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We revisit the cluster expansion for Ising lattice gauge theory on Z™, m > 3, with Wilson’s action,
at a fixed inverse temperature g in the low-temperature regime. We prove existence and analyticity
of the infinite volume limit of the free energy and compute the first few terms in its expansion in
powers of e~#. We further analyze Wilson loop expectations and derive an estimate that shows how
the lattice scale geometry of a loop is reflected in the large g asymptotic expansion. Specializing to axis
parallel rectangular loops yrr with side-lengths T and R, we consider the limiting function Vg(R) =
limr_, o — % log (W, )5, known as the static quark potential in the physics literature. We verify the
existence of the limit (with an estimate on the convergence rate) and compute the first few terms in
the expansion in powers of e~#. As a consequence, a strong version of the perimeter law follows. We
also treat —log (W, ;)s/(T +R) as T, R tend to infinity simultaneously and give analogous estimates.

1 Introduction

Given a hypercubic lattice Z™ and a choice of structure group G, a (pure) lattice gauge theory models
a random discretized connection form on a principal G-bundle on an underlying discretized m-
dimensional smooth manifold. More concretely, after restricting to a finite box, it is a Gibbs probability
measure on gauge fields, that is, G-valued discrete 1-forms o defined on edges of the lattice. The
probability measure is defined relative to the product Haar measure on G. The action can be taken to be
of the form S(o) = — Zp Ay(0), where for some choice of representation p, Ay(0) = Re tr(p(oe, 0¢,0¢,0¢,))
captures the microscopic holonomy around the plaquette p whose boundary consists of the edges
e1,...,es. The coupling parameter B acts as the inverse temperature. In a formal scaling limit, one
recovers the Yang-Mills action while the model enjoys exact gauge symmetry on the discrete level.
In contrast to the corresponding continuum Yang-Mills theories, the discrete measure is defined
rigorously, and its analysis becomes a problem in statistical mechanics. Lattice gauge theories were
introduced independently by Wegner and Wilson in the 1970s [20, 21].
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2 | M.P Forsstrom and F. Viklund

Despite the presence of local symmetries, lattice gauge theories can exhibit non-trivial phase
structure, but one has to consider non-local observables. Given a nearest-neighbor lattice loop y, the
Wilson loop variable W, records the random holonomy of the gauge field as y is traversed. Starting with
the original paper of Wilson [21], it has been argued in the physics literature that the decay rate of its
expectation (W, ) (in an infinite volume limit) as the loop grows encodes information about whether or
not “static quarks” are “confined” in the model; see, for example, [17, Sect. 3.5] for a textbook discussion.
Let yrr be a rectangular loop with axis parallel sides and, taking its existence for granted, consider the
limit

1
Vs(R) = _%gg?log“wwﬁﬂ!'

The function Vg(R) is called the static quark potential and is interpreted as the energy required to
separate a static quark-antiquark pair to distance R; see, for example, [17, Sect. 3.2]. Wilson’s criterion for
quark confinement can then be formulated as follows: confinement occurs at 8 if and only if the energy
Vg(R) diverges as R — oo. However, except in the special case of planar theories, it seems that detailed
mathematical proofs of such statements are not available in the literature, even for finite abelian G.
Instead, the two phases are rigorously separated via estimates: confinement occurs at g if there exists
some function V(R), unbounded as R — oo, such that liminfr_, —% log [{W,,;)sl = V(R), and in this
case, Wilson loop expectations are said to follow the area law. If, on the other hand, there is a constant
¢ > 0 independent of R such that limsup;_, ., — log [(W,, )4l < ¢, the Wilson loop expectations are said
to follow the perimeter law. (The terminology comes from the expectation that a priori bounds of the
form e=KT < (W, )] < e=“®*D should be essentially saturated in the two phases.) See [6] for a precise
formulation of a condition for confinement and a general discussion from a probabilistic perspective,
and Section 1.3 below for a brief discussion of other related work.

Here we will consider lattice gauge theory with structure group G = Z, on Z™, m > 3, also known as
Ising lattice gauge theory, for g in the subcritical regime. See Section 1.1 for the precise definition. This
model was first studied by Wegner [20] and can be viewed as a version of the standard Ising model on
Z", where the global spin-flip symmetry has been “upgraded” to a local symmetry. We employ a cluster
expansion to study the free energy, static quark potential, and related quantities. This classical method
has been used in the past to analyze lattice gauge theories; see Section 1.3. While we only work with
G = Z,, we believe our results can be generalized to any choice of finite abelian structure group with
minor modifications.

To state our main results, we need to provide some definitions.

1.1 Ising lattice gauge theory and Wilson loop expectations

Let m > 3. The lattice Z™ has a vertex at each point x € Z™ with integer coordinates and a non-
oriented edge between each pair of nearest neighbors. To each non-oriented edge e in Z™ we associate
two oriented edges e; and e, = —e; with the same endpoints as € and opposite orientations.

Lete; :=(1,0,0,...,0), e :=(0,1,0,...,0), ..., ey := (0,...,0,1) be oriented edges corresponding to
the unit vectors in Z™.

Ifvez"andj; < jp, thenp = (U+e,) A (V+ ej,) is a positively oriented 2-cell, also known as a
positively oriented plaquette. We let By denote the set [N, N]™ of Z", and we let Vy, Ey, and Py denote
the sets of oriented vertices, edges, and plaquettes, respectively, whose end-points are all in By.

We let Q'(By, Z,) denote the set of all Z,-valued 1-forms o on Ey, that is, the set of all Z,-valued
functions o : e > o, on Ey such that o, = —o_, for all e € Ey. We write p : Zy — C, g > e for the natural
representation of Z,.

When o € Q'(By, Z,) and p € Py, we let 9p denote the four edges in the oriented boundary of p and
define

(do)p = Z(fe.

ecdp

Elements o € Q'(By, Z,) are referred to as gauge field configurations.
The Wilson action functional for pure gauge theory is defined by (see, e.g., [21])

S(o) =~ p(do)y), oe€Q By Zy).

pePn
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The Ising lattice gauge theory probability measure on gauge field configurations is defined by
mpn(o) = Zye P, o e Q' By, Zy).

Here for N e N,
Zyn = Z o= BS(@)
oeQ(By,Z)

is the partition function and while we only consider the probability measure for positive g, the partition
function is defined for g € C when N < oco. For B > 0, the corresponding expectation is written Eg . Let
y be a nearest neighbor loop on Z™ contained in By. Given o € Q*(By, Z»), the Wilson loop variable for
Ising lattice gauge theory is defined by

W, =p(e(y) =[] rlo(©@) =™ Zer 7@,

ecy

For B > 0, let (W, )z denote the infinite volume limit of its expected value:
<Wy)f5 = lim Eﬂ,N[Wy]~
N—oo

See, for example, [9] for a proof of the existence of this limit.

1.2 Main results

Our first result concerns the free energy for free boundary conditions. For m > 3, we let By := Bo(m) > O
be defined by (5). Let |P};| be the number of positively oriented plaguettes in the restriction of Z™ to the
set [N, N]™. Note that |Pf| ~ (7)(2N)™ as N — oo.

Theorem 1.1 (Free energy). Suppose m > 3 and Re 8 > Bo(m). Then

. 1
F(B) := ngn ] logZs N
o IFN
defines an analytic function, and
2 e 12m—-1)—-8 _ _1)— _16(m—
F — 8(m-1)B 4(4(m—-1)-2)B 16(m—1)Re g . 1
B = ——5¢ o moh -1 + 0 ) 1)

We next consider Wilson loop expectations. Given a loop y let ¢ := | supp y| be its length, that is, the
number of edges of y. Further, let ¢ := ¢.(y) denote the number of pairs of non-parallel edges that are
both in the boundary of some common plaquette (corners), and let ¢, := €,(y) denote the number of
pairs (e, ¢') of parallel edges that are both in the boundary of some common plaquette (bottlenecks). Set

Up = 273 DE 4 12(m — 1) HEM=D=28,

Theorem 1.2. Suppose m > 3 and 8 > fo(m). There exists C < oo depending only on m such that
for any loop y with length ¢, ¢, corner edges, and ¢;, bottleneck edges,

1 Lo+t
-7 log (W,)s — (Uﬂ — 4%6—4@(%1)—2)6)’ < Ce~l6m=D8, )

Notice how the lattice scale geometry of the loop enters into the estimate (2). Given a continuum loop,
we see that the expansion is sensitive to the way the loop is embedded and discretized. For instance,
the term (¢. + €,)/¢ is very different for an axis-parallel square compared to the natural discretization
of the same square rotated by 45°.

