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Foreword

Many excellent books on aviation are available for a beginning student. However, for those who wish
to get a first introduction to the field, a study of multiple sources of extensive scope is needed.
Furthermore, available texts require a background of fluid mechanics and often also compressible
flow and turbomachinery. For this introductory text, only a basic knowledge of mechanics is
required. The material brings knowledge together on the modelling of aircraft and the analysis of
aero engines. It also touches upon aircraft and engine certification, emissions predictions and
discusses how aviation affects climate. Several small but conscious steps have been taken to keep
complexity to a minimum, for instance avoiding multiple definitions of thrust and efficiency and
providing examples that are interconnected. The analysis of the cruise performance of a modern aero
engine is included in the appendix together with a sample prediction on NO, emissions and the use of
the Schmidt-Appleman criteria to evaluate conditions for contrails formation. We predict aircraft
performance using an aircraft model that matches the engine, hence the analysis is based on a state-
of-the-art existing aircraft-engine-pair currently in commercial operation.
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NOMENCLATURE
Variables
a Speed of sound [m/s]

A

Area perpendicular to the flow direction [m?]

Velocity [m/s], also coefficient for lift/drag but then always with a suffix (c_ or cp).

Drag coefficient

Lift coefficient

Specific heat ratio [kJ/kg-K]

Differential

Drag [N]

Thrust [N]

Gravitational constant, 9.81 [m/s?]

Enthalpy (u+pv)

Lift [N]

Mass

Mass flow [kg/s]

Mach number

Degrees of freedom

Pressure [Pa]

Power [W/s]

Dynamic pressure [Pa]

Heat transfer rates [W]

DRI TSI S|~ > o x2S

Gas constant [J/K-kg], but also aircraft Range [km] (should be clear from context
what is meant)

RH

Relative humidity

Entropy [J/K-kg]

Aircraft reference area [m?]

SFC

Specific Fuel Consumption [mg/Ns]

Temperature [K]

Time [s]

Internal energy

Specific volume (1/p) [m3/kg]

Flight velocity vector (Vx, vy) [m/s, m/s]

Flight speed [m/s]

Mechanical power [W]

N IS <<=~

Elevation
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Indices
0 Far upstream, free stream, ambient. Also used to
denote stagnation condition (what is meant should be
clear from context)
1 Entry for control volumes, inlet entry for engines.

13 Exit of fan (bypass stream) in turbofan

2 Exit for control volumes, fan entry for engines.

21 Exit of fan (core stream) in turbofan

26 High pressure compressor entry

3 Compressor exit

4 Turbine entry

45 Low pressure turbine entry
5 Turbine exit

8 Nozzle exit

18 Bypass duct exit

D Drag
L Lift
f Fuel

grav | Gravimetric
i Over ice (for relative humidity)

Kin | Kinetic energy
0 Overall

p Propulsive or polytropic. Polytropic refers to
turbomachine components (compressors and turbines),
whereas propulsive to exhaust jets

SL | Sea Level
vol Volumetric

X Axial direction

Greek

a Angle of attack

Y Specific heat ratio of gas. For air y, = 1.4 and y 4 = 1.333 for gas with
combustion products (see also below).

14 Climb gradient (see also above, clear from context which is meant).

n Efficiency

Moo Sea level overall pressure ratio set in type certificate. From station 2 to
station 3 (see Figure 12)

P Density [kg/m?®]

Abbreviations

AT] | Alcohol-To-Jet
BPR | Bypass ratio
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CAEP | Committee on Aviation Environmental Protection
E,; Aircraft Energy Intensity [MJ/ASK]
E;p Aircraft Energy Intensity for payload [MJ/tonne-km]
El o, | Emission index for NOXx certification [gram/kN]
Foo Sea level static thrust as set in type certificate [kN]
HEFA | Hydro-processed Esters and Fatty Acids
HPC | High Pressure Compressor
HPT | High Pressure Turbine
IPC | Intermediate Pressure Compressor
IPT | Intermediate Pressure Turbine
LPC | Low Pressure Compressor
LPT | Low Pressure Turbine
LTO | Landing-Take-Off cycle
LHV | Lower Heating Value
MTOM | Maximum Take-Off Mass [tonnes]
MTOW | Maximum Take-Off Weight [N]
OPR | Overall pressure ratio
RGF | Reference Geometric Factor [m?]
RPK | Revenue passenger kilometer
SAR | Specific Air Range [km/kg fuel]
SFC | Specific Fuel Consumption [mg/Ns]
SIP | Synthesized Iso-Paraffinic Fuels
SOC | state Of Charge
TOC | Top-Of-Climb
TO Take-Off
Cr Cruise

Chemical substances

C12Hz23 | Average composition representing Jet A
co Carbon monoxide
CO2 | Carbon dioxide
H> Hydrogen
HC Unburnt hydrocarbons
02 Oxygen
NOx | Nitrogen oxides



https://advancedbiofuelsusa.info/tag/renewable-synthesized-iso-paraffinic-fuels-sip/
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1. BASICS OF FLIGHT DYNAMICS

Reference area S

)
2

N

a

Figure 1: Basic nomenclature for flight mechanics modelling.

As an aircraft flies through the air, the relative speed V' between the aircraft and the air creates a
friction force that the aircraft must overcome. In addition, the relative velocity also creates a pressure
distribution over the aircraft surface that will contribute to the reaction force that the air creates on
the aircraft. To predict the performance of the aircraft, we simplify the complex 3-dimensional body
that an aircraft represents into a point mass located at the center of gravity of the aircraft. We then
study the motion of this point mass under the influence of the fluid forces, the earth’s gravitational
field and the thrust that the engines of the aircraft produce.

As illustrated in Figure 1, we define lift L and Drag D as reaction forces from the fluid on the
aircraft acting in the center of gravity as the aircraft flies with a velocity V=(vx, vy). The drag force D
is acting in the parallel but opposite direction of ¥V and L is directed orthogonal to V. Notice that the
flight direction, that is the motion of the center of gravity follows the direction of y, but that the
aircraft and engine is directed in the y+a direction since the aircraft operates in an angle a > 0.0
relative to the direction of flight in order to develop an adequate lift.

The equations relating acceleration and flight motion in the x and y coordinate directions are:

d
a(mvx) = —L-siny — D -cosy + F - cos(a + y) (11a)

d
a(mvy) =L-cosy —D-siny +F-sin(le +y) —mg (1.1b)

where F is the engine thrust and m is the aircraft mass. As an alternative to the equations above, it is
possible to formulate the equations in the flight direction:

% (mV) = F-cos(a) — D —mg - sin(y) (1.1c)

where the V' in Equation (1.1c) is the aircraft speed, that is we have V = \/vZ + vﬁ. Do not confuse

the speed I/ with the velocity vector V. The three equations presented above are not independent, but
as we will soon see equation (1.1c) may occasionally be preferable over (1.1a/1.1b) for reasons of
simplicity. When working with (1.1c) it is possible to also define an equation orthogonal to the flight
direction, requiring the definition of a centrifugal acceleration term.
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Lift and drag forces are developed from the basic aerodynamic relations according to:
L=c(a)-q-S (1.2a)
D=cp(a)-q-S (1.2b)

2
where S is the aircraft reference area, indicated in Figure 1 and q is the dynamic pressure %. For

high-speed flows it is possible to cast the dynamic pressure into a more convenient form depending
on the pressure p and the Mach number M:

Mach number definition

+ ideal gas law 2
_pv? o P(M\YaRT)" _ ¥qp 1,2
1= = ~aar 2 M7 (A3

The Mach number is properly introduced in the next chapter, here we simply state that it represents
the ratio of the speed of the aircraft I/ and the speed of sound which is equal to /¥, RT. As an
example, if you fly twice the speed of sound then M = 2.0. The lift and drag coefficients c¢; (a) and
cp(a) in (1.2a) and (1.2b) are aerodynamic parameters specific for the aircraft being studied. They
depend primarily on the angle of attack a of the aircraft, but also on the Mach number and to a lesser
degree on the Reynolds number. The Reynolds number broadly quantifies how important the friction
forces are in relation to inertia forces in the fluid flow. Although the Reynolds number has a direct

effect on skin friction, it will not be discussed further in this introductory text.
The first simplification we make is that we approximate the aircraft mass as constant, which

allows us to factor out m in % (mv,) and in % (mvy). Actually, the mass drops slowly due to the

combustion of the fuel, unless it is an electric aircraft which maintains its mass as constant. Although
the velocity varies in a mission, it is customary to split the whole mission into different flight phases
for which the flight speed is approximately constant. If we therefore assume that the aircraft velocity
also remains constant, we get:

0=—L-siny—D-cosy+F - cos(a+y) (1.4a)
O0=L-cosy—D-siny +F-sinle+y)—mg  (1.4b)

Equation (1.4a) can be used to eliminate F in equation (1.4b), to obtain:

L-siny+D-cosy

0=L-cosy — D siny + sinfa +y) —mg (1.4c)

cos(a+y)
We usually set y in (1.4c) to a fixed value to obtain a specific flight path. Solving (1.4c) then requires
an iteration in a. For instance, we may assume y= —3 degrees to model the aircraft performance
during a descent phase. If we then guess a we can evaluate L and D from (1.2a) and (1.2b) using
correlations on cr. and cp, assuming that we have also prescribed the altitude and speed and ambient
conditions for the aircraft. The values on L and D can then be fed into (1.4c) together with the current
mass of the aircraft. If the a value assumption was correct the right-hand side in (1.4c) will evaluate
to zero, otherwise the assumption needs updating to reach convergence. To approximate the aircraft
mass variation the thrust F can be evaluated and the fuel flow need can then be estimated from the

engine modelling. By discretizing flight legs such as climb, cruise and descent and updating the
aircraft mass, an entire mission and its aircraft fuel burn and mass variation can be approximated.

Constant speed, constant altitude flight

From equation (1.4a/1.4b) we will now derive the special case of constant speed and constant altitude
flight. This is a common flight phase, in which a commercial aircraft conducting a longer mission
will spend most of its time.



CHALMERS 9

UNIVERSITY OF TECHNOLOGY

Constant altitude flight means no climb gradient y = 0.0. The a is on the other hand usually
not zero, but a small positive value is typically needed to maintain a lift force that balances out the
effect of gravity. We get:

D =F-cos(a)

0=L+F-sin(a) —mg

From which we can eliminate the net force F.

mg =L+ ‘sinfe) = mg=L+D:-tan(a)

cos(a)

Constant speed, constant altitude normally means that « is only a few degrees, so sin(a) and

tan(a) are approximately zero, whereas cos () is approximately 1. Also, lift is usually much larger
than drag, so we may often approximate the above relations with:

D=F (1.5a)
mg =L (1.5b)

In conclusion, looking at (1.5a) and (1.5b), the net thrust is thus needed to overcome the aircraft drag,
and the lift balances the gravity force on the aircraft.

Constant speed, constant climb gradient flight

For constant speed, constant climb gradient flight we need to use (1.4c) directly using the « iteration
scheme described above. The procedure is the same for both climb and descent.

Sample correlation for €z and Cp

Typical aero data, ¢; and cp as a function of the angle of attack «, for a high-performance propeller
aircraft at cruise is found in Figure 2 below.

Lift coefficient CL Drag coefficient CD

0.8 1 0.07
o
0.6

04

0.2 0.03F

(; é z‘t (; é 1‘0 1‘2 14 -2 6 2 4; (; t; 1‘0 1‘2 14
Angle of attack « Angle of attack «

Figure 2: Aerodynamic data for typical high-performance propeller aircraft

As a increases c; increases but so does cp. Although the drag coefficient increases progressively
with a, lift suddenly drops off, due to that the flow starts to separate over the aircraft. In basic texts
on aerodynamics, you frequently see much higher lift coefficients in relation to drag than presented
in the graphs above. This data is then based on 2D wing tests only, whereas the data given above is
characteristic of the whole aircraft. For the above data set the best lift over drag happens at around an
angle of attack =6.0 degrees, with a c; /cp, value close to 19.
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Breguet range

A first understanding of an aircraft’s range can be derived from something called the Breguet range.
The Breguet range is derived for constant speed level flight using the ratio between how range
changes with used fuel, or more simply put from the aircraft “milage”. We observe:

Distance flown per unit time v

= [m/kgl

Aircraft mass change per unit time —mg

To model the engine performance, we first introduce a metric called the SFC.

SFC = Fuel consumed per unit time _ Ty
" Thrust developed by the engine T F

We also assume that constant speed constant altitude flight is taking place, that is that we can use
equation (1.6a). The Breguet range can then be obtained:

=_ = = _ —__ D __ D (1.6)
iy My F-SFC D-SFC L-SFC Macrare” § - SFC

F

Since the mass changes we need to integrate to establish the distance flown, referred to as the
Breguet range R:

v L
D L 4 maircraft,start cruise

Mgircrartd = SFC Maireraft

jmaircraft,end cruise

Maircraftstart cruise D g -SFC  Mgjrcraftend cruise

Example 1: A 19-passenger four engine turboprop aircraft has a cruise speed of V=94 m/s. The
mass of the aircraft at initial cruise is 8580 kg and at end of cruise it is 5300 kg. The lift over drag is
estimated at 19.3 and the SFC of the engine is predicted at 7.2 mg/Ns.

The Breguet range is:

L 4 maircraf t,start cruise

— = 12500 km !
D g SFC " Myircraftend cruise m

RBreguet =

Example 1 above shows the enormous range that aircraft can achieve. Of course, this would
correspond to a flight time of almost 37 hours, a horrendous experience for any passenger. Cruise
milage for the same aircraft was estimated at 0,021 liter jet fuel per passenger kilometer.

State-of-the-art aircraft performance

Clearly range R is dependent on the amount of payload carried by the aircraft. This relation can
be illustrated in a payload range diagram:
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MTOW

X —

Range
Max. payload Max. fuel Max.
range range range

Figure 3: Payload range diagram.

Maximum payload range, see Figure 3, is the maximum range that the aircraft can achieve carrying
the maximum payload. This condition coincides with the aircraft loading so much fuel that it reaches
MTOW (Maximum Take-off Weight). MTOW is the maximum weight for which the pilot is allowed
to take-off as set by the certification of the aircraft. When range is discussed for aircraft, without
further specification, it is often the maximum fuel range that is referred to. This means the range that
the aircraft can fly when taking off at the maximum weight allowed with all fuel tanks full. This
means loading so much fuel that some of the payload cannot be carried. Finally, with no payload, the
range is maximized achieving the max. range or “ferry range” of the aircraft.

To make comparisons possible across different transport modes and aircraft classes, it is quite
useful to develop something called aircraft energy intensity, E1. It is derived from the energy needed
to move a passenger a certain distance.

LHV: M
E; = N [—]] (1.7a)
Seats - R ASK
_ LHV'mf [ M]J
EIP ~ Total payload - R tonne-km (1'7b)

Where Seats are the number of seats in the aircraft, my the mass of fuel used, LHV the fuel heating

value, and R is the distance travelled. ASK is available seat kilometers. Here, data is presented for a
typical modern medium range aircraft, the Airbus aircraft A321neo. The extension “neo” refers to
“new engine option” allowing the PW1000G (Pratt & Whitney) and LEAP-1A (CFM International)
to be fitted to the aircraft. The A321neo is available in several variants, but here the longest-range
variant with three additional center tanks (ACTS) is given. See Table 1 for a compilation of data.

