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ABSTRACT
We consider the variation of two fundamental types of zeta func-
tions that arise in the study of both physical and analytical problems
in geometric settings involving conical singularities. These are the
Barnes zeta functions and the Bessel zeta functions. Although the
series used to define them do not converge at zero, using methods
of complex analysis we are able to calculate the derivatives of these
zeta functions at zero. These zeta functions depend critically on a cer-
tain parameter, and we calculate the variation of these derivatives
with respect to the parameter. For integer values of the parameter,
we obtain a new expression for the variation of the Barnes zeta func-
tion with respect to the parameter in terms of special functions. For
the Bessel zeta functions, we obtain two different expressions for the
variation via two independent methods. Of course, the expressions
should be equal, and we verify this by demonstrating several iden-
tities for both special and elementary functions. We encountered
these zeta functions while working with determinants of Laplace
operators on cones and angular sectors.
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1. Introduction

Zeta functions are ubiquitous in mathematics and physics. The first zeta function one
typically encounters as a student is Riemann’s zeta function,

ζR(z) =
∑
n≥1

n−z.

Although it was not defined by Riemann, it is named after him because he demonstrated
a relationship between its zeros and the distribution of prime numbers [1] that turned out
to be essential to the first proofs of the prime number theorem by Hadamard [2] and de la
Vallée Poussin [3] in 1896. This zeta function was introduced by Euler in the early 1700 s
who showed, among other things, that it is equal to a product over prime numbers:

ζR(z) =
∏

p prime

1
1 − p−z .

CONTACT Julie Rowlett julie.rowlett@chalmers.se
∗Present address: Independent Researcher.
© 2025 The Author(s). Published by Informa UK Limited, trading as Taylor & Francis Group.
This is anOpenAccess article distributed under the terms of the Creative CommonsAttribution License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in anymedium, provided the originalwork is properly cited. The terms
on which this article has been published allow the posting of the Accepted Manuscript in a repository by the author(s) or with their consent.

http://www.tandfonline.com
https://crossmark.crossref.org/dialog/?doi=10.1080/17476933.2025.2480793&domain=pdf&date_stamp=2025-12-20
mailto:julie.rowlett@chalmers.se
http://creativecommons.org/licenses/by/4.0/


COMPLEX VARIABLES AND ELLIPTIC EQUATIONS 315

Thismay hint towards a relationship between Riemann’s zeta function and the distribution
of prime numbers. More generally, every global field has a zeta function that is intimately
related to the distribution of its primes. The Riemann zeta function is associated with the
field of rational numbers. This motivates the investigation of zeta functions in number
theory.

However, zeta functions are also essential objects in physics and geometric analysis. To
see this connection, recall the one-dimensional Helmholtz equation on a bounded interval
[0, �] with the Dirichlet boundary condition:

f ′′(x)+ λf (x) = 0, f (0) = f (�) = 0.

This is equivalently the eigenvalue equation for the Laplace operator; the goal is to find
all functions f (not identically zero) and numbers λ that satisfy the equation. Solving the
Helmholtz equation is an essential step in solving both the heat and wave equations. Using
calculus one can show that

fn(x) = sin
(nπx
�

)
, λn = n2π2

�2
, n ∈ N+

are solutions. Harnessing techniques from Fourier analysis [4] and the general spectral
theory of self-adjoint operators, one can show that these functions are (up tomultiplication
by constants) all the eigenfunctions and therefore the full set of eigenvalues is {λn}n≥1.
Since the collection of eigenvalues of an operator is known as its spectrum, a spectral zeta
function is defined to be

ζ(z) =
∑
n≥1

λ−z
n .

For this particular example,

∑
n≥1

λ−z
n =

∑
n≥1

(
n2π2

�2

)−z

= �2z

π2z ζR(2z).

Spectral zeta functions can be used to define the determinant of unbounded operators, like
the Laplace operator,�, if one can make sense of

ζ ′(0) =⇒ det(�) = e−ζ ′(0).

This is known as the zeta-regularized determinant. This determinantwas introduced byRay
and Singer in [5] in connection to analytic torsion. Later, Stephen Hawking showed that
it can be used to obtain an energy momentum tensor which is finite even on the horizon
of a black hole [6]. The zeta-regularized determinant gives a valuable function on the set
of Riemannian metrics on a manifold whose extremal properties have also been studied
in various settings, [7]. The value of a spectral zeta function at specific points is further
used in physics to define quantities like Casimir energy [8]. In that context, formally the
sum

∑
n≥1 λ

1/2
n comes up in energy computations leading to an analysis of ζ(z) about

z = −1/2 [9]. Residues and values at various points connect the eigenvalue spectrumwith
the geometry and topology of the underlying manifold [10,11]. Determinants of Laplace
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operators are at the core of the relationship between different areas of mathematics, such
as geometric analysis, spectral theory, mathematical physics and number theory.

In geometric analysis and dynamical systems, there are even more zeta functions,
including the celebrated Selberg zeta function [12] as well as Ruelle and more general
dynamical zeta functions [13]. These functions are useful for demonstrating relationships
between the Laplace spectrum on a Riemannian manifold and its geometry, especially the
lengths of its closed geodesics. Dynamical zeta functions are often used to study closed
orbits in flows, including the geodesic flow. The proof of the prime number theorem for
the distribution of primes based on the complex analysis of the Riemann zeta function
helped to inspire the proof of so-called ‘prime orbit theorems’ for the distribution of prime
orbits of a dynamical system based on the analysis of its associated dynamical zeta function
[14–17].

All of these different types of zeta functions typically share a few common features, like
their defining series converges in a certain half space of the complex plane. In many cases,
the series admits a meromorphic continuation to the entire complex plane. When this is
the case, it is often interesting to determine the value of the zeta function and its derivative
at the origin, if this point is not a pole. This motivates our present study. We focus on a
certain one-parameter family of Barnes type zeta functions [18]. The Barnes zeta function

ζB,N(z,w|a1, . . . , aN) =
∑

n1,...,nN≥0

1
(w + n1a1 + . . .+ nNaN)z

is defined for w, aj ∈ C such that their real parts are positive for all j, and for complex z
with real part Re(z) > N. Specializing to the case N = 2, we define

ζB(z; a, b, x) =
∞∑

m,n=0
(am + bn + x)−z .

Here, a, b, x ∈ C have positive real parts, and this expression is well defined for z ∈ C with
real part larger than 2. Barnes developed a comprehensive theory for a new class of special
functions, which he called multiple zeta and gamma functions [18]. For some hyperbolic
surfaces, closed explicit expressions for the determinant of the Laplacian involving the
Barnes double zeta function were obtained in [19–21]. In these contexts, the determinant
of the Laplacian can also be expressed in terms of the Selberg zeta function defined by
the lengths of closed geodesics on the surface. Consequently the study of the Barnes zeta
function has further implications for the Selberg zeta function and the lengths of closed
geodesics in these settings. The one-parameter family of Barnes type zeta functions which
is the first main protagonist in our study is

ζc(z) =
∞∑

n,�=1

(c�+ n)−z = c−z (ζB(z; c−1, 1, 1)− ζR(z)
)
, Re c > 0. (1)

This zeta function is well-defined for z ∈ C with real part larger than 2. In the formalism
of [22] it is this zeta function one encounters in the analysis of the Laplacian on circular
sectors; see Section 3 of [23] for details. In our first result, Proposition 2.2 we calculate
ζ ′
c(0), using the series formulation directly.We note that an alternativemethodwould be to
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differentiate each of the functions in the right side of (1) as these are well-known functions.
However, our approach of working directly with the series expression in the middle of (1)
may be instructive or useful to readers. Moreover, we use this explicit expression to further
relate this function to the Hurwitz zeta function.

In [24], Spreafico derived both series and integral representations for the spectral zeta
function associated with the Friedrichs Dirichlet Laplacian on Euclidean cones. Later in
[25], Klevtsov discovered an intricate and significant relationship between the integral rep-
resentation of the derivative of this spectral zeta function, as found in [24, Lemma 2], and
the integral form for the derivative of the Barnes double zeta function, detailed in [26, Prop.
5.1]. A thorough analysis of this was done in [27, page 12362]. Consequently, the spectral
zeta function of the Friedrichs Dirichlet Laplacian on Euclidean cones can be represented
using the Barnes double zeta function as in [25, Eqn. (B.13)]. Moreover, the aforemen-
tioned result is equivalent to the expression for the zeta-regularized determinant on cones
we obtained in [23]. The Barnes zeta function in our study effectively captures how the
zeta-regularized determinant of the Laplacian depends on the angle of a conical singu-
larity, both on constant curvature cones and on compact Riemann surfaces with conical
singularities, as shown in [28] and [23, Eqn. (3.2)]. In this context, the parameter c = 2π

α
for a cone with opening angle α, or c = π

α for a circular sector of opening angle α. This
is one reason why it is important to study the dependence of ζc(z) on the parameter c.
Although the Barnes double zeta function ζB(0; c−1, 1, 1) has been previously studied in
the literature, our independent analysis requires careful manipulation of the series expres-
sion for ζc given by the first series in (1); see the proof of Proposition 2.4. For this reason, we
have introduced this particular one-parameter family of Barnes type zeta functions rather
than studying the more familiar ζB(0; c−1, 1, 1). In that sense as well, our calculations may
be seen as a complement to the existing literature.

