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Abstract—Extremely large-scale antenna array (ELAA) sys-
tems emerge as a promising technology in beyond 5G and 6G
wireless networks to support the deployment of distributed ar-
chitectures. This paper explores the use of ELAAs to enable joint
localization, synchronization and mapping in sub-6 GHz uplink
channels, capitalizing on the near-field effects of phase-coherent
distributed arrays. We focus on a scenario where a single-antenna
user equipment (UE) communicates with a network of access
points (APs) distributed in an indoor environment, considering
both specular reflections from walls and scattering from objects.
The UE is assumed to be unsynchronized to the network, while
the APs can be time- and phase-synchronized to each other. We
formulate the problem of joint estimation of location, clock offset
and phase offset of the UE, and the locations of scattering points
(SPs) (i.e., mapping). Through comprehensive Fisher information
analysis, we assess the impact of bandwidth, AP array size,
wall reflections, SPs and phase synchronization on localization
accuracy. Furthermore, we derive the maximum likelihood (ML)
estimator for the joint localization, synchronization, and mapping
problem, which optimally combines the information collected
by all the distributed arrays. To overcome its intractable high
dimensionality, we propose a novel three-stage algorithm that
first estimates phase offset leveraging carrier phase information
of line-of-sight (LoS) paths, then determines the UE location
and clock offset via LoS paths and wall reflections, and finally
locates SPs using a null-space transformation technique. Simu-
lation results demonstrate the effectiveness of our approach in
distributed architectures supported by radio stripes (RSs) — an
innovative alternative for implementing ELAAs — while revealing
the benefits of carrier phase exploitation and showcasing the
interplay between delay and angular information under different
bandwidth regimes.

Index Terms– Extremely large-scale antenna arrays, distributed
architectures, radio stripes, positioning, phase synchronization,
carrier phase.

I. INTRODUCTION

Different generations of wireless communication systems
have boosted communication rates by essentially harnessing
two orthogonal dimensions: frequency [1] and space [2], [3]. In
terms of frequency, larger bandwidth available at increasingly
higher carrier frequencies brought commensurate surges in
capacity, motivating the transition from sub-6 GHz to mmWave
in 5G [4], and the exploration of sub-THz in 6G [5]. In terms
of space, larger antenna arrays provide spatial multiplexing
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Fig. 1. Representative scenario of uplink user equipment (UE) localization
supported by a network of N =4 distributed radio stripes. There are J = 2
dominant scatterers, 4 walls, and a single UE.

and diversity gains, thus increasing either rate or reliability.
This spurred the introduction of multiple-input-multiple-output
(MIMO) in 3G-4G [6], leading to massive MIMO in 5G, and
now extremely large-scale antenna array (ELAA) in 6G [7].
The increase in both bandwidth and antenna sizes led not
only to improvements in data rates, but also, first as a side-
effect and now as a key service for 6G, improvements in radio
localization [8].

The potential of such innovations for the sake of localization
is primarily linked to the high resolution brought in the de-
lay/distance domain via the bandwidth and in the angle domain
via the array size [9], [10]. Combined, this resolution unleashes
extreme accuracies in support of demanding 6G use cases such
as extended reality, cooperating robots, and digital twins [11].
At the same time, due to the large bandwidth and apertures,
conventional channel models were no longer appropriate, and
effects such as wavefront curvature and channel non-stationary
must be properly modeled to reap the full benefits [12].

Despite initial excitement about sub-THz bands, the reality
is that mainly lower bands will support the bulk of 6G
traffic [13]. This has put more focus on localization using
ELAA systems with limited bandwidths. Such systems can
be realized in various forms, such as a physically large collo-
cated antenna array, reconfigurable intelligent surface (RIS),
distributed arrays or radio stripes (RSs) [7]. Among cell-free
implementation alternatives, the RSs technology holds great
potential as a cost-efficient distributed architecture for dense
area deployments, such as stadiums, railway stations, within
trains, and at public spaces [14]–[16], with applications involv-
ing communication [14], power transfer [17], and positioning.
RSs are a distributed massive MIMO technology invented in
2017 and patented in 2018 by Ericsson [18]. Serially connected
RSs communicate with a central processing unit (CPU) via a
shared bus that simultaneously provides synchronization and
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power supply [14]. Unlike stripe-like RISs [19], RSs can
actively transmit and sample/process received signals. From
the viewpoint of positioning and sensing, synchronization of
distributed arrays has been experimentally shown to improve
angle-of-arrival (AoA) estimation accuracy [20]. In general,
the different realizations of ELAA systems vary mainly in
terms of whether observations are available in element-space
(i.e., at each antenna) or beam-space (i.e., projected into
a lower-dimensional space), following the terminology from
[21]. Research on localization can similarly be divided based
on these different points of view [22].

In terms of large collocated arrays, [23] considers nar-
rowband localization using a dynamic metasurface antenna
array, exploiting only the wavefront curvature in beam-space.
A related problem is tackled in [24], considering again nar-
rowband beam-space observations, but also accounting for
multipath propagation. A far from exhaustive list of RIS-
based works includes [19], [22], [25], [26]. Finally, distributed
arrays, comprising many phase-coherent access points (APs)
provide an extremely large near-field region, which was har-
nessed in [27]–[31]. Specifically, the works [27]–[29] consider
wideband element-space observations at mmWave, combining
the benefits of a wide aperture with a high delay resolution.
Unfortunately, such systems are impractical since (i) phase
synchronization among distributed arrays at mmWave bands
is extremely challenging due to hardware imperfections (e.g.,
phase noise and frequency errors) [32, Sec. 6.2.1] and (ii) loca-
tion calibration at a fraction of the wavelength (which is 1 cm
at 30GHz) is also extremely difficult. Localization using space
angle (SA) measurements at distributed linear arrays was stud-
ied in [30] in the absence of phase synchronization between
the arrays and without considering any specific frequency
band. Surprisingly, there are only limited research activities
on the very practical setting of distributed cell-free MIMO
localization under realistic propagation conditions at lower
bands. We note that this problem bears some resemblance to
the carrier phase positioning problem [33]. Our previous work
[31], which forms the basis of the current paper, considered the
impact of phase-coherent and phase-incoherent operation on
uplink positioning at sub-6 GHz in realistic channels exhibiting
dense multipath components (DMCs) [34].

Starting from our preliminary analysis in [31], this study
addresses the problem of uplink joint positioning, synchroniza-
tion, and environment mapping using distributed radio stripes
(RSs) at sub-6 GHz frequencies. Unlike [31] where only the
line-of-sight (LoS) component per UE-RS link is considered
in the channel model, this paper incorporates reflection points
(RPs) and scatter points (SPs) into the channel model, which
captures the propagation characteristics much more accurately.
In doing so, we propose a comprehensive generative model
that accounts for specular reflection, bistatic scattering and
dense multipath components. We derive novel estimators and
fundamental bounds under various settings, considering RSs’
different levels of phase/time synchronization and diverse
multipath characteristics in indoor sub-6 GHz environments.
The main contributions are as follows:

(i) We investigate the problem of joint uplink positioning,
synchronization and mapping with distributed RSs, considering
the distinctive properties of sub-6 GHz operation, including
phase and time synchronization capabilities [35], dense mul-
tipath environment [36], [37] and carrier phase (CP) exploita-
tion. For this challenging scenario, we propose a detailed

generative model that accounts for the peculiar characteristics
of the channels over the distributed RS network and allows
for computation of the theoretical lower bounds under various
operational assumptions.

(ii) We derive the ML estimator for joint localization,
synchronization, and mapping, which optimally combines sig-
nal observations collected at all RSs. Unlike [31], which
proposes an algorithm for localization and synchronization in
a simplified LOS-only scenario, we propose a novel three-
stage algorithm for localization, synchronization and mapping.
Through a convenient re-parameterization, we are able to
obtain ML estimates of the channel amplitudes for all involved
paths in closed form, thereby reducing the dimensionality of
the estimation process. To make the estimation task feasible,
we propose novel reduced-complexity estimation algorithms
for the remaining parameters in three steps. First, we estimate
the phase offset by leveraging CP information of LoS paths.
Subsequently, this is used to determine an initial estimate of
the UE location and clock offset through a suitable relaxed ML
estimator. Finally, such initial estimates are exploited for low-
complexity mapping of dominant scatterers in the environment.

(iii) We derive the Cramér-Rao lower bounds (CRLBs)
on position, clock and phase offsets estimation, including
mapping of SPs, both with and without exploiting CP infor-
mation. Our investigation highlights the impact of multipath
overlap on estimation performance. We carry out a detailed
investigation of fundamental theoretical limits on positioning
under a wide range of conditions, such as varying bandwidth
regimes and RS aperture sizes. Unlike [31], which employs a
simplified LoS-only channel model, our investigation relies on
the proposed more realistic channel model incorporating RP
and SP components, and thus provides valuable insights into
practical RS deployments for 6G networks.

(iv) We carry out extensive simulation analyses to assess the
performance of the proposed algorithms in terms of position,
clock/phase offset and SPs estimation accuracy, as a function
of the main system parameters and operating conditions.

Notations: Vectors and matrices are denoted by boldface
lower-case and upper-case letters, respectively. Symbols (·)−1,
(·)T, (·)H, and (·)† denote the inverse, transpose, conjugate
transpose (hermitian), and left pseudoinverse, respectively.
j =

√
−1 is the imaginary unit and we denote with ℜ{·} and

ℑ{·} the real and imaginary part operators. As to numerical
sets, R and C represent real and complex numbers sets,
respectively. We use B = {0, 1} to denote the binary set.
Toep(x,xH) denotes a Hermitian Toeplitz matrix with the first
column x and the first row xH. reshapeM,K (·) reshapes a
vector into an M × K matrix. We use 0M×N and 1M×N to
denote M ×N matrices of all zeros and all ones, respectively.
The identity matrix is I, where the size is left implicit. We
use x ∼ CNN(0,M) if x ∈ CN is a complex normal (N -
dimensional) vector with zero mean and (Hermitian) positive
definite covariance matrix M ∈ CN×N . E[·] denotes the
expected value, ∥·∥ is the Euclidean norm of a vector, whereas
⊙ and ⊗ stand for Hadamard and Kronecker products.

II. SYSTEM MODEL

Consider an RSs network composed of N stripes, each
consisting of M antennas, and a single UE equipped with a
single antenna and communicating with the network through
the uplink (UL) channel [15], [38]. We will address both cases
of presence or absence of phase synchronization between the
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UE and the RSs network. In the former case, phase coherence
effectively turns the RSs network into a large multiple-antenna
access point [14, Sec. 3.1], while the UE has an unknown
phase offset δϕ and unknown clock offset δτ with respect to
the RSs network. Indeed, the proposed system leverages the
entire network of RSs as a large-scale distributed array with
NM antennas. Since in realistic deployment scenarios it is
reasonable to install multiple RSs per wall, the system’s scale
can be easily increased to obtain an ELAA.

