first term in Eq. (7) vanishes. The time-
evolved jump operator corresponding to energy
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relaxation on qubit 1 becomes (see Appendix C)

L̂q1− (t) = |00⟩⟨10|

+ cos(λt)
(
|01⟩⟨11| +

√
2|10⟩⟨20|

)
− i sin(λt)

(
|01⟩⟨20| +

√
2|10⟩⟨11|

)
. (11)

It is straightforward to calculate the remaining
terms in Eq. (7) and obtain

∫ τ
0 dt δF2(L̂q1− (t)) =

−1
2τ (see Appendix C).
Transmon dephasing is described by the jump

operator
∑d
j=1 2j |j⟩⟨j| and rate Γϕ/2, or L̂ϕ =

|1⟩⟨1| + 2 |2⟩⟨2| with rate 2 Γϕ. This process acts
on both qubits individually through L̂q1ϕ = L̂ϕ⊗ 1̂
and L̂q2ϕ = 1̂ ⊗ L̂ϕ, with the rates 2Γq1ϕ and 2Γq2ϕ ,
respectively. In a similar fashion as for energy
relaxation, we find the fidelity reduction due to
dephasing and then add up all these contributions
to obtain the average gate fidelity for the CZ gate
(see Appendix C)

FCZ = 1 − 1
2Γq11 τ − 3

10Γq21 τ − 31
40Γq1ϕ τ − 3

8Γq2ϕ τ.

(12)
This result is slightly different from Refs. [44, 48]
(by a fraction 1/80 in the terms with pure dephas-
ing), where they used Ref. [18] to calculate the av-
erage gate fidelity. That calculation requires the
evolution to be trace-preserving in the computa-
tional subspace, which is not the case for some
part of the pure dephasing processes at work in
this example. We also go beyond those and also
find a general formula for an imperfect CZ gate,
where λ ̸= π/τ (coherent error); see Appendix C.

We note in Eq. (12) that since qubit 1 pop-
ulates |2⟩, it is more strongly affected by relax-
ation (−Γq11 τ/2) than when it is confined to the
computational subspace [−2 Γq11 τ/5 in Eq. (10)],
whereas energy relaxation on qubit 2 matters less
(−3 Γq11 τ/10) since the gate operation tends to
keep that qubit in |0⟩. If there is a choice be-
tween which of two qubits in a two-qubit gate
that should leave the computational subspace, it
is thus best to choose the one more robust to de-
coherence.

5 CZ gates with neutral atoms
Numerous protocols for entangling atoms using
Rydberg interactions have been explored theo-
retically and experimentally [67–71]. A rele-
vant entangling gate between atoms is the CZ

gate that maps the computational basis states as
|00⟩ → |00⟩, |01⟩ → |01⟩eiϕ, |10⟩ → |10⟩eiϕ and
|11⟩ → |11⟩ei(2ϕ+π), up to a single-qubit phase.
Qubits are encoded in long-lived hyperfine states
{|0⟩, |1⟩}; realization of the CZ map relies on the
Rydberg blockade, implemented by coupling |1⟩
to the Rydberg state |r⟩ [45, 46]. This is done
by applying two laser pulses, each of length τ at
detuning ∆ and Rabi frequency Ω, with a phase
jump ξ in between.

The state |00⟩ is uncoupled to the dynamics
and does not change. For |01⟩ and |10⟩, where one
of the atoms is initially in state |0⟩ and remains
unchanged, the other atom evolves through

Ĥ1 = 1
2(Ω|1⟩⟨r| + Ω∗|r⟩⟨1|) − ∆|r⟩⟨r|. (13)

If both atoms are initially in state |1⟩, under the
Rydberg-blockade constraint, where Rydberg-
Rydberg interaction is much larger than |Ω|
and |∆|, the state |11⟩ is coupled to |W ⟩ =

1√
2(|r1⟩ + |1r⟩) through the Hamiltonian

Ĥ2 =
√

2
2 (Ω|11⟩⟨W | + Ω∗|W ⟩⟨11|) − ∆|W ⟩⟨W |.

(14)
The transitions described here are shown in
Fig. 1(b).

To apply the CZ gate, ∆ is fixed and τ is se-
lected such that the first pulse drives a perfect
detuned Rabi oscillation on |11⟩ (with enhanced
Rabi frequency

√
2Ω) and then an incomplete de-

tuned Rabi oscillation for |01⟩ (with Rabi fre-
quency Ω). The phase ξ of the second pulse cor-
responds to driving the system around a different
axis on the Bloch sphere constructed by |01⟩ and
|0r⟩ (or |11⟩ and |W ⟩) as north and south pole.
By tuning ξ it is possible to close the trajectory
of |01⟩ while driving a second complete cycle for
|11⟩, such that both |01⟩ and |11⟩ return to their
initial positions on the Bloch sphere with accumu-
lated dynamical phases ϕ01 and ϕ11, respectively.
Choosing ∆ to obtain ϕ11 = 2ϕ01 − π yields the
CZ gate.