After having established that ζc(s) is holomorphic near s = 0 and calculated its value
and that of its derivative, we then proceed to investigate the dependence on the parame-
ter c. We show two different methods to compute the derivative with respect to c of ζ ′

c(0).
The first method is to simply differentiate the expression obtained in Proposition 2.2 with
respect to c and show that this is well-defined. Interestingly, there is a completely inde-
pendent method based on geometric and microlocal analysis [29,30] that further involves
the second class of zeta function protagonists in our study, the Bessel zeta functions. Let
λn,0 denote the nth positive zero of the Bessel function J0. Then we define the Bessel zeta
function

ξ0(z) :=
∑
n≥1

λ−z
n,0. (2)

More generally, for Re c > 0, let λn,� denote the nth positive zero of the Bessel function Jc�
of order c� for positive integer values � ≥ 1. Then, we define the Bessel zeta function

ξc(z) =
∞∑

�,n=1

λ−z
n,�. (3)

The study of associated zeta functions, without the summation over �, seems to go back
to Hawkins [31] with several more details provided in [32]. Notice that ξc(z), with c>0,
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corresponds to the spectral zeta function of the Dirichlet Laplacian,�Sα , on a planar angu-
lar sector of unit radius and opening angle α with α = π

c . Hence
d
dz ξc(z)|z=0 obtained by

analytic continuation and computed in Proposition 3.2 corresponds to − log(det(�Sα )).
The first main result of this work is the following theorem for the Barnes zeta function.

Theorem 1.1: Let ζc(z) be defined as in (1). Then the derivative with respect to c of ζ ′
c(0) is

d
dc
ζ ′
c(0) =

∫ ∞

1

1
t

1
et − 1

−t ect

(ect − 1)2
dt

+
∫ 1

0

1
t

( −t ect

(et − 1)(ect − 1)2
+ 1

c2t2
− 1

2c2t
− 1

12
+ 1

12c2

)
dt

+ γe

(
1
12

− 1
12c2

)
. (4)

If c = j>1 is an integer, then this expression is equal to

d
dc
ζ ′
c(0)

∣∣∣∣
c=j

= − 1
12

− 1
8j2

+ 1 − j2

12j2
log j − 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)
. (5)

Hereψ(x) = d
dx log�(x) is the so-called di-Gamma function and γe is the Euler-Mascheroni

constant.

Thederivatives of theBarnes zeta functions have beenpreviously studied. In [27], Kalvin
obtained an expression for the second variation of the Barnes zeta functions to study
extrema of determinants of Laplacians on Euclidean isosceles triangle envelopes. Previ-
ously, in 1994, Aurell and Salomonson [33] investigated the determinant of the Laplacian
on polygons and simplicial complexes, obtaining certain formulas for how the determinant
changes upon changing the side lengths and angles. In both articles formulas similar to ours
are obtained independently via different methods. Specifically, the expression in (4) for the
variation of ζ ′

c(0)with respect to c is equivalent to the representation from [27, (A.4), (A.5)]

ζ ′
B(0; a, 1, 1) = γe

12

(
a + 1

a

)
− 1

12

(
1
a

+ 3 + a
)
log a + 5

24
a − 1

4
log(2π)+ J(a),

with

J(a) =
∫ ∞

0

(
t

et − 1
1

t2(et/a − 1)
+ 1

et − 1

(
1
2t

− a
et

(et − 1)2
− 1

12

(
a + 1

a

)))
dt,

as in [33]. Thanks to the analyticity, one may differentiate with respect to a any number
of times. The functions ζ ′

B(0; a, 1, 1) and J(a) were evaluated for any rational values of a
in [28, Appendix] and [33], respectively; see also [34, § 2]. For non-experts, based on the
definition (1) as an infinite series, it may not be so immediate that the variation can be
expressed as a sum of integrals without any infinite series. Furthermore, to the best of our
knowledge, our derivation in § 2.1 of the expression in (5) in the case when the parameter
is an integer presented here is novel. For us, Theorem 1.1 is a suitable representation that
we shall use to prove the next result concerning the Bessel zeta function.
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Theorem 1.2: Let ξc(z) be defined as in (3). Assume that the parameter c>1 is an integer.
Then we have the equality for the derivative with respect to c of the Bessel zeta function ξ ′

c(0)

d
dc
(
ξ ′
c(0)

) = 1
2

∫ ∞

1

1
t

1
et − 1

−t ect

(ect − 1)2
dt

+ 1
2

∫ 1

0

1
t

( −t ect

(et − 1)(ect − 1)2
+ 1

c2t2
− 1

2c2t
− 1

12
+ 1

12c2

)
dt

+ 1
2
γe

(
1
12

− 1
12c2

)
− 5

48c2
− 1

24
log(2)

(
1 − 1

c2

)

= − π

2c2

⎛
⎝ 1
3π

+ c2

12π
− γe

12π
(
c2 − 1

)− 1
2π

� c
2−1	∑
k=1

log | sin(kπ/c)|
sin2(kπ/c)

⎞
⎠ . (6)

Assume that the parameter c>1 is not an integer. Thenwe have the equality for the derivative
with respect to c of the Bessel zeta function ξ ′

c(0)

d
dc
(
ξ ′
c(0)

) = 1
2

∫ ∞

1

1
t

1
et − 1

−t ect

(ect − 1)2
dt

+ 1
2

∫ 1

0

1
t

( −t ect

(et − 1)(ect − 1)2
+ 1

c2t2
− 1

2c2t
− 1

12
+ 1

12c2

)
dt

+ 1
2
γe

(
1
12

− 1
12c2

)
− 5

48c2
− 1

24
log(2)

(
1 − 1

c2

)

= − π

2c2

⎛
⎝ 1
3π

+ c2

12π
+

� c
2−1	∑

k=�− c
2	,k
=0

−2γe + log 2 − log (1 − cos(2kπ/c))
4π(1 − cos(2kπ/c))

⎞
⎠

− π

2c2

(
2c
π

sin(πc)
∫

R

− log 2 + 2γe + log(1 + cosh(s))
16π(1 + cosh(s))(cosh(cs)− cos(cπ))

ds
)
. (7)

As a consequence of the results in [22] a relation between ξc(z) and ζc(z) can be estab-
lished (see [23, § 3] for explanations) and used to obtain Equation (15) which together with
Theorem 1.1 lead to the first equalities in Equations (6) and (7) in Theorem 1.2.Most of the
work in the current article is directed to demonstrate the second equality in Equations (6)
and (7). These relate the two different expressions for the variation of the derivative at zero
of the Bessel zeta functions obtained by completely different methods. We demonstrate
these equalities explicitly. Our proof requires us to establish identities for both elementary
and special functions that we have not seen elsewhere in the literature. We also perform
complex contour integral calculations using specific (not so obviously chosen) integrands.
Even though the first expression given here for the variation of the Bessel zeta functionwith
respect to the parameter may either be known or expected to some experts, our derivation
of these formulas is much more self-contained and more inclusive for a broader audience.

1.1. Organization

Thiswork is organized as follows. In § 2, we prove Theorem1.1. To do this, we first calculate
the Barnes zeta function’s derivative at zero, ζ ′

c(0) as well as its derivative with respect to
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the parameter c, thereby completing the proof of (4) in Theorem 1.1. We then focus on the
case in which the parameter c is a natural number, completing the proof of Theorem 1.1 in
§ 2.1. In § 3, we prove Theorem 1.2. We begin by showing that the Bessel zeta functions ξ0
and ξc are holomorphic in a neighborhood of 0, and we compute their derivatives at 0. We
then compute the variation with respect to the parameter c, in Proposition 3.2, obtaining
the first expressions in (6) and (7). There is an alternative way to compute the variation
with respect to the parameter c based on geometric and microlocal analysis which we give
in Proposition 3.3. We then complete the proof of Theorem 1.2 by demonstrating several
identities involving both elementary and special functions that may be of independent use
or interest.We note that the proofs of (6) and (7) require quite different techniques in these
two cases. We conclude in § 4 with further directions and possible applications.

2. The Barnes zeta function

Before we start with the computation of the derivative at zero of the Barnes zeta function
and its variation with respect to the parameter c, let us recall the definition of the ‘big-O’
notation.

Definition 2.1: We write that f (t) isO(g(t)) as t → t0 ∈ C if there is a constant C>0 and
ε > 0 such that for all |t − t0| < ε,

|f (t)| ≤ Cg(t).

We write that f (t) is O(g(t)) as |t| → ∞ if there is a constant M>0 such that the above
inequality holds for all |t| > M.

We further recall the � function,

�(z) =
∫ ∞

0
tz−1 e−t dt, Re(z) > 0. (8)

By the functional equation �(z + 1) = z�(z), one obtains the meromorphic extension to
z ∈ C with simple poles at non-positive integer points. For the sake of clarity, we note that
log here is the real natural logarithm, sometimes written ln.

Proposition 2.2: Let ζc(z) be defined as in (1). Define

b−2 = 1
c
, b−1 = −1

2
− 1

2c
, b0 = 1

4
+ c

12
+ 1

12c
. (9)

Then,

ζ ′
c(0) =

∫ ∞

1

1
t

1
ect − 1

1
et − 1

dt +
∫ 1

0

1
t

(
1

ect − 1
1

et − 1
− b−2

t2
− b−1

t
− b0

)
dt

− 1
2
b−2 − b−1 + b0γe.

Proof: We have

�(z)ζc(z) =
∫ ∞

0
xz−1 e−x dx

∑
n,�≥1

(c�+ n)−z, Re(z) > 2.
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By the absolute convergence, we may switch summation and integration and make the
substitution t = x

c�+n to obtain

�(z)ζc(z) =
∫ ∞

0
tz−1

∑
n,�≥1

e−(c�+n)t dt =
∫ ∞

0
tz−1 1

ect − 1
1

et − 1
dt.