We assume that the wavefront of the signal transmitted by
the UE is planar over each individual RS (i.e., individual RSs
lie in the far-field of the UE). However, we do not assume
a planar but spherical wavefront over the entire RS network
due to a large aperture distributed over a wide area. That
is, we use a planar wavefront model per RS but a spherical
wavefront model for the whole RS network. Moreover, the
RSs are deployed around a rectangle at a specific height, as
depicted in Fig. 1. Each individual RS is placed at a known
phase center position pRS

n = [pRS
n,x pRS

n,y pRS
n,z]

T with known
azimuth orientation βn around the z-axis, which is measured
counter-clockwise from the x-axis1, while the UE is located
at an unknown position p = [px py pz]

T.
We consider a UL communication scenario where the UE

transmits orthogonal frequency division multiplexing (OFDM)
pilots s = [s1 · · · sK ]T ∈ CK×1 over K subcarriers with
spacing ∆f , e.g., sounding reference signal (SRS) for 5G new
radio (NR) UL positioning [39], ∥s∥ ≜ 1. Assuming quasi-
static block fading and transmit power Pt (in W), the UL
received signal at the n-th RS over subcarrier k is [10]

yn,k = hn,ksk
√
Pt +wDMC

n,k sk + zn,k ∈ CM×1 , (1)

where wDMC
n,k ∈ CM×1 is due to DMCs and zn,k ∈ CM×1

denotes circularly symmetric complex Gaussian thermal noise
with zn,k ∼ CNM(0, σ

2

K I). The total noise power over all
K subcarriers is σ2 = kBTB where kB is the Boltzmann
constant, T the absolute temperature, and B = ∆fK the
bandwidth. hn,k =

∑L−1
ℓ=0 hRP

n,ℓ +
∑J

ι=1 h
SP
n,ι ∈ CM×1 denotes

the multipath channel consisting of a sum of specular multipath
components (SMCs) at RPs hRP

n,ℓ including the LoS (ℓ = 0),
and reflections at SPs hSP

n,ι. To ease notation, we define the
sum channel as

hn,k =

Nc−1∑
κ=0

ρn,κe
jϕn,κa(θn,κ)e

−j2πk∆f τ̃n,κ , (2)

where κ ∈ {0 . . . Nc −1} indicates any component out of
Nc = L+J≜ |Nc| (with Nc = L∪J ) components impinging
on RS n, encompassing the LoS (κ = 0), all RPs (κ ∈ L\{0}),
and all SPs (κ ∈ J ). The set L contains the indices of LoS
and RPs, and J = {L+1 . . . L+J} contains SPs, with
L = |L| and J = |J | being the corresponding set cardinalities.
The unknown channel parameters for each component κ are:
amplitude ρn,κ, phase ϕn,κ, (pseudo-) delay τ̃n,κ, and AoA
θn,κ.

III. SIGNAL AND CHANNEL MODELS

In this section, we first develop a suitable formalization for
the channel models of the distributed RSs, emphasizing the
fundamental differences between RP and SP channels. Then,

1The orientation of each RS is defined by a single angle representing the
rotation around the z-axis, meaning that the RSs are parallel to the x-y plane.

our contribution will be to bridge such models to the per-RS
observed signal model used to infer the parameters relevant to
the localization problem. From the channel parameters in (2),

• the amplitude ρn,κ ∈ R represents the magnitude of the
forward transmission coefficient2 between the UE antenna and
a hypothetical isotropic antenna at the phase center position
pRS

n . Note that we lump together the unknown path amplitude
ρn,κ and the known transmit power Pt into a single nuisance
parameter αn,κ =

√
Ptρn,κ, where for notational convenience

the LoS amplitude is αLoS
n ≜ αn,0 (similarly, ρLoS

n ≜ ρn,0).
• ϕn,κ is the phase term involving the effects of one-way

signal propagation, phase shift induced by reflection, and phase
offset between the nth RS and the UE, given by

ϕn,κ = −2πfcτn,κ + φn,κ + δϕ,n , (3)

where ϕLoS
n ≜ ϕRP

n,0 is the LoS component phase and τn,κ the
one-way delay between signal transmission at the UE and
reception of component κ at RS n. We use τ LoS

n ≜ τ RP
n,0 to denote

the delay of the LoS component. In addition, the reflection-
induced phase shift φn,κ is assumed unknown for non-line-
of-sight (NLoS) components κ > 0, while φn,0 ≜ 0 for the
LoS3.
• τ̃n,κ is the pseudo-delay including the effect of one-way

propagation and the clock offset of the UE, namely

τ̃n,κ = τn,κ + δτ , (4)

where the component delay is defined as

τn,κ =
1

c

(
∥p− pc

n,κ∥+ ∥pc
n,κ − pRS

n ∥
)

(5)

inserting for the position pc
n,0=p for κ=0 (LoS), and pc

n,κ=
pRP

n,ℓ for κ ∈ L or pc
n,κ = pSP

ι for κ ∈ J for an RP or SP,
respectively. Indices κ are mapped to RP and SP indices using
respective functions ℓ(κ)=κ and ι(κ) = κ−L.

• a(θn,κ) ∈ CM×1 is the RS array response to a signal
impinging with AoA θn,κ (azimuth relative to the boresight of
the n-th RS array). Without loss of generality, we assume that
each RS is equipped with a uniform linear array (ULA) with
spacing d, so that the array response vector takes the form

a(θ) ≜
[
1 ej

2π
λ d sin θ · · · ej 2π

λ d(M−1) sin θ
]T

, (6)

with λ = c/fc denoting the wavelength, and c and fc denoting
the speed of light and carrier frequency, respectively. The AoA
θn,κ relates the known position and orientation of the n-th RS
and the unknown UE, RP, or SP position according to

θn,κ =
π

2
− atan2

(
[p′

n,κ]2, [p
′
n,κ]1

)
, (7)

where atan2(y, x) denotes the four-quadrant arc tangent func-
tion, and we implicitly make the distinction between AoAs of
the LoS, RPs, and SPs such that

p′
n,κ = f(pc

n,κ) = M−1(βn)(p
c
n,κ − pRS

n ) (8)

is the UE (κ=0), RP (κ∈L\{0}), or SP (κ∈J ) position in the
local reference frame of the n-th RS, and M(β) is the rotation
matrix around the z-axis (see Supplementary Material S-I) and
βn is the azimuth rotation angle of the RS.

2The complex channel amplitude ρn,κejϕn,κ represents a scattering
parameter (S-parameter) such that its squared magnitude corresponds to the
path gain between the antenna ports (i.e., the reciprocal of the path loss).

3The integer phase ambiguity in ϕn,κ in (3) can be entirely absorbed into
the unknown phase offset δϕ, thus φn,0 = 0.
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A. Specular Multipath Components
The peculiarity of a specular reflection at a surface is that the

incident and reflected rays form equal angles with the surface
normal. Such specular reflections typically occur when the
wavelength is large compared to the surface roughness [40].
Specular reflections at large planar surfaces are particularly
relevant indoors, which we model through a geometric chan-
nel [41]. The point at a specularly reflecting surface where a
ray cast by the UE impinges before getting reflected to the
n-th RS is denoted pRP

n,ℓ and defined through our geometric
model in Supplementary Material S-II-A. With θLoS

n ≜ θn,0

denoting the AoA of the LoS component, the AoAs of RPs
θRP
n,ℓ are described through (7) by inserting the RP position
pRP

n,ℓ (8). While the LoS delay τ LoS
n = 1

c ∥p−pRS
n ∥, the RP delay

τ RP
n,ℓ is computed by inserting pRP

n,ℓ in (5), which describes the
propagation from the UE over the ℓ-th RP of RS n to its phase
center position. This will be referred to as RP channel model,
where we relate the amplitudes αRP

n,ℓ and phases ϕRP
n,ℓ to the

environment geometry through the Friis equation reformulated
for power-wave amplitudes, defined in Supplementary Mate-
rial S-II-B. We consider L specular surfaces, each of which
would give rise to a single RP per RS n. However, each RS is
mounted on a surface that does not produce an SMC for that
respective RS, thus the total number of RPs including the LoS
equals L for each RS.

B. Scatter Point Components
Contrary to the unidirectional scattering (i.e., equal incident

and reflecting angles) of a specular reflection at a large planar
surface, the characteristic feature of a reflection at an SP is
its omnidirectional rescattering. In real-life scenarios, small
metallic objects, corners, metal poles, or window frames often
possess the characteristics of SPs [42]. An SP component
originates from the UE position, impinges at the ι-th SP at
pSP

ι and travels to the n-th RS at pRS
n . The AoAs of SPs θSP

n,ι

are described through (7) by inserting the SP position pSP
ι

in (8). The SP component delay is computed by inserting pSP
ι

in (5). This will be referred to as SP channel model, where we
relate the amplitudes αSP

n,ι and phases ϕSP
n,ι to the environment

geometry through the bistatic radar range equation reformu-
lated for power-wave amplitudes, defined in Supplementary
Material S-II-C.

