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Non-Hermitian systems exhibit a variety of unique features rooted in the presence of exceptional points
(EPs). The distinct topological structure in the proximity of an EP gives rise to counterintuitive behaviors
absent in Hermitian systems, which emerge after encircling the EP either quasistatically or dynamically.
However, experimental exploration of EP encirclement in quantum systems, particularly those involving
high-order EPs, remains challenging due to the difficulty of coherently controlling more degrees of free-
dom. In this work, we experimentally investigate the eigenvalue braiding and state transfer arising from
the encirclement of EP in a three-dimensional non-Hermitian quantum system using superconducting cir-
cuits. We characterize the second- and third-order EPs through the coalescence of eigenvalues. Then we
reveal the topological structure near the EP3 by quasistatically encircling it along various paths with three
independent parameters, which yields the eigenvalue braiding described by the braid group B3. Addition-
ally, we observe chiral state transfer between three eigenstates under a fast driving scheme when no EPs
are enclosed, while time-symmetric behavior occurs when at least one EP is encircled. Our findings offer
insights into understanding non-Hermitian topological structures and the manipulation of quantum states
through dynamic operations.

DOI: 10.1103/PRXQuantum.6.020328

I. INTRODUCTION

The exploration of non-Hermitian systems has uncov-
ered a wide range of intriguing phenomena, such as unidi-
rectional invisibility [1,2], perfect absorption [3,4], lasing
effects [5–7], frequency combs [8], and unconventional
beam dynamics [9]. These findings are fostered by the
presence of non-Hermitian degeneracies known as kth-
order exceptional points (EPks), where k eigenvalues and
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their corresponding eigenstates both simultaneously coa-
lesce. The nontrivial topological structure near an EP
within the Riemann manifold leads to unique behaviors
that have no counterpart in Hermitian systems.

In an N -dimensional non-Hermitian system, traversing a
directional control loop parametrized by s around an EP in
a quasistatic manner results in a permutation of N complex
eigenvalues {λi(s)} [10,11]. The trajectories of eigenvalues
in the three-dimensional space (Re[λ], Im[λ], s) resem-
ble N intertwined strands of a braid. For the EPs in a
two-dimensional non-Hermitian system, the topology of
control loops in a two-dimensional parameter space can
be classified by the group Z, which also corresponds to the
braid degree of two eigenvalues along the loop [12].

To predict the evolution of N eigenvalues, however, it
is necessary to account for the topological structure of
the space GN , excluding degenerate points in a higher-
dimensional parameter space of 2(N − 1) dimensions [13].

2691-3399/25/6(2)/020328(17) 020328-1 Published by the American Physical Society

https://orcid.org/0009-0004-9632-679X
https://orcid.org/0000-0002-9007-2272
https://orcid.org/0000-0002-7776-2455
https://orcid.org/0000-0001-5895-0111
https://ror.org/05cvf7v30
https://ror.org/05qbk4x57
https://ror.org/040wg7k59
https://ror.org/04nqf9k60
https://ror.org/05qbk4x57
https://ror.org/020vtf184
https://crossmark.crossref.org/dialog/?doi=10.1103/PRXQuantum.6.020328&domain=pdf&date_stamp=2025-05-09
http://dx.doi.org/10.1103/PRXQuantum.6.020328
https://creativecommons.org/licenses/by/4.0/


HE ZHANG et al. PRX QUANTUM 6, 020328 (2025)

A bijection can be established between the fundamental
group of the space GN and the Artin braid group BN [14–
16], which is a non-Abelian group for N > 2. In the case
of N = 3, the full parameter space is four-dimensional,
with all EPs forming a two-dimensional space isomorphic
to a cone of the trefoil knot K × R>0 where K denotes
the trefoil knot [17]. To locate the EP3 and ascertain
the braid relation, four independent parameters must be
adjusted, which demands substantial experimental effort
[17]. Recent studies suggest that additional symmetries can
lessen the degrees of freedoms required to observe high-
order EPs [18,19]. Therefore, it remains to be explored
whether digesting the topology of encircling EPs and
reproducing the associated braid group BN still neces-
sitates 2(N − 1) parameters when such symmetries are
present.

Another noteworthy phenomenon is the mode switch
among eigenstates induced by the dynamical encirclement
of EPs. Instead of the eigenstate exchange observed in
quasistatic encirclement, nonadiabatic transitions during
the dynamical cycle lead to the breakdown of the adi-
abatic theorem [20–24]. The final state is determined
by the encirclement direction and the location of the
starting point, irrespective of the initial state. While
such novel behaviors have been demonstrated in classi-
cal systems [25–31], extending this topological control
to quantum systems demands both high controllability
and long coherence time. Although recent studies have
realized the dynamical encirclement of a second-order
EP in real quantum systems [32,33], the exploration of
higher-order EP remains elusive due to the challenge
of precisely controlling more time-dependent parame-
ters. Moreover, the chiral state transfer can occur even
in the absence of encircled EPs [31,33,34], which has
yet to be observed in high-dimensional non-Hermitian
systems.

In this work, we investigate eigenvalue braiding and
state transfer in a three-dimensional non-Hermitian quan-
tum system comprising a transmon coupled with a
microwave resonator. Leveraging the multilevel structure
of transmon, we approximate it as a three-level quan-
tum system and achieve tunable coupling between the
transmon and the resonator. Dissipation is introduced by
the resonator, which undergoes much faster photon decay
compared to the transmon [35–37]. We identify the EP2s
and EP3 in this system by the coalescence of eigenval-
ues. We develop a mapping between the control loop and
the braid of eigenvalues, and illustrate how to employ
this mapping to generate the complete braid group B3
with three parameters. We reveal that both time-symmetric
and chiral state transfers can appear by choosing differ-
ent paths for the dynamical encirclement of EPs, which
can be implemented through a rapid driving scheme. The
chiral state transfer manifests only when no EPs are sur-
rounded.

II. SYMMETRY-ENABLED REALIZATION OF
HIGH-ORDER EPS

We construct a non-Hermitian system on a supercon-
ducting quantum processor with a transmon and a capaci-
tively coupled microwave resonator. Figure 1(a) illustrates
the processor utilized in our experiment, which contains
a one-dimensional array of ten frequency-tunable trans-
mon elements. We only exploit Q10 in the experiment,
while the others are detuned from the experimental fre-
quency using magnetic flux bias to reduce crosstalk. The
transmon Q10 can be regarded as a qutrit comprising its
ground state |g〉, the first excited state |e〉, and the sec-
ond excited state |f 〉, with an energy relaxation time of
Te = 48 µs and Tf = 35 µs. The initial state prepara-
tion and readout are operated at the sweet-spot frequencies
ωge = 2π × 5.684 GHz and ωef = ωge + α = 2π × 5.431
GHz with an anharmonicity α/2π = −253 MHz. The
transitions between g-e and e-f are individually addressed
by different modulated microwave pulses generated by
arbitrary waveform generators (AWGs). The transmon is
coupled with the strength J/2π = 48 MHz to a readout
resonator of frequency ωr/2π = 6.697 GHz. The photon
decay rate κ of resonator is measured to be 5 MHz by the
ac Stark effect [38].