Table 1. some key performance parameters for a state-of-the-art aircraft (A321neo)

Aircraft type A321neo (WV072)
Type of aircraft Medium range
Max payload range 5651 km
Max fuel range 7414 km
Number of seats (economy seating) 220
LHV 43,0 [MJ/kg]
Fuel burn for max payload range 20,204 kg
Total payload 23,5 tonnes
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E; 0,70 [MJ/ASK] (from 1.8a)
Ep 6,53 [MJ/tonne- km] (from 1.8b)
Max take-off mass 97,000 kg
FsL 156 kN (per engine)
S 125.4 m? (authors estimate)
Wetted area 1129.0 m? (authors estimate)
Wro 7619 N/ m? (authors estimate)
s
For 0.3265
WTO

Weight specific excess power
It is possible to develop a “master equation” for aircraft design by combing equation (1.1c) with

assumptions on aircraft aerodynamics. If equation (1.1c) is multiplied by the speed V we get:
% (mV) = F-cos(a) — D —mg - sin(y) (1.1c)
Multiplying (1.1c) with the speed gives:

d
VE (mV) = FV - cos(a) — DV — mgV - sin(y)

Re-writing the term on the left-hand side, approximating cos(a) = 1.0, and observing that
V-sin(y) = % where h is the altitude we get:

d (mV? dh
E( > >=FV-cos(a)—DV—ng
Which can be changed into:
Wtot
d (mV? AWy ot
E( > +mgh>= R =V(F —-D)

showing how the total energy of the aircraft W;,, changes with thrust and drag. Thrust larger than
the drag is converted to either increased kinetic or increased potential energy (or both). In aerospace,
it is customary to use height rather than total energy, introducing the energy heightas z, = h + g.
This gives the equivalent form:

dz, V(F-D)

dt . mg

This relation shows how excess thrust, that is thrust larger than the drag, is used to increase either the
altitude or the speed of the aircraft. The left-hand side of the equation above is frequently referred to

as the weight specific excess power and is denoted P;. Thus:
_V(F-D)

P
N mg

(1.8)
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Wing and thrust loading, constraint analysis
To relate sea-level / take-off performance with flying at altitude we introduce the thrust lapse factor
ar.,. The thrust decreases at altitude and speed due to the variation of air density and the engine

operating condition. We also introduce the fuel consumption parameter  which quantifies how
much mass has been depleted by fuel combustion:

_ F
aTL_FSL
g = m

_mTO

Where Fj; is the thrust delivered by the engine at sea level and mr, is the take-off mass.
Introducing the two relations above into equation (1.8) gives:

p = V(ar,Fs, — D) _ Var,Fsy, _ VD
g Bmrog Bmrog Bmrog

which can be re-written to:

Mmrog Qg

Fg,, B ( D +Ps>

B Bmrog v (19)

By relating lift to drag, we can obtain an equation that allows us to understand how thrust and wing
area are constrained by the specifications for the aircraft! A quite good approximation for how lift
relates to drag is given by:

Cp = Cpo + K,C%  (1.10)

Combining equation (1.2b) and (1.10) introducing them into (1.9) gives:

Mrog Qarp

12 ,B( qs 2 Ps)
C K,C —
BmTog(D0+ 1 L)+V

By specializing (1.9) to cases where L = nmg (n is the number of g-loads orthogonal to ) and
using equation (1.2a) we obtain the master equation by replacing C; :

2
Fs _L( as (CD0+K1 (2 ¥ro) )+%) (1.11)

mrog  arL \Bmrog q

The master equation, equation (1.11), can be used to predict performance of the aircraft in a large
number of conditions. By specializing the master equation to a given flight condition, constraints can
be formulated understanding how design choices limit the aircraft performance. In Figure 4 below
constraints imposed on a fighter aircraft, denoted AAF, are used to illustrate how turn capability, a
high speed requirement and the take-off field length limit the combination of possible wing loading

@ and thrust loading V%) All points that fulfill all the constraints form a solution space, indicated
by the green area in Figure 4.

The final choice for wing loading and thrust loading is a trade on cost and additional
performance benefits that can be achieved from their variations. This is a characteristic trait for the
art of aircraft design, showing that for a set of requirements much fewer choices of wing and
propulsion system, than may have been initially viewed, would qualify as feasible designs. For this
reason, certain aircraft types typically have similar values on thrust and wing loading, this is
indicated in Figure 5 below.
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Figure 4: Constraint diagram giving an example of how aircraft performance requirements limit the solution space.
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Figure 5: Wing and thrust loading for different aircraft types, re-worked form [1]

The most notable difference is the fighter aircraft having a much higher thrust to weight and lower
wing loading than commercial aircraft. Commercial aircraft are all located in a quite small range. The
supersonic transport aircraft Concorde lies between the Fighter and the commercial aircraft. The

B-1B aircraft is interesting since it has a swing wing allowing it to take-off with a much smaller wing
and still operate at very high speeds.
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2. PROPULSION FUNDAMENTALS

The heat engine

A heat engine is simply a gadget which you put some heat into (Q), to get some mechanical
output (W). In aerospace applications mechanical output usually means creating shaft work or
performing fluid acceleration. In the usual academic manner, we illustrate a heat engine by a
generalized process sketch as seen in Figure 6. We deliberately choose to have an inflow and an
outflow to the engine since all interesting aerospace applications are open system flow machines.

2y — _% W

e

Figure 6: Heat engine developing work output W from added heat Q as a fluid is flowing through the system.

Applying the first law (energy conservation) for the open systems to our engine we get:

. . 1
Q=W =1i|th =) +5 (=D + g 2| @1)

where 7 is fluid enthalpy, c is fluid velocity and z is fluid elevation. As you probably recall from
your thermodynamics classes, enthalpy is a bureaucratically clever form of representing energy. It
manages to get rid of the explicit need to use pressure in Equation (2.1). The pressure volume terms
arising at the in- and outflow boundaries are elegantly hidden in the enthalpy terms.

Since speeds are high in aero engines and work input/output are as well, the third term on the
right-hand side, the elevation term, is usually comparative small and can therefore be dropped. This
simplifies equation (2.1) to:

. . 1
Q-W=m (hz_h1)+z(022—012) (2.2)

The game plan for an aero engine is to increase the kinetic energy of the incoming fluid through fuel
combustion (Q) and thereby develop a reactive thrust as illustrated in Figure 7.

Aircraft wing

Kinetic energy

%

Figure 7: Typical underwing installation of an aero engine developing propulsive power by reaction

Kinetic energy

———>
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As an alternative to increasing the fluid energy content represented by the right-hand side of
equation (2.2), the released energy can also be used to drive a propeller. Then, the heat O is then

instead used to mainly increase W in the form of shaft work. Such a propeller engine would then
derive most of its thrust by accelerating another fluid stream of air around the engine.

Momentum conservation and thrust

To write down an expression for the developed thrust, we simply apply momentum conservation. The
net thrust on a control volume is equal to the change in momentum. Hence,

> (hdoue = ) (e =D B (23)

The terms of the type mic in equation (2.3) represent the momentum of the in- and outflows, and the
F terms are forces on the fluid directed in the axial direction. Momentum is a vectorial property, but
as seen from Figure 7 the aero engine action is quite well aligned with a single coordinate axis. As a
matter of fact, aero engines are often installed at a slight angle to compensate for the aircraft nose
pointing upward during cruise making its action very close to axial.

To make the application of equation (2.3) more obvious we re-draw Figure 7, now with a
control volume and the mass flow streams more clearly indicated. The refined figure is seen in Figure
8.The engine sucks in a mass flow 1 and out goes the same amount of air plus the fuel flow added
mg + 1. If the fluid is accelerated through the control volume, its momentum has been increased
and according to equation (2.3) some forces / must have acted on the fluid to create that effect.
According to Newtons law of action/reaction there must then also have been an equal and opposite
force serving to push the aircraft forward, in the figure it is indicated as “Thrust”.

We follow aero engine conventions and denote the station upstream of the engine by 0 and the
engine exit by 8. Hence, As in refers to the cross-sectional area perpendicular to the flow direction of
the fluid flowing out of the engine. The pressure surrounding the control volume is denoted po.

Po Aircraft wing
Thrust

Control volume

Mg + My
| >

Po

______

Figure 8: Aircraft engine with control volume
Simplifying equation (2.3) to our special case we get:
Thrust = F = (g + my)cg —mcy  (2.4)

Why are there no pressure terms in Equation (2.4)? Far upstream of the engine, the pressure is
uniform and simply equal to po. This is why the control volume is extended so far upstream. When
the mass flow gets closer to the engine the pressure in the fluid stream starts to change. The shape
and values of the pressure contours around the engine depends both on the flow around the engine
installation and how hard the engine is working. For example, if the engine runs at low power and the
aircraft is flying at a high speed, the engine will not be able to ingest all the flow, but some flow
“spills” around the engine creating additional installation drag.

For the exit the pressure, in station 8, the pressure is often quite well approximated by po. The
air fuel mix that has been pressurized by the engine expands down to ambient pressure and the fluid
is accelerated to its exit speed cg. However, if the pressure upstream of the engine exit reaches
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sufficiently high values for the flow the exit flow will eventually reach the speed of sound. As we
will soon show, after this speed is reached further engine exit pressure build-up will not result in
further velocity increase. Instead, a pressure ps larger than ambient starts to build up giving a net

addition to the thrust. To account for this effect a pressure thrust term, (pg — po)Ag, Needs to be
included in Equation (2.4):

F = (1 +1itg)cg + (pg — po)Ag — mgcy  (2.5)

For common civil aero engines this normally does not happen at take-off, but it is frequently the case
at cruise speeds.

Example 2: An aircraft is flying at 200 m/s and the mass flow through the engine is 100 kg/s. The
flow velocity out of the engine cg is 400 m/s. The fuel flow is 2 kg/s. Compute the thrust. Assume
that the pressure in the exhaust nozzle is lower than the limit when the pressure thrust term is
established.

Solution: Since the speed of sound is not reached in the nozzle the pressure thrust term is not needed
and we can write down the thrust using Equation (2.4). We get:

F = (1hg + my)cg — Mgy = (100 + 2.0) - 400 — 100 - 200 = 20800 N

Developing the exhaust modelling for thrust

After our deceptively simple way to make a connection between the heat engine and reaction thrust,
we will now develop the details needed to make thrust calculations for jet engine exhaust nozzles.
Many readers may already have seen a lot of this material presented in basic texts on fluid mechanics
and/or thermodynamics and you will then find this section a light read. Although many relations are
derived from scratch, we avoid the most basic exercise of developing equations for mass,
momentum, and energy conservation in fluids. We also inherit a number of key relations from
thermodynamics.

The first task is to get to know how we predict the different variables in the thrust equation, as
defined by equation (2.5). As we do this, we also develop a number of relations for high-speed flows.
These expressions will then be used at least throughout this text, and should you follow the aerospace
track you will use them a lot. The second task is then to go on to study the thermodynamics of the
engine core components. We explain how the processes of compression, heat addition and expansion
interrelate to the thrust equation.

The first and second law of thermodynamics are frequently combined into a very useful
expression called the Gibbs’s equation. It comes in two forms depending on if enthalpy /4 or internal
energy u is preferred:

dp
Tds = dh — 7 (2.6a)

Tds = du + pdv (2.6b)

where the second form 2.6b follows from 2.6a and the definition of the enthalpy 2A=u+pv. Notice
that Equation (2.6a/2.6b) do not contain any work or heat addition terms but they only interrelate the
properties of the fluid. This makes them very useful! For instance, in thermodynamics we often study
isentropic processes (ds = 0) since they represent reversible loss-less and, in that sense, ideal
process which we strive to achieve.

Let’s go ahead and explore the isentropic form of Equation (2.6a), that is when ds= 0:
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d
dh = 7” 2.7)
For an ideal gas, we have:
p
= — 2.8
p=pr (28
Combining we get:
_ RTdp

dh=—— (2.
)

By replacing the enthalpy with the specific heat ¢, we get:

cpdT  Rdp
=

(2.10)

If we then integrate and neglect the temperature variation of ¢, we arrive at:

cpln;—j = R% (2.11)
Using the logarithm laws, we directly get:

T R

2 (p—2>cp (2.12)

T P1

The specific heat ratios cp and cv are defined as partial derivatives but these definitions simplify to
normal derivatives for ideal gases:

_(6h> _dh 213
@=\or), ~ar *9

_(E)U) _dU 214
“=\gr), ~ar @

From the definition of enthalpy, and the ideal gas law get:
h=u+pv = u + RT

Which by differentiation with respect to T gives:
dh—du+R=> =c, + R (215
dT ~ dT b= (2.15)

The ratio of the two specific heats, the specific heat ratio, is defined as

C
y=-=2 (2.16)

Cv

By some algebraic manipulation of 2.15 and 2.16 we update Equation (2.12) slightly to its more
commonly used form:
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y-1

L _ (@)T (2.17)

Ty B P1
Using equation (2.17) and the ideal gas law to relate density ratios with pressure ratios gives:

p, (Pz)y
—=|— (2.17b)
Py P1

This can be seen by replacing the temperature ratio using the ideal gas law, and then group the
pressure ratios together. This simplifies to equation (2.17b).

Apart from momentum conservation we often make use also of conservation of mass, here
manifested by the continuity equation for steady flows:

m = pAc (2.18)
The corresponding differential form of the continuity equation is:

Ui Loy @i

A p - ( . )

We have already introduced momentum conservation for a control volume through equation (2.3).
Another form of 2.3 can be obtained by replacing the mass flows using (2.18) and simplifying to a
1D single inflow, single outflow system. If the forces in the sum on the right-hand side of (2.3) arise
solely from pressure terms we then get:

p2Acs — p1Act = p1A1 —prA; = D2+ pact =pyt+picf (23b)
Its corresponding differential form reads:
pcdc = —dp (2.20)

Perhaps somewhat unexpectedly, we now have enough information to predict the speed of sound!
The derivation studies a planar wave (dA=0) using both the continuity and the momentum
equations to develop the following result:

dp

2=— (221
a dp( )

The details leading up to Equation (2.21) are found in Appendix A. We can use (2.17b) to progress
beyond (2.21) by realizing that:

14
p—2=<&) = p =const-p¥

P1 P1

where the constant simply groups the initial state 1 for the process. Since the final state 2 is arbitrary
we can write the expression also in the form given to the right. A derivative of the expression to the
right produces:

p
dp d(const-pY const -y
& _ d(const - p) = const - yp¥~t = ———CONSt _ VB
dp dp p p

We then get:
a? =y%=yRT = a=.yRT (2.22)
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The speed of sound in a perfect gas can consequently be computed solely on gas properties and the
local temperature. The speed is actually a lower bound for wave propagation speed in fluids, only
valid for small isentropic waves such a sound. Stronger waves such as travelling shock waves and
reacting shock always travel at higher speeds.

Example 3: For air at 300 K estimate the speed of sound.
Solution: For air, the average molecular weight is around Mw;air = 28.96 g/mol. From the universal
gas constant Ru=8.314 J/(kmol-K) we get R for air as:

R
R=—1Y

= 287.05]/kg - K

w,air
Air is mostly diatomic and diatomic gases have 5 degrees of freedom at low temperatures, 3
translational and 2 rotational. From the theory of statistical physics, we might know that the number

of degrees of freedom relate to the specific heat ratio y by:

_n+2_5+2_14
y_n_S_'

We get the speed of sound:
a=.,yRT =347.2m/s

Nozzle flow theory and thrust

Now, that we know a little bit more about thermodynamics and have the speed of sound better
explained, we are ready to go back to analyze thrust term for the aero engine exhaust. First, we define
the Mach number as the ratio between the local velocity ¢ and the speed of sound a:

Cc
M=- 2.23
- @23

If M is larger than 1.0 we call the flow supersonic, and if smaller than 1.0 it is called subsonic. By
using the above equations, we will now be able to derive a really interesting result about flows in
converging and diverging ducts. Taking the momentum equation on differential form (2.20) and
dividing it with dp gives:
pcdc dp
dp  dp

2

The last equality comes from Equation (2.21). Using this result in the continuity on differential form
(2.19) gives:
dA cdc dc__O

+
A a? c

Which simplifies to:

We immediately realise that the flows behave quite differently depending on whether the Mach
number is smaller or larger than 1.0 because the factor leading the left-hand side then changes sign. If

. ) . . dA
for instance the area increases and the flow is subsonic, then i >0and (M? — 1) <0 and then

% < 0. Thus, the fluid slows down. The four cases are illustrated in Table 2 below.
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Table 2: The four different cases as predicted by formula 2.24.