The last equality follows from summing the two geometric series. We therefore obtain

ζc(z) = 1
�(z)

∫ ∞

0
tz−1 1

ect − 1
1

et − 1
dt. (10)

From the t → 0 behavior it follows that this representation is valid for Re z > 2. We
calculate the Laurent expansion near t = 0 of the exponential terms

1
ect − 1

1
et − 1

= b−2

t2
+ b−1

t
+ b0 + O(t),

with the coefficients b0, b1, and b2 defined in (9). We therefore rewrite (10) as

ζc(z) = 1
�(z)

∫ ∞

1
tz−1 1

ect − 1
1

et − 1
dt + 1

�(z)

×
∫ 1

0
tz−1

(
1

ect − 1
1

et − 1
− b−2

t2
− b−1

t
− b0

)
dt

+ 1
�(z)

∫ 1

0
tz−1

(
b−2

t2
+ b−1

t
+ b0

)
dt = 1

�(z)

∫ ∞

1
tz−1 1

ect − 1
1

et − 1
dt

+ 1
�(z)

∫ 1

0
tz−1

(
1

ect − 1
1

et − 1
− b−2

t2
− b−1

t
− b0

)
dt

+ 1
�(z)

(
b−2

z − 2
+ b−1

z − 1
+ b0

z

)
. (11)

This is now valid for Re z > −1, in particular suitable for the computation of ζ ′
c(0). Since

�(z) has a simple pole at z = 0 with residue equal to one, we calculate

d
dz

(
1
�(z)

)∣∣∣∣
z=0

= 1,
d
dz

(
1

z�(z)

)∣∣∣∣
z=0

= γe.

Above, γe is the Euler-Mascheroni constant. With this, we obtain the proposition’s expres-
sion for ζ ′

c(0). �

As a corollary, we obtain the derivative with respect to the parameter c.

Corollary 2.3: Let ζc(z) be defined as in (1). Then the derivative with respect to c of ζ ′
c(0) is

d
dc
ζ ′
c(0) =

∫ ∞

1

1
t

1
et − 1

−t ect

(ect − 1)2
dt

+
∫ 1

0

1
t

( −t ect

(et − 1)(ect − 1)2
+ 1

c2t2
− 1

2c2t
− 1

12
+ 1

12c2

)
dt
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+ γe

(
1
12

− 1
12c2

)
. (12)

Proof: The proof is a consequence of differentiating the terms in ζ ′
c(0) with respect to c

which is justified by the absolute convergence of the integrals together with the dominated
convergence theorem. We note that

d
dc
(b−2) = −1

c2
,

d
dc
(b−1) = 1

2c2
,

d
dc
(b0) = 1

12
− 1

12c2
.

�

2.1. The variation of the Barnes zeta functionwhen the parameter is a natural
number

To prove the expression for the variation of ζ ′
c(0)with respect to cwhen c is an integer given

in (5) of Theorem 1.1, we demonstrate identities involving both elementary and special
functions. For this reason, this method and the identities involving both elementary and
special functions obtained along the way may be of independent interest.

Proposition 2.4: The derivative with respect to the parameter c, of ζ ′
c(0), evaluated at an

integer point c = j ∈ N is

d
dc
ζ ′
c(0)

∣∣∣∣
c=j

= − 1
12

− 1
8j2

+ 1 − j2

12j2
log j − 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)
.

Proof: Differentiating the definition of the Barnes zeta function with respect to the
parameter c and setting c = j ∈ N yields

d
dc
ζc(s)

∣∣∣∣
c=j

= −s
∑
n≥1

∑
�≥1

�(�c + n)−s−1

∣∣∣∣∣∣
c=j

= −s
∑
n≥1

∑
�≥1

�(�j + n)−s−1.

We split the sum over n into sums over the congruency classes of Z/jZ,

∑
n≥1

∑
�≥1

�(j�+ n)−s−1 =
j∑

p=1

∑
m≥0

∑
�≥1

�(j�+ mj + p)−s−1, n = mj + p.

We consider each of these sums separately for p ∈ {1, . . . , j},
∑
m≥0

∑
�≥1

�(j�+ mj + p)−s−1 =
∑
m≥0

∑
�≥1

�j−s−1
(
�+ m + p

j

)−s−1
.

We make the substitution, k = �+ m. Then k ranges from 1 to ∞, but the sum over � is
only from 1 to k, so we obtain

∑
m≥0

∑
�≥1

�j−s−1
(
�+ m + p

j

)−s−1
= j−s−1

∑
k≥1

k∑
�=1

(
k + p

j

)−s−1
�.
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Using the well-known identity
∑k
�=1 � = k(k+1)

2 , we have

j−s−1
∑
k≥1

k∑
�=1

(
k + p

j

)−s−1
�

= 1
2
j−s−1

∑
k≥1

(
k + p

j

)−s−1
k(k + 1)

= 1
2
j−s−1

∑
k≥1

(
k + p

j

)−s−1 (
k + p

j
− p

j

)(
k + p

j
+ j − p

j

)

= 1
2
j−s−1

∑
k≥1

(
k + p

j

)−s−1
[(

k + p
j

)2
+
(
j − p
j

− p
j

)(
k + p

j

)
− p(j − p)

j2

]
.

We separate these terms by using the Hurwitz zeta function,

ζH(s; q) :=
∑
k≥0

(k + q)−s.

We then obtain that

d
dc
ζc(s)

∣∣∣∣
c=j

= − sj−s−1

2

j∑
p=1

{
ζH

(
s − 1;

p
j

)
+ j − 2p

j
ζH

(
s;
p
j

)
− p(j − p)

j2
ζH

(
s + 1;

p
j

)}

= I + II + III.

Now we differentiate each of these terms separately. For the first two terms, we simply
compute the derivative with respect to s and then set s = 0. The s in the front makes this
computation very easy. The third term in the bracket has a singularity at s = 0. Thus, there
will be a contribution from the residue at s = 0 to the derivative. Here are the computations
term by term:

d
ds

∣∣∣∣
s=0

I = − 1
2j

j∑
p=1

ζH

(
−1;

p
j

)
= − 1

2j

j∑
p=1
(−1)

B2(p/j)
2

by [35, 9.531], where here and in what follows Bn denotes the nth Bernoulli polynomial.
By [35, 9.627], B2(x) = x2 − x + 1

6 , and so we have

1
4j

j∑
p=1

B2(p/j) = 1
4j

j∑
p=1

(
1
6

− p
j

+ p2

j2

)
= 1

4j

(
j
6

− j(j + 1)
2j

+ j(j + 1)(2j + 1)
6j2

)

= 1
24j2

.
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Next,

d
ds

∣∣∣∣
s=0

II = − 1
2j

j∑
p=1

j − 2p
j

ζH

(
0;
p
j

)
= − 1

2j

j∑
p=1

j − 2p
j

(−1)B1(p/j),

by [35, 9.531]. By [35, 9.627.1], B1(x) = x − 1
2 , and so this is

1
2j2

j∑
p=1
(j − 2p)(p/j − 1/2)

= 1
2j2

j∑
p=1
(p − 2p2/j − j/2 + p) = 1

2j2

(
j(j + 1)− j(j + 1)(2j + 1)

3j
− j2

2

)

= 1
2j2

(
j2 + j − 2j2 + 3j + 1

3
− j2

2

)

= 1
2j2

(
− j2

6
− 1

3

)
= − 1

12
− 1

6j2
.

Since III is singular at s = 0, we calculate the asymptotic behavior as s → 0 of the terms.
The third term is

sj−s−3

2

j∑
p=1

p(j − p)ζH
(
s + 1;

p
j

)
.

By [35, 9.533.2] we have that

ζH

(
s + 1;

p
j

)
= 1

s
− ψ

(
p
j

)
+ O(s), s → 0, ψ(x) = d

dx
log�(x).

Since

j−s−3 = 1
j3
e−s log j = 1

j3
(
1 − s log j + O(s2)) ,

we therefore have as s → 0

sj−s−3

2
ζH

(
s + 1;

p
j

)
= s

2j3
(
1 − s log j + O(s2)) (1

s
− ψ

(
p
j

)
+ O(s)

)

= s
2j3

(
1
s

− ψ

(
p
j

)
− log j + O(s)

)
.

Consequently, we compute that

d
ds

III|s=0 = 1
2j3

j∑
p=1

p(j − p)
(

−ψ
(
p
j

)
− log j

)
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= − 1
2j3

j(j + 1)(j − 1)
6

log j − 1
2j3

j∑
p=1

p(j − p)ψ
(
p
j

)

= 1 − j2

12j2
log j − 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)
.

Putting together the three terms we obtain

d
dc
ζ ′
c(0)

∣∣∣∣
c=j

= 1
24j2

− 1
12

− 1
6j2

+ 1 − j2

12j2
log j − 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)

= − 1
12

− 1
8j2

+ 1 − j2

12j2
log j − 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)
. �

3. The Bessel zeta functions

Ourmotivation for the study of the Bessel zeta functions originates in our study of the zeta
regularized determinant on circular sectors and cones [23]. The Bessel zeta function ξc(2s)
with parameter c = π

α is precisely the spectral zeta function for theDirichlet Laplacian on a
circular sector of opening angleα since the eigenvalues in this case are exactly the squares of
the positive zeros of the Bessel functions Jc�,λ2n,�withn, � ≥ 1, as in [23, § 3]. Consequently,
the variation with respect to the parameter c of ξ ′

c(0) corresponds to the variation of the
zeta regularized determinant of the Laplacian under change of the angle. This relates to
the study of the extremal problem for determinants of Laplacians and its connection to the
‘best shape’ initiated in [7]. However, in [7], the variation is with respect to the change of a
smooth conformal factor. To study the variation of a cone angle expressed as a conformal
variation would require a conformal factor with a logarithmic singularity at the cone point
as discussed in [29, §2] and introduces several technical difficulties. Nonetheless, in both
[19–21,27–29] results have been obtained for the variation of the determinant with respect
to angular variation. As an example of the type of results that have been obtained in this
context, Kalvin proved in [27] that for Euclidean isosceles triangle envelopes there could
be an absolute maximum or an absolute minimum of the determinant of the Laplacian,
depending of the ‘size’ (area) of the triangle envelope. The formulas presented here are
aimed to help in the investigation of the extremal problem for the determinant on cones
and sectors. Similar types of zeta functions appear not only in the study of determinants
of Laplacians in various geometric settings, but also in analytic number theory [36,37]
and we therefore hope that our results and more self-contained, detailed (and at times
elementary) proofs may be instructive and useful for the study of related zeta functions in
various contexts.We begin our study of the Bessel zeta functions by demonstrating a result
for the Bessel zeta function, ξ0 as defined in (2).