Although the coupling strength J is fixed by the geome-
try of the device, cavity-assisted Raman process enables a
controllable effective coupling G between |g, 1〉 and |f , 0〉
by employing a coherent microwave drive where |s, n〉
denotes the product state of the transmon in state |s〉 and
the resonator in the n photon Fock state |n〉 [35–37]. By
applying an additional Rabi drive between the |e, 0〉 and
|f , 0〉 states, the dynamics of the coupled system in the
subspace spanned by the |e, 0〉, |f , 0〉, and |g, 1〉 states is
governed by the non-Hermitian Hamiltonian

H =
⎛
⎝

−δef � 0
� 0 G
0 G −iκ/2

⎞
⎠ , (1)

where δef is the drive detuning, accounting for the ac Stark
shift induced by the f 0-g1 drive, and � is the drive ampli-
tude between the |e, 0〉 and |f , 0〉 states. For simplicity, �
and G are both tuned to be real. The ac Stark shift for
the |g, 1〉 state induced by the f 0-g1 drive is consistently
compensated for in the experiment.

The non-Hermitian Hamiltonian in Eq. (1) can be
parameterized with three real independent variables
(δef ,�, G), which can be accurately mapped onto the
raw instrument parameters following a series of cal-
ibrations prior to the experiment. However, the exis-
tence of EPks generally necessitate 2(k − 1) constraints
implying that at least four free parameters are required
to investigate EP3s [17,18,39]. To resolve this dis-
crepancy, we mention that the Hamiltonian possesses

020328-2



TOPOLOGICAL EIGENVALUE BRAIDING. . . PRX QUANTUM 6, 020328 (2025)

(a)

(b)

FIG. 1. Three-level non-Hermitian systems. (a) The optical picture of the ten-qubit superconducting quantum processor with high-
lighting circuit elements of a transmon and its attached resonator. Scale bar at the bottom, 0.2 mm. (b) The non-Hermitian system is
composed of the states |e, 0〉, |f , 0〉, and |g, 1〉, with dissipation irreversibly driving the transition from |g, 1〉 to |g, 0〉.

a pseudochirality at δef = 0, which lowers the num-
ber of constraints to two [40,41]. Therefore, we can
observe an isolated EP3 at the two-dimensional surface
δef = 0 in the parameter space. To explicitly demon-
strate it, we consider the characteristic polynomial of the
Hamiltonian ϕλ(H) = λ3 + (δef + iκ/2)λ2 − (G2 +�2 −
iκδef /2)λ− (G2δef + iκ�2/2). The roots of this cubic
polynomial yield three eigenvalues λ1, λ2, and λ3. All
of them can be expressed as (− p

2 + √

)1/3α + (− p

2 −√

)1/3α∗ − (δef + i κ2 )/3 where α takes the value from

{1, ei2π/3, ei4π/3} using Cardano’s formula. Here,
 denotes
the discriminant of ϕλ(H), and p is a function about δef ,�,
and G. The square root of 
 indicates that EP2s emerge at

 = 0 and coalesce into an EP3 when p = 0 as well. We
plot the EP2s and EP3 in the first quadrant of the plane
δef = 0 in Fig. 2(a). The boundary lines of the shaded
region 
 < 0 consist of two branches of EP2s, and EP3
is located at the cusp of order-2 exceptional arcs. In addi-
tion, the system preserves an anti-PT symmetry at δef =
0 [42–46]. The sign change of 
 characterizes an anti-
PT-symmetry phase transition. In the symmetry-unbroken
regime (
 < 0), all eigenvalues are purely imaginary,
leading to exponential decay dynamics. Spontaneous sym-
metry breaking occurs at EP2s (
 = 0), where two eigen-
values degenerate. When 
 > 0, the eigenvalues become
complex and result in damped oscillations.

We experimentally examine EPs along three distinct
routines that traverse exceptional arcs with two, one, and
zero crossings on the plane δef = 0, as shown in Fig.
2(a). We fix the Rabi driving amplitude � between the
|e, 0〉 and |f , 0〉 states while gradually increasing the ampli-
tude of f 0-g1 driving pulse. Simultaneously, we adjust
the driving frequency to maintain zero detuning. For each
point on the trajectories, we prepare the initial state as
(|e, 0〉 − i|f , 0〉)/√2 and measure the evolution of the
probabilities for the three qutrit states |g〉, |e〉, and |f 〉. The

retrieved eigenvalues are obtained from the non-Hermitian
Hamiltonian using the extracted experiment parameters
(δ

exp
ef ,�exp, Gexp). These parameters are determined by fit-

ting the population dynamics of three states simultaneously
(see Appendix B).

Figures 2(b)–2(d) present the retrieved eigenvalues cor-
responding to the three specific routines shown in Fig. 2(a),
respectively. All experiment data align well with the the-
oretic predictions. In Fig. 2(b), one eigenvalue remains
purely imaginary while the other two are symmetrically
mirrored about the plane Re[λ] = 0 as G increases, before
converging at the first EP2 (EP2a) in the left branch. Up
crossing EP2a, all eigenvalues turn imaginary until they
reach another EP2 (EP2b) in the right branch. Passing
through the symmetry-unbroken region, two eigenvalues
become complex again. The real part of the eigenvalues
undergoes pitchfork bifurcations at two EP2s, as depicted
on the projected plane in Fig. 2(b). Notably, the symmet-
ric eigenvalues after crossing EP2b are distinct from the
pair before crossing EP2a as illustrated in Fig. 2(b), which
gives rise to two types of eigenvalue braiding when encir-
cling EP2s in different branches. Next, we follow the blue
routine where �/κ = 3−3/2/2 and encounter the EP3 at
G/κ = (2/3)3/2/2. Figure 2(c) plots the eigenvalues in the
vicinity of EP3 where all three eigenvalues coalesce, con-
firming the existence of EP3. The inner projected plane
also shows the merging of two bifurcations points into
one. In contrast, for the green routine without intersect-
ing the region where
 < 0, no eigenvalues coalescence is
observed in Fig. 2(d) as anticipated.

