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We give a structure preserving spatio-temporal discretization for incompressible magnetohydrodynamics
(MHD) on the sphere. Discretization in space is based on the theory of geometric quantization, which
yields a spatially discretized analogue of the MHD equations as a finite-dimensional Lie—Poisson system
on the dual of the magnetic extension Lie algebra f = su(N) x su(N)*. We also give accompanying
structure preserving time discretizations for Lie—Poisson systems on the dual of semidirect product
Lie algebras of the form § = g x g*, where g is a J-quadratic Lie algebra. The time integration
method is free of computationally costly matrix exponentials. We prove that the full method preserves
a modified Lie—Poisson structure and corresponding Casimir functions, and that the modified structure
and Casimirs converge to the continuous ones. The method is demonstrated for two models of magnetic
fluids: incompressible MHD and Hazeltine’s model.

Keywords: magnetohydrodynamics; Lie—Poisson structure; magnetic extension; Casimirs; Hamiltonian
dynamics; symplectic Runge—Kutta integrators.

1. Introduction

The equations of incompressible magnetohydrodynamics (MHD) describe the evolution of the velocity
v(t,x) of an ideal charged fluid and its magnetic field B(¢, x) on a two- or three-dimensional Riemannian
manifold M:

v+ V,yv=—Vp+curlB x B,

B=LB,

(1.1)
divB =0,
divy = 0.

Here, p(t, x) is a pressure function, L, denotes the Lie derivative along the vector field v(¢,x) and Vv is
the covariant derivative of the vector field v along itself.

The MHD system (1.1) admits a Hamiltonian formulation in terms of a Lie—Poisson structure
(Arnold, 1966; Vishik & Dolzhanski, 1978; Morrison & Greene, 1980; Arnold & Khesin, 2021) on

© The Author(s) 2025. Published by Oxford University Press on behalf of the Institute of Mathematics and its Applications.

This is an Open Access article distributed under the terms of the Creative Commons Attribution NonCommercial-NoDerivs licence (https://
creativecommons.org/licenses/by-nc-nd/4.0/), which permits non-commercial reproduction and distribution of the work, in any medium, provided
the original work is not altered or transformed in any way, and that the work properly cited. For commercial re-use, please contact
journals.permissions @oup.com

920z aunp €0 uo Jasn (ABojouyoa] Jo AusisAlun siewieys) ejoysboy exsiuye) siewieyd Aq L0S0Z18/8021/2/9v/eone/eulewl/wod dnotolwapeoe)/:sdiy WwoJ) papeojumoq


https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/
https://creativecommons.org/licenses/by-nc-nd/4.0/

LIE-POISSON DISCRETIZATION FOR MHD 1209

the dual of the semidirect product Lie algebra
imh = X, (M) x X}, (M).

The Hamiltonian on imh™* is given by

H(v.B) = %/ (|v|2+ |B|2) "

M

Here, X " (M) is the Lie algebra of divergence-free vector fields, whereas %Z (M) and imh™ denote the
(smooth) dual spaces. Physically, the Hamiltonian represents the energy of the magnetic fluid.

Geometrically, system (1.1) is the Poisson reduction of a canonical Hamiltonian system on the
cotangent bundle

7* (Diff, (M) x X}, (M)

where the subscript u stands for the Riemannian volume form, and Diff (M) is the group of volume-
preserving diffeomorphisms of M, i.e., diffeomorphisms of M that leave the differential form w invariant:

Diff , (M) = {go € Diff(M) | p*u = ,u}.

The Hamiltonian nature of the flow (1.1) implies a multitude of conservation laws. In particular, recall
that a function on imh* that Poisson commutes with every other function on imh* is called a Casimir
function. In three dimensions, they are magnetic helicity and cross-helicity; Khesin et al. (2020) showed
that these are the only independent Casimirs. In 2-D, there are an infinite number of Casimirs (detailed
below). These conservation laws, and the underlying Lie—Poisson structure, significantly restrict which
states are possible to reach from a given initial state. They thereby influence the long time qualitative
behaviour in phase space. Indeed, to capture the qualitative behaviour in long time numerical simulations,
one should use discretizations that preserve the rich geometric structure in phase space (for a detailed
motivation of structure preserving schemes in the case of plasma physics, see the review paper by
Morrison (2017)).

But infinite-dimensional Lie—Poisson structures, such as imh* for MHD, are strikingly rigorous;
all traditional spatial discretizations, including all finite element methods based on discrete exterior
calculus, fail to admit a finite-dimensional Lie—Poisson formulation. In addition, Lie—Poisson preserving
time discretizations (integrators) are hard to come by. Nevertheless, to find such structure preserving
discretizations is critical for qualitatively reliable long time simulations, motivated by the intensified
study of stellarators, where two-dimensional MHD provide a simple model for low beta tokamak
dynamics (Kraus et al., 2016).

The goal of this paper is to develop, for the sphere S?, a spatio-temporal discretization of the
MHD system (1.1) that preserves a modified, finite-dimensional Lie—Poisson structure, including the
corresponding Casimir conservation laws. To this end, we draw on two bodies of previous work. First,
that of Zeitlin (1991, 2004, 2005), who used quantization theory to derive a Lie—Poisson preserving
spatial discretization for the incompressible Euler equations on the flat torus and later extended it to
MHD. Secondly, that of Modin & Viviani (2020a,b), who for the spherical domain S2 developed a tailored
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1210 K. MODIN AND M. ROOP

Lie—Poisson preserving temporal discretization used for numerical studies of the long time behaviour,
and together with Cifani ez al. (2023) addressed computational efficiency.

Let us give a brief overview of the approach. For spatial discretization, the main tool is the theory
of Berezin—Toeplitz quantization (Hoppe, 1982, 1989; Bordemann et al., 1991, 1994; Hoppe & Yau,
1998). The basic idea is to replace the infinite-dimensional Poisson algebra of smooth functions by the
finite-dimensional Lie algebra su(NV) of skew-Hermitian, trace free matrices. Together with a quantized
Laplacian on su(XN), one then obtains a finite-dimensional approximation of Euler’s equations as a matrix
flow — Zeitlin’s model. The present paper extends this approach to models describing the motion of
incompressible magnetized fluids on S2. Indeed, the spatially discretized analogue of the MHD equations
constitutes a Lie—Poisson flow on the dual of the Lie algebra f = su(N) x su(N)*, usually referred to as
the magnetic extension of su(N). Next, for temporal discretization, it is natural to consider isospectral
symplectic Runge—Kutta integrators (IsoSRK) (Modin & Viviani, 2020a). These schemes yield Lie—
Poisson integrators for any reductive and J-quadratic Lie algebra g (see details below), which include
all the classical Lie algebras. However, the magnetic extension g x g* is not reductive and not defined by
a J-quadratic condition; we need an extension of IsoSRK. Such an extension is developed in this paper.

Although MHD on S? is our main concern, the semidirect product approach covers a large variety of
dynamical systems arising in mathematical physics (Holm et al., 1998; Thiffeault & Morrison, 2000).
Among them are:

* the Kirchhoff equations (Kirchhoff, 1876; Vishik & Dolzhanski, 1978; Arnold & Khesin, 2021;
Khesin et al., 2021), describing a rigid body moving in an ideal fluid, as a Lie—Poisson system on
the dual of ¢(3) = s0(3) x R?;

» the barotropic Euler equations describing the motion of a compressible fluid (Marsden ez al., 1984a;
Khesin et al., 2021), as a Lie—Poisson system on the dual of s = X(M) x C*(M);

* Hazeltine’s equations describing magnetized plasma (Hazeltine, 1983; Hazeltine et al., 1985; Holm,
1985).

Two-dimensional MHD together with these and other examples underline the need for structure
preserving numerical methods for Lie—Poisson systems of semidirect product Lie algebras.

