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Abstract—In this paper, a novel small-signal modeling ap-
proach for grid-connected converter systems is presented. The
approach is based on the converter system’s power-response
matrix, which correlates variations in grid voltage magnitude and
frequency with variations in the exchanged active and reactive
powers from the converter system. This formulation is useful
not only for small-signal stability analysis of interconnected
systems but also for directly assessing the grid services offered
by converter systems, such as their contributions to total system
inertia and damping. The paper provides a detailed analytical
derivation of the converter system’s power-response matrix, along
with an analysis of the small-signal stability of the intercon-
nected system. Furthermore, a comparison between the proposed
power-response matrix-based model and the more conventional
impedance-based model is presented, establishing the equivalence
between the two modeling approaches and highlighting the
advantages of the proposed approach.

Index Terms—Frequency variation, grid-forming converter,
impedance model, small-signal stability, voltage variation.

I. INTRODUCTION

The prevalent method to study the stability of a power
system with grid-connected converters is to separate the sys-
tem into two subsystems, one containing the grid (“source”
subsystem) and other the converter (“load” subsystem) [1].
As these two subsystems are solely coupled through the
bus voltage at the point-of-common-coupling (PCC) and the
exchanged current, the knowledge of the small-signal terminal
characteristics of both subsystems is sufficient to study the
small-signal stability of the interconnected system. The small-
signal terminal characteristics are typically expressed as the
source output impedance and the converter input admittance;
the generalized Nyquist criterion (GNC) can thus be applied
to their product to determine the small-signal stability of the
interconnected system [2], [3]. For this, the subsystems need
to be modeled in a common reference frame.

As it relates to the physical behaviour of the system,
the results of the stability study have to be independent of
the selected reference frame. Therefore, the subsystems are

typically modelled in a synchronous reference frame (SRF)
for convenience [1]. The proliferation of converter-interfaced
generation units results in a frequency weak system due to
decreasing system inertia, while grid-forming (GFM) convert-
ers introduce additional frequency dynamics into the power
system. As a consequence, changes in the frequency of the
PCC voltage should not be neglected. A number of studies
describe the inclusion of frequency dynamics in the small-
signal models [4]–[8]. The proposed solution in these studies
involves small-signal modeling in a SRF, which is defined
by either the rated angular frequency [6] or the fundamental
angular frequency of the PCC voltage [4], [5], [7], [8].

This paper introduces an equivalent and alternative approach
to impedance-based modeling of grid-connected converter sys-
tems for small-signal studies. The proposed approach models
a converter system using its power-response matrix, which
relates variations in the active and reactive power of the
converter system to variations in grid voltage magnitude and
frequency. This formulation enables the direct assessment of
grid services (also referred to as GFM properties) offered by
the converter system, such as synthetic inertia and damping.
Hence, the proposed formulation closely aligns with methods
such as the network frequency perturbation response [9], [10]
used by system operators to evaluate the frequency stability
and GFM properties of converter systems. Moreover, it is also
useful for analyzing the reactive power response of the con-
verter system to grid voltage variations and the coupling be-
tween active and reactive power responses. Finally, the power-
response matrix, being independent of the selected reference
frame, offers simplicity over the conventional impedance-
based modeling approach when aggregating subsystems to an-
alyze the small-signal stability of large interconnected systems.

II. SYSTEM AND CONTROLLER DESCRIPTIONS

Figure 1 shows the single-line diagram of the grid-connected
converter system together with the block scheme of the
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Fig. 1. Single-line diagram of considered grid-connected converter system
and block scheme of implemented GFM control.

implemented controller. The grid model consists of an ideal
voltage source behind a grid impedance, with resistance Rg

and inductance Lg. The three-phase voltage at the voltage
source is denoted by es, while the voltage at the PCC and the
converter’s terminal are denoted by eg and ec, respectively.
The quantities Pc and Qc represent the active and reactive
power output of the converter system; whereas, Pg and Qg

represent the active and reactive power injected to the grid,
respectively. The variables if and ig denote the three-phase
current across the converter filter and the grid, respectively. For
the considered system, Pc = Pg, Qc = Qg, and if = ig. The
magnitude of the source voltage is assumed constant; whereas,
to account for inertia and to model frequency dynamics in
the grid, the angular frequency of the voltage source, ωs, is
obtained using the swing equation as follows

ωs =

G′
pc︷ ︸︸ ︷

(
1

2H
ωN

s+ KD

ωN

)
(Pg − P ⋆

g )

SN
+ ωN. (1)

The terms ωN and SN denote the rated/nominal angular
frequency of the system and the rated power of the converter,
respectively. H and KD represent the inertia time-constant (in
seconds) and mechanical damping coefficient (in per unit) of
the grid, respectively. The term s is the Laplace-transform vari-
able, interpreted as d/dt where appropriate, and “⋆” denotes
a reference signal in the notations.

