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1. Introduction

Wehrl-type inequalities are of fundamental interest in Mathematical Physics [26].
First Lieb proved a Wehrl-type LP-inequality for the Heisenberg group in 1978 [16], and
many years later in 2014 Lieb and Solovej proved a Werhl-type inequality for the group
SU(2) [17]. Afterwards, they formulated and proved Wehrl-type inequalities for some
representations of the group SU(n) [19] and Kulikov proved a Wehrl-type inequality
for the discrete series representations of SU(1,1) [15] (see also Frank’s paper [8] for a
unified approach). The LP-inequalities were later generalized by Zhang for even integers
p of the holomorphic discrete series of Hermitian Lie groups [29]. See also [8,24]. In
order to prove the Wehrl inequality for SU(2), Lieb and Solovej studied the trace of the
functional calculus of certain quantum channels and proved it converges to an integral of
matrix coefficients. Later, they showed a similar limit holds for certain quantum channels
of SU(1,1) [18]. This was generalized by Zhang [29] for the scalar holomorphic discrete
series for Hermitian Lie groups.

The quantum channels studied by Lieb and Solovej are defined using the leading com-
ponent in the tensor product representations in SU(2) [17]. In my previous paper [10]
I studied a new family of quantum channels by considering all the irreducible compo-
nents of the tensor product decomposition and I calculated the limit of the trace of the
functional calculus of these SU(2)-equivariant quantum channels. Similar results were
proven independently in [3] where, among other things, this limit was obtained in terms
of generalized Husimi functions. In those papers SU(2)-equivariant quantum channels
were considered for operators on finite-dimensional spaces. In the current paper, we will
consider SU(1,1)-equivariant channels. A natural candidate to define these channels on
is the holomorphic discrete series, as they have L?-matrix coefficients. We briefly explain
our construction below.

Let H, be the holomorphic discrete series representations with lowest weight ;v and
consider the tensor product decomposition of two irreducible representations of SU(1, 1)
23]

My @My = P Hpugvi2n (1)
k=0

Earlier [18,29] the quantum channel

T : B(Mu) = B(Hutv)

“w
defined by considering the leading component
7741/(14) =P(A®1,)P" € B(Hu+u)7

was already considered. Here I, is the identity operator on H, and
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PZHM®HV—>H#+V

is an intertwining partial isometry. It was proved that for any integer n

i ST o)) = [ g ) *dg.

v—0o0o UV
SU(1,1)

Here ug € H,, is the function constantly equal to one. In this paper we introduce gen-
eral quantum channels, defined by projecting onto the irreducible k£ component of our
decomposition (1). We define

Tip(A) = P(A® L) Py

We prove this map is trace-preserving up to a constant and completely positive and
study the limit formula of the trace of the functional calculus. It will turn out that the
Berezin transform and the Toeplitz operators will be useful to study the limit. Then we
introduce generalized Husimi functions H /’j and the operator I, ;, and we obtain the
following Theorem.

Theorem 1.1. Let ¢ € C'([0,1]), ¥(0) = 0 and A € B(H,) positive and of trace one.
Then

lim - Tr(4(7T} / P(HE(A) ) do(2).
Furthermore, let f € L*(D) such that R;(f) is positive and of trace one. Then
1 *
Jin TR = [ GEaE)d(e)
D

Here (1 + 1)R;,(f) is the Toeplitz operator of f on H,,. Note that the condition that
1 € C1([0,1]) and 9(0) = 0 ensures our operator is trace-class. Here we use the notation

By x(f /Zkg ( ) By (f),

where B,,y; is the Berezin transform from Definition 3.5 and the generalized Husimi
function Hl’j is from Definition 4.10.

We use the following strategy. First we calculate

Ry -2 T, k(R (),

where R, is from Definition 3.1. We then notice that
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v * * —1 v *
7:L,k:R,u, - R;LJerZkB,u—i-u—QkRP«JFV*QkE,kR/_L7

and that we can calculate

v—00 U

hmEE«@—DRnﬂﬂw:/f@%m@»
D

for any integer n using the spectral theory of the Berezin transform B,. Then we prove
1im [[(vB,) ™ Buy () — Buy($)]]2 = 0

and obtain Theorem 1.1 for ¢(x) = 2?" for any n. We extend our result to odd integers
n by writing ¥ (x) = 2™ as a converging sum of polynomials of even integers. Finally we
use denseness of polynomials in C([0,1]) to prove Theorem 1.1 in full generality.

We note that the Berezin transform has been studied extensively as it is closely related
to quantization on Kéhler manifolds in Geometry and Mathematical Physics [1,5,25].
Some of our results about Berezin transforms might be obtained from these results, but
we prove more precise results using representations of SU(1,1).

The paper is organized as follows. In Section 2 we introduce the discrete series rep-
resentations of SU(1,1) as reproducing kernel Hilbert spaces and recall some relevant
known results. In Section 3 we define and analyze the Toeplitz calculus, the covariant
symbol and the Berezin transform, all of which are SU(1, 1)-invariant. We also go through
the Plancherel theory for the symmetric space D = SU(1,1)/U(1) and analyze our op-
erators in that context. In Section 4 we define our quantum channels and prove some of
their basic properties. In Section 5 we study trace formulas for the functional calculus.
In Section 6 we analyze the inverse of the Berezin transform. Finally, in Section 7 we
prove Theorem 1.1, the main theorem.

Acknowledgments

I want to thank Genkai Zhang for inspiring discussions and useful suggestions for
handling the Berezin transform. I also want to thank the anonymous referee for carefully
reading the manuscript and for some expert suggestions.

2. Definitions and preliminaries

b

a

Let SU(1,1) = {(%‘
the open unit disk.

)|a,b€(Cand|a|2—|b2:1}andD:{z€(C||z<1}

Definition 2.1. For v > 1 we let

dz

(@ [P <

My = {f:D = C analytic | [ 17221~ |2
D
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This is a Hilbert space with norm

1 = = 1) [ 1P 1P

D

Note that the norm is normalized such that ||1||, = 1. For convenience we write

) = (1~ 1Py
and
dz
di(z) = m

This space will give rise to a representation of SU(1,1) when v is an integer and a
projective representation otherwise (as in the complex case we have to make a choice of
root when v is not an integer). For an integer v > 1 this will be the discrete series of

SU(1,1), as described in [14, chapter 2]. If g = (% 2), the action is
(9 1)) = (—bz + )+ f(2=E
g B ~bz+a

and gives a unitary representation of SU(1,1). In what follows we let v > 1 be an integer.
We now make a remark on the space D.

Remark 2.2. Note that SU(1,1) acts on the symmetric space SU(1,1)/U(1) by left

multiplication. This space is isomorphic to D when the action on D is given by g -z =
_“;;EE for g7t = (% g) Then we see that U(1) is exactly the subgroup fixing 0, and
SU(1,1) is transitive as it is transitive on the unit ball. Thus D = SU(1,1)/U(1). We

note that there is a SU(1,1)-invariant metric on D making it a Riemannian symmetric

space, see [12, chapter VI, Theorem 1.1].
We calculate the norm of the monomials in our space.

Lemma 2.3. In the space H,

4 i
1272 = —.
Y (v);

Furthermore, the functions 27 and z* are orthogonal when j # k.

Proof. Direct computation. O
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Note that H,, is a space of holomorphic functions, so the span of {4/ (i,)l 21}% ) is dense
and we conclude that it is an orthonormal basis for the Hilbert space H,. Writing

oo

(1—2y)~
=0

it directly follows that #, is a reproducing kernel space with kernel K" (z,y) = (1 —
)
We now study the tensor product of the representations. If we see the tensor product

bt 4

as holomorphic functions on the product of two disks, which are integrable, then we have
the decomposition [23]

H,@H, = @H,u,+u+2k- (2)

k=0

Thus there exists a projection
Pp: M,y @H, = Hugoyok.

These projections have been studied previously and it was found that they have the
following form [20,21,27].

Proposition 2.4. The map Pr: H, @ H, — Hyuqv+ok 15 given by

_ - ik 1 j ok
P = s (- ( j) O Pl

w

z =\ — —\—V
= Cp D/ Fleo)( =g ~ o) (1~ )1~ )

duy(2)de, (w).