The paper is organized as follows. In Section 2 we give the vorticity formulation for the two-
dimensional MHD equations. This formulation is the basis for the spatial discretization given in
Section 3, together with convergence results for the discretized Casimirs. Temporal Lie—Poisson
discretizations are then derived and analysed in Section 4. The framework is extended to Hazeltine’s
equations in Section 5, and to the Kirchhoff equations in Section 6. Numerical examples are given in
Section 7.

2. Vorticity formulation for MHD equations

In this section, we work on two-dimensional Riemannian manifolds (M, g) without boundary and with
trivial first co-homology (i.e., no ‘holes’). First, since the vector fields B(t, x) and v(z, x) are divergence-
free and the co-homology is trivial, one can introduce two smooth functions 6 € C*°(M) and ¢ €
C*° (M) corresponding to the Hamiltonians for the vector fields v and B:

V:X,‘//, B:XG.

The function v is called the stream function. Similarly, we refer to 6 as the magnetic stream function.
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LIE-POISSON DISCRETIZATION FOR MHD 1211
Next, we define the vorticity function @ € C°°(M) and the magnetic vorticity § € C*°(M) by
B = A0, w = Ay.

ProposiTioN 1 (Vishik & Dolzhanski (1978); Morrison & Greene (1980)). The vorticity formulation of
the two-dimensional MHD equations (1.1) is

[d)Z{w,l/f}—i-{@,,B}a w= Ay,
2.1)

0 =10,y B = A6,

where {-, -} is the Poisson bracket on M.

System (2.1) admits a Hamiltonian formulation in terms of a noncanonical Poisson bracket, see
Morrison & Greene (1980). The corresponding Hamiltonian is

1
H= 5/(wA_1w+9A9) .

M
The Casimir invariants for system (2.1) are
6= [rom. 1= [ogom. 2)
M M

for any choice of smooth functions f: R — R and g: R — R. The function /, is the two-dimensional
analogue of the cross-helicity Casimir.

RemARk 1. The Casimir /, in (2.2) is a more general invariant compared to the conventional definition of
cross-helicity. Indeed, the Casimir /, corresponds to conventional cross-helicity for g(x) = x. We shall,
however, refer to 1, as cross-helicity even for a general function g.

RemaRrk 2. Due to Stokes’ theorem, the vorticity functions @ and B have zero mean

/wu=/ﬁu=0,
M M

which reflects zero circulation. Since Hamiltonian functions are defined up to a constant, it is no

restriction to assume that also
/ Y= / O =0,
M M

and therefore system (2.1) evolves on the space of pairs of zero-mean functions C3°(M).
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1212 K. MODIN AND M. ROOP

3. Spatial discretization of MHD equations

In this section, we present a spatial discretization of the incompressible MHD equations on the sphere S?
based on the theory of quantization (Hoppe, 1989; Bordemann ez al., 1991, 1994). In contrast to standard
discretization schemes for systems of PDEs, such as finite element methods, we focus on conservation
of the underlying geometric structure in phase space and the corresponding Casimirs (2.2). Namely, we
replace the infinite-dimensional Poisson algebra (Cg°, {-,-}) with a finite-dimensional analogue: skew-
Hermitian matrices with zero trace (su(N), [+, -]). The sequence of Lie algebras (su(N), [-, -]) converges
(in a weak sense) to the Lie algebra (Cgo, {-,-}) as N — oo, as we shall briefly review next. Thereafter,
the spatially discretized analogue of (2.1) is a Lie—Poisson flow on the dual {* of the semidirect product
Lie algebra f = su(N) x su(N)*.

3.1 Quantization on the sphere

We start with the definition of an £y-quasilimit (Bordemann et al., 1991, 1994).
Let (£, [, -]) be a complex (real) Lie algebra and let (£, [+, -]y) be an indexed sequence of complex
(real) Lie algebras with N € N, equipped with metrics dy; and a family of linear maps py : £ — £y.

DEerNtTION 1. The Lie algebra (£, [+, -]) is said to be an £y-quasilimit, if

» all py are surjective for N > 0,

» ifforall x,y € £ we have dy(py(x),py () = 0,as N — oo, thenx =y,
* forallx,y € £ we have dy(py([x,¥]), [pyX), Py ]y) — 0,as N — oo.

Now we explicitly specify M to be the two-dimensional sphere S, which is a symplectic manifold
with symplectic form £2 given by the area form. The associated Poisson bracket on S? is given by

.8} = 2X..X,), f.g € CP(SH. 3.1

Equipped with the bracket (3.1), the set C§° (S?) becomes an infinite-dimensional Poisson algebra
(Cgo(Sz), {-,-}) with an orthogonal basis (with respect to L?) given by spherical harmonics Y, (0, ¢):

2041 (1 —m)!

T G 2 oS Iz = L=l
T m)!

Y, (0,¢) =

where &7/ are the associated Legendre functions. Then, elements of the Poisson algebra (C° (83, {-,-H
are approximated by matrices in the following way (Hoppe, 1982, 1989). An approximating sequence is
given by the matrix Lie algebras (su(N), [+, -]y), where [, -]y = %[~, ] for i =2/+/N? — 11is arescaling
of the matrix commutator [-, -]. The family of projections

pyn: C(S?) = su(N), py: Yy, — T, (3.2)
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LIE-POISSON DISCRETIZATION FOR MHD 1213

is defined as follows for the basis element Y, :

N N—1)/2]-m N At
(Th) = (DR T (2 7 ), (3.3)
mpmy

—m; m my

where (:::) denotes the Wigner 3j-symbol. Then, the following result of £,-convergence holds:

THEOREM 2 (Bordemann et al. (1991, 1994)). For any choice of matrix norms dy, the sequence of
finite-dimensional Lie algebras (su(N),[-,-]y), N € N, with projections defined by (3.2)—(3.3), is an
£y-approximation of the infinite-dimensional Poisson algebra (C8o (SZ), {-,-}) with the Poisson
bracket (3.1).

Let us introduce the matrix operator norm (also called the spectral norm):

[Allge = sup [lAx]l, A € u(N),
=1

where || - || is the Euclidean norm.
The following results give the convergence rate for the £,-approximation in Theorem 2.

TrEOREM 3 (Bordemann ez al. (1994)). For every f, g € C*(S?) there exists ¢ > 0, such that

Wllzoe = el < oy P)llrge < I ligoes

= O(h).

Ly

1
H E[pN(f),pN(g)] —py {f.gh

Later, Charles & Polterovich (2018) established a sharper estimate: there exists constants ¢y, c; > 0
such that for all f, g € C3(S?)

< hcy (Il liglles + Wl liglez + Ifll s ligller ).
Ly (3.4)

WFllzee = crllfliceft < lipp Dllzge < Il oo

1
”E[pzv(f),pN(g)] —py ({f. 8D

where ||f]|cx = max sup [Vf].
i<

3.2 Quantized MHD system

As we can see from (2.1), the stream functions 1,6 and the vorticities w, 8 are related to one another
through the Laplace—Beltrami operator A. Therefore, to complete the spatial discretization, we need
also to discretize the Laplacian. Indeed, the quantized Laplacian on su(N) is given by the Hoppe—Yau
Laplacian (Hoppe & Yau, 1998):

Ay = o ([ ) D D T [ e D) 65)
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1214 K. MODIN AND M. ROOP

where X, a = 1,2,3 are generators of a unitary irreducible ‘spin (N — 1)/2’ representation of s0(3),
i.e.,

Xi+X34+X5=1,

c?

1 .
E[Xa,xb] = lgabCX

where ¢, is the Levi-Civita symbol. Whereas the matrix realization of the generators X, is arbitrary,
suitable explicit expressions can be found in Hoppe & Yau (1998).

The Hoppe—Yau Laplacian (3.5) corresponds to the continuous Laplace—Beltrami operator A in the
sense that the matrices le;\; are eigenvectors of A, with eigenvalues —[(I + 1):

ANTN = —1(1+ DTV (3.6)

Im>

while the spherical harmonics Y, are eigenvectors of A with the same eigenvalues:

AY,, = —l(+ 1)Y,,.