The main idea of the proofs of Theorem 1.1 and 1.21s to use a cluster expansion to rewrite log Zg v and
log (W, )5 as a sum over vortex clusters and the interaction of vortex clusters with the loop, respectively.
We then show that the main contribution to these sums comes from very small clusters, and in fact, the
logarithm of the contribution of a cluster of vortices of a certain size is proportional to its size. Hence,
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4 | M.P Forsstrom and F. Viklund

(suppo)™ (suppdo)* |(supp w)t {

(a) ‘ 2(m —1)

(b) ‘ ‘ 4(m—1)—2

© Am—1)—2

Fig. 1. The above table shows projections of the supports of the non-trivial and irreducible plaquette
configurations in Z* which has the smallest support (up to translations and rotations).

the main contribution comes from very small clusters, and the smallest such cluster consists of exactly
one vortex with small support. These smallest clusters, which give the main contribution, are the so-
called minimal vortices, and the next-order contribution comes from clusters of the second smallest
possible size (see Figure 1). The terms appearing in (1) and (2) hence correspond to the smallest vortices
that can appear in the model. In particular, the term 2e~8™-D# in v, correspond to minimal vortices
(having support of size 2 - 2(m — 1)), and the term 12(m — 1)e~**™M=D=2# corresponds to the smallest
vortices that are not minimal vortices (having support of size 2 - (4(m — 1) — 2)); see Figure 1. The main
effort of the proof is to confirm this picture and also to give upper bounds on the contribution of larger
clusters of vortices.

Remark 1.3. Using the methods of the proof of Theorem 1.2, it is, in principle, straightforward to
obtain estimates with higher precision in terms of the expansion in powers of e~#. If higher-
order terms are included in (2), the constants of the corresponding polynomial in e=# will
further depend on the lattice scale geometry of the loop.

Our next result concerns the static quark potential Vg(R).

Theorem 1.4 (Quark potential and perimeter law). Suppose m > 3 and B > Bo(m). There exists a
function Vg(-) and a constant C < oo such that the following holds. Let R > 2 be an integer and
for T=1,2,...let yr 7 be a rectangular loop with side lengths R and T and axis-parallel sides.
Then,

1 C
7? log<WVR,T>ﬂ - Vﬁ(R) < ?
The limit Vy := limg_, o V4 (R) exists and
Vg = 4e78M=DF 4 24 (m — 1)e~*@M-D=28 | g(e=10m—DB),
By the theorem, V4(R) exists for all sufficiently large g and is bounded as R — oo so we obtain a proof

of the perimeter law. Moreover, using the convergence rate estimate we also obtain the up-to-constants
estimate

(Wiypdg = e Ve ® T oo,
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Remark 1.5. At fixed R, we have the expansion as 8 — oo

Vg(R) = 4e78M=DF 1 24(m — 1) 14M-D=28 4 Oy (1) 10M-DE,

Remark 1.6. We use a cluster expansion to prove Theorem 1.4, including the existence part.
Alternatively, one could prove the existence of Vg(R) using Griffith’s second inequality to
deduce subadditivity and then appeal to Fekete’s lemma. However, this method would give no
quantitative information as in the theorem. Moreover, it cannot be used to obtain Propositions
7.3 and 7.4, which shows the existence of the limit in some generality and is needed for
Theorem 1.7 below.

Our next result is a version of Theorem 1.4 in the setting where the two sides of the loop grow
uniformly.

Theorem 1.7. Suppose m > 3 and 8 > Bo(m), letr,t > 1 be integersand forn=1,2,...let y, be an
axis-parallel rectangular loop with side lengths R, = m and T,, = tn. Then

lim —
n—00 n+Th

log (W,,)s = Vs,
where Vy = limg_,o V5(R).

Note that Vg = 2ug + O(e~1m=DF) We have chosen to state Theorem 1.7 for a rectangle but with
small modifications the proof is also valid for any fixed loop for which the proportion of corners and
bottlenecks in the scaled loop tend to zero as n — oo and the corresponding Vp is the same.

Remark 1.8. It would be interesting to relate the confinement phase transition to analyticity
properties of the functions g +— F(8) and g — V5.

1.3 Related work and further comments

We refer to [4] for a thorough discussion of classical works on area and perimeter law estimates in
various settings, including [12, 14-16, 18, 19]. Among more recent results, we mention [13], which
considers the 4D U(1) theory with Villain action. In the perimeter law regime, for sufficiently regular
loops, it was shown that
%’(l +Cpe ) (1 +0(1)) < —lyil log (B4 [W, ]| < g—;

where the upper bound was due to Frohlich and Spencer [12]. Here, Cy is a constant related to the
discrete Gaussian free field. The infinite volume free energy for this model was also considered in [13],
and an upper bound was obtained for the “internal energy”, that is, its derivative with respect to g.

In the important paper [5], Chatterjee studied 4-dimensional Ising lattice gauge theory. Using a
resampling argument, it was proved that

A +eB)+o(1)),

Lt 7 2ge—4m-Dp
Tm-DF
(H/y)ﬂ < e l+e .

3)

(We caution that 28 in the present paper is equal to the parameter g used in [5].) This estimate is valid
for all B8 > 0. Using (3), the inequalities

‘(Wy)ﬁ B efyefe(m—nﬁ‘ < Ce#ﬂ’{fm’w fo—8(m-1p (6785 " rc/ﬁ) (4)
and
[(W)p — e 2| < Ci(e® + Ve 0)

were obtained. The ideas introduced in [5] spurred several recent works, and analogous estimates
have now been given in more general settings, including for arbitrary finite structure groups and for
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6 | M.P. Forsstrom and F. Viklund

corresponding lattice Higgs models; see [1, 3, 8-10]. The methods used in these papers produce error
terms that will generally be larger than the estimate for (W, ) if one does not have a relation of the type
£e=2" " « 0. That is, one needs the size of the loop to tend to infinity at a rate tuned to g — oo. (Of
course, one sees different exponents for different choices of structure group G; this case corresponds to
Ising lattice gauge theory) As a consequence, it is not clear (to us) how to use those methods to prove
a perimeter law (lower bound) estimate at fixed g or, for example, how to analyze limits such as the
one defining the quark potential. Moreover, we do not know how they can easily be modified to obtain
higher precision, even if the loop grows with 8 at an appropriate rate.

Here we instead carry out the analysis based on the cluster expansion of the partition function, which
provides information on log (W, ) 4. One still needs B to be sufficiently large, but it does not need to grow
with ¢ for the error bounds to be small, and the drawbacks discussed above can be circumvented. The
method yields, in principle, arbitrary precision for the logarithm of the Wilson loop expectation and
also allows to quantify the behavior of (W, ) when £e=8M~1Df « oo. This partly resolves one of the open
problems in [5]. However, the work here does not directly imply the results of [5] but does give alternative
proofs of several of the key lemmas therein.

The use of cluster expansions in the context of lattice gauge theories is certainly not new; see, in
particular, Seiler's monograph [19] (and the references therein), where, for example, perimeter law
estimates were obtained to first order for large B. However, besides basic facts about the cluster
expansion as presented in the recent textbook of Friedly and Velenik [11] and some results from [8,
9], our discussion is self-contained, and we carry out all the needed estimates here. We mention that
using these estimates, the cluster expansions used in this paper can also be used to get an alternative
and very short proof of exponential decay of correlations (see [7] and [2]). However, to keep this paper
short, we do not include such an argument here.

We only consider G = Z, in this paper. We expect that one can extend the results to any finite
cyclic group G = Z, k > 3, without too much additional effort, as well as to the corresponding lattice
Higgs models. The cluster expansion based on vortices crucially relies on the fact that gauge field
configurations can be decomposed into discrete components. Therefore, we do not expect the methods
in this paper to work in the general case of compact subgroups of U(N).

2 Preliminaries

Although we will later work with G = Z,, in this section, we allow G to be a general finite abelian group,
as this entails no additional work.