A Rydberg state is always subject to energy
relaxation, but only a small fraction is relaxation
to the computational subspace; the remaining de-
cay is transitions to nearby Rydberg states or the
ground state [72]. In gates using Rydberg in-
teractions, knowing the effect of dissipation on
the Rydberg state during gates is thus essential.
We consider the jump operator L̂r = |O⟩⟨r|, de-
scribing energy relaxation to states |O⟩ outside
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the computational subspace, and individual de-
cay rates Γq1r and Γq2r . Using Eq. (7) and that
the system is symmetric under permutation of
the atoms and their decay rates, we obtain (see
Appendix D)

FRydbergCZ = 1 − 15
58
(
Γq1r + Γq2r

)
τ. (15)

For example, in a 171Yb neutral atom, for n = 75,
the decay rate to nearby Rydberg states and
the ground state are 3480 s−1 and 1918 s−1,
respectively, which gives a total rate of Γr =
5398 s−1 [72]. Considering the total time 2τ ≈
2.732π/Ω with effective Rabi frequency Ω ≈
2π × 3.5 MHz, we have Γrτ = 0.001, leading to
an upper bound FRydbergCZ = 0.9994, whereas
the measured gate fidelity is ≥ 0.974(3) [45].

6 Three-qubit gates
A three-qubit CCZS gate consists of two simulta-
neous CZ gate operations on qubit pairs (q1, q2)
and (q1, q3), with strengths λ1 and λ2, both de-
tuned by ∆, with q1 the qubit where the sec-
ond excited state |2⟩ is populated during the
gate [37, 40]; the relevant transitions are shown
in Fig. 1(c). With the three-qubit states denoted
|q1q2q3⟩, the Hamiltonian is

Ĥ = [λ1(t)(|110⟩⟨200| + |111⟩⟨201|)
+ λ2(t)(|101⟩⟨200| + |111⟩⟨210|) + H.c.]
+ δ(|200⟩⟨200| − |111⟩⟨111|), (16)

where H.c. denotes Hermitian conjugate. This
Hamiltonian results in applying both CZ and
SWAP gates to (q2, q3) conditioned on q1 being
in |1⟩ [37, 40] (see Appendix E). We evaluate
the average gate fidelity for a subclass of CCZS
gates: λ1 = λ, λ2 = −λeiφ, δ = 0, and gate time
τ = π/

√
2λ, for which we find (see Appendix E)

FCCZS = 1 − 163
288Γq11 τ − 7

18
(
Γq21 + Γq31

)
τ

− 41
48Γq1ϕ τ − 85

192
(
Γq2ϕ + Γq3ϕ

)
τ, (17)

which is φ-independent. Assuming λ1 = λ2 = λ
(i.e., φ = π) and δ = 0, Ref. [40] has slightly
different pre-factors for the first relaxation term
and the pure dephasing terms in Eq. (17), since
they used Ref. [18], which assumes that the trace
is preserved in the computational subspace.

7 Simultaneous gates
In an N -qubit system with independent decoher-
ence processes acting on the individual qubits,
many different combinations of multi-qubit gates
can be applied in parallel. Here we show how
to calculate the total average gate fidelity of the
whole system by considering one of the parallel
gates at a time. As each decoherence channel
contributes independently, proportionally to its
rate Γ and the factor δF (L̂(t)) [see Eq. (3)], the
effect of decoherence on the qubits that are in-
volved in onem-qubit gate, while the other qubits
are evolving by their own perfect gates, is given
by L̂ = L̂m ⊗ 1̂N−m. Therefore Trcmp [L̂(t)] =
Trcmp [L̂m(t)] × Tr [1̂N−m] and Eq. (7) for the si-
multaneous gates reduces to

δFm,N (L̂(t)) = δFN (L̂m(t) ⊗ 1̂N−m)

= d

d2
m(d+ 1) Trcmp

[
L̂†
m(t)

]
Trcmp

[
L̂m(t)

]
+ 1
dm(d+ 1)Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
− 1
dm

Trcmp
[
L̂†
m(t) L̂m(t)

]
, (18)

where dm = 2m is the dimension of the subsystem
we focus on. When m = N , Eq. (18) reduces to
Eq. (7). As an example, we consider a four-qubit
system where simultaneous CZ gates are applied
to the qubit pairs (q1, q2) and (q3, q4). Reusing
calculations leading to Eq. (12) for the CZ gate,
we find (see Appendix F)

FCZ-CZ = 1 − 10
17
(
Γq11 + Γq31

)
τ

− 6
17
(
Γq21 + Γq41

)
τ

− 245
272

(
Γq1ϕ + Γq3ϕ

)
τ

− 117
272

(
Γq2ϕ + Γq4ϕ

)
τ, (19)

where we note that the fidelity reduction is larger
(smaller) for qubit 1 (2) compared to the result
for the CCZS gate in Eq. (17).

8 Conclusion and outlook
We investigated the effect of weak decoherence on
the fidelity of arbitrary quantum operations, in-
cluding the cases where states outside the compu-
tational subspace are populated during the time
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evolution. We derived a simple formula, in terms
of dissipative rates and the corresponding Lind-
blad jump operators, covering all these cases.
The formula can be applied to any quantum-
computing platform as a powerful tool to help es-
timate and optimize gate fidelities, and, by exten-
sion, the computational power of the noisy quan-
tum hardware. We illustrated this applicability
by using the formula to calculate average gate
fidelities for two-qubit CZ gates on different plat-
forms and the three-qubit CCZS gate. We also
showed how to combine our results to compute
the total average gate fidelity for several multi-
qubit gates executed in parallel in a larger system
by considering each multi-qubit gate separately.

Since the average gate fidelity for operations
that venture outside the computational subspace
depends on the time evolution for the particu-
lar operation in question, some follow-up work
is needed to apply our general formula to spe-
cific quantum operations in various quantum-
computing architectures beyond the examples we
have presented here. An interesting case would be
operations for continuous-variable quantum com-
putation with superconducting microwave cir-
cuits, where logical qubit states are encoded in
bosonic systems.
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A Derivation of the average gate fidelity

In this supplementary material, we expand on Ref. [41] to obtain the fidelity correction for N -qubit
gates going outside of the computational subspace. We start from Eq. (5) in the main text to obtain
the expression for δFN (L̂(t)) given in Eq. (6) in the main text.