Let us now give an explicit correspondence between the continuous function w € Cg° (S?) and its
quantized counterpart W € su(N). The function w can be decomposed in the spherical harmonics basis,
w=32 3! _ o™y, and therefore

m=—I

N-1

1
W =py(w) = Z Z iwlmTll,Vn.

=1 m=-I

If the function w € C§° (S?) is real-valued, then 0™ = (—1)"w" ™ which implies that the matrix W
is skew-Hermitian:

W+ W =0 < Weu®).

Furthermore, since w has vanishing circulation, we have o0 = 0, which implies that tr(W) = 0, i.e.,
W € su(N). Also, the Hoppe—Yau Laplacian A, restricts to a bijective operator on su(N)

Ay su(N) — su(N).

We have now all the ingredients to write down the spatially discretized analogue of incompressible
MHD equations (2.1) on the sphere, similarly to how it is done for the incompressible Euler equations in
the work of Zeitlin (2004). Namely, we replace the continuous flow (2.1) with its quantized counterpart:

—_

1
W= —[W, Ay W]+ 16, 4y0],

St

(3.7)

—_—

o= E[@,A,T,IW],

where W, ® € su(N).
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LIE-POISSON DISCRETIZATION FOR MHD 1215

ReMARK 3. In case of trivial magnetic field, ® = 0, equation (3.7) coincides with Zeitlin’s model for
the incompressible Euler equations on the sphere.

Let us now give a different description of the matrices TII,Vn. Despite that we have the explicit formula
(3.3) for them, its usage is not efficient due to high computational complexity of the algorithm for finding
Wigner 3j symbols. Instead, let us note that due to construction (3.5) of the Hoppe—Yau Laplacian, it
preserves the space of matrices with zero entries except on £m off diagonals. This allows us to identify
the corresponding eigenmatrix T{:’n with a sparse skew-Hermitian matrix that has nontrivial entries only
on the m off diagonal, thus reducing the eigenvalue problem (3.6) to an (N — |m|)-dimensional tridiagonal
eigenvalue problem. Therefore, the complexity of computing the entire basis (Tf,\;) for fixed N is O(N?),
instead of O(N*) if A  were a full matrix. Further, to compute the commutator requires O (N 3) operations
per iteration, which gives the entire complexity of the algorithm as O(N>) per iteration. For details, see
Cifani et al. (2023).

3.3 Lie—Poisson nature of the quantized flow

One essential property of Zeitlin’s approach via quantization is that it preserves the Lie—Poisson nature
of the flow. In other words, the quantized flow is a Lie—Poisson system, exactly as the continuous one,
but on a finite-dimensional counterpart of imb*.

Introducing M| = A;]IW and M, = Ay®, and, for convenience, rescaling time by 7, we rewrite
system (3.7) as

[ W =[W,M,]+[60,M,],
(3.8)

e =[0,M,].

We now show that (3.8) is a Lie—Poisson system on the dual of the Lie algebra f = su(N) x su(N)*.
First, we introduce the magnetic extension F = SU(N) x su(N)* of the group SU(N). The group
operation in F is

(p,a) - (¥,b) = (py,Adya+Db), ¢,¥ € SUN), a,b € su(N)*.
The adjoint operator on the Lie algebra f = su(N) x su(N)* is
adg, 1 f— f,  adg,, (w,b) = ([v,w],adj,a — ad}b)

for v,w € su(N), a,b € su(N)*. From now on, we will identify the Lie algebra su(N) with its dual
su(N)* via the Frobenius inner product

(A,B) =tr(ATB), A € su(N)*, B € su(N). (3.9)
Then, the dual f* = (su(N) x su(N)*)* >~ su(N) x su(N)* can be identified with f via the pairing

((§.a),(w,D)) = (b,§) + (a,w),
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1216 K. MODIN AND M. ROOP
where (-, -) is defined by (3.9) for &, w € su(N), a,b € su(N)*, and the coadjoint action of f on {* is
adg, 1 7" = 1 ad(, ,(w,b) = ([w,v],ad}b — ad;.a),
where (v,a) € f, (w,b) € f*. Using (3.9), one can get an explicit formula for ad* operator as
adf, , (w,b) = ([w,v]. V', 6] + [a,w']).

Summarizing the above discussion, we arrive at the following result.

ProposiTion 4. System (3.8) is a Lie—Poisson flow on the dual {* of the Lie algebra f = su(N) x su(N)*:
J= ady, J,

where J = (6, W) € f*, M = (M,, M}) € f, with the Hamiltonian

HW.0) = (tr(WTM )+ (@M )) (3.10)
> 2 1 2 . .

The Hamiltonian nature of the quantized flow (3.8) suggests that there are quantized analogues of
the Casimirs (2.2). Indeed, they are

4 4
N (i6) = Wntr F©), I1ViW,i0) = Wntr(Wg((H))), 3.11)

for arbitrary smooth functions f: R - Rand g: R — R.

Since the flow (3.8) is a finite-dimensional Lie—Poisson system, only a finite number of Casimirs
are independent. Therefore, it is enough to consider functions f and g being monomials, and the
corresponding Casimirs of the quantized MHD flow (3.8) are

4 4
&N (i0) = Wntr ™), INW,io) = Wntr(W@’"), m=1,...,N. (3.12)

3.3.1 Convergence results for quantized Casimirs. Here, we prove that the quantized Casimirs (3.12)
converge to the corresponding continuous Casimirs

6,,(0) =/6’mu, L,0,w) =/w9m,u.

52 52
THEOREM 5. There exist a constant ¢; > 0 such that for all w,6 € C2(Sz), we have

IEN (Dn0) — €,,(0)| < B, (6, m)h,

I (pp0. pyw) = 1,,(0,0)| < 47 |wll oo 20, m)A,
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LIE-POISSON DISCRETIZATION FOR MHD 1217

where
m_l . . .
BiO.m) =, > @l61,)" 7 (10116 N2 + 10l 167 )

j=2

m
Ba(.m) = ¢, 3 @401 (1016 o + 18111 167" e )
=2

In particular, |IZ(pN9,pNa)) —1,0,w)| = O(1/N), and |C€mN(pN9) —%,0) = O(/N)asN — oo.

REMARK 4. One observes that the rate of spatial convergence is 1/N, and the discrete model has N>
degrees of freedom. In other words, the order of convergence is 1/2.

Proof. Seti®y = py6. Then

4r m 4 m— 4 m— m— : m— :
%nIY(pNQ):Ftr(@N):Wtr(@N@N l)zﬁtr(@N(@N b pn @™ i4py @ 1)/1))

4 4
= W” r (@NpN(Qm_l)/i) + W” r (@N(@Z’_l —pN(em—l)/i)) .

We thus obtain the following estimate:

4 4
N (pyb) — Fn tr (Opy (@™ 1/i) | = ‘Wn r (Oy(eF" —pN(Gm_l)/i))‘

N
1 —1 —1y /: -1 —1N /-
< (ﬁ kz;lkk(@zv)l)ll@]’v” =@ ) il = ATl Oy — py(0™ ) /illge.  (3.13)

1ON1

because ||Oyll; < 47 ||Oyll Ly < 47 ||0]| o> see Modin & Perrot (2024, lemma 6) and the second estimate
in (3.4).
Let us first elaborate on the term || @/'\']_1 — pN(Gm_l)/iHLx/o.
IO~ = pn©" D il = 1040 2 = Py (") /i + Oypy (0" 2) /i — Onpy (6™ ) /il 5o
= ||@N(@1rvn72 _PN(Qm_Z)/i)”LIC;/O + ||PN(9m_1) — @NPN(Qm_Z)”LXIO
< 16y11185 72 = py(©" ) /ill 5o + oy (@™ ") = Opy @™ i

< 4m )01l 1082 = P (0" ) il o + oy O™ = Oy (")l -
(3.14)
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1218 K. MODIN AND M. ROOP

