CHAL

UNIVERSITY OF TECHNOLOGY

On a Hardy—Morrey inequality

Downloaded from: https://research.chalmers.se, 2025-05-25 10:23 UTC

Citation for the original published paper (version of record):

Hynd, R., Larson, S., Lindgren, E. (2025). On a Hardy—Morrey inequality. Journal of Functional
Analysis, 289(6). http://dx.doi.org/10.1016/j.jfa.2025.111002

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



Journal of Functional Analysis 289 (2025) 111002

journal homepage: www.elsevier.com/locate/jfa

Contents lists available at ScienceDirect

Journal of Functional Analysis

JOURNAL OF

Regular Article

On a Hardy—Morrey inequality

Ryan Hynd **, Simon Larson ", Erik Lindgren

L))

Check for
updates

® Department of Mathematics, University of Pennsylvania, Philadelphia, PA

19104-6395, USA

b Department of Mathematical Sciences, Chalmers University of Technology and
the University of Gothenburg, SE-412 96 Goteborg, Sweden
¢ Department of Mathematics, KTH - Royal Institute of Technology, SE-100 44

Stockholm, Sweden

ARTICLE INFO

ABSTRACT

Article history:

Received 19 November 2024
Accepted 9 April 2025
Available online 18 April 2025
Communicated by P. Auscher

Keywords:

Sobolev inequalities
Extremals

Sharp constants

Morrey’s classical inequality implies the Holder continuity of
a function whose gradient is sufficiently integrable. Another
consequence is the Hardy-type inequality

P
)\' < /|Du|p dx
B

for any open set 2 C R”™. This inequality is valid for functions
supported in 2 and with A a positive constant independent
of u. The crucial hypothesis is that the exponent p exceeds
the dimension n. This paper aims to develop a basic theory
for this inequality and the associated variational problem. In
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), sharp constants, and the existence of a nontrivial u which
saturates the inequality.
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1. Introduction and main results

The topic of this paper concerns a geometric Hardy inequality in the setting of a
Sobolev space for which the associated exponent p is larger than the dimension of the
ambient space. Specifically, the inequality states that if €2 is a proper open subset of R"
and p > n, there exists a constant A > 0 such that

p
~ U < [ |puPdx (1.1)
dlfn/}’
Q oo Q

for all u € Cg°(Q2). Here and in what follows dq(x) denotes the distance from x to the
complement of €2. The inequality extends to u being an element of the Sobolev space
Dé’p () as discussed in Section 2 below.

The one-dimensional case of this inequality previously appeared in [35] and the general
case in [37]. This inequality has also recently been considered in [5] where it occurs as
an endpoint case of a family of inequalities interpolating between Sobolev, Morrey, and
Hardy inequalities. Nevertheless, we will explain below that the existence of a constant
A such that (1.1) holds is a direct consequence of Morrey’s classical inequality (see
also [37]). As a result, it is natural to refer to (1.1) as a Hardy—Morrey inequality. We
also acknowledge that this terminology has been used to describe related inequalities
in [15,36,37).

In this note, we turn our attention to the variational problem associated to (1.1).
Namely, we define
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u

dlfn/p

Rp(u) = ‘
Q

-p
| Dul2 for u € DyP(Q)
oo

and observe that the sharp constant A in (1.1) can be characterized as

M) = inf Ry(Qu). (1.2)
ueDY™ (2)\ {0}

Here ||-||, denotes the LP(£2) norm. Whenever the infimum (1.2) is attained by a nontrivial

u € Dé’p(ﬂ), we say that v is an extremal and that €2 has an extremal.
The questions addressed in this paper are:

(1) How does A, (€2) depend on the geometry of Q7
(2) When does Q have an extremal?

As it turns out, both of these questions are subtle. To some extent, we shall see that
this subtlety can be traced back to the fact that A,(Q2) is invariant under orthogonal
transformations, translations, and dilations of 2.

1.1. Main results

Our first result provides sharp upper and lower bounds for A,(€2). The upper bound
involves the halfspace R? = {z € R" : z,, > 0}.

Theorem A. Assume p >n > 1. If Q C R™ is open, then
Ot = Ap(R™\ {0}) < A, () < A(R) = 2771058
Here Cy, p, is the sharp constant in Morrey’s inequality (see (2.3)).

A natural question to ask is whether equality is attained in the bounds of the theorem
only when ©Q = R"} or Q = R™ \ {0} up to the natural symmetries of the problem (see
Section 2). It turns out that this is not the case.

Theorem B. Suppose p > n > 2.
(1) If Q € R™ is convezx and open, then
Ap(Q2) = Ap(RY)

and 2 has an extremal if and only if Q) is a halfspace.
(2) If Q C R™ is open and xg € Q, then

Ap(Q\ {zo}) = Ap(R™\ {0})
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and Q\ {zo} has an extremal if and only if Q@ = R™.
(3) If K C R™ is compact, then

Ap(R™\ K) = Ay (R™\ {0})
and R™\ K has an extremal if and only if K is a singleton.

According to this theorem, the infimum (1.2) is attained for a halfspace and a punctured
whole space. More generally, we will show that this holds whenever €€ is a closed convex
cone. See Section 7.

In view of our remarks above, one might suspect that extremals exist only in rather
special geometries. However, the following two theorems assert that this is far from the
case. As will be elaborated on later, the first result is a consequence of a more general
compactness threshold-result in the spirit of the work of Brezis and Nirenberg [8] (see
Proposition 3.4). In what follows, we will simply say that Q is C* if 9Q is C*-regular.

Theorem C. Fiz p >n > 2. If Q C R™ is bounded, open, and C'* with
Ap(€2) < Ap(R%), (1.3)
then Q has an extremal.

We will verify the above claim by establishing that any minimizing sequence {uy}x>1 C
DLP(Q) for (1.2) with |Dug|l, = 1 for all k is precompact in DLP(Q). In particular, we
will show that {uy}r>1 has a subsequence which converges to an extremal.

We will say that a C? subset Q C R™ is mean convex provided that the mean curvature
at each point of 0f is nonnegative. We will always measure mean curvature with respect
to the outward unit normal so that convex shapes have nonnegative mean curvature.
The central assertion of our work is that a bounded 2 which is not mean convex admits
an extremal.

Theorem D. Let p > n > 2. If Q C R™ is bounded, open, C?%, and not mean convez,
then (1.3) holds. Therefore, Q) has an extremal.

In addition to the above theorems, we provide various examples where our results give
detailed knowledge about A,(€2); see Section 7 and 11. These examples encompass for
instance concave cones, polygons and piecewise C! sets, epigraphs and examples that
indicate the instability A,(£2) with respect to small changes in . It is also worth noting
that we prove that any A € [A,(R™ \ {0}), A\p(R")] is realized as X = A,(2) for some
open Q C R™; refer to Theorem 10.1 below. The last section of this article also includes
a short list of open problems.
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1.2. Related results

Inequality (1.1) can be seen as the limiting case as ¢ — oo of the family of Hardy-type
inequalities

p
a5 < [1Dup s, (14)
79

where y =n/qg+1—n/pand n < p < g < co. The special case when p = ¢

e

w 1P
— < / | DulP dz (1.5)
do ||,
Q

has been the topic of many studies. Making use of Holder’s inequality, it is straightforward
to conclude that (1.4) follows from (1.1) and (1.5), which can be seen as the endpoints
of this family of inequalities. This has recently been observed in [5]. However, the theory
for (1.1) and (1.4) in general is still in its infancy.

As previously mentioned, the one-dimensional version of (1.1) appears in Chapter 1.5
of [35] and (1.4) is treated in Chapters 2 and 3. The n-dimensional version of (1.1) as well
as (1.4) is mentioned in [34]; see page 22 in Paper A. Other versions of inequality (1.1)
also appear in Section 2.1.6 in [33] and Section 2.1.0 in [38].

Hardy’s inequality (1.5) was first proved in the one dimensional setting by Hardy
(cf. [21] and [22]) even though a special case was perhaps known as early as 1907 (see [4]).
For an overview of Hardy’s inequality (1.5) and its rich history, we refer the reader
to [3,18,27,35]. The validity of such an inequality for p < n is a rather delicate matter.
However, in the case p > n that we are concerned with, (1.5) holds for any open set
Q (see [2], [29], [30], and [42]). Since (1.1) is also valid for general open sets, Holder’s
inequality implies that the same is true for (1.4).

There is also a well established connection between the geometry of €2, the optimal
constant, and the existence of extremals for inequality (1.5). These results are very much
in the spirit of what we accomplish in Theorems B, C and D. For instance, it has been

proved that A, ,(Q2) < ¢, with
1
1\~
Cp = 1-— ;

for bounded and sufficiently regular © and X, ,(Q2) = ¢, for convex Q. Moreover, for
sufficiently smooth bounded sets, A, ,(2) = ¢, if and only if there is no extremal
(see [30], [31], [32], and [28]). We also remark that a parallel theory for Hardy’s inequal-
ity (1.5) on exterior domains has been established (as described in [28], [9], and [12]).
For 1 < p < n and q € [2, -2%] the inequality in (1.4) was recently considered in [41],
and its validity established under the assumption that € has Lipschitz-regular boundary.
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— 2n
For the case p=2,n > 2 and ¢ € (2, ;7%

concerning the attainability of the sharp constant in (1.4) were obtained in [39,41].

), results similar to those proved in this paper

Another result in the spirit of Theorem D was discovered by Ghoussoub and Robert.
They considered the Hardy—Sobolev inequality

|u‘2* 2/2"
s (€2) (/ dx) < [ |Dul?dx (1.6)
Q Q

|z[®
for a smooth and bounded domain Q with 0 € 9Q. Here n > 3, s € (0, 2),

«_2n—s)
2= n—2"
and the admissible functions u belong to the Sobolev space H}(Q).

Ghoussoub and Robert showed that if 02 has negative mean curvature at 0, then
inequality (1.6) has an extremal [19]. That is, equality holds in (1.6) for a nontrivial
u € H}(Q). This extended earlier work by Egnell [13] who showed that extremals of (1.6)
exist for certain conical domains and by Ghoussoub and Kang [16] who verified existence
when 0€2 is negatively curved at 0. For other results along these lines, see [10,11,17,20,40].

1.8. Outline of the strategy

Our approach rests heavily upon the fundamental property that A, is invariant under
translations, rotations and dilations (cf. Section 2.2). We follow two main strategies
which we now briefly explain.

The first strategy consist of obtaining information about the value of A, and possible
extremals by transplanting a competitor defined in §2 into the corresponding minimiza-
tion problem for a different set €. In certain situations, this will allow us to deduce
interesting bounds for A,. In particular, we obtain bounds by finding an appropriate
exhaustion of a set €2 and using Lemma 2.5, or by touching 2 from outside with a clev-
erly chosen larger set €' and using Proposition 5.3. These ideas lead up to the proof of
Theorems A and B in Section 6.

The second line of our analysis, which is the more technical, consists of studying
the nature of sequences of trial functions which in a certain sense either concentrate
at a boundary point or move of towards infinity. In order to explain this idea, it is
convenient to first state a few properties of minimizers and introduce some notation. A
first important observation is that any extremal u satisfies

—Apu=0 inQ\ {zo}

for some xy € ; see Proposition 3.1. This leads to the useful idea (cf. Proposition 3.3)
that it is enough to study solutions of this PDE for a given z¢ € Q which satisfy u(zg) = 1
and u|pq = 0 when searching for an extremal. We call such functions potentials.
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The above observations lead to Proposition 3.4, where we deduce that the following
statements are equivalent:

(1) © has an extremal.
(2) There exists a sequence {zy}r>1 C Q such that limy_, oz € © and the correspond-
ing sequence of potentials is a minimizing sequence.

It therefore becomes crucial to understand when a sequence of points x; related to a
minimizing sequence of potentials stays inside €2, approaches the boundary or escapes to
infinity. The background for this is developed in Section 3 and these questions are then
pursued in detail in Sections 8 and 9.

In Section 8, we are able to obtain estimates in terms of A, for certain global proto-
type sets that locally or globally approximate 2. The main outcome of this analysis is
Theorem C. The local analysis amounts to performing a blow-up. Despite the substantial
difference in how this approach is carried out, the underlying idea is similar to ideas used
also in the context of Hardy’s inequality (1.5). See for instance Brezis—Marcus [7] and
Marcus—-Mizel-Pinchover [31] for more.

In Section 9 we perform an analysis in the spirit of a domain variation. This is done
to prove that if the boundary has a point of negative mean curvature, the sequence of
points xj corresponding to a minimizing sequence of potentials cannot approach the
boundary. This is one of the main ideas used to prove Theorem D.
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2. Preliminaries
Throughout the paper, we will assume n € N and p > n. We will denote by B,.(z) the
ball of radius r centered at z. In the case when z = 0, we will simply write B,.. Unless

otherwise stated, €2 will always be a proper, nonempty, open subset of R™, and

da(x) :yiensgc\x—m, x eR™.
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Note that for = € 1, dq is the distance to the boundary of 0.
Our work below will concern functions in the homogeneous Sobolev space

DYP(R™) = {u € L, (R™) : ug,,...,uy, €LP(R™)}

equipped with the seminorm w — || Dul|,. As usual, u,, denotes the weak partial deriva-
tive with respect to x;. When p > n any u € D'P(R") has a Hélder continuous
representative u*, and we will identify u with v* going forward.

In what follows, we shall mostly consider functions u € D''P(R™) which vanish on the
complement of an open set 2 C R™. We will denote this space of functions by

DYP(Q) = {u € DMP(R™) : u(z) = 0 for each z & Q}.

By Morrey’s inequality (2.1), u ~ [|Dul|, is a norm on the restricted space Dy ().
Moreover, the space Dé’p (Q) is a Banach space which can be identified as the completion
of C(€) (see Lemma 2.3).