M,< 1.0
! C,
—) =)

Subsonic flow in a divergent duct => fluid
slows down

M,>1.0
G C,
—) ———)

Supersonic flow in a divergent duct => fluid
accelerates

M,< 1.0 M,> 1.0
1 c - _C1 Cz
——) —2 )

Supersonic flow ina convergent duct => fluid

Subsonic flow in a convergent duct => fluid
slows down

accelerates

So, we can understand a little bit more of what happens in the exhaust nozzle of a jet engine. The
flow goes through the convergent nozzle approaching the exit, the fluid accelerates increasing its

Mach number towards 1.0.

EXHAUST CONE

JET PIPE

CONVERGENT (propelling) NOZZLE

TURBINE REAR
STAGE

TURBINE REAR
SUPPORT STRUTS

Figure 9: Jet engine exit, with converging nozzle [2]

In an engine the velocity at the nozzle entry is subsonic. Hence, equation (2.24) and the figure in the
lower left of Table 2 show that the fluid will accelerate! This will of course help to develop the thrust

since the exhaust momentum term reads (mo + Th.f)Cg. The remaining bit of this section will be
devoted to see how far this process can be driven, and to analyze what happens to other parameters

such as pressure and temperature.
First, let us revisit the first law for open systems.

. . 1
Q=W =rit|(h k) +3(3 -cD)] @2

and group the velocity and enthalpies together, by using what we call the stagnation enthalpy 4,:
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Equation (2.2) then simplifies to:
Q -W = m(ho; — hoy) (2.26)

Equation (2.26) is quite useful for most components using air in propulsion systems. Many times, we
look at components that either have heat input/output or work input/output. For the “heat only” case
we get:

Q = m(hoz - h01) (2.26b)

And for the “work only” case we get:

—W = 1i(hgy — ho1) (2.26¢)

Notice that Equation (2.2) and its forms (2.26, 2.26b, 2.26¢) are very practical since they give you the
freedom to choose control volume boundaries. So far, we have only discussed its use for the whole
engine. In the upcoming discussion we will specialize the forms of Equation (2.26) to several different
components of the aero engine.

The exhaust nozzle is actually a particularly simple case, because no mechanical work is transferred.
Since the flow through the nozzle is quite rapid, the amount of transferred heat that we can expect is
relatively modest. We therefore approximate the nozzle process by:

0 = (hoz — ho1) (2.264d)

Let us now also use the component numbers according to the standard aero engine nomenclature, see
Figure 10. The station number at the entry is denoted 5 and for the exhaust the station the number 8 is
used.

hys Tos Dos
hos Tog Pos
Kinetic energy i® i [
— B Kinetic energy

-

Figure 10: Nozzle with standard nomenclature, entry station denoted 5 and exit station 8.

Since, for a perfect gas, enthalpy relates proportionally to the temperature through c,, the relation for
the stagnation temperature and stagnation enthalpy becomes:

ho = ¢, Ty (2.27a)
For the enthalpy and temperature, we get:
h=c,T (2.27b)
By applying to the proper station numbering equation (2.26d) becomes:
hog = hos

Using (2.27b) we see that also the stagnation temperature in the nozzle remains constant.
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Tog = Tos

As the fluid flows from station 5 to station 8 in the above expression, we showed that the stagnation
enthalpy and stagnation temperature both remain constant, as long as we can neglect the heat
transfer. In general, we cannot expect that the flow between station 5 and station 8 to be reversible,
so we really do not know how to relate poys with pog. We only know that the stagnation pressure will
decrease. The good news is that it does not drop too much, for a well-designed nozzle working close
to its design condition it might drop with a few percent only. For simplicity, we will therefore neglect
the stagnation pressure loss and assume an isentropic flow between 5 and 8, that is set pyg = pgs.

Since we often work with Mach numbers it is useful to relate the stagnation properties to the
Mach number. This is now easily achieved re-using formulas derived above. From Equation (2.25)
and (2.27a, 2.27b), the Mach number definition (2.23) and the ideal gas law (2.8) we get:

c? c? M? - yRT R -1 -1 M?.yT
R Tt i L L A PP Ak AL
2 2¢, 2¢y Cp 14 y 2
-1 To -1
= T0=T+T'MT = ?=1+T-M (2.28a)

Equation (2.17) is valid for any isentropic process that a perfect gas undergoes. Hence, it is valid for
the particular isentropic process which we call stagnation. Thus,

Y Y
Po _ (To\r-1 _ T
(T) = (1 + > M ) (2.28b)
We now have everything we need to nail the nozzle theory! First, we ask ourselves how far can we
drive the acceleration? If you take a close look at 2.24 you get a good feeling. If we have a
convergent duct like the nozzle we study here, we can continue to accelerate until we reach
Mach 1.0. To go beyond Mach 1.0, we would need to start increasing the area again as shown in the
upper right of Table 2. Hence, if we set M=1.0, which we can easily evaluate the limit values. First,
we derive the temperature in station 8. Since the stagnation temperature does not change through the
nozzle, Tyg = Tys5, We can predict the temperature directly from 2.28a.

T = Tog _ Tos _ Tos 2
= S S -
1+ 14Xy 1P gee 1Y

Tos

Since we approximate the flow between 5 and 8 as isentropic pog = pos, Equation (2.28b) gives the
limit pressure pg:

pg = Pos _( 2 )/——1p
8 Yo 1+y) 05
(117 w)™

Although the limit of acceleration in a convergent nozzle is set by M=1.0 it is much more practical to
compare pressures to see if the nozzle has reached the M=1.0 condition.

In real engines y would be lower than the previously stated value of 1.4. At the engine exhaust
the temperature could be 1000 K and additional excitation modes then become statistically probable
increasing the “degrees of freedom” of the gas. Thus, n in Example 3 above, would increase pushing
y towards lower numerical values. Also, at the exit the gas is no longer air but contains combustion
products. The exact gamma depends on the concentration of the different species but for
conventional jet fuel the y will always drop further by the presence of combustion products.
Specialized codes or data tables are needed to obtain accurate values for y. The same is true for ¢,
which also depends both on temperature and gas composition. To keep things simple we will use two
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sets of y: s and ¢,:s. In Table 3 below we define one “cold” set for air and one “hot” set for gas in
which fuel has been combusted.

Table 3: Property assumptions for perfect fluids (air) and air with combustion products (gas).

Air (a) Air / combustion gas (g)
Yo = 1.4 Yg = 1.333
Cpe = 1005 /K - kg Cpg = 1148 /K - kg

Applying the air value y, = 1.4 we get the limiting pressure ratio as:

1 Ya
+ _
Pos — ( Ya)Ya 1=1.893
Ds 2

The corresponding value for gas with y,, = 1.333 is:
Yb

147 \7 -1
Pos _ (—yb)”b to1852
Ps 2

Hence, if the stagnation pressure entering the nozzle is more than 1.893 times larger than the ambient
pressure the flow will reach M=1.0 in both instances and a pressure term will be present for the
nozzle exit.
We can now summarize the procedure for modelling the thrust (riy + s )cg + (g — Po)As!
Pos

If . is above the limit, we simply use the above limit expressions to compute pg and Tg. From pg
8

and Tg we can determine the density using the ideal gas law. This also allows us to predict the area
of the nozzle exit using Equation (2.18). When the nozzle reaches the limit condition of Mach 1.0,
we refer to this as the nozzle being choked.

What if the pressure pys is less than the choking limit? Then the exit pressure pg will reach the
ambient pressure p, and there will be no pressure thrust term in the thrust equation. How do we then
get the velocity? We can get the Mach number from 2.28b by approximating pog = pos and setting

Ps = Do-
1\
s Pos (4 V=1 )
Po Ds 2

From the Mach number Mg we get the temperature Tg, and again this allows us to estimate the
density and the area needed for the flow.

Example 4: At the entry of the exhaust nozzle of an engine the stagnation temperature and stagnation
pressure are Py5=193,2 kPa and T,5=1000 K. The aircraft is flying at 7000 meters altitude at a speed
of 200 m/s. The engine entry mass flow 11, is 100 kg/s and the fuel flow m; is 1.940 kg/s.

Predict the engine thrust!

Solution: From the above discussion we know that the nozzle will choke up at a pressure 1.852 times
the ambient pressure (using the hot variant). Although we will discuss atmospheric data later, we can
already now get the pressure at 7000 meters from the standard atmosphere given in Appendix B. At
this condition the pressure p, is 41.06 kPa. The nozzle is clearly choked since accelerating to Mach
1.0 gives a pressure that is still larger than ambient:
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193,2

Pglimit = 1852 = 104,3 kPa > 41,06 kPa

Since the nozzle is choked, we have sonic speed at the exit (Mg = 1.0). This also means that the
additional pressure term in the thrust expression (pg — po)Ag is now greater than zero. The nozzle
exit temperature Tg becomes:

2
Tg =——Ty5 = 857,3K
814, 5

The speed of sound at this temperature is:
ag = /YRTg =572m/s
The exhaust velocity is then:
cg=Mg-ag=1-ag =572m/s

The pressure pg is (again) obtained directly from the choking limit:

4
—( : )H = 104,3 kP
Ps =\17 Y Pos = ) a
The density is now obtained from (2.8):
Ds
=" =042 3
Ps RT, 0,4238kg/m

Finally, the needed area to fit this flow is obtained from Equation (2.18):
my +m
Ag=——T = 0420 m?
CgPsg

The thrust can now be computed from Equation (2.5) as:

F = (mo + mf)CS + (ps - pO)AS - m()CO = 64942 N

As a final note, it should be said that the most common engine type, the turbofan, has two separate
exhaust nozzles. The equations above handle this problem equally well. The approach is to compute
the thrust from the two separate streams using the above equations and then simply add them
together!
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Developing the engine core component modelling

Having the thrust generation in firm grip we now turn our attention to the core of a jet engine. See
Figure 11 for a simple example of a jet engine. The air enters the engine inlet at station 1 and then
flows on to station 2 and the compressor entry. Then, it is compressed from station 2 to station 3
before the combustion and heat addition occurs from station 3 to station 4. The turbine takes the hot
air and expands it in the turbine from station 4 to station 5. This expansion generates power, which is
transmitted to the compressor through the shaft, see Figure 11. The gases entering the turbine have so
much energy that a lot remains at exit 5 allowing considerable thrust to be generated.

Combustor
/-F'-_ 3 .
1 2 Compr?ﬁgr_ il =) -. 4 _[_b|.ne 5 —~\\ 8

S Ve
v Y

~ e - | -

Figure 11: A jet engine (turbojet) with core components and station numbering.

We will now develop the basic principles for predicting the fuel use and efficiency of the core
components (compressor, combustor and turbine).

To be able to predict the performance of aero engines the variation in the surrounding
atmosphere has to be accounted for. Although temperature varies a lot over time, location and year a
standard atmosphere has been defined, the international standard atmosphere or simply the ISA
standard. The ISA standard temperature starts at 288.15 K at sea level and drops of by 6.5 degrees
per 1000 meters up to 11000 meter after which the temperature remains constant. The pressure is
defined to be 101325 Pa at sea level. Since the standard temperature drops linearly with altitude, the
pressure variation with altitude is found by integration:

P
dP = —pgdh = [ldeal gas law] = —ﬁgdh =

[ U —
Ps, P~ Jo R(Ts,—6.51073h)
TSL —6.5: 10_3h 6.51073-R
Po = Pg; - (2.29b)
TSL

Where Tg; = 288.15 K and h is the altitude in meters. Pg; =101325 Pa and g is the gravitational
constant 9.81 m/s2. Notice that the 0 in p, and T, represents the station number upstream of the
engine, not stagnation. Equation (2.29a) and Equation (2.29b) are only valid up to 11,000 meters. A
tabulation up to 25000 m is found in Appendix B. Frequently, the local temperature is presented as
deviation from the ISA standard, rather than in absolute numbers. During engine design, provision is
taken for hot days since this pushes the engines towards very high internal temperatures.
“ISA+25” (313.15 K) at sea level take-off is a common “hot day” definition. Since pressure depends
on altitude, see Equation (2.29b), high altitude airports may have much lower pressure than the sea
level value. This reduces the thrust developed by the engines because the air density drops with
pressure. In turn, this reduces the engine mass flow which lowers the thrust, as can be seen from
Equation (2.5). For particular airports the combination of high temperatures and low pressures can be
problematic during take-off?,

The inlet performs no work, and the heat transfer is negligible. Hence, the inlet is
thermodynamically very similar to the exhaust nozzle. Although a modest pressure loss is to expect
through the inlet, it is a rather good approximation to assume that the flow is isentropic, that is py, =

2 A classic tough case is the Mexico City airport is located at 2230 m above sea level (Appendix B gives approximately
77,3 kPa for this altitude). ISA+30 at this airport makes the design very challenging.
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Do1- The pressure at the compressor entry is directly influenced by the flight Mach number M, and
can then be predicted by isentropic pressure recovery, according to Equation (2.28b) we get:
Y

-1 y—-1
Poz _ (1 +r=. Mg) (2.30a)
Po 2
The stagnation temperature in station 2 is obtained from:
To2 -1
—~=1+—— M2 (2.30b

After establishing estimates for the inlet, we now turn our interest to the next component, the
compressor. First, we need an efficiency expression. The preferred efficiency for aero engine
propulsion modelling is the small stage or so called polytropic efficiency. It is defined by the

differential:

dhy,
oe = ~an

(2.31)

The formula looks reasonable since the d h;,, that is the isentropic energy need for a small stage
compression, should be smaller than the real energy need for the same compression dh. Hence the
efficiency is less than 100% and relates the ideal process to the real process. To develop the
expression further the numerator dh;s can be obtained from Gibbs’s Equation (2.6a) applied to the

stagnation state with ds= 0 and the ideal gas law (2.8). The denominator can be replaced by
introducing cp. We get:

RT,dp
Do aTr R dp dT y—1dp
np,c = Pt —_— = o Lt —_—= e —
deT To  cpNpc Po To  ¥NMp,.c Po
y-1
T y=1
B (@)”"” (2.32)
Toz Po2

Notice the similarity between (2.31) and the isentropic process. The only difference is the efficiency

in the denominator in the exponent. This will increase the exit temperature T, and in turn increase the

work needed to reach the pressure ratio Pos compared to the isentropic process. A good first estimate

Poz2
for the compressor efficiency is around 1, . = 90%, or maybe a few per cent higher for very modern

units. The compressor work requirement is obtained directly from the first law for open systems:
—Wc = m(ho3 — hoz) = mcp(T03 — To2) (2.33)

Here that the work is negative, that is we need to put in work into the fluid going through the
compressor.

The combustor is treated by computing a sufficient fuel air ratio, by mass, to achieve a targeted
exit temperature Ty,. The quite high temperatures associated with combustion, modern engines may
have temperatures in the range of 1800-1950 K as combustor exit temperature. Such a high
temperature level means that a lot of chemical reactions may occur that do not take place at room
temperature. Combusting Jet-A, which is the currently the dominating aircraft fuel, mainly produces
water and carbon dioxide. At these high temperatures both substances may dissociate into carbon
monoxide, hydrogen, hydroxyl radicals and in addition nitrogen oxides with likely form from
dissociating nitrogen reacting with the oxygen in the air. Instead of modelling these interrelated and
temperature dependent reactions it is customary to simply use charts, see Figure 28 and Figure 29 in
Appendix C below, to estimate the relation between fuel use and temperature rise. These charts are
based on chemical equilibrium computations performed by specialized codes [3].
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Current combustors have very high efficiency, often above 99.9%, so this inefficiency effect is
neglected. The loss in stagnation pressure through the combustor is usually in the range 3-5%. Here
we use 4%.

