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We introduce a novel meta-modelling approach coupled with a four-part piecewise constitutive model to predict
the compressive behaviour of homogeneous foams using data from inhomogeneous specimens. This method
estimates individual density layer responses within the foam, enabling the prediction of compression behaviour
for ideal density configurations. Validated through cellulose pulp fibre foam experiments utilising Digital Image
Correlation (DIC) analysis and finite element simulations of synthetic expanded polystyrene (EPS) foam, our
meta-model effectively derives material properties from imperfect foams of varying densities, while accounting
for errors induced by density variations. It accurately captures foam material response from initial compression
through densification. Our approach offers significant advantages for optimising foam structures without costly
commercial software or ideal specimens, bridging the gap between real-world materials and idealised models.
While initially designed for cellulose pulp fibre foams, this model shows broad potential for evaluating various

foams with density variations, including both sustainable and non-sustainable materials.

1. Introduction

Porous materials are commonly used and highly valued for their
distinctive combination of low density, high specific strength and stiff-
ness, making them ideal for lightweighting and energy absorption in
automotive (Mkrtchyan et al., 2008) and aerospace applications (Li
et al., 2000). Their high specific energy absorption capacity also makes
them very valuable for impact attenuation in packaging (Nofar and Park,
2014) and personal safety equipment, such as helmets (Feist et al., 2024;
de Sousa et al., 2012). The key mechanical property for most foam ap-
plications is therefore the compressive behaviour, both at low and high
loading speeds.

Foams used in industrial applications are predominantly made from
fossil-based materials, with metal foams also being widely utilised.
Metal foams are particularly valued for high-energy impact absorption
due to their superior initial stiffness and high plateau strength. However,
increasing emphasis on sustainability has spurred research into bio-
based and renewable alternatives. Cellulosic foams and pulp fibre
network structures emerge as promising candidates, demonstrating po-
tential in diverse applications (Chen et al., 2011; Ganesan et al., 2016).

Although many evaluations assume foams to be homogeneous and
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isotropic, many, especially bio-based and metal foams, exhibit signifi-
cant inhomogeneity (Kader et al., 2020). This is often due to variations
in density distribution (Naeem et al., 2020; Palano et al., 2013; Wagner
et al., 2025). These inhomogeneities can significantly impact the me-
chanical properties, and introduce orthotropic behaviour in the mate-
rial. In some cases, intentional inhomogeneities, such as density
gradients, are introduced to optimise foam performance for specific
applications. Such gradient foams have been proposed for impact
attenuation to reduce peak loads (Cui et al., 2009b; Cui et al., 2009a;
Smeets et al., 2023; Zhu et al., 2023).

Commonly, these gradient foams are produced either by additive
manufacturing (Xie et al., 2019) or through layered formulations with
templates, including aqueous (Xu et al., 2024) or gelatine phases (Xie
et al., 2019). However, a simpler approach to mimic such materials
involves creating layered foam structures, with each layer having a
distinct density. This approach is often employed in helmets (Forero
Rueda et al., 2009) and metal foam stacks used in automotive crash-
worthy structures (Salehi et al., 2022). Notably, natural porous mate-
rials like bamboo, palm wood, and bone exhibit similar density
gradients, allowing them to retain high strength and stiffness, particu-
larly under bending loads, while maintaining low overall densities
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(Claussen et al., 2012; Wegst, 2011).

Cellulosic foams and pulp fibre network structures have been pro-
posed as a sustainable material for impact absorbers, particularly in low-
energy impact scenarios and packaging (Paakkonen et al., 2024). These
foams could replace a significant amount of fossil-based packaging
materials, which are major contributors to environmental pollution and
microplastic generation. However, severe difficulties to control the
density have been observed in cellulose pulp fibre foams due to the
production process. This often leads to an unintended gradient like foam
configuration, which significantly influences their compressive behav-
iour (Wagner et al., 2025) and can lower the initial stiffness or reduce
the energy absorption capacity below a desired level. Currently, it is
challenging to determine whether the effort required to improve the
production process is justified by the performance of the final product.
Therefore, an early assessment of the potential of a porous material
serves as a valuable tool.

Optimising gradient foams typically involves producing multiple
foams with varying homogeneous densities, evaluating their compres-
sive behaviour, fitting material laws to the observed responses, and
subsequently interpolating the results (He et al., 2020).

While this approach is effective for generating optimised density
distributions, it does require homogeneous specimens with various
densities. This can be problematic when production-induced density
distributions are difficult to control, which is the case with pulp fibre
foams.