A grid-forming (GFM) control is adopted for the converter
system, based on the direct control of converter voltage
(DCCV) approach from [11]. In this control strategy, an
AC voltage controller1 (AVC) regulates the magnitude of the
voltage at the PCC and calculates the reference value of
the converter voltage magnitude, E⋆

c , while an active power
controller (APC) calculates the converter voltage angle, θc.
All controllers are designed in the converter dq-frame (using
power-invariant transformation), defined by the angle output
of the APC.

1Alternatively, a reactive power controller can be used, depending on the
system’s requirements

The AVC implemented here comprises a pure integrator.
Accordingly, the reference value for the converter voltage
vector, eωc⋆

c , is calculated as follows [11]

eωc⋆
c = EN +

Gvc︷ ︸︸ ︷
Ki,vc

s
(E⋆

g −

Glpf︷ ︸︸ ︷
αlpf

s+ αlpf
Eg)−

Ghpf︷ ︸︸ ︷
s

s+ αhpf
R′

ai
ωc

f ,

(2)

where EN denotes the rated line-to-line voltage of the system
and Eg denotes magnitude of the measured line-to-line voltage
at the PCC. The superscript “ωc” is used to represent entities
in the converter dq-frame. The term αlpf denotes the cut-
off frequency of the low-pass filter for the PCC voltage
measurement. A transient damping term comprising a high-
pass filtered converter current is added at the output of the
AVC to prevent a poorly damped closed-loop system. R′

a

denotes the active resistance, and αhpf the cutoff frequency of
the high-pass filter, with values selected as suggested in [11].
The integral gain of the controller, Ki,vc, can be calculated
using the loop-shaping approach as, Ki,vc =

αvc(Xf+X̂g)

(X̂g)
,

where αvc denotes the desired closed-loop bandwidth (in rad/s)
of the first-order response from E⋆

g to Eg. X denotes the
reactance of the corresponding inductance. To guarantee the
desired response speed for all grid conditions, X̂g is typically
set for the strongest grid strength provided by the system
operator [11].

For the investigated GFM control, the APC provides both
active power reference tracking and grid synchronization. The
implemented APC consists of a proportional-integral regulator
for accurate reference tracking and an active damping term,
Ra, to improve the controller’s dynamic performance. The
APC calculates the converter voltage angle as follows [11]

θc =
1

s
ωc =

1

s
[

Gpc︷ ︸︸ ︷
(Kp,pc +

Ki,pc

s
)
(P ⋆

c − Pc)

SN
−Ra

Pc

SN
+ ωN].

(3)

The control parameters of the APC are tuned using the loop-
shaping approach to obtain a first order closed-loop response
from P ⋆

c to Pc. Accordingly, Kp,pc =
αpc

Ks
SN,Ki,pc =

α2
pc

Ks
SN,

and Ra = Kp,pc, with αpc as the loop bandwidth (in
rad/s) of the active power controller. The synchronizing power
coefficient is given by Ks =

EcEs

(Xf+X̂g)
.

III. SYNCHRONOUS REFERENCE FRAMES DEFINITIONS

This section defines the two types of SRFs used to obtain the
small-signal models of the grid-connected converter system.

A. System dq-frame I

The first type of SRF considered here, denoted as the system
dq-frame I (represented by dωN , qωN axes in Fig. 2a) and
Fig. 2b)), is defined by the transformation angle, θN, which is
obtained by integrating ωN, i.e., θN = ωN

s . Since the system
dq-frame I rotates with ωN, the dωN and qωN axes do not
oscillate under small-signal perturbations. On the other hand,



Fig. 2. Representation of a) system dq-frame I and converter dq-frame, b)
system dq-frame I and source dq-frame under small-signal perturbations.