2.1 Notation and standing assumptions
In the rest of this paper, we assume that m > 3 is given. We define the dimension-dependent constant

M = M@m) ;= 10(m — 2).
Next, we define
1
Bo(m) := 5 (Bo(m) +logM), (5)

where

Bo(m) :=inf{B > 0: 3o € (0, B) s.t.e* @ DD < (1 — e B}

2.2 Discrete exterior calculus

To keep the presentation concise, and since these definitions have been introduced in several recent
papers, we will refer to [9] for details on some of the basic notions of discrete exterior calculus that are
useful in the present context.

e We will work with the square lattice Z™, where we assume that the dimension m > 3 throughout.
We write By = [N, N]" N Z™.
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e We write Cr(By) and Cp(By)™ for the set of unoriented and positively oriented k-cells, respectively
(see 9, Sect. 2.1.2]). Note thatin the introduction, we used Vy = Co(Bn), Exy = C1(By), and Py = C2(By).
An oriented 2-cell is called a plaquette.

e Formal sums of positively oriented k-cells with integer coefficients are called k-chains, and the
space of k-chains is denoted by Cr(By, Z) (see [9, Sect. 2.1.2]).

e letk>2andc= Mi)l\a A ML& o € Ce(Bn). The boundary of c is the (k — 1)-chain dc € Cr_1(By, Z)
defined as the formal sum of the (k — 1)-cells in the (oriented) boundary of c¢. The definition is
extended to k-chains by linearity. See [9, Sect. 2.1.4].

e Ifke{0,1,...,n—1} and c € Cx(By) is an oriented k-cell, we define the coboundary ace Cry1(By) of C
as the (k + 1)-chain ¢ := Y ..c, @, (3C[c])C’. See [9, Sect. 2.1.5].

e We let Q%(By, G) denote the set of G-valued (discrete differential) k-forms (see [9, Sect 2.3.1]); the
exterior derivative d : Q*(By, G) — Q"1 (By, G) is defined for0 < k < m—1 (see [9, Sect. 2.3.2]); and
2§ (By, G) denotes the set of closed k-forms, that is, w € @*(By, G) such that do = 0.

e We write suppw = {c € Cx(Bn) : w(c) # 0} for the support of a k-form w. Similarly, we write
(suppw)t = {c € Ck(Bn)™ : w(c) # 0}.

e A 1-chain y € C1(By, Z) with finite support supp y is called a loop if for all e € Q*(By), we have that
vle] € {=1,0,1}, and 9y = 0. We write |y| = |suppyl. (In [9] this object was called a generalized
loop.)

e Lety e C1(By,Z) be a loop. A 2-chain q € C,(By, Z) is an oriented surface with boundary y if aq = y.

2.3 Plaquette adjacency graph

Let G, be the graph with vertex set C,(By)* and an edge between two distinct vertices p1,p; € Co(By) ™ if
and only if supp dp1 N supp dp; # 0.

Since any plaquette p € C2(By)™ in By is in the boundary of at most 2(m — 2) 3-cells, and any such
3-cell has exactly five plaquettes in its boundary that are not equal to p, it follows that there are at
most 5 - 2(m — 2) = 10(m — 2) = M plaquettes p’ € C2(By)* ~ {p} with supp dp Nnsupp dp’ # #. Therefore,
it follows that each vertex in G, has degree at most M.

2.4 Vortices

Definition 2.1 (Vortex). A closed 2-form v € Q3(By, G) is said to be a vortex if (supp v)* induces a
connected subgraph of G,.

The set of all vortices in £2(By, G) is denoted by A. We note that the definition of vortex we use here
is not exactly the same as the definition used in [7-10], but agrees with the definition used in [3, 5].

When o,v € Q?By,G), we say that v is a vortex in  if v is a vortex and suppv corresponds to a
connected subgraph of the subgraph of G, induced by supp w.

Lemma 2.2 (The Poincaré lemma, Lemma 2.2 in [5]). Let k € {1,...,m} and let B be a box in Z™.
Then the exterior derivative d is a surjective map from the set Q¥ *(BNZ™, G) to QS(B NnZm" G).
Moreover, if G is finite, then this map is an |2§ }(B N Z™, G)|-to-1 correspondence. Lastly, if
ke{l,2,... m—1}andw e Qg(B NZ™,G) vanishes on the boundary of B, then thereis a (k — 1)-
form o' € Q*-1(BN 2™, G) that also vanishes on the boundary of B and satisfies do’ = w.

Lemma 2.3 (Lemma 2.4 of [7]). Let w € Q3(By, G). If w # 0 and the support of  does not contain
any boundary plaquettes of By, then either |[(supp»)*| = 2(m—1), or |(suppw)*| > 4(m—1) —2.

In [7], we proved Lemma 2.3 only in the case m = 4, but since the proof for general m > 2 is analogous
we do not include it here.

In Figure 1, we illustrate the only two possibilities for (supp w)* if |(suppw)*| = 4(m — 1) — 1 when
m = 4. For general m > 2, the situation is analogous.

Lemma 2.4 (Lemma 4.6 in [9]). Let ® € Q3(By,G). If the support of » does not contain any
boundary plaquettes of By and |(supp w)+| = 2(m — 1), then there is an edge e € C1(By) and
g € G ~ {0} such that

w=d(g1l—gl). (6
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8 | M.P Forsstrom and F. Viklund

If w € Q(By, G) is such that (6) holds for some e € C1(By) and g € G ~ {0}, then we say that » is a
minimal vortex around e.

Lemma 2.5. Let o € Q3(By, G), and assume that the support of w does not contain any boundary
plaquettes of By and |(supp a))+| = 4(m — 1) — 2. Then there are two distinct edges e, e’ € C1(By)
with (de)* N (3e")™ # ¥ and o € Q1(By, G) with (suppo)* = {e, ¢’} such that do = w.

For a proof of Lemma 2.5, see the proof of [7, Lemma 2.4].

Lemma 2.6. Let q be an oriented surface with 8q = y. Further, let o € Q?(By,G) be such that
dw =0 and w(q) # 0. Then any box which contains supp « must intersect an edge in supp y.

Proof. Let B be a box that contains supp w. Since dw = 0, by the Poincaré lemma (see, e.g., [9, Lemma
2.2] there is o € Q'(By, G) whose support is contained in B such that do = w. Moreover, we have w(q) =
a(y) (see, e.g., [9, Section 2.4]). Consequently, if B does not intersect suppy, then w(q) = o(y) = 0, a
contradiction. |

Lemma 2.7. Let v € Q?(By, G) satisfy dv = 0, let B be a box that contains the support of v and let
p € suppv. Then there is at least one 1-cell in supp dp that is not in the boundary of B.

Proof. Assume for contradiction that all edges in supp ap are in the boundary of B. Then there is a 3-cell
¢ € dp that is not contained in B. Since B is a box, p must be the only plaquette in supp dc that is in B.
Since the support of v is contained in B, it follows that

dv(e) = D" v(p) =v(p) #0.

p'edc

Since this contradicts the assumption that dv = 0, the desired conclusion follows. [ |
The following lemma is elementary.

Lemma 2.8. There is a constant C,, > 0 such that for any e € C1(By)* and j > 0, we have

[{p € Co(Bn)": dist(p, ) = j}| < Cpymax(, )™ .

Lemma 2.9. Letj > 1, letp € Co(By) and let B be a box with side lengths sq, s, . .., S that contains
p and is such that every face of the box contains at least one point on distance at least j from
p. Then 3", s; > jm/(m — 1).

Proof. Without loss of generality we can assume that the box B has corners at (0,0,...0) and
(51,82,---,Sm), that p = (X1,X2,...,Xm), and that 0 < x; < s;/2 fori=1,2,...,m. Then the assumption on
Bis equivalent to that

Xi+ D (5k—X) =]
kA

foreachie{1,2,...,m}. Summing over i, we obtain
m

Z(Xi + D (sk —Xk)) >mie D xi+m-1Y si—m-1> x>mj
i=1 i=1 i=1

i=1 ki

e m-1D s =m+m=-2)> x.

i=1 i=1

From this the desired conclusion immediately follows. |
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Lemma 2.10. There is a constant C, > 0 such that for any oriented surface g, any letj > 1, and
any v € A with v(q) = 1 and dist(suppv, y) =j, we have |(suppv)*| > Cm() +1).

Proof. Let B be the (unique) smallest box that contains the support of v, and assume that the side
lengths of B are sy, ..., Sy. Since v(q) = 1, it follows from Lemma 2.6 that B intersects an edge of suppy.
Consequently, there is some edge in y whose both endpoints are contained in B. Fix one such edge e.
Note that, by assumption, we have dist(suppv,e) > j. Since B is a minimal box containing supp v, there
must be one edge on each face of the box which is contained in the boundary of some plaquette in
supp v. At the same time, by Lemma 2.7, since dv = 0, no plaquette in suppv can be in the boundary
of B. This implies in particular that each plaquette in p € (supp v)* must have an edge in its boundary
that is not in the boundary of B. Since for each such plaquette we must have dist(p,e) > j, it follows
from Lemma 2.9 that

m

0+1>m G+Dm
Z(s -2)> Zs1 e + 2m.

i=

Since w € A, the set (supp w)* induces a connected subgraph of G,. Since each face of B contains at least
one edge that is in the boundary of some plaquette in (supp )™, the desired conclusion immediately
follows. .