Constitutive material models which cover the properties of homo-
geneous foams over a wide density range have been explored in quasi-
static (Duan et al., 2020) and dynamic settings (Liu et al., 2024), with
some relying on machine learning (Frankel et al., 2022).

This work introduces a four-part piecewise constitutive model which
aims to describe the compressive material behaviours of foam-like ma-
terials, without explicitly accounting for the underlying microstructure
or material physics. This constitutive model is further employed within a
novel meta-model approach to extract the stress—strain behaviour of
density-constant foam based on experiments on density-variant foam
samples. This approach enables the evaluation of ideally homogeneous
foams using data from inhomogeneous and imperfect specimens. By
predicting the material behaviour of a hypothetical homogeneous foam,
it establishes a foundation for assessing the foam’s potential and allows
for optimising foam stack properties without requiring high-quality
specimens. Therefore, the need for an established process, which is
capable of producing high quality, homogeneous specimens is dimin-
ished in the development of a novel porous material.

1.1. Background

Fibrous networks and foams share similarities in their macroscopic
behaviour under compression, despite having distinct meso-mechanical
structures. Fibrous networks consist of interconnected beam-like ele-
ments, while traditional foams are characterised by cell walls forming
enclosed or partially enclosed voids. Polymer foam structures typically
exhibit distinct deformation stages under compression: an initial elastic
region, followed by a plateau region, and finally densification. In
contrast, fibrous networks, particularly under out-of-plane loading, are
monotonically increasing their stress with strain, showing no distinct
plateau region.

In this work, we use the term “foam” broadly to encompass both
traditional cellular foams with surface-like cell walls made from an
isotropic base material, and fibrous network structures composed of
interconnected (even anisotropic) beam-like elements and fibres. This
generalisation allows us to apply similar modelling approaches to both
types of porous structures, focusing on their macroscopic compressive
behaviour rather than their specific micro-structural differences. This
broader definition enables us to leverage existing foam mechanics the-
ories while accounting for the unique characteristics of fibrous net-
works, particularly in the context of cellulose pulp fibre materials. By
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doing so, we can develop a unified approach to modelling and predicting
the compressive behaviour of various porous structures, regardless of
their specific meso-scale morphology.

1.1.1. Foam behaviour

Foam behaviour is typically characterised by three distinct regions:
the initial stiffness region (I) (linear elastic in case of many polymeric
cellular solids), the secondary stiffness region (II) (plateau region in case
of polymeric cellular solids), and the tertiary region (III), often referred
to as densification (Hwang et al., 2020; Kwon et al., 2021; Salimi Jazi
et al., 2014) (Fig. la)). Various modelling approaches have been
developed based on this classification (Alzoubi et al., 2014). The most
widely used description comes from Gibson and Ashby. They provide
equations for estimating the mechanical properties of foams based on
their envelope density and the density of the base material (Gibson and
Ashby, 2014).

These approximations allow for the prediction of the elastic modulus
and plateau strength and provide a good approximation for open and
closed cell polymer foams. The envelope elastic modulus of the foam
(E") can be estimated using the following equation:

B ) p* p
—=C*|— 1
ES <px) ( )

where Eg is the modulus of the solid material, C is a proportionality
factor, p* is the envelope foam density, ps is the solid material density
and p is the exponent (p =~ 2).

These equations provide good approximations for both open and
closed-cell foams. While they are most accurate for synthetic foams, they
also enable reasonable predictions for a wide range of foam materials,
such as nanofibrillar cellulose foams (Ali and Gibson, 2013). However,
for pulp fibre foams the proportional factor C and exponent p can deviate
significantly from values conventionally used for closed and open cell
foams (Wagner et al., 2025). It is important to note that despite these
deviations, the general power law relation still is quite accurate.

Gibson and Ashby further provide an equation (equation 2) for
estimating the densification strain, which yields good predictions for a
wide range of porous materials when compared to experimental results.

ep e 1—1.44 @

s

1.1.2. Rule of Mixtures

The Rule of Mixtures (ROM) is a model used to estimate the elastic
properties of composite materials that are reinforced with unidirectional
continuous fibres. Based on Voigt’s isostrain assumption (Voigt, 1889),
the longitudinal modulus (E11) of a composite can be expressed as:

Eni = EjVy + EnVi ()

where E; and Ej, represent the elastic moduli of the fibre and matrix
respectively and V; and

Vm are their corresponding volume fractions.