C. Dense Multipath Components
The dense multipath term in (1) can be modeled as a

stochastic component with the distribution [10], [36], [43]

wDMC
n ∼ CNMK(0,R

DMC(ηDMC)) , (9)

where

wDMC
n ≜ [(wDMC

n,0 )
T · · · (wDMC

n,K−1)
T]T ∈ CMK×1 (10)

denotes the DMC observed in the spatial-frequency domain,
and RDMC ∈ CMK×MK is the spatial-frequency covariance
matrix of the DMC. Assuming spatially white DMC and
the Kronecker separability of the spatial and frequency do-
mains (i.e., uncorrelated scattering between angle and delay
domains), RDMC can be written as [34, Eq. (2.69)], [10], [43]

RDMC(ηDMC) = Rf (ηDMC)⊗ IM , (11)

where Rf (ηDMC) = Toep(κ(ηDMC),κ(ηDMC)
H) ∈ CK×K is the

frequency domain covariance matrix where ηDMC = [αd βd τd]
T

is the DMC parameter vector consisting of power αd, normal-
ized coherence bandwidth βd, and normalized onset time τd,
and κ(ηDMC) ∈ CK×1 represents the sampled version of the
DMC power spectral density [34, Eq. (2.61)]

ψDMC(f) =
αd

βd + j2πf
e−j2πfτd . (12)

D. Spatial-Frequency Observations at Radio Stripes

Aggregating the received signals in (1) over K subcarriers,
using the multipath model in (2) and DMC model in (9), the
spatial-frequency observation matrix at the n-th RS is

Yn ≜ [yn,0 · · · yn,K−1] ∈ CM×K

=

Nc−1∑
κ=0

αn,κe
jϕn,κa(θn,κ)(b(τ̃n,κ)⊙ s)T +Wn , (13)

where

b(τ) ≜
[
1 e−j2π∆fτ · · · e−j2π(K−1)∆fτ

]T
∈ CK×1 (14)

is the frequency domain steering vector, and

Wn = W DMC
n ⊙

(
1M×1s

T
)
+Zn ∈ CM×K (15)

is the disturbance term consisting of DMCs and white noise,
with W DMC

n = reshapeM,K (wDMC
n ) ∈ CM×K and Zn =

[zn,0 · · · zn,K−1] ∈ CM×K . From Supplementary Material S-
III, we have4

wn = vec (Wn) ∼ CNMK(0,R(ηDMC, σ
2)) , (16)

where

R(ηDMC, σ
2) =

(
Rf (ηDMC)⊙ ssH

)
⊗ IM +

σ2

K
IMK . (17)

E. SDNR Definition

For comparability of results in Sec. VII-A, we relate the
signal-to-dense multipath-plus-noise ratio (SDNR) only to the
LoS and define the average SDNR as5

SDNR =
Pt

NK

N∑
n=1

(ρLoS
n )

2 ∥c′(θLoS
n , τ̃ LoS

n )∥2 , (18)

where the per-RS angular-delay response is c(θ, τ)≜ (b(τ)⊙
s)⊗a(θ) ∈ CMK×1 and c′(θ, τ) ≜ R−1/2c(θ, τ). The ratio
of DMC power to thermal noise power is defined through
the dense-multipath-to-noise ratio (DNR) DNR = αd

σ2 . For
simulations, we keep the SDNR in (18) constant and set the
transmit power

Pt =
SDNR NK∑N

n=1(ρ
LoS
n )2 ∥c′(θLoS

n , τ̃ LoS
n )∥2

(19)

to meet the desired SDNR for the chosen parameters.

4The DMC statistics may not be the same among the RSs since the
distances between each RS and the UE are different. This leads to different
power, coherence bandwidth, and onset time for each RS. See [10].

5M does not enter in the denominator of (18). This effectively divides
(19) by M and ensures that the positioning accuracy depends only on the
angular resolution and not the array gain (cf. Fig. 4(a) and Fig. 4(b)).
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L Reflection PointsJ Scatter Points

SPs RPs

UE

Clock

ϕRP
n,ℓ

ϕSP
n,ι

αRP
n,ℓ

αSP
n,ι

Fig. 2. A non-exhaustive overview of our signal model defined in Sec. III with parameters indicated by nodes and dependencies represented by edges. We
distinguish · global parameters of interest ηw and · global nuisance parameters ηu from (20), and · local per-RS channel parameters ηch

n from (66).

IV. PROBLEM FORMULATION

The joint positioning, synchronization and mapping problem
consists in inferring a set of wanted parameters from signal
observations at each RS either using intermediate channel
parameters (two-step) or by direct fusion of the acquired
information at the RSs network level. Given the observations
{Yn}N−1

n=0 in (13) collected by all RSs from only a single snap-
shot of UL transmission, the problem of interest is to estimate
the UE position p, its clock offset δτ and its phase offsets
δϕ,n, and the SP positions pSP

ι , contrary to RP positions.6 As
to DMC parameters, different methods are available to estimate
them, e.g. [10, Sec. III-C1], [34, Sec. 6.1.8]. To decouple the
less investigated problem of joint localization, synchronization,
and mapping supported by a network of distributed RSs from
the better-understood problem of estimating DMC parameters,
we assume that preliminary estimation of RDMC(ηDMC) has been
performed by resorting to one of those methods. The unknown
parameter vector for our estimation problem is then defined as

η =
[
pT δT pSPT︸ ︷︷ ︸

ηw

ϕT αT︸ ︷︷ ︸
ηu

]T ∈ RDg×1 , (20)

which is divided into parameters of interest ηw and nuisance
parameters ηu, and where

δ := [δτ δTϕ ]
T , (21a)

pSP := [pSP
1
T
. . . pSP

J
T
]T ∈ R3J×1 , (21b)

αn := [αn,0 . . . αn,Nc−1]
T ∈ RNc×1 , (21c)

α := [αT
1 . . . αT

N ]
T ∈ RNNc×1 , (21d)

ϕn := [ϕn,1 . . . ϕn,Nc−1]
T ∈ RNc−1×1 , (21e)

ϕ := [ϕ1
T . . . ϕNc−1

T]T ∈ RN(Nc−1)×1 . (21f)

6Since walls have known positions and orientations, pRP
n,ℓ can be ex-

pressed through the UE position p (contained in η) according to our model
in Supplementary Material S-II-A and do not enter η as nuisance parameters.

Parameters of interest: We aim to infer the UE position
p and synchronization parameters, δ := [δτ , δ

T
ϕ ]

T where we
distinguish two different levels of phase synchronization:

NCP Noncoherent processing:
δ encompasses a time offset δτ and a phase offset δϕ,n
to each RS δϕ = [δϕ,1 · · · δϕ,N ]T, thus δ ∈ R1+N×1.

CP Coherent processing:
δ encompasses a time offset δτ and one phase offset
δϕ to all RSs, i.e., δ = [δτ δϕ]

T ∈ R2×1.

Depending on the level of synchronization, the dimension of
the global parameter vector η is

Dg =

{
D + 1 + 3J + 2N(L+ J) NCP
D + 2 + 3J + 2N(L+ J)−N CP

, (22)

where D indicates the number of unknown UE position
coordinates.7 In addition, we want to map the environment
in terms of dominant obstacles and use pSP ∈ R3J×1 to denote
the vector of stacked SP positions pSP

ι ∈ R3×1.
Nuisance parameters: While αn contains the Nc stacked

amplitudes of all components impinging at a single RS n, we
stack the amplitudes of the total number of NNc components
impinging on all N RSs into a vector α. Likewise, we stack all
phases except for the LoS κ = 0 in a vector ϕn and stack the
phases of the total number of RPs and SPs impinging on all
RSs into a vector ϕ. The phases ϕLoS

n of LoS components are
not entering our nuisance parameters ηu, as they are implicitly
contained in the remaining parameters of our global parameter
vector η, according to our channel model defined in Sec. III-A.

7Setting D = 2 requires one coordinate of the UE antenna to be known,
e.g., positioning a robot with fixed and known antenna height (sometimes
termed 2.5D positioning).
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V. JOINT POSITIONING, SYNCHRONIZATION AND
MAPPING IN RADIO STRIPES NETWORKS

We derive novel reduced-complexity algorithms to solve
the joint positioning, synchronization and mapping problem
in Sec. IV. We consider phase-coherent RSs CP , namely
δ = [δτ δϕ]

T, which unveils the potential of the RS network:
the spatial distribution of the RSs provides a large aperture,
enabling exploitation of spherical wavefront information under
near-field conditions, bringing in turn high-resolution carrier
phase information to estimate UE/SP positions.

A. Optimal Joint Localization, Synchronization and Mapping
via Maximum Likelihood

Following the Maximum Likelihood (ML) approach, we
frame the positioning, synchronization, and mapping problem
as a direct joint estimation problem, hereafter referred to as
Joint ML (JML):

η̂JML = argmax
η

p({Yn}Nn=1 | η), (23)

with p({Yn}Nn=1 | η) the joint probability density function
(PDF) of all observables conditioned on η, of which the vector
of desired parameters is ηw = [pT δτ δϕ pSPT]T in the CP case.

Assuming independent realizations of the disturbance com-
ponent Wn in (15) across the RSs, the log-likelihood version
of the objective in (23) can be written as

log p({Yn}Nn=1 | η) =
N∑

n=1

log p(Yn | η) , (24)

where

log p(Yn | η) = −
∥∥∥R−1/2

n

[
yn −

L−1∑
ℓ=0

γRP
n,ℓ c(θ

RP
n,ℓ, τ̃

RP
n,ℓ)

−
J∑

ι=1

γSP
n,ι c(θ

SP
n,ι, τ̃

SP
n,ι)

]∥∥∥2 −MK log π − log detRn , (25)

with γRP
n,ℓ = αRP

n,ℓe
jϕRP

n,ℓ , γSP
n,ι = αSP

n,ιe
jϕSP

n,ι , L includes the LoS
path and the known number of RPs, Rn is defined in (17),
and yn ≜ vec (Yn) ∈ CMK×1 is the vectorized form of the
data matrix Yn (13) at n-th RS. Notice that, while coarse
knowledge of the number of RPs (L−1) is generally available
(being dependent on the number of walls, ceiling and other
large reflecting surfaces, easily obtained from the building
structural layout), knowledge of J can be more challenging due
to the less predictable nature of scattering. However, also this
value can be estimated from the observations using classical
techniques for model order selection, e.g. Akaike’s method
[44]), hence in the following J is assumed known.

Neglecting constant terms in (25), problem (23) becomes

η̂JML = argmin
η

LJML(η) , (26)

where we pose y′
n ≜ R

−1/2
n yn and

LJML(η)=

N∑
n=1

∥∥∥y′
n−

L−1∑
ℓ=0

γRP
n,ℓ c

′(θRP
n,ℓ, τ̃

RP
n,ℓ)−

J∑
ι=1

γSP
n,ι c

′(θSP
n,ι, τ̃

SP
n,ι)

∥∥∥2.
(27)

To tackle the challenging optimization problem above, we
re-parameterize (27) in a different but equivalent form as

LJML(η) =

N∑
n=1

∥∥∥y′
n −Bn(ηw)xn(αn,ϕn)

∥∥∥2, (28)

where xn is a (2(L+J)− 1)× 1 real vector stacking the real
amplitude αLoS

n of the LOS path and both the real and imaginary
parts of each complex RPs and SPs amplitudes, i.e.,

xn = [αLoS
n ,ℜ

{
γRP
n,1

}
,ℑ

{
γRP
n,1

}
, · · · ,ℜ

{
γRP
n,L−1

}
,ℑ

{
γRP
n,L−1

}
,

ℜ
{
γSP
n,1

}
,ℑ

{
γSP
n,1

}
, · · · ,ℜ

{
γSP
n,J

}
,ℑ

{
γSP
n,J

}
]T, (29)

with Bn ∈ CMK×(2(L+J)−1) given by

Bn = [ejϕ
LoS
n c′(θLoS

n , τ̃ LoS
n ), c′(θRP

n,1, τ̃
RP
n,1), jc

′(θRP
n,1, τ̃

RP
n,1), · · ·

c′(θRP
n,L−1, τ̃

RP
n,L−1), jc

′(θRP
n,L−1, τ̃

RP
n,L−1), c

′(θSP
n,1, τ̃

SP
n,1),

jc′(θSP
n,1, τ̃

SP
n,1), · · · , c′(θSP

n,J , τ̃
SP
n,J), jc

′(θSP
n,J , τ̃

SP
n,J)]. (30)