Introducing the notation
Jm—=1) = |0y~ = py©" H/illge,  Km—1) = llpy©" ") — Oypy 0™ )l 155
A=4716ll,
we can write (3.14) as
Jm—1)<AJm—=2)+K(m—1),

and therefore
m—1
Jom—1) < > A"k,

J=2

which implies that (3.13) reads

4
6 o) — 5 tr (Opn (@ /i)

m—1
< Z A"TIK ().
j=2
We observe that due to estimate in Charles & Polterovich (2018, prop. 3.12), it follows that

KG) = Ion @) = Oupy @ Dl < i (181010 N2 + 101 ci 16 ) (3.15)
and we finally conclude that

m—1
EN (pyh) — %Ttr (@N’@)' < B0, mh, N — oo, (3.16)

where (0, m) > 0 is determined via (3.15):
m—1 . ) -
Bi(6.m) = ¢, > (416107 (161l ez + 16l 167 )

j=2

where ¢; > 0 is a constant.
As a by product, we also get that

16§ =Py @™ /ill e < By(0.m)h = O(1/N), N — oo, (3.17)
where

Br@.m) = ) D (4l01)" 7 (161167 llcz + 16l 167"l )

=2

for any m > 2.
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LIE-POISSON DISCRETIZATION FOR MHD 1219
Further, since the scaled Frobenius inner product tr(AB) on iu(N) corresponds to the L? inner

product, i.e., (pyiA,pyiB)2 = 4W’Ttr(AB) =: (A,B)szV for the L? isometric embedding Py uN) —
L*(S?%), we have

N—o00

4 om!
lim Wtr (ONM) = (G,Om_l)Lz =%,0),

moreover, due to estimates in Modin & Perrot (2024, lemma 5), we have that

4 pn(©™ 1 _
- (@NN— < 202101l g2 sy 10l sy = B3O, (3.18)

where B;(0,m) = 2||6’||Hz(sz)||9’"_1IIHz(Sz) and therefore summing (3.16) and (3.18), we get that for
sufficiently large N

Cn(pn®) = 6,(6)| <

m—1
(o)

4 (emfl)
W” tr (@prvf) — %,

+ < By (@, m)i + B5(0,m)A* = O(1/N),

which finally proves &(1/N) convergence of %%(pNQ) as N — oo.
Now we prove a similar result for the cross-helicity Casimir /,,,.

4 4 o™ om
I (pyb. py) = Wﬂtr(WN@}(;) - Wntr (W pN(l )) + (WN (0;3 - ’M))

1

For sufficiently large N,

4 M
1\7; (WNpN )—Im(e,a))

< 20%||ollg2es2) 10”112 (52) = B4 (0 ), (3.19)

Where ﬁ4(0, CL)) = 2||CU||H2(5’2) ||9m||H2(SZ)
Further,

4 om
Ir]Z(PNe,PNW)—W (WNPN( ))‘

47'[ py (O™
o (w(er-272)))

1 N
= (ﬁ Zl)\k(WN)I)Il@Kr’ —pn(O") /il < 4mlwllooBy (0, m)h

k=1

(3.20)

Wl
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1220 K. MODIN AND M. ROOP

due to (3.17), and finally summing (3.19) and (3.20), we get
I (pn0. py@) = 1,,(0,0)| < 47 [0lloo By (B, M)A + By (6, w)A* = 6(1/N)

for N — oo. O

REMARK 5. Preservation of the Casimirs ‘6Nm((~)) form = 1,...,N is equivalent to preservation of the
spectrum of @. Indeed, this follows from the relations Z;{v: 1 M (@) =t (O™).

4. Lie-Poisson preserving time integrator

To get the fully discretized incompressible MHD equations, one also needs to discretize system (3.8)
in time. There are generic time integration methods for Lie—Poisson systems (see, e.g., Bogfjellmo &
Marthinsen (2016)), but these make heavy use of the matrix exponential. Such methods are computa-
tionally too expensive when the dimension of the Lie algebra is large (as in the case here). Our goal
is instead to develop a ‘matrix exponential free’ integrator that preserves the underlying Lie—Poisson
geometry of the flow (3.8), meaning it should preserve the Casimirs (3.12) exactly, be a symplectic
map on the coadjoint orbits of {*, and thereby nearly preserves the Hamiltonian (3.10) in the sense of
backward error analysis (Hairer et al., 2006).

There are several ways to construct symplectic integrators for Hamiltonian systems on 7*R”, among
them are symplectic Runge—Kutta methods (Sanz-Serna, 1988). Given a Butcher tableau

1|41 Gyt dyg
Cp|dy1 Gy -+ dyg
Co |51 Ggp =0 g

|b] by -+ b

with b;a; + bja; = b;b; forall i,j = 1,...,s, the corresponding method being applied to Hamiltonian
systems on a symplectic vector space (R?", £2) is symplectic. An example is the implicit midpoint
method. However, when directly applied to a Lie—Poisson system, a symplectic Runge—Kutta scheme
does not yield a Poisson integrator.

There exist a few approaches to obtain Poisson integrators for Lie—Poisson systems (P, {-, -}, H).

» If P = g*, and the Hamiltonian H can be split into the sum of integrable Hamiltonians, H = >_ H,,
one can use splitting methods (McLachlan & Quispel, 2002, 2004).

» If P = g*, the Lie—Poisson system is a Poisson reduction of a Hamiltonian system on 7*G. In this
case, the discrete Lie—Poisson flow is constructed from a discrete G-invariant Lagrangian on 7G
(Channell & Scovel, 1991; Marsden et al., 1999). The other approach is to embed G in a linear
space and use constrained symplectic integrator RATTLE (Channell & Scovel, 1995; Jay, 1996;
McLachlan et al., 2014b). This, however, results in a very complicated scheme on high dimensional
vector spaces. For example, in case of a two-dimensional sphere S?, which is a coadjoint orbit of
50(3)*, one would lift the equations to 7*SO(3) embedded in 7*R3*3 with dimension 18.
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LIE-POISSON DISCRETIZATION FOR MHD 1221

e For domains originating from the generalized Hopf fibration, one can use collective symplectic
integrators. See McLachlan ef al. (2014a) for details.

The other approach is to make use of the Poisson reduction (more precisely, Poisson reconstruction)
to reduce the discrete symplectic flow on T*G (for example, symplectic Runge—Kutta method) to a
discrete Lie—Poisson flow on g* (Modin & Viviani, 2020a). This is how isospectral Runge—Kutta methods
were developed for a large class of isospectral flows on J-quadratic Lie algebras, including the Euler—
Zeitlin equations on a sphere. The main advantages of the method are that it is formulated directly on
the algebra, does not involve expensive group-to-algebra maps and can be applied to any isospectral
flow. Therefore, we might expect that using the strategy from Modin & Viviani (2020a) to construct a
Lie—Poisson integrator for (3.8) will give the same benefits, as isospectral flows considered in Modin &
Viviani (2020a) have a similar geometry as equations (3.8) do.

We mention also the work of Kraus er al. (2016), where an integrator for two-dimensional MHD
on the plane is developed. The integrator preserves the linear and quadratic Casimirs and the energy
of MHD equations on the plane. However, the method does not preserve higher order Casimir, nor the
Lie—Poisson structure.

As we shall see below, the strategy of using the Poisson reduction results in the numerical scheme for
incompressible MHD on the sphere that completely preserves the underlying geometry of the equations.

4.1 Matrix representation of su(N) X su(N)*

The first natural attempt to derive structure preserving integrator for (3.8) is to represent it as an
isospectral flow on a space of 2N x 2N matrices, in other words, to convert the system of matrix equations
(3.8) into a single matrix flow. That could potentially make it possible to apply the isospectral integrators
developed in Modin & Viviani (2020a).

Let us introduce the two lower triangular block matrices

® 0 M, O
-8 - h)

This embeds f = su(N) x su(N)* as a subalgebra of gl(2N, C) such that the equations (3.8) constitute
an isospectral flow of matrices of the form (4.1):

V=[V,M(V)]. (4.2)

Let us check whether § C gl(2N, C) fits the conditions stated in Modin & Viviani (2020a) for [soSRK
to work, i.e., that it is J-quadratic and reductive.
DerINITION 2. Let J be a matrix such that J> = ¢I, where I is the identity matrix. The corresponding
J-quadratic Lie algebra g C gl(V, C) is given by

Acg < AlJ+JA=0.