We end this section by introducing some additional notation for vortices. Recall that A denotes the
set of vortices in Q4(By, G). For p € C2(Bn), q € C?°(By, Z), and j > 1, we define

Aj={veA:|suppr)t|=j} and Aj:={veA:|suppv)|>j},
Ajp={veAjpesuppv} and Ajp:={veAj:pesuppv}
and
Ajgi={ven:v@#0} and Apgq:={veA-:v(Q #0}.
Further, we let
Ajr={veA:|(suppv)t| 2j} and Aj = AN Aj.

We will always use the notation p for a single plaquette and q for a 2-chain, so the notation above should
not cause confusion when used below. We note that the sets defined above depend on N but usually
suppress this in the notation. When we want to emphasize this we write Aj(By), Aj(By), etc.

2.5 Vortex clusters

If v, v € A, we write vy ~ v, if there is p; € (suppv1)* and p, € (suppv,)* such that p1 ~ py in Go.
Consider a multiset

Vo= (Ve V1, V2, e, V2, ey Ve e ) = (700 0O,
— e L e IR
ny (v1) times ny, (v2) times ny (v) times
where vy, ..., € A are distinct and n(v) = ny,(v) denotes the number of times v occurs in V. Following

[11, Chapter 3], we say that V is decomposable if there exist non-empty and disjoint multisets V1, V, C V
such that ¥V = V; UV, and such that for each pair (v1,v2) € Vi x V,, we have v; o v,. If V is not
decomposable, it is by definition a vortex cluster. We stress that a vortex cluster is unordered and may
contain several copies of the same vortex.

Given a vortex cluster V, let us define

V| = va(v)|(supp u)+ nV) = va(u) and suppV = U supp v.

VEA vEA vey
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10 | M.P. Forsstrém and F. Viklund

For a 2—chain q € C;(By, Z), we define

V@ =D nmv(@.

veA

We write & for the set of all vortex clusters of A. To simplify notation, for p € C2(By), q € C*(Bn,2),
andj > 1, we define

]

i ={Veg:|VI=j} and &« ={VeE: |V 2]},

(1]

ip={VeE:pesuppV} and Ej,:={Ve g::pesuppV}
and
Bjq={Veg:V(@#0} and Ej 4:={Veg, :V(@Q #0}.

Further, we let

63}

g ={Ve&:|VI2j} and Ej =81 \ G

As before, the sets defined above depend on N but we usually suppress this. When we want to emphasize
the dependence we write E;(By), E;(By), etc.

The following lemma gives an upper bound on the number of vortices of a given size that contains a
given plaquette p. This lemma will later be used to upper bound the total weight of all such clusters.

Lemma 2.11. Letk > 1 and let p € Co(By)™. Then,
|Apl < M*T

Proof. Let P be the set of all paths in G, that starts at p and has length 2k — 1. Since each vertex in G,
has degree at most 10(m — 2) = M, we have |P| < M%*-1.

For v € Agyp, let G, be the subgraph of G, induced by the set (suppv)*. Then G, is connected, and
hence G, has a spanning path T, € P of length 2|(suppv)*| — 1 = 2k — 1 which starts at p. Since the
map v + T, is an injective map from Ay, to P and |P| < M?*~1, the desired conclusion immediately
follows. |

2.6 The activity
For g > 0 and g € G with a unitary, one-dimensional representation p, we set

bp(9) = ePRe(p(9)—p(O0)

Since p is unitary, for any g € G we have p(g) = p(—9), and hence Re p(g) = Re p(—g). In particular, for
any g e G

bp(g) = ePREP@—2O) — opRePD—0O) — ¢ (_g). 7)
For w € ?(By, G) and g > 0 we define the activity of » by

tp@) = [] dulem).

peCa(By)

Note that for o € Q1(By, G), the Wilson action lattice gauge theory probability measure can be written

d
BN () = 5 95(do) (8)

el (By.G) PB (do)
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Moreover, in the case when G = Z2 for w € Q?(By, Z2), we have

pp@ =[] eslew)= [] e 21 (00=1) _ 2 Tpecyp 2 (00=1) _ o-21suppol

peCa(By) peCa(By)

We note that, by definition, if o, v € Q?(By, G) and v is a vortex in , then ¢z(w) = ¢g(V)dg(w — v).
We extend the notion of activity to vortex clusters V € & by letting

$pO) =[] sy =¥V

veA

3 Low Temperature Cluster Expansion

In this section we review the cluster expansion for the relevant Ising lattice gauge theory partition
functions defined on a finite box By. The material here is for the most part well known. See [11] for a
text book presentation for the standard Ising model and [19] for a discussion in the context of lattice
gauge theories.

3.1 Ursell function

We will work with the Ursell function corresponding to the choice of vortices as polymers and hard core
interaction: two vortices are compatible if and only if they correspond to separate components in the
graph G,. Before defining the Ursell function, we need some additional notation. For k > 1, we write
G € G*if G is a connected graph with vertex set V(G) = {1,2,...,k}. Let E(G) be the (undirected) edge set
of G. Recall that we write v; ~ v, if there is p; € (suppvi)™ and p, € (suppv,)* such that p; ~ ps in G,
where G, was defined in Section 2.3.

Definition 3.1 (The Ursell function). For k > 1 and v1,vy,..., % € A, we define

Uvi,...,m) = % STEDEOT T 1w~ .

Gegk (1,))eE(G)
Note that this definition is invariant under permutations of the vortices vy, vy, ..., vg.
For ¥V €  with n(V) = k and any enumeration vq, ..., v (with multiplicities) of the vortices in V, we
define
UWV) =k! U(vy,..., ). 9)

Note that for any V € & with n(V) = 1, we have U(V) = 1, and for any V € E with n(V) = 2, we have
uw) =-1.

3.2 Partition functions

The partition function for Ising lattice gauge theory, viewed as a model for plaquette configurations can
be written as follows:

Zﬁ,N — Z eﬁ ZpeC7(BN) Re(p(@(p)—p(0) — Z ¢ﬁ ().
e} (By,G) e} (By,G)

See, for example, Section 3 of [9]. This is a finite sum and the definition extends to B € C. An alternative
representation for Zs v is given by the vortex partition function which is defined by the following (formal)
expression:

VeE

Zyy = exp(z wﬂ(V)), (10)
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12 | M.P. Forsstrém and F. Viklund

where for V € g, we define
Vs (V) :=UWV)gp(V),

and U is the Ursell function defined in Definition 3.1.

Recall the definition of By = Bo(m) from (5). It is not obvious that the series in the exponent of (10)
is convergent but this follows from the next lemma, assuming Re 8 > Bo. We verify below that, with
this assumption, logZsn = logZj . In addition, the lemma below gives us an upper bound on a sum
over clusters that will be crucial in all of the other estimates of this type throughout the paper. The
conclusion of the lemma follows from [11, Theorem 5.4] after verifying that the assumptions of this
theorem hold, and doing this is the main step of the proof.

Lemma 3.2. Let G = Z,. Suppose Re 8 > Bo(m). Then there is @ > 0 such that for any v € A, we
have

z [Ws (V)| < e*ISUPPYIgy (v).

VEE: Vv
Moreover, the series in (10) is absolutely convergent.

Proof. Let o > 0 be such that

M2e—2CQRef—a) _ 1

and

(Mzefz(z Re ﬂ—tx))z(m’l)
1 _ M2e—2(4Rep—a)

<a.
Note that by the choice of 8y, such « exists. We have, for each v € A we have

> g€ PP I1 (v ~ v') < a| supp ).

VeA

Given this, the conclusion follows from Theorem 5.4 of [11] by choosing a(v) := «|supp v|. To this end,
let v € A. Then,

D Igp ISP ~ V) = D g (V) eIsuppY]

Ve vieA v

— Z o~ (2Re f—a)| suppv'|

VeA: v

< Z z i |Ajyp'|e—(2Reﬁ—a)2j‘

pe(suppv)* p'eCo(By) T j=2(m-1)
p~p

Using Lemma 2.11 and the definition of M, it follows that

o0
Z |¢ﬂ(v/)|ea\suppv’|]1(v ~v) < |(supp U)+| Z MY e—(2Re -0

VEA j=2(m-1)

(Mzefz(z Re /3—0())2(""1)

— +
= [(SUPP V) 5

The desired conclusion now follows from the choice of «. [ |
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The next lemma, Lemma 3.3, is the key lemma which connects the two partition functions Zg y and
ZY% .
BN

Lemma 3.3. Let G = Z,. Suppose Re 8 > Bo(m). Then

logZyn =logZjy = > Ws(V), (11)

VekE

and log Zg v is an analytic function of g.