Fig. 3. Representation of a) system dq-frame II and converter dq-frame, b)
system dq-frame II and source dq-frame under small-signal perturbations.

in accordance with (1) and (3), under small-signal pertur-
bations resulting in power variations, the converter dq-frame
(rotating with ωc and represented by dωc , qωc axes in Fig. 2a))
and the source dq-frame (rotating with ωs and represented
by dωs , qωs axes in Fig. 2b)), start to oscillate around their
respective steady-state positions. The angle difference between
the converter dq-frame and the system dq-frame I is denoted
by θL in Fig. 2a), while θ′L in Fig. 2b) denotes the angle
difference between the system dq-frame I and the source dq-
frame.

B. System dq-frame II

The second type of SRF considered here, denoted as the
system dq-frame II (represented by dωg and qωg axes in
Fig. 3a) and Fig. 3b)), is aligned to the PCC voltage. Ac-
cordingly, it is defined by the PCC voltage angle, θg, which is
obtained by integrating the fundamental angular frequency, ωg,
of the three-phase voltage at the PCC, i.e., θg =

ωg

s . Unlike
the system dq-frame I, small-signal perturbations resulting
in active power variations (and hence a perturbation in ωg),
causes the dωg and qωg axes to oscillate around their respective
steady-state positions, as depicted in Fig. 3a) and Fig. 3b).
The angle difference between the converter dq-frame and the
system dq-frame II is denoted by δL in Fig. 3a), while δ′L
in Fig. 3b) denotes the angle difference between the system
dq-frame II and the source dq-frame.

IV. SMALL-SIGNAL MODELING

To analyze small-signal stability of the grid-connected con-
verter system, the overall system is divided into two individual
subsystems at the PCC: the converter system and the inertial
grid. In this section, small-signal models of these two sub-
systems are derived analytically and verified using detailed
time-domain simulations.

A. Small-signal model in system dq-frame I
1) Small-signal modeling of converter system: To derive the

small-signal model of the converter system in the system dq-
frame I, the controller dynamics described previously should
be transformed to this frame. By using (3), the angle θL is
given as

θL = θc − θN =
1

s

[Gpc(P
⋆
c − Pc)−RaPc]

SN
. (4)

Thus, any space-vector zωc defined earlier in the converter dq-
frame can be transformed to the system dq-frame I using the
following relation

zωN = zωcejθL . (5)
Using (2), (4) and (5), the small-signal model of the

converter voltage reference in the system dq-frame I can be
expressed as[

∆eωN⋆
cd

∆eωN⋆
cq

]
=

GT︷ ︸︸ ︷[
−(eωN

cq0 +GhpfR
′
ai

ωN
fq0) GvccosθL0

(eωN
cd0 +GhpfR

′
ai

ωN
fd0) GvcsinθL0

][
∆θL
∆E⋆

g

]

+

(
−

GPVv1︷ ︸︸ ︷GvcGlpfcosθL0e
ωN
gd0

Eg0

GvcGlpfcosθL0e
ωN
gq0

Eg0

GvcGlpf sinθL0e
ωN
gd0

Eg0

GvcGlpf sinθL0e
ωN
gq0

Eg0

)[∆eωN
gd

∆eωN
gq

]

+

GDH︷ ︸︸ ︷[
−GhpfR

′
a 0

0 −GhpfR
′
a

][
∆iωN

fd
∆iωN

fq

]
,

(6)

with[
∆θL
∆E⋆

g

]
=

[
Gpc

sSN
0

0 1

][
∆P ⋆

c

∆E⋆
g

]

+

GPVc2︷ ︸︸ ︷[
−

(Gpc+Ra)e
ωN
gd0

sSN
−

(Gpc+Ra)e
ωN
gq0

sSN

0 0

][
∆iωN

fd
∆iωN

fq

]

+

GPVv2︷ ︸︸ ︷[
− (Gpc+Ra)i

ωN
fd0

sSN
−

(Gpc+Ra)i
ωN
fq0

sSN

0 0

][
∆eωN

gd

∆eωN
gq

]
,

(7)

where the expressions Pc = eωN

gd i
ωN

fd + eωN
gq i

ωN

fq , and Eg =√
(eωN

gd )
2 + (eωN

gq )2 are used for the active power output of the
converter and the PCC-voltage magnitude, respectively. The
subscript “0” represents steady-state quantities in the notations.
By neglecting the impact of delays and using (6), (7) and the
linearized expression for the current dynamics in the system
dq-frame I, which is given by[