To calculate the transverse elastic modulus (E23), Reuss’s isostress
assumption (Reuss, 1929) is applied, which assumes that the transverse
stress in both the fibres and matrix is equal. The transverse modulus
(Eg2) is thus determined using the inverse Rule of Mixtures as follows:

Vi V)
Epp= (L 427
22 (Ef + Em) ()]

1.1.3. Nelder-Mead optimisation technique

The Nelder-Mead optimisation technique (Nelder and Mead, 1965) is
a widely used method for solving optimisation problems where the
objective function is not easily differentiable. This method is especially
advantageous for nonlinear optimisation problems that do not require
derivatives of the objective function, making it ideal for functions that
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Fig. 1. a) Common polymer foam compressive stress—strain behaviour utilising three distinctive regions and b) proposed approach with four distinctive regions for
foam-like materials in which the secondary region is described as linear however, does not necessitate a stress plateau.

are noisy, discontinuous, or not well-behaved in terms of gradient
calculation. The Nelder-Mead algorithm proceeds iteratively, shrinking
and adjusting the simplex, which represents a group of solutions, until
convergence is achieved. Its applicability spans various domains,
including engineering design optimisation, hyperparameter tuning in
machine learning, and other scientific computations, where direct or
gradient-based methods are impractical. However, it is important to
note that this method may converge to local minima, especially in higher
dimensional space. This limitation necessitates careful consideration
when applying the method to high-dimensional optimisation problems.

2. Methods
2.1. Constitutive model

A four-part piecewise constitutive model was developed (illustrated
in Fig. 1b)) to describe the compressive behaviour of foams. This model
expands upon the traditional three regions commonly used for polymer
foam materials (Hwang et al., 2020; Kwon et al., 2021; Salimi Jazi et al.,
2014) by incorporating an additional transition region:

Initial Stiffness Region: The first region is assumed to be linear and
only characterised by one stiffness value. The governing stiffness is
representative of the Young’s modulus and the region encompasses
the elastic region of a given foam.

Secondary Stiffness Region: The second region is also assumed to be
linear, characterised by a stiffness value that is typically lower than
the initial stiffness. While fibrous networks generally exhibit a
monotonic increase in stress, polymeric foams often display a plateau
in this region, with minimal stiffness. This phase is primarily
responsible for energy absorption.

Transition Region: This region is non-linear and captures the onset of
densification, modelled with a polynomial function. It is governed by
the densification strain derived from the approximation provided by
Gibson and Ashby and optimised using the coefficients of the tran-
sition region polynomial so that the overall function is close to
continuous.

Densification Region: This is the final region where the foam is
densified, leading to a steep increase in stress, which is also assumed
to be linear.

The inclusion of the transition region allows for a more accurate
description of the foam’s behaviour as it progresses from the secondary
phase to the onset of densification, a characteristic that is particularly
relevant for the evaluated bio-based foam material.

The mathematical definition of the four-piece piecewise function was
described as follows:

£%81,€ < €1
(e —€1)*s2 + €1%51,€ < €2
a+ b*(e - 62*tf) + d*(e - Ez*tf)te7 £ < &3
(£ — £3)*ss + a+b* (e — e2*ty) + d* (e — £2%ty) ", 6 > &3

4

O) =

In this equation, o, denotes the engineering stress as a function of
strain. The parameters s;, s», and s3 represent the stiffness (or slope) of
the initial (1), secondary (2), and densification (4) region respectively.
The strain at which the linear elastic region transitions to the secondary
region is denoted by ¢;. The parameters ¢, and €3, which define the
boundaries of the transition region, are calculated by utilising the esti-
mated densification strain (equation 2) and a transition factor t.

&y = &p —&p*ly %)

&3 = ep+ép*ty (6)

The stress—strain relation of the transition region (3) is defined by the
coefficients a, b, and d, along with the transition exponent t,, which
governs the curvature of the transition region. These transition co-
efficients are computed to ensure continuity in the resulting function.
This formulation enables a flexible representation of the foam’s me-
chanical behaviour as it moves from the secondary region to the
densification phase. In total, six parameters are fitted for the constitutive
model: three stiffness parameters, the boundary of the initial region, the
transition factor, and the transition exponent. All other parameters, such
as the densification strain, are either derived from previously estab-
lished estimations or analytically calculated to maintain a continuous
function. The four-part piecewise function was selected over alterna-
tives, such as exponential functions, due to its superior ability to accu-
rately capture the compressive behaviour of both polymer foam and
fibrous networks. Although exponential functions can effectively cap-
ture the out-of-plane response of fibrous networks up to the onset of
densification, which typically occurs at strains above 0.5 depending on
the envelope density, they become less accurate beyond this point. Once
densification is included, exponential functions, despite maintaining
high overall accuracy, tend to inadequately represent the response in the
pre-densification region (strains below approximately 0.5).