We will make use of Morrey’s inequality, which asserts that there is C' > 0 depending
on n, p such that

il;g |1;(f) = n/p < (/ |Du|pdz) (2.1)

for each u € DVP(R™). Morrey’s inequality is a consequence of Morrey’s estimate that
posits that there is another constant ¢ = ¢(n,p) such that if B is a ball of radius r and
xz,y € B, then

ute) — ) < o=/ [ |Dulraz) v (22)
B

(see [14, Theorem 4.10]). We note that (2.1) holds with C' = ¢. Let us denote by

Ch p, the smallest C' > 0 for which Morrey’s inequality holds. (2.3)

We will now show that for any 1 C R” inequality (1.1) holds with some constant A.

In what follows, the quotient u/ dQ n/p

of Q for u € DL ().

should be interpreted as zero in the complement

Proposition 2.1. For any u € Dy (Q),

—-bp
n,p

/\Du\pdm

1 n/p
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Proof. Let u € DyP(Q) € D'?(R™). By Morrey’s inequality

ol e, (| Dupdz)””
Q

|z —y|tm/e

for distinct x,y € R™. In particular, if we choose x € 2 and y € 9Q such that dg(x) =

| — y|, then
Ju(@)] o )"
Q

We conclude by taking the supremum over x € Q. O

By the previous proposition, R(€2,u) > C b for any u € Dé’p(Q) with u # 0. Since
Ap(Q2) is defined in (1.2) as the infimum of all such quotients,

M(Q) > Cr (2.4)

In particular, A,(€?) is positive and the above lower bound is independent of 2.
Next we recall some technical results concerning functions in Dé’p (Q).

Lemma 2.2. Suppose u € D" ().

(1) If y € 0N), then

lim =0.
seg do(z)i=n/r
(i) If Q is unbounded,
lim ————— =0.
|a:|1£>noo dQ(IE)lin/p
€N

(iii) The function \u|/dsl{n/p achieves its supremum within €.

Proof. In this proof, we will exploit the following limits, which were established in Sec-
tion 6 of [26]. For any v € DLP(R™),

(@) —v(y)| _
B Py ey (2.5)

and
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v(z) = v _

A A R 2.6
|1:\+|1y|~>oo |z — y|t—n/p (2:6)

Claim (7) follows from (2.5) and (i¢) follows from (2.6). As for (4), we may select a
maximizing sequence {z}r>1 C € for |u|/ds12_"/p. If {x)}x>1 has a cluster point at the
boundary of € or if {4}>1 is unbounded, then |u|/d, ™" vanishes identically by (i)
and (ii). Otherwise, since = + |u(z)|/dq(z)'~"/? is continuous in Q its maximum is
attained at cluster points of {z}r>1 in Q. O

2.1. Approzimation results

In this section, we recall some facts about approximation of functions in Dé’p (Q) by
smooth functions and list some consequences. The first result is the following lemma,
which will be important in many of our constructions.

Lemma 2.3. Suppose u € Dy*() and e > 0. There exists v € C2°(Q) such that
[Du = Dollp < €| Dull, .

Note that we did not assume any regularity or boundedness of the set 2 in the above
lemma. This is a feature which is special to the supercritical setting p > n. As the proof
is standard, yet somewhat lengthy, it is deferred to Appendix A.

An important consequence of Lemma 2.3 is that in the infimum (1.2) defining A\, ()
the space of test functions Dy (€2) can be exchanged with C2°(9Q).

Lemma 2.4. The infimum (1.2) is also given by

Ap(Q) = Rp(2,u) .

uecﬁ‘i’r(lffl)\{o}

Proof. Let e > 0. There exists a v € Dy (Q) such that
Rp(Q,0) < Ap(Q) +e.

According to Lemma 2.2, there is z¢ € €2 so that

o)l |
do(zo) =/ || gL /e

oo

In view of Lemma 2.3, we may select u € C2°(Q2) such that ||Du — Dvl|, < €||Dvl|, for
every € > 0. Note v(xg) = u(xg) + O(€’) by the Hardy—Morrey inequality.
As a result,

u
déz—"/p

R0, = |

w4
[ Dully
oo
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da(zo)?™" || Dull}
|u(zo) [P

da(zo)" || Dvl§
[v(zo) [P

= Rp(Qa U)(l + OG’HO(l))

< Ap() + 0er0(1) + €.

(14 0e—0(1))

Therefore,

< i < / .
Ap(92) < ueéig(Q)Rp(Q, u) < Ap(Q) + 0er50(1) + €

We conclude after sending €' and then € to zero. O
We will say that €2 is ezhausted by {€;};>1 whenever every 2; C R™ is open, Q; C
Q41 for each j > 1, and Q = [J;5, €. It turns out that A, is upper semicontinuous
with respect to exhaustions.
Lemma 2.5. If Q is ezhausted by {Q;};>1, then
lim sup A, (£2;) < Ap(Q).
Jj—o0
Proof. Fix € > 0. By Lemma 2.4, there exists u € C$°(€2) such that
Rp(,u) < Ap(R2) + €.
Since u supported in a compact subset of Q and {£2;};>1 is an open cover of 2, supp(u) C
Q; for all sufficiently large j. Moreover, 2; C Q implies that do,(z) < dq(x) for all
x € ;. Hence,
M(©)) < Ry(©), 1) < Ry(2,u) < Ap(©) + ¢
for all large enough j. Since € was arbitrary, this proves the lemma. O
2.2. Similarity invariance
For @Q € O(n), r > 0 and y € R™, we define the similarity transform
Troy:R"=>R"; 2= rQe+y.

For a set U C R™, we write

TryU=1QU +y={rQz+y:2 €U}



12 R. Hynd et al. / Journal of Functional Analysis 289 (2025) 111002

to denote the image of U under the similarity transform. Note that

1
T.qy="Tro1-q 1y

If the parameters r, Q, y are understood, we may write simply 7.
Since 17 g,y is a diffeomorphism of R", it must be that

a(Tr,Q,yQ) = Tr,vaaQ .
It follows that
dTr,Q,yQ(Tﬁvax) = Tdﬂ(x) 3 (27)

which will be useful below.
An all important property of the best constant A,(£2) is that it is invariant under
similarity transformations. We will sometimes refer to this as similarity invariance.

Lemma 2.6. If T: R™ — R" is a similarity transform and Q@ C R"™ is open, then
Ap(T€2) = A, (Q)
and
Rp(Qu) = Ry(TQuoT™Y)  for allu € DyP(Q).

Proof. Let T' = T, g,,. Suppose u € DyP(Q) and set v = u o T~'. Then v vanishes in
T and by a change of variables

/ |Dv(2)|P dz = r" / |Dv(Tz)|P de = r™7P / |Du(z)|? dx .
TQ Q Q

Consequently, v € Dé’p (T2). Moreover, by (2.7),

R TN ey VLR 15 g
zero dra(2)P™"  peq dro(Tz)P~"  eq do(x)p—m

Therefore,
Rp(TQ,v) =Rp(2,u).

This proves the second claim.
For any € > 0, there exists u € Dy (Q) such that

Ap(2) > Rp(Qu) —€.
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By the above, the function u o T=' € Dy?(T) satisfies Rp(Q,u) = Rp(TQuo T™1)
and thus

M(Q) > Ry(TQuoT ™) —e> N\ (TQ) —e.

Since € was arbitrary it follows that A,(£2) > A,(T'Q?). Switching the roles of Q and T
in this argument gives the reverse inequality and completes the proof. 0O

3. Extremals and potentials
In this section, we focus on properties satisfied by extremals and more generally to

properties of potentials. We recall that a function u € D(l)’p (Q2) with w £ 0 is an extremal
provided that \,(2) = R(£2, u). That is,
P
= / |Du|? dx .
<0

Below, d,, is the Dirac delta distribution at xo.

u

)\P(Q) ‘ d}z_n/p

Proposition 3.1. Let Q C R™ be an open set. A function u € DyP(Q)\ {0} is an extremal
if and only if there is xg € Q0 for which u is a weak solution of

do(wo)P—" (3.1)
u=0 on 09).

—Apu = Ap(Q)

Proof. Suppose u is a weak solution of (3.1). Then

P 2u(xo)
DulP2Du - Dudz — A QM
Q/| ul u- Dvdzx »(9) do(z0)P—" v(xo)
for each v € DyP(2). Choosing v = u gives
|u@o)|” ‘ u_ |
DulPdx = Ay (Q)——— < A\ (Q) || =—F
! D de = 3@z T8 < 0| |

We conclude that u is an extremal.
Assume that u € Dy () is an extremal. By part (iii) of Lemma 2.2, there is 2o € Q
with

 Julao)
0o dﬂ(xo)l—n/p .

u
1-n/p
dQ
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For t > 0 and v € Dy (1),

Du + tDv|P — |Dul? 1 !
/(| u+tDvfP — Dyl )dx/|pu+tDv|Pd:c/Dupdx
pt pt pt
Q @ N

p

u—+ tv
d;{n/P

> Ap(€) g _)‘p(Q) H u
= N e
Ap() [u(@o) + tv(zo)|”  Ap(€2) [ulzo)[?
pt do(zo)P—™ pt do(xzo)P~™

(@) (ulzo) + tv(wo) [P — |u(wo) [P
( pt >

By routine estimates, we find

|u(o) [P~ u(xo)
do(xo)P~™

/|Du|p_2Du -Dvdz > A\, (Q) v(xo)
)

in the limit as ¢ — 0T. Replacing v by —v gives equality. Thus, u is a weak solution of
the boundary value problem (3.1). O

Based on our characterization of extremals, it is natural to consider the following
family of functions. Given y € € we call the unique weak solution wf} € DyP(Q) of the

equation

—Apwy =0 in @\ {y},
wy) =0 on 99, (3:2)
Q

wy/(y) =1,
a potential in €. That wiz is a weak solution of (3.2) is equivalent to it being a weak

solution of the equation

{ ~Ayuwd = ||Dwf|ps, inQ,

w;z =0 on 0.
In addition,
|1 Dwy[l, < | Doll,

among all v € Dy () which satisfy v(y) = 1. Furthermore, w is the unique function
in DyP(Q) with this property. We will refer to this variational characterization of w?}

several times below and call any v € Dy?(Q) which satisfies v(y) = 1 a competitor for

Q

’LUy.
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Corollary 3.2. If Q C R™ and y € (, then w??

component of Q) except the one which contains y where w

is tdentically zero in each connected

Q
Y

particular, if u € Dé’p(ﬂ) is an extremal, then u vanishes identically in all but one
component of Q0 where it is either everywhere positive or everywhere negative.

is everywhere positive. In

Proof. If Q' is a connected component of 2 and y ¢ ', then —prg = 0 in Q' with
w$|ag/ =0, so w? = 0 in Q. Let 0y be the connected component of Q containing y.
Then w?(y) =1, —prg > 0 in Qg and w$|3go = 0. Therefore, wf} > 0 in Qg by
the strong minimum principle. By Proposition 3.1, there exists y € ,c # 0 such that

u = cwg. The assertion for u follows. O

As remarked in our proof above, any extremal is a non-zero multiple of a potential.
The next result tells us that not only must any extremal be a potential, but it is in fact
sufficient to consider the infimum defining A,(€2) restricted to potentials (even in the
case extremals do not exist). Recall that Lemma 2.2 implies that |u|/ al1 /P attains a
maximum in € provided u € Dy?(Q).

Proposition 3.3. If u € Dy?(Q) \ {0} and zo € Q satisfies

u(zo)]  _ ‘

do(zo) /P

u
1—-n
dQ /P oo

then
Rp(,u) > do(ze)P~ "||Dw Hp > Rpy(9Q, ) (3.4)

Equality holds in the first inequality if and only if u = u(xo)wgo in which case equality
holds also in the second.

Q

Proof. As u(zo) 'u is a competitor for w$}

[Dwi [l < D (ulzo) ™ )l = [u(@o)| || Dully - (3.5)

Moreover, equality holds if and only if u = u(zo)wS .
Using

Q

o

H wfgo (z0) 1
d;;”/;ﬁ

= do(zo) /P - do(we)t—n/r”’

oo

together with (3.3) and (3.5), we find

Rp(Q,wly) < da(wo)?™" [ Dwg, |15 <
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oy . . . . . . _ Q .
In addition, equality holds in the second inequality if and only if u = u(xo)wzo. In this

case, equality also holds in the first inequality by (3.3). O
A direct consequence of Proposition 3.3 is that

Ap(Q) = inf R,(Q,w). (3.6)
e
Since R, (2, wsl) is a continuous function of x € Q, the infimum above is a minimum
if the value at some interior point is smaller than any limit either as x approaches the
boundary or |z| tends to infinity. Along such sequences, it is useful to study a quantity
that is slightly larger than R, (1, ws}) but has the key property that its limit is the same
along minimizing sequences.
In order to formalize this idea we introduce the following notation. For a given €2,
define Vg as the collection of sequences {x}r>1 C  satisfying

liminf |z, =00 or limsupdg(zk)=0.
k—o0 k— o0

That is, Vq is the set of sequences which eventually leave every compact subset of 2.
Define

Ap(Q) = mf{nkrggf do(zx)" | Dw |2 : {x}is € yg} . (3.7)

By a standard diagonalization argument, it follows that the infimum defining A, is
actually a minimum (see Appendix B). The quantity A,(€2) is analogous to the “Hardy
constant at infinity”, which is central to the study of the existence of extremals for
inequality (1.5) [7,9,12,28,32].
In view of (3.4) and (3.6),
Ap(€2) < Ay ().

Next, we show that the only way that 2 can lack an extremal is if it is favorable for
minimizing sequences to concentrate at the boundary or move away to infinity.

Proposition 3.4. If
Ap(2) < Ap(Q), (3.8)

then Q has an extremal. Furthermore, all minimizing sequences {uy}x>1 for (1.2) with
| Dugll, =1 for all k are precompact in Dy ().

Proof. Let {ug}r>1 C DyF(R2) be a minimizing sequence for \,(Q) with ||[Dug|, = 1
for each k > 1. Since {uy}x>1 is bounded in Dé’p () there exists a subsequence that
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converges weakly in Dé’p (©2). Upon renaming this subsequence, we assume that the full
sequence {uy}r>1 converges weakly to u in Dé’p (). In particular, this implies that
u, — u in C%(R™) for any 0 < a < 1 — n/p. It then suffices to show that u, — u
in Dy?(Q) and u is an extremal. We will use (3.8) to exclude the possibility that {uy}
either concentrates at the boundary or moves off to infinity.