∆eωN

cd

∆eωN
cq

]
=

[
∆eωN

gd

∆eωN
gq

]
+

Zf︷ ︸︸ ︷[
Rf + sLf −ωNLf

ωNLf Rf + sLf

] [
∆iωN

fd

∆iωN

fq

]
,

(8)

the small-signal model of the converter system in the system
dq-frame I can be obtained in its conventional form as

If︷ ︸︸ ︷[
∆iωN

fd

∆iωN

fq

]
= Gc

[
∆P ⋆

c

∆E⋆
g

]
−Yc

Eg︷ ︸︸ ︷[
∆eωN

gd

∆eωN
gq

]
, (9)



where Yc denotes the input-admittance2 of the converter
system seen from the PCC and is given by

Yc = [GTGPVc2 +GDH − Zf ]
−1[GTGPVv2 −GPVv1 − I],

(10)

with I denoting the identity matrix of dimension 2×2.
To obtain the small-signal model of the converter system

based on variations in the magnitude and frequency of the
PCC voltage, a transfer matrix relating variations in the
dq-components of the PCC voltage in system dq-frame I
with variations in the magnitude and frequency of the PCC
voltage is derived. Considering the PCC voltage vector in the
stationary αβ-frame, which is given as

eαβg = Ege
jθg , (11)

the PCC voltage vector in the system dq-frame I can be
obtained as

eωN
g = Ege

j(θg−θN). (12)

During a small perturbation resulting in variation of both
voltage magnitude and fundamental frequency at the PCC
(hence a variation in θg), the variation in eωN

g can be obtained
by linearizing (12) as

∆eωN
g = jEg0e

j(θg0−θN0)∆θg + ej(θg0−θN0)∆Eg. (13)

If the system dq-frame I is aligned so that the dωN -axis
coincides with the PCC voltage vector in steady-state, i.e.,
θg0 = θN0, expression (13) can be simplified as

∆eωN
g = jEg0

∆ωg

s
+∆Eg. (14)

Equation (14) can be expressed in its components form as[
∆eωN

gd

∆eωN
gq

]
=

[
1 0

0
Eg0

s

] [
∆Eg

∆ωg

]
. (15)

By substituting expression (15) in (9) and for the case where
reference values for the active power and PCC-voltage mag-
nitude remain constant (implying that ∆P ⋆

c = ∆E⋆
g = 0), the

small-signal model of the converter system based on voltage
magnitude and frequency perturbations at the PCC can be
obtained in the system dq-frame I as[

∆iωN

fd

∆iωN

fq

]
= −

[
Yc(1, 1) Yc(1, 2)

Eg0

s

Yc(2, 1) Yc(2, 2)
Eg0

s

] [
∆Eg

∆ωg

]
. (16)

Finally, by utilizing (15), (16) and expressions for active and
reactive power output of the converter, i.e., Pc = eωN

gd i
ωN

fd +
eωN
gq i

ωN

fq , and Qc = −eωN

gd i
ωN

fq +eωN
gq i

ωN

fd , the small-signal model
of the converter system can be expressed in terms of its active
and reactive power variations as

Sc︷ ︸︸ ︷[
∆Pc

∆Qc

]
= −

Gtmc︷ ︸︸ ︷[
Eg0Yc(1, 1)− iωN

fd0

E2
g0Yc(1,2)−i

ωN
fq0

Eg0

s

−Eg0Yc(2, 1) + iωN
fq0

−E2
g0Yc(2,2)−i

ωN
fd0

Eg0

s

] EΩ︷ ︸︸ ︷[
∆Eg

∆ωg

]
.

(17)

2Since the direction of current flowing out of the converter in Fig. 1 is
taken as positive, the negative sign for Yc is used in (9).

It can be inferred from (17) that the elements of the converter’s
power-response matrix, Gtmc, provide direct insight into the
services offered by the converter system when subjected to
grid disturbances. For instance, the frequency characteristic of
the (1,2) element of Gtmc, which relates perturbation in the
fundamental angular frequency of the PCC voltage to variation
in the active power of the converter system3, can be used
to assess the frequency-droop and inertial behaviors of the
converter system, along with its damping properties. Similarly,
frequency response of the (2,1) element of Gtmc can be used
for assessing voltage-droop behavior of the converter system.