Then, we notice that∥∥∥y′
n −Bnxn

∥∥∥2 =
∥∥∥(y′

n,R + jy′
n,I)− (Bn,R + jBn,I)xn

∥∥∥2
=
∥∥∥y′

n,R −Bn,Rxn + j(y′
n,I −Bn,Ixn)

∥∥∥2
=
∥∥∥y′

n,R −Bn,Rxn

∥∥∥2 + ∥∥∥y′
n,I −Bn,Ixn

∥∥∥2,
(31)

where y′
n,R = ℜ{y′

n}, y′
n,I = ℑ{y′

n} and, similarly,
Bn,R = ℜ{Bn}, Bn,I = ℑ{Bn}. The expression in (31) is a
convenient decomposition that allows us to obtain the optimal
(ML) estimates of xn’s in closed-form. More specifically, by
computing the derivative of L(η) in (28) using (31) wrt each
vector xn, n = 1, . . . , N , and posing it equal to zero, it follows

(BT
n,RBn,R +BT

n,IBn,I)xn = BT
n,Ry

′
n,R +BT

n,Iy
′
n,I (32)

since the xn’s are not linked to each other and, accordingly,
terms in the outer summation of L(η) corresponding to RSs
with indexes n′ ̸= n will be constant when derived wrt xn.
Re-arranging the terms in

◦
y′
n =

[
y′
n,R

y′
n,I

]
,

◦
Bn =

[
Bn,R

Bn,I

]
(33)

we can finally obtain a closed-form estimate of the correspond-
ing xn in terms of Bn for each individual RS n as

(
◦
BT

n

◦
Bn)xn =

◦
BT

n
◦
y′
n −→ x̂JML

n =
◦
B†

n
◦
y′
n, (34)

with
◦
B†

n =
( ◦
BT

n

◦
Bn

)−1 ◦
BT

n . From (34), one can easily
retrieve the estimates of the real LoS amplitudes αLoS

n ’s as well
as the complex multipath amplitudes γRP

n,ℓ’s and γSP
n,ι’s as

α̂LoS, JML
n = [x̂JML

n ]1 (35)
γ̂RP, JML
n,ℓ = [x̂JML

n ]2ℓ + j[x̂JML
n ]2ℓ+1, ℓ = 1, . . . , L− 1 (36)

γ̂SP, JML
n,ι = [x̂JML

n ]2(L−1)+2ι + j[x̂JML
n ]2L+2ι−1, ι = 1, . . . , J, (37)

with [·]i indicating the i-th element of the vector argument.
Now that we have obtained optimal estimates x̂JML

n of the
path amplitudes in (34), which correspond to the ηu part of
η in (20), we can plug x̂JML

n , n = 1, . . . , N , back into (28) to
obtain the following compressed log-likelihood function

LJML(ηw) =

N∑
n=1

∥∥∥y′
n −Bn(ηw)

◦
B†

n(ηw)
◦
y′
n

∥∥∥2 . (38)

Remarkably, the dimension of the estimation problem has been
reduced from D+ 2+ 3J +N(2L+ 2J − 1) to D+ 2+ 3J .
By inspecting (38) and using (30), it is possible to highlight
the dependence of Bn (similarly of

◦
B†

n) on the remaining
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unknown parameters, namely UE position p, clock offset δτ ,
phase offset δϕ, and SP positions {pSP

ι }Jι=1, as follows:
• ϕLoS

n depends on p and δϕ through (3) and (5);
• τ̃ RP

n,ℓ can be written in terms of p, pRP
n,ℓ and δτ through (5)

and (4), and in turn pRP
n,ℓ can be written as a function of

p via (S2) (see Supplementary Material S-II-A);
• θRP

n,ℓ can be written in terms of p and pRP
n,ℓ through (7)-(8);

• τ̃ SP
n,ι depends on p, pSP

ι and δτ through (4) and (5);
• θSP

n,ι depends on p and pSP
ι through (7) and (8).

Interestingly, the dependencies left are only upon the param-
eters of interest ηw = [pT δτ δϕ pSPT]T. In principle, solving
the estimation problem

η̂JML
w = argmin

ηw
LJML(ηw) (39)

would require a joint optimization over the continuous support
defined by ηw, which unfortunately is not feasible in closed-
form, nor can be approached by an exhaustive grid search
due to the exceptionally high dimensionality of the problem.
Therefore, in the following we propose a novel approach to
make the estimation task feasible. Specifically, we derive novel
approximate estimators that can provide good initial estimates
of the parameters in ηw; then, the latter will be used to initialize
an iterative, reduced-complexity optimization of the optimal
compressed log-likelihood function in (38), ultimately yielding
refined estimates that we retain.

B. Reduced-complexity Algorithms for Initial UE Localization,
Synchronization and Mapping

To tackle the formidable complexity of the problem at
hand, we follow an alternative strategy, hereafter referred to as
Relaxed Maximum Likelihood (RML). The main idea consists
in decoupling the estimation of the UE-related parameters
η̆w = [pT δτ δϕ]

T from the SP parameters {pSP
ι }Jι=1, and

relaxing some dependencies, as discussed in the following.
1) Initial UE Localization and Synchronization: We start by

relaxing the original estimation problem in (39) and propose
to approximate the signal model as consisting of LoS and
RPs contributions only, which is tantamount to neglecting, at
a first stage, the presence of the J paths originating from SPs
{pSP

ι }J−1
ι=1 . Accordingly, (27) becomes

LRML(η̆) =

N∑
n=1

∥∥∥y′
n − αLoS

n ejϕ
LoS
n c′(θLoS

n , τ̃ LoS
n )

−
L−1∑
ℓ=1

γRP
n,ℓ c

′(θRP
n,ℓ, τ̃

RP
n,ℓ)

∥∥∥2, (40)

with η̆ = [pT δτ δϕ︸ ︷︷ ︸
η̆w

αRP ϕRP︸ ︷︷ ︸
η̆u

]T ∈ R(D+2+N(2L−1))×1 and

αRP ≜ [αRP
1

T · · · αRP
N

T]T ∈ RNL×1 , (41a)

ϕRP ≜ [[ϕRP
1 ]

T
2:L · · · [ϕRP

N ]
T
2:L]

T ∈ RN(L−1)×1 . (41b)

a) Estimation of Phase Offset: We now provide a strategy
to obtain a closed-form estimate of the phase offset δϕ. To
this aim, we rewrite the likelihood (40) after relaxing the
dependency of the LoS phase terms ϕLoS

n on the unknown UE
position p and phase offset δϕ, i.e., by considering a relaxed
variable γLoS

n = αLoS
n ejϕ

LoS
n (with no phase-coherent structure)

and treating {γLoS
n }Nn=1 as unknown complex amplitudes. It is

important to observe that we use this non-coherent relaxation

only in the initial part of the derivation, whereas in the
subsequent steps we will revert to the original phase-coherent
structure. The non-coherent relaxation temporarily increases
by N − 1 the number of unknowns in η̆, due to an additional
unknown phase term in ϕRP

n for each RS n. We denote the new
vector of unknown parameters as

η̆ext = [pT δτ δTϕ γT
1 · · · γT

N ]T ∈ R(D+1+N)×1×CNL, (42)

with γn = [γLoS
n γn,1 · · · γn,L−1]

T and, accordingly, rewrite
(40) in matrix form as

LRML-NCP(η̆ext) =

N∑
n=1

∥∥∥y′
n −C ′

n(p, δτ )γn

∥∥∥2, (43)

where the additional superscript NCP highlights the non-
coherent processing of the signal paths, and

C ′
n(p, δτ ) ≜ [c′n,0(p, δτ ) · · · c′n,L−1(p, δτ )]. (44)

The relaxed UE localization and synchronization problem
can be then recast aŝ̆ηRML-NCP

ext = argmin
η̆ext

L(η̆ext). (45)

This problem is ancillary to the ultimate estimation of δϕ: since
(43) is a separable LS problem, the complex amplitudes can
be estimated on a per-RS basis as a function of p and δτ as

γ̂n(p, δτ ) = (C ′
n(p, δτ ))

†
y′
n (46)

for n = 1, . . . , N . From γ̂n(p, δτ ), we pick only the LoS
complex amplitudes and try to exploit their original structure
γ̂LoS
n = α̂LoS

n e
jϕ̂LoS

n to estimate the phase offset δϕ. In fact, by
inspecting (3), we observe that the relationship

ϕ̂LoS
n (p, δτ ) = −2πfcτ

LoS
n (p) + δϕ(p, δτ ) (47)

holds for each n = 1, . . . , N . Notice that, having restored the
coherent structure, we no longer need to estimate the unknown
vector δϕ, but only a single scalar value δϕ corresponding
to the common phase offset between the UE and the entire
network. This suggests that, conditioned on a tentative value of
UE position (and of the clock offset for obtaining γ̂n(p, δτ )),
we can first apply a per-RS de-rotation by a complex factor as

ξLoS
n (p, δτ ) ≜ γ̂LoS

n (p, δτ ) e
j2πfcτ

LoS
n (p) (48)

to compensate for the delay term in (3), leaving a dependency
only on the sought δϕ in ξLoS

n ; then, all ξLoS
n ’s can be summed

and an estimate of the phase offset can be readily obtained as
the argument of the resulting complex number, i.e.

δ̂RML
ϕ (p, δτ ) = ∠

N∑
n=1

ξLoS
n (p, δτ ). (49)

The phase offset estimator is summarized in Algorithm 1.