Proposition 3.1: The Bessel zeta function ξ0(s) in (2) is holomorphic in a neighborhood of
s = 0, and

ξ ′
0(0) = −1

2
log(2π).
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Proof: By [9, p. 57],

ξ0(s) =
∫
γ

1
2π i

k−2s d
dk

log J0(k) dk = sinπs
π

∫ ∞

0
z−2s d

dz
log I0(z) dz,

1
2
< Re(s) < 1.

Here γ is a contour that goes around the positive part of the real axis while enclosing all
λn,0 > 0. The precise form of the contour is given in [9, p. 43] but it is not relevant for
our purposes. Above, I0 is the modified Bessel function of the first type of order zero. The
behaviors as z → 0 and ∞ of the modified Bessel function are, respectively,

I0(z) = 1 + z2

4
+ O(z4), z → 0, (13)

log I0(z) ∼ z − 1
2
log(2πz)+ O(1/z), z → ∞. (14)

We split the integral above as

ξ0(s) = sinπs
π

(∫ 1

0
+
∫ ∞

1

)
z−2s d

dz
log I0(z) dz = sinπs

π

∫ 1

0
z−2s d

dz
log I0(z) dz

+ sinπs
π

∫ ∞

1
z−2s d

dz

(
log I0(z)− z + 1

2
log(2πz)

)
dz

+ sinπs
π

∫ ∞

1
z−2s d

dz

(
z − 1

2
log(2πz)

)
dz.

This last integral becomes∫ ∞

1
z−2s

(
1 − 1

2z

)
dz = 1

2s − 1
− 1

4s
, Re s >

1
2
.

For the middle term, we use integration by parts to obtain∫ ∞

1
z−2s d

dz

(
log I0(z)− z + 1

2
log(2πz)

)
dz

= z−2s
(
log I0(z)− z + 1

2
log(2πz)

)∣∣∣∣
∞

1

+
∫ ∞

1
2sz2s−1

(
log I0(z)− z + 1

2
log(2πz)

)
dz.

By (14), this is well-defined for Re(s) > − 1
2 , and it is

− log I0(1)+ 1 − 1
2
log(2π)+ 2s

∫ ∞

1
z2s−1

(
log I0(z)− z + 1

2
log(2πz)

)
dz.

By (13), the first term (3) is well-defined for Re(s) < 1. We therefore obtain

ξ0(s) = sinπs
π

∫ 1

0
z−2s d

dz
log I0(z) dz + sinπs

π

[
− log I0(1)+ 1 − 1

2
log(2π)

]
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+ 2s sinπs
π

∫ ∞

1
z2s−1

(
log I0(z)− z + 1

2
log(2πz)

)
dz

+ sinπs
π

(
1

2s − 1
− 1

4s

)
.

The first term is well defined for all s with Re(s) < 1. We obtained the second and third
terms for Re(s) > − 1

2 . The fourth term is valid for 1
2 < Re(s) and admits a meromor-

phic extension to − 1
2 < Re(s) with a simple pole at s = 1

2 . This extension is holomorphic
in a neighborhood of s = 0 due to the vanishing of the pre-factor, sin(πs). We therefore
compute:

ξ ′
0(0) = d

ds
sinπs
π

∣∣∣∣
s=0

(
log I0(1)− log I0(0)− log I0(1)+ 1 − 1

2
log(2π)− 1

)
I0(0)=1= −1

2
log(2π). �

We next demonstrate a result for the general Bessel zeta functions ξc(s) defined in (3).

Proposition 3.2: The Bessel zeta function ξc(s) is holomorphic in a neighborhood of s = 0
and satisfies

ξ ′
c(0) = 1

2

∫ ∞

1

1
t

1
ect − 1

1
et − 1

dt + 1
2

∫ 1

0

1
t

(
1

ect − 1
1

et − 1
− b−2

t2
− b−1

t
− b0

)
dt

+ 1
2

(
1
2

+ γe

(
1
4

+ c
12

+ 1
12c

))
+ 5

48c
− 1

24

(
c + 1

c

)
log 2.

Moreover, the variation with respect to the parameter c is

d
dc
(
ξ ′
c(0)

) = 1
2

∫ ∞

1

1
t

1
et − 1

−t ect

(ect − 1)2
dt + 1

2

∫ 1

0

1
t

×
( −t ect

(et − 1)(ect − 1)2
+ 1

c2t2
− 1

2c2t
− 1

12
+ 1

12c2

)
dt

+ 1
2
γe

(
1
12

− 1
12c2

)
− 5

48c2
− 1

24

(
1 − 1

c2

)
log 2.

Proof: We have the identity from [22]

ξc(s) =
∞∑
�=1

1
2π i

∫
γ
k−s ∂

∂k
log Jc�(k) dk.

The contour γ encloses all of the positive zeros λn,�, and the representation is valid for
Re(s) > 1. The analytical continuation has been constructed in detail and in greater gen-
erality in [22] which show that is holomorphic in a neighborhood of s = 0 and (see also
[23, § 3])

ξ ′
c(0) = 1

2

[
ζ ′
c(0)+ 5

24c
− 1

12

(
c + 1

c

)
log 2

]
. (15)

Substituting the values from Proposition 2.2 and Corollary 2.3 completes the proof. �
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The variation of the Bessel zeta function with respect to the parameter c can be obtained
as a corollary to [29, Theorem 4].1 We note that the proofs of Proposition 3.2 and that of
Proposition 3.3 are completely independent.

Proposition 3.3: The derivative of the Bessel zeta function ξ ′
c(0) with respect to the param-

eter c is, for c ∈ (1,∞),

d
dc
ξ ′
c(0) = − π

2c2

⎛
⎝ 1
3π

+ c2

12π
+

� c
2−1	∑

k=�− c
2	,k
=0

−2γe + log 2 − log (1 − cos(2kπ/c))
4π(1 − cos(2kπ/c))

⎞
⎠

− π

2c2

(
2c
π

sin(πc)
∫

R

− log 2 + 2γe + log(1 + cosh(s))
16π(1 + cosh(s))(cosh(cs)− cos(cπ))

ds
)
.

Proof: The Bessel zeta function evaluated at 2s, ξc(2s) is equal to the spectral zeta func-
tion for the Laplace operator with the Dirichlet boundary condition on a circular sector
of radius one and opening angle πc , for c>1 real. Denoting this spectral zeta function by
ζSα (s) we therefore have

ξc(2s) = ζSα (s), α = π

c
, c = π

α
=⇒ ζ ′

Sα (0) = 2ξ ′
c(0),

and

d
dα

(
ζ ′
Sα (0)

) = − π

α2
d
dc
(2ξ ′

c(0)) = −c2

π

d
dc
(2ξ ′

c(0))

so
d
dc
ξ ′
c(0) = − π

2c2
d
dα

(
ζ ′
Sα (0)

)
. (16)

We therefore recall the statement of [29, Theorem 4]

d
dα
ζ ′
Sα (0) = 1

3π
+ π

12α2
+
∑
k∈Wα

−2γe + log 2 − log (1 − cos(2kα))
4π(1 − cos(2kα))

+ 2
α
sin(π2/α)

∫
R

− log 2 + 2γe + log(1 + cosh(s))
16π(1 + cosh(s))(cosh(πs/α)− cos(π2/α))

ds.

Above,

kmin =
⌈−π
2α

⌉
, and kmax =

⌊ π
2α

⌋
if
π

2α

∈ Z, otherwise kmax = π

2α
− 1,

and

Wα =
{
k ∈

(
Z

⋂
[kmin, kmax]

)
\
{
�π

α

}
�∈Z

}
.

A straightforward calculation as done in [23, Proposition 3.2] shows that the set Wα is
precisely the set of integers

Z ⊃ Wα = {j}kmax
kmin

\ {0}, kmax =
⌈ π
2α

− 1
⌉
.

Using the relationship c = π
α together with (16) completes the proof. �
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3.1. The variation of the Bessel zeta functionwhen the parameter is a natural
number

Theorem 1.2 not only states that the expressions in Propositions 3.2 and 3.3 for the deriva-
tive of ξ ′

c(0)with respect to c are equal, it also gives a further simplification in the case when
the parameter c is a natural number. Our proof reveals several identities involving special
functions, some of which appear to be new. The first identities we establish by transforming
certain sums of trigonometric functions are however not new; they can be obtained from
our study of zeta-regularized determinants [23].

Proposition 3.4: For any α > 0, for any finite sum over integers that excludes the value
k = 0, we have the equality

∑
k

−2γe + log 2 − log (1 − cos(2kα))
4π(1 − cos(2kα))

= −
∑
k

γe + log | sin(kα)|
4π sin2(kα)

.

Next, assume that c>0 is not an even integer. Then we have the identity

−
� c
2−1	∑

k=�− c
2	,k
=0

γe + log | sin(kπ/c)|
4π sin2(kπ/c)

= −
� c
2−1	∑
k=1

γe + log | sin(kπ/c)|
2π sin2(kπ/c)

.

If c>0 is an integer (even or odd), then we have the identities

c−1∑
k=1

1
sin2(kπ/c)

= 1
3
(
c2 − 1

)
,

� c
2−1	∑
k=1

log | sin(kπ/c)|
2π sin2(kπ/c)

=
c−1∑
k=1

log | sin(kπ/c)|
4π sin2(kπ/c)

,

−
� c
2−1	∑

k=�− c
2	,k
=0

γe + log | sin(kπ/c)|
4π sin2(kπ/c)

= − γe

12π
(
c2 − 1

)− 1
2π

� c
2−1	∑
k=1

log | sin(kπ/c)|
sin2(kπ/c)

.