2.1.1. Meta-modelling

The introduced meta-modelling approach proposes that inhomoge-
neous or gradient specimens with varying densities can be estimated as a
layered foam stack of (nearly) homogeneous layers, as illustrated in
Fig. 2. A constant density can therefore be assigned to each of the layers.
A central assumption of this approach is the interchangeability of layers,
which implies that the stacking sequence does not significantly influence
the overall behaviour. This assumption is particularly valid under quasi-
static, uniaxial compression, where the material stack does not exhibit
substantial interfacial expansion mismatches between layers. Such
mismatches could create complex multiaxial stress states, potentially
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Fig. 2. a) Hypothetical density distribution in a foam specimen and b) corresponding layer-based model for applying Reuss’s isostress assumption (Rule of Mixture

for assessing transversal stiffness).

altering compressive behaviour. Three factors could theoretically
invalidate this assumption by inducing multiaxial stress states: (1) High
intrinsic Poisson’s ratios within constituent layers, (2) sharp interfacial
property contrasts, particularly in Poisson’s ratios, and (3) severe stiff-
ness gradients between adjacent layers. However, these conditions are
unlikely in inhomogeneous foams, as they typically exhibit low Pois-
son’s ratios and gradual variations in density and consequently in me-
chanical properties across layers. Furthermore, compressive
stress-strain data from multiple specimens with differing envelope
densities can be analysed simultaneously in order to derive better fitting
coefficients for the material model.

This work builds upon and extends the seminal work of Gibson and
Ashby (Gibson and Ashby, 2014) by implementing their density re-
lationships within the meta-model framework. While Gibson and Ashby
used a power law relationship to describe the initial stiffness, i.e. the
Young’s modulus of foams, we propose that the power law assumption
also applies to the stiffness (s) in the secondary and densification
regions:

N
Snl = Cn* (ﬂ) (7)
Vi

s

where the subscript n denotes the specific region of behaviour (i.e. 1
= initial, 2 = secondary and 3 = densification) and [ denotes the layer
(and therefore the density) for which the stiffness is calculated. This
results in the computation of stiffness values for all layers at each region
of behaviour. The stiffnesses are governed by the proportional factor c,
and the exponent p, which are both defined for each region (but do not
change across layers) and the ratio of the individual layer density p; and
the density of the base material, which is denoted by p, and set to 1 500
kg/m?> for cellulose and 1 000 kg/m> for polystyrene.Es is included
within the proportional factor c, in contrast to equation 1.

A fundamental assumption of this model is that the power law
exponent and proportional factor remain constant across varying den-
sities, while potentially differing between the distinct stress—strain re-
gions of the material.

By employing the Rule of Mixtures for a number of layers with
known individual density and volume fraction, the model can extract
detailed material parameters from the envelope foam stress-strain
response. This approach enables a more comprehensive characterisation
of the material’s behaviour, accounting for density variations within the
specimen. If it is assumed that the foam consists of only one layer, pa-
rameters are fitted which replicate the inhomogeneous foam behaviour
for different envelope densities. However, in order to assess the prop-
erties of ideally homogeneous foams and therefore the actual foam
material properties, it is necessary to introduce multiple layers, all of
which utilising the four-part piecewise function in conjunction with the
meta-model.

The response of each density layer within the specimen is fitted to the

constitutive model, allowing for the calculation of the resulting
stress-strain curve. This is achieved by applying the Rule of Mixtures to
the individual layers, specifically the out-of-plane (transversal) Rule of
Mixtures is utilised. In this way, the methodology aggregates the con-
tributions of individual layers with varying densities. Importantly, the
accuracy of the evaluation is not inherently governed by the number of
layers but rather by how accurately their number and densities are
known. For stacked foams, the number of layers should, for optimal
results, correspond to those found within the specimen. In contrast, for
gradient foams, increasing the number of layers can improve accuracy,
provided that the density distribution is known with sufficient precision.
This is shown in the following equation:

-1

* V- V. vV

S :|:J+i+...+l:| (8)
S1 S2 St

With s” being the envelope stiffness, s; being the stiffness and v; being
the volume fraction of each corresponding layer.