By Lemma 2.2, there exists a sequence {zy}r>1 C Q such that

Uk

H ()|
dSll_n/p

= dal@n)i-r

oo

We claim that no subsequence of {xj}r>1 can belong to Vq. Indeed, if a subsequence
of {x}r>1 belonged to Vg the corresponding subsequence of the sequence of potentials
{w Yi>1 € DyP () is admissible in the definition of A,(Q). In view of Proposition 3.3,
the existence of such a subsequence would imply

Ap(Q) < limsup do(2,)P || Dwg, || < Jm Ry (@ uk) = Ap(Q)

k
k—o0

This contradicts our assumption and proves the claim. Consequently, limsup |zx| < oo
k—o0
and likm inf dg(xg) > 0. Therefore, {x}r>1 is precompact in Q.
—00 -
Passing to another subsequence if necessary, we may assume limy_,, xx = zg € €.

Thus,

u
1-n
dQ /p oo

Uk
1-n/p
dQ

o lwdl el
I dQ(xk)lin/p dQ(ll?())lfn/p -

lim
k—o00

Since ||Dugl|, = 1 for all k and {uy}r>1 is a minimizing sequence, u(zg) # 0. We also
have

|Dull, < Jim [[Duglly = 1 (39)

by weak convergence. Therefore,

u
dé—n/P

1Dl -

) . do(zp)P™" do(ze)P™
()= 1 Q =1 =
p() = im Ry (S un) = lim P = Juzo)P

P
As Ap(Q) > R,(Qu) and u € DyP(R), u is an extremal. In addition, equality must
hold in (3.9), from which we conclude that ur — u in Dé’p (), as weak convergence

together with convergence of the LP-norm implies strong convergence (see [6, Proposition
3.32]). O

4. A complete picture in one dimension

We can now fully describe what happens in the case n = 1.
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Lemma 4.1. Assume n = 1. Then

(1) 2p(2) =1, and
(2) Q has an extremal if and only if Q contains an unbounded interval.

Proof. Fix y € Q and consider the potential w? € Dy (Q). By Corollary 3.2, wf} vanishes
in all connected components of 2 except the one containing y. We may assume that the
connected component of 2 which contains y is given by (a, b) with —oo < a < b < co and
either —co < a or b < co. Routine computations lead us to the following observations.

(1) If —oo < a < b < o0, then

0 if x ¢ (a,b),
YT fa<a< 1 1
Q I a rsy, Q
= — d D p: .
w, () y—a and || Dw, || (y—a)Pfl_‘_(bfy)P*l
b—=x .
ify<z<b,
b—y
(2) If @ = —o0, then
1 ifx <y,
w(z) = b ify<az<b, and ||Dws)||p:;
Y b—y Y J v (h—y)p-17
0 ifx>0b,
(3) if b = oo, then
0 ifr<a,
T—a . Q 1
wy(l‘): v—a 1fa<a?<y, and ||Dwy||§:W
1 ifz>0b,

Note that in the cases of an unbounded interval, R, (£2, w?) = 1, while in the bounded
case,

min{ycuby})p_1 o1

Q
RP(Qawy) =1+ (max{y—a,b—y}

Nevertheless, this expression for R, (£2, w;?) can be made arbitrarily close to 1 by letting y
approach either a or b. In view of Proposition 3.3, we conclude that in all cases A, () = 1.
Furthermore, Q@ 5 y — R,(Q, w?}) attains the value 1 if and only if € contains an
unbounded interval. O
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)

Fig. 1. A non-convex polygon P which is fully supported by an infinite sector with opening angle ¢ with one
such supporting sector depicted in red. Equivalently, P satisfies a uniform (infinite) exterior cone condition.
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

5. Universal bounds via supporting sets

In this section, we turn to the question of universal upper and lower bounds for A,(€2).
We first notice that if Q C € then any u € DyP(Q) also belongs to Dy (). In this
case, we also have dg < dg- so that

Therefore, R,(Q,u) < R,(,u) provided that u # 0. In certain situations we can in
fact conclude that R, (€, u) = R, (£, w) . To this end, we introduce the following notion.

u

d;;n/P

u

dé‘"/l’

o0 ’ o0

Definition 5.1. Suppose Q, Q' C R™. We say that ' supports Q at x € 9Q if
QcCqo and xco.

We say that Q is fully supported by €V, if for each x € 99 there exists a similarity
transformation T so that TQ) supports  at z.

Remark 5.2. A set  is fully supported by R’ if and only if 2 is convex. In fact, the
notion of supporting sets is intended as a generalization of this property of convex sets.
An example of a set fully supported by an infinite sector is depicted in Fig. 1.

As we shall see, the following proposition can be useful both in proving upper and
lower bounds for Ap.

Proposition 5.3. Assume Q' supports Q at yo € OQ. If u € D(l)’p(Q) and xy € Q satisfies

(e
o da(zo)—7"

u
d;l—”/P

and |xo — yo| = da(xo),
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then
Rp(Qu) =Rp(Q,u).
Furthermore, if Q is fully supported by Q' then
A () > Ap(€).

Proof. Asu € D(l)’p(ﬂ’) and dq < do,

|u(@)| |u(@)|
do(z)i-77 > dor () 1777 for all z € Q0. (5.1)

Since Q2 C Q) yo € 02NN, and dg(xg) = |xg — yol it follows that do (zo) = |20 — yol-
Therefore, equality holds in (5.1) for z = xg. Consequently,

u
1-n/p
dQ

u
dl—n/p

Q/

u(zo)l  _ u(zo)
dey (z0) /P dgy(wo) /P

We conclude that R, (Q,u) = R,(Y, u).

If Q is fully supported by €, then for each u € Dé’p (Q) we can apply Lemma 2.2 and
the above reasoning to deduce that there exists a similarity transform T, such that u €
DYP(T,8) and R, (2, u) = Ry (T, u). By Lemma 2.6, R, (T, ,u) = R, (', uoT; V).
Therefore,

A () < inf Rp(Y uoT, b = inf Rp(Qu) =X(Q). O
ueDy” (2)\{0} ue€DyP (2)\{0}

We obtain the following corollaries which follow directly from Proposition 5.3.
Corollary 5.4. For any open 2 C R"™,
Ap(R™\ {0}) < Ap(Q) < Ap(B1).

Proof. The lower bound follows from the translation invariance of )\, and noting that if
x € 99 then R™\ {x} supports Q at x. This implies that every Q C R™ is fully supported
by R™ \ {0}. The upper bound follows by the similarity invariance combined with the
observation that Bj is fully supported by any set 2. Indeed, for any yo € €, € supports
the ball By, (y0)(y0) at 2o where |zg — yo| = da(yo). Since By is rotationally invariant,
we conclude that By is fully supported by Q (Fig. 2). O

Corollary 5.5. If Q@ C R™ is convex then

’\p(RZ—) < /\p(Q) < Ap(Bl)-
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Fig. 2. A schematic description of the fact that every open set Q fully supports B1. Given Q,yo € Q,z € 0B
a similarity transform T is constructed satisfying that T'yo = 0 and T2 supports B; at z.

Proof. The upper bound was proved above, so we focus on the lower bound. As noted
in Remark 5.2, Q is fully supported by R’ . We can therefore conclude that A,(2) >
A(RY). O

6. Proof of Theorem A and Theorem B

Our next aim is to prove Theorem A and Theorem B. We first establish the lemma
below, where we study the particular cases 2 = R? and = R™\ {0}. It turns out that
both the value of A\,(€2) and extremals for these domains can be expressed in terms of
the sharp constant in Morrey’s inequality and Morrey extremals, respectively. Here we
call v € DVP(R™) a Morrey extremal if v is not constant throughout R™ and equality
holds in (2.1) with C' = C,, 5.

Lemma 6.1. The following assertions hold.

(i) Ap(RY) = 21050
(i1) If y € R, then wn;Jr is an extremal for A\p(R"). Furthermore, the odd extension
of w];fi through the hyperplane x,, = 0 is a Morrey extremal.
(iii) A\p(R™\ {0}) = Cb.
(iv) If y € R™\ {0}, then wﬁn\{“} is an extremal for \,(R™ \ {0}) and a Morrey
extremal.

Proof. Part 1: (i) and (ii). We claim that R, (R, wgﬂ) is independent of y € R’'. Note
that if y = (y',yn) € R, then

5 R" n
w(x) =wy " ((¥,0) + yaw) € Dy " (RT)

satisfies
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—ApW

0 inR%Y\{en},
0 onJRY, (6.1)
1.

n)

we

That is, w = w§7 Lemma 2.6 then implies that R, (R}, w]fn) =Ry(RY%, wen ) By (3.6),

Mp(RT) =Ry (RY,w R *). We conclude that wLR* is an extremal.
Again fix y = (y’,yn) € R’ By [26, Theorem 2.4], there exists a Morrey extremal u
satisfying

lu(y) — uw((y's —yn))|
ly — (v, —yn)|* /P

u(y) =1, u((yI7 _yn)) =-1, and [u]l—n/p = (62)

Here [u];_p/, denotes the 1 — n/p Holder seminorm of w. Moreover, —Ayu = 0 in
R™\ {y, (¥, —yn)}. By [25, Theorem 1.1], u is antisymmetric across the hyperplane
]R'VL

T, = 0. In particular, u vanishes on this hyperplane. It follows that u|R1 = wy "

R"
Therefore, the odd extension of wy * through this hyperplane is .

. R
Let us write w = we, "

n

and u for the odd reflection of w through z, = 0. As noted
above, u is a Morrey extremal satisfying (6.2) with y = e,,. As a result,

|w(en)]

1=
droy (eq) =177

_w
dlfn/P o

R}
w(=)]
= sup —————
.'IJERi |xn|1—n/p

— 2777,/17 sup |U(I) — U((I/7 7$n))|
very |7 — (&, —an)[ /P

< 27n/p[u]l—n/p

=1

and

—-p

w n—
IIDwH” =2""Mul 2

1-n/p
R%

MlRE) = |Dully = 2= 5.

1-n/p

Part 2: (i) and (iv). As we argued above, we can deduce that R,(R™\ {0}, wli,Rn\{O})
does not depend on y € R™ \ {0} by showing

we M (@) = wif MO (Jy|Qa)

We n
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for any @ € O(n) with Qe, = y/|y|. Again, equation (3.6) implies that \,(R™ \ {0}) =

Rp(R™\ {0}, w;Rn\{o}). It follows that w;R MO g an extremal.
Let u be a Morrey extremal with

u(y)l

u(0)=0, wu(y)=1, and [u]l—n/p = W.

As u € DEP(R™\ {0}) and —A,u =0 in R™\ {0,y}, u = wy ", It follows that

—-p
n u - —
Ap(R™\ {0}) = ‘ || N1Dully = Wl 2, IDuly = C 5. O
dgay oy 1o

We will now prove Theorems A and B by applying various of the assertions derived
above.

Proof of Theorem A. We first observe that R’ can be exhausted by {B;(jen)};j>1.
Therefore, by Lemma 2.5 and the similarity invariance

/\p(Bl) = Jll)l{,lo )‘p(Bj(jen)) < AP(R:L-) .

The theorem now follows from this inequality together with Lemma 6.1 and Corol-
lary 5.4. O

Proof of Theorem B. (1) Assume €2 is convex. By Theorem A and Corollary 5.5,
Ap(Ri) < )‘p(Q) < )‘p(Bl) < )‘p(Ri)‘
That is, A, (2) = A, (R%).

Now suppose u € Dé’p (Q) is an extremal. By Corollary 3.2, we may assume that u > 0
in €. Let us also choose xg € 2 with

and yo € 00 with dg(zg) = |xo — yol|- Since Q is convex, there exists a halfspace IT such
that

u u(xo)

- dQ(xo)l_"/p

dy " Nl

QCII and yo € OII. (6.3)
Then u € DyP(IT) and dyy(20) = |xo — yo|. By Proposition 5.3,

RP(H,U) = Rp(Qvu) = /\p(Q) = )‘p(RZL—) = )‘p(H) .
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Hence, u is also an extremal for II. If Q C II, then u vanishes in the open set II \ Q.
This contradicts Corollary 3.2 since II is connected. As a result, 2 does not admit an
extremal unless it is a halfspace.

(2) Suppose 2 C R™ is open. By translation invariance, we may assume xg = 0. We
have already established that A,(Q\ {0}) > A,(R™\ {0}) in Theorem A. As for the
upper bound, R™\ {0} is exhausted by {jQ\ {0}};>1, therefore Lemma 2.5 implies that
(2 {0}) < A (R™\ {0}). Arguing as in (1), we can show that if u € DyP(2\ {0})
is an extremal, it is also an extremal in R™ \ {0} which vanishes at any point in the
complement of 2\ {0}. As R™ \ {0} is connected, u would have to vanish identically
unless = R™. We conclude that no such extremal exists for 2\ {0} unless O = R™.

(3) Let K C R™ be compact and nonempty. By translation invariance, we may assume
0 € K. According to Theorem A, \,(R™\ K) > A\, (R™\ {0}). Since R\ {0} is exhausted
by {j7'(R™\ K)};>1, Lemma 2.5 gives \,(R" \ K) < A\,(R™\ {0}). Similar to how
we reasoned in (2) and (3), we may conclude that the only way for R™ \ K to have an
extremal is if K = {0}. O

Remark 6.2. The method used to prove the nonexistence of extremals in Theorem B can
also be used to show: if 2 has an extremal and A, (Q) = A, (R™\ {0}), then @ = R™\ {zo}
for some xo. The key observation here is that € is fully supported by R™\ {0}. We leave
the details to the reader.