III. COMPLEX EIGENVALUE BRAIDING

After identifying EPs on the surface δef = 0, we investi-
gate the behavior of eigenvalues by varying the parameters
of H around a loop in the parameter space. Contrary to
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(a) (b) (c) (d)

FIG. 2. Determine EP2s and EP3. (a) The phase diagram in the first quadrant of the plane δef = 0. Purple arcs represent EP2s and
the blue star denotes the EP3. The colored region surrounded by EP2s represents the anti-PT-symmetry-broken phase with discriminant

 < 0. Red, blue, and red arrows represent specific routines. (b)–(d) Retrieved eigenvalues corresponding to the routines in (a). Dots
are experimental data and solid lines are theoretic results. The standard error of the mean in the measured data is no larger than the
size of the plotted points. The solid lines on the projected planes show the real parts of the eigenvalues.

the requirement of a four-dimensional parameter space
[17], we demonstrate that three independent parameters
are sufficient to realize the entire braid group B3. Figure
3(a) illustrates EPs within the three-dimensional parameter
space. We focus on the EPs depicted by the blue solid lines,
which continue infinitely in the parameter space as |δef |
increases, rather than constituting a closed knot [17]. Two
additional exceptional lines, defined by {(δef ,�, G)|� =
0, G = ±κ/4}, are not joined with the main framework of
EPs and are not shown in the figure, as they do not impact
our results. Owing to the absence of the coupling between
|e, 0〉 and |g, 1〉, the eigenvalues are invariant regardless of
the phase variations or the signs of� and G (see Appendix
A). Consequently, the EPs shown in the first quadrant of
the surface δef = 0 [Fig. 2(a)] extend to four quadrants in
Fig. 3(a).

To observe the spectral flow, we select five control
loops which share a common base point serving as both
start and end points, as shown in Fig. 3(a). The details
of these control loops are provided in Appendix C. For
clarity, the control loops in green, purple, and brown are
symmetrically mirrored in the other quadrants. The five
loops belonging to different homotopy classes give rise to
different braids of eigenvalues in Figs. 3(b)–3(f), where
the evolution of each eigenvalue resembles a strand. The
red and blue loops encircling distinct branches of EP2s
on the surface δef = 0 generate elements σ1 and σ2 of
the braid group B3, respectively. By concatenating these
loops, we can derive any element in B3, such as σ 2

1 , σ2σ1,
and σ1σ2 [Figs. 3(d)–3(f)]. As illustrated in Figs. 3(e) and
3(f), the braids formed by concatenating σ1 and σ2 in
opposite orders are not equivalent, verifying that B3 is a
non-Abelian group. Apart from the decomposition into red
and blue loops, the purple or brown loop can also be inter-
preted as a concatenation of loops encircling the other two
exceptional arcs with δef �= 0. The equivalence of two con-
catenations leads to the braid identity σ1σ2σ1 = σ2σ1σ2,

which is also known as the Yang-Baxter equation (see
Appendix L) [47]. From another prospective, the purple
and brown loops can be continuously deformed into the
loops around EP3 without concatenation, producing a full
braid of three eigenvalues in one step. Similarly, the red
and blue loops can be viewed as encircling EP3 within a
plane, which separates one exceptional arc from the other
three, producing a braid between two eigenvalues. These
results indicate the anisotropy of EP3 stemming from the
novel geometry of the space GN (see Appendix K) [39].

We mention that such a topological structure close to
the EP3 cannot be fully characterized by the discriminant
number ν = ∑

i�=j νij , where νij is the vorticity invariant
between eigenvalues λi and λj [48,49]. It can be verified
that ν = −1 for the loops shown in Figs. 3(b)–3(c) and ν =
−2 for the loops shown in Figs. 3(d)–3(f). Another promis-
ing topological invariant is the knot invariant, obtained by
connecting the corresponding ends of the braid to form a
knot or link [12,16]. However, different braids may yield
the same knot or link, as seen in Figs. 3(b) and 3(c),
where both braids give rise to the same unlink, making
them indistinguishable by knot invariants. Therefore, the
braid group is a more fundamental tool for a compre-
hensive understanding of the topological structure near a
high-order EP.

IV. CHIRAL QUANTUM STATE TRANSFER

We now turn to the case of dynamically varying param-
eters along a cycle, where only one eigenstate dominates
at the end of the evolution. In a two-dimensional non-
Hermitian system, if a loop produces one eigenstate and its
reverse yields the other one, it is called chiral-state trans-
fer; otherwise, it is termed time-symmetric state transfer. In
higher-dimensional systems, this process is more intricate
due to the presence of more eigenstates and EPs. To inves-
tigate the impact of EP on state transfer, we confine the
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(a) (b) (c)

(d) (e) (f)

FIG. 3. Braid of eigenvalues. (a) EPs and control loops. Blue solid lines represent EPs. Red, blue, green, brown, and purple loops
represent the control loops around EPs. Each loop is parameterized as l(s) and completes a full cycle as s increases from 0 to 1. The
yellow plane denotes the surface δef = 0, and the stars mark the four EP3s. (b)–(f) Braid of eigenvalues corresponding to the five
control loops in (a). Dots represent the experiment data and solid lines indicate theoretic results. The standard error of the mean in the
measured data is no larger than the size of the plotted points. The projected planes offer a front-view perspective of braids.

dynamical loops within the plane G = 0.845 MHz, which
intersects with the exceptional arcs twice creating two EPs,
as shown in Fig. 4(a). Each loop is a rectangle with a height
of 2a and a width of�m −�0 where a/2π = 5 MHz is the
maximum value of detuning and �m = 5 MHz is the fixed
maximum value of �. The four edges of the rectangle are
swept consecutively in either a clockwise (CW) or counter-
clockwise (CCW) direction at different constant velocities,
ensuring that each edge is traversed in T/4 time, where T is
the total period. The starting point of the loop is situated at
(�0, 0). By increasing the value of�0, the loop is squeezed
and the number of surrounding EPs decreases from two to
zero.

Since the eigenstate is expressed in the basis involving
the resonator’s state, we develop an approach to prepare
a specific initial state. To characterize the final state, we
first perform standard quantum state tomography between
the states |e, 0〉 and |f , 0〉. Then we continue the evolu-
tion without the e-f Rabi drive to extract the information
about the |g, 1〉 (see Appendix D). During the evolu-
tion, we dynamically adjust the phase of the e-f pulse to

correct the unwanted phase shifts arising from changes in
detuning.