Proof. Let A be the set of all subsets A’ of A with the property that the vortices in A’ are not connected
in G,. Then set Q% (B, G) is in bijection with A. Therefore, we can write

Zgn= 2 p(0) [ 102v)

ACA wvca’

and this holds for any choice of B. On the other hand, if Re 8 > By(m), we can apply Proposition 5.3 of
[11] to see that the right-hand side in the last display equals log Z; \; as defined in (10). |

We now assume g is real. When g > o we write Z4 v also for the vortex partition function Zj  (since
in this case, they are equal by Lemma 3.3). We wish to express the Wilson loop expectation using the
logarithm of the partition function. For this, we fix a loop y and an oriented surface q such that y = aq
and recall the following fact; see [9, Section 3].

Lemma 3.4. Let G = Z,. Let B8 > 0 and let q be an oriented surface with dqg = y. Then for all N
such that suppq C By

Esn[Wy]=Z54 D dp@)p(0@).

weQ3(By,G)

Consider now the weighted vortex partition function
Zgn[a] = eXp(Z ‘If;s,q(v)), (12)
VeE

where
Vs qa(V) i= UsWV)p (V@) = UW)gsWV)p(V(©@).

The series on the right-hand side of (12) is absolutely convergent when g > Bo(m) by the proof of
Lemnma 3.2 since |p(V(@))| = 1 for each ¥V € E. As in the proof of Lemma 3.3, using [11, Proposition
5.3], replacing the weight ¢4 (V) by ¢s(V)p(V(@)), we have

logZgnlal= D ¢p@p(0@).

e (Bn,G)

The following result is the main reason that cluster expansions are helpful to us, as it enables us to
express the logarithm of the Wilson loop observable as a sum over clusters interacting with the loop.
The rest of the paper is then concerned with understanding the sum in the right-hand side of (13).

Proposition 3.5. Let G = Z,. Let 8 > Bo(m) and let q be an oriented surface with aq = y. Then for
all N such that suppq < By,

—10gEpn[W,] = D (¥50) = w3 (V) = 3 wW)(1 - p(V(@))- (13)

Ve VeE
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14 | M.P. Forsstrém and F. Viklund

Proof. Using Lemma 3.4 and then Lemma 3.3 and (12) we conclude that

Z
logEsn[W,] = log %Lq]

which is what we wanted to prove. |

Remark 3.6. Notice that Proposition 3.5 implies that Egn[W,] € (0,1] when 8 > Bo(m). This
fact is not clear from the start since W, e {—1,1} for every o € Q'(By,Z»). The positivity of
Egn[W, ] was pointed out in [5] and proved there as a consequence of duality. Here we obtain
the conclusion as a result of the convergence of the cluster expansion.

4 Estimates for the Cluster Expansion

Throughout this section, we assume that y is a simple loop, and that q is an oriented surface with aq = y.
Recall that we use the notation ¢ = |y|. Recall also that ¢, denotes the number of corners of y, that is,
pairs of non-parallel edges in y that are both in the boundary of some common plaquette, and that ¢,
denotes the number of bottlenecks in y, that is, pairs (e, ¢’) of parallel edges in y that are both in the
boundary of some common plaquette. From now on, we also assume G = Z,.

The main goal of this section is to provide proofs of the three propositions below, which all deal with
parts of the sum Y, .z (Ws(V) — ¥54(V)), whose relevance stems from (13) of Proposition 3.5. The first
of the three propositions, Proposition 4.1 below, gives upper and lower bounds for the contribution to
the sum caused by clusters that contain exactly one vortex.

Proposition 4.1. Let € > 0. There exists D1 < oo such that for any g > Bo(m) +¢,

0K D> (V) = Wpg(V)) — tHipp(y) < Dyte 68,

VeE: n(v)=1

where

Honp(y) = e 8m D8 4 (60m — 1) — 2~ 20 7 2l p-seaom-1-2)8

The second main result of this section, Proposition 4.2 below, gives an upper bound to the contribution
to the sum >°y,.5 (Ws(V) — Wg4(V)) from clusters which contain at least two vortices.

Proposition 4.2. Let € > 0. There exists D1 < oo such that for any g > o(m) +¢,

3 ‘\yﬂ(w*wm(w < 2Dqte=16m-D5
VeE:n(V)=>2

The last main result of this section, Proposition 4.3, gives an upper bound to the contribution to
> ves(¥s(V) — Wy 4(V)) from clusters whose support is larger than some integer k.

Proposition 4.3. Let e > 0. For any g > fo(m) + € =: B*and k > 1,

o0
DT Ws(V) = Wy (V)| < CuCpet D max(l,j)"te - maxtln(i),

VEE+ j=0
where Cg- is defined in (14).

Before giving the proofs of Propositions 4.1, 4.2, and 4.3, we need several auxiliary results. The first of
these results is the following lemma, which exactly quantifies the total contribution of minimal vortices
to the sum on the right-hand side of (13). Since all other types of vortices are larger, these will give the
leading order term in the sum X", 5 (Ws(V) — W5 4(V)), and hence in log(W, )s. We further note that this
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leading order term will exactly match the leading order term of Wilson loop observables found in, for
example, [3, 5, 9].

Lemma 4.4. Let B > 0. Then,

> bpv) = e BV

VEAIm-1),q

Proof. Letv € Aym-1). Then ¢g(v) = e 8™~DF By Lemma 2.4, we have v(q) # 1if and only if v is a minimal
vortex around some edge e € y. Combining these observations, the conclusion immediately follows. ll

The next lemma is similar to Lemma 4.4 above, but instead of considering minimal vortices, consider
the contribution to the right-hand side of (13) of the vortices that are as small as possible while not being
minimal.

Lemma 4.5. Let 8 > 0. Then,

D ¢pv) = (6m — 1)f — 26 — 20;)e D28,

VEA4M-1)-2,q

Proof. Let v € A be such that |[(suppv)*| = 4(m — 1) — 2. Then ¢p(v) = e~ *4™M-D=2f By Lemma 2.5,
there is 0 € Q'(By, G) such that do = v and (suppo)* = {e1, e}, where e; and e, are distinct edges and
supp der N supp de, # . Since

v =o(y) =D o),

ecy

and G = Z,, it follows that

1 if n =1
v = |1 ilsuppy e e
0 else.

From this it follows that v(q) # 1 if and only if one of the following hold:

(i) The edges e; and e, are parallel (see Figure 1(b)), and exactly one of e; and e, are in suppdq =

suppy.
(ii) The edges e; and e, are not parallel (see Figure 1(c)), and exactly one of e; and e, are in supp dq =

suppy.

We will now count the number of vortices v € A with |[(suppv)™| = 4(m — 1) — 2 which correspond
to each of the two cases (i) and (ii). To this end, consider first the set A; of all vortices v € A with
|(suppv)*| = 4(m — 1) — 2 that corresponds to the case (i). By the above, this set is in bijection with
the set of all pairs {e,e,} of distinct parallel edges that are both in the boundary of some common
plaquette, exactly one of which is in y. For each e € y, there are exactly 2(m — 1) positively oriented
plaquettes that has e in its boundary. Hence, given e € y, there are exactly 2(m — 1) positively oriented
edges, distinct from e, that are parallel to e and are in the boundary of some plaquette that also has
e in its boundary. Hence, if y has no bottleneck edges, meaning that ¢, = 0 then the cardinality of A,
is 2(m — 1)¢. If ¢, # O, then the cardinality of Aq is 2(m — 1)¢ — 2¢;, as the above argument counts each
pair {eq, ep} corresponding the two parallel edges in a bottleneck twice. By an analogous argument, the
cardinality of the of all vortices v € A with [(suppv)*| = 4(m — 1) — 2 that corresponds to the case (ii)
and for which exactly one of the edges ey, e; is in y is 4(m — 1)¢ — 2¢.. From this, the desired conclusion
immediately follows. |
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16 | M.P. Forsstrém and F. Viklund

The nextlemma gives an upper bound on the total weight of all sufficiently large clusters with a given
plaquette in its support. This lemma will be important in proving our main results, as it will provide
upper bounds on the error terms that appear.