A general N -qubit density matrix can be written as

ρ̂ = 1
d

1̂N +
d2−1∑
i=1

cif̂i

 ≡ 1
d

σ̂1
0 . . . σ̂

N
0 +

∑
i1,...,iN

ci1...iN σ̂
1
i1 . . . σ̂

N
iN

, (20)

where the f̂i consist of tensor products of Pauli matrices, d = 2N , and the N indices i1 . . . iN are
collected into the single combined index 1 ≤ i ≤ d2 −1. We note that the f̂i basis excludes the identity
element corresponding to the term i1 = i2 = · · · = iN = 0. Following the symmetry arguments given
in Ref. [62], we have [41]

⟨ci⟩ = 0, (21)
⟨cicj⟩ = δij/(d+ 1), (22)

where the expectation value is taken over all the initial states, i.e., performing the integral
∫
dψ.
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Inserting Eq. (20) into Eq. (5) we obtain

δFN (L̂(t)) = 1
d2

∫
dψTrcmp

L̂†(t)

σ̂1
0 . . . σ̂

N
0 +

∑
i1,...,iN

ci1...iN σ̂
1
i1 . . . σ̂

N
iN


×L̂(t)

σ̂1
0 . . . σ̂

N
0 +

∑
j1,...,jN

cj1...jN σ̂
1
j1 . . . σ̂

N
jN


− 1
d

∫
dψTrcmp

L̂†(t)L̂(t)

σ̂1
0 . . . σ̂

N
0 +

∑
i1,...,iN

ci1...iN σ̂
1
i1 . . . σ̂

N
iN

. (23)

where “cmp” marks that the trace is taken over the states in the computational subspace. Note that as
the unitary operation takes the state outside of the computational subspace, we have to project both
L̂(t), L̂†(t), and L̂†(t)L̂(t) onto the computational subspace. Using the relations in Eqs. (21)–(22),
averaging over all possible initial states |ψ⟩ reduces Eq. (23) to

δFN (L̂(t)) = 1
d2 Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
− 1
d
Trcmp

[
L̂†(t)L̂(t)

]
+ 1
d2(d+ 1)

∑
i1,...,iN ̸=0

Trcmp
[
L̂†(t)

(
σ̂1
i1 . . . σ̂

N
iN

)
L̂(t)

(
σ̂1
i1 . . . σ̂

N
iN

)]
, (24)

where we define the identity operation acting only in the computational subspace, 1̂cmp = σ̂1
0 . . . σ̂

N
0 ⊕0̂,

where 0̂ is a zero matrix in the space outside the computational subspace. We note that since L̂(t)
might not be confined to the computational subspace, we have, in general, Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
̸=

Trcmp
[
L̂†(t)L̂(t)

]
.

Equation (24) can be rewritten as

δFN (L̂(t)) = 1
d(d+ 1)Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
− 1
d
Trcmp

[
L̂†(t)L̂(t)

]
+ 1
d2(d+ 1)

∑
i1,...,iN

Trcmp
[
L̂†(t)

(
σ̂1
i1 . . . σ̂

N
iN

)
L̂(t)

(
σ̂1
i1 . . . σ̂

N
iN

)]
, (25)

which can be written as Eq. (6) in the main text.

B Fidelity correction for N-qubit gates

Here we present the details of the derivation of the result in Eq. (7) in the main text, which quantifies
the fidelity reduction in an N -qubit system. We start by calculating

∑
i Tr

[
f̂j f̂i f̂k f̂i

]
. To do so,

we write f̂i in the basis of Pauli matrices as f̂i ≡ fi1+4 i2+16 i3+···+4N−1 iN = σ̂1
i1 σ̂

2
i2 · · · σ̂NiN , with

i1, i2, · · ·, iN = 0, 1, 2, 3, and obtain

d2−1∑
i=0

Tr
[
f̂j f̂i f̂k f̂i

]
=

3∑
i1,···,iN

Tr
[(
σ̂1
j1 · · · σ̂NjN

)
+
(
σ̂1
i1 · · · σ̂NiN

)(
σ̂1
k1 · · · σ̂Nk2

)(
σ̂1
i1 · · · σ̂NiN

)]

=
3∑

i1=0
Tr [σ̂j1 σ̂i1 σ̂k1 σ̂i1 ] · · · ×

3∑
iN =0

Tr [σ̂jN σ̂iN σ̂kN
σ̂iN ]. (26)

We proceed to calculation one summation,
∑3
i1=0 Tr [σ̂j1 σ̂i1 σ̂k1 σ̂i1 ]; the others are the same. We first

note that terms with j1 ̸= k1 are traceless, because having two Pauli matrices with the same index
leaves a single Pauli matrix that is traceless. For example, considering j1 = 0, we obtain 4 Tr [σ̂k1 ] = 0
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as k1 ̸= 0. If j1 ̸= k1 ̸= 0, as i1 can be either j1 or k1, we are left with Tr [σ̂k1 ] = 0 or Tr [σ̂j1 ] = 0,
respectively. This lets us calculate

3∑
i1=0

Tr [σ̂j1 σ̂i1 σ̂j1 σ̂i1 ] = 8 δj10 +
3∑

i1=0
Tr [σ̂j1 ̸=0 σ̂i1 σ̂j1 ̸=0 σ̂i1 ] = 8 δj10 + 2 +

3∑
i1=1

Tr [σ̂j1 ̸=0 σ̂i1 σ̂j1 ̸=0 σ̂i1 ].