To examine the exchange among the eigenstates along
different loops, we prepare the initial state as the right
eigenstate |ψ2〉 and allow the system to evolve accord-
ing to the loop, where |ψj 〉 represents the j th normalized
right eigenstate associated with the eigenvalue λj . Figures
4(b), 4(c), 4(f), and 4(g) show the simulation results of
overlap Fj = |〈ψj |ψ(T)〉|2 between the normalized final
state |ψ(T)〉 and the remaining right eigenstates |ψ1〉 and
|ψ3〉. Different from the adiabatic limit (T → ∞), the
state transfer is strongly influenced by both the period T
and the position of the starting point [33]. For the loops
encompassing two EPs, the final state always transfers to
the eigenstate |ψ3〉 at some specific times regardless of
the direction. Similar time-symmetric behaviors are also
observed for the loops enclosing one EP. However, chiral-
state transfer occurs when no EPs are surrounded by the
loops. As indicated by the pink triangles in Figs. 4(b), 4(c),
4(f), and 4(g), the CW loop yields the transfer from |ψ2〉 to
|ψ3〉, while the CCW loop causes the transfer from |ψ2〉
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(a) (b)

(d) (e)

(c)

(f) (g)

FIG. 4. Dynamically encircle EPs. (a) The sketch of encirclement loops on the plane G = 0.845 MHz. By adjusting the initial point
(�0, 0), the number of EPs encircled by the loop can be reduced from two to zero. The encirclement direction is either clockwise
(CW) or counterclockwise (CCW). (b),(c) and (f),(g) The numerical results of state overlap Fj = |〈ψj |ψ(T)〉|2 over the encirclement
period T and �0 where |ψ(t)〉 is the normalized state at time t and |ψj 〉 is the j -th normalized right eigenstate of initial Hamiltonian
with j = 1, 2, and 3. The initial state is prepared at the right eigenstate |ψ2〉. (d),(e) The state overlaps during the evolution using the
parameter marked by the pink triangle in (b),(c) and (f),(g). The circles represent the experiment data and the dashed lines represent
the numerical simulation results. The standard error of the mean in the measured data is no larger than the size of the plotted points.

to |ψ1〉. Figures 4(d) and 4(e) plot the evolution of state
overlap Fj over time in experiments using the parameters
marked by the pink triangle. The experimental results are
consistent with the numerical results. The oscillations in
the overlaps during the evolution underline the importance
of selecting an appropriate evolution time.

V. CONCLUSION AND DISCUSSION

We realize a non-Hermitian system containing an EP3
using superconducting circuits. We demonstrate that the
EP3 is the intersection of multiple exceptional arcs. By
identifying the exceptional arcs in the three-dimensional
parameter space, we illustrate the generation of braid group
B3 by concatenating different classes of control loops. We
also explore the chiral-state transfer between the eigen-
states over a relatively short time by dynamically encir-
cling the vicinity of the EP without enclosing it. Compared
to the adiabatic approach, shortening the evolution time
suppresses the decoherence effects of the device. We men-
tion that the state transfer vanishes when the starting point
is set at (�m, 0), which highlights the role of the starting
position [28].

The study of non-Hermitian systems can be greatly
advanced through the flexibility and scalability of
superconducting circuits. Beyond controlling coherent
parameters, the dissipation rate can be enhanced by incor-
porating a Purcell filter without degrading the coherence
of transmon [50,51], or dynamically tuned via a normal
metal-insulator-superconductor tunnel junction [52,53].
By coupling multiple transmons, the composite system

facilitates the exploration of entanglement generation near
higher-order EPs [54] or enable Bell-state transfer between
qubits [55]. The critical behaviors near the dynamic Mott
transition, also identified as a PT symmetry-breaking tran-
sition [56,57], can be investigated using an array of
superconducting islands [58–61]. This highlights the broad
potential of superconducting electronics for exploring PT
symmetry-breaking phenomena.
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APPENDIX A: SYMMETRIES OF
NON-HERMITIAN HAMILTONIAN

Pseudochirality and anti-PT-symmetry are defined as
UpsChHU−1

psCh = −H † and UAPTHU−1
APT = −H ∗, respec-

tively, where UpsCh and UAPT are two unitary operators and
H represents the non-Hermitian Hamiltonian. The anti-
PT-symmetry can be derived from the PT-symmetry by
substituting H → iH . By choosing

UpsCh = UAPT =
⎛
⎝

1 0 0
0 −1 0
0 0 1

⎞
⎠ , (A1)

we can verify that the Hamiltonian in Eq. (1) preserves
both symmetries when δef = 0. For a nonzero δef , the
eigenvalues of the Hamiltonian remain unchanged under
the transformations � → �eiφ and G → Geiθ by notic-
ing that U1(φ)H(δef ,�, G)U−1

1 (φ) = H(δef ,�eiφ , G) and
U2(θ)H(δef ,�, G)U−1

2 (θ) = H(δef ,�, Geiθ ) where

U1(φ) =
⎛
⎝

eiφ 0 0
0 1 0
0 0 1

⎞
⎠ , (A2)

and

U2(θ) =
⎛
⎝

1 0 0
0 1 0
0 0 eiθ

⎞
⎠ . (A3)

APPENDIX B: METHOD FOR EXTRACTING
EIGENVALUES

To extract eigenvalues of non-Hermitian Hamiltonian
for each point in the trajectory, we initialize the system
in the state |ψ0〉 = (|e, 0〉 − i|f , 0〉)/√2 and measure the
evolution of state probabilities Pe, Pf , and Pg . Here, Pg
denotes the probability of the qutrit being in the state |g〉,
irrespective of the resonator state.

The observed dynamics can be interpreted using the
spectral decomposition of the non-Hermitian Hamilto-
nian H = ∑

i λi|ψR
i 〉〈ψL

i | where |ψR
i 〉 (|ψL

i 〉) are the right
(left) eigenstates of H , satisfying the bi-orthogonal con-
dition 〈ψL

i |ψR
j 〉 = δij . This allows us to express the evo-

lution of the state probability Pj for the state |j 〉 as Pj =∣∣∣∑3
i=1 e−iλit〈j |ψR

i 〉〈ψL
i |ψ0〉

∣∣∣
2
. The explicit forms of right

and left eigenstate are given by

|ψR
i 〉 =

(−2G2 + iλκ + 2λ2

2G�
,

iκ + 2λ
2G

, 1
)T

(B1)

and

|ψL
i 〉 =

(
G�

d(λi)
,
−G(iκ/2 +∑3

j �=i λj )

d(λi)
,

c(λi)

d(λi)

)†

(B2)

FIG. 5. Time evolution of state probabilities Pe and Pf .

with

c(λi) = G2 − κ2/4 + iκ
2

3∑
j �=i

λj +
3∏

j �=i

λj , (B3)

d(λi) = λ2
i − λi

3∑
j �=i

λj +
3∏

j �=i

λj . (B4)

The eigenvalues are functions of the parameters δef , G,
and �, as shown in Appendix J. Since Pg = 1 − Pe − Pf ,
we fit the measured evolution of Pe and Pf simultane-
ously to determine the unknown Hamiltonian parameters
(δexp

ef , �exp, Gexp), which are then used to calculate the
eigenvalues. In Fig. 5, we present the evolution of state
probabilities for two data points corresponding to G = 0.6
MHz and G = 1.22 MHz in Fig. 2(b) of the main text.
Pentagon and circle markers denote the experimental data
while the dashed lines represent the fitted results.