Proof: The proof of this result can be obtained by following the argument of [23, Propo-
sition 3.3] and using the relationship c = π

α , so α = π
c . �

The next identity transforms a sum of logarithmic derivatives of the Gamma function
into elementary trigonometric functions. We will use this to obtain the expression for the
variation of the Bessel zeta function when the parameter is a natural number given in (7)
of Theorem 1.2.

Proposition 3.5: For any integer j ≥ 1, we have the identities

1
2π j

j∑
p=1

p(j − p)
(
log(2j)+ ψ

(
p
j

))
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= − γe

12π
(
j2 − 1

)− 1
2π

⌊
j−1
2

⌋
∑
k=1

log
∣∣∣sin ( kπ

j

)∣∣∣
sin2

(
kπ
j

) , (17)

1
2π j

j−1∑
p=1

p(j − p)

⎛
⎜⎜⎝−π

2
cot

(
pπ
j

)
+ 2

⌊
j+1
2

⌋
−1∑

k=1

[
cos

(
2kpπ
j

)
log sin

(
kπ
j

)]⎞⎟⎟⎠

= − 1
2π

⌊
j−1
2

⌋
∑
k=1

log
∣∣∣sin ( kπ

j

)∣∣∣
sin2

(
kπ
j

) , (18)

1
π j

j−1∑
p=1

p(j − p)

⌊
j+1
2

⌋
−1∑

k=1

[
cos

(
2kpπ
j

)
log sin

(
kπ
j

)]
= − 1

2π

⌊
j−1
2

⌋
∑
k=1

log
∣∣∣sin ( kπ

j

)∣∣∣
sin2

(
kπ
j

) .

(19)

Proof: By [35, 8.363.6], for 2 ≤ j ∈ N and N � p ≤ j − 1,

ψ

(
p
j

)
= −γe − log(2j)− π

2
cot

(
pπ
j

)
+ 2

⌊
j+1
2

⌋
−1∑

k=1

[
cos

(
2kpπ
j

)
log sin

(
kπ
j

)]
.

We observe that
j∑

p=1
p(j − p) =

j−1∑
p=1

p(j − p) = j(j + 1)(j − 1)
6

=⇒ 1
2π j

j−1∑
p=1

−γep(j − p) = − γe

12π
(j2 − 1).

Consequently, establishing (18) immediately implies (17). Consider

j−1∑
p=1

p(j − p) cot
(
pπ
j

)
.

In case j is odd, we split the sum into
∑ j−1

2
p=1 +∑j−1

p= j+1
2
. In the second sum, we use the

substitution k = j−p to obtain

j−1∑
p=1

p(j − p) cot
(
pπ
j

)
=

j−1
2∑

p=1
p(j − p) cot

(
pπ
j

)
+

j−1
2∑

k=1

(j − k)k cot
(
(j − k)π

j

)

=
j−1
2∑

p=1
p(j − p) cot

(
pπ
j

)
+

j−1
2∑

k=1

(j − k)k cot
(−kπ

j

)
= 0.
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For j even, we note that

p = j
2

=⇒ cot
(
jπ
2j

)
= 0 =⇒

j−1∑
p=1

=
j
2−1∑
p=1

+
j−1∑

p= j
2+1

.

Again substituting k = j−p in the second sum we obtain

j−1∑
p=1

p(j − p) cot
(
pπ
j

)
=

j
2−1∑
p=1

p(j − p) cot
(
pπ
j

)
+

j
2−1∑
k=1

(j − k)k cot
(
(j − k)π

j

)
= 0.

It therefore suffices to establish the identity (19) to obtain (18) and therefore also (17).
By [35, 1.352]

n−1∑
�=1

� cos(�x) = n sin
( 2n−1

2 x
)

2 sin
( x
2
) − 1 − cos(nx)

4 sin2
( x
2
) .

In our application, we have x = 2kπ
j , letting n = j, so

j−1∑
p=1

p cos
(
2kπ
j

p
)

=
j sin

(
2j−1
2

2kπ
j

)
2 sin

(
kπ
j

) −
1 − cos

(
j 2kπj

)
4 sin2

(
kπ
j

) =
j sin

(
2j−1
j kπ

)
2 sin

(
kπ
j

)

= j
2

sin
(
2kπ − kπ

j

)
sin
(
kπ
j

) = − j
2
.

We therefore have

j−1∑
p=1

pj cos
(
2kπ
j

p
)

= − j2

2
.

We also need to compute
∑j−1

p=1 p
2 cos( 2kpπj ). For thiswe differentiate [35, 1.352], obtaining

d
dx

n−1∑
k=1

k sin(kx) =
n−1∑
k=1

k2 cos(kx) = d
dx

(
sin(nx)
4 sin2

( x
2
) − n cos

( 2n−1
2 x

)
2 sin

( x
2
)

)

= 1
4
n cos(nx) sin2

( x
2
)− sin(nx)2 sin

( x
2
)
cos

( x
2
) 1
2

sin4
( x
2
)

− n
2

[
(−1)

( 2n−1
2
)
sin
( 2n−1

2 x
)
sin
( x
2
)− cos

( 2n−1
2 x

)
cos

( x
2
) 1
2

sin2
( x
2
)

]

= 1
4
n cos(nx) sin

( x
2
)− sin(nx) cos

( x
2
)

sin3
( x
2
)
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+ n
2

( 2n−1
2
)
sin
( 2n−1

2 x
)
sin
( x
2
)+ cos

( 2n−1
2 x

)
cos

( x
2
) 1
2

sin2
( x
2
) .

We have

x = 2kπ
j

, n = j, =⇒ cos(nx) = cos
(
j
2kπ
j

)
= 1,

cos
(
2n − 1

2
x
)

= cos
((

j − 1
2

)
2kπ
j

)
= cos

(
−kπ

j

)
= cos

(
kπ
j

)
,

cos
(x
2

)
= cos

(
kπ
j

)
,

sin(nx) = sin
(
j
2kπ
j

)
= 0, sin

(
2n − 1

2
x
)

= sin
(

−kπ
j

)
= − sin

(
kπ
j

)
,

sin
(x
2

)
= sin

(
kπ
j

)
.

Consequently,

j−1∑
p=1

p2 cos
(
2kπp
j

)
= j

4 sin2
(
kπ
j

) + j
2

[(
j − 1

2
) (− sin2

(
kπ
j

))
+ 1

2 cos
2
(
kπ
j

)]
sin2

(
kπ
j

)

= j

4 sin2
(
kπ
j

) + j

2 sin2
(
kπ
j

) (1
2
cos2

(
kπ
j

)
− j sin2

(
kπ
j

)
+ 1

2
sin2

(
kπ
j

))

= j

4 sin2
(
kπ
j

) + j

2 sin2
(
kπ
j

) (1
2

− j sin2
(
kπ
j

))
= j

2 sin2
(
kπ
j

) − 1
2
j2.

We therefore have
j−1∑
p=1

p(j − p) cos
(
2kpπ
j

)
= − j2

2
−
⎛
⎝ j

2 sin2
(
kπ
j

) − 1
2
j2
⎞
⎠ = − j

2 sin2
(
kπ
j

) .
This shows that

1
π j

j−1∑
p=1

p(j − p) cos
(
2kpπ
j

)
= − 1

2π sin2
(
kπ
j

) .
Note that

⌊
j + 1
2

⌋
− 1 =

⌊
j − 1
2

⌋
=⇒ 1

π j

j−1∑
p=1

p(j − p)

⌊
j+1
2

⌋
−1∑

k=1

[
cos

(
2kpπ
j

)
log sin

(
kπ
j

)]

=

⌊
j−1
2

⌋
∑
k=1

1
π j

j−1∑
p=1

p(j − p)
[
cos

(
2kpπ
j

)
log sin

(
kπ
j

)]
= − 1

2π

⌊
j−1
2

⌋
∑
k=1

log sin
(
kπ
j

)
sin2

(
kπ
j

) .

�
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Proof of (7) in Theorem 1.2: For the reader’s convenience, we recall (15) here:

ξ ′
c(0) = 1

2

[
ζ ′
c(0)+ 5

24c
− 1

12
log 2

(
c + 1

c

)]
.

Consequently, by Proposition 2.4

d
dc
ξ ′
c(0)

∣∣∣∣
c=j

= 1
2

⎡
⎣− 1

12
− 1

8j2
+ 1 − j2

12j2
log j − 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)
− 5

24j2

− 1
12

log(2)
(
1 − 1

j2

)⎤⎦

= 1
2

⎡
⎣− 1

12
− 1

3j2
+ (1 − j2) log(2j)

12j2
− 1

2j3

j∑
p=1

p(j − p)ψ
(
p
j

)⎤⎦ .

Since

j∑
p=1

p(j − p) = j(j + 1)(j − 1)
6

=⇒ 1 − j2

12j2
log(2j) = − 1

2j3

j∑
p=1

p(j − p) log(2j),

Consequently, we obtain that

d
dc
ξ ′
c(0)

∣∣∣∣
c=j

= 1
2

⎡
⎣− 1

12
− 1

3j2
− 1

2j3

j∑
p=1

p(j − p)
[
log(2j)+ ψ

(
p
j

)]⎤⎦ .

By Proposition 3.5 we therefore have

d
dc
ξ ′
c(0)

∣∣∣∣
c=j

= 1
2

⎡
⎢⎢⎣− 1

12
− 1

3j2
+ 1

2j2

⎡
⎢⎢⎣γe(j2 − 1)

6
+

⌊
j−1
2

⌋
∑
k=1

log | sin(kπ/j)|
sin2(kπ/j)

⎤
⎥⎥⎦
⎤
⎥⎥⎦ .