(27)
We use σ̂iσ̂j = δij 1̂2 + iϵijkσ̂k to calculate the last term and find

3∑
i1=0

Tr [σ̂j1 σ̂i1 σ̂j1 σ̂i1 ] = 8 δj10+2+
3∑

i1=1

(
δi1j1 ̸=0 − ϵ2i1 j1 ̸=0 k1

)
Tr
[
1̂2
]

= 8 δj10+2+(−1)×2 = 8 δj10, (28)

where we use that ϵ2ijk = 1 if all indices are different, and 0 otherwise. Equation (26) reduces to

d2−1∑
i=0

Tr
[
f̂j f̂i f̂k f̂i

]
= 8N × δj1=k10 · · · δjN =kN 0 ≡ d3δj0δk0. (29)

This means the only non-zero terms of the summation in Eq. (6) is the contribution of the identity
f̂0 ≡ 1̂N in L̂(t).

Here we note that f̂i has no support outside the computational subspace, so terms confined to the
computational subspace in L̂(t) have only contributed to Trcmp

[
L̂†(t) f̂i L̂(t) f̂i

]
. Expanding those

terms in the f̂i basis, and using Eq. (29), we write the jump operator as

L̂(t) = 1
d

Trcmp
[
L̂(t)

]
f̂0 + O(f̂1, · · ·, f̂d2−1), (30)

and obtain

d2−1∑
i=0

Trcmp
[
L̂†(t) f̂i L̂(t) f̂i

]
= 1
d2 Trcmp

[
L̂†(t)

]
Trcmp

[
L̂(t)

] d2−1∑
i=0

Trcmp
[
f̂0 f̂i f̂0 f̂i

]
= dTrcmp

[
L̂†(t)

]
Trcmp

[
L̂(t)

]
. (31)

Together with Eq. (6), this yields the fidelity reduction for the N -qubit system:

δFN (L̂(t)) = 1
d(d+ 1)Trcmp

[
L̂†(t)1̂cmpL̂(t)1̂cmp

]
− 1
d
Trcmp

[
L̂†(t)L̂(t)

]
+ 1
d(d+ 1) Trcmp

[
L̂†(t)

]
Trcmp

[
L̂(t)

]
, (32)

which is Eq. (7) in the main text.

C Average gate fidelity for the CZ gate with superconducting qubits
Here we present the details of the derivation of the result in Eq. (12) in the main text. The CZ gate
is activated by coupling between |11⟩ and |20⟩, given by the Hamiltonian

ĤCZ = λ (|11⟩⟨20| + |20⟩⟨11|). (33)

The unitary operation UCZ(t) = exp[−iHCZt] becomes

ÛCZ(t) = |00⟩⟨00| + |01⟩⟨01| + |10⟩⟨10| + cos(λt) (|11⟩⟨11| + |20⟩⟨20|) − i sin(λt) (|11⟩⟨20| + |20⟩⟨11|),
(34)

which at time τ = π/λ adds a phase factor of −1 to |11⟩.
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We start with the effect of energy relaxation on qubit 1 on the average gate fidelity. The jump
operator is given by

L̂q1− =
(
σ̂−

01 +
√

2σ̂−
12

)
⊗ 1̂, (35)

which together with Eq. (34) and

L̂q1− (t) = U †
CZ(t)L̂q1−UCZ(t), (36)

leads to

L̂q1− (t) = |00⟩⟨10| + cos(λt)
(
|01⟩⟨11| +

√
2|10⟩⟨20|

)
− i sin(λt)

(
|01⟩⟨20| +

√
2|10⟩⟨11|

)
. (37)

We then easily obtain

Trcmp
[
L̂q1†

− (t) L̂q1− (t)
]

= Tr
[
|10⟩⟨10| +

(
1 + sin2(λt)

)
|11⟩⟨11|

]
= 2 + sin2(λt) (38)

and

Trcmp
[
L̂q1†

− (t) 1̂cmp L̂
q1
− (t)1̂cmp

]
= Tr

[
|10⟩⟨10| +

(
1 + sin2(λt)

)
|11⟩⟨11|

]
= 2 + sin2(λt). (39)

Plugging this into Eq. (7) leads to

δFCZ(L̂q1− (t)) = −1
5
[
2 + sin2(λt)

]
. (40)

Finally, performing the time integral we find∫ τ

0
dt δFCZ(L̂q1− (t)) = −1

2τ + sin(2λτ)
20λ . (41)

Plugging τ = π/λ into this result leads to the expression below Eq. (11) in the main text.
The time-dependent jump operation, when the second qubit is affected by relaxation, is given by

L̂q2− (t) = U †
CZ(t)L̂q2−UCZ(t) = |00⟩⟨01| + cos(λt)|10⟩⟨11| + i sin(λt)|10⟩⟨20|. (42)

Plugging
Trcmp

[
L̂q2†

− (t) L̂q2− (t)
]

= Tr
[
|01⟩⟨01| + cos2(λt)|11⟩⟨11|

]
= 1 + cos2(λt) (43)

and
Trcmp

[
L̂q2†

− (t) 1̂cmp L̂
q2
− (t)1̂cmp

]
= Tr

[
|01⟩⟨01| + cos2(λt)|11⟩⟨11|

]
= 1 + cos2(λt) (44)

into Eq. (7) leads to

δFCZ(L̂q2− (t)) = −1
5
(
1 + cos2(λt)

)
, (45)

and finally, we obtain ∫ τ

0
dt δFCZ(L̂q2− (t)) = − 3

10τ − sin(2λτ)
20λ . (46)

The jump operator for dephasing on qubit 1 is given by

L̂q1ϕ (t) = |10⟩⟨10|+
[
1 + sin2(λt)

]
|11⟩⟨11|+

[
1 + cos2(λt)

]
|20⟩⟨20|−i sin(λt) cos(λt)(|20⟩⟨11| − |11⟩⟨20|).