Remark 6.3. Modulo symmetry, the only connected sets whose extremals are restrictions
of Morrey extremals are those covered by Lemma 6.1. Indeed, if 2 C R" is a connected
set and u € DyP(€) is an extremal for A,(Q) which is the restriction of a Morrey
extremal v, then 9 is the zero level set of this Morrey extremal. By [26], each level set
of a Morrey extremal is either a bounded convex set, a halfspace, or the complement
of a bounded convex set. If {2 is convex and not a halfspace then £ does not admit an
extremal, contradicting that u = v|q is an extremal. Similarly if {2 is the complement of
a compact set then () admits an extremal if and only if this compact set is a singleton.
Therefore, halfspaces and R™ \ {x¢} are the only connected sets having extremals given
by restrictions of Morrey extremals.

7. Dilation invariant domains

We will say C C R" is a cone if
tC =C for each t > 0.

That is, C is a cone if it is dilation invariant. It is evident that the complement of a cone
is also a cone. It is also easy to check that if a cone is convex, then it is closed under
vector addition. In this section, we will give sufficient conditions under which a cone
admits an extremal. We will assume throughout that £ C R"™ is open and nonempty and
n > 2.
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Proposition 7.1. Suppose Q@ C R™ is a cone. Further assume there is a compact
K c{zeQ:do(x)=1}

such that for each x € K there is y € R™ with

r+ye K,
y+ Q2 CO.

Then Q admits an extremal u for which |u|/d§2_"/p attains its mazimum in K.

Proof. Step 1. Let {ug}r>1 C DyP(Q) with
Ap(R2) = klirr;o Rp(, ug)

and choose {z;}r>1 C © which satisfies

for each k£ > 1. Since () is a cone, we may define vy € Dé’p(Q) by setting

o Jun(z)]
" do(z) /e

Uk
1—-n/p
dg,

vg(x) = 7(19(%)17”/}7 )

By Lemma 2.6, R, (2, vg) = Rp(€, ug). Therefore, {vy }r>1 is also a minimizing sequence.
Next we set

T ck
P do ()
and note that
H Uk _ |vk(z)]
ds P || dalze)tnr

By (2.7), dgq is positively homogeneous as 2 is dilation invariant. It follows that dg(zy) =
1, so |vk\/d51{n/p attains its maximum in the set {z € Q : do(z) = 1}.

Step 2. By assumption, there exists y, € R™ for each k with

xk+yk6Ka
yr +Q C Q.

Setting
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wi(2) = vz — yi)
we observe that wy € Dy (Q) and
[Dwilp = 1Dkl - (7.1)
Moreover, since yi + 2 C Q
do(z — yr) = dy,+a(z) < da(z)
for all z € y, + . Thus,

lwp()]  _ we@)] Jow(e =y Ok
do(z)t=n/P = do(xz —yp)'~"/P  do(z —yp)t="/P — d;z_"/p oo

(7.2)

for all x € supp(wg) C yxr + Q with equality when x = x + yx € K. Combining (7.1)
and (7.2) leads to

Rp(,wi) = Rp(Q,vg) .

It follows that {wy }x>1 is a minimizing sequence satisfying that |wg|/ d}l_"/ P is attained
in K for each k > 1.

Step 3. Since K is compact, {x; + yi }x>1 has a subsequence which converges to a limit
x € K. Arguing as at the end of the proof of Proposition 3.4, we deduce that along this
subsequence wy, converges locally uniformly and in Dé’p (©) to a function u which is an
extremal for A,(Q). As |wg|/dy "/? was maximized in K for each k > 1, it follows that
this property remains true for |u|/ d;{"/ P We leave the details to the reader. O

We will verify that ) satisfies the hypotheses of Proposition 7.1 whenever its comple-
ment is a convex cone. First we will need to justify the following lemma.

Lemma 7.2. Assume Q€ is a convex cone, xg € 2, and yo € 0Q with da(xo) = |xo — Yol
Then

—yo+QCQ and da(xo—yo) = |To — Yol -

Proof. Let z € 2. We aim to prove that —yg + = € €. If this were not the case, then
x = (—yo+x)+yo € Q° since € is a convex cone. However, this would be a contradiction.
As x € Q was arbitrary, we conclude that —yo + Q C Q.

Since 0 € 092,

da(ro — o) < |70 — ol -
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We are left to verify the opposite inequality. To this end, we recall that

(o —yo) - (x —yo) <0

for all z € Q¢ as Q° is closed and convex [6, Theorem 5.2]. Choosing = = 2yo and z = 0
gives (o — yo) - Yo = 0 and hence

Q°c:={xeR": (g —yo) = <0}.
It follows that
d - = inf —yo — w| > inf —yo — w|.
a(zo — yo) By |zo — yo —w| > R [Zo — yo — w|

And as (xg — yo) - w < 0 for w € 11,

|20 — yo — w|* = |zo — yol® + [w|* — 2(z0 — yo) - w > |zo — Yo|* + [w|* > |zo — yol*-
We conclude that

da(ro —yo) > inf |zo —yo —w| = |vo —yo|. O
well
Theorem 7.3. Assume that Q° is a conver cone. Then Q) has an extremal.
Proof. Note that
K={reQ:dg(x)=1}NB;

is a compact subset of {x € Q : do(x) = 1}. If x € Q and y € 9N with do(x) = |[x—y| =1,
the previous lemma shows that

r—ye K,

—-y+QCQ.

We conclude the proof by appealing to Proposition 7.1. O

Theorem 7.3 implies the existence of extremals proved in Lemma 6.1 since the comple-
ment of R and R™\ {0} are convex cones. We will consider another family of examples
below.

Example 7.4. For ¢ € (0, ), set

CZ = {Jj = (l'/)l'n) eR™: Ty > COt((p)‘x/‘} .
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Fig. 3. A domain Ci C R? for ¢ € (w/2,7]. The domain is the region of the plane above the blue curve.
The purple curve indicates the set de: = 1, which is the union of three curves; two rays (dashed) and a
°

circular arc Ki (solid). In higher dimensions the set C; can be obtained by rotation of Ci around the axis
of symmetry.

We will also consider the limiting case as the angle ¢ tends to m
Cr=R"\{z = (2',2,) €eR" : |2/| = 0,2, <0}.

The set C7) is a circular cone around the positive z,-axis with opening angle ¢ measured
relative to the z,-axis (see Fig. 3). If ¢ < 7/2, then C7} is a convex cone which is not
a halfspace. By Theorem B, A\,(Cy;) = A\p(R%}), and no extremals exist. Alternatively, if
© > /2, the set C is the complement of a convex cone. Theorem 7.3 therefore implies
that C has an extremal for every ¢ € [r/2, 7].

The family C7 is of particular interest as it forms a natural class of limiting profiles
that can occur in the analysis developed in Sections 8 and 11 (especially, for n = 2).
With this in mind, we note for future reference that [7/2,7] > ¢ +— A,(C7) is strictly
decreasing.

Lemma 7.5. For 7/2 < p1 < @2 < T,
A(Cl,) < Ap(C,) -

Proof. Given zg € JCj;, we observe that C}}, C xo + C, and zg € O(xo + ng). There-
fore, Cj, is fully supported by Cj_; Proposition 5.3 implies that A,(C3,) < Ay(Cg, ). By
Proposition 7.1, C7, has an extremal u € Dé’p(Cgl). If Ap(C3,) = Ap(C3, ), then u would
be an extremal also in C7},. As u vanishes in CJ, \C2 # (0, this contradicts Corollary 3.2.
Thus, A\p(Cyp,) < Ap(Cypy). O

Remark 7.6. It is also possible to show that [7/2, 7] 5 ¢+ A,(C7) is continuous.
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8. Local and global analysis of A,(£2)

In this section, we will focus on understanding how A, compares to the value of A, in
simpler model sets. The typical model sets are dilation invariant sets such as halfspaces
or cones, which were discussed in Section 7. Our aim is to prove upper bounds on
A, (), and in turn on A,(£2), in terms of blow-up/blow-down limits of Q. We will also
establish lower bounds on A, (), by studying the asymptotic behavior of R, (2, w$)
when {zj}r>1 C 2 does not have a limit in 2. The combination of these lower bounds
and Proposition 3.4 will be one our main tools in proving the existence of extremals for
Ap(2).

For a given Q C R”, we will deduce upper bounds on A,(€2) by making the following
observation: if we can locally approximate a dilation invariant set C to arbitrary precision
by a sequence of dilations and translations acting on 2, then a trial sequence for A,(€2)
can be constructed from an almost minimizer of A,(C). There are two important cases
to have in mind. The first is zooming in at a boundary point of 2, in which case C is the
blow-up of  at this point (an example is shown in Fig. 4). The second case occurs when
zooming out so far that only asymptotic features of €2 remain visible and are described
by a cone C.

Lemma 8.1. Let C C R"™ be an open cone. Assume for all small enough 6 € (0,1) there
are t =t(0) > 0 and y = y(d) € R™ such that

(tQ—y)ﬂBlD{!L‘ECch(l’)>5}ﬂBl

and for each x € CN By,

Then

Proof. Fix ¢ > 0. By Lemma 2.4, there exists an r > 0 and a function u € C°(C N B;)
so that

Rp(C,u) <A (C)+€.

Since both C and the Rayleigh quotient are invariant under dilations, we can ensure that
r =1/2. By Lemma 2.2, there is 2* € C N By /5 such that

u

dé—”/p

(@) ‘
dc(x*)l—n/p

o0
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Fig. 4. A sequence of four blow-ups around a point on the boundary of a domain € with a limiting profile
C depicted in blue.

For § > 0, define
Cs={xzeC:dc(x)>d}.

By assumption, there are ¢ > 0,y € R™ such that (¢ — y) N By D Cs N By. As the
support of v is a compact subset of C N By /5, supp(u) C Cs N By, for sufficiently small
5. Consequently, v5 defined by v (z) = u(tz —y) belongs to Dy? () for all small enough
0.

Set x5 =t~ !(2* + y). By similarity invariance,

-

oen IDull?
[vs(ws)[P

da(s) Ju(@)

= dig—y(2")

It follows from the definition of v and xz* that

p—n [ Db _dig_y(x*)P7" di—y(z*)P7"

"V s = T Ry Con) < S (0(0) 4 ).
By hypothesis
lim dig—(2°) = de(a") (8.1)
which gives
lim sup dg (zs)P ™" 1Dvsll; < A(C) +e. (8.2)

50 [vs(zs)|P
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Moreover, the variational characterization of wgé implies that
lim sup dg(m(;)pfnﬂDw% 15 < Ap(C) + €. (8.3)
6—0
We split the remainder of this proof into two cases depending on the asymptotic

behavior of £ and y as § — 0.

Case 1: If along a sequence {0y }r>1 with limy_,o dx = 0 it holds that

limsup t(dy) = o0, likm inft(d;) =0, or limsup|y(dx)| =0, (8.4)
—o0

k—o0 k—o0

then we claim that a subsequence of {x5, };>1 belongs to Vq. Thus along this subsequence

Q

U)mék

is admissible in the definition of A, (), which when combined with (8.3) implies
Ap(Q) < A (C) +e.

Since € was arbitrary, we would then conclude our proof in this case.
To prove the claim, we argue as follows. By (8.1),

do(5,) = t(0k) ~ dys)0—y(s,) (@%) = t(0k) " (de(z*) + o(1))

as k — oo. Therefore, if liminfy_ o t(dx) = 0, then limsup,_ ,. |zs.| = oo, and
a subsequence of {xs, }r>1 belongs to Vqo. If instead limsup,_, . t(dx) = oo, then
liminfy_,o do(zs,) = 0 and again a subsequence of {x5, }x>1 belongs to Vq. Finally
if there exist ¢, C' > 0 so that ¢ < t(d) < C for all k but limsup,_, . |y(x)| = oo, then

lim sup |ws, | = limsup [t(d) " (z* + y(6))] = 0o

k—o0 k—o0

Again we deduce that {z5, }x>1 belongs to Va.

Cuase 2: If (8.4) fails, then there exists to > 0,y € R”, and a sequence {J}r>1 such that

lim 0 =0, lim ¢(d;) =19, and lim y(dx) =yo.
k—o0 k—o0 k—oo

As lim;_,0 dia—y(x) = de(x) for x € CN By,
klingo dt((;k)g_y((gk)(aj) = dtOQ_yO (SC) = dc(x) forxeCn Bl/g .

Here we used that dg, is continuous and di—, (z) = tdo(t ! (z+y)). As a result, we have
that C N By /o C o8 — yo.

Since C is dilation invariant, the function defined by vs(x) = u((toxr — yo)/s) belongs
to Dy?(Q) for any s € (0,1). Moreover, we claim that
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for s € (0,1). To see this, recall that dec = diya—y, in By/2 NC, supp(u(-/s)) C CN By,
and d¢(z/s) = s~ tde(z) for all z € supp(u(-/s)). It follows that

Vs

déz—"/P

sT* + yo
to

with x4 =

o0

@) ongpJultor = 30)/9)
dQ(m)l—n/p 0 dtOQ*y()((tOx - yo))l—n/p
g lulltor = w0)/s)
(to/s) Y G Gto — o) )77

—nyp_u@®)|
< (to/5)" /dc(x*)l‘”/p’

with equality for x = x,. Thus,
Rp(,vs) =Rp(Cou) <A (C) + €. (8.5)
Notice that yo/tg = lims_,0 x5 € OS2 since
lim do () = to? lim dy,0y, (s27) = to! lim de(s2") = to! lim sde(2) = 0.

Therefore, along any sequence {sg}r>1 with s; — 0 the sequence {z;, }x>1 € Vq. Con-
sequently, the potentials {wik }i>1 are admissible in the definition of A,(Q2). Combining
this observation with Proposition 3.3 and (8.5), we have

.. —n Q ..
Ap(2) < liminfdg(as, )P ™" || Dwy, |7 < liminf R, (9, v,,) < Ap(C) +e.
Since € was arbitrary, this completes our proof. 0O

The most evident case when Lemma 8.1 can be applied is if the boundary has at least
one point at which it is differentiable. More generally it holds when 0f is asymptotically
a cone at some boundary point.