Furthermore, the injective isometry P}, is given by

B () (z,w)
ok /(1 —20) ML = wl) RO (2 — w) durran(€)

D

— Cp / (1—20) (1 —wl) ™ F(O)(

D

z W
1—2( 1-—w(

)kdbu+u+2k (©)-

Proof. Follows from [20,21] and calculations like in [10]. O
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We want to deduce the value of the constant C), , . First we recall the following
summation formula [4, Corollary 2.2.3].

Lemma 2.5. For n a non-negative integer and b, ¢ integers such that |c| > n we have that

2F1(—7’l, b, C, 1) =

Now we deduce the value of the constant C}, , k.

Proposition 2.6. We have

L Mudv k-1,
otk (1) k()

Proof. We know that

PPy Hyvyor = Hugvtok

is the identity. We now note that

Pr()(z,w) = Cpwk /(1 = 20) (L = wl) T (2 — w) dyryan(€)

D

k(2 — w)k.

Thus we see
L= (1, Dptvror = (Pl (1), D) pvpor = (Pr (1), P (1) m,0m,
= Cﬁ,»,k”(z - w) HH,@HV'

We calculate

k 2
k . .
— k k—
Crte = 1z = 0)* Iy, g0, = D <]> 127w, e,

Jj=0

-5 () B =% o

J J

k P(—y — ; !
_ %D )j<—ﬁ>j (—1)i( s k) _ (f)'ngl(k,ka,u;l)

klp+v+k—1)
(W) k(V)k '
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3. The Toeplitz operator, covariant symbol and Berezin transform

We define some other SU(1,1)-invariant operators on the representation spaces. We
first observe that to each operator B(H,) we can associate a kernel A(z,y) such that
(z = A(z,y)) € Hy, (y = Alz,y)) € H, and

AP = [ Alw.9))dunl).
D

Explicitly
A(z,y) = A*(KY)(y) = A(Ky)(x).

The operator uniquely defines the kernel, so we can identify the operator with its kernel.
Now we define R,,, commonly called the covariant symbol [1,6,28].

Definition 3.1. The covariant symbol map R,,
R,: B(H,) —» C>=(D)
is given by R, (A)(z) = A(z,2)(1 — |2|?)".
We prove some facts for this map.

Proposition 3.2. The maps

R,: SP(H,) — LP(D,dv)
for 1 < p < oo and the map

R,: B(H,) — L*>(D,d)
are well-defined, continuous with respect to the natural norm, and injective.
Proof. Let A € B(H,) with kernel A(z,y). We note that the function (z,y) — A(z,y) is
holomorphic in the first coordinate and antiholomorphic in the second. Hence we recover
A(z,y) by deriving R, (A)(z) = A(z,2)(1 —|2*)” wr.t. 2 and 2Z. Now let 4 € S*(H,)
and A > 0. Then for any z € D

A(z,2) = A(KY)(2) = (A(KY), K7) > 0,

and thus we get
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/|RV< 2)ldu(2) /|Azz1—\z|>\cu<>

1
— Az, z)du, (z) = VilTr(A),
D

so R,(A) € L}*(D). Now if A € S1(H,) then A = Ay +iAs with A; and A, self-adjoint,
and writing each self-adjoint operator as A; = A;’ — A, where Aji are positive, we

/|R 2)ldu(z)

This proves the fact for S*(H,,).
Now let A € B(H,). First we note that for any z € D

obtain

IA

2
— 1| A]l1-
|4l

Az, 2)] = (AEY), K2)o| < [JAED)|| KLl < [JA] - (1B,

implying
Az, 2)(1 = [2[)"] < |-

This proves the claim for B(H,,).
The claim for general SP(#H,,) follows by interpolation, using Theorem 2.2.4, Theorem
2.2.6 and Theorem 2.2.7 in [30]. O

In particular
R,: S*(H,) — L*(D,dv)

is continuous. Note that S?(H,) = H, ® H, by considering the kernels of the operators,
and it is a Hilbert space. We prove a lemma.

Lemma 3.3. We have

N 1
R,(f) = ——Tr,

where Ty is the Toeplitz operator on H,, and R}, has kernel

R (f)(z,y) /KV KV e z) K¥(z.y) du(z).

Proof. The Toeplitz operator is defined by Ty = Py, Mf Py, , where My is multiplication
by fin L?(D,dt) and Py, is projection onto the space H,. We note that the map
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froan [or 1)%@@)
D

is the projection onto H,,, so the Toeplitz operator Ty has kernel

t(z,y) /K”xz 2)KY (z,y)du,(2).

Now for A € S?(H,) and f € L*(D,dt)

/ Ay, ) B (D 2oy () () = (A, R(F))2 = (Ru(A), f) 2.0
D2

— A0 - P TR = o [ AC T

D D

S [ A K o TR (e (2o (o) )

v—1

[ 4t 2L EEED g, i ()acia),

Kv(z,2)

implying that indeed

Ry (f)(x,y) /KV K (2 g”(z y)d (). O

Remark 3.4. We remark that R} : LP(D,dt) — SP(H,) can be defined by the same
formula for p > 1 by using the adjoint of R, in the sense of Banach spaces. The proof is
the same.

Now we define the Berezin transform.
Definition 3.5. The Berezin transform is defined as

B, = R,R:: L*(D,d) — L*(D,de).
We calculate this more explicitly. We see that
B,(f)(2) = RuR}(f)(2) = (1 = [2[*)" R} (f) (2, 2)

]_— |Z‘ /Ku 2, fE KV(Q: Z)dLy( )

v—1
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[O—ERra-leRy
_/ (1—27)(1 — 22)¥ F@)di(z).

Note that

Bu(f)(0) = / (1~ [P f(x)du(x).
D

The open disk D is a homogeneous space for SU(1,1), so SU(1, 1) acts transitively, as in
Remark 2.2, and the maps R,, R and thus also B, are SU(1, 1)-invariant, which means
that B, (f)(g-0) = B,(g~'f)(0). Thus it is usually enough to prove a statement in the
point 0.

It follows immediately that B, (f) is continuous for f € C.(ID). We also note that we
can define B, : L'(D,dt) — L*(D,dt), by evaluating

, )

JBn@ie < [ [t e el de)
D D D

du(z)

= =17 [ K@) g = = )7l
D

We can also define B, : L>®(D,d) — L (D, du), as

KV (z,2)K"(x, 2)
Kv(z,2)K¥(z,x)

1B, (£)(2)] = |
D
K" (z,2)K"(z,2)

<lflle [ T
| Koz oK ()

f@)du(z)]

du(z) = (v = )7 If ]l

This means that in fact, B, : LP(D,dt) — LP(D,de) is defined and continuous for any
1 < p < oo by interpolation using Theorem 2.2.4, Theorem 2.2.6 and Remark 2.2.5 in
[30]. We gather some more facts about the Berezin transform.

Lemma 3.6. For f € C(D)NLY(D,dt) the function (v—1)B,(f) converges to f pointwise,
and if f € LY(D,du) then for any v > 2

/ (v — V)B,(f)(2)du(z) = / F(2)di(),
D D
and

Te(R3(f)) = / F(2)di().

D
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Proof. If f € C(D)N LY (D, d:) and = € D such that z = g -0 for g € SU(1,1), then

R, Ry (f)(x) = RyR;,(f)(g-0) = Ry Ry (97" £)(0),

so it suffices to prove (v — 1)B,(f)(0) converges to f(0). If we choose § > 0 such that
|f(z) = f(0)] < € for |z] < & we get

(v — DBL(f)(0) — £(0)
u—ll/KVOz 2K (2,0)(1 — [2)du(z) — F(0)]

ENV—D/UW%—ﬂWO—VFWM@

Bs
Fo-1) [ 156 - 010 - P a)
D\ Bs
<ot /<u—nu@w—ﬂmu 12[2) du(z)
D\ Bs

For z € D\ B;s we see

lim (v —1)[f(2) = f(O)I(1 = [2]*)" =

vV—00

We see for z € D\Bs that (v — 1)(1 — |2|?)” < (v — 1)(1 — §2)¥, which is bounded by
some C' > 0 independent of v. Also, we notice that there is some 1 such that for v > 1y

1
1-|PP<1-a2< 22
12

It follows that for any v > v and z € D\B;
(v =11 = [2]})” < (vo — (L~ |2
Hence for z € D\Bs and v > 1
(v = DIf(2) = FOIL = [2]%)” < CIf(2)] + |FO)|(ro — 1)(L — [2[*)"

and so by Lebesgue’s dominated convergence theorem

lim (v = DIf(2) = FOIQ = [2*)"de(2) = 0.