(47)
Note that Eq. (47) is not traceless; projecting it onto the computational subspace by neglecting terms
including |2⟩, we find

Trcmp
[
L̂q1†
ϕ (t)

]
= Trcmp

[
L̂q1ϕ (t)

]
= 2 + sin2(λt), (48)

Trcmp
[
L̂q1†
ϕ (t) L̂q1ϕ (t)

]
= Tr

[
|10⟩⟨10| +

((
1 + sin2(λt)

)2
+ sin2(λt) cos2(λt)

)
|11⟩⟨11|

]
= 1

2[7 − 3 cos(2λt)], (49)

Trcmp
[
L̂q1†
ϕ (t) 1̂cmp L̂

q1
ϕ (t)1̂cmp

]
= Tr

[
|10⟩⟨10| +

(
1 + sin2(λt)

)2
|11⟩⟨11|

]
= 1 +

[
1 + sin2(λt)

]2
. (50)
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Therefore Eq. (7) yields

δFCZ(L̂q1ϕ (t)) = 1
20
[
2 + sin2(λt)

]2
+ 1

20

[
1 +

[
1 + sin2(λt)

]2]
− 1

4 × 1
2[7 − 3 cos(2λt)], (51)

leading to ∫ τ

0
dt δFCZ(L̂q1ϕ (t)) = −31

80τ + 7 sin(2λτ)
80λ + sin(4λτ)

320λ . (52)

When the dephasing process acts on qubit 2, the jump operator is given by

L̂q2ϕ (t) = |01⟩⟨01| + cos2(λt)|11⟩⟨11| + i sin(λt) cos(λt)(|20⟩⟨11| − |11⟩⟨20|) + sin2(λt)|20⟩⟨20|, (53)

leading to

Tr
[
L̂q2†
ϕ (t) L̂q2ϕ (t)

]
= Tr

[
|01⟩⟨01| +

(
cos4(λt) + sin2(λt) cos2(λt)

)
|11⟩⟨11|

]
= 1

2[3 + cos(2λt)], (54)

Tr
[
L̂q2†
ϕ (t)

]
= Tr

[
L̂q2ϕ (t)

]
= 1 + cos2(λt), (55)

Trcmp
[
L̂q2†
ϕ (t) 1̂cmp L̂

q2
ϕ (t) 1̂cmp

]
= Tr

[
|01⟩⟨01| + cos4(λt)|11⟩⟨11|

]
= 1 + cos4(λt), (56)

such that, together with Eq. (7), we find

δFCZ(L̂q2ϕ (t)) = 1
20
[
1 + cos2(λt)

]2
+ 1

20
[
1 + cos4(λt)

]
− 1

4 × 1
2[3 + cos(2λt)]. (57)

Integrating over time leads to∫ τ

0
dt δFCZ(L̂q2ϕ (t)) = − 3

16τ − sin(2λτ)
80λ + sin(4λτ)

320λ . (58)

Adding up the contributions of the decoherence processes treated above, i.e., Eq. (41), Eq. (46),
Eq. (52), and Eq. (58), we find that the fidelity for an imperfect two-qubit CZ gate, with arbitrary
strength λ, is given by

FCZ = 1 −
[1

2τ − sin(2λτ)
20λ

]
Γq11 τ −

[ 3
10τ + sin(2λτ)

20λ

]
Γq21 τ

−
[31

80τ − 7 sin(2λτ)
80λ − sin(4λτ)

320λ

]
Γq1ϕ τ −

[ 3
16τ + sin(2λτ)

80λ − sin(4λτ)
320λ

]
Γq2ϕ τ. (59)

For the CZ gate without any coherent control error, i.e., λ = π/τ , the fidelity becomes

FCZ = 1 − 1
2Γq11 τ − 3

10Γq21 τ − 31
40Γq1ϕ τ − 3

8Γq2ϕ τ, (60)

which is Eq. (12) in the main text.

D Average gate fidelity for the CZ gate with neutral atoms
Here we give the details for calculating the average gate fidelity of a CZ gate with neutral atoms
[Eq. (15) in the main text]. The gate is presented in Ref. [45], applied in Ref. [46], and briefly discussed
in the main text. For set of states {|01⟩, |0r⟩} and {|10⟩, |r0⟩}, with one qubit in |0⟩, the other qubit
evolves according to the Hamiltonian in Eq. (13) in the main text, i.e.,

Ĥ1 = 1
2(Ω|1⟩⟨r| + Ω∗|r⟩⟨1|) − ∆|r⟩⟨r|, (61)
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and the dynamics of the states {|11⟩, |W ⟩} are given by the Hamiltonian in Eq. (14) in the main text,
i.e.,