2) Small-signal modeling of inertial grid: To derive the
small-signal model of the inertial grid, the source voltage
vector, eωs

s , in the source dq-frame (defined by the transfor-
mation angle, θs, which is obtained by integrating the angular
frequency of the voltage source, i.e., θs = ωs

s ) should be
transformed to the system dq-frame I. By using the swing
equation in (1), this transformation can be achieved from the
following expression

eωN
s = eωs

s e−jθ′
L , with θ′L = θN − θs =

1

s

G′
pc(P

⋆
g − Pg)

SN
.

(18)

Linearizing (18), the small-signal model of the source voltage
vector in the system dq-frame I can be expressed as

[
∆eωN

sd

∆eωN
sq

]
=

Geθ︷ ︸︸ ︷[
eωN
sq0 0

−eωN

sd0 0

] [
∆θ′L
0

]
+

Gte︷ ︸︸ ︷[
cosθ′L0 sinθ′L0
−sinθ′L0 cosθ′L0

] [
∆eωs

sd

∆eωs
sq

]
,

(19)

with[
∆θ′L
0

]
=

[
G′

pc

sSN
0

0 1

][
∆P ⋆

g

0

]
+

Gθi︷ ︸︸ ︷[
−

G′
pce

ωN
gd0

sSN
−

G′
pce

ωN
gq0

sSN

0 0

][
∆iωN

gd

∆iωN
gq

]

+

Gθe︷ ︸︸ ︷[
−

G′
pci

ωN
gd0

sSN
−

G′
pci

ωN
gq0

sSN

0 0

][
∆eωN

gd

∆eωN
gq

]
,

(20)

where the expression Pg = eωN

gd i
ωN

gd + eωN
gq i

ωN
gq is used for the

active power injected into the grid. Since the magnitude of the
source voltage is assumed constant, ∆eωs

sd = ∆eωs
sq = 0. By

substituting (20) in (19) and using the linearized expression
for the current dynamics in the system dq-frame I, which is
given by[

∆eωN

sd

∆eωN
sq

]
=

[
∆eωN

gd

∆eωN
gq

]
−

Zg︷ ︸︸ ︷[
Rg + sLg −ωNLg

ωNLg Rg + sLg

] [
∆iωN

gd

∆iωN
gq

]
,

(21)

the small-signal model of the inertial grid in the system dq-
frame I can be obtained in its conventional form as

Ig︷ ︸︸ ︷[
∆iωN

gd

∆iωN
gq

]
= Gg

[
∆P ⋆

g

0

]
+Yg

Eg︷ ︸︸ ︷[
∆eωN

gd

∆eωN
gq

]
, (22)

3Also referred to as the network frequency perturbation response [9], [10]
of the converter system



TABLE I
SYSTEM AND CONTROL PARAMETERS FOR CONSIDERED SYSTEM

System parameters Control parameters
SN 100 MVA (1.0 pu) H 5 s
EN 20 kV (1.0 pu) KD 50 pu
ωN 314.16 rad/s (1.0 pu) αvc 2π1 rad/s
Rf 0.015 pu αhpf 2π5 rad/s
Lf 0.15 pu R′

a 0.1 pu
Rg 0.02 pu αlpf 2π100 rad/s
Lg 0.2 pu αpc 2π5 rad/s

where Yg denotes the input-admittance of the inertial grid
seen from the PCC and is given by

Yg = [GeθGθi + Zg]
−1

[I−GeθGθe]. (23)

By using a similar approach as the one described for the
converter system in the previous sub-section, the small-signal
model of the inertial grid based on voltage magnitude and
frequency perturbations at the PCC can be obtained in the
system dq-frame I as[

∆iωN

gd

∆iωN
gq

]
=

[
Yg(1, 1) Yg(1, 2)

Eg0

s

Yg(2, 1) Yg(2, 2)
Eg0

s

] [
∆Eg

∆ωg

]
. (24)