Lemma 1. Let g C gl(N, C) be J-quadratic. Then the Lie algebra g x g* C gl(2N, C) is a subalgebra of
the J-quadratic Lie algebra g for

5 0J

j= ( ; 0). 43)
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1222 K. MODIN AND M. ROOP
Proof. Clearly, J*> = cI. LetA € g x g* C gl(2N, C), i.e.,
e 0
=(w o)

where W, ® € g. Since g is J-quadratic, we have

1

OJ+J0 =0= 0T = —-JoJ,
c

1
WiI4+Iw=0= W' = ——JwyJ.
C

We aim to prove that ATT+JA = 0. First, we get

A Lo awi
—Tc\ o ves)

e L1607 Jwa\ (0 1) (0 I\ (© ©
T e =
AT +iA= c(o J@J)(J 0)+(J 0)(W @) 0

This concludes the proof. d

and therefore

Atfirst glance, this result indicates that the isospectral flow (4.2) is suitable for isospectral integrators,
in particular, the midpoint isospectral integrator (Viviani, 2020; Modin & Viviani, 2020a)

V, = (1+ ﬁM(f/)) 1% (1 - ﬁM(f/)) ,
2 2 4.4)

Voy =V, + IV, M(V)],

n

because g = su(N) is J-quadratic with J = I. More precisely,

THEOREM 6. The scheme (4.4) constitutes an isospectral integrator for the isospectral flow (4.2). It
preserves the Casimirs

tr(VE) = tr(VE, ). (4.5)

Proof. A direct consequence of Lemma | and Theorem 1 in Modin & Viviani (2020a). O

However, this result is not enough, since g x g* is a proper subalgebra of the larger j-quadratic
algebra g. Indeed, there is no guarantee that V remains of the lower triangular block form (4.1) as the

general form of an element in § is
® B
v= (v o)

where W,©®,B € g.

920z aunp €0 uo Jasn (ABojouyoa] Jo AusisAlun siewieys) ejoysboy exsiuye) siewieyd Aq L0S0Z18/8021/2/9v/eone/eulewl/wod dnotolwapeoe)/:sdiy WwoJ) papeojumoq



LIE-POISSON DISCRETIZATION FOR MHD 1223

REMARK 6. Assuming that V remains of the lower triangular block form (4.1), Theorem 6 explains
preservation of the spectrum of @, as it follows directly from the formula (4.5) since tr(VK) = 2tr(@%) in
this case. However, we cannot obtain preservation of the cross-helicity Casimir from (4.5), again because
g is a larger Lie algebra than g x g*. Moreover, the Lie algebra f = g x g* is not reductive, which means
that the condition

.11 S §

does not hold. Consequently, whether the flow preserves the Lie—Poisson structure cannot be addressed
with the method developed in Modin & Viviani (2020a), since that method requires a reductive Lie
algebra. But, as we shall see below, the method still preserves all the geometric properties:

* the scheme (4.4) preserves the cross-helicity Casimir;
e the scheme (4.4) is a Lie—Poisson integrator on the dual {* of the Lie algebra f = su(N) x su(N)*.

Thus, the condition that the Lie algebra be reductive is sufficient, but not necessary, for the isospectral
Runge—Kautta integrators developed in Modin & Viviani (2020a) to yield a Lie—Poisson integrator.

The numerical scheme (4.4) results in an integrator written for matrices (W, @) in (3.8) as follows:

- h - . W ..
O, =06 = J[0,M|] - -M,0M,,

O,y = O, +h[O,M,],

U T o
W, =W = SIW.M,] = 316.00) - = (MIWMI + M,0M, +M1(~)M2),

W, =W, +hIW,M]+ h[6,M,], (4.6)

n

where M, = Ay (W) and M, = Ay(6).

In the forthcoming sections we present an alternative derivation of the scheme (4.6), directly using
reduction theory for semidirect products. This approach explains the properties of the method (4.6) listed
in Remark 6.

4.2 Reduction theory for semidirect products

The strategy of deriving the structure preserving numerical scheme for (3.8) is based on the following
observation. The flow (3.8) on the dual of f = su(N) x su(N)* can be seen as a Poisson reduction
of a Hamiltonian system on 7*F with a right-invariant Hamiltonian. The reduction emerges from the
momentum map p: T*F — §*. The situation reflects the fact that the continuous equations (1.1) are
a Poisson reduced Hamiltonian flow on the continuous counterpart of the cotangent bundle T*F, as
was discussed above. The momentum map has the property that it is a Poisson map between T*F and
§*. Therefore, having a discrete symplectic flow ®,: T*F — T*F that is equivariant with respect
to the lifted right action of F on T*F, one gets a Poisson integrator ¢,: f* — §* by applying the
momentum map.
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1224 K. MODIN AND M. ROOP

We need therefore to reconstruct the canonical system on T*F from the system (3.8), apply a
symplectic integrator that keeps the flow on 7*F, check that it is also equivariant, and finally reduce
the method back to §*. To do so, one needs the momentum map .

First, the cotangent bundle T*F of the magnetic extension F' = SU(N) x su(N)* is

T*F = {(Q, m,P,a) | Q € SUN),P € Té(SU(N)),m e su(N)*,a € su(N)}.

The lifted left action of the group F = SU(N) x su(N)* on its cotangent bundle T*F is
(G,u) - (Q,m,P,a) = (GQ, Adju+m, (G )P, a) 4.7)

for (G,u) € F. Now, the momentum map associated to the lifted left action (4.7) is given by (Marsden
et al., 1984b; Marsden & Ratiu, 1999)

POT — opt
wu(Q,m, P, o) = (% QaQT) = W', o). (4.8)
ProposiTion 7. The canonical equations on T*F
Q = _Ml Q,
P=MP+2M]Qat, (4.9)
a=0,

for the right-invariant Hamiltonian H = H o u defined by

M, = AW, My = A0, HW,0)= (tr(WTMl)thr(@TMz)),

N =

are reduced to the Lie—Poisson system on §*

W=[W,M]+[0,M,], ©=1[0,M], (4.10)
by means of the momentum map (4.8).

Proof. First, we observe that since W € su(N), @ € su(N), and Ay : su(N) — su(N) by construction
(4.8), we have that M|, M, € su(N). Using (4.8), we get

. 1 /. . . .
W= (QPT + P — PO — PQT) .
Using (4.9) and rearranging the terms, we get

v = L (1op" iyt i
W =3 (10P" M1+ (PQ" M]1) + 000" M)
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LIE-POISSON DISCRETIZATION FOR MHD 1225

Since M, M, € su(N), we have MI =-M,, M; = —M,, and get the first equation in (4.10). For the ®
component, we have

d 1Y — oot o
= (0u0") = 0u0" +0ud'.
Again, using (4.9), we get

d N ¥ .
= (000") = 10a0" M) = & = [0.M,1.

This concludes the proof. O

RemArk 7. We have not written the equation for the variable m in (4.9), as it is not needed to get the
algebra variables (W, ®) back, see (4.8).

RemMARK 8. Since, according to (4.9), the matrix « is constant, the equations (4.9) can be seen as a
Hamiltonian flow on 7*SU(N) with the matrix « as a parameter defining an initial condition for the
matrix @ € su(N). Thus, despite the incompressible MHD equations have twice as many unknowns as
in the incompressible Euler equations, the Hamiltonian left-reconstructed flow still takes place on the
cotangent bundle 7*SU(N), which reflects a more general observation that any Lie—Poisson system on a
semidirect product can be viewed as a Newton system with a smaller symmetry group (see Khesin et al.
(2021) for details).