Ĥ2 =
√

2
2 (Ω|11⟩⟨W | + Ω∗|W ⟩⟨11|) − ∆|W ⟩⟨W |, (62)

where

|W ⟩ = 1√
2

(|r1⟩ + |1r⟩), (63)

meaning that due to the Rydberg blockade, the transition |1⟩ → |r⟩ of both atoms never populates
|rr⟩, such that we obtain the above superposition and not one of its individual components. The total
dimension of the Hilbert space we consider is 32 = 9 [note that the parameter d defined in the main text
is d = 2N = 4 as we consider the computational subspace (2 levels for each qubit) when we evaluate
the average gate fidelity]. The rest of basis states that describe the system are {|00⟩, |rr⟩, |D⟩}, where

|D⟩ = 1√
2

(|r1⟩ − |1r⟩). (64)

These states are not affected by the dynamics and remain unchanged. The full Hilbert space is thus
spanned by

{|01⟩, |0r⟩, |10⟩, |r0⟩, |11⟩, |W ⟩, |00⟩, |rr⟩, |D⟩}, (65)

and the Hamiltonian in this basis order becomes

Ĥ = Ĥ1 ⊕ Ĥ1 ⊕ Ĥ2 ⊕ 0̂3, (66)

where 0̂3 is a 3 × 3 zero matrix. The time evolution describing two global Rydberg pulses of length τ
and detuning ∆ with a laser phase change ξ between pulses is given by

Û(t) =
{
Û1(t), 0 ≤ t < τ

Û2(t− τ) Û1(τ), τ ≤ t ≤ 2τ
(67)

where

Û1(t) = e−iĤ(Ω)t, (68)

Û2(t) = e−iĤ(Ωeiξ)t. (69)

The dominant error mechanism for a Rydberg state is decay to states outside of the computational
subspace, which we denote |O⟩. We therefore consider the jump operator L̂r = |O⟩⟨r| with rate Γr,
acting on both atoms individually as L̂q1r = L̂r ⊗ 1̂ and L̂q2r = 1̂ ⊗ L̂r, with the rates Γq1r and Γq2r ,
respectively. Since the two atoms are homogeneously coupled from |1⟩ to |r⟩, it is enough to calculate
the fidelity reduction due to the Rydberg decay on one qubit; without loss of generality, we perform
this calculation for qubit 1. The corresponding jump operator is

L̂q1r = |O⟩⟨r| ⊗ 1̂ = |O0⟩⟨r0| + |O1⟩⟨r1| + |Or⟩⟨rr|. (70)

The state |O⟩ is uncoupled to the pulses and remains unchanged by them. We therefore have

Trcmp
[
L̂q1r (t)

]
= Trcmp

[
L̂q1†
r (t)

]
= 0, (71)

because the trace over qubit 1 is always zero. It is straightforward to find that

L̂q1†
r (t)L̂q1r (t) = Û(t)† L̂q1†

r L̂q1r Û(t) = Û †(t)[|r0⟩⟨r0| + |r1⟩⟨r1| + |rr⟩⟨rr|]Û(t), (72)
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where we use Û(t)Û(t)† = 1. We note that |r1⟩⟨r1| = 1√
2(|W ⟩ + |D⟩) in Eq. (72) couples basis states

that are in different blocks in the Hamiltonian representation in Eq. (66). The last term in Eq. (72) is
Û(t)†|rr⟩⟨rr|Û(t) = |rr⟩⟨rr|, and for t < τ we have

Û1(t)†|r0⟩ = i
Ω
ω1
e− i∆

2 t sin
(
ω1t

2

)
|10⟩ + e− i∆

2 t
[
cos
(
ω1t

2

)
− i

∆
ω1

sin
(
ω1t

2

)]
|r0⟩, (73)

Û1(t)†|r1⟩ = i
Ω
ω2
e− i∆

2 t sin
(
ω2t

2

)
|11⟩ + e− i∆

2 t

√
2

[
cos
(
ω2t

2

)
− i

∆
ω2

sin
(
ω2t

2

)]
|W ⟩ + 1√

2
|D⟩, (74)

where

ω1 =
√

∆2 + Ω2, (75)

ω2 =
√

∆2 + 2Ω2. (76)

The Rabi frequency of these transitions are different; as we discuss in the main text, we select the first
pulse time such that it leads to a perfect transition |11⟩ → |W ⟩ → |11⟩. According to

Û1(t)|11⟩ = e
i∆
2 t
[
cos
(
ω2t

2

)
− i

∆
ω2

sin
(
ω2t

2

)]
|11⟩ − i

√
2 Ω
ω1

e
i∆
2 t sin

(
ω2t

2

)
|W ⟩, (77)

this is guaranteed by the choice ω2τ = 2π, i.e.,

τ = 2π√
∆2 + 2Ω2

, (78)

which leads to Û1(τ)|11⟩ = −e
i∆
2 τ |11⟩. Inserting Eq. (73) and Eq. (74) in Eq. (72), we find for t < τ

that

Trcmp
[
L̂q1†
r (t)L̂q1r (t)

]
= Ω2

ω2
1

sin
(
ω1t

2

)2
+ Ω2

ω2
2

sin
(
ω2t

2

)2
. (79)

The state |O⟩ is uncoupled to the pulses and remains unchanged by them, so

L̂q1r (t) = L̂q1r Û(t). (80)

Thus
Trcmp

[
L̂q1†
r (t) 1̂cmp L̂

q1
r (t) 1̂cmp

]
= Trcmp

[
Û(t)† L̂q1†

r 1̂cmp L̂
q1
r Û(t) 1̂cmp

]
= 0. (81)

We note that after the second pulse is applied, at t = 2τ , where Û(2τ) = Û2(τ)Û1(τ), one can find
that