Example 5: For a compressor exit temperature Ty3= 700 K estimate the fuel air ratio to achieve a
combustor exit temperature of Ty,=1800 K.

Solution: The combustor temperature rise needed is 1800-700 = 1100 K. Reading off the 700 K
inlet air temperature curve we get the fuel air ratio, denoted FAR, as approximately 0.03350. If the
air flow into the engine is 100 kg/s the fuel flow is 3.35 kg/s.

The turbine expansion is done analogously to the compressor the only difference being the
efficiency definition:

h
=——(2.34
T]p,t dhls ( )

Here we get less real power out than we would if the expansion was isentropic. Hence the inverted
relation. Integrating using the same line of argument as for the compressor results in:

y—1

T, —  Npt
ﬁ:(@) YT (235)

Tos  \Pos
The power out of the turbine is developed in the same way as for the compressor:
_Wt = (m+ mf)cp(Tos —Tos) = Wt = (m+ mf)cp(T04 —Tos) (2.36)
Since the temperature drops during the expansion through the turbine the turbine power output is

now positive since the turbine does work on its surroundings. The turbine drives the compressor and
the net work on the surrounding is zero. Summing the compressor and turbine work gives:

W.+W,=0
or with the expression for the powers introduced:
(Tfl + mf)cpg(T04 - TOS) = mcpa(T03 - TOZ) (2-37)
To emphasize that we should use different Cp:s for the compressor (air) and after the burner (gas) the

indices have been explicitly introduced in equation (2.37). In this treatment we neglect any
mechanical losses.

Example 6: The engine studied in Example 4 has a pressure ratio of 8.0 over the compressor. Again,
the aircraft flies at 7000 meters at 200 m/s and the turbine exhaust temperature Tj5 remains at
1000 K and the engine entry mass flow i, is 100 kg/s.

Estimate the turbine entry temperature Ty,

A way to measure jet engine efficiency is specific fuel burn. It is defined as fuel burn per unit thrust,
that is SFC = ? Compute this parameter. Use the thrust predicted in Example 4 and the fuel burn
predicted in the solution to this example to establish its value.

Solution: The ambient conditions at 7000 meters is determined from Appendix B.

Ty = 242,65 K
P, = 41,06 kPa
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The speed of sound at this temperature is:
ay = +/YRT, = 312,3m/s
The flight Mach number M; is then:

C
M, = -2 = 0,640
Qo

Due to the relative speed between the engine and the air a stagnation temperature and stagnation
pressure builds up. This stagnation process is frequently referred to as “ram”. The process is
modelled by Equation (2.30a) and (2.30b):

Y
-1 y-1

TOZ _ -1 2 _

——=1+4+—— M} = T, =26256K

T, 2
The compression process is modelled using Equation (2.32) with a polytropic efficiency of 90%. This
produces a T3 according to:

14-1
To3 = To2(8)0914 = 508,1 K

The temperature at the turbine entry is sought. We only know the exit temperature Ty =

1000 K. But we can compute the power required by the compressor since we know the temperature
change of the compressor as well as the mass flow. Since the compressor power is equal to the
turbine power and we know the turbine exit temperature we should be able to calculate backwards
establishing the turbine inlet temperature. From 2.37 we get:

(Mo + M) cp g (Toa — Tos) = mcy q(Toz — To2)

The only piece of information missing is the fuel flow. In this case we must iterate using the fuel
flow tables (Figure 28 and Figure 29). Looking at the fuel flow tables we see that the fuel air ratio is
frequently only a few percent. We should be able to get a good estimate by initially setting the fuel
flow to zero in the equation above. We will then have a few percent error in (Ty, — Tys) Which will
result in in an even smaller error in Ty,. Normally, for the type of preliminary calculations studied
here we should be able to accept this error. However, we can of course compute a T,, based on the
new value of FAR which should then be even more quite accurate. Let’s do this. We first get (from
zero fuel flow assumption):

(100 + 0) - 1148 - (Ty, — 1000) = 100 - 1005 - (508,1 — 262,56)

Which gives a Ty, = 1214,9 K and a combustor temperature rise (Ty, — Tp3) = 706,86 K. Looking
in Figure 28 we find the FAR=0,01940. The FAR number is a mass flow ratio now we can get the
fuel flow:

my = 0,01940-100 = 1,940 kg /s

We now compute T, again using the equation above to get Ty, = 1211 K and see no need for
another iteration (1211 K is very close to 1214.9 K). Another iteration would produce an even
smaller difference. Notice that we are reading data out of figures and the error from this process is
soon larger than the accuracy of our iteration scheme.

From the above results we can now also predict the SFC. Using the thrust established in Example 4
we get
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my
SFC = 7 = 29,8mg/(N-s)

It customary to state SFC in mg/(N-s) to get reasonably sized numbers.

The useful power to the aircraft is the thrust times its flight speed.

P=Fcy=13,0 MW

This is an impressive power considering that the exit area is 0.420 m? and the corresponding diameter
is 0.73 meter. This is despite that the temperature in the turbine entry is a lot lower than can be
achieved today. The SFC is also very poor resulting from a combination for the low turbine entry
temperature and the low pressure ratio of the engine. In general, being able to run with higher turbine
entry temperature increases the optimal pressure ratio for the compressor. State of the art turbofan
engines may run with about half the SFC stated in the example above.

For detailed calculations there is also a mechanical efficiency, but these are quite high. Often as
high as 99.9%. The large errors made here are the assumption of constant gas properties and that we
do not treat turbine cooling. Frequently as much as 25% of the compressor air is often bypassed the
combustor and used to cool the turbine blades.

Some efficiency definitions
We can now define an efficiency for this process. As indicated above, the useful power Py e sy, t0

the aircraft is the thrust F multiplied with the speed at which the aircraft is flying co, that is:
Pyserut = Fco

The overall efficiency is then measured by how the heat content LHV of the fuel flow b relates to this
efficiency. The overall efficiency n, is thus:
FCO

To = Sy - LHV

It is customary to split the efficiency into two separate factors, thermal efficiency and propulsive
efficiency. The thermal efficiency quantifies the conversion from heat to kinetic energy and the
propulsive efficiency relates the conversion of kinetic energy to useful thrust:

Wkin . FCO
My LHV: Wy

No =MNtn " Mp =
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The turbofan & turboprop

To close this section on engine modelling we will discuss the two most common jet engine
architectures today the turbofan, and the turboprop. The turbofan dominates the scene, and the
turboprops are only used for shorter flight distances and smaller aircraft. A turbofan is shown in
Figure 12.

Intake air

LPC (Fan)

Figure 12: Two-shaft turbofan (geared) engine architecture with station numbering.

The turbofan is more complex than the turbojet in that it has two streams. The inlet flow splits into a
large cold stream often referred to as the bypass flow, since it is bypassed the core of the engine
ducted around the engine in the bypass duct exiting in the “cold nozzle” denoted by 18 in Figure 12.
A much smaller “hot flow” often referred to as the core flow is also indicated in Figure 12. The core
flow goes through stations 2, 21, 26, 3, 4, 45, 5 and finally exiting in the core nozzle in station 8.
Notice that this numbering is consistent with what we used for the turbojet. The ratio between the
bypass mass flow and the core flow is called the bypass ratio, BPR, and is defined as:

BPR = Thyvass

mcore
Modern engines have BPR:s around 10.0, and if a mechanical gear is used to reduce the LPC
rotational speed it may be above 12.0. Of course, the value varies not only between architectures but
also throughout the engine mission.

A number of abbreviations for the turbofan components are in use, as indicated in Figure 7. The
LPC is frequently called “the fan”. A typical LPC design pressure ratio is around 1.45-1.6. The core
flow goes through the same process as we have already discussed with the turbojet. That is first a
compressor, then combustion, and finally turbine expansion. The compression is split into the first bit
already happening in the LPC, then a second compression step through the Intermediate Pressure
Compressor (IPC) and the final compression step occurring in the High-Pressure Compressor (HPC).
The turbine expansion occurs through two separate turbine components the High-Pressure
Turbine (HPT) and the Low-Pressure Turbine (LPT).

As illustrated in Figure 12, a geared turbofan has two shafts. The low-pressure shaft is
comprised of the LPC, IPC and LPT which are connected together mechanically. The IPC/LPT
typically runs with a rotational speed 3-4 times higher than the fan. Most of the energy developed in
the LPT goes to drive the huge Fan but some is used also for the IPC. The high-pressure shaft is
comprised of the HPC and HPT with the combustor placed in between. Typical pressure ratios for the
IPC and HPC are 2-4 and 10-20 respectively. A total compression ratio of over 50 is common in
large engines today. Thermal efficiencies over 50% are reached and propulsive efficiencies over 80%
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resulting in overall efficiencies of above 40%. In addition to geared architectures there are the direct
drive two-shafts, and also three-shaft engines where an intermediate pressure turbine drives an
intermediate pressure compressor having an independent rotational speed.

The turboprop engine, an example is shown in Figure 13 below, can be designed with different
architectures. A common turboprop architecture is to use a free running, not mechanically connected,
power turbine. The air enters through the air inlet and is here ducted to an axial/centrifugal
compressor, ideal for the much smaller airflows of this engine type. This compression unit is driven
by the compressor turbine. Together with the combustor the compressors and turbine generate hot
pressurized gas for the free power turbine that is directly linked to the propeller generating the thrust.

gxhaust aif Combustor In§ k]: ar

i /

T

Centrifugal Axial

Power

; Compressor
turbine

turbine compressor compressor

\\

Propeller

Figure 13: Turboprop architecture

Of course, the power generated onto the shaft by the free turbine could be generated by any other
energy source, such as a fuel cell or battery [4, 5].

Cooling medium

Thermal management system

Power
Electronics
Converter

Battery/

Gear Electric
Fuel cell

box Motor

\ Electric Bus

Propeller

Figure 14: Electric drive system for propeller installation
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As illustrated in Figure 14, when electrical energy is adopted, the gas turbine core is replaced by an
electric motor integration while the propulsive thrust is still generated by the propeller blades.
Primary electric power system elements are the electric motor, power electronics converter, and an
electrical energy source device. The energy source is normally represented by batteries or fuel cells.
In principle, the electric motor can be designed to drive the propeller either with- or without a
gearbox but normally a reduction gear is required as the motor then works more efficiently in a
relatively high RPM range. Based on the selection of the type of the motor, a power electronics
converter is required to turn the electrical energy from the batteries/fuel cell into a suitable form
(current type, voltage level, etc) needed by the motor.

Since a shaft connection is only required between the electric motor and the propeller, this
makes the motor integration rather compact compared to the turboshaft engine. However, as the
energy densities of batteries of today, up to perhaps 0.3 kWh/kg, are way lower than that of fossil
fuels, the resulting high weight of the electrical power system makes it impractical for the medium/
long range flight missions that we usually associate with aviation. For short range smaller aircraft,
they may as we will see in this course, become competitive relatively soon. Fuel cells are also
constrained by power density but indicate to have a higher potential for compactness than batteries.
However, the need for additional pressurized hydrogen increases the compactness of the overall
system limiting its the current potential. Having liquified hydrogen on-board changes this story.

The total electric efficiency, from battery to propeller, may reach just over 80% for a typical
high-power installation. This is much better than for conventional combustion-based components that
may reach 50% for large installations and perhaps 35% for smaller power plants. Fuel cell
installations do not seem to have any major efficiency advantage over combustion-based systems,
especially when very large powers per unit volume need to be extracted. As a final note, too high or
too low component system temperatures may negatively affect the performance and/or life of the
components. Hence, a thermal management system is normally considered a critical part of
completing the electric drive train. A more comprehensive discussion of electric propulsion is given
in the later section of this material.
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In Example 4 we predicted the nozzle flow exit area that would fit the flow exactly. This can only be
achieved in a single condition. What happens if it doesn’t fit? Think about it for a while before
continuing to read! Clearly, had we done the design for another flight condition with a different
forward speed and a different altitude we would have expected a different exhaust area As for
choking the flow. Both Example 4 and Example 6 are usually referred to as design point studies. This
means that all geometry of the engine and its components being studied, are thought to be adaptable
to exactly fit the flows. In other operating points however, we do not have this design freedom. Once
we have chosen the design point and have worked out the areas and geometry, we have to live with
our choices. For advanced design activities you might strike compromises between multiple design
points. Doing this you still face the same challenge, you can choose your areas only once! You might
make a more informed and balanced choice considering multiple points, but the fixed area limitations
remains.

Actually, engineers have gone to a great length to circumvent the problem of only being able to
decide design areas once. A classic example is aircraft wing design. If you could choose freely
between operating points, you would like to have a relatively small wing for cruise to keep drag
down, however, to allow for a shorter runway you would like to have a larger wing and to be allowed
to land at a sufficiently low speed you would likely want an even larger wing. For this reason,
engineers have “cheated” and introduced variable geometry using leading edge slats and trailing edge
flaps. The different configurations are illustrated in Figure 15 below.

(-\
4 AN

Figure 15: Top figure: clean wing for efficient cruise operation. Middle figure: application of slat (leading edge)
and flap (trailing edge) to aerodynamically increase the wing area. Lower figure: extreme condition for landing with
maximum position for slat and flap.

This section is not so much about finding remedies for fixed geometry but rather to briefly discuss
how limitations are introduced in propulsion systems when fixed geometry components have to
be matched together, that is how several choices of fixed areas constrain each other.

We know that in every operating point of the propulsion system, momentum, mass and energy
have to be conserved between components. In addition, the rotational speed of the compressor must
be the same as the turbine rotational speed since these two components are hard connected together
through a shaft.

For aero engines it is customary to present the whole engine performance using the compressor
component data. If we plot compressor pressure ratio over mass flow for a number of rotational
speeds, we get something called a compressor map. See Figure 16 below. This map depicts a large
number of stable operating conditions in which the compressor could potentially be operating. If you
put the compressor in a well-designed test bed you could reach all these points.

To model compressor performance we use the following non-dimensional variables:
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Pos _ pressureratio  (2.38a)
Doz
ND Fixed size, fixed ki N (2.38b)
= Fixed size, fixed working gas = .
VYRTy VToz
m,/c,T, my/T,
z—pOZ = Fixed size,working gas = 02 (2.38¢)
D*po2 Po2

First it should be pointed out that the variables used in practical compressor modelling, that is the
rightmost ones in Equation (2.38b, 2.38c), are not non-dimensional, although they are frequently
referred to as non-dimensional variables. The leftmost variants of these variables, as given in
Equation (2.38b, 2.38c) are however dimensionless. Because aero engine compressors are intended to
be used in air, there is however no need to keep R, ¢, and y present in the variables since they are
constants. The same goes for the characteristic size parameter D. The compressor is fixed in size and
therefore also D remains constant and can be excluded from the variables. With these provisions

N hTog .. .
| Bos nd 2 dimensionless.

made we will allow ourselves to cal ,
Poz +/Toz Poz

In general, the use of non-dimensional numbers allows us to reduce the number of variables we
need to describe a physical system. Non-dimensional numbers are introduced in basic courses in
physics, and little further will be said here. Only that it can be proven that the degrees of freedom for
representing a component is reduced with rm number of variables [6], when non-dimensional
variables are used. The variable m is the number of fundamental units (time [s], mass [kg], length
[m], temperature [K], amount of substance [mol], luminous intensity [cd], electrical current [A]) in
the problem at hand. In aerospace we often have m = 3 (time [s], mass [kg], length [m]) variables
and in some cases where heat transfer and the energy equation play an important role, we have m=4
(time [s], mass [kg], length [m], temperature [K]).

For a compressor this process of reducing the number of independent variables by using non-
dimensional variables allows us to predict compressor pressure ratio if the non-dimensional rotational
speed and the non-dimensional mass flow are given. The same holds for efficiency, that is it also
defined from non-dimensional rotational speed and mass flow. See Figure 16 for a typical high speed
compressor performance map. Hence, we get a 2-dimensional space (two variables to determine a
third). For high-speed compressors, m = 4, so if we decide to not use non-dimensional variables we
would be stuck with a 6-dimensional space.