APPENDIX C: CONTROL LOOPS OF
EIGENVALUE BRAIDING

The control loops shown in Fig. 3(a) consist of arcs and
their corresponding straight-line segments. As shown in
Fig. 6(a), both the red and blue loops are ellipses lying in
the plane � = 0.25 MHz while δef and G are described by
the following parametric equations:

δ = δr sin(2πs), (C1)

G = Gr cos(2πs)+ Gc, (C2)

with s ∈ [0, 1]. Here, Gc represents the center of the ellipse
along the δef = 0 axis, and |δr| and |Gr| denote the height
and width, respectively. The starting point also lies on the
δef = 0 axis with G = 1.17 MHz. Both the red and blue
loops share the same height |δr| = 0.05 MHz and the same
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(a) (b)

(c) (d)

FIG. 6. The control loops corresponding to the eigenvalue
braiding in Fig. 3.

width |Gr| = 0.11 MHz. Meanwhile, the two branches of
the EP2 arcs near EP3 penetrate the interiors of the red and
blue loops, respectively, as shown in Fig. 3(a).

The other three loops in Fig. 3(a) each consist of
two arcs connected by straight-line segments. The control
loop corresponding to Fig. 3(d) follows a sequential path
through four parts, labeled 1©, 2©, 3©, and 4©, as illustrated
in Fig. 6(b). The first elliptical arc ( 1©) lies in the plane
� = 0.25 MHz with the same starting point as in Fig. 3(a),
while the second arc ( 3©) is in the plane � = 0.15 MHz.
These two arcs are linked by two straight-line segments
( 2© 4©). As shown in Fig. 3(a), the entire loop encircles the
same EP2 branch twice and leads to the group element σ 2

1 .
The remaining loops in Figs. 6(c) and 6(d) are composed

of the same structural elements. The two elliptical arcs in
Fig. 6(c) share the same height |δr| = 0.1 MHz and width
|Gr| = 0.1 MHz. The left and right arcs encircle different
EP2 branches and are connected by two short horizontal
straight lines. The entire loop is slightly shifted downward,
positioning the staring point on the upper segment, with
the loop first transversing the left arc. In contrast, the loop
in Fig. 6(d) is slightly shifted upward, placing the starting
point on the lower segment, with the loop first transvers-
ing the right arc. This difference in encirclement order thus
results in two distinct group elements σ2σ1 and σ1σ2.

APPENDIX D: STATE TOMOGRAPHY OF
EIGENSTATES

For an unknown state |ψ〉 = A|e, 0〉 + Beiβ |f , 0〉 +
Ceiγ |g, 1〉, we reconstruct the state by determining the state
probabilities |A|2, |B|2, and |C|2, along with the relative
phase differences between |e, 0〉 and |f , 0〉 and between
|f , 0〉 and |g, 1〉. Our approach involves two main steps.

(a)

(b)

FIG. 7. State-tomography circuits for an unknown state |ψ〉 in
two steps. (a) We apply the standard state-tomography pulses
between |e〉 and |f 〉 states. (b) We monitor the time evolution
of Pf and Pg under a constant f 0-g1 drive.

First, we apply a series of short e-f tomography
pulses and measure the resulting state probabilities
Pe and Pf . We employ three e-f tomography pulses
{I , Ref

x (π/2), Ref
y (π/2)} where Ref

x(θ) = exp(−iσ ef
x θ/2)

and Ref
y(θ) = exp(−iσ ef

y θ/2) with σ ef
x and σ ef

y being the
Pauli operators defined between the states |e〉 and |f 〉.
The measured values of Pe and Pf then allow us to esti-
mate |A|2, |B|2, and the phase factor eiβ using maximum-
likelihood estimation [62].

Second, we apply a constant f 0-g1 drive and monitor the
time evolution of the state probabilities Pf and Pg . Since
our focus is on the final state of the dynamically encircling
process on the �− δef plane under a fixed f 0-g1 drive, all
other parameters are set to zero except for the f 0-g1 drive
during this tomography phase. By fitting the observed evo-
lution with the known coupling strength G and |B|2, we can
extract the probability |C|2 and the relative phase ei(γ−β)
between |f , 0〉 and |g, 1〉.

Figure 7 depicts the complete tomography circuit used
for the state |ψ〉. Combining the information from both
steps allows us to fully reconstruct the unknown state.

APPENDIX E: EXPERIMENTAL SETUP

Our experimental setup consists of a superconducting
quantum processor with ten superconducting transmon
qubits, each coupled to a dedicated microwave resonator.
To control and characterize multiple qubits, we devel-
oped an electronic hardware system housed in a VPX-6U
chassis, as shown in Fig. 8. This system includes multi-
ple channels for arbitrary waveform generation (AWG),
analog-to-digital conversion (ADC), and dc sources. The
setup utilizes both longitudinal (Z control) and transverse
(XY control) lines to deliver pulses that drive qubit evolu-
tion along the Z andXY directions. For Z control, energy
level spacing adjustments are made using a combination
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FIG. 8. Diagram of the quantum measurement and control system. A dilution refrigerator provides an ultralow temperature environ-
ment for the chip. The measurement and control system in the room-temperature environment interacts with the qubits by inputting
and retrieving microwave signals.

of fast AWG bias and slow dc bias. For XY control, we
employ two sets of AWG channels and microwave sources
to create microwave pulses with precisely tuned frequen-
cies, amplitudes, and phases, enabling manipulation of
qubit states.

We exploit one qubit of the ten-qubit chain. The fre-
quencies of dispersion readout cavities increase from 6.5
to 6.7 GHz with a step size of 20 MHz to economize the
frequency space and achieve suitable detuning. By mix-
ing the carrier signal generated from microwave source and
the envelop signal generated from AWG channels, we can
send resonant Rabi pulses through the XY line to drive the
qubit’s evolution between two specific energy levels. In

our experiment, we consider the lowest three energy lev-
els |g〉, |e〉, and |f 〉 of transmon. A πge pulse excites the
transmon from the |g〉 state to the |e〉 state, and a πef pulse
excites the transmon from the |e〉 state to the |f 〉 state, with
respective driving frequencies of ωge/2π = 5.684 GHz
and ωef /2π = 5.431 GHz.