Û(2τ)|11⟩ =
(
ei∆ τ

ω2
2

)[(
1 − eiξ

)
Ω2 +

(
∆2 +

(
1 + eiξ

)
Ω2
)

cos(ω2τ) − iω2∆ sin(ω2τ)
]
|11⟩

− i

√
2Ωei(∆ τ− ξ

2 )

ω2
2

[∆(cos(ω2τ) − 1) sin
(
ξ

2

)
+ ω2 sin(ω2τ) cos

(
ξ

2

)]
|W ⟩. (82)

Using Eq. (78), i.e., ω2τ = 2π, the state |11⟩ thus receives a total phase of ϕ11 = ∆τ :

Û(2τ)|11⟩ = ei∆ τ |11⟩. (83)

Here we note that the dynamical phase accumulated by this process is ξ-independent.
The parameter ξ is chosen such that population in |10⟩ returns to that state with an accumulated

dynamical phase, ϕ10. This condition corresponds to [45]

e−iξ =
−ω1 cos

(ω1t
2
)

+ i∆ sin
(ω1t

2
)

ω1 cos
(ω1t

2
)

+ i∆ sin
(ω1t

2
) . (84)
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A CZ gate is obtained by selecting ϕ11 = 2ϕ10 − π, which requires the corresponding numerical values
of the relevant parameters ∆/Ω = 0.377371, Ωτ = 4.29268, and ξ = 3.90242 [45]. With this choice of
these parameters, we obtain

Û(2τ)|10⟩ = e3.925 i|10⟩. (85)

The same calculation as for Eq. (79) can be done for τ ≤ t ≤ 2τ , but we omit explicit expressions
here for compactness. Using Eq. (7) and taking the integral over time from 0 to 2τ leads to∫ 2τ

0
dtδF (L̂q1r (t)) = −15

58 . (86)

Due to permutation symmetry under exchanging the qubits, from Eq. (3) we obtain

F̄ = 1 − 15
58
(
Γq1r + Γq2r

)
τ, (87)

which is Eq. (15) in the main text.

E Average gate fidelity for the CCZS gate
Here we present the details of the derivation of the average gate fidelity of CCZS gates [Eq. (17) in the
main text]. The CCZS(θ, ϕ, γ) gate can be written as [37]

CCZS(θ, φ, γ) = |0⟩⟨0| ⊗ I ⊗ I + |1⟩⟨1| ⊗ UCZS(θ, φ, γ), (88)

where

ÛCZS(θ, φ, γ) =


1 0 0 0
0 −eiγ sin2(θ/2) + cos2(θ/2) 1

2(1 + eiγ)e−iφ sin θ 0
0 1

2(1 + eiγ)eiφ sin θ −eiγ cos2(θ/2) + sin2(θ/2) 0
0 0 0 −eiγ

 , (89)

and the parameters θ, φ, and γ are set by the coupling strengths λ1, λ2 [see Eq. (16) in the main text]
and the detuning δ according to the relations

λ2
λ1

= πδ√
4Ω2 + δ2

, (90)

γ = −eiφ tan θ2 , (91)

Ω =
√

|λ1|2 + |λ2|2. (92)

We evaluate the average gate fidelity for a subclass of CCZS gates: λ1 = λ, λ2 = −λeiφ, δ = 0, and
gate time τ = π/

√
2λ, for which we obtain θ = π/2 and γ = 0, leading to

ÛCZS(π/2, φ, 0) =


1 0 0 0
0 0 e−iφ 0
0 eiφ 0 0
0 0 0 −1

 . (93)

This is a SWAP-like operation on qubits q2 and q3, conditioned on qubit q1 being in its excited state,
but adds phase factors to |101⟩, |110⟩, and |111⟩.

Energy relaxation affecting qubit 1 is described by the jump operator

L̂q1− =
(
σ̂−

01 +
√

2σ̂−
12

)
⊗ 1̂ ⊗ 1̂, (94)
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which together with Eq. (88) leads to

Trcmp
[
L̂q1†

− (t) L̂q1− (t)
]

= 5 − cos
(2πt
τ

)
, (95)

Trcmp
[
L̂q1†

− (t) 1̂cmp L̂
q1
− (t) 1̂cmp

]
= 1

4

[
17 − cos

(4πt
τ

)]
. (96)

As Tr
[
L̂q1− (t)

]
= 0, Eq. (7) in the main text becomes

δFCCZS(L̂q1− (t)) = −1
8

[
5 − cos

(2πt
τ

)]
+ 1

72 × 1
4

[
17 − cos

(4πt
τ

)]
. (97)

Performing the time integral we find∫ τ

0
dt δFCCZS(L̂q1− (t)) = −163

288τ. (98)

The jump operator for relaxation in the second qubit is given by

L̂q2− = 1̂ ⊗ σ̂−
01 ⊗ 1̂. (99)

This expression does not involve decay from |2⟩ as this state is not involved in the gate. It is straight-
forward to find

δFCCZS(L̂q2− (t)) = − 1
18

[
7 + cos

(2πt
τ

)]
, (100)

which leads to ∫ τ

0
dt δFCCZS(L̂q2− (t)) = − 7

18τ. (101)

The dephasing on qubits 1 and 2 is described by the jump operators

L̂q1ϕ = (|1⟩⟨1| + 2 |2⟩⟨2|) ⊗ 1̂ ⊗ 1̂, (102)