Corollary 8.2. Assume
ONB,={z=(2',2,) € B, : 2, > f(2)}

for some r > 0, where f: R"™1 — R is continuous with f(0) = 0. Further suppose the
limit

N 1s /
P(a') = lim tf(/ /1)
exists locally uniformly. Then A,(Q2) < A,(C), where

C={z= (" 2,) eR": 2, > F(2")}.
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Proof. As F' is positively homogeneous and continuous, C is an open cone. Therefore, it
suffices to check the two hypotheses of the previous lemma for each § € (0,1).
By assumption, there is t > r~! with F(a’) — § < tf(a’/t) < F(2') + § uniformly in
|#’| < 1. Since
QN By ={(a',z,) € By : x,, > tf(2'/t)},
it follows that

(C + 6en) NB; CtQNB; C (C — 56n) N Bj. (86)

Observe that if de(z) > 6, then Bs(z) C C. In this case, x — de,, € Bs(x) C C and thus
x € C + de,. In view of the first inclusion in (8.6),

{$€Rn:dc($)>5}mBlctQﬂBl.

This verifies the first hypothesis of the lemma.
For the remainder of this proof, fix z € C with |z| < 1/2. We claim that

dionB, (T) = dia(z)
To see this, we note dionp, (z) < |z| < 1/2 since 0 ¢ ). Moreover, if the distance from x

to the complement is realized for some y ¢ By, then dionp, (x) = [z —y| > 1—|z| > 1/2.
The claim follows. As 0 ¢ C + de,,, we also conclude

dctse,)nB, (T) = dctse,)(T) -
Based on the first inclusion in (8.6) and the observations just made,
dia(x) > degse, () > de(z) — 6.
Moreover, by the second inclusion in (8.6)
dio(r) < dc—se,)nB, (T) < dc—se, (x) < dc(z) +0.
We deduce that the second hypothesis of the lemma holds as |diq(z) — de(z)] < 6. O
Remark 8.3. The corollary holds under the weaker assumption that
F(2') = lerr;O trf(z'/te)

locally uniformly for some sequence t;, — oo provided that F' is positively homogeneous.
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Remark 8.4. In the above corollary, if f is differentiable at 0, then F'(z') = Df(0)-2’. In
this case, C is a halfspace. We conclude that A,(2) < A,(R”}) whenever 02 has at least
one point where it is differentiable.

Now we turn our attention to a lower bound on A, and the behavior of sequences of
potentials associated with sequences belonging to Vq. In the statement below, we will
use the notation T, g ,(xz) = rQz + y for a similarity transformation as discussed in
subsection 2.2.

Proposition 8.5. Assume {x}r>1 C Q and {yr}r>1 C 90 satisfy
lyx — k| = da(zk)
and choose Qi € O(n) with Qi(en) = (xr — yi)/da(zy) for each k > 1. Then

_...Q
Uk = Wy, © Tdsz(l’k)ka,yk ’

defines a bounded sequence in DyP(R™ \ {0}). If vy — v in Dy (R™\ {0}) then the set
{v >0} CR" is open,

Bi(en) C {v >0} CcR"\ {0},
and
lim inf d(e)? =" [ Dwk 5 > Do > Ay (fo > 0})

Q

Proof. As w(r) = (1 — |z — xx|/da(xr))+ is a competitor for w}’ ,

IDwg, |1 < |Bilda(zx)" .
We also have
1DV} = da(wr)? " || Dwg, I 2 Ry(Qws,) = Ap()
by Proposition 3.3. Therefore, the sequence {v; }r>1 is bounded in D3P (R™ \ {0}) with
Ap()YP < || Dol < |BuIMP.

Assume that v, — v in Dy (R™ \ {0}). By the weak lower semi-continuity of the
Dirichlet energy,

. — Q R
lim inf do (24 )" || Dwg, |[; = lim inf || Dvg[|f = [| Dv|7-

This proves the first inequality in the proposition.
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Since we always identify v € DVP(R™) with its Hélder continuous representative the
set {v > 0} is open. To see that Bi(e,) C {v > 0} C R™\ {0} we observe that for each
k > 1, v, is p-superharmonic in Bj(e,), nonnegative and satisfies v (e, ) = 1. By passing
to a subsequence if necessary, we may assume v; — v uniformly on compact subsets,
by the Arzela—Ascoli theorem and Morrey’s inequality. Therefore, the above properties
hold true also for v. The strong minimum principle implies that v > 0 in Bj(e,).

As 0 € 9{v > 0} and Bi(e,) C {v > 0}, it follows that df,~0}(en) = 1. By combining
these two observations,

Dol = Ap({v > 0}).

oo

v(en) P v
1D} = <—n> [1Dvl[}; = H—”
= (Teteam) 1P [

This completes the proof of the proposition. O
The application of the previous result gives the following lemma.

Lemma 8.6. Assume n > 2. Suppose further that {zx}r>1 € Va,x0 € 02 and r > 0 are
such that

lim z, = xg
k—o0

and that OQ N B,.(zq) is C* regular or QN B,.(z) is convex. Then

lin inf do (a4)” | D, [ > A,(R2)

v

Proof. Let {zx}r>1 be as in the statement of the lemma. By passing to a subsequence
we may without loss of generality assume that

L _ Q . - Q
lim inf do (24 )" || Dwy, |[; = lim do(zx)""(|Duwy, |5
Let {yx}r>1 C O be a sequence such that

|zr — yr| = da(xg) foreach k> 1,

and {Qx}r>1 € O(n) be a sequence of rotations such that Qg(e,) = g{’;(;i’“) Define

_.Q
Uk = Wy, © Tdn(rk)Qk,yk

as in Proposition 8.5. We will analyze {v > 0}, where v is a subsequential limit of vy.
Performing a translation and rotation, we can assume that zy = 0 without loss of
generality. By assumption, there exists a function f: R*"~! — R with

QN B, ={z=(a',2,) €eR" : 2, > f(z")} N B,
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If QN B, is convex, f is convex. While if 9QN B, is C*, then f is C'. In either case, we
may assume that f is Lipschitz.

Since {xg}r>1 converges and limy_, oo do(zx) = limg_yo0 |2k — yi| = 0, it follows that
limg 00 Y1 = o = 0. In particular, |yx| < r/2 for k large enough and

Therefore, x € 2N B, if and only if |x| < r and
(@ —y)n > f(2") = fyi) -
Consequently, if z € Br with R < r/(2dq(xy)) then yi + do(xr)Qr(z) € Q if and only if

Flda(zk)(Qk(2))" +y) — Fyi)

(Qk(’z))n > dQ(.Tk)

Since {vg}r>1 C DyP(R™ \ {0}) is bounded we may by passing to a subsequence
assume that vy — v in Dy?(R™ \ {0}) and vy — v uniformly on compact sets. Since
O(n) is compact we may also pass to a further subsequence such that Qr — Q. In
particular, this implies that 7 := w (do (@) - +ye) — v(Qy') := 9. We claim that

{v > 0} = Qo{v > 0} is given by the region above a Lipschitz graph. We first observe

Q

that since wy;

is a potential

flda(z)2" + i) — f(yi)
do(zr) ’

flda(zr)z" + i) — fy)
dQ(xk) ’

1~)k(2’) =0 ifz, <

(8.7)

Uk(z) >0 if z, >

for z € Bgr. Moreover, 9(Qoe,) = 1 and since the p-Laplacian is invariant under the
action of O(n), ¢ is p-superharmonic whenever ¢ > 0.
Since f is Lipschitz, the functions

flda(zr)z’ +vi) — f(y)
dQ(xk)

fr(?') =

are uniformly bounded and Lipschitz for |2'| < R for any fixed R > 0 provided k is
large enough (with a Lipschitz constant independent of R). Therefore, we can pass to a
subsequence along which fi converges uniformly to a limit fo g in |2/| < R. It follows
that ¥ is nonnegative, o = 0 in {z, < for(?')} N Br and ¥ is p-superharmonic in
{zn > fo,r(2")} N Bg. Since, 5(Qoe,) = 1, the strong minimum principle implies

{zeR":9(2) >0,|z| <R} ={z € R": 2z, > fo.r(?),|2| < R}.
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As {? > 0} is independent of R, fy g is the restriction of some globally Lipschitz function
foand {9 >0} = {2z, > fo(z)}.

If f was convex, then fo is convex; so {# > 0} and thus {v > 0} is convex. If f was C*
at 0, then fo(z') = Df(0)-2; so {o > 0} and hence {v > 0} is a halfspace. In either case
Ap({v > 0}) = A, (R") by Theorem B. Appealing to Proposition 8.5, we finally conclude
that

Jim do ()" | Dwg [I7 > Ap(RE) . O

Remark 8.7. In the above proof, we only used the regularity assumption on 92N B,.(z¢)
when concluding that A\,({v > 0}) = A,(R%). Whenever 02 N B,.(xo) is given by a
Lipschitz graph it follows in the same manner that {v > 0} is the region above a Lipschitz
graph.

Combining the results of this section we are able to determine A,(Q) if Q is regular.
Corollary 8.8. Assume n > 2. If Q is bounded and C*, then A,(2) = A\, (R%).
Proof. Fix a sequence {zj}r>1 € Yo such that

Tim do ()" [ Dw 5 = A,(0).

Since € is compact, we may assume that {zk}r>1 converges to some limit zj. As
{zr}r>1 € Ya, it follows that 2o € 0Q. By Lemma 8.6, Ap(Q2) > Ap(R7). In view
of Corollary 8.2 (and Remark 8.4), we also have A,(2) < A\,(R}). O

Remark 8.9. While the equality in Corollary 8.8 is not true in general, it is possible to
prove an analogue of Theorem A for A,. Namely, for any 2 C R",

Ap(R™\{0}) < Ap(€2) < Ap(RT).

Indeed, the lower bound follows directly from the general fact that A, (Q2) < A,(R2) and
the lower bound in Theorem A. The upper bound can be obtained by transplanting a
sequence of potentials realizing A,(B1) = A,(R") into € in the spirit of our proof of
Corollary 5.4.

We are now ready to prove Theorem C by combining our previous results.

Proof of Theorem C. By Corollary 8.8, A,(2) = A,(R" ). Therefore, the assumption of
this theorem implies that A,(2) < A,(€2). Proposition 3.4 yields the desired conclu-
sion. O
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9. Refined analysis at points of negative mean curvature

The aim of this section is to prove that if 9 has a point zy where the mean curvature is
negative then \,(€22) < A, (R ). The idea is to take a sequence of potentials whose singular
point approaches xo from within 2 and show that along this sequence R, is eventually
smaller than when it is evaluated on a potential in R” . We begin by considering a model
situation in which 0f2 is a parabola in a neighborhood of xy. We will assume throughout
this section that p > n > 2 and Q2 C R" is open.

Let K € R(=Dx(n=1) he 3 real symmetric matrix and denote its operator norm by
|| K| Define

Qg ={z= (2" 2,) eR" 1 2, > 2’ - K2/, |z| < 1},

and set ug, = wiK for e € (0,1/2). Recall that ug . € DyP () is the solution of

—Apuge=0 inQg\ {ee,},
ug,e=0 on 0k, (9.1)

Ug,c(€en) =1.

n

. . R . . .
We will also write ug = we,” and use that ug € Dé’p (R ) is characterized as the solution
of

—Apug =0 in RY\ {e,},

up=0 on JdRY, (9.2)

uplen) =1.
The crucial ingredient in our proof of Theorem D is the following proposition.

Proposition 9.1. Assume K € R(=DX(=1 s symmetric with ||K| < 1/2. There are
constants C > 0 and v € (0, 1] so that

—1
6P*"||DUK7EH£ < ||Du0||§ + etr(K)% / ‘Duo(x’70)‘17|x/|2 de’ + Cett
]Rnfl

for e € (0,1/8).

With this proposition in hand we can prove the following theorem. An illustration of
the geometric assumption made in this theorem is shown in Fig. 5.

Theorem 9.2. Assume that there exist zo € 9Q,Q € O(n),r > 0, and a symmetric matriz
K € Rv=Dx(=1) wyith tr(K) < 0 such that
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{x = (2" 2,) ER" 12y, > 2’ - K2’} N B, C Q(Q — o).
Then Ap(2) < Ap(R7).
Proof. Since A\,(Q2) = A\, (Q(Q — x)), we may assume without loss of generality that

zo = 0 and @Q = Id. Also observe that if the assumption of the theorem holds for some
r > 0, then it is also valid for any smaller value of r. As such, we may assume that

1
K < 5 93)

It suffices to construct w € Dy () which satisfies R,(Q, w) < Ap(R%). With this in
mind, we define w, € DyP(rQ, k) via we(z) = Upg,e/r(T/7). As

Qi ={r=(2',2,) eR": 2, >2' - K2’} N B, C Q,

we also have w, € DyP(Q). Moreover, ||Duw|, = /P~ Du, g/ |lp. And since
we(ee,) =1 for € < r and 0 € 09,

H |’U}€ 66“)' > 6n/p 1

H 1 n/p dQ 66 1 n/p —

Consequently,
Rp (€, we) < (¢/r)P 7" || Durc,e sl -

In view of (9.3), [[rK| < 1/2, so Proposition 9.1 can be applied. As ||[Dug||h = A, (R%}),

Rp(Q2,we) < Ap(RY) + etr(K)% / |Dug (a2, 0)|P|2' |2 da’ + C(e/r) '
Rn—1

for all e sufficiently small. By Lemma 6.1, ug is the restriction of a Morrey extremal to
R’} It then follows that |Dug(z’,0)| > 0 for 2’ € R"~! [26, Proposition 3.6]. As a result,

| Dug(z',0)[P|2|* dz’ > 0.
Rn—1

In addition, this integral is finite by the decay estimate proved in [23]. Finally, as tr(K) <
0 and v > 0, we can choose € sufficiently small so that R,(Q, we) < A,(R%). O

We are now ready to prove Theorem D. Let us briefly recall the formula for the mean
curvature of a surface in R™ given by the graph of C? function f: R®~! — R. The mean
curvature H at « = (2/, f(2')) is given by
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Ty

Fig. 5. A depiction of the geometric assumptions in Theorem 9.2. Here Q is the set above the black curve,
xo is the origin, @ the identity, and 02 can be touched at zo from the inside with a negatively curved

parabola (blue).
D
(n— DI = div(7f> |

V1+I[Df]?