Recall that the space {* can be seen as a quotient of 7*F with respect to the lifted right action of F,
i.e., f* = T*F/F. In other words, points in f* are F-orbits of points in 7*F. Then, if points ¢ € T*F
and b € T*F belong to the same orbit, i.e., b = f - a for some f € F, they correspond to the same
point p(a) = wu(f(a)) € §*. Let @,: T*F — T*F be a symplectic method on 7*F. Then it descends
to an integrator on f* if the points @, (a) and (P, o f)(a) belong to the same orbit, which means that
(@, 0f)(a) = (f o ®},)(a). This holds for any point a € T*F, meaning that the method &, : T*F — T*F
must also be equivariant. The setup is illustrated in a diagram Fig. 1.

In summary, we arrive at the following result:

THeEOREM 8. Consider the Lie—Poisson system (3.8) evolving on the dual of the semidirect product Lie
algebra {* = su(N) x su(N)*. Let @,: T*F — T*F be a symplectic numerical method applied to the
Hamiltonian system (4.9). If it is also equivariant with respect to the right SU(N) x su(N)* action

(0,P,a,m) - (G, u) = (QG, PG, Adg-1er, AdEm + u) , 4.11)
then it descends to a Lie—Poisson integrator ¢, on {*.
4.3 Casimir preserving scheme

According to Theorem 8, we need a symplectic integrator for the Hamiltonian system (4.9). We choose
the simplest one among symplectic Runge—Kutta methods, which is the implicit midpoint method. If we
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1226 K. MODIN AND M. ROOP
n |(®h o f)(a)
f(a,)u/—\o T*F
f
a 0T0
<I>h(a)
!
A
! 7
' v
TS TS f* = T*F/F

Fic. 1. Equivariance of a symplectic method @y, : T*F — T*F. The symplectic equivariant method @,: T*F — T*F descends
to a Lie—Poisson method ¢y, : f* — * on the coadjoint orbit &' C §*.

denote the right-hand sides of (4.9) by

f(Q.P) = —M,Q,
8(Q,P,a) = M{P +2M}Qa’,

so that
0=f(Q.,P), P=gQ,Pua),

with « being a constant matrix.
Then the method @;,: (Q,,, P,) = (Q, 11, P,,) is

Q,=0-5/(P,0), Q1 =0+5/(P.0),
4.12)
P,=P—152(P,0.0), P, =P+5(P.0 ).
The implicit midpoint method is known to be symplectic, the only thing we need to prove is that it is

also equivariant with respect to action (4.11).

Lemma 2. The implicit midpoint method @,: (Q,,, P,) = (Q,,,, P, ) defined by (4.12) is equivariant
with respect to action (4.11), i.e.,

®, 0 (G,u) = (G,u) o D,
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LIE-POISSON DISCRETIZATION FOR MHD 1227

Proof. First, we can write @, = @;lz) o @;ll), where

(pl’(ll): (Qn’Pn) = (Q’i))7
(D,Sz): (Q,P) — Qi1 Py

Since equivariance of both @,ﬁl) and @22) implies that their composition @, is also equivariant, it is

enough to prove equivariance of @ }(ll) and @ ,(12) individually. Further, as we have an explicit formula for
~1
v = ((b ;ll) ) , and also that equivariance of ¥ implies equivariance of (D}(ll), we will prove equivariance

of ¥ with respect to F = SU(N) x su(N)* action: W o F = Fo V.

(¥ o F)(Q,P) = (Q,,P,),

where
O L P N A WO 5 b1 &
0, =06 - 3f (0G.P(GH™") = 0G + 3M, (W(QG.PG™)h) 0G.
Further, using (4.8), we get
WG, PG~ = % (QGG*‘PT _ P(G*‘)*GTQT)
_ e 5ot L wep B
=3 (QP — PO ) = W(Q.P).
Therefore, f (QG, PG )—1) = —M,(W(Q, P))QG, and finally
- h -~ -
0,= (Q - Ef(Q’ P)) G.
For P, we get
- h ~ -~ s
— =1 _ % fy—1 -1
P, = P(G) 2g(QG,P(G) .G ocG),
with
g (QG, PG, G_laG) = M{P(G)™! + 2M}0G(GaG)T,

where M, = M, (W(QG, ﬁ(G—l)T), and M, = M, (@(QG, G—laG)).
We have already shown that W (QG, P(Gfl)T) =W (Q, f’). Now,

O(0G, G 'aG) = 0G(G'aG)G™10" = 0a 0" = ©(0, 0).
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1228 K. MODIN AND M. ROOP

Therefore, we also have that Mz(@)(QG, G laG)) = Mz(@)(Q, «)). Further,

g (QG,P(GT)*‘ , G*‘aG) = M[P+2Mi0aty (G
=g(0.P,a)(G™H.

Thus, for P,, we get
- h . - 1ot
P, = (P—5g<Q,P,a)) G,
and finally
~ - ~ h, - - = h o I
(Yo F)Q,P) = ((Q— Ef(Q,P)) G, (P— Eg(Q,P,a)) (G) ) (4.13)
On the other hand,
Y - ~ h_ ~ ~ ~ h -~ -

-~ h_ - - -~ h - - .
= ((Q - Ef(Q,P)) G, (P— zg(Q,P,a)) (G_l)')- (4.14)

—1
Comparing (4.13) and (4.14) we conclude that ¥ = (05}(11)) is equivariant, and therefore @i(l]) is so
as well. '
Since maps ((D }(ll)) and dﬁ}(lz) differ by a sign in front of 1/2 (see (4.12)), the proof of equivariance

-1
for <1>}(12) is exactly the same as for (tp}(ll)) ,and @, = <1>}(12) o 45}(11) is equivariant. This concludes the
proof. d

We can see in equation (4.12) that the implicit midpoint method is not formulated intrinsically on
T*SU(N). Namely, the matrix Q does not necessarily belong to SU(N). However, the flow of matrices
(W, ©) still remains on su(N) x su(N)* due to (4.8). Moreover, the proof of equivariance does not use
that Q € SUV).

Finally, we arrive at the following result.

THEOREM 9. The implicit midpoint method (4.12) for the Hamiltonian system (4.9) descends to a Lie—
Poisson integrator
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for the Lie—Poisson flow (3.8). The method is defined by the following equations:

- h o~ o~ W
0, =6 —7[0,M1 - -M,6M,,
O,y = O, +h[O,M,],
- h o~ o~ ho . - o
W, =W = SIW.M,] = S16.00] - 7 (MIWMl + M,6M, +M1@M2),
W,y = W, +h[W,M] +h[O,M,], (4.15)

n

where M 1= A;,l (W), M2 =A N(@). Furthermore, this integrator preserves the Casimirs (3.12):

t(f(0,)) = u(f(0,,1)),
tr(W,8(0,)) = (W, 18(0,, ).

Proof. The formulae (4.15) are obtained straightforwardly by means of

1 i i
W, = ) (QnPn_PnQn)’
0, = 0,aQ;.
Wn+1 = E (Qn—HPn-H - Pn+1Qn+l) ’
"
Op1 = 0120, -
Preservation of Casimirs is a direct consequence of Theorem 8 and Lemma 2. ([
REMARK 9. The scheme (4.15) has order of consistency O(h?), the same as the underlying symplectic

Runge—Kutta method (4.12). It is straightforward to generalize to an integrator of arbitrary order O(%°),
once we apply symplectic s-stage Runge—Kutta scheme on T*F.

4.4 Algebras other than su(N)

Here, we show that the above formalism allows us to develop structure preserving integrators also for
other Lie algebras defined by different constraints. We start with J-quadratic Lie algebras.

4.4.1 J-quadratic Lie algebras. Let g be J-quadratic, that is
ATT+JA=0 (4.16)

for any A € g and J being J? = cI, with ¢ € R\ {0}, and J = £J7. This setting covers most of the
classical Lie algebras, such that su(N), u(N), so(N), sp(N, C), sp(N, R).