Finally, by utilizing (15), (24) and expressions for active and
reactive power injected to the grid, i.e., Pg = eωN

gd i
ωN

gd +eωN
gq i

ωN
gq ,

and Qg = −eωN

gd i
ωN
gq + eωN

gq i
ωN

gd , the small-signal model of the
inertial grid can be expressed in terms of its active and reactive
power variations as

Sg︷ ︸︸ ︷[
∆Pg

∆Qg

]
=

Gtmg︷ ︸︸ ︷[
Eg0Yg(1, 1) + iωN

gd0

E2
g0Yg(1,2)+i

ωN
gq0

Eg0

s

−Eg0Yg(2, 1)− iωN
gq0

−E2
g0Yg(2,2)+i

ωN
gd0

Eg0

s

] EΩ︷ ︸︸ ︷[
∆Eg

∆ωg

]
.

(25)

3) Verification of derived small-signal models: To ver-
ify the analytically derived power-response matrices of the
converter system (Gtmc) and the inertial grid (Gtmg), de-
tailed PSCAD/EMTDC time-domain simulation of the grid-
connected converter system shown in Fig. 1 including all
control loops (implemented in discrete time) is used. Inde-
pendent perturbations in the voltage magnitude and frequency
are applied at the PCC to the individual subsystems at various
frequencies. For each perturbation, the resulting perturbations
in the active and reactive power of the respective subsystem
are measured, and the power-response matrix of each sub-
system is extracted using Discrete Fourier Transform (DFT)
calculations.

For all the simulations tests performed in this manuscript,
system and control parameters stated in Table I are used
unless stated explicitly. Furthermore, the simulation tests are
performed with the converter system injecting 0.8 pu active
power and regulating the PCC voltage to 1.0 pu. Figures 4 and
5 show the frequency response of the real and imaginary parts
of the first row elements of Gtmc and Gtmg, respectively. Due
to space constraints, the second row elements are not shown
here. The results demonstrate a very good match between the
analytical frequency characteristics and those obtained from
simulations, verifying the validity of the analytical models.

Fig. 4. Frequency response of the first row elements of Gtmc; analytical
model (solid-blue curves) and simulation model (dotted-red curves).

Fig. 5. Frequency response of the first row elements of Gtmg; analytical
model (solid-blue curves) and simulation model (dotted-red curves).

B. Small-signal model in system dq-frame II

1) Small-signal modeling of converter system: To derive
the small-signal model of the converter system in the system
dq-frame II, the controller dynamics should be transformed to
this frame using the following relation

zωg = zωcejδL , with δL = θc − θg. (26)

Using (2), (3) and (26), the small-signal model of the
converter voltage reference in the system dq-frame II can be
expressed as[
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cd

∆e
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]
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with[
∆δL
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]
=

[
Gpc

sSN
0

0 1

][
∆P ⋆

c

∆E⋆
g

]

+

G′
PVc2︷ ︸︸ ︷[

−
(Gpc+Ra)e

ωg
gd0

sSN
−

(Gpc+Ra)e
ωg
gq0

sSN

0 0

][
∆i

ωg

fd

∆i
ωg

fq

]

+

G′
PVv2︷ ︸︸ ︷[

− (Gpc+Ra)i
ωg
fd0

sSN
−

(Gpc+Ra)i
ωg
fq0

sSN

0 0

][
∆e

ωg

gd

∆e
ωg
gq

]
−

G′
δω︷ ︸︸ ︷[

1
s

0
0 0

][
∆ωg

0

]
,

(28)



where the expressions Pc = e
ωg

gd i
ωg

fd + e
ωg
gq i

ωg

fq , and Eg =√
(e

ωg

gd)
2 + (e

ωg
gq )2 are used for the active power output of the

converter and the PCC-voltage magnitude, respectively.
Again, by neglecting the impact of delays and using (27),

(28) and the linearized expression for the current dynamics in
the system dq-frame II, which is given by
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(29)

the small-signal model of the converter system in the system
dq-frame II is derived as[
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fd
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]
= G′

c

[
∆P ⋆

c

∆E⋆
g

]
−Y′

c

[
∆e

ωg

gd

∆e
ωg
gq

]
−G′

icω

[
∆ωg

0

]
, (30)

where Y′
c and G′

icω are given by

Y′
c = [G′

TG
′
PVc2 +G′

DH − Z′
f ]
−1

[G′
TG

′
PVv2 −G′

PVv1 − I],
(31)
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icω = −[G′

TG
′
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DH − Z′
f ]
−1

[G′
vω +G′

TG
′
δω]. (32)