V—r00
D\ Bs

It follows that
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lim B, (f)(0) = £(0).

vV— 00

Now we prove the second part. We calculate

%mxmzjv—nmwwmm>
D
K¥(z,2)K"(x, z)
Kv(z,x)

F@)du (2)du(z) = / F@)du(z). D
D

D2

We also need some theory on L%(D,dt). Most of the following has been taken from
the introductory chapter of [13].

Definition 3.7. For be S' = 9D, A € C and z € D let

—iA+1
1— |Z|2 2
A (e

Using this we define the following, which is some kind of Fourier transform. For
functions f on the open disk D, A € C and b € D we let

ﬂ%®=/f@wﬂdw
D

whenever this is well-defined. Note that it is always well-defined when f € C.(D). We
also recall that a holomorphic function v is of uniform exponential type R if for each
NeZz*

sup eiRlIm()‘)l(l + |/\\2)N|¢()\)\ < 00.
AeC

We now have the following Plancherel theorem and inversion theorem [13, Introduc-
tion, Theorem 4.2]).

Proposition 3.8. For functions f € C°(D) we have
1 -
f(z) = ﬁ//f(—)\,b)e,\,b(z)|c()\)|_2dbd/\.
R st

Furthermore, the map f — f is a bijection of C(D) onto the space of holomorphic
functions (X, b) of uniform exponential type satisfying

/G,Ayb(z)il)(A,b)db = /eAvb(Z)ilJ(—)\,b)db.

St St
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This map extends to an isometry of L>(D, dt) onto L*(R* x St |e(A\)|~2dbd)), i.e. we
have

1 < _

[1sGRae) = 55 [ [ OB 2dbar
D R St

Here c is the Harish-Chandra c-function, given by

RAED)
c(A)=n"72 1(272)
I'(5(A+1))
Furthermore for A € R,

T ™
le(A)| 7= = 5 tanh( 5 ).

From now on we will assume A € R, as this is what we need for Proposition 3.8. Now
we study the B,. From [25, Lemma 3.37] we get the following.

Proposition 3.9. We have
(v =1)Bu(exp) = bu(A)exp,

where

T(iA4+v—T(=id+v—1) |TEx+v—1)]2
bo(A) = F(qu(V —1) == () (v — 21)

We want to study b, () further. We note that

TGN+ v — %)\2 = Ts};m) kl;[l((k - %)2 +22%).

We prove a lemma.
Lemma 3.10. For any A € R

Vlg{)lo b,(\) = 1.
Furthermore, || < |Aa| implies

bu()\Q) S bu(>\1);

and thus b, (\) is uniformly bounded in v and A.
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Proof. We use I'(x 4+ a) ~ I'(z)z® as z is going to infinity and find from Proposition 3.9
that

|:1.

INERN — 2 M—% i)\—%
v—00 v—oo T'(V)I'(v—1) V00 T()L(v)v!

Then we see that

b oy - DOATy = HPCid v ) G i H((k = 5)2+ %)
v(N) = L(v)T(v—1) B L(v)T'(v—1)
e LB (= )2+ ) Tk - 32
k- %)2 (/)M - 1)
N2 s (k- 5)?

- cosh 1;[ 7r2) INCZINCZn

Now we note

2

cosh(z 1:[ ﬁ)

This immediately implies that [A1] < [A2| gives b,(A2) < b,(A1). O

We see that for any A € R

vV — 1y2
b <,0) = <

where the last inequality is by the log-convexity of the Gamma function. Thus also the
norm of (v — 1)B, is bounded by 1. We make this a corollary; a similar result with this
constant was obtained in [29, Proposition 3.1].

Corollary 3.11. The map
B,: L*(D,dt) — L*(D,d:)
has the property ||B,|| < b,(0)? = (F(V;_)z)2 <1
property 1ol = BB = Arere -1/ =

Proof. First we remark that for any f € L*(D)

Applying the Plancherel theorem, Proposition 3.8, we get
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1B, (HII? = //\b FOND) P le(N)|~2dbdA

R St

<6002 55 [ [ IO dbar = b, 0111

R St

O

We prove a bound for (v — 1)R,.

Proposition 3.12. For any v > 1 we have

1 *
[l = DRI()IB < 1718
Proof. We see that

Ll = DRLIE = ( ~ DR R
= (v = DB (1)) < 1.

This gives the result. O
4. Quantum channels

In this section we define the quantum channels we will study. Usually quantum chan-
nels are defined for finite-dimensional spaces [22], and are then defined to be completely
positive trace-preserving maps (CPTP). In the infinite-dimensional case, less has been
done. In [9] channels are defined as completely positive unital weak-+ continuous maps
between C*-algebras. The maps '7:;’ x We define in Definition 4.1 are clearly unital, and
we prove they are completely positive and trace-preserving up to a constant in Proposi-
tion 4.4, like the channels in [10]. We prove they are weak-* continuous in Proposition 4.5.
In fact, for a compact group equivariant quantum channels on irreducible representations
which are trace-preserving have to be unital up to a constant, and vice versa. Hence we
call the 7;” & quantum channels.

Definition 4.1. Associated to the Decomposition (2) we define

Tk B(Hu) = B(Hutvt2r)

s

by 7/ (A) = Py(A® 1,) Py Here I, is the identity operator on H,.

We claim this map sends trace-class operators to trace-class operators and is trace-
preserving up to a constant. We first need some theory, and normalize the Haar measure
on SU(1,1) such that
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flg)dg = / F2)du(2),
SU(1,1) D

where we remember that D = SU(1,1)/U(1) and define f(z) = f(gU(1)) =
fU(l) f(gk)dk. Here dk is normalized. Now we need the following version of Schur’s
lemma. It is true for general discrete series representations [11] and our result could be
obtained by general theory, but for completeness we give an elementary proof using our
normalization of the Haar measure.

Proposition 4.2. The representations H, have square integrable matriz coefficients and
fOT’ V1, V2, W1, W2 € Hl/
- 1 -
(g : U17w1>zx<g : U2,w2>yd9 = v —1 <U17U2>u<w1>w2>,,-
SU(1,1)

Proof. By [14, Proposition 9.6] there is some constant C' such that

/ (9 - v1,w1)0(g - v2,w2),dg = C(v1,v2), (w1, w2),.
SU(1,1)

We calculate C' by evaluating at v; = v = w; = wy = 1. We see that g - 1(z) =

(=bz+a) ¥ for g = (% g) Hence

(g-1,1), = /(sz +@) iy (2) =T Ky, 1) =,
D

and

(91,10, (g T, 1)vdg = / la|2dg.
SU(1,1) SU(1,1)

i
This is right-invariant under K = U(1) = {(60 eOw) | @ € R}, and we get an integral

over D = SU(1,1)/U(1). Here g is identified with

b
z::g-Oz—gG]D)7

2 2_ . .
and |2|? = % = %, implying that |a|> = ﬁ Hence
C= / la|~2Vdg = /(1 — [2?)"du(z) = 1 ©
v —
SU(1,1) D
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We want to say something about the trace of 7;’ «(A). First we need a lemma, restating
Schur’s lemma for L?-matrix coefficients and trace-class operators.

Lemma 4.3. A positive operator A € B(H,) is trace-class if and only if the integral
fSU(Ll)(gAg_luw,,dg < oo for allv € H,. In that case

Tr(A)

gAg~ldg = ———*
v—1

I,.
SU(1,1)

Proof. First we prove the left to right implication. We assume A = x ® z*, then we see
that the integral fSU(l 1 gAg~'dg converges and

(gAg~ v, w),dg = / (g-x,w),(g-z,v),dg
SU(1,1) SU(1,1)

1
= :||$||12,<w7v>w

implying that

/ gAg~tdg = <x’x>VL, = Tr(4) I,.
v—1 v—1

SU(1,1)

This gives fSU(l 1)(gAg_1v,v>l,dg = Tyr(fi) (v,v), < 0o. The case for A a positive trace-

class operator follows by the spectral decomposition.