This is the mean curvature with respect to the unit normal (Df,—1)/4/1+ |Df|? at
x, and the derivatives of f are evaluated at z’. Also note that (n — 1)H = Af at
x = (2, f(2')) whenever Df(z') = 0.

Proof of Theorem D. By assumption, € is C? and there is ¢ € 9 which has negative
mean curvature. After translating and rotating €2, we may assume xy = 0 and

{z=(2",2,) €eR" : 2, > f(2")} N B, = QN B, (9.4)
for some r > 0. Here f: R"~! — R is C? when |2/| < r and satisfies that f(0) =

|Df(0)] =0, and Af(0) < 0.
Fix € so small that tr(K) < 0, where

K= %sz(0)+eId’.

/ /

Here Id’ is the (n—1) x (n — 1) identity matrix. Reducing r if necessary, f(z') < Ka' -z
for |z'| < r by Taylor’s theorem. In view of (9.4),

{z= (" 2,) €eR": 2, >0 - K&’} N B, C Q.

We conclude that A,(£2) < A,(R%) by Theorem 9.2. Theorem C in turn implies that €
has an extremal. O

Remark 9.3. The assumptions in Theorem D can be weakened significantly. It suffices to
assume that
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(1) ©Q is bounded,
(2) that after an appropriate rotation and translation 0 € 92 and there exists r > 0 so
that
QNB, > {zr=(2",2,) ER": 2, >2' - K&’} N B,

where K € R(=Dx(=1) js a symmetric matrix with tr(K) < 0, and
(3) that for every = € 9 there exists r > 0 so that either

(a) QN B,(z) is convex, or
(b) 9QN B,.(z) is Cl-regular.

Indeed, under these assumptions Lemma 8.6 implies that A,(€2) > A,(R%). By Theo-
rem 9.2, A\p(2) < A, (R ). Then Proposition 3.4 yields the existence of an extremal.

9.1. Proof of Proposition 9.1

Proposition 9.1 is a direct consequence of the following two lemmas.

Lemma 9.4. Assume K € R"=UX("=1) s symmetric with |K| < 1/2. There are con-
stants C' > 0 and v € (0,1] so that

" [ Du e[l

< |[Dug||p — € P tr(K) / | Dug (2)|P~20,, uo(x) Dug(x) - (2',0) do + Ce' T

n—1
R

for e € (0,1/8).

Lemma 9.5. The equality
-1

/ [Duo )P0, uo ) Duo(a) - («,0) dar = —*— / | Duo (', 0)["|'|* da’
p

R? n-1

holds and both integrals are convergent.

Proof of Lemma 9.4. We prove this lemma by exploiting the variational characterization
of ug . In particular, we will derive the desired inequality by constructing an appropriate
competitor for ug ..

Step 1. For y = (v, yn) € R™, define

o(y) =" yn—y - Ky). (9-5)
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This mapping is a diffeomorphism from R™ to itself, ®(te,) = te, for all t € R,

P{yeR":y, >y -Ky'})=R%, and @ '(z)=(2/,z, +2' - K2').

As

030) = ( ygaeyyr 1)

it also follows that det D®(y) = 1 for all y € R™.
In addition, we claim

|®(y)| > 1/2 for all y € BY.

We first note that if |[y| > 1 and |y| > 1/2, then

P =1y P+ (g =y Ky')? 2 |y > 1/4.

Next, we observe that if |y| > 1 and |y'| < 1/2, then
lynl® = lyl* —1y'1* > 3/4.
As ||K|| < 1/2 and 2 — t/4 is increasing for t > 1/3/2,

21> =1y'|* + (yn — v - Ky')?
Z |yn|2 - 2ynyl : Ky/

1
> |yn|2 - Z|yn|
- (%) _ 1(@)
—\4 4\ 2
- 1
1
We conclude that (9.8) holds.
Set
0 ifs<0,
#(s)=<s if0<s<1,
1 ifs>1,
and define

w(y) = ¢(2 — 4|2 (y)|) uo(®(y)/e)

(9.6)
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for e € (0,1/8) and y € R™. Since |®(y)| > 1/2 whenever |y| > 1, the first factor of
w vanishes for |y| > 1. The second factor of w vanishes for all y with y, < v’ - Ky’
Indeed ® maps this set of points to (R} )¢, where ug vanishes. Therefore, w is supported
in QK.

Since the first factor of w is Lipschitz with compact support and the second factor be-
longs to DVP(R™), w € Dé’p(QK). Further, w(ee,,) = ¢(2—4e)up(e,) =1las0 < e < 1/4.
It follows that

[Duk,elly < [Dwllf

by the variational characterization of u .. We now wish to estimate || Dw/||} in terms of
ug and €.

Step 2. In view of (9.7),
DO (x)) 2 =2 — 2,(2K2',0) and |D®(® '(z)) 2| < |2|(1 + |2'|) (9.9)

for z,2 € R™. Using the change of variables y = ®~!(z) in the integral below leads

/ Dw(y)P dy
R»

_ /}D@(@_l(x))TD( (2 = dlz)uo(z/o) | dx

By
=eP / |D® (@™ )T Dug(z/¢) |pdx
Bi/a
+ / ’D@(@’l(z))T (74u0(x/6)|x—| + oo 4|z|)Du0(z/e)) ‘,, dz
X €
B1/2\B1/a

< e / Duo(2/€) — Do 1o (/) (2K, 0)|P da
By
x 1 P
+(3/2)” / ’—4u0($/e)m + <2~ 4la]) Dug(a/e)| do
Bi/2\B1/a
<eP / |Dug(x/€) — O, uo(z/€)(2K2',0)|P dz
Bis

+ (3/2)raror-1 / o (/)P dz + (3/2)PeP2r~1 / | Duo(z/e)|? da

B1/2\B1/4 Bi/2\Bi1/a
(9.10)
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Note that the first inequality is due to (9.9) and the second follows from the elementary
inequality: (a + b)P < 2P~1aP 4 2P=1pP for a,b > 0.
We shall also utilize the estimate

-1
2 b < [+ plapr=2 kot P2 D 2

for z,h € R™ with |h| < |z|; see Lemma 10.2.1 in [1], for example. With z = Dug(x/€)
and h = —0,,up(z/€)(2Kx’,0), the above inequality and that |Ka'| < | K|||2'| < |2'|/2
gives

/ |\ Duo(x/€) — Do 1o (/) (2K, 0)|P da

By

< / |Dug(z/€)|P de — 2p / | Dug(x/€)|P~20,, ug(x/€) Dug(z/€) - (Kz',0) dx
By 4 B4

+p—(p2_1) / | Dug(x/€)|?|2'|? dw

Biy

< / |Dug(z/e)|? dz — 2p / |Dug (/) P20, o (z/€) Dug(z/€) - (Ka',0) d
Bi/a R"

+p—(p;1) / | Dug(a/e)|?|a’ | da

Biy

+2p / | Dug(x/€)[P~20,, uo(x/€) Dug(z/€) - (Kz',0) dx

Bi/4

< / |\ Duo(z /)P dz — 2p / | Duo(z/€)|P~20,, uo(z/e) Dug(x/€) - (K, 0) dz

R7 R7
p(p_l) P2 Pl
P2V pugajapiaPae +p [ 1Dugte/elle|da.
By B¢

1/4

Changing variables © — ez in the integrals above and combining this inequality with
the upper bound on ||[Dw|[} in (9.10) gives
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[ 1put)lr dy

Rn
<7 [ IDus(a)l? do — 257 [ |Duo(a) P20, u0() Dun(e) - (K, 0) o
R" R?

+ Coentr / |Duo ()| || dax + Coe+1 =7 / |Duo(z) |2 | de

B1/(ae) BS (46
+ Cpe" / lup(x)|P da + Coe™ P / | Dug(x)|? dz: .
Bi1/(2¢)\B1/(4¢) Bi/2¢)\B1/(4¢)

(9.11)

Here Cy is a constant which only depends on p.
Since ug is the restriction of a Morrey extremal, ug is axially-symmetric about the

Zp-axis [25, Theorem 1.1]. Therefore,

Oy, uo (10, xy,) = 0y, up(rbo, x,) and  (Dug(rf,z,))" = 60|(Dug(ro, z,))’|

for any 6,60y € S"2,r > 0,2, > 0. Furthermore, if §y € S"~2 is fixed, then

/' | Duo ()[P~204, uo () Duo (x) - (Ka', 0) do
Bn

= / / | Duo (160, € )|P ™20z, uo (100, €r )| Dug (1o, 1)’ (0 - KO)r™ 1 do(0)drdzy,
0 0 §n—-2
(9.12)

(K oo .
_ )// / | Do (160, ) [P~20%, 10(rf0, o) | Do (00, )’ ||0]27™~ dor(0)drdzn
00

sSn—2

= :(_[(1) / ‘DUO(I)‘p_annuo(m)Duo(m) . (I/, 0) de.
Ry

Here o denotes the surface measure and we used the identity

_
7(S"2)

tr(K)

n—1"

/ 0-K0do(0) =

Sn—2
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Combining (9.11), (9.12), we arrive at the estimate

n 2ptr(K B
Dl < 1Dl 225D |Dug(a) 20, u0() D) -, 0)
Ky
+ Cpé? / | Dug(z)|P|2|? da 4 Coe / | Dug(x)|P|2'| do

Bi/e) Bf/(4e)

+ CpeP / lug(2)|? dz + Cq / | Dug () |P dz .
B1/2¢)\B1/(4¢) Bi/(26)\B1/(4¢)
(9.13)
It remains is to bound the last four terms.

Step 3. It follows from [23] that for any

0<ﬁ<50(p)2=—é+3(%_1)+\/(—14-%)24-% (9.14)

there is a constant C; depending on 8 and p such that
lup(x)| < Cylz|™® and |Dug(x)| < Cy|z|~#1 (9.15)

for all |z| > 2. Note that [2,00) 3 p — fBo(p) is decreasing. As lim,_,oc fo(p) = 3,
it must be that So(p) > 1/p for all p > 3. Moreover, the monotonicity of Sy implies
that
Bolp) > o(3) = = > 3 >
0lP) = Po = /327
Therefore, By(p) > 1/p for all p € [2,00).
We now fix

1
— forall p€[2,3].
p

% < B < Bo(p),

and use the decay estimates (9.15) to bound the four error terms in (9.13). To estimate
the integral of [Dug(x)[P|z|* over By ,(se) we split it into two parts; one away from the
singularity where we can employ the decay estimates, and one near to the singularity
where we simply use that |Dug| € L?.

Observe that

€ / | Dug(z)|P|2'| dz < o(S"~1)Che / P BHDPER g < CopeP™ 4P

B /e 1/(4e)
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€ / | Dug (2)|P|2|* do < 2262 / | Dug (2)|P do < Cye?

B, B
1/(4e€)
= / | Dug(2)|P|2' | de < o(S"1)C,é? / P BHDPEn+L g < P AP
Bi/(1c)\ B2 2
1/(2¢)
P / lug(x)|P de < o(S™1)CyeP / PPl < CyeP AP
B1/(26)\B1/(4¢) 1/(4€)
1/(2€)
/ | Dug(z)|P dz < o(S"1)Cy / P BHDPEn—L g < CLeP AP
Bi/(20)\B1/(a¢) 1/(4¢)

47

Here C5 is a constant which only depends on p,n, and . Combining these estimates

with (9.13), we deduce

2ptr(K)

™" Dug.cllp < [|1Duollp — e=—5

/ | Dug () [P~28,, uo(2) Dug () - (2',0) da
R%

+ Oyl 1 )
for some constant Cs3. Choosing
v =min{p —n+ Bp— 1,1}

completes the proof since v > 0 and C3(eP~ AP + €2) < 20377, O

Proof of Lemma 9.5. We first note that |Duo|?|z'| € L*(R”) by the decay estimate
proved in [23]. It follows that the integral on the left-hand side of the lemma is well-

defined. Therefore, dominated convergence implies that

/ | Dug(2)|P~20,, uo(x) Dug(x) - (2, 0)dz
Ky

§—0+
R\ Bs(en)

— lim / | Dug (2)[P~20,, o (x) Duo (x) - (', 0)d

Next observe that since g is smooth and p-harmonic in R} \ {e, },

\Duo(x)\p_2Du0(x) . DV(x)TDuo(x) = div(|Duo(x)|p_2Duo(x)Du0(:r) . V(:E))

1 N
—ED(lDuo(ff)l ) V()
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— div(|Dug(z)|P"*Dug(z)) Dug(z) - V()
Apup=0

= div(|Dug(z)[P~ 2 Dug(z) Dug(z) - V (z))

- })D(\Duo(x)m V()

for any € R \ {e,} and V € C*(R™;R").
Employing this identity with V(x) = (0,...,0,]2'|?/2) and integrating by parts gives

| Dug (2)|P~20,, uo(z) Dug(x) - (2',0) dz

R%\Bs(en)

= / div (| Dug(z)|P~ 2 Dug(x) Dug(z) - V (z)) d
R\ Bs(en)

_% / D(IDug(@)|?) - V(z) do

R\ Bs(en)

= / | Dug()[P~2Dug(z) - V(x) Dug(x) - v(z) do(x)

B(Ri \BS (en))

1
41 / | Dug () Pdiv(V (z)) dz
p
R%\Bs(en)
1

| Dug (2)|PV () - v(z) do(x) ,

O(R7\Bs(en))

where v is the outward unit normal to the surface and o is the surface measure. The
expression above simplifies as div(V) = 0 for our choice of V. Moreover, Dug(z) =
—v0;, up(r) for x € OR”} since uy vanishes on OR’. As a result, the equality above
reduces to

/ | Dug () |P~20,, uo(x) Duo (z) - (&, 0) da
Ri\Bé(en)
-1
—— [ Ipw@rla? a
oR?

€n — T

1
+3 [ IPw@Po, @l D)
9Bs(en)

1
- / |Dug () |22
OBs(en)

len — x|

do(z) .