Lemma 4.6. Let B > fo(m), k > 1 and p € Co(By). Further, let g* € (Bo(m), B). Then

> wW)| < Cpoe ¥R

VEE+,

where Cg- is defined by

Cp=sup D [¥p(V)| <oo. (14)
1

=z VEEﬁ»J,

Proof. By Lemma 3.2, for any v € A, we have

D WV e,

VeE: Vv
and hence
Isuppvl/3 — —(2—1/3)|supp |
2 WOl 2 3 mI< 3 e iem = 3 e T )
VEeE+ ) VEA+ )y VEE: Vv VEA+ ) VEA+ )
Using Lemma 2.3, it follows that
o0
S e tsdlsuppr — 3§ oC-y3lsuppy]
VEA+ ) k=2(m—1) v€Arp
R (16)
_ z |Akp|e‘(2'3‘1/3)2k.
k=2(m-1)

Combining (15) and (16) and using Lemma 2.11, we obtain

[o0)
> DL M2k

VeEy+ k=2(m—-1)
In particular, this implies that Cg« < 00, and hence Cg- is well defined.

For any V € E, we have ¢g(V) = e" 2Vl and ¥z (V) = UWV)ys(V), where U(V) does not depend on 8,
and hence

Wy(V) = e 2EEIVIg, (V).
Using this observation, we obtain

2 ) e R ST up )] < e ST wp 0)].

VEEp+ ) VEEp+ VeE+ )
This concludes the proof. |

The next lemma is similar to Lemma 4.6 above, but instead gives an upper bound on the total weight
of sufficiently large clusters that interact with a given oriented surface q.
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Lemma 4.7. Let B > Bp(m), and let k > 1. Further, let g* € (Bo(m), B). Then

o0
> W] < CnCpet D" max(l, )yt P AmaxnlH)

VEEp+, j=0

where C. is defined in (14), G, is defined in (2.8), and Gy, is defined in (2.10).

Proof. Note first that

D vMI=> D> o)l (17)
j=0

VeE+, VEER+,
dist(supp V,y)=j

Using Lemma 2.10, we can write

i > M(Vﬂsi > > ol 1s)
j=0

VeBptq J=0 peCaBn)*: VEEmaxptomgrintp
dist(supp V,y)=j dist(p,y)=j

By using Lemma 2.8 and Lemma 4.6, the right-hand side of the previous equation can be bounded from
above by

oo
Z CmCp € max(L, jymte46-#") maxkCnG+1)
j=0

Combining this observation with (17) and (18), we obtain the desired conclusion. |

Remark 4.8. Lemmas 4.6 and 4.7 remain valid for complex 8, assuming Re g > Bo(m). Indeed, the
proofs work verbatim replacing g by Re 8.

We are now ready to give the proof of Proposition 4.1, which gives the leading order term and error
estimates for the contribution to the sum Y,z (¥5(V) — g 4(V)) from clusters V that consist of exactly
one vortex. The proof has two main steps. The first step is to note that the contribution from clusters
with large supportis very small (using Lemma 4.7). The second step of the proof is to carefully look at the
contributions of the smallest vortices (see Figure 1). Doing this, we obtain the term ¢Hy, s(y). Combining
the two steps, we obtain the desired conclusion.

Proof of Proposition 4.1. Set 8* = B + €. Note first that

Z (Ws(V) — W ,0) = ZU({V})wﬁ(u)m —p(v(@)) =2 z Wy(v) =2 Z dp(v). (19)

VeE: vEA veA + VEA 4+
n(W)=1 e T

Using Lemma 2.3, we get

D= D s+ DL g+ D G, (20)

veAi+ g VEAm-1),q VEA4m-1)-24q V€A m_1)+ g

Now note that if V € &y, then W(V) = ¢4(V) > 0. Using Lemma 4.7, applied with k = 4(m — 1), we thus
obtain

0< D> < D |WO)] < Dute 0 VE, (1)

VEA m-1)+ q VEBm-1ytq
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18 | M.P. Forsstrém and F. Viklund

where

o0
Dy = CmCﬁkem(m’D’s* Zmax(l j)m—le—4(ﬁ—f3*)max(O,ém(j+1)—4(m—1))' (22)
j=0

We see that D; = Og(1). At the same time, by combining Lemma 4.4 and Lemma 4.5, we have

D IC) S S ()

VEAm-1)q vEAqm-1)-2,q (23)

= e 8MDE 4 (6(m — 1€ — 20 — 20,)e *HMTDTDE — g1 4(y).

Combining (19), (20), (21), and (23), we obtain the desired conclusion. ]

We now prove Proposition 4.2. The main idea of the proof is to first note that any cluster with V(q) = 0
makes a zero contribution to the sum on the right-hand side of (13). Next, we make the observation that
if a cluster contains at least two vortices, then it must necessarily have support at least 4(m — 1). From
this, the desired conclusion will follow by using Lemma 4.7.

Proof of Proposition 4.2. Set g* = f; + €. Note first that given V € E, we have p(V(q)) # 1if and only if
p(V(@) = —1 and hence V(q) # 0. This implies in particular that

D (W) =)= D W(1-p(V@)) =2 D W)

Ve 4!

VeE: VEE:
nv)=2 nw)=2 now)=2

Consequently, using Lemma 2.3, we find that

S lumm-v0| <2 3 w2 Y [l

- — E 24
552 11}(6\;);‘3 ' VSt )
Using Lemma 4.7, applied with k = 4(m — 1), we thus obtain
S ‘xyﬁ(w — Wy, (V)| < 2Dy e 160m 18,
VeE: (25)
nw)=2
where D; is given by (22). This concludes the proof. |

We now prove Proposition 4.3, which follows almost immediately from Lemma 4.7.

Proof of Proposition 4.3. By Lemma 2.3, without loss of generality, we can assume that k > 2(m — 1).
Given V € &, if p(V(q)) # 1 then p(V(9)) = —1 and V(q) # 0. This implies in particular that

2. YO =)= 30 [WM(1-p(V@)) =2 D [%:0)] (26)
VeBp+ VeEp+ Ves,ﬁ‘q
Applying Lemma 4.7, the desired conclusion immediately follows. |

5 Proof of Theorem 1.1

This section proves Theorem 1.1. First, however, we need two additional lemmas. These are then
combined with results from previous sections to yield a proof of Theorem 1.1.
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To simplify the notation in this section, we fix some po € C2(B1)*. Note that C,(B1) is contained in
Co(By) for every j > 1. For Re § > fo(m) and N > 1, we define

W (V
g =y

1%
VeEBi+ p, (By) 0d

Lemma 5.1. Let Re 8 > Bo(m). Then

logZsn
im|——>—— —F =0
W Gy P
locally uniformly in 8.

Proof. Write 81+ p, = 1+ ,(Bn). By Lemma 3.3 (using also Lemma 2.3), we have

logZsn = > WsWV)= > > ‘I'ﬁ?l)).

VeE peCo(BN)t VEE in_1)+

Letk > 2(m — 1) be arbitrary. Without loss of generality, can assume that N is large enough to ensure
that dist(po, 3By) > k. Then, by Lemma 4.6, using also Remark 4.8, it follows that for any p € C»(By), we
have

> W < % > wsV)] (B, m k) = Cpk e ReAAIE, (27)

VEEHP VeEktp

Note that
gim e(B,mk)=0

uniformly on compact subsets of the halfplane Reg > Bo(m). Now fix some p e Cy(By)* with
dist(p, 3By) > k. Since dist(po, 3Bn) > k and dist(p, dBy) > k, for each i < k there is a bijection &;p, — Ejp
which maps each V € &, to a translation of V in &;,. Consequently,
w(V) W (V)
2 v 2 v

VEER-p VeEEi-

PO

and hence

> V) _ > YD | < 2e8,m, 1.

v
> bl *FN(ﬂ)‘ =

VeE+) |V| VeE+) |V| VEE 1+, \V|
Finally, we note that there is a constant C}, such that
|{p e CoBr*: distp, 9By < k}‘ < C kN™-1, (28)

We now combine the above observations as follows. By (27) and (28), we have

W (V

ogZu— > 3 A< C RN s(pm .
peCy(By)T: VEE+ )
dist(p,dBn)>k

Using (27), it follows that

logZsn— >, FN(ﬂ)‘ < 26(B, M, k)|Ca(B) T | + CpkN™e(8, m, 1).

peCrB)t:
dist(p,dBn)>k
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Again using (27) and (28), we get
logZgn — |CQ(BN)+\FN(ﬂ)‘ < 2e(B,m, k)|C2(Bn) T | + 2C;, kN 2o (8, m, 1).