920z aunp €0 uo Jasn (ABojouyoa] Jo AusisAlun siewieys) ejoysboy exsiuye) siewieyd Aq L0S0Z18/8021/2/9v/eone/eulewl/wod dnotolwapeoe)/:sdiy WwoJ) papeojumoq
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The relation (4.16) implies the following quadratic constraint on the group GL(V, C) defining the
corresponding matrix Lie group G:

QeG« Q'Jo=1.
Therefore, the momentum map wu: T*F — * is
w(@.m, P.a) = (1P, 0u0™")
1 1 5 1 s
=15 opP' — ZJPQ J ,ZQonQ J)=W,0), 4.17)
where « € g, and

1 1
IT: gIN.C) —> g, (W) =7 (W - ;JWTJ), W e gl(N,C)

is a projector onto the Lie algebra g.
The Hamilton’s equations on 7*F are

Q = _M] Q’

. 2

P=MP+ ~IM Qe (4.18)
@ =0.

Applying the implicit midpoint method to (4.18) and using (4.17), we get

1 ; l (‘~ h ! ~> (~ h ~ ~)T
@n = _Qna‘]Qn‘, = - Q+ _M]Q aJ Q+ _MlQ J
c c 2 2

h -\ ~ h -
= I+§M1 @ I—EMI 5

O, = O, +hO,M,],

T T . oo
W, =W = SIW.M] = S16.00] - - (MIWMI + 7,6, +M1(~)M2),

W,y =W, +h[W,M]1+ h(6,M,],

n

which coincides with (4.15).

RemMark 10. Since the method just derived has the same form for all J-quadratic Lie algebras, we have
thus extended the previous setting from f = su(N) x su(N)* to f = g x g* for an arbitrary J-quadratic
Lie algebra g. In this way, the method (4.15) represents the natural extension of isospectral symplectic
Runge—Kutta methods (Modin & Viviani, 2020a) for Lie—Poisson systems on J-quadratic Lie algebras g

920z aunp €0 uo Jasn (ABojouyoa] Jo AusisAlun siewieys) ejoysboy exsiuye) siewieyd Aq L0S0Z18/8021/2/9v/eone/eulewl/wod dnotolwapeoe)/:sdiy WwoJ) papeojumoq



LIE-POISSON DISCRETIZATION FOR MHD 1231

to those on the magnetic extension f = g x g* of g. We therefore call these integrators (4.15) magnetic
symplectic Runge—Kutta methods.

442 General type Lie algebras. Here, we do not assume that g is a J-quadratic Lie algebra, in other
words the Lie group G does not allow for the constraint QTJQ = J. In this case one has to use the general
formula for the momentum map w: T*F — §*:

u(@.m.P.a) = (M(P'Q), QuQ™") = W'.0).

The Hamiltonian equations are the same as (4.18), and the integration scheme, in particular, for the ®

variable is
—1
h ~\ ~ h -
0, = I+§M1 ® I+§M1 s

o=\ ~ o\

One can see that in this case there is no way to get rid of inverse matrix operations, and therefore discrete
semidirect product reduction theory provides us with a Lie—Poisson integrator different from (4.15).
However, the question if there are mathematically reasonable and practically important examples of
such Lie—Poisson flows remains open.

5. Hazeltine’s equations for magnetized plasma

In this section, we consider another important example of a Lie—Poisson system on the dual of a
semidirect product Lie algebra, which is Hazeltine’s equations, describing two-dimensional turbulence
in magnetized plasma (Hazeltine, 1983; Shukla er al., 1984; Hazeltine & Meiss, 1985; Hazeltine et al.,
1985; Holm, 1985). This system is a generalization of the MHD equations (2.1) considered previously,
namely

= {w,A—lw} + {6, A6),

0

{Q,A_lw} — a6, x), (5.1)

p {X,A*‘w} + {6, A6},

where w and 6 have the same meaning as before, x is the normalized deviation of the particle density
from a constant equilibrium value, and « is a constant parameter. If « = 0, the system (5.1) decouples
into the dynamics of the two fields w and € that constitutes the MHD dynamics, and the dynamics of the
x field.

920z aunp €0 uo Jasn (ABojouyoa] Jo AusisAlun siewieys) ejoysboy exsiuye) siewieyd Aq L0S0Z18/8021/2/9v/eone/eulewl/wod dnotolwapeoe)/:sdiy WwoJ) papeojumoq



1232 K. MODIN AND M. ROOP

The system (5.1) is known to be a Lie—Poisson system, as first described in Hazeltine et al. (1985),
for the Hamiltonian

1

H= E/ (wA_lw—i—@AH —axz) u,

S2

and with the Casimirs

€= / (f(O) + xg®) +k(w — x)) 1

S2

for arbitrary smooth functions f, g, k.
Using the geometric quantization approach as described above, we get a spatially discretized
analogue of the system (5.1) given by

W =[W,M]+[0,M,],
O =[60,M,] —a[O, x], (5.2)
X =[x, M1+1[0,M,],

where W, 0, x € su(N),and M; = Ay'W, M, = Ay6.
By introducing a new variable ¥ = W — x, the system (5.2) becomes

¥ =¥, M],
O =[6,M;], (5.3)
X = [x.M3]1+ [©,M,],

where M3 = M| —ay.

Proposition 10. The system (5.3) is a Lie—Poisson flow on the dual §* of the Lie algebra

f=su(N) ® (su(N) x su(N)*).

The quantized analogues of the Casimirs for (5.1) are:

* the spectrum of ¥ = W — x, or equivalently
& = k(W — X))

for any smooth function k;

* the spectrum of ®, or equivalently

6 = (@)
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for any smooth function f;

* the cross-helicity

J =1tr(xg(®))

for any smooth function g.

We also have the Hamiltonian as a conserved quantity:

1
H = Etr (WMI + @Mz —(XXZ) .

1233

54)

As we see from (5.3), we can apply the isospectral (midpoint) integrator (Modin & Viviani, 2020a)
to the first equation for ¥, and the magnetic (midpoint) integrator (4.15) to the pair of equations for &

and y. This results in the following scheme for the variables W, @ and y:

-~ h ~ - K. o

@n+l = @n + h[é’M?a]’

=

~ ~ h ~ -~
Wy =W~ SIW.M,] ~ 516,41,

hz ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~
_Z( WM, + 81,605 + 11,681, — a7 - a M, + 0?77
W, =W, +h[W, M1+ h[6,M,),

Xn+l = Xn + h[i’MB] + h[@,Mﬂ,

wherc:‘,]l/NI1 = A&I(W),Mz = AN(@),M3 =M1 —ay.

(5.5)

ProprosiTioN 11. The numerical scheme (5.5) is a Lie—Poisson integrator for (5.2). It preserves the

Casimirs exactly,

tr(k(W,, — x,)) = trk(W, 11 — X011,
r(f(0,)) = r(f(0,1)),
tr(Xng(@n)) = tr(Xn+]g(@n+1))5

and nearly preserves the Hamiltonian (5.4) in the sense of backward error analysis.

6. Kirchhoff equations

Another example of a Lie—Poisson system on the dual of a semidirect product Lie algebra is the Kirchhoff
equations, describing the motion of a rigid body in an ideal fluid. This is a Lie—Poisson flow on the dual
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of f =s50(3) x R3 ~ 50(3) x s0(3)*, and is thus a magnetic extension of the rigid body dynamics:

m=mxw+pXxXu,
6.1)

p:pxw’

where p, m, w,u € R3, and

for the Hamiltonian

| =

3 3 3
2
H(m.p) = 3 Zakmk + Z by (prm; + myp;) + Z CiPrPj | »
k=1 kj=1 kj=1

where a;, by;, ¢;; are real numbers.
Using the standard isomorphism between R? and s0(3), we construct skew-symmetric matrices

0 —my3 m, 0 —p3 P
W={m 0 -—-m|, O&=|p3s 0 -—p|],
-my m; 0 —r» O
0 —w3 Wy 0 —Uz Uy

Then, system (6.1) takes the form of a Lie—Poisson flow on the dual of f = s0(3) x so0(3)*:

W=[W.M]+[0.M,], ©=[60,M]

The Casimirs (3.12) for the case of Kirchhoff equations are a generalization of the well-known
Casimirs

L =pi+p3+p5. L=mp, +mp,+msps,

which are obtained from (3.12) by taking f(®) = ©2,and g(O) = 6.
The following classical cases are known to be integrable for the Kirchhoff equations (for all of them
byj = ¢j = 0 forj # k):

e Kirchhoff case (Kirchhoff, 1876)

ay=ay, by =by, ¢ =cy.
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le-15 Cross-helicity variation le-15 Spectrum of © variation
0.51 1
0.0
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t t

Fic. 2. Cross-helicity (left) and spectrum (right) variation for the Kirchhoff system, Kirchhoff integrable case. The order 10-15
of the magnitude of the variation indicates the exact preservation of the Casimirs.