11—z,
len — |
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Since |2'| < ¢ on dBs(e,) and |Dug(x)| < Clz — en|7z%i (by, e.g., [24, Proposition
2.8]), the integrals above over 9B;s(e,,) can be estimated as

U\ _IUOQjLL‘ uox.u(jx <o — ;:%
D p 28 n /2D | n |d < Sn 1 C(Sn+17p
en — T
8B5(en)
and
1—an _pn=t
[Duo(a)Ple’ P12 do2)| < o(S™ 081 rES
€n — Tn
OBs(en)
Our assumption p > n gives
-1 _
n—l—l—pn :1_|_p n>1.
p—1 p—1

We conclude upon sending § — 0 in (9.16). O
10. On the range of A, (Q2)
Theorem A asserts that
Ap(R™AA{0}) < Ap(Q) < Ap(RY)

for any open 2 C R”. In this section, we shall use Theorem D to deduce that every point
in the interval

[Ap(R™\ {0}), Ap(R'})]

equals A, (Q) for some Q. In fact, we shall prove that it suffices to consider the annular
regions

Ay ={z eR" iry <|z| <ro} for0<ry <ry.
Theorem 10.1. Assume p > n > 2. For any
MR\ {0}) < A < Ap(R2)
there exists a unique § € (0,1) such that X = A\p(As1).

Proof. If suffices to show the function (0,1) 3 § — A,(As 1) is increasing, continuous,
and satisfies
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Jim Ap(A5) = A"\ 0]) and lim Ay (ds) = A(RY)

First we will make a few preliminary observations.
By Theorem D, As 1 admits an extremal us and A,(As,1) < Ap(R?) for each d € (0,1).
As Aj, is rotationally symmetric, we may assume

1

n

Ag,
Us = Wrse

for some r5 € (6,1). If 1 =15 < rs—0, then da, , (rsen) = dp, (rse,). It would then follow
from Proposition 5.3 that

Ap(As1) = Rp(As1,us) = Rp(Br,us) 2 Ap(Br) = Ap(RY),
which is a contradiction. Therefore,
re —0<1—rs.
That is, rse, is closer to the inner boundary sphere of A5 than to its outer boundary

sphere.

Part 1 (Monotonicity): Suppose 0 < §; < d2 < 1. Observe that As, 1 fully supports
As, 1. Indeed, if yo € 0As,1 and |yo| = 1, then Aj;, 1 supports As, 1 at yo. If |yo| = 02
instead, then T'As, 1 supports As, 1 at yo, where T'(x) = (d2/61)z. By Proposition 5.3,

>‘;D(A5171) < /\P(A5271) .

We claim that this inequality is strict.
Note that @(z) = wfd?e’; € Dé’p(A52752/51). And as rs, — da <1 —r5, < d2/01 — rs,,

Ap(Asy 1) = Ap(Asy.6076,) < Rp(Asy 5,76, W) = Rp(Asy 1, W) = Ap(Asy 1) -

Consequently, if A,(As, 1) = A\p(As,,1), @ is an extremal for A, (A, 5,/5, ). However, this
would contradict Corollary 3.2 since @ vanishes in Ay g5,/5, # (0. Therefore, Ap(As, 1) <
Ap(Asy1)-

Part 2 (Continuity): We will argue that § — A,(As 1) is both right and left continuous
at a fixed but arbitrary dg € (0,1). By the monotonicity from Part 1, the function
d — Ap(As1) has both left and right limits at . By Lemma 2.5,

lim A, (As1) < Ap(Asg)-

5§38

Also note that the monotonicity proved above implies A,(Asy 1) < A\p(As,1) for § > do.
Therefore,
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Ap(Age1) < 1im+ Ap(As1) -
6—dg

This verifies right continuity at d¢.
Monotonicity also gives

lim )\p(A(S,l) < /\p(A5071)'

0—6g

In order to conclude the left continuity at dy, we need to verify that

lim Ap(As1) > Ap(Asy,1) - (10.1)

0—d¢

To this end, we choose an increasing sequence {dj }x>1 of positive numbers tending to do.
Passing to a subsequence of {dy }1>1 if necessary, we may also assume that r;5, converges.
As rs, > 0y for all k,

lim rs, = do (10.2)
k— o0

or
lim 15, > do. (10.3)
k— o0

We will consider both cases separately below.
Case 1. We claim that (10.2) cannot occur. If (10.2) holds, we will show that

lim Ap(As, 1) = Ap(RT). (10.4)

k—o0

As 0 — Ay(As,1) is increasing, (10.2) would imply that A,(As1) > A,(R%) for 6 >
0o but this contradicts Theorem A. As a result, we can focus on proving that (10.2)
implies (10.4).

Assume that (10.2) holds. Consider the rescaled sequence of extremals defined by

,1

A
wi(y) = wry ') ((rs, — k)Y + Oken) -

Notice that wy = w?n’“, where 2 is the annulus

- As,
Ap(As,1) = (6 — 16, )P " | Dwrye, Iy = | Dwi
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{wites1 C DYP(R™\ {0}) is bounded. By passing to a subsequence if needed, we may
assume wy, — wo in Dy (R™\ {0}) and wy — wo uniformly in By. It follows that

lim Ay (45, 1) = liminf | Dug |2 > | Duol2,

Recall that Bs, (—sien) is an exhaustion of {y € R™ : y,, < 0} for any increasing
sequence s; — 00. Since

6k€n
B s, —
T8, Ok T8, — Ok

)csz;

and dx/(rs, — 0x) — 00, Bs(—sen) C Qf for any s > 0 provided k is large enough. It
follows that wg vanishes in By(—se,) for every s > 0. This implies wo(y) = 0 whenever
Yn < 0. Therefore, wy € Dé’p (R%). By uniform convergence in B, we also have wg(e,) =
1. Thus,

klggo Ap(Aék,l) > ||Dw0||§ > Rp(Rivwo) > )‘p(R:L-)-

By Theorem A, A\,(As,,1) < A\p(R%) for each k and thus we conclude that (10.2) im-
plies (10.4).

Case 2. Now we assume that (10.3) holds. By passing to a subsequence, we may
assume that the sequence wy = wéi’“e’:t converges weakly to some wg € ’Dé’p (As,1) and
uniformly to wy on compact sets. In particular, wo(rge,) = 1. We deduce that

dm Ap(Asi1) = lm
> (00 — r0)" || Dwo |}
> Rp(As, 1, Wo)

> Ap(As0,1) -

(0k — 78, )P " | D17

Therefore, (10.1) holds. This concludes the proof that 6 — A,(As,1) is continuous.

Part 3 (Endpoint limits): By Theorem A, A\,(A451) > Ap(R™\ {0}) for any § € (0, 1).
Lemma 2.5 yields that

lim Ap(Asq1) < Ap(Bi\{0}).
6—0t
Therefore, in view of Theorem B,
Jim Ay (A1) = Ap(Bi\ {0}) = Ap(R"\ {0}).
—0+
As for the limit

61_i>r{1+ )‘p(Aé,l) = )‘p(R+) )
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we can adapt our argument in Case 1 of Part 2 by choosing a sequence of positive
numbers J;, tending to 1 from below. In this case, we also have 75, € (d,1) for each k.
Therefore, it must be that rs, — 1. As a result, the argument used in Case 1 of Part 2
translates directly to establish the above limit. O

11. Examples

In Corollary 8.8, we computed A, (£2) = A, (R ) under the assumption that all bound-
ary points of Q are regular. The key to this result was that we were able to characterize
all limiting geometries as halfspaces. The existence of well-defined limits may hold under
weaker regularity assumptions on 92. However, it is in general difficult both to charac-
terize all possible limits and even more so to compute the value of A, at these limits.
In this section, we shall illustrate how the analysis can be carried for certain classes of
domains.

11.1. Polygonal domains

We will now proceed to study the best constant A, in polygonal domains. Specifically,
we say that a domain Q C R? is polygonal if OS2 is nonempty and consists of the union
of finitely many line segments or rays {IT'; }]K:1 only intersecting at their endpoints. We'll
also require that each endpoint belongs to exactly two of the I';’s. We will denote by
Sq the collection of corners of a polygonal domain €2, which are defined as the set of
endpoints of the I';. To each y € So we can associate the corresponding interior angle
¢y € (0,27). We emphasize that we do not exclude ¢, = 7 even though such an angle
could be removed by merging the two line segments that meet at y.

The following claim is a corollary of Lemma 8.1. It basically asserts that the family
of cones Ci for ¢ € (0,7) constitutes the natural class of local model sets for polygonal
domains.

Lemma 11.1. If Q C R? is polygonal with Sq # 0, then

A,(Q) < min Ap(cf,y /2) = Ap(C2 ).

veSa pr e/
Furthermore, if Q is bounded equality holds.

Proof. Each y € Sq is isolated, so there exists an r > 0 small enough so that up to
translation and rotation B,(y) N agrees with B, N Czy /- Therefore the inequality
follows by applying Lemma 8.1 at each of the corners and recalling that ¢ — )\p(Cg) is
non-increasing by Lemma 7.5.

To deduce that we have equality in the case when () is bounded we argue as in
Corollary 8.8. Take a sequence {x}r>1 € Vo such that

lim do ()" [ Dwl 7 = A,(0).
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Since {zx}r>1 € Yo and Q is compact, {z}r>1 has a convergent subsequence whose
limit ¢ belongs to 9Q. If zg ¢ Sq, then 9Q is Cl-regular in a neighborhood of xq so
Ap(£2) > Ap(R7}) by Lemma 8.6. Alternatively, if zo € Sq, then following the argument
in Lemma 8.6 one proves that A,(Q) > )\p(CiIO/Q) if the approach of {zx}r>1 to z¢ is
non-tangential while A,(€Q) > A, (R") if the approach is tangential. Since we established
above that A,(2) < minyegs, )\p(Ciy /2)» it follows from Lemma 7.5 and Theorem A that
either

_ 2 _ : 2 _ ny __ . 2
Ap(Q) = AP(C%O/Q) = ynelgsl) )‘p(c¢y/2) or Ap(2) =A(RY) = ynelggz AP(Ctpy/Q) .
We note that the latter case can only happen if max,cs, ¢y < 7. In either case, we have
proved the desired equality. O

Recall that Theorem B asserts that convex domains in R™ which are not halfspaces do
not admit extremals. By applying Proposition 5.3 there is a similar criterion for a class
of polygonal domains. We say that a polygonal domain €2 is fully supported if € is fully
supported by Ci*/2 with ¢* = maxyes, ¢y. In the case p* < 7, Q is a convex polygon,
while for ¢* > , {2 satisfies a uniform (infinite) outer cone condition with opening angle
2 — p*.

Lemma 11.2. Suppose Q C R? is a fully supported polygonal domain with ¢* =
maXyes, Py- 1hen

)‘p(Q) = /\p(C?p*/Q)'

Moreover, € does not admit an extremal unless Q = x + QC;,‘/2 for some x € R? and

Q< 0(2).

Remark 11.3. In Fig. 6, four polygonal domains are shown together with the implications
of Lemmas 11.1 and 11.2 concerning their respective values of A,.

Proof. That \,(Q) = )‘P(Ci* /2) is a direct consequence of Proposition 5.3 and
Lemma 11.1. To see that 2 does not admit an extremal, we can argue that the exis-
tence of an extremal would contradict Corollary 3.2 (as in the proof of Theorem B). O

Lemmas 11.1 and 11.2 can be directly extended to planar domains whose boundary
is C! outside of a finite set of corners at which the boundary is given by two simple C*
curves that meet at a common endpoint. In this setting it is natural to allow for corners
with interior angles equal to 0 or 27 to allow for boundaries with cusps. Lemmas 11.1
and 11.2 can also be generalized to polytopes in higher dimension by following the
argument given above almost verbatim. However, the statements obtained become more
complicated as the class of relevant model sets is much larger and our understanding of
Ap for these sets is limited. Nevertheless, in the next subsection, we will provide a family
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&

P o
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ol 3§

Fig. 6. Four polygonal domains. For P, Ps the largest interior angle is 37 and for Ps, P4 the largest

interior angle is 7?7‘ The polygons P, P2 are fully supported while P3, P4 are not. Therefore, by Lem-

mas 11.1 and 11.2, we know that Ap(P1) = Ap(C3./4)s Ap(P2) = Ap(CE./10)s Ap(P3) < Ap(Cir/u),
Ap(P1) < Xp(C3, /10)-

of bounded, non-smooth, and non-convex domains in arbitrary dimension where we can
determine the value of A,.

11.2. Examples of non-smooth domains in higher dimensions

Using the strategy discussed in the previous subsection, we can construct examples of
bounded simply connected domains €2 whose boundary is regular except at a single point
and A, (€2) = A,(C3) for every n > 2 and ¢ € (0, 7]. Specifically one can construct such
domains by starting from B NC;; and regularizing the boundary in a small neighborhood
of 0B1NAJCY in such a manner that the resulting set remains fully supported by Cg. Two
such domains are depicted in Fig. 7. The resulting set (2 satisfies that A\,(Q2) = A, (C}) by
combining Proposition 5.3 and Lemma 8.1 with a blow-up around the singular boundary
point.

11.8. Epigraphs

In much of our analysis we have utilized Lemma 8.1 and Proposition 8.5 by looking
at the local geometry near some point on the boundary. In this subsection we demon-
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"

Fig. 7. Two planar domains constructed as described. The value of A, for domain on the left is AP(CSW/G)

and for the domain to the right )\p(Ci). Examples for n > 2 can be obtained by rotation around the axis
of symmetry.

strate how these results can yield interesting information when instead zooming out. An
argument of this form was applied in the proof of case (3) in Theorem B but the idea is
interesting enough to deserve including a second example. Specifically, we shall consider
sets given by the region that lies above the graph of a function.

Let f: R®™! — R be a continuous function with f(0) = 0 and such that along a
sequence {t}r>1 C (0,00) with limg_, o tx = 0 it holds that Fj: R"™! — R defined by
2+ trf(2/t)) converges locally uniformly to a one-homogeneous function F': R"~1 — R.
If we define

Qp ={z=(2"y2,) ER" 1 1, > f(2)}
and the dilation invariant set
Qp ={z e (2 ,z,) eR" : 2, > F(a)}

then it holds that A,(Qf) < A,(QFp). Indeed, by the uniform convergence when zoom-
ing further and further out the set €1y locally converges to Q0 allowing us to apply
Lemma 8.1. Indeed, given § > 0 there is k sufficiently large so that

(QF +(56n) NB1 CtQdyN B C (QF —de,) N By

Thus by arguing as in the proof of Corollary 8.2, the assumptions of Lemma 8.1 are
fulfilled.