Aerodynamic
/1 stability limit

Po3
Poz

Engine
operating

1ty Tgo

> Poz

Figure 16: Compressor map plotting a number of rotational speed lines showing pressure ratio as a function of
corrected mass flow. Notice the blue cross-hatched lines indicating constant compressor efficiency [7].
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Because the performance of aero engines is constrained by how the components limit each
other, the points where the whole engine can operate is very constrained! When turbine components
are choked, normally the internal flow inside of turbines reach Mach=1.0 for a considerable portion
of the engine’s envelope, the running line becomes fixed. This means that only one operating point is
possible for each rotational speed line as indicated by the orange line in Figure 16. Notice that at
lower non-dimensional speeds, in this case around 40%, the engine pressures have dropped down so
much that a component may unchoke and it then multiple running lines are possible depending on
additional variables such as aircraft speed. Then it gets more complex to predict the engine
performance. However, this happens far below the points where most of the fuel is consumed for a
normal mission, so we can treat the important part of the engine operation as a 1-dimensional curve!

How do we now connect the engine with the aircraft? The first step is to start to think in terms
of missions. Study a typical mission shown in Figure 17 below. The major part of the flight time and
also the major part of the fuel burn is incurred by the cruise segment. For longer flights, it is common
to climb to higher altitude as the aircraft gets lighter. By climbing to this high altitude the aircraft
may then be operated in a region with lower density, hence reducing the aircraft drag, the thrust
requirement and the fuel burn.

The last point in the climb phase is usually referred to as top-of-climb (TOC). The same point in
the mission but now with engines throttled down to the lower thrust of level flight is called initial
cruise. The first point in the descent phase is called top-of-descent. Usually the end of run-way point
is taken as the take-off point (TO).

Cruise
>

TOC

Climb Descent

Approach &
Land

Taxi out &

Take-off Initial climb

pproach Taxiin

=1

Block distance & block fuel

Figure 17: Typical commercial mission for civil aircraft

Returning again to the engine running line and the compressor map we can introduce typical
operating conditions into the map:

Poz 4 ‘
Poz !:’

JOC

m, /Ty

Poz

Figure 18: Compressor map with top-of-climb (TOC), take-off (TO), Cruise and the low power point Approach are
indicated along the operating line.
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In general, the block fuel maiock can be approximated quite well through the sum of a number of
products multiplying the time spent in a particular phase t;with the fuel burn for this particular phase
my ;. We get:

My plock = z timg;
Al flight
phases i

Several points for each flight phase may be needed to achieve a sufficient accuracy for myiock. The
total flight time t is then obtained from:

t = ti

All flight
phases i

To approximate the fuel burn during a mission, the major fuel consuming phases may be grouped
together and multiplied with time to make a first estimate of the block fuel. It should be pointed out
that although the time in take-off and climb is many times much shorter, climb could be done in 15-
20 minutes and cruise could go on for 10+ hours, the fuel burn is much higher during take-off and
climb and should therefore still be treated separately. A crude approximation for the block fuel bpiock
may therefore be made as:

bblock = f(tinitial climbmf, initial climp T tclimbmf, climp T tcruisemf, cruise)

Where ¢ > 1.0 should approximate the fuel spent by the additional flight phases.
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3. ENERGY CARRIERS AND EMISSIONS

Since the early 1950:ies aviation has been characterized by rapid growth and an impressive
improvement in vehicle efficiency. The general trends are captured in Figure 19 below. Although
CO; emissions per passenger kilometre have dropped by a factor of 20 since the 1950:ies growth has
been even more rapid and today aviation account for about 2.4% of all CO emissions generated by
human activities. In 2018 aviation emitted approximately 918 million tonnes of CO,. Average
emissions from aviation are around 0.125 kg CO; / RPK but for economy seated completely full
modern aircraft 0.05 kg CO, / RPK can be reached despite flying at 1000 km/h!
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Figure 19: Growth in RPK (revenue passenger kilometers) versus CO; emissions per RPK [8].

During COVID aircraft operations dropped back dramatically to levels less than 10% of global RPK!
As COVID restrictions were relieved, RPK picked up gradually and in February 2024 an new record
value was achieved comparing to pre-covid levels.

For constant speed and level flight, we showed that the thrust of the engines must approximately
equal the vehicle drag, through equation (1.5a). Similarly, lift was shown to be approximated well by
aircraft weight from equation (1.5b). Thus, mass translates to lift, which translates to drag, which
translates to thrust which translates to fuel burn. The amount of fuel carried in an aircraft depends on
its mission length. For long-, mid- and short-range aircraft performing design missions, the fuel mass
percentage of these aircraft types are around 40%, 25% and 20% respectively! From these numbers
and the above argument about constant speed flight it is rather obvious that introducing a fuel with
for instance half the energy density will be difficult. For a long range aircraft this would require 80%
of the starting weight, which is likely higher than the sum of the payload and fuel, meaning that the
aircraft could not even operate empty.

Current operation of commercial aviation is still dominated by use of Jet A. This fuel is fossil,
has a density around 0.8 kg/litre, a fuel heating value of around 43 MJ/kg and is chemically often
simplified to CioHzs.

Example 7: One kg of Jet A, represented by C12H»3 is combusted with air. To stoichiometrically
balance the combustion process, this means making sure that the same number of atoms occur on
each side (so that no matter is lost) we get:

4CoHxz + 710, — 48CO; + 46H,0

You can validate this by verifying that there is 48C, 92H and 1420 on both sides. So for every 4
molecules of C1oHz3 we get 48 CO.. One mole of C12H»3 has the molar mass of 167,3 grams and a
CO2 molecule has a mass of 44,01 grams. The mass ratio between CO- and Jet A is thus:
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Mmco, 48 44,01
Mc,, Hys 4 1673

= 3,156

Hence combusting one kg Jet A gives about 3.156 kg CO; emissions.

Example 8: Continuing the turboprop example we estimate the CO, emissions per passenger
kilometer.

Solution: The SFC is given as 7.2 mg/Ns in cruise. For constant speed, level flight thrust is
approximated by drag (1.5a) and lift by the weight of the aircraft (1.5b). The initial mass is given at
8580 kg, hence the lift needs to be:

L =mg =8580- 9.81 = 84,1 kN

The lift over drag was approximated at 19.3 for the entire cruise phase. We get the drag as

D=F = 4,36 kN

~193
From the SFC we get the fuel consumption of the aircraft

Mryel

=7.2mg/Ns

We get the fuel flow as:
Meyer = 31 grams/s
From the velocity we estimate the milage for the aircraft

m
—Tuel — 0,330 kg/km

Per passenger we get:

m
—Juel _ 0,0173 kg/km/passenger

Multiplying it by 3.156 to get CO, emissions we get:

mfuel
%4
If the same analysis is repeated for the final cruise mass 5300 kg we get:

= 55 grams CO, /km/passenger

mfuel
——— = 34 grams C0,/km/passenger!
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Non-CO; emissions

The combustion of Jet A outlined in Example 7 above is an simplification of the real process.
Although modern aero engines combustors achieve almost complete combustion a number of
byproducts are still formed. The process is illustrated schematically in Figure 20.

Jet A

CO; nNo, uHc C
():ﬁ‘N:

Figure 20: Emissions from Jet A combustion.

Apart from CO,, we will concentrate our efforts on NOx and H»O since they have substantial climate
impact. In addition, NOx also has an important effect on air quality close to airports.

Although water vapor has a direct influence on the radiative forcing balance in the
atmosphere [W/m?], it is the formation of condensation trails, so called contrails, that make water
such an important contributor to climate effects. Contrails are line-shaped ice clouds generated from
high-altitude flying, see Figure 21 for a schematic view. When retaining their linear shape, they are
called persistent contrails, but when they deform and spread out, they are referred to as contrail-
cirrus. It should be said the radiative forcing from the contrail-cirrus clouds is quite variable but that
the net forcing is generally positive (warming).

Mixing line and saturation pressures

100

Saturated vapor pressure over water
= = = Saturated vapor pressure over ice
————— Typical mixing line
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Water pressures [Pa]

210 215 220 225 230 235 240 245 250
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Figure 21: Persistent contrail and contrail-cirrus (left). Conditions for contrail cirrus formation (right).

When a hydrocarbon is combusted water is produced as one of the emissions. Although this
exhaust flow is very rich on water it will initially remain gaseous due to the high exhaust
temperature. As the jet plume flows downstream of the engine and mixes with the cold ambient and
much drier ambient air. At some point of mixing a supersaturated condition with respect to liquid
water may be reached. In the rightmost part of Figure 21 this means that the read mixing line crosses
the saturated vapor pressure line (solid blue line). Whether the cloud will be persistent depends on
the ambient condition which the plume will eventually reach. If the ambient condition is
supersaturated with respect to ice (dashed blue line) the contrail will be persistent. However, if it
continues below the saturated ice line the contrail will be dispersed.

It can be shown that the slope of the mixing line is:
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EIHzocpp
My,o
1 —
i, Q1=

Slope of mixing line =

Where Ely, ois the emission index quantifying how many kilos of water that form per kg of fuel
burnt. Pis the local pressure in the atmosphere and My, o, and M, are the molar masses for water

and air respectively. Q is the heating value of the fuel and 7 is the total efficiency of the engine.
Hence, as engine efficiency increase the slope of the mixing line increases. This could cause the
mixing line to completely miss, that is not cross, the liquid saturation line. This would then represent
a contrail free flight condition. Furthermore, an efficient engine would also burn less fuel decreasing
the partial pressure of water in the exhaust. This also reduced the risk of contrail formation. On the
other hand, efficient engines tend to have colder exhausts meaning that the mixing again starts closer
to the saturation line. Hence, even from a simple thermodynamic perspective, ignoring the detailed
mechanisms of ice formation, contrails modelling has to take a number of aspects into account.

It is known that the formation of ice depends to a large degree on the number of particles
formed during combustion. Burning Jet-A gives rise to a much greater number of particles than
cleaner fuels such as some biofuels and even more so for hydrogen which is free from particulate
matter. For this reason, hydrogen may in the end not be worse than Jet-A with respect to contrail
formation. Optical thickness and particle size are also very important factors. These parameters also
seem to be in favor for hydrogen. It is still unclear to which extent the water form hydrogen will in
the end create a larger or smaller climate warming compared to Jet-A.

NOx which is created from combustion in air, especially when combustors are designed so that
very high local flame temperatures arise. The formation of NOy influences radiative forcing
indirectly by influencing local atmospheric concentrations of both ozone (Os) and methane (CH.).
NOy will increase the ozone production which increases radiative forcing. NOy also leads to the
formation of hydroxyl radicals (OH") which reduces the lifespan of methane (CH.) in the atmosphere,
a very potent greenhouse gas. Hence, this effect decreases radiative forcing and acts cooling. The net
effect of NOy, although continuously being updated, is generally reported as warming.

A recent analysis of the effect of aviation on the climate net radiative forcing® from aviation was
estimated at 100.9 mW/m? [8]. Key positive contributors were 57.4 mW/m? (17,98) from contrail
cirrus, 34.3 mwW/m? (28,40) from CO; and 17.5 mW/m? (0.6,29) from NOy. The numbers in
parenthesis are 90% likelihood ranges. The net effect of aviation, due to the additional effects of non-
CO; emissions was estimated at 3.5% of man-made activities.

Depending on the time horizon, you may argue that the climate impact of aviation could
become lower in the short future. The warming from the CO, emissions will persist for hundreds of
years whereas the effect of contrails and NOy emissions act on much shorter timescales. Thus, if
ways to reduce NOy emissions were found through much improved combustor technology and ways
to reduce contrail formation through active avoidance of flying in regions with ice-supersaturated
conditions, the negative impact of flying would approach that of the accumulated CO, emissions. A
radical reduction of NOy does not seem imminent, whereas contrail avoidance flying might see
breakthroughs over the upcoming decade.

Sustainable pathways
Several pathways to curbing the climate impact of aviation exist:

1. Continuous improvement in aircraft and propulsion efficiencies
2. Changing energy carriers to a more sustainable form:

o Biofuels

o Hydrogen (combustion/ fuel cell) & electrofuels

o Electric propulsion

3 More carefully described the work reports ERF (Effective Radiative Forcing), which includes tropospheric adjustments of the
emissions and hence more accurately reflects the warming.
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Looking at technology improvement this is an important contributor to greening of future aviation.
For the next two decades perhaps an annual improvement in energy efficiency of 1.2%-1.3% can be
expected depending on the range of the aircraft [9]. More ambitious technology targets go beyond
2.0% per annum in energy efficiency improvement [10]. However, pre-COVID estimates indicated
anticipated growth of the flown passenger kilometers by close to 5% driven by rapid aviation
expansion primarily in Asia (China/India) but also in south America. Hence, the game of achieving a
net reduction in emissions must come not only from technology improvements but also from going to
more sustainable energy carriers.

Continuous improvement on fuel efficiency
A number of ways to improve vehicle energy efficiency exist. Key categories for on-going research
are [11]:

1. introduce aircraft drag reduction techniques,

2. increase the use of lightweight structures,

3. make improvement on combustion-based systems,
4. introduce novel engine and aircraft types.

Research wise, Chalmers is very active in categories 2/3 and 4. However, since this is an introductory
text, we will not go further into the possibilities of improving technologies. This text has the
ambition to reflect state-of-the-art solutions for propulsion and aircraft. The interested reader can find
more details in Appendix D, referenced work and as part of more advanced aerospace courses given
at Chalmers. The remaining part of this chapter will now overview the possibilities for the use of
biofuels, hydrogen and electric propulsion in aviation.

Biofuels

The use of biofuels refers to aviation fuels derived from sustainable feedstocks. They can be
originating from waste oils, from plants or animals, domestic waste, food scraps etc. A schematic
indicating various production paths can be found in Figure 22. The key elements here are the
absorption of atmospheric CO; through living organisms and an immediate use of the products to
manufacture sustainable fuels. By sustainable we mean in the sense that the captured CO; is emitted
again, but that this creates a “closed loop” not increasing the CO2 concentrations in the atmosphere.
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Figure 22: Various paths to bio-produced aviation fuel

Of course, all these pathways require life cycle analysis to assess the true benefit of a given fuel. The
emissions reduction potential may be as low as 50% depending on the detailed process.

To be possible to use as an aviation fuel, the production pathways illustrated in Figure 22 need
to be certified. Today five types of processes are certified that allow up to 50% blending use:
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1. Fisher-Tropsch: hydroprocessing and catalytic upgrading of biomass products, such as
municipal solid waste, agricultural and forest wastes, energy crops (June 2009)

2. HEFA: Oleochemical conversion of for instance oilseed crops. In future this could also
become a pathway for algea, a method that potentially could be very productive by
allowing more frequent “harvesting” than competing feedstocks (July 2011)

3. FT-SPK: Biomass conversion to syngas, which is then converted to synthetic paraffinic
kerosen and aeromatics by Fisher-Tropsch (November 2015)

4. ATJ: This is a hybrid between thermochemical processing and the use of biochemical
technologies. Cellulosic biomass is used (April 2016).

5. CH-SK: Catalytic hydrothermolysis synthesized kerosene, from fatty acids or fatty acid
esters or lipids from fal oil greases (February 2020)

Additionally four processes allowing either 10% or 5% blend-in are certified in addition to the five
processes above.

The first commercial flight on biofuels was conducted in 2008, when a Virgin Atlantic 747
flew from London to Amsterdam using a blend of 20% coconut and babassu oil mixed with 80%
conventional jet fuel. Since then, production volumes of biofuels are picking up only slowly. In 2016
less than 0.1% of all aviation jet fuels were biofuel [12].