Now assume A is positive but not trace-class. Let {e;}3°, be an orthonormal basis for
H, and

n
A, = Z(Aei, ei)ve;  er.
i=1

Then we see that A > A,, and thus also gAg~! > gA, g~ ! for all g € SU(1,1). Note that
A, is trace-class. Then

/ (gAg~'v,v),dg > /<9Ang‘1v,v>udg

SU(1,1) SU(1,1)
Tr(Ay) (v,v) Zn
l/*l <U7v>l/ V*l 7;:1< 67,76’L>Va

so the integral fSU(l 1 (gAg~'v,v),dg diverges. We have proven our statement. O

‘We prove that 7;” & 1s trace preserving up to a constant.
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Proposition 4.4. The map T,/ is completely positive and A € SY(H,) implies Tl u(A) €
SY(H,tv1ok). In that case

_ptv+2k—1

),

Proof. It is obvious that the map 7;” i is completely positive, as it is the composition of
the *-homomorphism A — A® I and A — Py AP;. Now let A € S*(H,,) be a trace-class
operator. Assume A is positive, then so is ’7;” x(A4). By Lemma 4.3 we see that

_ Tr
/ gAg~ldg = —1,.
I
SU(1,1)

Thus

9T 7 (A)g  dg = / gPy(A® 1,)Prg 'dyg
SU(1,1) SU(1,1)

Tr(A)
—1[#+V+2k~

=P, / g(A®1,)g 'dgP} =
SU(1,1)

We can now deduce by Lemma 4.3 that EVk(A) is trace-class, and that its trace must
be

_ptv+2k—1

Te(T () = T

My

Tr(A).

For general A, we write A as a linear combination of positive operators, which will again
be trace-class, and use linearity of 7, and the trace. O

We prove some more properties of this operator.

Proposition 4.5. The map 7;” x 08 unital, weak-* continuous, and it sends compact oper-
ators to compact operators. As an operator

Tik: BHL) = B(Hutvt2k),

H,

we have ||T},|| = 1. Moreover, as an operator

TV’kl Sp(,HH) — SP(HH+U+2]€)

m

we have ||T7 |lp—p < (2%)%
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Proof. 7;’ . is obviously unital. We see it is weak- continuous realizing p € S*(H i 4v+2k)
implies

Te(T) 4 (A)p) = Te(A ® I(Fy pPy)

together with the fact that
A= ARI,
is weak-* continuous. We also see
Tk (A = [[Pe(A @ DEC < [[P|| - [[A@ I - [[PE]] < [|A]]

I7.7 |l = 1 follows by letting A = I,,.

Now let A € B(H,+v+2k) be a compact operator and {A,}, a sequence of finite rank
operators converging to A. Then each A, is necessarily trace-class and by Proposition 4.4
we see that 7, (Ay) is trace-class. This implies 77, (A;) is compact and that 77, (A)
is compact as the limit of a sequence of compact operators.

We now prove a bound on ||7,7,[l1—1. Writing A € S*(H,) as A= Ay +iA,, where
both A; and As are self-adjoint, we get

[[A[l1 < [|Axl[1 + [|A2]]1,

and

A+ A*

Al = 11255

e < [[All,

and similarly for As. Hence we see, using the decomposition of A; and Ay in positive
and negative parts

Tk (Al < T2 (A + 1177 (A2)] ]

p+v+2k—1
= ——— (Al +[[4z2]h)
+rv+2k-1
<2 TP R )41,
w—1

The bound for |[7,[|,—p follows by interpolation using Theorem 2.2.4, Remark 2.2.5
and Theorem 2.2.7 in [30]. O

We now want to calculate the kernel of 77 w(A), as we eventually want to find the
functional calculus of 77, (A) for any A € S*(H,,).
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Lemma 4.6. Let A(z,w) be the integral kernel of an operator A € B(H,). Then
T ) = Cl i [ A1 = u) (1~ wp)
D3

(u—w)*EZ @) (1 —22) 7 (1 — 2w) ™ *du, (2)de, (w)de,, ().
Proof. This is a direct calculation.

Tan(A) (@, y) = Tk (A) (BT (2) = Po(A® P (K0 (@)

=Cuuk /(A ®@ I Py (KL (2,w) (2 — w)* (1 — a7) 7+ 7k
D2
(1 —2@) ™" *du,(2)du, (w)

— Gl / Az, u) Py (K428 (4, 0) (2 — m)*(1 — a7)
D3
(1 — 2@) " *du,(2)de, (w)de,, (u)

=l / Az, W) KI5 (1 =) (1 = Q) ™R (= w)
]D4

(2~ 0)H (1 — 22) (1~ 28) ™ iy ()i (2) o (10)dus ()

= Cs [ A0 = up) O ) )
D3
(z—w) (1 —2z) " *(1 — 2w) " *du, (2)de, (w)de,(u). O

We compute the covariant symbol of 77, on the Toeplitz operator R}, (f).

Proposition 4.7. We have

(v+k =)k

(V)k Buﬂ‘(f),

k
v * (K
Ryvrar T n R (F) = Ch i Z(—l)j <j)
=0

where B,,4; is the Berezin transform of Definition 3.5.

Proof. Note that by SU(1,1)-invariance we only need to prove that
Rytvr2r T, R (f)(0)

e e (R Wk =)
=CLuk JZZ:O(—U <]> TBM+j<f)(O)'
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First we calculate 7}, (R}, (f))(z,y). By Lemma 4.6

v (R() (ey) = C2., 4 / RA(f) (2, u)(1 — ug) "

D3
(1 —wy) ™" u—w)kEz—-o)" (1 —22) (1 — aw) " Fde, (2)de, (w)de, (u)

= ””k/K“zv V) KH (v, u)(1 — ug) *F(1 — wy) "
(u—w)*(Z @)k (1 —22) (1 — 2@) ™ *du, (2)de, (w)de,, (w)de, (v)

02

=St [ - o) - ) - )
D2

(T —w)*(1 — 20) (1 — 2w) " du, (w)de,, (v).

It follows that

Ryviok T, R = ”Vk/f w|** du,, (w)de, (v)

2, & 24 2(k—i
_ kz(k) ﬁ JECER

/’6_1.: 7

- Cki (5) - [ repeeeoa — oy

D
We expand this as

Rypwor T p By, ()(0)

k

=02yk;()2 ’ / FOIPE(1 — o))
-, i() ’ /f )1~ (1 o)L~ of?) (o)

(2

=02,u,kg::;<—1>j( ) o / F@)(1~ o) di(v)
Y Sy (5) (5 ) Bunstno
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a2, j;(—l)f‘(li: (’“)(') ("7 PBsstno.

i=

Using Gauss’s summation theorem we evaluate the coefficient of B, ;(f)(0) as

kEf(k)Q il (k: ) i )2( k:—i—z)
i—0 i) )i\ Jj = (v)

ik

i z+] )z

= =0

= <I;>2F1(—k,—k+j;y,1) _ (’f)w

J (V)k

j k=3

k:) k—i—j)

Hence

2 Yy (E)MBWU)(O).
=0

This completes the proof. O
We collect some information.

Proposition 4.8. We have

. .
Lo ( I/ + k- ])k
RutvsanT el = 4 (n+v + k + 1) ;J TB/M

and

k
. v % k
Jim 1 Rutwtor T n By, — Z < ) Bytillp =0

7=0
for any 1 <p < co.
Proof. The first line follows directly from Proposition 4.7 and Proposition 2.6 saying

0_2 _ k!(,u—Fl/‘Fk’—l)k
ok (1) (V)k
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This implies that

We also observe that
lim (_1)j <k> w — (_1)j (k)
The second part follows. O
We define the following notation for convenience.
Definition 4.9.
EZ,k = Ru+v+2k7zl,kR;,

and

k
. Mk
B = U S0 () B

j=0
Note that by Proposition 4.8

lim [|BL, — Bullp =0

for any 1 < p < co. We discuss another way of expressing our limit, which was done in

[3] for the group SU(2) and its associated SU(2)-equivariant quantum channels. In that

paper Aschieri, Ruba and Solovej defined a generalized Husimi function. We define such

a function for SU(1,1).