It is straightforward to show that⌊
j − 1
2

⌋
=
⌈
j
2

− 1
⌉

=⇒ d
dc
ξ ′
c(0)

∣∣∣∣
c=j

= 1
2

⎡
⎢⎢⎣− 1

12
− 1

3j2
+ 1

2j2

⎡
⎢⎢⎣γe(j2 − 1)

6
+

⌈
j
2−1

⌉
∑
k=1

log | sin(kπ/j)|
sin2(kπ/j)

⎤
⎥⎥⎦
⎤
⎥⎥⎦

= − 1
24

− 1
6j2

+ γe(j2 − 1)
24j2

+ 1
4j2

⌈
j
2−1

⌉
∑
k=1

log | sin(kπ/j)|
sin2(kπ/j)

. (20)
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Next, we recall the calculation from Proposition 3.3 that was obtained by an entirely
independent method

d
dc
ξ ′
c(0) = − π

2c2

⎛
⎝ 1
3π

+ c2

12π
+

� c
2−1	∑

k=�− c
2	,k
=0

−2γe + log 2 − log (1 − cos(2kπ/c))
4π(1 − cos(2kπ/c))

⎞
⎠

− π

2c2

(
2c
π

sin(πc)
∫

R

− log 2 + 2γe + log(1 + cosh(s))
16π(1 + cosh(s))(cosh(cs)− cos(c2/π))

ds
)
.

Since c = j is an integer, sin(πc) = 0, and the expression becomes

− 1
6j2

− 1
24

− 1
2j2

⌈
j
2−1

⌉
∑

k=
⌈
− j

2

⌉
,k
=0

−2γe + log 2 − log
(
1 − cos(2kπ/j)

)
4(1 − cos(2kπ/j))

.

By Proposition 3.4, ⌈
j
2−1

⌉
∑

k=
⌈
− j

2

⌉
,k
=0

−2γe + log 2 − log
(
1 − cos(2kπ/j)

)
4(1 − cos(2kπ/j))

= γe

12
(j2 − 1)+ 1

2

⌈
j
2−1

⌉
∑
k=1

log | sin(kπ/j)|
sin2(kπ/j)

.

Consequently, the expression from Proposition 3.3 becomes

− 1
24

− 1
6j2

− γe

24j2
(j2 − 1)− 1

4j2

⌈
j
2−1

⌉
∑
k=1

log | sin(kπ/j)|
sin2(kπ/j)

,

indeed coinciding with (20) that was obtained by a completely independent method. �

3.2. The variation of the Bessel zeta functionwhen the parameter is not a natural
number

To complete the proof of Theorem 1.2 when the parameter is not an integer, we require
the calculation of certain integrals. This is achieved in the following two lemmas. In these
lemmas, we prove that a certain integral can be replaced by a sum. If one were to guess,
this should follow from a complex residue calculation, but it is not immediately obvious,
because to prove these results, we do not simply apply the residue theorem to the integrand.
Instead, we make a clever choice of an auxiliary function on which to apply the residue
theorem. This technique may provide insights for other contexts in which one would like
to transform integrals into finite, explicit sums in fully closed form.

Lemma 3.6: We have the following identity for 0 < c 
∈ N

c
4π2 sin (πc)

∫
R

ds
(1 + cosh s) (cosh(cs)− cos(πc))
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= 1
12

(
1
π

− c2

π

)
+ 1

2π

� c
2�∑

n=�− c
2	,n
=0

1
1 − cos(2πn/c)

.

Proof: For s real, we define

f (s) := i sin (πc)
1

(1 + cosh s) (cosh(cs)− cos(πc))
.

Note that

cosh(cs)− cos(πc) = 1
2
ecs
(
e−cs − eiπc

) (
e−cs − e−iπc) ,

from which we obtain

1
cosh(cs)− cos(πc)

= 1
i sin(πc)

e−cs
[

1
e−cs − eiπc

− 1
e−cs − e−iπc

]
.

For s ∈ R, set

g(s) = e−cs

e−cs − eiπc
=⇒ f (s) = 1

1 + cosh s

(
g(s)− g(s)

)
=: h(s)− h(s).

Now, we extend h to C with the same definition as above. Further observe that for s ∈ R

we have h(−2π i + s)= h(s). Consequently, we have the equality that

∫ R

−R
f (s) ds =

∫ R

−R
h(s) ds −

∫ R

−R
h(s) ds =

∫ R

−R
h(s) ds +

∫ −R−2π i

R−2π i
h(z) dz.

Consider the contour integral of h(s) over the clockwise contour from −R to R to R − 2π i
to −R − 2π i and returning back to −R; see Figure 1. We denote this contour by �R. For
large R it is straightforward to estimate that the integrals along the sides of this box, from
R to R − 2π i and from −R − 2π i to −R vanish as R → ∞. We therefore obtain, owing to
the negative orientation of the contour∫ ∞

−∞
f (s) ds = lim

R→∞

∫
�R

h(s) ds = −2π i
∑

Res(h(s); sn),

where the sum is taken over all poles between the two parallel lines R, and R − 2π i. The
function h(s) has a third order pole at s = −iπ . It has first order poles due to the vanishing
of

e−cs − eiπc, for s = −i(π + 2nπ/c), n ∈ Z

⋂[(
− c
2
, 0
)

∪
(
0,

c
2

)]
.

We begin by computing the residues at the simple poles:

Res(h(s))|s=sn = 1
1 + cosh(sn)

e−csn

−c e−snc
= − 1

c(1 + cosh(sn))
,
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Figure 1. The contour of integration, �R.

which for sn = −i(π + 2nπ/c) is equal to

− 1
c(1 − cos(2nπ/c)

, n ∈ Z

⋂[(
− c
2
, 0
)

∪
(
0,

c
2

)]
.

Note that the left side of the equality given in the statement of the lemma is then equal to

− ic
4π2

∫ ∞

−∞
f (s) ds = − c

2π

∑
Res(h(s); sn). (21)

Consequently, the contribution from the simple poles of h is

1
2π

�c/2�∑
n=�−c/2	,n
=0

1
1 − cos(2πn/c)

.

The residue at the third order pole is

1
2

d2

dz2
[
(z + iπ)3h(z)

]∣∣∣∣
z=−iπ

.

Since we have

h(z) = e−cz

(1 + cosh(z))
(
e−cz − eiπc

) ,
we shall compute the series expansions of the functions in these expressions near z = −iπ .
First, we have

1 + cosh(z) =
∑
n≥1

− (z + iπ)2n

(2n)!
= −(z + iπ)2

∑
n≥0

(z + iπ)2n

(2(n + 1))!
.
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Next, we have

e−cz − eiπc =
∑
n≥1

(z + iπ)n

n!
(−c)n eiπc = (z + iπ) eiπc

∑
n≥0

(z + iπ)n

(n + 1)!
(−c)n+1 .

We therefore wish to compute

− 1
2 eiπc

d2

dz2
(z + iπ)3 e−cz

(z + iπ)3
∑

n≥0
(z+iπ)2n
(2(n+1))!

∑
m≥0

(z+iπ)m
(m+1)! (−c)m+1

∣∣∣∣∣∣
z=−iπ

= − 1
2 eiπc

d2

dz2
e−cz∑

n≥0
(z+iπ)2n
(2(n+1))!

∑
m≥0

(z+iπ)m
(m+1)! (−c)m+1

∣∣∣∣∣∣
z=−iπ

.

To simplify notations, let us define here

ϕ(z) :=
∑
n≥0

(z + iπ)2n

(2(n + 1))!
, ψ(z) :=

∑
n≥0

(z + iπ)n

(n + 1)!
(−c)n+1 .

Then

d
dz

e−cz

ϕψ
= −c e−czϕψ − e−cz(ϕψ ′ + ϕ′ψ)

(ϕψ)2

= −c
e−cz

ϕψ
− e−cz(ϕψ ′ + ϕ′ψ)

(ϕψ)2
= −c

e−cz

ϕψ
− e−czψ ′

ϕψ2 − e−czϕ′

ψϕ2
.

Next,

d2

dz2
e−cz

ϕψ
= −c

(−c e−czϕψ − e−cz(ϕψ ′ + ϕ′ψ)
(ϕψ)2

)

−
((−c e−czψ ′ + e−czψ ′′) ϕψ2 − e−czψ ′ (ϕ′ψ2 + 2ϕψψ ′)

(ϕψ2)2

)

−
((−c e−czϕ′ + e−czϕ′′)ψϕ2 − e−czϕ′ (ψ ′ϕ2 + 2ψϕϕ′)

(ψϕ2)2

)

Since ϕ′(−iπ) = 0, at z = −iπ we must only evaluate the terms

(c)2
e−cz

ϕψ
+ c

e−czψ ′

ϕψ2 + c
e−czψ ′

ϕψ2 − e−czψ ′′

ϕψ2 + 2
e−cz(ψ ′)2

ϕψ3 − e−czϕ′′

ψϕ2
.

We compute this using

ϕ(−iπ) = 1
2
, ϕ′′(−iπ) = 1

12
, ψ(−iπ) = −c,

ψ ′(−iπ) = c2

2
, ψ ′′(−iπ) = −c3

3
,
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obtaining

eiπc
(

−2c + 2c + 2c
3

− c + 1
3c

)
= eiπc

(
− c
3

+ 1
3c

)
.

Consequently, the residue is

−1
2

(
− c
3

+ 1
3c

)
= c

6
− 1

6c
.

Recalling the factor − c
2π in (21), the contribution to the integral is therefore

− c2

12π
+ 1

12π
.

This completes the proof. �

The next step is to calculate the integral with log(1 + cosh(s)) in the numerator. Again,
this is not a straightforward application of the residue theorem, but rather, it involves the
choice of a clever auxiliary function. For this reason, both the result and its proof may be
useful.