¢ Clebsch case (Clebsch, 1870)

Cc — C C —C C —C
11 22 | 33 o, 274G _
as a ap

by = byy = bs,

* Lyapunov-Steklov—Kolosov case (Steklov, 1893)

by —by n b33 — by, n byy — by
(byy — b33)* (by; — by)? (byy — by)?
_ == = _=C ——_C33——.

22
a) a az

-0,

€11

In the forthcoming section, we will illustrate the method (4.15) by both verifying the preservation of
Casimirs, Hamiltonian, and capturing integrable behaviour.

7. Numerical simulations

In this section, we provide numerical tests of the schemes (4.15) and (5.5), verifying the exact
preservation of Casimirs and near preservation of the Hamiltonian.

7.1  Kirchhoff equations

We begin verifying the properties of the method on low-dimensional integrable cases of the Kirchhoff
equations. For all the simulations, we used the time step size 2 = 0.1, and the final time of simulation is
T = 1000. Initial conditions are randomly generated so(3) matrices.'

First, we consider the Kirchhoff integrable case. Figure 2 shows the exact preservation of Casimir
functions for the Kirchhoff integrable case, and Fig. 3 shows nearly preservation of the Hamiltonian
function. The phase portrait is shown in Fig. 4. One can clearly observe a quasi-periodic dynamics with
a regular pattern typical for integrable systems.

! Numerical simulations for this section are implemented in a Python code available at https://github.com/michaelroop96/
kirchhoff.git
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FiG. 3. Hamiltonian variation for the Kirchhoff system, Kirchhoff integrable case.
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Fic. 4. Phase portrait for W (left) and ® (right) for the Kirchhoff system, Kirchhoff integrable case. Component W3, = m is
shown against Wy3 = my, and component @33 = pj is shown against @13 = p».

le-15 Cross-helicity variation le-15 Spectrum of © variation
2 2
O 4
0
_2 4
_4] 5
76 4
-4
_8 4
0 200 400 600 800 1000 0 200 400 600 800 1000
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Fic. 5. Cross-helicity (left) and spectrum (right) variation for the Kirchhoff system, Clebsch integrable case. The order 10715 of
the magnitude of the variation indicates the exact preservation of the Casimirs.

Secondly, we consider the Clebsch integrable case, for which we also observe exact preservation of
Casimirs in Fig. 5, nearly preservation of Hamiltonian in Fig. 6, and a phase portrait in Fig. 7.

Finally, we have the Lyapunov—Steklov—Kolosov integrable case, with exact preservation of Casimirs
shown in Fig. 8, nearly preservation of Hamiltonian shown in Fig. 9, and a phase portrait in Fig. 10.
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Hamiltonian variation
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FiG. 6. Hamiltonian variation for the Kirchhoff system, Clebsch integrable case.
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Fic. 7. Phase portrait for W (left) and @ (right) for the Kirchhoff system, Clebsch integrable case. Component W3y = m is shown
against W3 = my, and component @3 = p is shown against @13 = p;.

le—14 Cross-helicity variation le-15 Spectrum of © variation
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Fic. 8. Cross-helicity (left) and spectrum (right) variation for the Kirchhoff system, Lyapunov—Steklov—Kolosov integrable case.
The order 10~15 of the magnitude of the variation indicates the exact preservation of the Casimirs.

920z eunp g0 uo Jasn (ABojouyos ] Jo AlsieAlun siewiey)) ejoysboy exsiuye) siewieyd Aq L0S0ZL8/80Z L/Z/9t/elonle/eulewl/woo dno-ojwepeoe)/:sdiy Wwolj pepeojumod



1238 K. MODIN AND M. ROOP

Hamiltonian variation
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Fic. 9. Hamiltonian variation for the Kirchhoff system, Lyapunov—Steklov—Kolosov integrable case.
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Fic. 10. Phase portrait for W (left) and © (right) for the Kirchhoff system, Lyapunov—Steklov—Kolosov integrable case. Component
W3y = my is shown against W3 = mp, and component @3 = p1 is shown against @13 = p».

7.2 Incompressible two-dimensional MHD equations

Here, we demonstrate on low-dimensional matrices with N = 5 that the integrator (4.15) preserves the
underlying geometry, namely Casimirs and Hamiltonian.” The final time of the simulation is 7' = 7500.

Variations of spectrum of ® and tr(W®) are presented in Figs 11 and 12.

One can see from Figs 11 and 12 that variation of Casimirs has the magnitude 10~'°, which is the
tolerance of the fixed point iteration that is used to find (W, ©). This indicates that the Casimirs are
exactly preserved.

In Fig. 13, one can see near preservation of the Hamiltonian. The magnitude of the variation is related
to the error constant of the method.

2 Numerical simulations for this section are implemented in a Python code available at https:/github.com/michaelroop96/
qflowMHD. git

920z aunp €0 uo Jasn (ABojouyoa] Jo AusisAlun siewieys) ejoysboy exsiuye) siewieyd Aq L0S0Z18/8021/2/9v/eone/eulewl/wod dnotolwapeoe)/:sdiy WwoJ) papeojumoq


https://github.com/michaelroop96/qflowMHD.git
https://github.com/michaelroop96/qflowMHD.git
https://github.com/michaelroop96/qflowMHD.git
https://github.com/michaelroop96/qflowMHD.git
https://github.com/michaelroop96/qflowMHD.git
https://github.com/michaelroop96/qflowMHD.git

LIE-POISSON DISCRETIZATION FOR MHD 1239
3 Jec16 Spectrum of © variation
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Fic. 11. Variation of the smallest eigenvalue of ® for incompressible MHD equations. The order 10710 of the magnitude of the
variation indicates the exact preservation of the spectrum.

le-16 Cross-helicity variation
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Fic. 12. Variation of the cross-helicity tr(W®) for incompressible MHD equations. The order 10716 of the magnitude of the
variation indicates the exact preservation of the cross-helicity.

Hamiltonian variation
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Fic. 13. Variation of the Hamiltonian for incompressible MHD equations. Absence of drift indicates nearly preservation of the
Hamiltonian.
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le—=16 Spectrum of © variation
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Fic. 14. Variation of the smallest eigenvalue of ® for Hazeltine’s equations. The order of the magnitude variation indicates the
exact preservation of the spectrum.

le—=16 Spectrum of W — x variation
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Fic. 15. Variation of the smallest eigenvalue of W — y for Hazeltine’s equations. The order of the magnitude variation indicates
the exact preservation of the spectrum.

7.3 Hazeltine's equations

Here,®> we demonstrate the properties stated in Theorem 11 on low-dimensional matrices with N = 5,
o = 2. The final time of simulation is 7 = 7500. The variations in the spectrum of ® and W —
are presented in Figs 14 and 15. Variations of cross-helicity tr(x @) and Hamiltonian are presented in
Figs 16 and 17.

3 Numerical simulations for this section are implemented in a Python code available at https://github.com/michaelroop96/
gflowAlfven.git
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le—17 Cross-helicity variation
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Fic. 16. Variation of the cross-helicity tr(x @) for Hazeltine’s equations. The order of the magnitude variation indicates the exact
preservation of the cross-helicity.

le=3 Hamiltonian variation
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Fic. 17. Variation of the Hamiltonian for Hazeltine’s equations.
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