Definition 4.10. For A € B(H,) we can define a generalized Husimi function H:(A): D —

C by

i V)i i i
H(A)(g-0) = D {ag- g 2,
Note that his is well-defined and SU (1, 1)-invariant, i.e.

g-H,(A)=H}(gAg™")

for g € SU(1,1). Note also that the ((”) )2z' are normalized eigenvectors for the Lie

1

algebra element H = <0 _01> € su(1, 1) with eigenvalues v + 2i. We prove a lemma.
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Lemma 4.11. The maps
H' :B(H,) — L>(D,d:)
and
H' : SP(H,) — LP(D,d)
are well-defined and continuous.
Proof. Note that for A € B(H,) and g € SU(1,1)
[H,,(A)(g-0)] < [1A]l,

which gives the first part. We now concentrate on the case p = 1. Let A € S'(H,) and
A>0. Then H:(A)(g-0) > 0 for every g and

[HEaE = [ A 0dg = )
D

SU(1,1)

by Lemma 4.3, so H:(A) € LY(D, dt). The claim then follows by writing each A € S*(H,,)
as a sum of positive operators. The claim for general p follows by interpolation using
Theorem 2.2.4, Remark 2.2.5, Theorem 2.2.6 and Theorem 2.2.7 in [30]. O

We discuss another way of expressing E,, 1.(f).
Proposition 4.12. For any f € L*(D,d:)
By (f) = Hyy (R;,(f))-

Proof. Note that in the proof of Proposition 4.7

pano=cz.> (1) /fIW (1 - o)),
1=0

Using Lemma 3.3

1, (1)) = L

(RL(F)z", 2"

—Z,/muw () (3, 2) (1~ Iy )2y () () )

o R R )
D
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Hence
v _ 2 a k 2 l'(k - ’L)' k—1i *
00 =3 (5) G H R0
and thus
B (£)0) = fim E7,(7)(0) = U S HERL()0) = HERL(D)O),

where the limit can be taken in any LP-norm. We conclude that
Bk (f) = Hy(R(f)),
by SU(1,1)-invariance. O

Note that we want to describe the functional calculus of

Eyk(RZ(f)) = R;-ql-u+2k Z,k(f) = R:L+V+2k(R;+u+2k)_1R;41-u+2k Z,k(f)

= R;+u+2k (Bu+u+2k)71EZ,k(f)-

Now this expression is only symbolic. Note that in Proposition 6.4 we prove that for
f € L*(D,dt) the function E; .(f) lies in the domain of B;iwr%, and it follows that
indeed

Ey,k(RZ(f)) = RZ+u+2k(Bu+u+2k)_1EZ,k(f) € Sz(Hu+u+2k>v

a well-defined quantity. This is also equal to

T((utv+2k=1)Byuspyai) " B, (f)

where T} is the Toeplitz operator of f of Lemma 3.3. As (1 + v + 2k) B 1,421 g0es to
the identity strongly, the natural guess would be that

lim S T(TE(RL()) = [ (Bualh) i)

v—oo UV
D
We make this rigorous in the next section.

5. Trace formulas

We start with an elementary lemma.
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Lemma 5.1. For any integer n > 1 the integral

o) /’ 1—|Z1\ 0l

1—z12) ... (1 — 2,_1Zn)"

di(z1) ... du(zn)

is bounded in v. More precisely, for v > 4 we have I,(v) < 3™.

Proof. For n = 1 the integral simplifies to
(- 1)/(1 ) du(z) = /dLV(Zl) .Y
D D
Now first we assume v > 4 and write v = 2k for some x € R. Then the integral is

2K

diy(21) ... dey(zn)

/‘ (1—2z7). (l—zn 1Zn)

(K/)il (Kf)ln 1 iy _i1+io ln .
||7;1"~~uin71 Zl! 7’”—1! 12 ||fH®n 1

|

_ Z ((H)il (’Q)inq)g il (i1 +i2)! (ip—2 Fin—1)! in—1!

il ! T (26)iy 2R)itis (26)iy_atiny (2K)i,_,

i1yeeeybn—1

Now we need the following inequality

! i (i + )]
(W = "=1(0); 2 @ @Ry

We prove this. The inequality is obvious, for the equality we get

2k —1 j! 2K

-1, . 2k —1 .
- - S _ Jl2 =2 - 2iq
I€—1 (H)j K,—l ||Z ||l<e K)—l /|Z| LN(’Z)

=(2k—-1) /|z|2j(1—|z\2)“db( (26 —1 /|Z|2j 2P di(z)
1—|Z|2

/i i i+ |y, i(“)z (i+j)~.
s ! : 1 T

Then for our sum

(K;)’h (K:)’L'n 2 7'1' (Zl+12)' (in_2+in_1)! in—ll
2 G e ) (26)5, (26)i, 14y (2K)in_otin_y (26)i,_,
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we get that by inequality (3) the part summing over 4 is

o0 oo

(K)iy o i1! (i1 4+12)! o= (k)i 1!
Z( 1! )2(25)‘ 1 1 SZ il! (2&)7;1 Z

11! 2K
i1=0 1 i1 ( )11+22 i1=0 i1=0

(K)iy (i1 +d2)!
i1l (2K)iy+is

Jg 0L il gl
(K)o (K)iy (K)iy

Thus for our sum we get

Z ((’;1)'11 (“)z‘,ﬁl)z i) (i1 4i2)! (fn—2 +in-1)! in_1!

Cinea! T (2R)iy 28)ivis (2R)in_ain_y (2K)i,_,

B150enyin—1

<9 Z (’%)iz ((H)is (K)infl 2 (i2 + iS)! (inf2 + Zbnfl)! Z.n—ll
a in—l! (QK)i2+i3 (2ﬂ)i71—2+in71 (2‘%)%71

12,00 0yin—1

Repeatedly applying Inequality (3) this is smaller than

o (Biyy ! 0!
3” 1 n—1 n < 3n _ 3n
2 in1! (26)i,_, = (K)o

ip_1=0
We have now proven our result, i.e. given a bound independent of v. O

We now prove the following lemma.

Lemma 5.2. For anyn > 1 and f € C.(D)

lim
vV—o0 IV —

Te((v — DRL()") = / F(2) de(z).

D

Proof. We note

Ry (f)" (2, y)

/K” z,21)KY (21, ®2) ... K" (@0, y) f(@1) - - - f(@n
KY(xz1,21) ... KY(2p, Tn)

)dL(QZl) coodu(xy).

Next we see that

(v - DR = - 1) /R (Ry(F)")(2)s(2)
K¥(z,21)... KY(zp, 2) f(21) ... f(z

) L LT L\ Z
KV(Z,Z)KV(xl’xl) KV(-’IJn7.’17n> d( ) o ( n)d( )
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K"(z,x1) ... K" (xp, 2) f(x1) ... f(zn)

— -1 n—1
=1 K¥(xy,x1) ... KY(xp, Tp)

Drt
du, (2)de(xy) ... di(zy)

n 1 K Z‘1,Z‘2) LK ($n7$1)f($1)
K¥(z1,21) ... K¥ (2, Tn)

f(x")dL(xl) coodu(xy)

= (V —
Dn

— _ n K $1,$2 K" (xnv'rl)f(x2) f(-rn)
1/fx1 / :171,171) KV (2, 2n)

de(xg) ... t(xy)de(zr)

Now we study

n 1 K 331,£C2) K" (xﬂ’xl)f( 2) f(xn)db($2)

(l/_ K (],‘1,1‘1) K (xnwxn)

cou(my),

Dr—1

which is equal to (v — 1)" 1R, (R:(f)" 1) (x1). We will prove
lim (v —1)" 'R, (R ()" 1) (1) = f(z)" ™

vV— 00

for any 1 € D. Now the function f is compactly supported and

(v =D)" 'R (R (F)" )

29

is continuous by Definition 3.1 and bounded independent of v by Proposition 3.2 and

Lemma 3.3, so Equation (5) implies

o1 % )"
ylgr;o ;Tr(((y— DR( /f du(z

We now prove pointwise convergence of Equation (4) where we replace n — 1 by n for

the sake of convenience. Note that for z=¢-0¢€ D

Ry (Ry(£)")(2) = (97" Ru(Ry(f)"))(0) = Ry(R; (97" f)")(0).