Since the system dq-frame II is aligned to the PCC voltage,
variations in the magnitude of the PCC voltage are only re-
flected in terms of variations in the d-component of the voltage
in this frame, i.e., ∆e

ωg

gd = ∆Eg and ∆e
ωg
gq = 0. Furthermore,

the current dynamics in the converter resulting from frequency
variations at the PCC can be obtained using the transfer matrix
G′

icω . Accordingly, for the case where reference values for the
active power and PCC-voltage magnitude remain constant, the
small-signal model of the converter system based on voltage
magnitude and frequency perturbations at the PCC can be
obtained in the system dq-frame II as[
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Finally, by utilizing (33) and expressions for active and reac-
tive power output of the converter, i.e., Pc = e
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fd +e
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fq ,
and Qc = −e
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fd , the small-signal model of the
converter system in terms of its active and reactive power
variations can be obtained as[
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2) Small-signal modeling of inertial grid: To derive the
small-signal model of the inertial grid, the source voltage
vector in the source dq-frame should be transformed to the
system dq-frame II using the following expression

eωg
s = eωs

s e−jδ′L , with δ′L = θg − θs. (35)

Linearizing (1) and (35), the small-signal model of the source
voltage vector in the system dq-frame II can be expressed in
its components form as
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where the expression Pg = e
ωg

gd i
ωg

gd + e
ωg
gq i

ωg
gq is used for the

active power injected into the grid. Since the magnitude of
the source voltage is assumed constant, ∆eωs

sd = ∆eωs
sq = 0.

Finally, by substituting (37) in (36) and using the linearized
expression for the current dynamics in the system dq-frame II,
which is given by[
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the small-signal model of the inertial grid in the system dq-
frame II is derived as[
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where Y′
g and G′

igω are given by
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By using a similar approach as the one described for the
converter system in the previous sub-section, the small-signal
model of the inertial grid based on voltage magnitude and
frequency perturbations at the PCC can be obtained in the
system dq-frame II as[

∆i
ωg

gd

∆i
ωg
gq

]
=

[
Y ′
g(1, 1) G′

igω(1, 1)
Y ′
g(2, 1) G′

igω(2, 1)

] [
∆Eg

∆ωg

]
. (42)

Finally, by utilizing (42) and expressions for active and reac-
tive power injected to the grid, i.e., Pg = e
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gq , and

Qg = −e
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gd , the small-signal model of the inertial
grid can be expressed in terms of its active and reactive power
variations as[
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Fig. 6. Frequency response of the first row elements of G′
tmc; analytical

model (solid-blue curves) and simulation model (dotted-red curves).

Fig. 7. Frequency response of the first row elements of G′
tmg; analytical

model (solid-blue curves) and simulation model (dotted-red curves).

3) Verification of derived small-signal models: The ana-
lytically derived power-response matrices in the system dq-
frame II are verified using time-domain simulations. The same
methodology as described earlier is used to extract G′

tmc

and G′
tmg from the simulation tests. The results shown in

Fig. 6 and Fig. 7 demonstrate a very good match between the
analytical frequency characteristics and those obtained from
simulations, verifying the validity of the analytical models.

Furthermore, it can be observed from Fig. 4 - Fig. 7 that
frequency characteristics of the respective power-response ma-
trices of the subsystems in the two types of system dq-frames
are equal, implying that the proposed modeling approach is
independent of the reference frame being used for the analysis.
This implies that if converter systems are regarded as “black
boxes”, their aggregation for stability analysis in a multi-
converter network can be performed with relative ease using
the proposed modeling approach. This is in contrast to the dq-
impedance-based models, which require complex coordinate
transformations for the aggregation of converter systems [12].
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Fig. 8. Applied disturbance to evaluate small-signal stability of grid-connected
converter system.
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Fig. 9. Equivalent block-scheme describing small-signal characteristics of
grid-connected converter system using the proposed modeling approach.