Dividing both sides by |C2(By) ™| and letting N — oo, we finally obtain

logZsgn ‘
im|—="— _F < 2e(B,mk
Nﬂo‘ 1CoBr) ] N(B) e(p )
and this bound is decreasing in Re 8 > . Since k was arbitrary, the desired conclusion follows. |

Lemma 5.2. Let Re 8 > Bo(m). Then Fy(B) converges as N — oo locally uniformly.

Proof. Let k > 1. Then we can write

Wy (V W (V
BB = Y f1§|)+ 3 |ﬁ\§|)‘

VEE k- p, (B) VEE+ p, (Br)

Note that if j < N, then we have §;,, (By) = Ejj,(Bj). By Lemma 4.6 and Remark 4.8, we have

‘I//s(V) 1 —1,4 —BHk
<= § v < Cpok~letRep=ANR
V] =~ k | ﬁ(v)| = Cﬁ e

VEEp+ y, (Bn) VEEr+ o (BN)

Note in particular that this upper bound does not depend on N, is decreasing in Re g, and tends to zero
as k — oo. From this the desired conclusion immediately follows. |

Proof of Theorem 1.1. As in Lemma 5.2, write Fy(8) = Zwsﬁp @y Ys(V)/IV| which for each N, by
PO

Lemma 3.3, is analytic in the half plane Re 8 > Bo(m). By Lemma 5.2 Fy converges locally uniformly

as N — oo to a limiting function which is also analytic. By Lemma 5.1, logZs v also converges locally

uniformly to the same limit. On the other hand, if ¢ = 1 - p then, using Lemma 4.4, we have

> V)= D ()= D pp(v) =4e EME (29)
VeBom-1),p(By): vEArm-1),p(BN) VEE(m-1)q
n(v)=1

for all N sufficiently large. Similarly, using Lemma 4.5, we have

> pp(V) = > dp(V) = (24(m — 1) — 16)e~*4M-D-28, (30)
VeE1sm-1)-2p(Bn): VEA4m-1)-2,4(BN)
n(v)=1

At the same time, by Lemma 4.6, and Remark 4.8 we have

> W] < Cpre B o

VEE g1+ p(BN)

for all N. We conclude by combining (29), (30), and (31). |

6 Proof of Theorem 1.2

In this section, we give a proof of Theorem 1.2, which will essentially follow immediately by combining
Proposition 4.1 and Proposition 4.2.

Proof of Theorem 1.2. By combining Proposition 4.1 and Proposition 4.2, we obtain

~ 3Dy DE L EH(O) + D (Upq(V) — \1/,5(\;)) < 2Dy e~ 168D,

Vek&

Using Proposition 3.5, the proof is complete. |
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0

70 Y

(B) The 1-chain 71 = 4% + 50 and the oriented surface

(A) The path 4% and the oriented surface ¢° (purple oF (purple plaquettes).

plaquettes).

Fig. 2. In the figures above, we illustrate y° and y&, as well as the oriented surfaces q° and q~.

[ ]

\ L, ]

(A) The loop 7. (B) The path ;.

Fig. 3. In the figures above, we draw a loop y and a corresponding path y.;.

7 Proof of Theorem 1.4 and Theorem 1.7

In this section, we state and prove Proposition 7.3 and Proposition 7.4, which are the more technical
versions of the two main results Theorem 1.4 and Theorem 1.7. The main tool in the proofs of these
results is Lemma 7.1 below.

We now introduce some additional notation. Fix a mapping v + ¢V from A to Q' (By, G) which satisfies
the following:

1.Foreach v € A, we have do” = v.

2.For each v € A, the support of ¢ is contained in the smallest box B, that contains the support of
V.

3.1If 7 is a translation or rotation of the lattice with the property that suppv ot € Cy(By), then

votr

0" =0'or.

Note that such a mapping exists by Lemma 2.2.

Given V € &, let Ey, = J,.y, suppo”. Given an edge e € C1(By)* and m > 1, let

Eme ={Ve€EBniecky}.

Define E, and Epy . as before. Finally, we let Epm_e = 1+ ¢ N\ Emie-

Fix any e € C1(By) and let y° be the bi-infinite line through ey. Given R > 1, let $° be an axis-parallel
translation of —y° such that the distance between y° and p° is R, and let y® = y% + 9% Let g* be the
bi-infinite strip with boundary y&, and let q° be a half-plane with boundary y° (see Figure 2). We use
the same notations for the restrictions of y°, y&, q°, and g® to C;(By) and C,(By), respectively.

Given a rectangular loop y and j > 1, let y; be the restriction of y to the set of edges that are on
distance at most j from a corner of y (see Figure 3). Note that if y is a rectangular loop, then |y.;| < 8j.

We now describe the main idea of the proofs of Theorem 1.4 and Theorem 1.7. From Proposition 3.5,
we have an expansion of logEsn[W,] as a convergent infinite sum over vortex clusters. From the
estimates in Section 4, it follows that most of the contribution to this sum comes from vortex clusters of
finite (fixed) size. In this sum, there are many vortex clusters that either translations or rotations of each
other. For this reason, we pick any vortex cluster V. Then V(q) depends on g only through the geometry
of y = 9q close to the support of V. As max(Rn, T,) — oo, close to the support of V the rectangular loop
vr,,1, Will look like a straight path (or as two straight paths if only one of the sides of y, grows with n). At
the same time, the number of translations and rotations of V that affect V(q) grows linearly with y. The
main work of the proof is to show that vortex clusters whose support is close to the corners of y, 1, has
little effect on the sum in the limit. This is done in Lemma 7.1. Together with the technical Lemma 7.2,
we then give proofs of Proposition 7.3 and Proposition 7.4, which are the more technical versions of the
two main results Theorem 1.4 and Theorem 1.7.
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Lemma 7.1. Let B > Bo(m). Let y be a rectangular loop with axis-parallel sides with lengths R and
T, respectively, where R < T. Let q be the unique flat oriented surface with 9q = y. Letk < R
and k' < T. Assume that N is large enough to ensure that supp y € C1(By_¢). Then,

> w1 - p(V@) (32)
VeEy_
—lyl > |Evnsuppy?| sV (1 - (V@) (33)
VeB_ g
2R > [Evnsuppy’| w00 (1- p (V@) (34)

VEBp_ ey ™ Biogy

—oT > [Evnsuppyt| W) (1- p(V(Ah)) (35)

VEBY _ oy Ek—eo

k-1
<A vl D) W)
j=0

VEEe,

Before proving Lemma 7.1, we explain the interpretation of the sums in (32)-(35). The sum in (32)
describes the contribution to X, z ¥s(V)(1 — p(V(q))) from clusters whose support is smaller than k’.
The sums in (33) and (34) essentially describe the contribution to this sum of the vortices that are small
enough, and at the same time far enough from the corners of y, to interact with exactly one of the sides
of y. Finally, the sum in (33) describes the contribution of the vortices that are small enough not be able
to interact with two different sides of the rectangle on distance T, but possibly large enough to interact
with two of the opposite sides of the rectangle on distance R. The right-hand side of the same equation
then corresponds to the contribution to 3.z ¥s(V)(1 — p(V(q))) from vortices which are very close to
one of the corners of the loop.

Proof of Lemma 7.1. Since y is a rectangular loop and q is a flat oriented surface with boundary y, we
have suppq c Ca(By-¢). Let yr be the restriction of y to the two sides of y that are on distance R, and
let yr = y — y& be the restriction of y to the two sides of the rectangle that are on distance T. Note that
| supp yr| = 2T and that | supp yr| = 2R.

Fixj e {1,2,...,k — 1}. Then,

S wW1-p(V@) =, > [Ev nsuppy | WV (1 - p(V(@))

VEE; eey VESIYE

= > > [Evnsuppy| ' ¥W)(1 - p(V(@)) (36)

€€y Ve E,'g

+ > > [Evnsuppy| w0)(1 - p(V@)).