We conclude it is enough to prove convergence in the point 0. Observe

(v = 1)"R, (R, (f)")(0)

(v—1)" /K (0,21)K"(21,22) ... K" (2n,0)(1 — |z1|2)” (1= \zn|2)”-

f(z1) ... f(zn)de(z1) ... di(zn)
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S N B 1) LY B o )
B 1)D/n(1—z1z2)”~-~<1—zn_1%)”f(1)”'f(")d(1)"'d(”)'

Now we choose (0,...,0) € U C D" open such that for (z1,...,z,) € U
F(@1). - fla) — O] < e
Using Lemma 5.1 it follows that
(v = DR (RL()™)(0) — FO)"]
) / A=l 0= Bl) e — £

1—2122 (1 _anlzn)y

di(z1) ... die(zn)]

/’ (1—|z)”...1- ‘Z"@VV (f(z1) - f(z) — F(O™)

1—2z173) (1fzn_1zn)
di(z1) ... de(zn)

— 212 (1= |z 2)
ro-v [ ]((1 107 Al ey ) — 1))

1—2z1Z2) ... (1= zp—1Zn)¥
DA\U

di(z1) ... de(zn)
S 63277.

— 12127 .. (1 = |z, 12
+o-v [ ‘(“ 107 20y ) — 1))

1—z1Z3)" ... (1 — 2p—1Zn)"
D\U

di(z1) ... di(zn).

Observe that |1 — 27|? > (1 — |z|?)(1 — |y|?) with equality if and only if z = y, so for
(21,...2n) € D"\U

(1—laf?).. (l—IZ\
o < RV < e

for some r € R. Thus Lebesgue’s dominated convergence theorem implies

— |z A1 = 1z,12)"
lim (v — 1)" /\ (1| ' Bl ey ) — PO

v%oo 1—2z12Z3) (1 — Zn-1Zn)
D\U

di(z1)...du(zn) = 0.

It follows that for any z1 € D
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Tim Ry (Ry(f)") (1) = f(1)",
which proves the lemma. O

We prove another lemma.

Lemma 5.3. For f € L?(D,d.) bounded we have

. 1
lim
v—ooo IV — 1

(= DR = [ 1P alz)

D

forn > 1.
Proof. Let f € L?(D,dt) be bounded. Then f € LP(D,d:) for any p > 2, implying that

[ erna

D

is well-defined. We claim that there is a sequence { fx. } 1, of compactly supported functions
such that

Hm ||f = fell2 =0
k—o00
and ||fxlloc < ||f]lee for all k. The way to see this is the following. Let us denote

fla = xaf, where x 4 is the indicator function. Let k be an integer, then we have a finite
measure set £, C D such that

| =

flee = fll2 <

Then by Lusin’s theorem [7, Theorem 7.10] there exists a function fi, € C.(D) such that
[ filloo < [1flElloo < |[f]loo and

p({le # i) < o5

Thus || f — fll2 < (1+2||f||ec) £, Which proves this claim.
Now we write Ty for (v — 1)R;(f) and we get by Proposition 3.12

1
mHTf 7Tfk||2 < ||f7fk||2’

and thus

. 1
lim
v—oo A/ — 1

[Ty = Ty, ll2 = 0.
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Now we prove by induction for any integer n

klim \/_||Tf Thll2=0

with rate of convergence independent of v, for any n € N. The case n = 1 is clear, now
let n > 0.

1 n+1 mn—+1

\/mHTf _Tfk ||

1
< ———(IT(T} = TRl + 1Ty — T3)T, |2
< L T TP = TNl + e [Ty — Tyl |ITR
- V-1 f ! fell2 o —1 f frll2 fr

1
< ol TF =T + T, —T . o
< ——— STy = T \/—II ¢ = Trllo - 154

n 3 1 n
< g leliTF = Tl =Ty = Tl

where we have used that ||Ty|| = ||PM;P|| <||f||co. Thus indeed for all n € N

lim

1
k—o0 \/y—ll

and the rate of convergence is independent of v. Thus by explicit realization of the Hilbert
Schmidt norm

ITF = Tj [l =0,

Jim (= DR () — 5 Tl = D))

= Jim —— (v = DRI (= DRI s,
(= DR (= DRI 5200, =0

for any v. Furthermore, for any p > 2

li — =0.
Jim f— fellp=0
Thus

1
v —

| 1Tr(((l/—l)Ri(f))Q")—/f(Z)%dL(Z)I

D

< [T~ DR —

v— v—1

Te(((v — 1R, (fi)™")]
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o T = DR = [ S i)
D
# [ At - [ r@Pac)),
D D
We can choose k first to bound
| (v~ DRE()P™) — = Tr(( — DRI

and

[ et - [ serac)

D D

independently of v, and then choose N so that

T = DR — [ flePnauta)

v
D
becomes arbitrarily small for v > N by Lemma 5.2. This proves our lemma. O
We recall that
(B () = By o (Busoran) T By 1 (f)

so we also need to study
(Butvsoe) " EL 4 (F).
We do this in the next section.
6. Inverse Berezin transform
Our goal in this section is to prove the following.
Proposition 6.1. We have
T [[((e+ v+ 2k — 1) Byon) B ()~ Bus(D]]2 = 0.

We recall the expansions of EY and E, j in terms of Berezin transforms in Proposi-
tion 4.8 and Definition 4.9. Then Proposition 6.1 follows from the following proposition.
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Proposition 6.2. For vy fized and f € L*(D,dt), we have convergence

lim ||((v = 1)B,) ™" By, (f) = By ()l = 0.
V—r00

To prove this we need some bounds on the eigenvalues of B, 'B,,. We recall the
definition of b, from Proposition 3.9.

Lemma 6.3. Let v > v integers. The term b, 1 (\)b,, (A\) is uniformly bounded in v and
reR.

Proof. We calculate

PO =1 T1,0 Lo, 2
Fonfeo =1 L (k=5 X7

k?:l/()

Ty —1) 1. V‘):_ll(k;—l)ZI‘uI‘yfl
e H(k_i) 2|:|P(I;O)r(u0 —21) 7£I‘)(u(— 1)2)

k=vg 2

|b,,()\)_1b,,0 ()‘)| = |

S ‘F(Vo)r(l/() — 1)

This is bounded uniformly in v, as

I'vYI'v —1 1
i DD =01
vooo (v — 5)2 T

Now we prove that B;iu+2kEZ,k(f) is well-defined.
Proposition 6.4. For vy < v, B,,(L?(D,d)) is in the domain of (v — 1)B,) .
Proof. Let f € L?(D,d:). Then by Proposition 3.8
f e L2RY, e(N)]~2dN).

Now we see by Lemma 6.3 that b, '(A\)b,,(\) is bounded, hence b, 'b,, f is in the space
L3(R* x S1]|c(A)|72dA) and by the Plancherel theorem, Proposition 3.8, we can define
F € L*(D,dt) such that F~ = b, 'b,, f. Applying (v — 1)B, we see

(v = 1)By(F) = (vo = 1) By, (f)-
Hence B,,(L?(D,d:)) is in the domain of (v —1)B,)~!. O
Next we prove Proposition 6.2, which makes sense now.

Proof. We study

lim ||((v = 1)B,) ™" Buy (f) = By (f)l2-

V—r 00
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We notice that for f € L*(D,dt)

(v = 1)B,(f)~ (A b) = b,(\) f (A, b),
and for v > v

b1 (A\)by,
vy — 1

(v =1)Bo) " Buo ()~ (A, b) = (A)F(A ).

Thus we see by the Plancherel formula in Proposition 3.8

(v = 1)By) "' By (f) — Buo (N3
_ %//Lﬂ)\’b)‘z b (/\)_ buo()‘)_buo(/\)

Vofl
R St

2
le(\)|~2dbdA.

If B € Ryg and € > 0, then by Lemma 3.10 there exists an N such that if |A\] < B and
v > N, then

[b,(A) — 1| < e.
Now we more specifically look at the term
B0 (X) ™ b (A) = by (M-
We want to use this to bound the term
1((v = 1D)B.) ™" Buy (f) = Buy (f)II2

=52 //If A, 0) 1210 (A) 10y (A) = bug (V)] [e(N) |~ 2dbdA.