Algorithm 1 Phase Offset Estimator
1: Input: {y′

n}Nn=1, p ∈ D-dim. grid Gp, δτ ∈ 1-dim. grid Gδτ

2: Compute C′
n = [c′n,0 · · · c′n,L−1], n = 1, . . . , N

3: Estimate γ̂n =
(
C′

n

)†
y′
n, n = 1, . . . , N

4: Compute τ LoS
n via (5) n = 1, . . . , N

5: Compute ξLoS
n = γ̂LoS

n ej2πfcτ
LoS
n , n = 1, . . . , N

6: Estimate δ̂RML
ϕ = ∠

N∑
n=1

ξLoS
n

7



b) Estimation of UE Position and Clock Offset: At the
first stage, we neglected phase coherence among all the RSs
and proposed an approach to obtain a closed-form (conditional)
estimate of the phase offset δ̂ϕ. Now, at the second stage, we
plug such an estimate back into (40), where phase coherence
among RSs is fully restored and follow the same ML steps as
in (28)-(34) to obtain closed-form (conditional wrt p and δτ )
estimates of αRP and ϕRP. Subsequently, the estimated vectors
α̂RP and ϕ̂RP, together with δ̂ϕ, can be substituted back into
(40), yielding the compressed log-likelihood function

LRML(p, δτ ) =

N∑
n=1

∥∥∥y′
n − B̆n(p, δτ )

◦

B̆†
n(p, δτ )

◦
y′
n

∥∥∥2, (50)

with

B̆n ≜ [ejϕ̂
LoS
n c′(θLoS

n , τ̃ LoS
n ) c′(θRP

n,1, τ̃
RP
n,1) jc

′(θRP
n,1, τ̃

RP
n,1) · · ·

c′(θRP
n,L−1, τ̃

RP
n,L−1) jc

′(θRP
n,L−1, τ̃

RP
n,L−1)], (51)

where ϕ̂LoS
n is given in (47) and, analogously to previous

definitions in (38),
◦

B̆n =

[
B̆n,R

B̆n,I

]
with B̆n,R = ℜ

{
B̆n

}
,

B̆n,I = ℑ
{
B̆n

}
. Interestingly, as in (38), the dependencies

left are only upon the parameters of interest p and δτ . As
a result, the ultimate expression of the (approximate) UE
position and clock offset estimator is

[p̂RML δ̂RML
τ ] = argmin

p,δτ
LRML(p, δτ ). (52)

However, differently from (39), the approach proposed in this
section further reduces the dimensionality of the estimation
problem from D + 2 + 3J to only D + 1.

The RML estimator is summarized in Algorithm 2.

Algorithm 2 RML for Initial UE Localization and Synchro-
nization

1: Input: {y′
n}Nn=1, {◦

y′
n}Nn=1, D-dim. grid Gp, 1-dim. grid Gδτ

2: for p ∈ Gp do (n = 1, . . . , N ; ℓ = 1, . . . , L− 1)

3: Compute τ LoS
n via (5)

4: Compute θLoS
n and θRP

n,ℓ via (7)
5: for δτ ∈ Gδτ do (n = 1, . . . , N ; ℓ = 1, . . . , L− 1)

6: δ̂RML
ϕ = PhaseOffsetEstimator({y′

n}Nn=1,p, δτ )

7: Compute ϕ̂LoS
n = −2πfcτ

LoS
n + δ̂RML

ϕ

8: Compute τ̃ LoS
n and τ̃ RP

n,ℓ via (4)

9: Compute B̆n via (51) and
◦

B̆n =

[
ℜ{B̆n}
ℑ{B̆n}

]
10: Compute LRML(p, δτ ) =

N∑
n=1

∥∥∥y′
n − B̆n

◦

B̆†
n

◦
y′
n

∥∥∥2

11: end for
12: end for
13: [p̂RML δ̂RML

τ ] = arg min
p∈Gp,δτ∈Gδτ

LRML

c) Low-Complexity Estimation of Clock Offset: To fur-
ther reduce the dimensionality of the optimization problem
in (52), we employ a low-complexity strategy to obtain a
coarse estimate of δτ as a function of p, consisting of the
following steps. First, for each RS n, we estimate the pseudo-
delay via IFFT over subcarriers and noncoherent integration
over spatial (antennas) domain. Specifically, we switch from
spatial-frequency domain to delay-spatial domain by comput-
ing Yn = IFFT(Y T

n ) as the (per-column) IFFT-transformed
delay-spatial observations over NF points, where Yn is the
spatial-frequency observation at the n-th RS given in (13).

This is followed by a noncoherent integration across the spatial
domain (i.e., samples over the M antennas) and finding the
index of the maximum element

q̂n = argmax
q

[
M∑

m=1

|[Yn]q,m|2 : 0 ≤ q ≤ NF − 1

]
, (53)

with [Yn]q,m denoting the (q,m)-th entry of Yn. Accordingly,
a coarse estimate of the pseudo-delay τ̃n can be obtained by
mapping the index q̂ with the corresponding IFFT bin aŝ̃τn = q̂n/(NF∆f) . (54)

Next, for a given trial position p, the clock offset can be
estimated by computing the difference between the pseudo-
delay and the true delay at p based on (4), i.e.,

δ̂τ,n(p) = ̂̃τn − 1

c
∥p− pRS

n ∥ . (55)

Finally, a coarse estimate of δτ can be obtained simply via
averaging over the RSs:

δ̂τ (p) =
1

N

N∑
n=1

δ̂τ,n(p) . (56)

To determine the initialization point for (52), one can then
perform a 3D search (2D for known height of UE) via

p̂RML = argmin
p

LRML(p, δ̂τ (p)), (57)

yielding (p̂RML, δ̂τ (p̂
RML)) as the initialization point for 4D

numerical optimization in (52).
The RML estimator with reduced complexity is summarized

in Algorithm 3.

Algorithm 3 RML for Initial UE Localization with Reduced
Complexity Synchronization

1: Input: {y′
n}Nn=1, {◦

y′
n}Nn=1, D-dim. grid Gp, 1-dim. grid Gδτ

2: for p ∈ Gp do (n = 1, . . . , N ; ℓ = 1, . . . , L− 1)

3: Estimate δ̂τ with low-complexity via IFFT using (53)-(56)
4: Compute τ LoS

n via (5)
5: δ̂RML

ϕ = PhaseOffsetEstimator({y′
n}Nn=1,p, δ̂τ (p))

6: Compute ϕ̂LoS
n = −2πfcτ

LoS
n + δ̂RML

ϕ

7: Compute τ̃ LoS
n and τ̃ RP

n,ℓ via (4)
8: Compute θLoS

n and θRP
n,ℓ via (7)

9: Compute B̆n via (51) and
◦

B̆n =

[
ℜ{B̆n}
ℑ{B̆n}

]
10: Compute LRML(p) =

N∑
n=1

∥∥∥y′
n − B̆n

◦

B̆†
n

◦
y′
n

∥∥∥2

11: end for
12: p̂RML = arg min

p∈Gp

LRML

13: Compute δ̂RML
τ based on p̂RML

2) Initial Mapping of Scatterers Positions: We devise an
alternative strategy to obtain an initial estimate of all the SPs
positions {pSP

ι }Jι=1, leveraging the initial (coarse) knowledge
about UE position p̂RML and synchronization offsets (δ̂RML

τ , δ̂RML
ϕ )

gained using the previously-proposed algorithms. To this aim,
we reconsider (44) and observe that the matrices C ′

n(p, δτ ),
which contain the angular-delay response vectors c′n,ℓ(p, δτ ),
span a basis for the joint L-dimensional LoS and RPs space
when evaluated for p = p̂RML and δτ = δ̂RML

τ . Starting from
these matrices, we propose an approach, hereafter referred to as
null-space transformation (NST), that leverages the subspace

8



RML
(Algorithm 1 for Phase Offset Estimation +

either Algorithm 2 or 3 for UE Localization and Time Synchronization)

·

UE position p̂RML

clock offset δ̂RML
τ

phase offset δ̂RML
ϕ

Initial
Estimates:

NST
(Algorithm 4)

JML
(minimize eq. (38) via iterative optimization)

Initial Estimates:
SP positions p̂SP, RNST

Fig. 3. Block diagram of the proposed three-stage algorithm.

orthogonal to the joint LoS/RPs space to approximately re-
move LoS and RPs paths from the received signals {y′

n}Nn=1.
Specifically, we estimate a per-RS basis for the null space
(kernel) of LoS and RPs vectors, using the coarse estimates of
p̂RML and δ̂RML

τ , as follows

Kn = null(C ′H
n(p̂

RML, δ̂RML
τ )) ∈ CMK×MK−L, (58)

where null(·) denotes the operator returning a basis for the
null space of the matrix argument. Then, for the resulting
transformed version of the observables, ζn = KH

ny
′
n, it holds

ζn=

L−1∑
ℓ=0

γRP
n,ℓ KH

nc
′(θRP

n,ℓ, τ̃
RP
n,ℓ)︸ ︷︷ ︸

≈0

+
J∑

ι=1

γSP
n,ι K

H
nc

′(θSP
n,ι, τ̃

SP
n,ι) + vn,

where vn ≜ KH
nR

−1/2
n wn and the approximation is obviously

related to the fact that estimated projection matrices are used in
place of the true ones. Based on ζns, a reduced ML estimation
problem can be formalized as

[p̂SP, NST γ̂SP, NST] = arg min
pSP,γSP

LNST(pSP,γSP), (59)

where γSP = [γSP
1
T · · · γSP

N
T]T, γSP

n = [γSP
n,1 · · · γSP

n,J ]
T, and

LNST(pSP,γSP) =

N∑
n=1

∥∥∥ζ′
n −

J∑
ι=1

γSP
n,ι g

′
n(θ

SP
n,ι, τ̃

SP
n,ι)

∥∥∥2, (60)

with ζ′
n = (KH

nKn)
−1/2ζn and g′

n(θ
SP
n,ι, τ̃

SP
n,ι) =

(KH
nKn)

−1/2KH
nc

′(θSP
n,ι, τ̃

SP
n,ι) resulting from the whitening of

the noise, being E[vnv
H
n ] = KH

nKn.8 This estimation problem
is still very complex, being (3 + N)J-dimensional; to lower
its complexity, we consider a relaxation that neglects part of
the mixed terms in (60), i.e.,

LRNST(pSP,γSP) =
J∑

ι=1

N∑
n=1

∥∥∥ζ′
n − γSP

n,ι g
′
n(θ

SP
n,ι, τ̃

SP
n,ι)

∥∥∥2. (61)

This allows one to estimate each γSP
n,ι separately for all

ι = 1, . . . , J , i.e., γ̂SP, RNST
n,ι = (g′

n(θ
SP
n,ι, τ̃

SP
n,ι))

†ζ′
n, and then

perform a search for the J dominant dips (negative peaks) of∑N
n=1

∥∥∥P⊥
g′
n
ζ′
n

∥∥∥2, where P⊥
A = I − AA† is the projector

onto the orthogonal complement to the subspace spanned
by the columns of A. The resulting estimates p̂SP, RNST are
thus obtained through a procedure with remarkably lower
complexity, amounting to a single three-dimensional search.

The NST estimator is summarized in Algorithm 4.
Fig. 3 depicts a diagram of the main blocks of the proposed

three-stage approach, illustrating how they interconnect and
flow sequentially.

8Notice that if Kn is selected as an orthonormal basis, KH
nKn = I

hence pre-whitening is not necessary (and ζ′
n = ζn).