The model parameters are fitted to the experimental envelope
stress-strain data from multiple imperfect foams or foam stacks using an
in-house developed program. This program leverages the Nelder-Mead
optimisation technique (Nelder and Mead, 1965) provided within the
“Non-Linear Least-Squares Minimisation and Curve-Fitting for Python”
library (LMFIT) (Newville et al., 2014). The software loads all available
experimental envelope stress—strain responses of foam specimens along
with their corresponding density distribution.

It simultaneously fits the meta-model parameters to maximise the
coefficient of determination (Rz) for the envelope behaviour (which is
calculated from the individual layer responses) for all specimens,
ensuring that the predicted envelope foam responses closely match the
corresponding experimental data.

The fitting process only requires envelope stress-strain data and
corresponding density distributions as inputs and is illustrated in Fig. 3
and the process proceeds as follows:

1. Assumption of Coefficients: The initial proportional factor ¢, and
the exponent p, are generated using a random positive number for
the initial, secondary and densification region.

2. Calculating Coefficients in the Constitutive Model: The meta-
model coefficients are utilised to calculate the coefficients for the
constitutive model (equation 4) for each layer within the data set
(defined through the density input).

3. Prediction of Layer Responses: The equations within the consti-
tutive model are solved, which generates a stress strain prediction for
each layer within the provided density data.

4. Computation of Envelope Response: The envelope response of
each specimen is calculated by combining the individual layer re-
sponses while utilising the volume fraction and following the Rule of
Mixtures.
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Fig. 3. Meta-model fitting process illustration.

5. Comparison to Experimental Data: The predicted specimen re-
sponses are compared to the experimentally observed envelope
behaviour and an overall R? value is computed. If the overall R?
value has reached a maximum, the fully parameterised model is
returned.

1. Updating of Coefficients: If the optimum has not been reached, the
coefficients of the meta-model are updated and the process continues.

Upon convergence to an optimal fit, the algorithm returns the opti-
mised parameters, resulting in a fully defined model. This model accu-
rately characterises the foam material’s behaviour, accounting for
density variations and encompassing a broad range of densities. The
derived parameterisation facilitates precise prediction of stress-strain
responses for diverse foam specimens.

To comprehensively assess the characteristics of the foam material
while accounting for inherent inhomogeneities, multiple specimens,
with significantly different envelope densities, were evaluated using the
described meta-model approach.

2.2. Materials and foam characterisation

2.2.1. Density distribution

The primary material investigated in this study is a cellulose pulp
fibre foam made from bleached softwood kraft pulp, which exhibits
significant density inhomogeneities due to its production process. The
foams were manufactured using the frothing method as described by
Wagner et al. (Wagner et al., 2025).

Specimens with target envelope densities of 60, 80, 100, and 140 kg/
m® were manufactured. Six cylindrical specimens with a diameter and
height of 20 mm and envelope densities of 60, 80, and 140 kg/m> were
placed into a 3D-printed PLA specimen holder and examined in terms of
morphology with micro-computed tomography (uCT). The pCT analysis
was performed using a UMITOM XL (Tescan) micro-computed tomog-
raphy at a resolution of 15 um utilising a scan voltage of 40 kV and a
current of 375 pA. The uCT data was manually segmented to provide a
detailed 3D distribution of the material within the foam volume. From
this data, density variations have been derived for the 15 um high layers
within the specimen. After assessing the densities of the individual scan
layers for each specimen, the resulting distributions have been binned
into nine groups and an average distribution has been calculated.

2.2.2. Compression testing and digital image correlation

Quasi-static out-of-plane compression tests were conducted to eval-
uate the compressive behaviour of the cellulose pulp fibre foams. For
each of the four target envelope densities (60, 80, 100, and 140 kg/mB),
four cube specimens with an edge length of 20 mm were prepared. The
cubic geometry was chosen to facilitate 2D Digital Image Correlation
(DIC) evaluation. Compression tests were performed using a ZPM-
3000-500 Universal Testing Machine (UTM) from PCE Instruments,
equipped with a TCTN-9110-3kN load cell. Each foam specimen was
positioned between two flat compression plates for uniaxial compres-
sion testing. Tests were conducted under displacement-control at a
constant loading velocity of 5 mm/min. at ambient conditions (21 °C
and about 50 % RH). Fig. 4a) depicts the test setup.