The readout of qutrit state is achieved by utilizing dis-
persive measurement techniques due to |ωr − ωge| 
 J
and |ωr − ωef | 
 J . The readout probe tone with a dura-
tion of 2 µs is generated, shaped, and timed using het-
erodyne mixing like XY signals and sent down into the
cryostat. The transmitted readout signal S21 is amplified,
first in a HEMT amplifier and then in room-temperature
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FIG. 9. Corresponding complex plane representation of the
transmission coefficients S21. We distinguish the readout signals
corresponding to different states of the qutrit through single-shot
experiments. Each point in the graph is composed of the in-phase
and quadrature components of the S21 signal. The readout sig-
nals of the qutrit’s three states can be effectively separated by
optimizing the amplitudes and frequencies of readout pulses.

amplifiers. Next, the transmitted signal is down-converted
using heterodyne mixing and finally sampled in a digitizer,
acquiring the I and Q quadrature components. To establish
an assignment rule that discriminates different transmon
states, we compile reference data of 15 000 single-shot
traces acquired with the transmon initialized in the states
|g〉, |e〉, and |f 〉. After optimizing the readout pulses’
length, amplitudes, and frequencies, we can distinguish the
qutrit states as shown in Fig. 9. Three clusters labeled by 0,
1, 2 in Fig. 9 correspond to energy levels |g〉, |e〉, and |f 〉,
which have readout fidelities of 98.88%, 89.2%, 86.84%.
The readout fidelity is defined as the statistical probabil-
ity of preparing one state and finally measuring the same
state. We then use the assignment matrix Pij , defined as the
probability of observing the state |i〉 when the state |j 〉 is
prepared, to mitigate readout errors.

APPENDIX F: AC-STARK SHIFT CALIBRATION

An effective coupling between the transmon and the res-
onator can be achieved by applying coherent microwaves
toned at specific frequencies. Since the drive between the
states |f , 0〉 and |g, 1〉 acts on a second-order transition,
it requires a high driving amplitude and results in signif-
icant ac-Stark shifts. In the experiment, taking this effect
into account, we calibrate the transition π -pulses’ frequen-
cies under different f 0-g1 pulses intensities to determine
the shifts.

First, we calibrate the ac-Stark shift of f 0-g1 transi-
tion. The experimental pulses are shown in Fig. 10(a). We
first initialize the system in the ground state. Then, we
apply two π sequent pulses, πge and πef , to prepare the

system in the |f , 0〉 state. Then, we apply a flattop wave-
form detection pulse with a frequency that varies near
the f 0-g1 transition frequency. Finally, we measure the
evolved qutrit |g〉 state probability. We set the product of
pulse intensity and pulse duration to a fixed and appro-
priate value, such that when the frequency of the driving
pulse satisfies the resonance condition, the probability of
the qutrit being in the |g〉 state after evolution is maxi-
mized. As shown in Fig. 10(c), through data processing, we
obtain the corresponding relationship between the f 0-g1
transition frequency and the f 0-g1 driving intensity.

Similarly, we can then calibrate the detuning of the e-f
pulse caused by the f 0-g1 pulse. The experimental pulses
are shown in Fig. 10(b). We first also initialize the system
in the ground state. Then, we apply a πge pulse to prepare
the system in the |e, 0〉 state. Subsequently, we apply a flat-
top waveform detection pulse with a frequency that varies
around the e-f transition and an experimental f 0-g1 pulse.
Finally, we measure the probability of the qutrit being in
the |e〉 state. We specially set the time length and intensity
of the e-f detection pulse to approximately generate a π
pulse, while considering the impact of the f 0-g1 transition
on the |e〉 state probability, to achieve the highest transition
fidelity. As before, we observe and calibrate a dependence
of e-f transition frequency on the amplitude Vf0g1 of the
f 0-g1 pulse as shown in Fig. 10(d).

APPENDIX G: CALIBRATION OF COUPLING
STRENGTHS

After calibrating the ac-Stark shifts induced by the
f 0-g1 pulse, we can proceed to calibrate the coupling
strengths � for the e-f transition and G for the f 0-g1
transition. First, for the transition between the |e〉 and |f 〉
states, the coupling strength is calibrated through the Rabi
oscillation experiment. When the system is initially in the
|e〉 state, the e-f drive causes the state |e〉 probability to
oscillate periodically over time, as shown in Fig. 11(a).
By fitting the evolution of the state probability P(f ) with
the function Pf (t) = sin2(�t), we can obtain the relation-
ship between the oscillating strength and driving intensity
under this driving, as shown in Fig. 11(e). For the tran-
sition between the |f , 0〉 and |g, 1〉 states, we prepare the
qutrit in the |f 〉 state and then apply a resonant f 0-g1
pulse. By fitting the evolution of the state probability P(f )
with the analytical expression Pf (t) = e−κt/2| cos(γ t)−
κ

4γ sin(γ t)|2 where γ =
√

G2 − κ2/16, we can obtain the
corresponding coupling strength G and photon decay
rate κ , as shown in Fig. 11(d). The calibration results
are presented in Figs. 11(e) and 11(f). Finally, having
obtained the corresponding relationships between the cou-
pling strengths and AWG output amplitudes, we can accu-
rately control the parameters� and G in the non-Hermitian
Hamiltonian.
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(a) (b)

(c) (d)

FIG. 10. The calibration of the ac-Stark effect. (a),(b) Illustration of the pulse schemes used to calibrate the ac-Stark effect. (c),(d)
Measured result of ac-Stark shifts of f 0-g1 transition and e-f transition versus the amplitude of the f 0-g1 drive.

APPENDIX H: PREPARATION OF
NON-HERMITIAN EIGENSTATES

We prepare the desired eigenstate through the following
steps. Since the target state can be factored as

|ψ〉 = A|e, 0〉 + Beiβ |f , 0〉 + Ceiγ |g, 1〉

=
(

A√
A2 + B2

|e, 0〉 + Beiβ

√
A2 + B2

|f , 0〉
)√

A2 + B2

+ Ceiγ |g, 1〉, (H1)

we first apply consecutively a πge pulse and a πef pulse
turning the system from the |g, 0〉 state to the |f , 0〉 state.
Then we apply an f 0-g1 pulse turning the |f , 0〉 state into
the

√
A2 + B2|f , 0〉 + Ceiγ |g, 1〉 state. To take the dissipa-

tion effect of f 0-g1 pulse into account, the corresponding
pulse length and amplitudes are solved from the numer-
ical calculation with the known decay rate κ . Finally
we apply an e-f pulse rotating the state |f , 0〉 into the
A/(

√
A2 + B2)|e, 0〉 + (Beiβ)/(

√
A2 + B2)|f , 0〉 state.