The Swedish government has introduced a reduction legislation, from 1% of July 2021, to
gradually increase the content of biobased fuels in aviation fuels from 0.8% today to 27% in 2030.
For Swedish conditions, the availability of biomass would easily cover the need of national as well as
internatinoal flying [13]. However, this would require a prioritising the use of biomass for aviation
fuel production and also a doubling or tripling of the fuel cost for the airliners. Internationally, the
need would be massive and it will be challenging to devote large production volumes to transport,
without competing with food production.
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Hydrogen & electrofuels

Hydrogen could potentially serve as an aviation fuel. It is feasible to think that large scale production
of hydrogen could be done from sustainable energy sources such as solar and wind power, especially
considering the rapid drop in production cost for electricity from these sources.

Two common parameters used to describe heat content density are:

dgrav = heat content per mass [kWh/kg]
qvo1 = heat content per volume [kWh/litre]

While analyzing technical solutions it is important to consider installed densities, that is heat density
with the tank weight included. Hydrogen has a magnificent gravimetric density almost triple that of
comparable fossil fuels, 120 MJ/kg compared to 43 MJ/kg for Jet A. Unfortunately, the volumetric
density is not as great. To reach reasonable transport performance with respect to volume, gaseous
hydrogen is normally compressed to 700 bars, still resulting in only about a 1/10 in volumetric
energy density compared to fossil counterparts. The high pressures result in heavy composite tank
installations with only 4-6% of the mass fraction being hydrogen. Thus, installed gravimetric
densities of only a fraction of the fossil counterpart are achieved despite its very high uninstalled
gravimetric value.

For cryogenic hydrogen (liquid form), installed volumetric densities reach about 1/5 of the
volumetric energy density of a corresponding fossil fuel [14]. Although real cryo-tank volumetric
densities are somewhat better than for compressed tanks, the real benefit comes from its gravimetric
values. Due to only modest tank pressures (typically 1.8-3.0 bars) mass fractions up to 35-55% may
potentially be reached even going beyond comparable fossil fuels (100% to 150%) in gravimetric
densities [14].

Because of the modest volume density of hydrogen, longer range commercial air transport
becomes penalized by additional drag caused by aircraft volume increase. A perception of this effect
is obtained from reviewing Figure 23.
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Figure 23: Tank installation concept for medium range hydrogen aircraft. The fail-safe gap refers to that a disc burst
in the engine should not result in a turbine projectile going into the tank creating a fire [15].

Producing a kg of hydrogen from electrolysis of water requires approximately 50 kWh electricity.
Assuming another 7 kWh for the liquefaction, this could be feasible long term, and ignoring any
other energy needs resulting from transport, pumping etc. 57 kWh would thus be needed to generate
one kg of cryogenic hydrogen. With a thermal efficiency of perhaps 50% for the engines, the net
efficiency from electrical input to mechanical output becomes less than 30%. It is likely that the
efficiency of the engine can be improved a few percent by recovering heat in the aero engine exhaust,
thereby preheating the fuel before it enters the combustion chamber, but the total efficiency from
electricity to useful propulsive power is still quite low. Another disadvantage is that hydrogen
combustion creates, is that it produces a relatively large amount of water compared to Jet A. For the
same heat release stochiometric analysis can be used to show that hydrogen combustion produces
about 1.6 times more water per unit heat than Jet-A. Thus, if one kg water is generated from Jet A
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combustion, you should expect 2.6 kg from hydrogen combustion in order to create the same heat
release.

Although the process from electricity to propulsive energy is rather inefficient for hydrogen it is
even worse for more complex electro generated fuels such as electrodiesel. Perhaps the conversion
efficiency from hydrogen to the more complex diesel fuel would have an efficiency of 75%,
estimated from [16]. Still, not having to handle the complexities of hydrogen, such as increased
safety hazard from risks of hydrogen leaks and potential fire, could motivate the introduction of
electrodiesel as sustainable alternative for aviation. The real advantage is that the current aircraft
would not have to be changed very much, possibly not at all. The major challenge is the production
of the large scales of electrodiesel. The downside is that you would emit CO- back to the atmosphere.
Perhaps the only way this will be allowed on very long term is if the CO> was initially captured from
the atmosphere?

Electric propulsion - batteries

Today electric energy is challenging the dominating position of fossil fuels in the automotive
industry as it can be produced and consumed in a cleaner way. For aerospace applications, however,
a lot of technology development is still needed. Comparing to a normal turbofan/turbojet or even
piston engine powered aircraft for a normal flight mission, electric propulsion loses in almost all the
key aspects such as flight speed, range, and payload. The well-known deficiency of electric
propulsion is that none of existing electrical energy storage technologies could achieve the same
energy density and power density as burning fossil fuels in the combustion engines. Even with a 95%
efficiency electric motor, electric propulsion is not comparable with a gas turbine and jet fuel with an
effective energy density about 5 kWh/kg. Still, electric propulsion promises to reduce maintenance
cost substantially, achieve zero mission emissions and possibly also reduce noise emissions. It is
therefore likely, that electric propulsion will be used for the applications where it is possible to
introduce it, which at the time of writing is limited to personal transport and smaller short range
aircraft.

Among the state-of-the-art lithium ion (Li-ion) batteries, the NMC (lithium plus nickel,
manganese, and cobalt) battery is currently the most widely used battery technology by the
automotive industry. Although NMC batteries have a better energy density compared to the nickel-
based batteries, with a value approaching 0.3 kW/kg is hardly possible to change the view of the sky.
Tesla Model 3, best in class, shows a cell energy density of 247 Wh/kg and a value of 159.5 Wh/kg
on pack level [17]. As indicated by several conceptual designs for fully electric aircraft, a minimum
of 0.8 kWh/kg is desired for a normal short flight with 150 passengers. Long term targets up to 20
years from now, electric aircraft designers would like to see an energy density above 1.0 kWh/kg for
the electrical energy storage.

Thanks to the technological revolution happening in the automotive industry, records for the
energy density of batteries are broken quite frequently. For the future, several lithium-based battery
technologies have showed great potential. Among them, a theoretical energy density of 3.5 kWh/kg
and 2.6 kWh/kg are claimed for lithium-oxygen (Li-O) and lithium-sulfur (Li-S) batteries. Solid-
state lithium type battery, as one of the most promising candidates for the next generation electrical
energy storage, has a more credible target of 0.5 kWh/kg. More importantly, it is considered a safer
choice as it replaces the flammable liquid electrolytes with solid-state Li* conductors.

Beyond the world of lithium, zinc-air batteries have attracted great attention as they could
provide high energy density up to its theoretical limit of 1.2 kWh/kg with low cost and low risk of
fire hazard. Even more advanced and energy dense systems may be derived from aluminum-air
batteries. These may reach potential energy densities over 8 kWh/kg. Besides this, aluminum-air
designs may prove to be low cost and aluminum could even be recovered from the combination of
recycling electrolyte and electrolyzing aluminum using clean energy. Then, why is it not widely
applied yet? The major problem is the high self-corrosion rate of aluminum anodes as aluminum is a
highly active metal. This reduces the practical energy density to far lower than its theoretical value.
In addition, zinc/aluminum-air systems are normally not electrically chargeable, therefore mechanical
recharging, which is to replace the metal anodes, seems the only solution.

The optimal operating temperature of lithium-based batteries suggested in various literature is
limited to 15-40 °C. Generally, increasing the operating temperature increases the degradation rate of
the battery while low temperature negatively affects the ionic conductivity hence lowers the
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performance. Most importantly, limiting the highest working temperature under 130 °C is critical to
avoid thermal runaway and explosion of the batteries. Normally, a cooling package has to be
integrated with the battery to keep all the battery cells below the acceptable temperature. State of
charge (SOC) and discharge rate are also important aspects for batteries as they affect the
degradation rate of the device. Both too high and too low SOC are detrimental to the ageing of
batteries, whilst higher power requires substantially higher discharge rate is also increasing the
degradation rate of the battery.

For the development of hybrid solutions for aircraft, the potential benefits are much smaller
than for instance for road vehicle applications. A major part of the fuel consumption is derived from
the climb and cruise phases. A general understanding of how this adds up can be derived from Figure
18. In those points the efficiency is relatively close to peak thermal efficiency and substantial
improvements from hybridization is much more difficult to achieve than for road vehicle
applications [18] where very low power running is common, for instance while driving in cities.
Regenerative breaking is another area where little advantage can be derived. Aircraft do very little
breaking, rather they recover most of its kinetic and potential energy by extending the airliners
range [18].

Parallel hybrids, for which the gas turbine is still the major power source, tries to utilize
electric power for improving the gas turbine performance in a short period of critical operating
conditions. Here a battery could either supply the power to boost one of the gas turbine shafts or store
the excessive power from the gas turbine. In this application, the power density of the battery is as
critical as energy density, of which the current technology level is way lower than the desired values.
For serial hybrid or turbo-electric configurations, the gas turbine onboard is used to generate
electrical power for the motor to drive the propeller.
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Figure 24: Conceptual design of electric aircraft performed in Chalmers in-house research project.

Even though the current electrical energy storage technologies are still far away from the
requirements needed by conventional large aircraft, there are still markets which have a low demand
for range, speed, and payload. For example, in 2019, OSM Aviation Academy (one of their training
center is located at Vasteras, Sweden) ordered 60 two-seats all-electric aircraft for pilots training
which may need only an hour flight time and does not require payload other than the pilots. Flying
taxi across the cities has been developing by many start-ups. The Swedish start-up Heart Aerospace,
which is located in Goteborg, is developing a regional 30 passenger electric aircraft, the ES30. The
ES30 will have an all-electric range of 200 km, an extended range of 400 km and a 25-passenger
variant flying up to 800 km.
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Chalmers is also active to develop a conceptual design platform for electric aircraft, see Figure
24, where different battery technologies and electric drivetrains can be simulated. This aircraft is also
the basis for some of the examples given in this text and will be used for labs associated with this
course.

Electric propulsion - fuel cells

A fuel cell is actually “burning the fuel” for electricity production in another way. As an alternative
to batteries, it could provide high energy density based on the selected fuel, that is hydrogen, and it
can be “recharged” as easy as filling the fuel tank. Another advantage is the exhaust, which is just
water if using hydrogen. However, the low power density is one obstacle for fuel cell to compete
with conventional aircraft propulsion. The highest power density of fuel cell claimed in public until
now is 2.5 kW/kg for a solid oxide fuel cell developed by NASA’s Glenn Research Center.
Capacitors with high power density potential on the other hand has way too low energy density for
being considered in aircraft propulsion. Looking at recent attempts to use fuel cells, it is actually the
storage of compressed hydrogen, as discussed above, that constitutes a major part of the weight of the
system. Another challenge with fuel cells is to maintain high efficiency when extracting large amount
of power. Typical operating conditions do not give any efficiency benefit over combustion-based
engines. However, emissions are NOx-free, and the water produced should be much easier to handle
ggemising to provide ways to cut non-CO; emissions substantially.
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4. AERO ENGINE CERTIFICATION

NOx emission standards

The International Civil Aviation Organization (ICAQ), a united nation specialized agency, develops
certification procedures for engine emissions. These procedures are then adopted by their member
states and sets emission requirements for new engines. A very specific test cycle is used, the so-
called Landing-Takeoff (LTO) cycle. The LTO cycle originates from the idea to simulate the
operation of the engine close to an airport, as illustrated in Figure 25 below.

Subsonic LTO-cycle: 3000 [ft]

Climb, 85% Fgg, 2.2 min
In-flight, 30% Fgq,
4.0 min
S ST
I Take-off 100% Fy,
0.7 min

[===g=

Taxi, ground idle,
7% Fqg, 26.0 min

Figure 25: The subsonic LTO cycle as pictured in airport close operation.

As already indicated in Figure 25 the different operating modes are characterized by time flown and
thrust settings as summarized in Table 4 below.

Mission phase Thrust Time in operating mode [min]
Take-off 100% Foo 0.7

Climb 85% Foo 2.2

Approach 30% Foo 4.0

Taxi/Ground idle 7% Foo 26.0

Table 4: The ICAO LTO (Landing-Takeoff cycle)

Foo represents the thrust that the engine is set to deliver as specified in its type certificate, for sea
level static. Nitrogen Oxides (NOy), unburned hydrocarbons (UHC) and carbon monoxide (CO) are
measured in the different operating modes and summed up to a total emission in grams. In addition, a
smoke emission is measured and reported in terms of Smoke Number (SN). Below we only give
details for NOy emission certification.

The metric by which the engines are measured, the emissions index Ely ., is defined as the

total amount of emissions in grams for the four operating modes, divided by the thrust in kilo-
Newton.

__ XiEmissionrate - Time in mode gram
EINOx - kN

Sea level static thrust
The most recent NOy standard, CAEP/8 NO,, sets conditions for engines for which the first
individual production model was issued after 1st January 2014 and for which an application for a
type certificate was submitted before 1 January 2023. The regulatory levels are defined from the
engine overall pressure ratio Io. For a turbofan, the overall pressure ratio Iy is the pressure ratio
between station 3 and station 2 as indicated in Figure 12. A number of thrust and pressure ratio
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categories are defined, but the most common criteria is engines with pressure ratios between 30 and
104.7 and with a thrust Foo greater than 89 kN. For such engines Then the E'1y, must be below:

Elyoy < —9.88 + 2.0 - Ty,

and engines with the same range in pressure ratio but a thrust less than 89.0 kN and greater than 26.7
kN. Then the engine must obey:

Elyo, < 41.9435 + 1.505 - Iy, - 0.5823 - Fyy + 0.005562 - Iy - Fyp

The procedure to certify engines for NOx emission just in the vicinity of the airport is rather
guestionable. In particular, considering the previous discussions about NOx emissions and climate
impact.