Algorithm 4 NST for Initial Mapping of Scatterers Positions

1: Input: {y′
n}Nn=1, p̂RML, δ̂RML

τ , δ̂RML
ϕ (p̂RML, δ̂RML

τ ), 3-dim. grid Gs

2: (n = 1, . . . , N)

3: Compute C′H
n = [c′n,0(p̂

RML, δ̂RML
τ ) · · · c′n,L−1(p̂

RML, δ̂RML
τ )]H

4: Compute Kn = null(C′H
n)

5: Compute ζ′
n = (KH

nKn)
−1/2KH

ny
′
n

6: for s ∈ Gs do (n = 1, . . . , N)
7: Compute θSP

n and τ̃ SP
n via (4) and (7) using p̂RML and δ̂RML

τ

8: Compute g′
n(θ

SP
n , τ̃

SP
n ) = (KH

nKn)
−1/2KH

nc
′(θSP

n , τ̃
SP
n )

9: Compute P⊥
g′
n
= I − g′

n(θ
SP
n , τ̃

SP
n )g′H

n(θ
SP
n , τ̃

SP
n )

∥g′
n(θ

SP
n , τ̃ SP

n )∥2

10: Compute LRNST(s) =

N∑
n=1

∥P⊥
g′
n
ζ′
n∥2

11: end for
12: Select J dominant dips of LRNST to obtain p̂SP, RNST

C. Computational Complexity Analysis
In this section, we discuss the computational complexity of

the joint localization, synchronization and mapping algorithm
proposed in Sec. V-B alongside that of the plain JML estimator
(39) in Sec. V-A.

1) Complexity of the Plain JML Estimator (39) in Sec. V-A:
In asymptotic terms, we find that the complexity of executing
the multi-dimensional optimization required by (39) scales as

O(QDtotNMK(L+ J)) , (62)

where Dtot = D + 2 + 3J represents the total dimension of
the estimation problem in (39), Q refers to the number of
evaluation points for each dimension (i.e., px coordinate and
py coordinate of the UE position, clock offset δτ , phase offset
δϕ and SP positions pSP), taken to be the same for all the
dimensions for clarity, and D = 2 or D = 3 indicates the
number of unknown UE position coordinates.

2) Complexity of the Proposed Low-Complexity Algorithm
in Sec. V-B: Breaking down the different stages outlined in the
proposed algorithm in Sec. V-B, we identify that the overall
asymptotic complexity is captured by the sum of three terms

O(NMNF logNF ) +O(Q2NMKL) +O(Q3NMKJ) .
(63)

Here, O(NMNF logNF ) accounts for the complexity in-
volved in computing the IFFT of each column of Y T

n ∈ CK×M

in (53) for n = 1, . . . , N , where Yn is the spatial-frequency
observation matrix at RS n, defined in (13), and NF is the
IFFT size. In addition, O(Q2NMKL) reflects the complexity
of the two-dimensional optimization required to derive the
initial estimate of the UE position p̂RML according to (57),
which utilizes the LoS+RP model involving L paths per
RS. Finally, O(Q3NMKJ) indicates the complexity involved
in executing the three-dimensional optimization in (61) to
determine the locations of the J SPs at the final step of the
proposed algorithm.

3) Complexity Comparison: Given that the minimum num-
ber of points needed for computing the IFFT roughly matches
the length of the vectors involved, that is, NF ≈ K, it becomes
clear that the last term, O(Q3NMKJ), primarily determines
the overall complexity of the proposed algorithm, given in
(63). This term reflects the complexity of the three-dimensional
search necessary to determine the locations of the SPs. In
this respect, the proposed low-complexity algorithm is able
to reduce the complexity required by the plain JML estimator,
given in (62): in fact, the latter grows with QDtot , which for

9



practical value of the parameter can be as large as ten or more,
while the proposed algorithm keeps a cubic cost in Q.

VI. CRAMÉR-RAO LOWER BOUND

We derive the CRLB for joint localization, synchronization
and mapping with distributed RSs, i.e.9

Eη

[
(η̂ − η)(η̂ − η)T

]
⪰ J−1, (64)

where J is the Fisher information matrix (FIM) for the global
parameter vector η. We assume that each RS n contributes
independent information on η, i.e., assuming identical DMC10

and noise statistics, the FIM for the parameter vector η is

J =

N−1∑
n=0

TnJ
(n)

ηchT
T
n ∈ RDg×Dg , (65)

which is the sum of the local channel FIMs J (n)

ηch contributed
by all N RSs and propagated via the Jacobian matrices
Tn ∈ RDg×Dch from local channel parameter level to global
parameter level. Depending on the considered level of syn-
chronization, the dimension Dg of the global parameter vector
η changes according to (22). The dimension Dch of the local
per-RS channel parameter vector ηch

n stays constant in both the
NCP and the CP case. It is defined as

ηch

n =
[
θRP

n

TθSP
n

T︸ ︷︷ ︸
θT
n

τ̃ RP
n

T τ̃ SP
n

T︸ ︷︷ ︸
τ̃T
n

ϕRP
n

TϕSP
n

T︸ ︷︷ ︸
ϕ

T
n

αRP
n

TαSP
n

T︸ ︷︷ ︸
αT

n

]T
(66)

and captures the stacked channel parameters for all compo-
nents κ impinging at RS n hence its dimension is Dch ≜ 4Nc.
The elements of the local channel FIM J (n)

ηch ∈ RDch×Dch are
defined as [45, Sec. 15.7][

J (n)

ηch

]
i,j

= 2ℜ

{
∂µH

n,κ

∂[ηch
n ]i

R−1

n

∂µn,κ

∂[ηch
n ]j

}
, (67)

where µn,κ = αn,κe
jϕn,κc(θn,κ, τ̃n,κ) denotes the noise-free

signal for each component κ encompassing the LoS, all
RPs, and all SPs. The individual entries of the local channel
FIM J (n)

ηch from (67) can be found in Supplementary Mate-
rial S-IV-A. While the dimension of the channel FIM J (n)

ηch

stays constant in the CP and NCP cases, the dimension of
the Jacobian matrices changes. The Jacobian matrices are

Tn=
∂ηchT

n

∂η
=


P θ

n P τ̃
n P ϕ

n 0
0 C τ̃

n Cϕ
n 0

P θ
SP,n P τ̃

SP,n P ϕ
SP,n 0

0 0 Aϕ,n 0
0 0 0 Aα,n

∈RDg×Dch , (68)

with individual submatrices defined in Supplementary Mate-
rial S-IV-B. Note that the presented CRLB represents a lower
bound on the estimation error of η̂ under the assumption of
the correct detection and association of all components.

We aim to compute the position error bound (PEB) and
clock error bounds (CEBs) for the parameters of interest. This
can be done either by computing the complete CRLB matrix
through inverting the large FIM J in (65), or computing the
equivalent FIM (EFIM) by partitioning η in parameters of

9X ⪰ 0 denotes a positive semidefinite matrix [45].
10Apart from the onset time τd, which is coupled with the LoS delay τ LoS

n .

interest ηw and nuisance parameters ηu as indicated in (20).
In the latter case, block-partitioning the FIM

J =

[
Jηwηw Jηwηu

JT
ηwηu

Jηuηu

]
, (69)

the EFIM is computed as Je = Jηwηw −JηwηuJ
−1
ηuηu

JT
ηwηu

[46]
from which the PEB for p with dimensions D is obtained as

P =
√

tr
(
[J−1

e ]
1:D,1:D

)
(70)

and the CEBs are the clock offset error bound for δτ

Cτ =
√
[J−1

e ]
D+1,D+1

(71)

and the phase offset error bound is defined as

Cϕ =

√
tr
(
[J−1

e ]
D+2:D+1+Nph,D+2:D+1+Nph

)
, (72)

where Nph indicates the number of phase parameters which is
Nph = 1 or Nph = N for coherent ( CP ) and non-coherent
processing ( NCP ), respectively. For SP j we define the
corresponding SP-PEB as

PSP,j =

√
tr
(
[J−1

e ]S+(j−1)DSP:S+jDSP,S+(j−1)DSP:S+jDSP

)
, (73)

where S = D + 2 +Nph and DSP = 3 is the dimension of the
estimated SP position.

VII. SIMULATION RESULTS

In Fig. 1, we provide an illustration of the considered sce-
nario with simulation parameters from Table I. There are N=4
RSs mounted in a room with L=4 walls11 ( ) and J =2
SPs ( ). Clearly, the performance of this system (in terms
of both positioning and mapping) can be naturally improved
by increasing N and/or M . In this respect, our choice to
consider a moderate parameter configuration is intended to
demonstrate that the proposed method effectively leverages the
phase-coherent ELAA setup even with a reduced number of
antennas per RS. This choice, in turn, also reduces system
complexity, making the approach more practical.

As to the UE ( ), it is located in the center of the room
and transmits uplink pilots. The uplink pilots take paths via
the LoS ( ), paths via RPs ( ), and paths via SPs
( ) which impinge on the RSs. The positions of RPs
( ) are computed geometrically according to Supplementary
Material S-II-A. The walls in the scenario depicted in Fig. 1
are assumed to be made of concrete with typical relative
permeability µr = 1, relative permittivity ϵr = 6 [48], and
conductivity σ1 = 1×10−2 S/m [49], [50]. We assume linearly
polarized antennas at both the RSs and UE with polarization
vectors ρRS

n = ρUE = [0 0 1]T aligned with the z-axis.

A. Fundamental Performance Limits

For the scenario in Fig. 1 we evaluate the PEB as a function
of the bandwidth B, varying the antennas M and hence the
aperture per RS given a constant antenna spacing d.

11Based on our choice of antenna polarizations, we omit modeling a floor
and ceiling as the reflection coefficients R

∥
n,ℓ in (S9) will be generally much

lower than R⊥
n,ℓ in (S10) [47, cf. Fig. 1.14].

10
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Fig. 4. The NCP PEB P in cm (a) and CP PEB (b) in mm as a function of bandwidth B, varying the number of antennas M at an SDNR = 0dB. We
compare the LoS-only case, with LoS and RPs, and with LoS, RPs, and SPs. The latter is augmented with a scenario assuming known RP phases ϕRP

n,ℓ.

TABLE I
LIST OF DEFAULT SIMULATION PARAMETERS IF NOT STATED OTHERWISE.