A similar argument can be made to work even if the limit of ¢f(6/t) is infinite on
some set. However, in this situation one needs to replace the locally uniform convergence
in a suitable manner which is in general difficult. But in special cases there are natural
ways to do this. For instance if f: R™ — R is such that f(0) = 0 and f(x) < —c|z|* if
|z| > R for some constants ¢ > 0, > 1, and R > 0, then arguing as above one proves
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Ap(Q) < Ap(CR) -

In fact, since Qy (for any f) is fully supported by C the prescribed asymptotic behavior
implies that A, () = \,(CZ) by Proposition 5.3. Indeed, the picture to keep in mind is
that if viewing Q; from farther and farther away the asymptotic behavior of f will lead
to the epigraph more and more resembling C;.

11.4. Instability under small perturbations

Here we provide a few examples of domains which are almost identical but in which
the value of A\, and the existence/non-existence of extremals are different.

Example 11.4. Let 2 C R" be an open set satisfying the assumptions of Theorem D.
Then A\,(2) < A\p(R%) and Q admits an extremal. Assume that A,(Q2) > A,(C3) for
some ¢ € (7/2,n]. Given any r > 0 and z¢ € 9 we can construct a set Q' such that
QAQ" C By(x0) and Ap() < Ap(C5) < Ap(©2). The idea is to remove a small conical
piece of Q) near x(, see Fig. 8.

By translation and rotation we can without loss of generality assume that zo = 0 and
that the outward unit pointing normal to 9 at z¢ is (0,...,—1). The regularity of 9
ensures that there is an 0 < 7/ < r so that 9Q N B, is contained in a r’/4 neighborhood
of the hyperplane x,, = 0. We can then take Q' as

(QNBS)U(QN(CE+ Sen)).

That is we locally remove a conical piece of € in such a manner that we create a singular
boundary point matching that of C. That A,(2') < A,(C) now follows directly from
Lemma 8.1.

Example 11.5. Let 2 C R” be an open, bounded, convex set with C2-regular boundary.
Part (1) of Theorem B implies that A,(€2) = A\,(R’}) and that € does not admit an
extremal. Given r > 0,9 € 9Q we can construct Q' C R” so that QAQ C B,.(zg) and,
either

(1) Ap() = Ap(C3) for any ¢ € (7/2, 7] and Q' does not admit an extremal, or
(2) Ap(Y) < Ap(R7) and Q' admits an extremal.

The construction for (1) is identical to that in the previous example we consider
Q' = QN (QC} + yo) for a suitably chosen yo € QN B.(zp) and @ € O(n). That
Ap(2) = A, (C7) follows by noting that 2 being convex implies that Q' is fully supported
by Cj. By Lemma 8.1 and a blow-up at yo we also have A,(Q') < A,(Q) < A (C3).
Non-existence of an extremal follows by observing that if an extremal existed it would
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Fig. 8. A pictorial description of Example 11.4. Given Q, zq,r we construct the modified set Q' by locally
removing a conical piece from 2.

be extremal also for some rotated and translated copy of C;; and so Corollary 3.2 would
imply that (2’ coincides with Cj; up to translation and rotation which is impossible.

The construction for (2) is similar but instead of introducing a singular point at the
boundary we make a smooth indentation and apply Theorem D. Since €2 is convex there
exists an 0 < 7’ < r so that 9QN B, (z0) can be represented as the graph of a C? convex
function. By rotation and translating we may assume that o = 0 and that there is a
convex function f: R"™1 — [0, 00) such that f(0) = |Df(0)| = 0 and

QN B, :{I:(:E/,:zjn) ER": 1z, >f(:17/)}ﬂBr/.

If we set

ds(a') =

eV A=l P/ for 2| < 6,
0 otherwise,

then we can define Q' by letting

/
ANB, = {m = (2/,2,) ER" 1y, > f(2)) + %(ﬁg(m’)}ﬁBT/
for some 0 < § < r’. Provided 4 is chosen sufficiently small the mean curvature of the
boundary at (0,...,0,7"/2) will be negative and we can apply Theorem D to draw the

desired conclusion.

Example 11.6. Fix a nontrivial f € C?(R"~!) which has compact support and define

Qr ={z=(2",z,) ER" 1 2, > f(2)}.
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Then Qf admits an extremal and A, () < A,(R%). To see this we first argue that
Ap(Qf) = Ap(R%). By Remark 8.4, A,(Q25) < A\p(R%). For the reverse inequality, let
{@1}r>1 € Vo, realize the infimum defining A, (25). Then up to passing to a subsequence
we may assume that either liminfy o |3 = oo or limsup,,_, ., da,(7x) = 0. In either
case, as f is C! and has compact support, the set {v > 0} in Proposition 8.5 will be a
halfspace so A, (€25) > Xp(R”). Since

/ div(Df(x/)> dz' =0
AT Drer

it follows that the mean curvature of 00y must be negative somewhere. Therefore,
Theorem 9.2 implies that A,(€2y) < Ap(R’}). The desired conclusion thus follows from
Proposition 3.4.

12. Open problems

We bring this paper to an end by listing a few open problems that appear as natural
possible extensions of the results we obtained.

Open problem 1. Assume that Q C R™ is connected, that A\,(22) = A,(R’}), and that ©
admits an extremal. Is it true that 2 is a halfspace?

Open problem 2. Assume that 0 C R™ is mean-convex. Is it true that A,(Q2) = X, (R7)?

Open problem 3. Assume that Q@ C R™ is bounded and has boundary homeomorphic to
S™~1. Is it true that A\, (Q) > A\, (C™)?

Open problem 4. If Q C R™ admits an extremal, is the extremal unique up to multipli-
cation by constants and similarity transforms that leave 2 invariant?

Remark on open problem 1. By Theorem B, the only convex domains with an extremal
are halfspaces. We also recall that if  C R? is a bounded C? domain, then either  is
convex, Q does not have an extremal, and A,(2) = A\, (R%) or € is not convex, € has an
extremal, and \,(Q) < A, (R2).

Remark on open problem 2. We saw that if € is bounded and fails to be mean-convex,
then A,(Q2) < Ap(R7}). Furthermore, the hypothesis of this problem implies that every
connected component of €2 is convex when n = 2. It follows that in the plane, the answer
is yes by Theorem B. It is also worth noting that for Hardy’s inequality (1.5), the sharp
constant in any bounded, C2, and mean-convex domain coincides with the constant of
the halfspace [30]. That is, the analog of open problem 2 is settled for inequality (1.5).

Remark on open problem 8. The motivation behind this problem is to further under-
stand to what degree A, is governed by local and/or global geometric properties. The
assumptions entail that ) is topologically very simple and the suggested lower bound is
motivated by the fact that C}! should be the blow-up that gives the lowest value of A,
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possible under the assumptions. We note that Proposition 5.3 yields the desired conclu-
sion if € is additionally assumed to be fully supported by C7. In particular, this includes
the case when € is a star-shaped domain. Indeed, suppose 2 is star-shaped with respect
to the 0 € Q and x € 90. Then tz € 2 for t € [0,1) and tx ¢ Q for ¢ > 1. It follows that
there is @ € O(n) with Q(2 — z) C C2. As z € I was arbitrary,  is fully supported
by C2.

Remark on open problem 4. The answer is yes when €2 is a halfspace or a punctured
wholespace for n > 2. This follows from Proposition 6.1 and the uniqueness of Morrey
extremals up to similarity transformations (Section 3 of [26]).

Declaration of competing interest
The authors declare that there are no conflicts of interest.
Appendix A. Approximation

This appendix is dedicated to proving Lemma 2.3. To this end, we suppose u € ’Dé’p(Q)
and e > 0. Recall that our goal is to find v € C°(2) with

|Du ~ Doll, < el Dull,- (A.1)

By translating € if necessary, we may assume that 0 € 9§2. And to ease notation in the
following proof, we will write d(z) for dg(x).

Step 1. First, we choose a non-increasing n € C*°([0,00)) with 0 <n <1, n(1/2) =1,
and 7(1) = 0. Next, we set

f(x) = (1 =n(d(x)/8))n(|=|/r) (A.2)
for x € Q and 7,6 > 0. It is evident that f is supported in {z € Q: d(z) > §/2,|z| <},
f=1in{xeQ:d(x) >4z <r/2}, (A.3)
and f is Lipschitz continuous. It follows that
v1 = fu € Dy (Q)
and

supp(v1) C {x € Q:d(z) > §/2,|z| < r}. (A.4)
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Direct computation gives

Duy(z) = f(x)Du(x) — 6~ 0’ (d(x)/8)n(|x|/r)u(x) Dd(z)

_ x

+ri(1 - n(d(m)/5))n'(\$|/T)U($)‘x—| :
Employing (A.3) and recalling |Dd| < 1 almost everywhere, we also find

[Du— Duilly < [Ixga<sy Dullp + x5, ,, Dullp + 677 ool X fa<syullp

—1 /Oo BB, Ullp -
+ 17 e llx ull

By dominated convergence,

€
Ixa<sy Dully + lIxre\B, ,, Dully < 7 [[1Dull, ,

provided we choose § sufficiently small and r sufficiently large. To see that the remaining
terms 6|7 || oo X (a<syully and 77 [lso IX B, B, ull, can also be made small, we argue
as follows.

Step 2. By Morrey’s estimate (2.2), there is a constant ¢ such that
u@)P < ey [ Duw)?du
Bz (2)

for all x € Q. Therefore,

§_p/x{d<5}(x)|u( )P de < ed™P X{d<5} x)P™" / | Du(w)|P dwdzx
Q Ba(a) ()

/ [ a1 @40 0 )@ Du(w)]? o
Q Q

It is not hard to see that if d(z) < § and w € Bgy,)(), then d(w) < 20 and = € Bs(w).
As a result,

d(2)P 7" X (<6} (T)X By, () (W) < 077" X(a<5} (X)X By 0y () (W)
< 0P "X {a<26) (W)X B (w) (T) -

Thus, there is a constant C' with

5P / X{a<s} (@) |u(@)|P de < o™ / / X{d<25} (W)X B; (w) ()| Du(w)|? dwdx

Q Q Q
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<€ [ e @IDuw)? du.
Q

By dominated convergence,

_ €
3 lloo X a<syully < 21Dully

provided d > 0 is small enough.

Step 8. In order to estimate r—*|lux B,\B we first change variables in the integral

r/2 ||P’
r—P / |u(z)|P dax = / |7'"/p*1u(ry)|p dy .
B \B, /2 Bi\Bi/2

Recall that we assumed that 0 € Q°. Thus for y € By \ By /2 such that 7y € supp(v) C €,

_ d(ry)' =" |u(ry)| _ lu(ry)| lu(ry)|
n/p—1 _ < 1-n/p < )
= S gy = dyy i = gy

Consequently,
. utry)l?  \"
r 1|><BT\BT/2“”1’<< / gy V)
Bi\Bi,s

By (1.1), the functions By 3 y +— d(r‘;g% are bounded uniformly in r > 0; and by

Lemma 2.2 (i), they tend to zero pointwise in the limit as r — co. Therefore,

_ €
U el s, ully < 510wl

provided r > 0 is large enough. In summary, for » > 0 sufficiently large and § > 0
sufficiently small

3e
I1Du — Duillp < (1 Dullp -

Step 4. Select any ¢ € C°(R™) with supp(y) € By and f]Rn Y(x)dx = 1. Also define
¥, = 77 "(-/7) and note that supp(¢),;) € B,. Using (A.4), it is straightforward to
verify

v=1r%v1 € C*(Q)

for 7 < /2. Note that

€
[1Du = Dollp < |[Du = Duilp + [ Dvi = Dol < (| Dully + [[Dor — 7 * Dua .-
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Since |Dv;| € LP(R™), it follows from standard results on mollification that the last term
is smaller than §||Dul|, for 7 > 0 chosen sufficiently small (see, e.g. [14]). This concludes
the proof of (A.1).

Appendix B. A,(€2) is attained

In this appendix, we argue that for any open © C R”™ there exists a sequence
{zx}x>1 C Vo which realizes the infimum defining A,(£2). Namely, we will show

lim inf do (24)"~" | D, [} = Ap(€).

With this goal in mind, we let {€;};>1 C (0,1) satisfy lim;_,o €; = 0. For each j, there
exists a sequence {7 }r>1 € Vo with

lim inf dg(aﬂc)%"||Dw§ji 1P < Ap() +e;. (B.1)

Let A C N be the subset of indexes j such that liminfy . \zfc\ = 00. Recall that for
j € A¢, limsup,,_, . do(x,) = 0. Notice that at most one of A and A° is a finite set.

First suppose that A is infinite, and consider the subsequence of the sequence of
sequences {xi}kZI for which j € A. Relabeling the subsequence if necessary, we obtain
a collection of sequences {xi}k21 € Yq which satisfy (B.1) for some sequence of positive
numbers {¢;};>1 with lim;_, ¢; = 0 and for which liminf;_, |xf€| = oo for each j.

We now iteratively construct a new sequence {z}}r>1 € Vo as follows. Let 2} = xi.
Given {z}}N "' for N > 2, choose x} = x{, where [ is the first index so that

2| = ax ol +1 and da(e})P [ Dy ]L < Ap(Q) + 2en
The construction implies that
liminf |z7| > liminf(k — 1) = o0
k—oco k—o0
and
lim inf do ()P ™" | Dwik |2 < lim inf A (Q) + 26, = Ay ().
k—o0 k k—o0

Thus {z}}r>1 € Vo and

lim inf dg (z})P~"|| Dwk
k—»o00 k

p = Ap(Q).

The case when A is finite can be treated similarly except the first criteria when
choosing x% is replaced with do(z) < do(z%_,)/2.
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