R st

-1
We first note that by Lemma 6.3 LbUO\) bro N =bra M| 4 uniformly bounded in v and A,

1,071
say by R > 0. Next we note that by the Plancherel formula in Proposition 3.8

1 " - )
arz | [ 1FOBIPIe) 2dbax = 171 = 17 < o
R St
Now let € > 0. Choose B > 0 such that
[ [HeoP s < 5
212 ’ ¢ R?’
R\[-B,B] S

Now choose N such that for v > N and |A\| < B
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2

BN by (V) = b, )

1/0—].

Then for v > N

(v = 1)BV)_1BVo(f) - BVo(f)“%

1 e [T b () = b WP
- R/ S/ F) il e dbix
1 o 2
/ / Foup)2 [0 = b Q)72
I/()—].
[ B,B] St
1 g [ e ) b () = b (W) s
+53 / /|f(A,b)| T 2|c(X)|~2dbdA
R\[-B,B] §!
<o [ [P iy
[-B,B] 5!
R? 3 2 -9 2 €
+53 | FO\B)2[e(N)|~2dbdA < ]| fI3 +
R\[-B,B] S!

This completes the proof. O
7. Trace calculation

Now we want to draw conclusions about the limit of the trace of the functional calculus

Te(T (R (1))") = Te((Ry o (Buswror) " By i (5))").

We know that for f € L*(D,du)

lim [[((1e + v + 2k = 1) Byuyvior) 7 By 5 (f) = Eug(f)ll2 = 0

V—r00

by Proposition 6.1. We need an additional bound.

Lemma 7.1. For f € C°(D) and vy fized ((v —1)B,) " (vo — 1)B,,(f) € L=(D,dw) and
there is some R > 0 such that

(v =1)B,) " (v = 1) By (f)lloc < R

for allv > vy.
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Proof. First we let

¢n,>\(2) = /ex,b(z)b"db.
Sl
We see

6na(2)] < / cop(2)dk = do(2) < 1

S1

37

so this is bounded. Note ¢ is the Harish-Chandra =-function. Using Fourier expansion

on the circle we write
> funpr
for A € R and b € S'. Thus we see by Proposition 3.8

_ / / FA B)ens(2)leN)|~2dbdA

R St

oo

// Z F(=An)b"exp(2) e(A)]~2dbd
R

(=X, n)b"ex p(2)|c(N)|~2dbd A

9]
»—A\
e

Note that if

dtg't sf()‘ e )

then for the Fourier transform
g\, n) = fnzf()\,n).
Now we define

F(u,b) = | f(\ D) .

%\

Then by the Euclidean Paley-Wiener Theorem this is compactly supported and
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FO0b) = / F(u, be— "y,

R
Thus G(u, e®) = 51722|t:sF(/J7 e') is still compactly supported and
300 = [ Gl by "y
R

has the property

(-ixraonn) = [ %—"nuwam,b))e-wu.
R

This implies that for each n € N there is some constant C), such that for all ©x € R and
be St

IA"G(A,b)] < C,
so for each N € N

)| =| / G Db k| < / C(L+ )Nk = Cly(1+ AN
St St

for some new constant C';. This implies

= 1
FOum) < Chymg (LAY

Using Lemma 6.3 we obtain

| / / )by (VF (A Bers () eV 2dbd|

R St

-y / S by () by ) O )b (2) (V)] 2N

n=—oo

/ [0y () FOA ) (2)le(N) |2l

R "=

<R/ S b )Nl dA < B,

n=-—oo

for some constants R, B. Together with the fact that for some function h € L?(D,d:)
such that o € LY(R*T x ST, |e(A)|~2dbd\) N L2(RT x ST, |¢(X\)|~2dbd)) we have



R. van Haastrecht / Journal of Functional Analysis 289 (2025) 111036

2) = / / F(=, Bexs(2)]c(\)|2dbdA

R St

almost everywhere, this proves our lemma. O
Now we can prove the following for even integers.
Lemma 7.2. Let f € L*(D,dt) N L*°(D,dt) and {f,}, a sequence such that
Jim £~ full =0
and there is some B such that for all v

Il fvllee < B.

Then for any integer n

lim ~Tr(((v — R (£,))™) :/f(Z)Q"dL(Z)-

v—oo U
D
Proof. Using the notation from Lemma 3.3 we claim

Jim THTf = Tfll2 = 0.

39

We prove this by induction. The case n = 0 is trivial and the case n = 1 follows from

Proposition 3.12. For the induction step we see

Tn+1 T}L+1H2

f\l

1 3 mn
ST TR =Tl

fll(TfV Tp)Ty |2 +

1
< —=||Ty, =T 7 —||T¢|| - ||TF —T%¢
< —=IITs = Tyl T3 1+ =Tl 77, = 77
B" 1
<2 Ty - T oo - TR =T
< Ty =Tyl + 1o - 1T, ~ Tl

This proves our claim. This also implies that

1
lim —Tr(T7" —TF") =0

v—o0o UV

for any integer n, using properties of the Hilbert-Schmidt norm. Furthermore by

Lemma 5.3
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lim L Tv(T2") = / F(2)2mdu(),

v—o0 UV
D

and the result follows writing

li [V TH(( -~ DR = [ 77 de)

Vv—oo UV ks

< Jim [STR((v ~ DRI(AD)?) — Tr(((v — DRE(H)™)

+ li_>rI;O|Tr(((V—1 YR (f f(2)?"du(2)| =0 O
el

We get the following theorem.

Theorem 7.3. For any f € C°(D) and integer n

lim S Te(T?, (RS ())™) =

v—00 U

[ Busipata).

D

Proof. We let

= ((u +v+ 2k — 1)Bu+u+2k)_1EZ,k(f)'

By Proposition 4.8, its proof and Lemma 7.1 there is some constant R such that if v is
big

(e + v + 2k = 1) Bugwizn) " By k(s < R.
Furthermore, by Proposition 6.1
Jm {lgy = By i (f)ll2 =0,

and E, (f) € L*(D,dt) N L>(D,de) by Definition 3.5 and the discussion following it.
Hence we can use Lemma 7.2, which proves our theorem. 0O

We get a corollary.

Corollary 7.4. Recalling Proposition /.12, for any A € Sl("H,“) and integer n we get

1
lim —Tr (7, A)?) /ch (2)*du(2).

v—oo UV
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Proof. We remark that R(L'(D,d:)), and thus R (C°(D)), are dense in S'(#,) in
the || - ||i-norm. This can be seen as R, is injective on B(H,) = S'(H,)*. Now let
A e S*(H,) and {A;}; be a sequence in R},(C2°(D)) such that

lim ||A — A]l; =0.

=00

We claim this implies

1
lim =T (77, (A)" = T,7.(A)") =0,

l—oo V

with rate of convergence not depending on v. We prove a stronger claim, namely
: 1 4 n 14 n
Jim S| T2 (A)" = TE(A)" 1 =0,
with rate of convergence bounded by R,|[A — A;|[; for some constant R, dependent

on n. We prove this by induction. The case n = 0 is trivial and n = 1 is clear from
Proposition 4.5. We do the induction step

1 v n v n
T2 (A = T (A)™

1

= Nk (AN (T (A)" = Tk (A)")lh
1

+ Tk (A) = T (A)) Tk (A"
1

< T (A" = Tk (A" LI T (A
L ITEA) — T AT (A
< (Rl lAl| + Bal[Ad][")]|A = Al
Furthermore, by Lemma 4.11
Jim [ (A) = Hyi (A)] oo = 0
and

lim ||Hj (A) — Hy (Al =0,

l—o0

and thus for any integer n

lhm Hk(A)Q”dL(z) —/HS(A )2 du(z) = 0.
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Writing

TR ~ [ A

D

1 1
< S TH(T(4)%") = ~Te(T (A

TR () - / HY (A d(2)]

14
+|/H’“ (A)?"du(z /H’f A2 du(z)]

we prove our statement. O

We want to prove Theorem 7.3 for n a half-integer. We first make an elementary
observation. There exists a Taylor expansion

oo

l—z=
i=0

(=3)i

4!

where this equality holds for z € [—1,1]. In particular the series Y- is absolutely

convergent as

for some constant C. By Abel’s theorem

> 5

=0

~.