Variable Symbol Value Unit

Carrier frequency fc 3.5 GHz
RS antenna spacing d λ/2.1 m
No. subcarriers K 20 -
No. antennas M 16 -

DNR DNR 0 dB
SDNR SDNR 0 dB

UE position p [3.03 2.87 1]T m
RS height pRS

n 2.75 m
SP1 position pSP

1 [2 2.2 0.5]T m
SP2 position pSP

2 [4 2 1.5]T m
SP1 radius rSP

1 19.56 cm
SP2 radius rSP

2 17.57 cm

Rel. permittivity ϵr 6 -
Rel. permeability µr 1 -
Conductivity σ1 1× 10−2 S/m

NCP Bandwidth and Aperture Sweep

Fig. 4(a) depicts the NCP PEB for the cases of LoS-only
( L - - ), LoS and RPs ( LR - ) and LoS, RPs, and SPs ( LRS )
propagation, and for LRS case with known RP phases ( ϕRP

n,ℓ ).
For L - - the PEB remains almost flat for bandwidths B<

Bhigh. This is because noncoherently positioning the UE with
distributed RSs is dominated by angular information [Jθ,θ]

(n)

κ,κ′

(cf. Table S-I) until the bandwidth becomes large enough (B≥
Bhigh) so delay information starts to dominate the PEB. We
call this the high-bandwidth regime. Below this regime, path
overlap costs information [51] in the LR - and LRS cases
w.r.t. the LoS-only case through large off-diagonal elements
in J (n)

ηch . We define the low-bandwidth regime as the region
B≤Blow, where the LoS overlaps with RPs in both the angular
and delay domains. The mid-bandwidth regime Blow<B<Bhigh

is characterized by a bandwidth large enough to separate the
LoS from RPs in the delay domain. We next derive simple
expressions for Blow and Bhigh that capture the characteristics
of the bandwidth regimes.

Assuming a white covariance matrix Rn the proportionality
[Jθ,θ]

(n)

κ,κ′ ∝2ℜ
{
bH(τ RP)b(τ LoS)/K

}
holds, where we define the

average LoS delay as τ LoS :=
1
N

∑N
n=1 τ

LoS
n , and the average

RP delay as τ RP :=
1

N(L−1)

∑N
n=1

∑L−1
ℓ=1 τ

RP
n,ℓ. For [Jθ,θ]

(n)

κ,κ′ ,
this expression corresponds to the delay-domain RP overlap
cost relative to the delay-domain LoS component information.
It can be further expressed as 1

K

∑K−1
k=0 cos(2π∆fk∆τ), with

∆τ :=τ RP−τ LoS, and is plotted in Fig. 5(a) ( ). Using ∆f ≜
B
K , we approximate this result as 1

2

(
1 + cos(2πBK−1

K ∆τ)
)

which is indicated by the dashed curve ( ) in Fig. 5(a).
We choose the bandwidth threshold between the low and mid-
bandwidth regimes (dotted line) to lie where this path overlap
cost has dropped to F = −3 dB = 1√

2
which results in

Blow =
K arccos (2F − 1)

2π∆τ(K − 1)
≈ 17.78MHz . (74)

The high-bandwidth regime is characterized by the delay
information [Jτ̃ ,τ̃ ]

(n)

1,1′ ∝ ∥ḃ(τ LoS
n )∥2 dominating the PEB over

the angular information [Jθ,θ]
(n)

1,1′ ∝ ∥ .
a(θLoS

n )∥2. Note that
ḃ = ∂b

∂τ from (S15) and .
a = ∂a

∂θ from (S14). The Jacobians
that map to position p have the proportionalities P θ

n ∝ 1
cτ̃LoS

n

and P τ̃
n ∝ 1

c . Equating 1
c2τ2

LoS
∥ .
a(0)∥2 = 1

c2 ∥ḃ(τ
LoS
n )∥2 and

abbreviating SM ≜
∑M−1

2

m=−M−1
2

m2 = M(M2−1)
12 and SK ≜∑K−1

k=0 k
2 = 2K3−3K2+K

6 , we solve for B contained in ḃ to
compute the high bandwidth regime threshold (for M=12) as

Bhigh =
Kd

τ LoSλ

√
SM

SK
≈ 207.9MHz . (75)

Following the discussion of our RP channel model in
Sec. S-II-B, the case ϕRP

n,ℓ assumes known RP component
phases ϕRP

n,ℓ. Although this is rather unrealistic in practice,
we present the respective curves in Fig. 4(a) to illustrate the
substantial theoretical gains in positioning accuracy achiev-
able by exploiting (perfect) knowledge of per-RS component
phases. This effectively transforms the angle or delay-based
NCP positioning into carrier-phase-based positioning.

CP Bandwidth and Aperture Sweep

Fig. 4(b) depicts the PEB P in the CP setting for the
three different multipath cases. Having knowledge of the clock
phases at distributed RSs allows the phase-coherent processing
of the impinging components. While our channel model in
Sec. III assumes that each RP and each SP introduces an
unknown phase that varies for every RS n, there are N
LoS components impinging at the infrastructure which only
need to be used to estimate a single12 phase offset δϕ to
the UE (common to all RSs). Hence the remaining phases
of N−1 LoS components contribute a significant amount of
information about the UE position due to the high curvature
of the likelihood function around the true position p but come
at the price of a harder estimation problem due to its shape,

12Note that in the NCP case, N LoS component phases need to be used
to estimate N phase offsets contained in δϕ which costs the information they
could have contributed on the UE position.
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Fig. 5. Path overlap in the delay domain causes large correlations in
[Jθ,θ]

(n)

κ,κ′ . Angular overlap causes large correlations in [Jθ,ϕ]
(n)

0,κ′ .

which we demonstrate in Sec. VII-B2 (cf. Fig. 10(b)) [52].
While the array spacing of each individual RS satisfies the
Nyquist rate, phase-coherent processing among multiple RSs
effectively turns the RS infrastructure into a large aliased array,
implying a multimodal likelihood function which complicates
the estimation problem. However, the CRLB gives solely
insight into the estimation accuracy achievable around the true
parameters [53]. While the PEB is generally much lower in the
CP case than in the NCP case (note the vertical axis scaling
in Fig. 4(a) and Fig. 4(b)), we again observe a performance
degradation in the presence of path overlap with RPs and
SPs, due to the coupling term depicted in Fig. 5(a). The PEB
remains almost flat in the LoS-only case L - - . In the LR,-
case, path overlap with RPs causes slight PEB degradation,
while in the LRS case, overlap with SPs leads to significantly
greater degradation. In the ϕRP

n,ℓ case, the gain of knowing RP
phases is marginal as the PEB is dominated by information
from LoS phases.

NCP Spatial Sweep

The impact of angular path overlap gets more conceivable
when evaluating the PEB P spatially in the form of heatmaps.
We show a heatmap for P in the low-bandwidth regime in
Fig. 6. The “checked pattern” is caused by the information
contributed by the carrier phase. It is observable that there are
“white stripes” connecting the centers of RSs with SPs and
RPs that are located at straight lines originating at RSs and
orthogonally intersecting wall surfaces. These straight lines
indicate positions of the UE, where the LoS and respective SP
or RP components overlap completely in the angular domain.
A positioning performance degradation due to path overlap is
observable just outside these straight lines, where components
start to separate in the angular domain. This can be explained
by larger off-diagonal elements (i.e., coupling terms) [Jθ,ϕ]

(n)

0,κ′

of the LoS AoAs and NLoS component phases in the channel
FIM. Assuming a white DMC covariance matrix, we would
have [Jθ,ϕ]

(n)

0,κ′ ∝ ℜ
{
j
∂aH(θLoS

n )
∂θLoS

n
a(θn,κ)

}
, a coupling term

depicted in Fig. 5(b) ( ) for θn,κ = 0 and varying θLoS
n . A

“white stripe” corresponds to the null where both angles are
equal. It is surrounded by two larger lobes. In room corners,
the path overlap of the LoS with RPs in both the angular- and
delay domains causes a strong performance degradation.

Apart from the room corners the impact of path overlap with
the RPs is resolved in the mid-bandwidth regime, as they are
now well separated from the LoS in the delay domain. While
the RPs are located at greater distances s.t. they arrive “later” at
the RSs in the delay domain than the SPs, which are following
the LoS much closer in the delay domain. Hence, the impact
of path overlap with SPs is still visible in the mid-bandwidth
regime as is well-observable in Fig. 7.

In the high-bandwidth regime, the bandwidth is large enough
to ensure all components are well separated in the delay
domain. The path overlap is largely resolved and the PEB
is spatially smooth. Delay information dominates in this band-
width regime and improves the PEB as can be seen from Fig. 8.

B. Performance of Algorithms

In this part, we evaluate the performance of the proposed
joint localization, synchronization and mapping algorithms
from Sec. V with phase-coherent RSs CP . We consider a
UE located at p = [3.0297 2.8735 1]T m (an off-grid value
to exclude any advantage for the algorithm during grid-based
optimization), with clock offset δτ = 16.66 ns corresponding
to 5m in range, and phase offset δϕ = 45◦. To lower the
computation time, we assume known height of the UE and
consider a single SP located at pSP

ι = [2.5 3.5 1.7]T m. The
bandwidth, number of RSs, and number of antennas per RS
are set to B = 10MHz, N = 4 and M = 8, respectively.
Performance obtained through 100 independent Monte Carlo
trials is shown for (i) the RML estimator in (52), which
operates with reduced complexity as outlined in Sec. V-B, and
(ii) the optimal JML in (39) initialized by the RML, RML-
NCP in (45) and RNST in (61), as described in Sec. V-A.13

1) RMSE Analysis: Fig. 9 depicts the root-mean-squared
error (RMSE) performance of the considered estimators, along
with the corresponding CRLB, for estimation of the UE loca-
tion in Fig. 9(a) and clock offset in Fig. 9(b).14 It is apparent
that the overall accuracy for the UE position is in the sub-
meter regime and rapidly reaches centimeter-level values, even
at intermediate SDNR levels, before asymptotically decreasing
to sub-millimeter accuracy towards high SDNR levels. More
specifically, the proposed RML is able to achieve remarkable
performance, with RMSE equal to a few centimeters already at
5 dB SDNR, despite its low complexity. This, in turn, provides
satisfactory initializations for the JML estimator, which attains
the CRLB already at 15 dB SDNR for both the UE location,
PEB CP in Fig. 9(a), and clock offset, CEB in Fig. 9(b).
Towards low SDNR levels, both the RML and JML approach
the NCP PEB, with the JML estimators deviation from the
CP PEB coinciding with the deviation from the CEB in
Fig. 9(b). This can be attributed to the increased distortion
of the estimated LoS phases at low SDNR levels, resulting
in increasing phase offset estimation errors, thus inhibiting
fully coherent performance. The same trend can be observed
in the phase offset estimation performance, whose analysis is
postponed to Sec. VII-B3 where the full empirical distribution
is reported.