CO; emission standards

Relatively recently, in February 2016, the Committee on Aviation Environmental Protection (CAEP),
adopted a CO; fuel efficiency standard. The key parameter is Specific Air Range (SAR) which
measures the km traveled per kg of fuel for a given aircraft. To allow regulations to be tightened by
reducing the regulatory value, ICAO uses the inverted value, that is 1/SAR. Three different aircraft
masses are used based on the Maximum Take-off Mass (MTOM):

1. High gross mass (92% of MTOM)

2. Low gross mass (0.45MTOM + 0.63MTOM%92%)

3. Mid gross mass, which is the arithmetic mean of the high gross mass and the low gross mass
as specified above.

1/SAR is measured in all three points and averaged. To make the comparison fairer between different
size classes a scaling factor is introduced, a so called Reference Geometric Factor (RGF), determined
by multiplying the pressurized fuselage length by the fuselage width. The parameter used for

regulation called MVis:
1( 1 + 1 + 1 )

MV = 3\SAR;  SAR, SAR;
RGF024
This metric is then compared against a regulatory curve parameterized on MTOM. The curve is
found in Figure 26 below. The standard applies to new type designs from year 2020 as well as from
in production aircraft from 2023 that are modified. Of course, the plan is to successively lower the
curve and tighten the pressure to create more efficient aircraft.
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Figure 26: Aircraft CO2 standard regulatory curve.
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APPENDIX A - derivation of speed of sound

The speed of sound is derived by a so-called Lorentz transformation, that is you analyze the flow by
travelling with the wave rather than as a bystander, see Figure 27 below.

a+da, p+dp, p+dp, T+dT

app T

Figure 27: A happy wave rider

As we sit on top of the wave, we see the air moves towards us with a speed a, but that downstream of
the wave the velocity is somewhat different a+da. The same is true for the pressure p, the density p
and the temperature T. Applying the continuity (1.18) over the wave we get:

pa=(p+dp)-(a+da)

Simplifying and neglecting higher order terms give:

Performing the same exercise with the momentum equation (1.3b) gives:
pa*+p = (p+dp)(a+da)®+ (p + dp)
Developing and ignoring higher order terms give:

0 = p2ada + dpa® + dp

Then, da is:
a’dp + dp
da = ———
p2a

Use this in the continuity-based expression to get:

a’dp + dp

3 p2a __a’dp+dp
¢= dp 2adp
We get a? from as:
2_dp
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APPENDIX B - ISA standard for altitudes up to 25000 m-

Altitude
0
500
1000
1500
2000
2500
3000
3500
4000
4500
5000
5500
6000
6500
7000
7500
8000
8500
9000
9500
10000
10500
11000
11500
12000
12500
13000
13500
14000
14500
15000
15500
16000
16500
17000
17500
18000
18500
19000
19500
20000
20500
21000
21500
22000
22500
23000
23500
24000
24500
25000

Pressure [Pa]
101325
95460,773
89874,448
84555,833
79495,003
74682,287
70108,27
65763,787
61639,921
57727,997
54019,578
50506,465
47180,688
44034,509
41060,411
38251,099
35599,496
33098,736
30742,166
28523,337
26436,003
24474,117
22632
20916,113
19330,32
17864,756
16510,307
15258,547
14101,693
13032,547
12044,46
11131,287
10287,348
9507,394
8786,574
8120,403
7504,74
6935,754
6409,907
5923,929
5474,795
5059,713
4676,102
4321,575
3993,927
3691,12
3411,271
3152,639
2913,616
2692,715
2692,715

Temperature [K]
288,15
284,9
281,65
278,4
275,15
271,9
268,65
265,4
262,15
258,9
255,65
252,4
249,15
245,9
242,65
239,4
236,15
232,9
229,65
226,4
223,15
219,9
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65
216,65

Density [kg/m3]
1,22499
1,16726
1,11163
1,05806
1,00648
0,95685
0,90911
0,86322
0,81912
0,77676
0,73611
0,6971
0,65969
0,62383
0,58949
0,55661
0,52516
0,49508
0,46634
0,43889
0,4127
0,38772
0,36391
0,33632
0,31082
0,28726
0,26548
0,24535
0,22675
0,20956
0,19367
0,17899
0,16542
0,15288
0,14128
0,13057
0,12067
0,11152
0,10307
0,09525
0,08803
0,08136
0,07519
0,06949
0,06422
0,05935
0,05485
0,05069
0,04685
0,0433
0,0433

Speed of sound [m/s]
340,29526
338,37075
336,43523
334,48851
332,5304
330,56068
328,57916
326,58562
324,57983
322,56157
320,5306
318,48668
316,42955
314,35897
312,27466
310,17634
308,06373
305,93653
303,79444
301,63713
299,46429
297,27556

295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
295,0706
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APPENDIX C — Fuel use charts — Jet A
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Figure 28: Combustor temperature rise - lower range
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APPENDIX D - pathways to technology improvement

Natural laminar

Laminar Wings

7_/

Hybrid laminar

Low Drag Fuselage

Krueger flap

J
»[ Drag reduction }‘// Riblets

\ Flow control
Adaptive wing

Flexible skin

Excrescence

\ Variable camber

Flying V
/ Prandtl Plane
Airframe Technologies J

// Strut based wings
| Novel Configurations }

\ Folding wing tips
\ Lifting Fuselage

Blended Wing Body

Twin fuselage

NS e

Smart Structures

’

/ Advanced composites

Nano technology

/ Self healing
Smart Materials !
4>[ Light weight Structures }7-— \ Selft de-icing

\ Anti-Erosion

Fibre Metal Laminates

Advanced Al alloys

Additive Manufacturing

Figure 30: Breakdown of promising airframe technologies, see supplementary material of [11] for more detail.
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Figure 31: Breakdown of promising combustion engine technology improvements, see supplementary material of

[11] for more detail.
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APPENDIX E (not in MMS196) — the Schmidt/Appleman theory*

First, we introduce the specific mass content of water and the specific enthalpy content by mand A
respectively.

my,o = mass of water divided by total gas mass
h = enthalpy per kilogram gas

Here we also use the concept of emission index. The emission index gives the amount of emissions
in kg resulting from the combustion of 1 kg of a given fuel. For instance, burning a hydrocarbon in
air produces an emission index of water equal to:

— muMh;0
Ely,o = v (E1)
Where My, o is the molar mass of water and M, is the molar mass of hydrogen. Equation (E1) is
motivated in the end of this appendix.

If the mass of fuel consumed is assumed to be 1 kg/s and the exhaust mass flow is assumed to be /,
then the mass of the air going into the engine must have been N-1. Following the analysis of [19] we
call N the dilution factor. The mass fraction of water in the exhaust plume, must then be:

ElH,0
My,op = N2 (E2a)

Equation (E2a) assumes completely dry air. However, the air coming into the engine from the
environment is normally not completely dry. We can include this water content using a specific water

content My, o g for the environment air. We then get:

Elg,0+(N-1)my,0E
My,op = N (E2b)

The change in water mass fraction Am from the environment to the exit plume becomes:

Elg,o+(N-1)Mmp,0,E Elg,o-mu,0E _ ElH,0
Amy,o = My,0p — My,05 = N —Mpyz0E = N ~ (E2c)

Where the last approximation is due to that normally Ely, o > my,o -

A fraction of the heat released during combustion, Q, is converted into work nQ to propel the
aircraft. The remainder is lost as heat, hence the heat loss per unit of fuel must be:

Q(1—mn)

For bypass engines the mixing between the core and bypass streams are assumed to be rapid. The
increase in enthalpy Ah from the environment to the exhaust plume then becomes:

Ah — hP _ hE — Q(l_n)‘:\fN_l)hE _ hE — Q(l_;\]’)_hE ~ Q(1N—77) (E3)

Where the last approximation is due to that Q(1 — 1) > hg.

By forming the ratio of the change of specific mass content of water to the change of specific
enthalpy content we approximately have:

4 The derivation outlined here follows the trail of thought presented in [19]



CHALMERS 57

UNIVERSITY OF TECHNOLOGY

Ely. o
AmH20 _ —N2 _ EIHZO (E4a)
Ah Q(;"”) Q(1-m)

We now re-write the ratio of E4a by looking at temperature change rather than enthalpy change also
including partial pressures instead of the specific water content. Remember that the partial pressure
of water py, o in the exhaust plume is related to the specific mass content of water in the exhaust
plume through:

m _ My, 0 PH,0,P
H,0,P — )
Mair p
molar fraction
of water

For a correctly computed average Cp we then get the sought ratio:

EIHzO p
N My,
Apu,0o  Ppu0 —PEH,0 Mar _  Ely,06pp G (E4b)
AT ~—  Tp,—T;,  Q—-n) My -
CpN M ir Q(l - 7))

This ratio plays a central role in the Schmidt-Appleman work and therefore it has deserved its own
denotation G, herein simply referred to as the Schmidt-Appleman constant. Hence, there is a linear
relation in the partial pressure of water with the temperature in the plume:

Pru,0 = G(Tp — Tg) + Peu,o0 (E4c)

Clearly, there will be no contrails in the plume immediately downstream of the engine exhaust. The
exit temperature of the core engine is of the order 800 K. To predict if contrails may arise, we need to
follow the dilution of exhaust air with ambient air from the core nozzle exit to downstream in the
plume. For a turbofan the dilution is here modelled in two steps. The first dilution step occurs when
the core air is mixed with the bypass air. Although the bypass air is assumed to have the same
humidity as the ambient air, the temperature and hence the enthalpy is higher because of the work
performed by the fan component. After the mixing of the core and bypass flows, Equation (E4b) can
be used to dilute the flow down to the condition needed to predict whether contrails will occur or not.

Since the methods used in this text simplify modelling by using constant heat ratios (y: s) and
constant specific heats (cp: s), energy is generally not conserved, only approximated. To achieve
accurate conservation, integrals for these properties would be needed. In addition to energy
conservation, a direct computation of the plume properties from engine exit conditions actually
introduces new complexity. The plume energies are established depending on stagnation states
relative to earth rather than relative to the engine, and the nozzle choking pressures need to be
considered as they influence the plume energies as well.

A much simpler way to predict the exit condition is then to set the stagnation temperature from the
fact that energy not transferred to the aircraft, will be transferred to the fluid exiting the engine. This
is also the argument originally used by Schmidt/Appleman as stated above, that is the fluid energy
increase relative to the surrounding is:

Q(1—-mn)

Where the efficiency 7 is readily determined from the flight speed, the net thrust and Q. The
numbers are found in the table above. More specifically:
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Q(1-n)
TO,plume = + To,ambient (E5)

Cpa(mbypass+mcore)

As an input to study the mixing process we give some data in Table 5 below. The ambient conditions
are computed for an altitude of 10668 meters and ISA condition. Since the dilution process is

extensive it is more accurate to use Cp for the calculations.

Table 5: Turbofan cruise conditions.

Ambient conditions

p_ambient 23.84 kPA
t ambient 218.8 K
Relative humidity 0%
Energy balance

Fuel flow 0.3426 kals
Q (added heat, 43 MJ heating value) 14.73 MW
Net thrust (F) 23.6 kN
Flight speed (cy) 231.4 m/s
Energy to aircraft (F - ¢q) 5.462 MW
Energytogas-Q(1 —n) 9.270 MW
Total efficiency n 37.1%
Schmidt-Appleman constant G 1.762
Emission index, Ely, o 1.238
Engine core exit

Meore 14.06 kg/s
FAR 0.025
Engine bypass exit

Mpypass | 171.3 kg/s
Mixed condition (initial plume conditions)

m_H20 (mass fraction) 0.00229
Topiume (from E5) 268.7 K

If 100% humid ambient air is assumed, the output mass fraction changes from 0.00229 to 0.00239.
Hence, the water content in the plume just exiting the engine is completely dominated by the
combustion products.

To be able to predict if contrails may be created, the plume air is now mixed successively with air of
the ambient condition. For this, we need to review saturated conditions over ice and water with
temperature. Accurate analytic approximations are for instance found in [20]:

_ ,9.550426 —

o . w — 3.53068In(T) —0.00728332T
ice —

_ 54-.84-2763—w—&ZlOln(T)+0.000367T+tanh(0.04-15(T—218.8))(53.878—

%—9.44523ln(T)+0-014025T)

pwate‘r

However, here we use a simpler polynomial approximation according to:

6 5 4 3 2
Pice = @1 (100) T e 100 TG 100 TG 100 tCs 100 *Ce 100 T ¢ (E6a)
¢, =0.0110599 - 109, ¢, = —0.1454453 - 109, c; = 0.7986358 - 108, c, = —2.3428980 - 10°

cs = 3.8716784 - 10°, ¢ = —3.4161722 - 10°, ¢, = 1.2570587E6 - 106
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6 5 4 3 2
Pwater = €1 (100 T e 100 TG 100 TG 100 T Cs 100 tCe 100 + C7 (E6b)
¢, = 0.0331372- 103, c, = —0.4024138- 105, c; = 2.0391213 - 105, ¢, = —5.5159271 - 105,

cs; = 8.3970790 - 103, c, = —6.8182806 - 105, c;, = 2.3061883 - 10°

The water approximation has the largest relative error of 0.062% as compared to the data. The ice
approximation is even more accurate with a max relative error of 0.032%. The two polynomial
approximations are valid in the range 200 to 273 K. The two curves are plotted in the Figure below:

Mixing line and saturation pressures
100 T T T T T T T

Saturated vapor pressure over water
= = = Saturated vapor pressure over ice
————— Typical mixing line
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210 215 220 225 230 235 240 245 250

Ambient temperature [K]

Figure 32: Saturated water pressures over water (full, blue) and ice (dashed blue) with typical mixing line (dashed
dotted, red). The mixing line is drawn for a Schmidt/Appleman coefficient of 1.5.

In addition, a typical plume mixing curve is added in red. If the plume mixing line crosses the
saturated vapor pressure over water contrails may form. Liquid water then starts to fall out
which subsequently freezes.

Carrying out the expansion from the mixed condition stated in Table 5, i.e. (TP =
268.7K,my,o = 0.00229) we obtain:
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Figure 33: Dilution for engine exit condition as stated in Table 5. The rightmost graph is calculated assuming 100%
ambient humidity.

Figure 30 was computed using successive dilution starting from the initial plume conditions of the
exhaust air, as stated in Table 5. Water content and energy was conserved for these calculations. It
confirms that the linear approximation proposed by Schmidt-Appleman is sound.

Establishing the Schmidt-Appleman diagrams

As we have shown, the slope of the mixing line depends on the fuel type, the engine efficiency (E4b)
as well as the altitude that influences the pressure. Clearly there is one particular limiting line where
the mixing line does not cross the saturated vapor pressure but precisely is a tangent. The matching
point, that is the point where the mixing line tangents the saturated water line, can be found by
forming the derivative of the water vapor saturation line and setting it equal to the Schmidt-
Appleman constant G, that is:

deater (T )
a) =

The solution to this match equation is denoted T} ,,. Since we have chosen to use polynomials, we
readily get the derivative from the expressions. A simple iteration is needed to establish the correct
T, that solves the equation. This solution now uniquely defines the line since now both the derivative
and point on the line is known. To establish the limit temperature the line has to be followed down to
the final dilution point, the threshold temperature 7.

Example 7: Establish the limiting temperature for a Schmidt/Appleman constant Gequal to 1.5 and a
dry air.

First find in which point the saturated water line has the derivative equal to 1.5, i.e. we determine the
matching temperature T ,,. This is achieved by equating the derivative of E6b with 1.5:

S = T <6C1 (10“0) +5¢ (mao) t4c3 (10“0) +3c4 (10“0) +2c5 (%) + c6) =15

An iteration in T, results in that the equation is satisfied by: T, ), = T, = 230.222 K. The threshold
temperature T, can thus be found from the line that crosses (T;y, Pwater (Tra)) @nd has the

slope G=1.5. Using the equation of a straight line the crossing with the x-axis occurs at 220.8 K. This
crossing represents the threshold temperature, denoted T} . For higher temperatures than the
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threshold temperature T; - contrails cannot form. Notice that for humid air the limiting condition is
located above the x-axis and a slightly more elaborate iteration scheme is needed.

The resulting limit condition is illustrated below:

Mixing line and saturation pressures
100 T T T T T T T

Saturated vapor pressure over water
90 - |= = —saturated vapor pressure over ice h
————— Limiting mixing line

80 [ b

70 1
60 r
50 r

40 F Vs

Water pressures [Pa]

30 - P _
20 - T
10 - T

—_ -

0 T= - -
210 215 220 225 230 235 240 245 250

Ambient temperature [K]

The iteration outlined in example 7 can easily be extended to the humid case by the following
expression [19]:

Pwater(TLM) —RH - Pwater(TLC)
G

Tye =Tim — (E6)

Notice that for U = 0.0, dry air, the equation simplifies to the equation used in example 7. The added
term RH - P, 4ter(T1c) represents the ambient vapor pressure at threshold conditions.

For the 0% humidity case, see Figure 30, the mixing will eventually reach a point below the ice-
saturated curve. Then, the contrail will dissipate by sublimation. If the ambient condition is such that
the humidity is higher than for saturated ice, the contrail would persist.

Obviously, it is possible to repeat the calculation illustrated in Example 7 above, determining T; - for
every altitude and repeat this for a set of humidities. Non-zero humidities require the use of

Equation (E6). If then the computed T} :s are compared with the local temperature, for instance the
ISA temperature profile, necessary conditions for contrail formation are obtained. Such charts are
called Appleman-Schmidt charts. Below such a chart is established for Jet-A combustion assuming
an efficiency of 30.0% for the engine.
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16000S_chmidt-AppIt-)mtm diagram for Jet-A with 30% engine efficiency 16000S(:hmidt-AgpIeman diagram for Jet-A with 30% engine efficiency
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Figure 34: Schmidt-Appleman diagram for engine efficiency of 30%. Threshold temperatures for four different
humidities (left) and same chart with ISA condition included. For this case the model predicts that contrails never
from zero altitude to 8180 meters. From 8180 to 10150 contrails may form depending on the local air humidity.
From 10150 up to 13950 meters contrails will always form and above 13950 up to 16000 meters contrails may
again form depending on the local air temperature.