SO

Hence for z € [0,1]

I-(-a?) =3 (_,!5)”(1 —at)i=) (5)?f1 1-@-a2%).  (6)

We prove a lemma.
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Lemma 7.5. For any v, integer n, and A € S'(H,,) such that A >0 and Tr(A) =1

1 o (3)

N [=

Sl - - 7).

H,

CTHTY(A)) = Y

P () v

DO

Proof. By Lemma 4.4 the operator 7;”,9(/1) is positive and trace-class, so

ZAJ v)®e;(v)",

J

where the e;(v) are the orthonormal eigenvectors for the eigenvalues A;(rv) > 0. Also
[|A]| < ]]A]l1 <1, so by Proposition 4.5

Tk (A] <1

and 0 < \;(v) <1 for all j. Thus

- (%)i—l 1 v 2n\1
=YL - (1= (AP, O

©
Il
—
DN
—~
~
=
X

We now prove a theorem.

Theorem 7.6. Let A € S'(H,,) such that A >0 and Tr(A) = 1. Then

lim Tr (T x( /H’C z)"du(z)

v—oo UV

for any integer n. Furthermore, for f € L'(D,dv) such that R(f) > 0 and Tr(R}(f)) =
1 we get

lim ﬁU‘@%M)z/&Mﬁ@WW)

v—00 UV
D

for any integer n.

Proof. Note that for any z € D we have 0 < Hﬁ(A)(z) < 1. By Equation (6)

-y

i=1

l\)l»—l

(1— (1= Hy(A)?*)"), (7)

l\D
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implying

[atwerae =3 B2 [a-a-miwemnee. ©

D i=1 D

This is finite for n = 1 by Lemma 4.3, so by the boundedness of H}(A) it is finite
for all n. Now note that by Proposition 4.4, Lemma 7.5 for n = 1, Equation (7), and
Corollary 7.4

i=1 D
=3 (ggz'!) Tlim. iTr(l— (1= T2 (A))).
i=1

=141

Tr(1— (1= 7 (4)%)).

V—>OO )

This means that for € > 0 we can choose I such that

S S I 7)) <o

Nl 2(i!) vooov

and

(1. .
3 %iﬂ(l — (1= Tu(4)?)) < 2e.
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Note that all the terms in these sums are positive. Now the inequality

0<1—(1—2")'<1-(1-2%"

for 0 < x <1 implies for any n

=141

and for any n and v > Ny

Now we choose N > Ny such that for v > N

! l
> na - 0= T

i=1

i=1 D

which is possible by Proposition 7.4. Now by Lemma 7.5

we get

H

(L
<|—Tr = 2“—Trl—( 1-TY

I l ) .
-y 2 /1—<1—Hk<A><> ()] < e

and Equation (8), for v > N

K(4)7))]

/H’“ 2)du(z)|
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+e+] (1= (1= H(A)(2)*)")du(2)] < 4e.

i=I+1
This proves our theorem as the second part follows directly from the first. O

We now calculate the limit of the functional calculus for any ¢ € C([0, 1]). However,
¥(T, x(A)) will not always be a trace-class operator for any function; a trivial example is
1) = 1 which will result in the identity operator. We show for which functions we might
expect (7, (A)) is trace-class, and some examples for which it is not.

Lemma 7.7. For € C((0,1])) N O(x) i= {f € C((0,1]) | Jeer /()| < cla]} the operator
U( H”k(A)) is trace-class for a positive trace-class operator A. If 1(x) = xP where p < 1,
there is some A € S'(H,,) such that (T (A)) is no longer trace-class.

Proof. Let A be trace-class and ¢ € C([0,1]) N O(z), then T, (A) also is by Proposi-
tion 4.4. Thus

=Y Nilei@e))
=1

for some orthonormal basis {e;}; and >_.°, |A;| < oco. Then

Tr(w( Zd) <Zc\)\|<oo

Now let p < 1. We prove there is some A > 0 such that A € S*(#,,) but 7/,(A)? is
not in S'(#,,). We define the series {)\;}; positive and decreasing such that Y .=, A; is
(absolutely) convergent, but > >~ A diverges. Define

oo

A= N(ei®e))

i=1

for the orthonormal basis {e; = ((“) )22} of H,,. Then all the operators 7/ o(e; ®e;) are
simultaneously diagonalizable with eigenvectors {z"},,, where furthermore the eigenvalue
of 2" is 0 whenever i > n. Hence the operator 7,/((A) is diagonalizable with eigenvectors
{z"}, and
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Thus for the trace
Te(T ) (AP) 2 Y N =
i=0

We now find the functional calculus. We consider the functional calculus on C(]0, 1]).

Theorem 7.8. For v € C'([0,1]), ¥(0) = 0 and A € S'(H,) such that A > 0 and
Tr(4) =1

k
L / YUHLLADEDAE)
Furthermore, if f € L*(D,du) such that R:(f) >0 and Tr(R fD =1

v—oo UV

i S T (RGN = [ (Bus(7)(2)dutz),
D

Proof. First we note that 7,7, (A) has eigenvalues bounded by 1, so the functional calcu-
lus ¥(7,;,(A)) is well-defined. Also note that Y(HJ(A)(2)) is always well-defined. Now

we note that z — @ is in C([0,1]), if we define it to be

lim 28 _ O )

z—0t T 1

at 0. Hence it is the limit of a sequence of polynomials { P, },,. We define Q,,(x) = 2P, (z)
and see |@ — P,(z)| < €, implies

(@) — Qn()| < enz.
Now we note that if {\;}; are the eigenvalues of 7, (A) then

TR (T (A)) — TH(@n (T (A))

<23 W) - Qn |<—ZA 7 (4))
. +v+2k—-1
S wp-1)

Also using Lemma 4.3
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|/¢<Hk< /Qn (HEA)()di(2)

/ [GCHE(A)(2)) — Qu(HE(A)(2) du(2)
< / en HE(A)(2)du(z) = /fj -
D

Finally, by Theorem 7.6 for each n

lim L Te(Qn (T74(4))) = / Qu(HE(A)(2))du(2).

v—00 UV
D

Now if € > 0, we can first choose €, such that for any v

p+v+2k—1
€n——————— < €,
vip—1)

and ;jl < ¢, and then we can choose N big such that for v > N

L TH(Qu(T, / Qu(HE(A)(2)du(2)] < e.
It follows that for v > N

T - [ DS ()
D

< |§Tr<w<n”,k<A>>> - lTr<c2n<T,;fk<A>>>|

L TH(Qu (T (A / QuHE(A)(2))d(2)
+] [ @uH N - [oEbAE)bE) <3
D D

for v > N, and we obtain the first part of the theorem. The second part follows from
the first. O

We note that implicit in the proof is that 1 € C1([0,1]) and ¥(x) = 0 implies ¥ €
O(z).

There are several natural questions related to this result. One of these is the question
of majorization. It is proved by Lieb and Solovej [17] that for the SU(2)-equivariant
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quantum channels corresponding to the highest weight, the operator 7;”70(/1), where
A > 0 and Tr(A) = 1, is majorized for a projection onto the highest weight vector.
This was later generalized to some representations of SU(n) [19]. For the SU(1,1) case,
I believe a similar property holds considering the lowest weight component. Kulikov’s
result [15] can be formulated as this being true in the limit, and computer simulations
suggest majorization occurs, but I have not been able to prove this.

There are also more questions about the classification of equivariant maps and the
limit in different Banach spaces [3]. The SU(2)-invariant channels have the structure
of a simplex [2], and Aschieri, Ruba and Solovej concluded that the limit of the trace
of the functional calculus of extremal channels can be written as extremal points of
SU (2)-equivariant POVMs. We wonder if a similar result holds for SU(1, 1)-equivariant
channels. Furthermore, in [3] limits and inequalities in different Banach spaces were con-
sidered regarding the difference of the Toeplitz operators ||TfT, —T4||, and bounds were
proved for expansions. The bounds were dependent on the derivative(s) of the functions.
Explicit bounds were also given for the convergence. Perhaps similar statements can be
obtained for SU(1,1).

It also seems that this limiting procedure of equivariant channels can be put in a more
general context of holomorphic discrete series representations of Hermitian Lie groups
[21,29]. Genkai Zhang and I are planning to study this in a future publication. These
quantum channels might even be studied in the frame of general Toeplitz-quantization
[1,6].
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