Lemma 3.7: For 0< c not an integer, we have

c
8π2 sin(πc)

∫ ∞

−∞
log(1 + cosh s)

(1 + cosh s)(cosh(cs)− cos(πc))
ds

= 1
2π

� c
2�∑

n=1

log(1 − cos(2nπ/c))
1 − cos(2nπ/c)

+ c2

π

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

+ c2

π

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t2

)]
dt

− c
4π2

( π
2c

+ πc
3

+ log 2
( π
6c

− πc
6

))
.

Proof: To demonstrate the lemma, we compute

I(c) := i sin (πc)
∫ ∞

−∞
log(1 + cosh s)

(1 + cosh s)(cosh(sc)− cos(πc))
ds.

Similar to our previous calculations, we rewrite the expression

I(c) =
∫ ∞

−∞
log(1 + cosh s)
(1 + cosh s)

e−cs
[

1
e−cs − eiπc

− 1
e−cs − e−iπc

]
ds.

We therefore define

h(s) = log(1 + cosh s)
1 + cosh s

e−sc 1
e−sc − eiπc

.
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Then for s real we have

I(c) =
∫

R

[h(s)− h(s)] ds = 2i Im
∫ ∞

−∞
h(s) ds.

We consider the contour integral as depicted in Figure 2. The integrand has a branch point
of the logarithm at s = −iπ , hence the contour’s avoidance of that point. The integrand
has simple poles at points sn with

sn = −iπ + 2inπ/c,

such that these points lie within the contour, which requires

−π < −π + 2nπ/c < 0 =⇒ 1 ≤ n <
c
2
.

By the residue theorem, since the contour is negatively oriented,

∫
�R,ε

h(s) ds = −2π i
� c
2�∑

n=1
Res(h;−iπ + 2inπ/c).

The residues at these simple poles are computed as above, and are equal to

− log(1 − cos(2nπ/c))
c(1 − cos(2nπ/c))

.

We therefore obtain that

∫
�R,ε

h(s) ds = 2i
� c
2�∑

n=1

π log(1 − cos(2nπ/c))
c(1 − cos(2nπ/c))

.

On the other hand

I(c) = 2i Im

⎛
⎝2i

� c
2�∑

n=1

π log(1 − cos(2nπ/c))
c(1 − cos(2nπ/c))

− lim
R→∞

∫
�−∪�ε∪�+

h(s) ds

⎞
⎠

= 4i
� c
2�∑

n=1

π log(1 − cos(2nπ/c))
c(1 − cos(2nπ/c))

− 2i Im
(

lim
R→∞

∫
�−∪�ε∪�+

h(s) ds
)
.

If we parametrize the integral over �− by s = −iπ + t for t ∈ [−R,−ε] then we have
that

h(s) = log(1 − cosh t) e−ct eiπc

(1 − cosh t)(e−ct eiπc − eiπc)
= log(1 − cosh t) e−ct

(1 − cosh t)(e−ct − 1)
.

Since t ∈ [−R,−ε] with ε > 0, cosh t > 1, and therefore the argument of the complex
logarithm is π . Consequently,

s ∈ �− =⇒ Im h(s) = π e−ct

(1 − cosh t)(e−ct − 1)
.
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Figure 2. The contour of integration, �R,ε .

We therefore have, recalling the orientation

lim
R→∞ Im

∫
�−

h(s) ds = π

∫ −∞

−ε
e−ct

(1 − cosh t)(e−ct − 1)
dt

= −π
∫ ∞

ε

ect

(1 − cosh t)(ect − 1)
dt.

For �+ the argument of the complex logarithm should be taken to equal −π , because this
is on the opposite side of the branch cut for the logarithm. Similarly, we have

lim
R→∞ Im

∫
�+

h(s) ds = −π
∫ ε

∞
e−ct

(1 − cosh t)(e−ct − 1)
dt

= π

∫ ∞

ε

e−ct

(1 − cosh t)(e−ct − 1)
dt.

Consequently, we obtain that

lim
R→∞ Im

(∫
�−

h(s) ds +
∫
�+

h(s) ds
)

= π

∫ ∞

ε

1 + ect

(1 − cosh t)(1 − ect)
dt.

Note that

1
1 − cosh t

= − 2 et

(1 − et)2
= −2

d
dt

1
1 − et

.

This is useful for partial integration

π

∫ ∞

ε

1 + ect

(1 − cosh t)(1 − ect)
dt = −2π

∫ ∞

ε

1 + ect

(1 − ect)
d
dt

1
1 − et

dt

= −2π
{
1 + ect

1 − ect
1

1 − et

∣∣∣∣
∞

ε

−
∫ ∞

ε

1
1 − et

d
dt

1 + ect

1 − ect
dt
}
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= 2π
1 + ecε

1 − ecε
1

1 − eε
− 4πc

∫ ∞

ε

ect

(et − 1)(1 − ect)2
dt.

We would like to send ε ↘ 0 and combine with the integral around �ε . For this reason we
add and subtract the small t asymptotic behavior. Consequently we observe that

ect

(et − 1)(ect − 1)2
≈ 1

c2t3
− 1

2c2t2
+ 1

12t

(
1
c2

− 1
)

+ O(t0).

The adding-subtracting game is only required in the integral from ε to 1. Consequently,
we have

lim
R→∞ Im

(∫
�−

h(s) ds +
∫
�+

h(s) ds
)

= 2π
1 + ecε

1 − ecε
1

1 − eε

− 4πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 4πc
∫ 1

ε

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt

− 4πc
∫ 1

ε

(
1

c2t3
− 1

2c2t2
+ 1

12t

(
1
c2

− 1
))

dt.

The last term we evaluate directly

− 4πc
(

− 1
2c2t2

+ 1
2c2t

+ 1
12

(
1
c2

− 1
)
log t

)∣∣∣∣
1

ε

= −4πc
(

− 1
2c2

+ 1
2c2

+ 1
2c2ε2

− 1
2c2ε

− 1
12

(
1
c2

− 1
)
log ε

)

= −4πc
(

1
2c2ε2

− 1
2c2ε

− 1
12

(
1
c2

− 1
)
log ε

)

= − 2π
cε2

+ 2π
cε

+ πc
3

(
1
c2

− 1
)
log ε.

We therefore have computed

lim
R→∞ Im

(∫
�−

h(s) ds +
∫
�+

h(s) ds
)

= −4πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 4πc
∫ 1

ε

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt

+ 2π
1 + ecε

1 − ecε
1

1 − eε
− 2π

cε2
+ 2π

cε
+ πc

3

(
1
c2

− 1
)
log ε.

We compute the Laurent series expansion near ε = 0

2π
1 + ecε

1 − ecε
1

1 − eε
∼ 4π

cε2
− 2π

cε
+ π

3c
+ πc

3
+ O(ε).
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Consequently

lim
R→∞ Im

(∫
�−

h(s) ds +
∫
�+

h(s) ds
)

= −4πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 4πc
∫ 1

ε

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt

+ 2π
cε2

+ π

3c
+ πc

3
+
( π
3c

− πc
3

)
log ε + O(ε).

Finally, it remains to compute the integral over �ε . For this calculation, we require the
expansion of h(s) for s = −iπ + z for |z| small. Note that

1 + cosh s = −1
2
z2
(
1 + z2

12
+ O(z4)

)
, s = −iπ + z, |z| small,

and therefore

log(1 + cosh s) = log
(

−1
2
z2
)

+ 1
12

z2 + O(z4), |z| small.

Along �ε , z = εeiθ , for θ ∈ [0,π]. Consequently,

log(1 + cosh s) = log
(
ε2

2

)
+ i(2θ − π)+ 1

12
ε2 e2iθ + O(ε4).

We further use the expansion

e−cs

(1 + cosh s)(e−cs − eiπc)
= 2

cz3
− 1

z2
+ 1

z
1
6

(
c − 1

c

)
+ O(z0).

With the parametrization s = −iπ + ε eiθ we have that ds = iε eiθdθ . Consequently we
require the terms in the expansion up to order ε−1. We have

log(1 + cosh s) e−cs

(1 + cosh s)(e−cs − eiπc)
= log

(
ε2

2

)(
2

cε3 e3iθ
− 1
ε2 e2iθ

+ 1
6ε eiθ

(
c − 1

c

))

+ i(2θ − π)

(
2

cε3 e3iθ
− 1
ε2 e2iθ

+ 1
6ε eiθ

(
c − 1

c

))
+ 2

12cε eiθ
+ O(log ε).

We shall now compute the imaginary parts of the relevant integrals along �ε :

Im
∫ π

0
log

(
ε2

2

)(
2

cε3 e3iθ
− 1
ε2 e2iθ

+ 1
6ε eiθ

(
c − 1

c

))
iε eiθ dθ

= Im
∫ π

0
i log

(
ε2

2

)(
2
cε2

e−2iθ − 1
ε
e−iθ + 1

6

(
c − 1

c

))
dθ

=
∫ π

0
log

(
ε2

2

)(
2
cε2

cos(2θ)− 1
ε
cos(θ)+ 1

6

(
c − 1

c

))
dθ

= π log
(
ε2

2

)
1
6

(
c − 1

c

)
,
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Im
∫ π

0
i(2θ − π)

(
2

cε3 e3iθ
− 1
ε2 e2iθ

+ 1
6ε eiθ

(
c − 1

c

))
iε eiθ dθ

= Im
∫ π

0
(π − 2θ)

(
2
cε2

e−2iθ − 1
ε
e−iθ + 1

6

(
c − 1

c

))
dθ

=
∫ π

0
(π − 2θ)

(
2
cε2

sin(−2θ)− 1
ε
sin(−θ)

)
dθ = − 2π

cε2
,

Im
∫ π

0

2
12cε eiθ

iε eiθ dθ = π

6c
,

∫ π

0
iε eiθO(log ε) dθ = O(ε log ε), ε ↘ 0.