CEY NV K VeE}'e
Sincej < k' < T,for any e € yr \ y.j, we have

> [Ev nsuppy| w0 (1 - p(V(@))

Ve,
) . (37)
= > [Evnsuppy®| w0 (1 - p(V@)),
Ve,
and for any e € yr \ y,j, we have
> [Ev nsuppy| w0 (1 - p (V@)
VeEj,
’ (38)

= > [Ev nsuppyf| w0 (1 - p(V@)).

ve:‘}fo
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Since k <R, for any V € Ei_,, we have
|Ev nsupp y®| = |[Ev nsuppy®| and V(@) = V@Y. (39)
Combining the above equations, we obtain the desired conclusion. |

Lemma 7.2. For any k > 1 and any e € C1(By)*, we have

m\ —— . Ny
Z s (V)| < 2Cﬁ*(2) Z(} + 1)Me4F—F") (40)
VEeEpt, j=k
and
k-1 m k-1 9] )
Z) Z }\Il,g(V)‘ < 2C (2) . z }Z(I + 1)Me 4=, (41)
j=0 VEeEj, j=2(m-1) i=j

Proof. Letj > k, and let P; be the set of all positively oriented plaquettes that are at distance at most j
frome. If V € ., then we must have supp V N P; # #. From this it follows that

DML D v
j=k peP;

VEER+, VeEi+ )

Note that |Pj] < ()2 + ™. Using Lemma 2.8 and Lemma 4.6, we thus obtain (40). Finally, using first
Lemma 2.3, we note that.

k—1 k-1
S eI DT D Wl

j=0 Vegj, j=20m—1) V€S,

Using (40), we obtain (41) as desired. This concludes the proof. |

We now state and prove Proposition 7.3 and Proposition 7.4, which are the more technical versions
of the two main results Theorem 1.4 and Theorem 1.7.

Proposition 7.3. Let 8 > Bo(m). Let (Ry)n>1 and (Tn)n>1 be non-decreasing sequences of positive
integers with lim,_, . min(R,, Ty) = oo. For each n > 1, let y, be a rectangular loop with axis-
parallel sides with lengths R, and Ty, respectively. Then the limit lim,_, » —log(W,, )s/lyu| exists
and is given by

Vp=Vp/2:=lim > [Ev nsuppy°|" ws)(1 - p(V(@))).

VEE i+ ¢

Moreover, for any n > 1, we have

—log(W. A ad S ) )
og(W,, )g —Vﬁ‘ §32m2|)/n|71 Z (BM)ZJ—l()+1)m+12}/(2(m—1))e—4ﬂ)
[vnl j=2m=1)
oo

+ 4m? Z (3M)2j*10 4 1)m2i/(2(m*1))e*4ﬁj'
j=min(Rn,Tr)
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Proof. Note that for any k > 1 and N large enough to ensure that dist(ep, 3By) > k, we have ., (By) =
Eke, (Br). By Lemma 7.2, it follows that the sum

Vo= > |Evnsuppy®| ' wsWM)(1 - p(V(@"))

VEE i+, (BN)

is well defined and absolute convergent, uniformly in N, and hence V; is well defined.
Fixn > 1. Let g, be the unique 2-form with 3g, = y, that minimizes | supp qn|. By Proposition 3.5, we
have

—logBgn[W,,] = > W) (1-p(V(an)) Z > WM (1—p(V@a)).

VeE j=1 Veg

Let (ky)n>1 be a sequence of non-negative integers such that for each n > 1, k, < min(Ry, Ty), and
lim,_, « kn/lynl = 0. Then, for each n > 1, by applying Lemma 7.1 with k = k' = k,, we obtain

kn—1
|—1og B n[Wy,] — I 1Vsn| < 42\;@ D+l D )]

VeE;, eo VEEky+ey

Using Lemma 2.3, we note that for any j < 2(m — 1), we have E;_,, = #. Also, we note that since y, is
rectangular for each n > 1, we have |y;| < 8 for each j > 1. Using Lemma 7.2, we thus obtain

—logEg n[W. _
—lo8BlWul 5 |ey nsuppy”| 1\vﬁ(w(lfp(wqo)))‘
[¥nl Vez
1+ en
SAwml™ D0 vl D WO +4 D [V
j=2(m-1) VEE|,, VEEk +eg
<32yl JZ( )2(i+1>mcﬂ‘e*4<ﬁ*f**>f
j=2m-1) i5j

= (m\ . . Ry
+4) (2)2() + 1)"Cye~ 4B,
j=kn

Letting first N and then n tend to infinity, the desired conclusion immediately follows. |

Proposition 7.4. Let 8 > Bo(m). LetR > 1, and let (T,)n>1 be a non-decreasing sequence of positive
integers with T, > R and lim,,_.o, T, = c0. For each n > 1, let y, be a rectangular loop with axis-
parallel sides with lengths R and T, respectively. Then the limit lim,_,, —log(W,, )s/Iyn| exists
and is given by

Us(R) = V(R)/2:= lim 3" [Ev nsuppy®| WM (1 - p(V(@"))

VEEBr_q

+ > |Ev nsuppy [T w0 (1 - p(Vah)).

Ve ER+,€O

Moreover, for any n > 1, we have
k-1 00

OB —%(R>‘<|yn|-1(64cﬁ*(y;) > S e
Yn .
j=2(m-1) i5j

+ 16R Cp+ (Y;) Z(j + 1)me*4(ﬂ*ﬁ*)j)‘
j=R

(42)
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Finally, we have

[VsR) — V5] < 42(31\/{)ZJ G+ D" de# (43)
j=R

and hence limg_., V4(R) = V;

Proof. Note that for any k > 1 and N large enough to ensure that dist(e, 3By) > k, we have E1+ p ¢, (Bn) =
E1+ ke, (Br). By Lemma 7.2, it follows that the sum

Upn® = > [Evnsuppy®| w0)(1- (V@)

VEEBr_q

+ > |Ev nsuppy [ w00 (1 - p(V(@Y))

VeEBRig

is well defined and absolute convergent, uniformly in N, and hence Vﬁ(R) = limy_o Vg n(R) is well
defined.
Fix n > 1. By Proposition 3.5, we have

—logEyn[W,,] = > W) (1 - p(V(an) Zzwﬁwm— (Van)).-

VeE j=1 Veg
Consequently,

|~ logBg x[Wy, ] — 1yl Vs R)|

< D w(w(l—p(wq)))ﬂ > wW(1-p(V@)) = Iyl Vs(R)

VeET,+ VEET, -

> [Boa-r(v@)

VeET,+

+[ > w1 - (V@) ~ Il D [Ev nsuppy®| w0 (1 - p(V())

VEeET, - VEER- ¢y

—2R > |Ey nsupp y°| Wy (V) (1 - p(V(@Y))

VEET—ep ~Er-¢

-2, . }Evnsupple‘lwﬁ(m(lfp(V(q*S))‘

VEET -y N Er—g

tlml > By nsuppy w00 (1 - p(Vi@h))|

VEET 1,69 ™ Er-¢

+2R > [Evnsuppyf| T w(1- p(V(gh))|

VEET, - ¢p ~Br-gy

+2R > [Evnsuppy?| T |wn(1- p(v@)))|

VEET—ep ~Er—¢y

By applying Lemma 7.1 with k =R and k' = Ty, we obtain
)_logEﬁ,N[WVn] - |Vn|Vﬁ(R)‘

<A vl D W)+ 4wl D [wW)|+8R D W)

VEE)e, VEET 1,69 VEER+ ey
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Since y; is rectangular for eachn > 1, we have |y.j| < 8j foreachj > 1. Using Lemma 7.2, we thus obtain

~10gEyn[W,,] ~ Vs ®)|

k-1 o0 00
< 6465* (y;) Z )Z(l + 1)me74(ﬁ*ﬁ*)i + 8C,5* |)/Yl| (an) Z(J + 1)me,4(5,,3»«)j
j=2(m-1) izj =Ty

+ 16R Cp- (YQ”) DG+ Dme A
j=R

Letting first N and then n tend to infinity, this completes the proof of (42).
To see that (43) holds, we first note that

‘Vﬁ,N - Vﬂ,N(R)‘

<| X By nsuppy w00 (1- (V@) = X [Ev nsuppyt| T ws0(1 - p(v(a)]

VEER+ ¢, VEER+ e

<4 D [y

VEER+ ¢y
Using Lemma 7.2, we thus obtain
m o]
0 _V ; mp—4(B—p*))
Uon = Van(®)| < scﬂ*(Q) ZR:Q +1)"e i,
j=

Letting first N and then n tend to infinity, the desired conclusion immediately follows. |

Proof of Theorem 1.4. By Proposition 7.4 applied with T, = n, T, =R, the limit

. 1 . . 1 . . 2
lim — = log(Wy,;) = lim lim —logE,n[W),] = lim lim *mIOgEﬁ,N[Ww]
exists and is equal to 2Vg(R). Using Theorem 1.2, the desired conclusion follows. [ |

Proof of Theorem 1.7. By Proposition 7.3 applied with R, = Hn and T, = Ln, the limit

. . . 2
lim — R iT, log (W,,) = lim lim —mlogE[Wyn]N,w
exists and is equal to 2Vs. We conclude using Theorem 1.2. |
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