APPENDIX I: CONSTRUCTION OF THE
EXPERIMENTAL NON-HERMITIAN

HAMILTONIAN

The key ingredient in the non-Hermitian Hamiltonian is
the f 0-g1 coupling, which is induced by a second-order

transition. By applying a coherent driving pulse with the
frequency ωd, the Hamiltonian for the coupled system can
be expressed as

H0 = δra†a + δqb†b + α

2
b†b†bb + J (ab†+ba†)

+ �f 0g1

2
b + �∗

f 0g1

2
b†, (I1)

where a represents the annihilation operator of the res-
onator, b represents the annihilation operator of the trans-
mon, δr = ωr − ωd is the resonator-drive detuning, δq =
ωge − ωd is the transmon-drive detuning, J is the cou-
pling strength between the resonator and the transmon, α
is the nonlinear of the transmon, and �f 0g1 is the driv-
ing amplitude. We further truncate the transmon operator
at the second excited state |f 〉. The coupling between the
states |g, 0〉 and |f , 1〉 is activated if the driving frequency
satisfies ωd = 2ωge + α − ωr +
f 0g1 where 
f 0g1 is the
induced ac-Stark shift. Assuming that the driving ampli-
tude is far less than the coupling strength, we can treat the
driving term perturbatively which yields the effective cou-
pling strength G = J�f 0g1√

2
α


(
+α) with 
 = ωr − ωge. By
adding another Rabi driving pulse with the amplitude �
between the states |e, 0〉 and |f , 0〉, the effective Hamilto-
nian in the subspace V spanned by the states |e, 0〉, |f , 0〉,

020328-11



HE ZHANG et al. PRX QUANTUM 6, 020328 (2025)

(a) (b)

(c) (d)

(e) (f)

FIG. 11. The calibrations of the coupling strength. (a),(b) Calibration of the relationship between the coupling strengths � (for the
transition between states |e, 0〉 and |f , 0〉) and G (for the transition between states |f , 0〉 and |g, 1〉) as a function of the AWG output
amplitudes. (c),(d) Fitting of the evolution data to obtain the coupling strength. (e),(f) The coupling strength between states |e, 0〉 and
|f , 0〉 exhibits a linear increase with the AWG output amplitude, while the oscillation strength between states |f , 0〉 and |g, 1〉 shows a
quadratic dependence on the AWG output amplitude.

and |g, 1〉 can be expressed as

H̃ =
⎛
⎝

−δef � 0
� 0 G
0 G 0

⎞
⎠ , (I2)

where δef is the frequency detuning accounting for the
ac-Stark shift induced by the f 0-g1 pulse. Considering
the decay of the state |g, 1〉 to |g, 0〉, the system’s evo-
lution can be described by the Lindblad master equation
ρ̇ = −i[H̃ , ρ] + κ

(
aρa† − 1

2 a†aρ − 1
2ρa†a

)
where κ is

the photon decay rate of the resonator. By restricting the
dynamics to the subspace V, the effective system evolu-
tion is governed by a non-Hermitian Hamiltonian H =
H̃ − iκ/2|g, 1〉〈g, 1| as presented in Eq. (1).

APPENDIX J: EPS IN THE EXPERIMENTAL
NON-HERMITIAN HAMILTONIAN

The eigenvalues of the non-Hermitian Hamiltonian are
the roots of a cubic characteristic polynomial, which can
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be generally written as

λ3 + mλ2 + nλ+ l = 0. (J1)

Substituting λ = t − m/3 into Eq. (J1) yields a simpler
cubic polynomial

t3 + rt + s = 0, (J2)

with r = n − m2/3 and s = l − mn/3 + 2m3/27. Assume
that the root of Eq. (J2) can be expressed as t = u + v

and substituting this into Eq. (J2), we obtain r = −3uv
and s = −(u3 + v3). Multiplying v3 both sides of the
equation for s by v3, we have a quadratic equation v6 +
sv3 − r3/27 = 0 in terms of v3. The solution can be thus
written as v3 = −s/2 + √


 and u3 = −s/2 − √

 where


 = s2/4 + r3/27 is the determinant. By denoting ω as
ei2π/3, the three roots λ1, λ2, and λ3 can be expressed as

λ1 =
(
− s

2
+

√


)1/3

+
(
− s

2
−

√


)1/3

− m
3

, (J3)

λ2 =
(
− s

2
+

√


)1/3

ω +
(
− s

2
−

√


)1/3

ω∗ − m
3

,

(J4)

λ3 =
(
− s

2
+

√


)1/3

ω∗ +
(
− s

2
−

√


)1/3

ω − m
3

.

(J5)

Therefore, all the three eigenvalues can be parameterized
with two variables (s,
). When 
 = 0, λ2 = λ3, corre-
sponding to a second-order EP where two eigenvalues
coalesce. When 
 = s = 0, λ1 = λ2 = λ3, corresponding
to a third-order EP where all three eigenvalues coincide.

The characteristic polynomial of the non-Hermitian
Hamiltonian in our work is given by

ϕH (λ) = λ3 +
(

i
κ

2
+ δef

)
λ2 +

(
iδef κ

2
− G2 −�2

)
λ

− G2δef − i�2κ

2
. (J6)

By comparing with Eq. (J1), we obtain the expression of
determinant 
 at δef = 0


 = 1
432

(
−16G6 + G4 (κ2 − 48�2)−�2 (κ2 + 4�2)2

+ 4G2 (5κ2�2 − 12�4) ), (J7)

which specifies the boundary lines at the surface δef = 0
as shown in Fig. 2 of the main text. For the case δef �= 0,
the determinant is given by

46656
 = −
(

12G2 − κ2 + 12�2 − 2iκδef + 4δ2
ef

)3

− (−18G2κ + κ3 + 36κ�2

− 3i
(
24G2 − κ2 − 12�2) δef

+ 6κδ2
ef + 8iδ3

ef

)2
, (J8)

which specifies the exceptional lines in the three-
dimensional parameter space in Fig. 3 of the main text. In
addition to the curves shown in Fig. 3(a), we note the exis-
tence of two exceptional lines defined as {(δef ,�, G)|� =
0, G = ±κ/4}, which are not relevant to our results.