In summary, we have computed

Im
∫
�ε

h(s) ds = π log
(
ε2

2

)
1
6

(
c − 1

c

)
− 2π

cε2
+ π

6c
+ O(ε log ε)

= log(ε)
(πc
3

− π

3c

)
− π log 2

1
6

(
c − 1

c

)
− 2π

cε2
+ π

6c
+ O(ε log ε).

We combine this with the calculation of the integrals along �±,

lim
R→∞ Im

(∫
�−

h(s) ds +
∫
�+

h(s) ds
)

+ Im
∫
�ε

h(s) ds

= −4πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 4πc
∫ 1

ε

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt

+ 2π
cε2

+ π

3c
+ πc

3
+
( π
3c

− πc
3

)
log ε

+ log(ε)
( π
3c

− πc
3

)
− π log 2

1
6

(
c − 1

c

)
− 2π

cε2
+ π

6c
+ O(ε log ε),

resulting in

− 4πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt − 4πc

∫ 1

0

×
[

ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt

+ π

2c
+ πc

3
+ log 2

( π
6c

− πc
6

)
as ε → 0.

We have therefore computed

I(c) = i sin (πc)
∫ ∞

−∞
log(1 + cosh s)

(1 + cosh s)(cosh(cs)− cos(πc))
ds
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= 4i
� c
2�∑

n=1

α log(1 − cos(2nπ/c))
1 − cos(2nπ/c)

− 2i
(

−4πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt
)

− 2i
(

−4πc
∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt
)

− 2i
( π
2c

+ πc
3

+ log 2
( π
6c

− πc
6

))
.

Consequently, we obtain that

sin(πc)
∫ ∞

−∞
log(1 + cosh s)

(1 + cosh s)(cosh(cs)− cos(πc))
ds

= 4
π

c

� c
2�∑

n=1

log(1 − cos(2nπ/c))
1 − cos(2nπ/c)

+ 8πc
∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

+ 8πc
∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12t

(
1
c2

− 1
))]

dt

− 2
( π
2c

+ πc
3

+ log 2
( π
6c

− πc
6

))
,

and therefore

c
8π2 sin(πc)

∫ ∞

−∞
log(1 + cosh s)

(1 + cosh s)(cosh(cs)− cos(πc))
ds = 1

2π

� c
2�∑

n=1

log(1 − cos(2nπ/c))
1 − cos(2nπ/c)

+ c2

π

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt + c2

π

∫ 1

0

×
[

ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt

− c
4π2

( π
2c

+ πc
3

+ log 2
( π
6c

− πc
6

))
.

�

Now, we can complete the proof of Theorem 1.2 in the case when c is not a natural
number.

Proof of (7) in Theorem 1.2: Proposition 3.3 gives the variation as

d
dc
ξ ′
c(0) = − π

2c2

⎛
⎝ 1
3π

+ c2

12π
+

� c
2−1	∑

k=�− c
2	,k
=0

−2γe + log 2 − log (1 − cos(2kπ/c))
4π(1 − cos(2kπ/c))

⎞
⎠

− π

2c2

(
2c
π

sin(πc)
∫

R

− log 2 + 2γe + log(1 + cosh(s))
16π(1 + cosh(s))(cosh(cs)− cos(cπ))

ds
)

= − 1
6c2

− 1
24

+ 1
8c2

� c
2−1	∑

k=�− c
2	,k
=0

2γe − log 2 + log (1 − cos(2kπ/c))
4π(1 − cos(2kπ/c))
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+ 1
16πc

sin(πc)
∫

R

log 2 − 2γe − log(1 + cosh(s))
(1 + cosh(s))(cosh(cs)− cos(πc))

ds.

By Lemma 3.6,

sin(πc)
log 2 − 2γe

16πc

∫
R

ds
(1 + cosh(s))(cosh(cs)− cos(πc))

= 4π2

c
log 2 − 2γe

16πc
1
12

(
1
π

− c2

π

)

+ 4π2

c
log 2 − 2γe

16πc
1
2π

� c
2�∑

n=�− c
2	,n
=0

1
1 − cos(2nπ/c)

= log 2 − 2γe
48c2

(
1 − c2

)+ log 2 − 2γe
8c2

� c
2�∑

n=�− c
2	,n
=0

1
1 − cos(2nπ/c)

. (22)

Since cosine is an even function, and
⌊ c
2
⌋ = ⌈ c

2 − 1
⌉
(22) becomes

log 2 − 2γe
48c2

(
1 − c2

)+ log 2 − 2γe
4c2

� c
2−1	∑
n=1

1
1 − cos(2nπ/c)

. (23)

Moreover, we have the trigonometric identity 1 − cos(2nπ/c) = 2 sin2(nπ/c), so (23) is
equal to

log 2 − 2γe
48c2

(
1 − c2

)+ log 2 − 2γe
8c2

� c
2−1	∑
k=1

1
sin2(kπ/c)

. (24)

By Proposition 3.4,

1
8c2

� c
2−1	∑

k=�− c
2	,k
=0

2γe − log 2 + log (1 − cos(2kπ/c))
4π(1 − cos(2kπ/c))

= 1
4c2

� c
2−1	∑
k=1

γe + log | sin(kπ/c)|
sin2(kπ/c)

.

Consequently, the variational formula in Proposition 3.3 is

− 1
6c2

− 1
24

+ 1
4c2

� c
2−1	∑
k=1

γe + log | sin(kπ/c)|
sin2(kπ/c)

+ log 2 − 2γe
48c2

(
1 − c2

)

+ log 2 − 2γe
8c2

� c
2−1	∑
k=1

1
sin2(kπ/c)
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− sin(πc)
16πc

∫
R

log(1 + cosh(s))
(1 + cosh(s))(cosh(cs)− cos(πc))

ds

= − 1
6c2

− 1
24

+ 1
4c2

� c
2−1	∑
k=1

log | sin(kπ/c)|
sin2(kπ/c)

+ log 2 − 2γe
48c2

(1 − c2)

+ log 2
8c2

� c
2−1	∑
k=1

1
sin2(kπ/c)

− sin(πc)
16πc

∫
R

log(1 + cosh(s))
(1 + cosh(s))(cosh(cs)− cos(πc))

ds.

The last term is by Lemma 3.7

− π

2c2
c

8π2 sin(πc)
∫ ∞

−∞
log(1 + cosh s)

(1 + cosh s)(cosh(cs)− cos(πc))
ds

= − π

2c2
1
2π

� c
2�∑

n=1

log(1 − cos(2nπ/c))
1 − cos(2nπ/c)

− π

2c2
c2

π

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− π

2c2
c2

π

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt

+ π

2c2
[ c
4π2

( π
2c

+ πc
3

+ log 2
( π
6c

− πc
6

))]

= − 1
4c2

� c
2−1	∑
n=1

log(2 sin2(nπ/c))
2 sin2(nπ/c)

− 1
2

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 1
2

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt

+ 1
8πc

[ π
2c

+ πc
3

+ log 2
( π
6c

− πc
6

)]

= − 1
8c2

� c
2−1	∑
n=1

log 2 + 2 log | sin(nπ/c))|
sin2(nπ/c)

− 1
2

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 1
2

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt

+ 1
16c2

+ 1
24

+ log 2
(

1
48c2

− 1
48

)
.

We therefore obtain in total

− 1
6c2

− 1
24

+ 1
4c2

� c
2−1	∑
k=1

log | sin(kπ/c)|
sin2(kπ/c)

+ log 2 − 2γe
48c2

(1 − c2)

+ log 2
8c2

� c
2−1	∑
k=1

1
sin2(kπ/c)
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− 1
8c2

� c
2−1	∑
n=1

log 2 + 2 log | sin(nπ/c))|
sin2(nπ/c)

− 1
2

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 1
2

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt

+ 1
16c2

+ 1
24

+ log 2
(

1
48c2

− 1
48

)

= − 1
6c2

+ 1
16c2

+ log 2
48c2

(1 − c2)− γe

24c2
(1 − c2)+ log 2

48c2
(1 − c2)

− 1
2

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 1
2

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt

= − 5
48c2

+ log 2
24c2

(1 − c2)+ γe

24c2
(c2 − 1)− 1

2

∫ ∞

1

ect

(et − 1)(1 − ect)2
dt

− 1
2

∫ 1

0

[
ect

(et − 1)(1 − ect)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12tc2

− 1
12t

)]
dt.

We compare this to the formulation in Proposition 3.2

d
dc
(
ξ ′
c(0)

) = 1
2

∫ ∞

1

1
t

1
et − 1

−t ect

(ect − 1)2
dt

+ 1
2

∫ 1

0

1
t

( −t ect

(et − 1)(ect − 1)2
+ 1

c2t2
− 1

2c2t
− 1

12
+ 1

12c2

)
dt

+ 1
2
γe

(
1
12

− 1
12c2

)
− 5

48c2
− 1

24
log 2

(
1 − 1

c2

)

= − 5
48c2

+ log 2
24c2

(1 − c2)+ γe

24c2
(c2 − 1)− 1

2

∫ ∞

1

1
et − 1

ect

(ect − 1)2
dt

− 1
2

∫ 1

0

ect

(et − 1)(ect − 1)2
−
(

1
c2t3

− 1
2c2t2

+ 1
12c2t

− 1
12t

)
dt.

�

4. Concluding remarks

We have calculated the variation of Barnes and Bessel zeta functions with respect to the
essential parameter in their definitions. It may be useful for computing further deriva-
tives of higher dimensional zeta functions with potential applications in number theory,
geometric analysis, and physics. Moreover, our calculations revealed several identities
involving both elementary and special functions. These identities may be of independent
interest or application.
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Note

1. There is unfortunately a typo in the statement of the theorem [29, Theorem 4] that has been
corrected here as well as in [23].We note that this is mere a transcription error from the contents
of the proof. Further, the boundary contribution was overlooked in [29], but has been corrected
in [30].
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