L̂q2ϕ = 1̂ ⊗ σ̂z ⊗ 1̂, (103)

with rates 2Γϕ and Γϕ/2, respectively. We find

δFCCZS(L̂q1ϕ (t)) = −41
96 + 7

36 cos
(2πt
τ

)
+ 1

96 cos
(4πt
τ

)
, (104)

δFCCZS(L̂q2ϕ (t)) = −85
96 − 1

72 cos
(2πt
τ

)
+ 1

96 cos
(4πt
τ

)
(105)

which leads to ∫ τ

0
dt δFCCZS(L̂q1ϕ (t)) = −41

96τ, (106)∫ τ

0
dt δFCCZS(L̂q2ϕ (t)) = −85

96τ. (107)

Adding up the contributions of the decoherence processes treated above, i.e., Eq. (98), Eq. (101),
Eq. (106), and Eq. (107), noting that qubit 3 can be treated in the same way as qubit 2, we find that
the total average gate fidelity is

FCCZS = 1 − 163
288Γq11 τ − 7

18
(
Γq21 + Γq31

)
τ − 41

96
(
2Γq1ϕ

)
τ − 85

96

(1
2
(
Γq2ϕ + Γq3ϕ

))
τ

= 1 − 163
288Γq11 τ − 7

18
(
Γq21 + Γq31

)
τ − 41

48Γq1ϕ τ − 85
192

(
Γq2ϕ + Γq3ϕ

)
τ, (108)

which is Eq. (17) in the main text.
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F Average gate fidelity for simultaneous CZ gates
Here we present the details of the derivation of the result in Eq. (19) in the main text using the
calculation in Appendix C. We consider a four-qubit system where two simultaneous CZ gates are
applied, on the pairs (q1, q2) and (q3, q4). The system has permutation symmetry under exchanging
the pairs, so it is enough to compute the fidelity reduction for qubits 1 and 2. We start with the effect
of energy relaxation on the average gate fidelity. As we already mentioned, since the jump operators
are off-diagonal operations we have

Trcmp
[
L̂q1− (t)

]
= Trcmp

[
L̂q1†

− (t)
]

= 0, (109)

Trcmp
[
L̂q2− (t)

]
= Trcmp

[
L̂q2†

− (t)
]

= 0. (110)

and from Eq. (38), Eq. (39), Eq. (43), and Eq. (44) we obtain

Trcmp
[
L̂q1†

− (t) L̂q1− (t)
]

= Trcmp
[
L̂q1†

− (t) 1̂cmp L̂
q1
− (t) 1̂cmp

]
= 2 + sin2(λt), (111)

Trcmp
[
L̂q2†

− (t) L̂q2− (t)
]

= Trcmp
[
L̂q2†

− (t) 1̂cmp L̂
q2
− (t) 1̂cmp

]
= 1 + cos2(λt). (112)

For dephasing on qubit 1, we have from Eq. (48), Eq. (49), and Eq. (50) that

Trcmp
[
L̂q1†
ϕ (t)

]
= Trcmp

[
L̂q1ϕ (t)

]
= 2 + sin2(λt), (113)

Trcmp
[
L̂q1†
ϕ (t) L̂q1ϕ (t)

]
= 1

2[7 − 3 cos(2λt)], (114)

Trcmp
[
L̂q1†
ϕ (t) 1̂cmp L̂

q1
ϕ (t) 1̂cmp

]
= 1 +

[
1 + sin2(λt)

]2
, (115)

and when the dephasing process acts on qubit 2, we have from Eq. (54), Eq. (55), and Eq. (56) that

Tr
[
L̂q2†
ϕ (t) L̂q2ϕ (t)

]
= 1

2[3 + cos(2λt)], (116)

Tr
[
L̂q2†
ϕ (t)

]
= Tr

[
L̂q2ϕ (t)

]
= 1 + cos2(λt), (117)

Trcmp
[
L̂q2†
ϕ (t) 1̂cmp L̂

q2
ϕ (t) 1̂cmp

]
= 1 + cos4(λt). (118)

Plugging the above results into Eq. (18) in the main text leads to

δF2(L̂q1− (t)) = − 4
17
[
2 + sin2(λt)

]
, (119)

δF2(L̂q2− (t)) = − 4
17
[
1 + cos2(λt)

]
, (120)

δF2(L̂q1ϕ (t)) = 1
17
[
2 + sin2(λt)

]2
+ 1

68

[
1 +

[
1 + sin2(λt)

]2]
− 1

8[7 − 3 cos(2λt)], (121)

δF2(L̂q2ϕ (t)) = 1
17
[
1 + cos2(λt)

]2
+ 1

68
[
1 + cos4(λt)

]
− 1

8[3 + cos(2λt)], (122)

and performing the time integrals, at λ = π/τ , yields∫ τ

0
dt δF2(L̂q1− (t)) = −10

17τ, (123)∫ τ

0
dt δF2(L̂q2− (t)) = − 6

17τ, (124)∫ τ

0
dt δF2(L̂q1ϕ (t)) = −245

544τ, (125)∫ τ

0
dt δF2(L̂q2ϕ (t)) = −117

544τ. (126)
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Adding up all the contributions, Eq. (3) in the main text gives that the average gate fidelity for the
simultaneous two-qubit CZ gates becomes

FCZ-CZ = 1 − 10
17
(
Γq11 + Γq31

)
τ − 6

17
(
Γq21 + Γq41

)
τ − 245

272
(
Γq1ϕ + Γq3ϕ

)
τ − 117

272
(
Γq2ϕ + Γq4ϕ

)
τ, (127)

where is Eq. (19) in the main text.
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