The EP3 is identified as the intersection of the two
curves s = 0 and 
 = 0. As shown in the main text, EP3
can only appear on the surface δef = 0 where −iκ3/108 −
1
2 iκ�2 − 1

6 iκ
(−G2 −�2

)
. Using Eq. (J7), we derive four

EP3 solutions given by (G,�) = (± 1
3

√
2
3κ , ± κ

6
√

3
).

(a) (b) (c)

FIG. 12. Different encircling loops around the EP3. The blue arcs represent the exceptional arcs determined by Eq. (J8) in the three-
dimensional parameter space. The red star denotes the EP3, which are encircled by the black loops. The black rectangles in (a)–(c)
represent three loops, which cannot be smoothly deformed into each other without crossing exceptional lines. The projection of these
encircling loops and exceptional arcs onto the bottom surface highlights the topological differences among the loops.
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APPENDIX K: ANISOTROPY OF ENCIRCLING
AN EP3

As demonstrated in the previous section, the EP3 resides
at the intersection of exceptional arcs in the parameter
space, imparting an anisotropic structure around it. Con-
sequently, an encirclement of the EP3 can be classified
in different ways. Figure 12 illustrates three representative
encirclement cases around an EP3. In Fig. 12(a), the loop
(black rectangle) encircling around the EP3 (red star) lies
on the red plane, which divides the four exceptional arcs
such that one part lies on one side of the plane and the
remaining arcs on the opposite of the plane. This loop iso-
lates one exceptional arc (represented by the yellow line)
from the other three, effectively creating a path around
only the yellow arc and resulting in a braid between two
eigenvalues.

In Fig. 12(b), the loop is located on the yellow plane,
which separates the blue arc from the remaining arcs. This
configuration reduces to a loop only encircling an EP2,
resulting in a braid between another set of two eigenvalues.

In Fig. 12(c), the loop lies on the blue plane, which
divides the arcs into two equal groups, each containing
two arcs (with two exceptional arcs projected onto the
green arc). This loop can be regarded as encircling either
of these two sets, producing a braid among three eigenval-
ues. Both perspectives must lead to the same braid which
reveals another braid identity with the same form as the
Yang-Baxter equation, as detailed in the next section.

APPENDIX L: VERIFICATION OF THE
YANG-BAXTER EQUATION

Due to the intricate geometry of the parameter space
near an EP3, a loop around the EP3 is equivalent to a
sequence of loops around different exceptional lines, as
shown in Fig. 13(a). The encirclement can be viewed in
two ways: either as two successive loops around the excep-
tional arcs on the surface where δef = 0 [the figure pointed

by the upper arrow in Fig. 13(a)] or as two successive
loops around the exceptional arcs where δef �= 0 [the figure
pointed by the lower arrow in Fig. 13(a)].

For the first decomposition, the two loops lead to two
eigenvalue braids, as shown in Figs. 13(b) and 13(c),
which correspond to the braid elements σ1 and σ2 in the
braid group B3, respectively. In the second decomposition,
the loops produce two eigenvalue braids, as shown in Figs.
13(d) and 13(e), which can be described by the braid ele-
ment σ2σ1σ

−1
2 and σ1, respectively. Since both types of

decompositions can be continuously deformed to represent
an EP3 encirclement, we obtain the following identity:

σ2σ1 = σ1σ2σ1σ
−1
2 , (L1)

which is a form of the Yang-Baxter equation

σ2σ1σ2 = σ1σ2σ2. (L2)

APPENDIX M: COMPENSATED PHASES DURING
DYNAMICAL ENCIRCLEMENT OF EPS

We dynamically encircle EPs by varying the driving fre-
quency and amplitude of the e-f pulse. Since the driving
frequency is a piecewise function of time, we compen-
sate for the phases between two adjacent segments. We
slice the total evolution into N segments separated by
times {t0, t1, . . . , tN }. Both amplitude and frequency remain
constant within each segment. The driving phase is com-
pensated at the beginning of each new segment. We start
with the first segment. The Hamiltonian in the lab frame
can be written as

H1 = −1
2
ωsσ

z + (
σ+�1(t)e−iω1t + H.c.

)
, (M1)

whereωs is the transition frequency between the two states,
ω1 is the driving frequency, and�1(t) is the driving ampli-
tude. In a rotating frame to remove the oscillation terms,

(a)

(b)

(d) (e)

(c)

FIG. 13. Yang-Baxter equation. (a) Illustration of two possible decompositions for an EP3 encirclement. (b),(c) Eigenvalue braids
resulting from the first decomposition. (d),(e) Eigenvalue braids resulting from the second decomposition.
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the Hamiltonian is given by

H̃1 = −1
2
δ1σ

z + (
�1(t)σ++H.c.

)
, (M2)

where δ1 = ωs − ω1. Assume that the initial state at time
t0 is |ϕ0〉. Then the state at t1 in the lab coordinate can be
expressed as

|ψ(t1)〉 = Rz(ω1
t1)|ϕ(t1)〉, (M3)

|ϕ(t1)〉 = e−iT
∫
t1

0 H̃1(τ )dτ |ϕ0〉, (M4)

where Rz(φ) ≡ e−iφσ z/2, |ϕ(t1)〉 is the state at t1 in the
rotating frame, 
t1 = t1 − t0, and T is the time-ordering
operator. By replacing �1(t) with �2(t) to evolve from t1
and t2 with a new driving frequency ω2, the state at t2 in
the rotating frame is expected to be

|ϕ(t2)〉 = e−iT
∫
t2

0 H̃2(τ )dτ |ϕ(t1)〉, (M5)

with
t2 = t2 − t1 and H̃2 = − 1
2δ2σ

z + (�2(t)σ+ + H.c.).
By adding a phase φ1 to �2(t) at time t1, the state at t2 in
the lab frame is

|ψ (t2)〉 = Rz (ω2
t2) |ϕ (t2)〉
= Rz (ω2
t2)Rz (φ1) e−iT

∫
t2
0 H̃2dτR†

z (φ1) |ψ (t1)〉 .
(M6)

Therefore, the additional φ1 can be chosen as

φ1 = ω1
t1 (M7)

to eliminate the unwanted dynamical phase term Rz(ω1
t1).
Similarly, if we apply another driving pulse of a duration

t3 in the driving frequency ω3, the additional phase φ2 at
t2 satisfies

φ2 = ω2
t2 + φ1 = ω2
t2 + ω1
t1 (M8)

to offset the phase term Rz(ω2
t2)Rz(φ1). Generally, the
compensated phase at time t1 is given by

φi =
∑
j ≤i

ωj
tj . (M9)
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