If the simplifying assumptions used to establish the Schmidt-Appleman constant are not made, but a
numerical calculation is made the G constant is found to vary only slightly, increasing along the
mixing line. This is driven party by the change of c, along the mixing line. Also, remember that the
Schmidt-Appleman constant was derived neglecting the effect of the ambient humidity. For very
large dilution, the amount of water from the ambient air eventually gets comparable to the water in
the exhaust air. At that point the original assumption is not valid. In the case above it increases from
1.752 to 1.779. A final point is worth making, if the initial conditions are given a straight line could
not strictly fulfil a combination of ambient temperature and ambient humidity. It could be drawn to a
specific ambient temperature but then the water pressure would not match that of the surrounding.
The slight non-linearity adjusts for this.

Motivation for Equation (E1)
For instance, for methane, CH,we have:
CH, + 20, = 2H,0 + CO,

First, we compute the mass of hydrogen (my) in 1 kg of methane to plug in to E1. The molar mass of
methane is 16.042 g/mol. Hence the mass of hydrogen in 1 kg of methane is:

Number of moles of CH, Molar mass of
—_— hydrogen
1000

my = 1.008 = 251.3 grams

16.042

Number of moles of H

This is the mass of the hydrogen in 1 kg of methane. Since all of the hydrogen goes to produce water,
there are no other products of the combustion that contains hydrogen atoms, we get:
Number of moles

of hydrogen from 1 kg
methane
—_———

m 1
M_H h My,o = 2.246 [kg H,0 per kg combusted CH,]
H

Number of moles of
water

The expression just above confirms the stated form of (E1). For Jet-A the emission index is 1.238
and for hydrogen we get 8.937.

EIHZO =
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APPENDIX F (not in MMS196) - NOx emissions prediction methods

There are many NOx emissions prediction methods for turbofan engines available in open literature.
Among them, some methods require proprietary information which largely rely on specific engine
performance models and combustor designs to determine the emissions levels. On the other hand,
emissions at sea level for modern existing engines are publicly available in the ICAO emissions
databank [21]. Some emissions prediction methods have been developed to extrapolate the emission
databank results to other operating conditions. Here we present two such simple extrapolation
methods, the European Association of Aerospace Industries method (AECMA) and the Boeing Fuel
Flow Method 2 (BFFM2).

The AECMA correlation
Calculation of the NOy emissions index from the AECMA method is rather straightforward, and is
computed from the expression below:

P T;-825
EINOy = 2.0+ 285 |=-exp (=) (F1)

where p3 and T3 are the compressor outlet pressure and temperature in kPa and K, respectively, and
EINOx is in g NOy per kg fuel combusted. This correlation is said to provide a good estimate of the
emissions of modern large engines [22, 23] and for single annular type combustors [24].

The Boeing Fuel Flow Method 2 (BFFM2)

The BFFM2 method [25, 26] is now outlined. The method allows the estimation of NOx emissions for
any aircraft altitude and ambient condition. The first step is to make an initial mapping of the flight
level (FL) fuel flow W, to the corresponding sea level (SL) fuel flow Wy including temperature
and pressure corrections.

We =W Oamb ,0.2M2 F2
fsL — fFL(,samb)e (F2)

where M is the flight Mach number and amb denotes the ambient conditions for which:

Oump = Tamp/288.15 (F3)
Pam
Samp = 101.312)5 (F4)

where Ty, Should be in [K] and P,,,;, in [kPa]. Then, the EINOy value for the sea level fuel flow
W, is interpolated using the known certification data points. A log-log interpolation is normally

applied. The obtained value is denoted EIN O, . The process is then completed by scaling the obtained
value back to the particular altitude condition under study:

1.02
EINOy, = EINOy, (34mb)05eH (F5)

Oaimb
The parameter H in the exponent above (F5) is introduced to increase the accuracy by correcting for
humidity variation. The H parameter is obtained from:
H = 19(hs, — hpL) (F6)
For which a sea level reference humidity hg; is set to 0.00634 kg water/kg dry air. This corresponds to

60% relative humidity at sea level ISA condition. Tests are made at a number of conditions and
sometimes also varying locations, making it difficult to state an exact number to use. The local term
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hp; is obtained from the local temperature estimating the amount of water per kg dry air, from local
humidity and the saturation pressure of water:

_ (0.622-RH-Pgq¢t)
(Pamb—(RHPsqt))

hry (F7)
Where the saturation pressure is obtained from the ambient temperature. Oftentimes the relative
humidity for the particular flight condition is not measured, then assuming the same (60%) relative

humidity is customary. The saturation vapor pressure P, can be calculated from for instance equation
(E6b). Notice the limitation in range of validity for this.

In Table 6 below, the LTO cycle fuel flow and EINOx of two modern representative engines, the
PW1100G and the Trent772 have been extracted from the ICAO emissions databank [21]. A log-log
plot of the data in Table 6 is also presented in Figure 35.

Table 6: LTO cycle fuel flow and EINOx [21] for PW1100G series (1127G1-JM) and RR Trent772.

Pratt&Whitney 1100G Rolls-Royce Trent 772
Fuel flow [kg/s] | EINOx [g NOx/kg Fuel] | Fuel flow [kg/s] | EINOx [g NOx/kg Fuel]
Take-off 0.800416 17.76 3.139 35.56
Climb-out 0.661263 14.18 2.53 26.82
Approach 0.232194 8.85 0.821 10.42
Idle 0.089743 6.55 0.27 4.66
35 FT - - T ik
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Figure 35 Log-log plot of PW1127G1-JM and Trent772 ICAO emissions data points
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Appendix G — sample evaluation of turbofan engine

Exercise: Assume a turbofan engine like the one presented in the figure. Such an engine is, for
example, the PW1100G, which is a high bypass geared turbofan engine. For this exercise, the
following data can be assumed.

Overall pressure ratio 45

Fan pressure ratio 1.48
Bypass ratio 125
HPC pressure ratio 10
Turbine inlet temperature 1650 K
Fan, IPC, HPC polytropic efficiency 0.90
HPT polytropic efficiency 0.85
LPT polytropic efficiency 0.90
Combustor pressure loss 0.04
Total air mass flow 185 kg/s

For an aircraft flying at 10668 meters altitude at a Mach number of 0.78, predict the engine thrust and
the SFC, under ISA conditions.

Solution: Firstly, the ambient conditions at 10668 m can be found either from the table in
Appendix B or from Equations (2.29a) and (2.29b). Here, the table is used, and a linear interpolation
is performed to calculate the atmospheric temperature and pressure:

To =21881K

po = 23.86 kPa

At the fan entry (station 2), Equations (2.30a) and (2.30b) can be used to calculate the stagnation
pressure and temperature:

Ya
-1 Ya—1
Doz = Do " (1 cla— . Mg) = 35.66 kPa
Va - 1 2
T02 = TO * 1 + * MO = 24‘543 K

The pressure at station 21 is calculated from the FPR as:
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Po21 = Poz * FPR =52.77 kPa

Using Equation (2.32), the stagnation temperature at station 21 can be computed with polytropic
efficiency:

1 _ya—l
)”p'f“" Yo _27796K

Po21

Toz1 = To2 - (
021 02 Doz
The IPC pressure ratio is calculated from the OPR, FPR and HPC pressure ratio as:

OPR

= =304
T'IPC FPR " T'HPC

Then, the pressure and temperature at station 26 are given by:

Poz26 = Poz1 " Tipc = 160.45 kPa

1 yg-1
To26 = To21 - <—p026>np'lpc e — 395.64 K

Po21

Similarly, for the HPC:

Po3 = Poze * Thpc = 1604.50 kPa

1 yg-1
To3 = Toz6° (&)ﬂp.m’c e —821.79K

Poze

The loss in stagnation pressure in the combustor is assumed 4 % and thus, the pressure in station 4 is
given by:

Pos = Po3 - (1 —dp) = 1540.32 kPa

The turbine inlet temperature is given equal to 1650 K. Then, from the chart in Appendix C the fuel
air ratio can be estimated:

FAR = 0.0250
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It is then possible to compute the fuel flow:

m
——— = 1712963 kg/s
1+ 255

BPR

Mpypass T Mcore = M => Mpypass =

teore = 13.7037 kg/s
Ty = Megre * FAR = 0.3426 kg /s

Since the HPC is driven by the HPT, Equation (2.37) can be used to compute the temperature at
station 45:

(mcore + mf) "Cpg (T04 - TO45) = Meore * Cpa "’ (T03 - T026)

Cpa* (Toz — Toz6)

= 1286.03 K
(1+ FAR) " cpy

Toss = Tos —

The stagnation pressure at this point is calculated from the polytropic efficiency:

Yg
Toss ) (Yg=1)Mp,upT

= 476.32 kPa
Tos

Poss = Pos * (
In the same way the fan and the IPC are driven by the LPT:
(mcore + mf) “Cpg * (T045 - TOS) =m- Cpa "’ (T021 - TOZ) + Meore * Cpa '’ (Toze — Toz1)

Cpa
Cpg - (1 +FAR

Tos = Toas — 5’ ((1 4+ BPR) " (Toz1 — Toz) + (Toze — To21)) = 810.47 K

The pressure is calculated as before:

Yg
Tos ) (vg—1)np.LpT

= 61.10 kPa
Toss

Pos = Poss (

67
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To check if the nozzles are choked the critical pressure ratio should be calculated for the cold and hot
nozzle respectively:

Ya
1+ Ya—1
Po1is _ ( Va) — 1.893
Pis 2

Yg

1+ Yg—1
Pos _ (_)@,) 9 _-1852
Ps 2

Then,

Pois _Po21 _ 55155 1893

Po Po

Pos _ 561> 1.852

Po

Hence, both nozzles are choked and the speed at the exit is sonic. Then, the limit can be used to
compute p;g, T1g, Pg and Tg. Starting with the cold stream:

_ DPois

P1s =1 gog = 27-88 kPa

2
Tig = ——Tp1 = 231.63 K
18 1 +ya 021

The speed of sound at this temperature is:
g = m = 305.07m/s
And the exhaust velocity:
c18 = Mg - a4 = 305.07 m/s
The density can be calculated from Equation (2.8):

D1s
R * T18

Then, the cold nozzle required area is obtained from Equation (2.18):

mbypass

Ajg = = 1.3390 m?
C18 " P18
The same parameters are calculated for the hot stream:
Pos
=——=13298kP
Ps = 1852 4

2
Tg = ——Tos = 694.79 K
8 1+yg 05

ag = /yg -R-Tg =515.56 m/s
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cg = Mg-ag =515.56m/s

Ps

= = 0.1654 3
Ps R-T, 0.1654 kg/m
Meore + M
Ag=—2 " T = 01647 m?
Cg " Pg

The thrust is finally calculated by:
F= (mcore + mf) cg + Ag* (pg —po) + mbypass C1g + A1g* (P1g — Do) — M ¢y = 23603 N

And the specific fuel consumption:
SFC = 7= 14.51 mg/Ns

Schmidt-Appleman Theory®: With the models of appendix E an estimate whether the engine will
produce persistent contrails can be made. For Jet-A the emission index of water, EIHZO, is 1.238.
This is based on an assumed composition of C12Hz3. This can be confirmed from Equation (E1). The
mass of hydrogen in 1 kg of C12Hzs, that is my, is:

1000
1kg C,Hy3 & — =597 mole = 597-23 =137,5moleH =
C12H33

my = 138,5 gram
Thus Equation (E1) gives:

myMpy,0  138,5:18,01468
2My 2:1,00784

Ely,o = = 1238 gram H, 0 per kg C;,H,3

Assuming that the ambient air is dry, we can then compute the mass fraction in the exhaust plume.
The total amount of water originates from the combustion only, according to my, ¢, tor = 1.238

0.3426 = 0.424 kg/s water in the exhaust. The specific mass content is then:

MH0.0t  _ 002293

n ,'H o,P . )
2Y, m m
b ypass core

A corresponding partial pressure of water can be established:

My p m pM,;
20 H,O0,P o H,0,P air
mHZOP__M - — - pHZOP_—M = 87.9 Pa
air p H,0
molar fraction
of water

[t would be possible to compute the appropriate temperature for the plume by introducing the
stagnation temperature relative to the earth and correct for energy transferred through
potentially choked nozzles. However, it is much easier to follow the steps outlined by
Schmidt/Appleman and use:

SFor the MMS196 course, you are not required to be able to perform such calculations, read what is in the main text on contrails
and what’s in the lecture notes.
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Q(1—n)
The added heat per unit time is:

Q = msLHV¢ ,py,, = 0.3426 - 43.0 = 14.7 MW

The overall efficiency 7 is then:
T _ 0371
r’ = —-—= .
Q

The energy lost in the exhaust is then:

Q(1—n) =14.7-0.629 = 9.273 MW

A consistent exhaust condition is then established from this energy loss using Equation (E5):

Q1 —mn)
TO,plume - + TO,ambient = 268.6 K

Cpa (mbypass + mcore)

Now we compute the Schmidt/Appleman constant:

El,; »c
G = ——H20wel 456 bk

MHZO
1—
i, QL=

Introducing the mixing line together with the mixing curves produces:

Mixing line and saturation pressures

100

Saturated vapor pressure over water

90 [ |= = —saturated vapor pressure over ice
————— Mixing line
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NOXx emissions prediction — The Boeing Fuel Flow Method 2 (BFFM2)® With the method BFFM2
detailed in appendix F, the NOx emissions index for the engine at cruise could be estimated. As the
aircraft is flying at 10668 meters altitude and at a Mach number of 0.78, we have:

T, _ 21881

9, = = = 0.7594
amb — 588 15~ 288.15
Po 23.86
8,y = = = 0.2355
amb = 101.325  101.325

We can then estimate the corresponding sea level fuel flow using Equation (F2):

0.759438

_ Oarm 0.2M?% _
Wr,, = Wy, (_5 b) e — 0.3426 ( o

amb

)€02:078* = 0.5773 kgls

For the PW1100G engine series a number of data can be found in the database. See the
compendium for a reference. Here we use the particular variant PW1127G1-JM. The EINOx and
fuel flow data from the ICAO data have been reproduced in Table 6 of appendix F.

The EIN Oy, factor needed for equation (F5) could then be obtained from a log-log linear
interpolation. For a general interpolation between two points (x4, y;) and (x,, y,) we have:

— (Ilog (¥2)-log (y1)) _
log() =log(y1) + (10 Thog ey (108 (X) — log (x1))

Since the fuel flow is between the climb-out and approach point we then interpolate according
to:

10g10 EINOXElimb—ow:710g10 EINOXapproach .

lOg(EINOXSL) = logm EINOXappranh + (lOglO WfSL - loglowfapproach)

10g10chlimb—out_log1° Wfappraach

Plugging in values gives:

log1014.18—10og1( 8.85

(logy08.85+ log10 0.661263—log1( 0.232194

(logy, 0.5773—log,( 0.232194))

EINOy,, =10 = 13.2554 g NOx/kg Fuel

To calculate the humidity adjustment, firstly we need to compute the Pg,;, where we have
Tampe = To — 273.15 = —54.34°C
Since the ambient temperature is within the valid range of equation E6b in appendix E we get:
Pyt = 0.041514 mbar

The humidity ratio is then:

_ (0.622+0.6+0.041514)
"~ (23860—(0.6%0.041514))

= 0.000064937 kg water/kg dry air

The humidity adjustment H is then:
H =19 % (0.00634 — 0.000064937) = 0.1192

Finally, we could get the NOx emissions index at the cruise point:

¢ For the MMS196 course, you are not required to be able to perform such calculations, read what is in the main text on NOx
emissions and what’s in the lecture notes.
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1.02
EINOy,, = EINOx,, (32m)05¢H = 11,2486 g NOx/kg Fuel

3.3
eamb

istent due to
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