Note that this CEB is predominantly affected by the delay
resolution. In fact, only the delay domain maps (via the Jaco-
bian matrices C τ̃

n) directly to the clock offset, though it also
“couples” with the UE position p through off-diagonal FIM
elements. Therefore, while the CEB is indirectly improved
in the CP case as a result of a more accurate UE position

13More specifically, (i) refers to coarse estimation of UE position p̂RML and
clock offset δ̂τ (p̂RML) via (57) and (56), respectively, using coarse estimate
of phase offset δ̂RML

ϕ (p̂RML, δ̂τ (p̂RML)) via (49); (ii) uses the same estimation
and, in addition, coarse SP position estimates p̂SP, RNST via (61) to initialize
the optimal JML that considers the true ML cost function (39).

14In computing the RMSE, error values have been cleaned up from a few
outliers (via the standard inter-quartile range method). These are due to the
very spiky landscape of minima in the UE location coordinates, as will be
discussed in the next subsection.
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Fig. 6. PEB in the low-bandwidth regime: At B=
3MHz, path overlap of LoS with SPs and RPs
degrades positioning accuracy, particularly in room
corners. Angular information dominates the PEB.
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Fig. 7. PEB in the mid-bandwidth regime: At
B=30MHz, path overlap with the RPs is resolved
but path overlap with SPs still degrades positioning
accuracy. Angular information dominates the PEB.
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Fig. 9. RMSE on the estimation of (a) UE location p and (b) clock offset
δτ , achieved by RML and JML along with CRLBs as a function of SDNR.

estimation, clock estimation improves only slightly, being the
PEB dominated not by clock but by angular information in
the NCP case, and by phase information in the CP case (in
the low- and mid-bandwidth regimes). Consequently, the CEB
curves for clock offset almost coincide in the NCP and CP
cases, hence only the latter is plotted in Fig. 9(b).

As to the performance plateau observed for values of the
SDNR ≥ 10 dB, it should be attributed to the fact that the
RML estimator is derived by neglecting the paths that originate
from SPs, as per (40). Consequently, as typical in the case
of misspecified or mismatched estimators (e.g., [54], [55]),
the estimator’s performance is fundamentally limited by its
mismatch to the full signal model (which instead includes LoS,
RPs, and SPs). In summary, the results demonstrate the effec-
tiveness of the JML in utilizing all the available information
from the coherent processing, significantly improving upon
the initial estimates provided by the RML, hence achieving
accurate localization and synchronization.

2) Cost Functions Analysis: To illustrate the impact of
phase coherence on the behavior of cost functions employed

in the proposed estimation algorithms, we report in Fig. 10
and Fig. 11 examples of both noncoherent and coherent cost
functions relative to the UE position. As seen from Fig. 10,
the RML-NCP cost function (43) NCP exhibits a smooth
surface whereas the RML cost function (50) CP leads to
a spiky profile with numerous local minima near the true
UE position, despite being a relaxation of the JML. Indeed,
spikiness results from leveraging LoS carrier phase information
in (3) in CP , which links the UE position p in (5) to the LoS
phase in (3) through the term 2πfcτ

RP
n,ℓ; hence, the coherent

cost function RML, and a fortiori the JML, show wavelength-
level fluctuations (i.e., 0.086m).

In contrast, when phase coherence is ignored as in the RML-
NCP (43), the NCP cost depends on p only through the
subcarrier-dependent phase shifts in (2), resulting in fluctu-
ations on the level of inverse of bandwidth (i.e., 30m). To
further highlight the distinctions observed between NCP and
CP processing, we also show the 1D cost functions relative to
x-coordinate of UE position in Fig. 11, with and without the
presence of SP, which reveal the effect of incorporating carrier
phase information into position estimation. In summary, CP
enables high-accuracy estimates via the use of a cost function
highly sensitive to small position perturbations, which strongly
motivates the proposed multi-step approach in Sec. V. The
drawback is that, in a few cases, the search routine may fail
in locating the correct minimum, so leading to error outliers
that, in fact, have been removed in the RMSE computations
discussed above. Nonetheless, in the following, we provide
a deeper error analysis by providing the complete empirical
cumulative distribution function (ECDF).

3) Empirical Cumulative Distribution Function Analysis:
In Fig. 12(a) and Fig. 12(b), we present the ECDF curves
for the estimation errors of the UE location p and the clock
offset δτ , achieved by the RML and JML estimators at two
different SDNR levels. Such curves confirm the same findings
obtained by analyzing the RMSE, but provide more insights
on the error distribution. We observe in particular that RML
and JML provide cm-level and mm-level accuracy most of the
times, respectively, but some outliers in estimation of the UE
location are also present due to the spiky nature of the cost
functions, as discussed above (cf. Fig. 10 and Fig. 11). For the
same reason, the JML may not outperform (or even perform
slightly worse than) the RML, though this mostly happens
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Fig. 10. ML cost functions with respect to the x- and y-coordinates of UE
position in (a) NCP (43) and (b) CP (50) at SDNR = 20 dB. The cutting
plane shown in Fig. 11 is indicated with a dashed line.

2.6 2.8 3 3.2 3.4
−10

−8

−6

−4

−2

0

UE position x-coordinate in m

M
L

co
st

fu
nc

tio
n

in
d
B

NCP (43)
CP (50)
CP w. SP (38)
Ground-Truth

3.02 3.04

−9
−8
−7
−6

Fig. 11. ML cost functions with respect to the x-coordinate of UE position
in NCP (43), CP (50) and CP (with SP) (38) at SDNR = 20 dB.

at very low SDNR. In contrast, clock offset errors have a
smoother ECDF profile, because the dependence of (50) and
(38) on δτ is only through subcarrier-level phase progressions,
as apparent from (2) and (4). As to the phase offset, the ECDF
reported in Fig. 12(c) shows that the RML performs very close
to the JML for low SDNR, while providing improvement for
higher SDNR.

To complete the analysis, we also report the ECDF curves
for the mapping, i.e., the SP location errors. Fig. 12(d)
confirms that, also for such variables, the proposed JML and
RML provide satisfactory performance, yielding sub-meter
accuracy at high SDNRs. Since the SP location estimation
does not rely on carrier phase information (due to unknown
scattering-induced phase shift as seen from (3)), the JML
cost function exhibits a smooth behavior with respect to SP
location, resulting in outlier-free ECDF curves. This also
enables JML to outperform RML in most cases, similar to
the clock offset estimation.

Finally, we highlight that the proposed algorithms directly
extend to the estimation of multiple SPs, by searching for
multiple dominant dips (negative peaks) in the RNST cost
function (61). Performance results confirm the same findings
as above (figures are omitted due to lack of space).

4) Complexity Analysis: To corroborate the theoretical anal-
ysis, we have also carried out simulations to evaluate the
computational time of the algorithms. We report in Fig. 13(a)
the average runtime normalized with respect to the plain JML,
for Q = 7. We can show the comparison only for Q not
larger than this low value since the formidable complexity of
the plain JML with grid searches makes the runtime explode
immediately. It is observed that the proposed RML-based
algorithm drastically reduces the runtime by more than 95% for
Q = 7. In agreement with the asymptotic analysis presented
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Fig. 12. ECDFs of absolute error on estimation of (a) UE location p, (b)
clock offset δτ , (c) phase offset error δϕ, and (d) SP location pSP

ι , achieved
by RML and JML for two SDNR levels.

in (62) and (63), such a gap non-linearly widens very quickly
with Q. Fig. 13(a) also shows as inset the breakdown of the
proposed algorithm complexity, in terms of its three stages
(RML, NST, and iterative JML): it is apparent that for low
Q the iterative stage takes most of the time. For larger values
of Q, instead, the asymptotic analysis in (63) suggests that
the first two stages (RML and NST) dominate the overall
complexity. This is confirmed by the results reported for
Q = 50 in Fig. 13(b), which shows the relative comparison
between the two variants of the proposed three-stage algorithm,
namely with either 3D grid search or IFFT based clock
offset estimation. We remark that, as discussed, computation
of the plain JML for this more realistic value of Q is not
feasible. Remarkably, as visible in the figure, the proposed
low-complexity IFFT-based clock offset estimation in the RML
stage yields a further significant improvement, which amounts
to about 33% of the overall cost, thus making the algorithm
suitable for practical applications.

VIII. CONCLUSION

In this work, we have studied the potential of ELAA
systems implemented as distributed RS networks, particularly
for joint localization, synchronization, and mapping in sub-
6 GHz uplink channels. To correctly capture the complex
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Fig. 13. Average runtime relative comparison between the (a) plain JML vs.
proposed three-stage algorithm and (b) proposed algorithm with either 3D grid
search or IFFT based clock offset estimation in the RML stage.

propagation characteristics of these environments, including
specular reflections from walls, scattering from objects, and
diffuse multipath, we first presented a detailed generative
model able to describe signals and channels over the dis-
tributed RS network. We then formulated the joint localization,
synchronization and mapping problem, leveraging the near-
field effects of distributed RSs in both the presence or absence
of phase synchronization between the UE and the RS network.

Through a comprehensive Fisher information analysis, we
showed that a noncoherently operating, distributed RS net-
work mainly relies on AoA information in the low and
mid-bandwidth regimes, where path overlap with multipath
components impairs accuracy. In the high bandwidth regime,
it relies instead on delay information. On the other hand, a
coherently operating, distributed RS network operates through
carrier-phase based positioning where large performance gains
come at the cost of a more involved estimation problem.

We also derived the ML estimator for joint localization,
synchronization, and mapping and showed that, through a
suitable decomposition, optimal (in ML sense) estimates of
the channel amplitudes can be obtained in closed form. This
allowed us to significantly reduce the dimensionality of the
estimation problem and end up with a log-likelihood function
depending only on the parameters of interest. To overcome the
still-too-high dimensionality of the problem, we then devised
a three-stage algorithm that suitably decouples the estimation
of UE position and synchronization parameters from the SP
position parameters, providing their initial estimates at a sig-
nificantly reduced cost. Simulation analyses demonstrated the
effectiveness of the proposed methods in capitalizing on near-
field effects and a distributed network of phase-coherent RSs to
achieve satisfactory localization, synchronization, and mapping
performance. Specifically, a simple deployment with 4 RSs,
each equipped with an 8-element ULA, proved sufficient for
our algorithms to provide high-quality localization, offering
submeter level accuracy even at low SDNR values and mm-
level accuracy already at mid SDNR values.

We demonstrated that accurate environment information can
enable a noncoherent RS network to process the LoS and

SMCs (that is, RPs and SPs) coherently at each RS. While
large performance gains can be made as a result of this
coherent combination, knowledge of position and orientation
of specular surfaces is required. Relaxing this assumption
constitutes a possible future research direction.

Finally, incorporating model order estimation into the pro-
posed algorithm would enhance its practical applicability. As
such, this is a further possible future research direction, to
better handle complex environments with unknown or dynam-
ically changing model orders.
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