V. SMALL-SIGNAL STABILITY ASSESSMENT CRITERIA

A. Small-signal stability analysis using the proposed modeling
approach

To formulate an assessment criterion for evaluating the
small-signal stability of the interconnected system using the
proposed modeling approach, a power variation at the PCC, as
depicted in Fig. 8, is considered as the source of disturbance.
This disturbance results in variations in both the voltage
magnitude and fundamental frequency at the PCC, ultimately
causing oscillations in the active and reactive powers of the
converter system and the inertial grid. By considering the
current directions shown in Fig. 8 and using (17) and (25),
an equivalent block-scheme (illustrated in Fig. 9) describing
the small-signal characteristics of the grid-connected converter
system can be obtained. Accordingly, the stability of the
system can be assessed by analyzing the poles of the closed-
loop transfer matrix, Gcl,prop, which is given by

EΩ

SL
= Gcl,prop = [I+G−1

tmgGtmc]
−1

G−1
tmg, (44)

where the matrix, EΩ, is as defined in (17) and SL = Sc+Sg.

B. Small-signal stability analysis using the conventional mod-
eling approach

By using the conventional approach, in which the terminal
characteristics of the subsystems are expressed using their
corresponding input admittance, the small-signal stability of
the interconnected system is assessed by analyzing the poles
of the closed-loop transfer matrix, Gcl,conv, which is given by

Eg

IL
= Gcl,conv = [I+Y−1

g Yc]
−1

Y−1
g , (45)

where the matrix, Eg, is as defined in (9) and IL = If + Ig.

C. Comparison of small-signal characteristics

Small-signal characteristics of the grid-connected converter
system assessed by two types of modeling approaches are
compared in this section. To compare the small-signal char-
acteristics, the poles of the closed-loop transfer matrices
Gcl,prop and Gcl,conv are obtained and plotted in Fig. 10a)
and Fig. 10b), respectively, for two different values of the
loop bandwidth of the APC in the converter system.

The figures show that the closed-loop transfer matrices have
the same poles, providing the same information about the
small-signal stability of the system for the two cases. This is
evident from the movement of the poles to the right-hand side
of the complex plane in both figures when the loop bandwidth
of the APC is increased fourfold, indicating a transition from



Fig. 10. Poles of closed-loop transfer matrix a) Gcl,prop, b) Gcl,conv for
two different values of loop-bandwidth of APC in converter system. Poles
marked by blue color for αpc = 2π5 rad/s, poles marked by red color for
αpc = 2π20 rad/s.

Fig. 11. Impact of the active power controller’s loop bandwidth on the active
power response of the system.

a stable case (poles in blue) to an unstable case (poles in
red). The results of this comparative study imply that the two
modeling approaches are equivalent, as they provide the same
information regarding the small-signal behavior of the system.

VI. SIMULATION VALIDATION OF THE STABILITY
ASSESSMENT

To verify the correctness of the proposed stability as-
sessment criterion, a detailed PSCAD/EMTDC time-domain
simulation of the grid-connected converter system shown in
Fig. 1 is used. The simulation test is performed using the same
operating points mentioned previously and the system and
control parameters specified in Table I. Figure 11 shows the
time-domain response of the system when the loop bandwidth
of the APC in the converter system is varied at t = 0.1 s.

It can be observed from the figure that increasing the loop
bandwidth of the APC to four times its initial value makes
the system unstable, as expected from the theoretical analysis
in the previous section. Furthermore, the angular frequency
of the growing oscillations matches that of the unstable
pole in Fig. 10a) and Fig. 10b). The results obtained from
electromagnetic transient simulations thus validate correctness
and accuracy of the proposed small-signal models.

VII. CONCLUSIONS

A novel small-signal modeling approach for grid-connected
converter systems is presented in this paper. The proposed
approach is based on the converter system’s power-response

matrix, which correlates variations in the active and reac-
tive powers of the converter system with variations in grid
voltage magnitude and frequency. This formulation allows
a direct assessment of grid services (also referred to as
GFM properties) offered by the converter system, such as
synthetic inertia, damping provision, and voltage-droop behav-
ior. Moreover, it proves beneficial in analyzing the coupling
between active and reactive power responses of the converter
system. Furthermore, unlike the conventional impedance-based
modeling approach, the proposed approach is independent of
the reference frame used for analysis, simplifying aggregation
of subsystems regarded as “black boxes” for the small-signal
stability assessment of large interconnected systems.
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