2D DIC was utilised to capture the strain distribution for each foam
specimen during compression (Fig. 4b)) in order to provide validation
data. This data is only used in the validation and is not required for the
proposed method. For this study, a DIC system equipped with a high-
resolution (4 k, Lumix DMC-TZ101) camera was set up to monitor the
deformation. To enable DIC tracking, a speckle pattern was applied to
the surface of the foam specimens. This pattern was created by carefully
spraying fine, water-based black paint droplets onto the specimens’
surface. Care was taken to minimise water application, as cellulose fibres
tend to disperse water based colour upon contact. Due to this dispersion
the black paint resulted in a grey pattern on the white (bleached) fibres.
The camera was positioned to capture the out-of-plane deformation, and
the images were processed using the open-source DIC program “ICorr-
Vision-2D Correlation” (de Deus Filho et al., 2022) (version v1.04.22).
The parameters of the image acquisition and DIC properties are sum-
marised in Table S1.

Prior to testing, the specimens were carefully inspected for surface
imperfections of the cutting surface, to minimise loose fibre bundles,
defined as fibres and fibre bundles attached only at one single point.

Furthermore, the Poisson’s ratio over the deformation was analysed
by comparing the in-plane strain results for each point with the corre-
sponding out-of-plane strain, both of which were derived from the DIC
analysis.

2.2.3. Model validation

The predicted envelope stress—strain curves were compared with the
experimental envelope results, and the accuracy of the model was
assessed using the root mean square error for these compression load
curves. In addition to envelope foam behaviour, the model was used to
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Fig. 4. a) Compression test setup and b) exemplary speckled foam specimen at various stages of deformation.

predict the stress—strain response of individual density layers within the
foam. This layer-wise analysis was essential for assessing the behaviour
of the overall homogeneous foam compressive behaviour. The predicted
layer responses were compared with the DIC data to validate the model’s
accuracy. Additionally, the meta-model approach was tested on data
generated from finite element method (FEM) simulations of expanded
polystyrene (EPS) foam stacks. The simulations were performed with LS-
Dyna (R13.1, smp, double precision) and the foam structures (20 x 20 x
20 mm® cubes with 15 layers in the height direction) consisted of ele-
ments with densities of 35, 50 and 70 kg/m® and were modelled utilising
Mat83, which is a material model based on the unified constitutive laws
proposed by Chang (Chang et al., 1998). Structures were generated with
organized element distribution resulting in clearly defined, homoge-
neous, density layers and with randomly distributed element distribu-
tion in order to assess the impact of intra-layer variation on the model
prediction. Simulations with ideal homogeneous foam cubes were
simulated and used as a reference for evaluating the accuracy of the
meta-model. Table 1 summarises the homogeneous and layer based
simulation configurations, while Table S2 details the randomly distrib-
uted configuration.

This validation strategy provides a robust assessment of the meta-
model’s predictive capabilities and shows its potential applicability to a
wide range of foam structures.

Table 1
Homogeneous and layer based simulation configurations.

Nr. Envelope density Volume fraction of 35, 50 and
[kg/m?] 70 kg/m® layers [%]

Reference 1 35 100, 0, 0

Reference 2 50 0, 100, 0

Reference 3 70 0, 0, 100

Layer stack 1 52 33, 33,33

Layer stack 2 42 73,13,13

Layer stack 3 51 13,73,13

Layer stack 4 63 13,13,73

3. Results and Discussion
3.1. Density distribution

The 3D datasets from the micro-CT (shown in Fig. 5a)) were evalu-
ated and the resulting layer-based volume distribution for each spec-
imen were utilised to calculate a relative density distribution. The scans
showed a general reduction in x-ray absorption values near the edges of
the scan volume. This artefact in the absorption (greyscale) data was
most likely introduced by the PLA specimen holder, which bordered the
outer diameter regions of the scan volume. To address this issue, manual
segmentation was performed rather than utilising the greyscale values
directly. This approach differs from the method used by Afshar et al.
(2023), who reported that lower scan resolutions are sufficiently accu-
rate for density distribution analysis when derived from absorption
values (Afshar et al., 2023). However, the segmentation based method
produced very similar results in the out-of-plane density distribution
analysis to a comparison based on absorption values, as shown in Fig. S1,
while accounting for the influence of the specimen holder and was
therefore utilised.

To assess density variation, equal-frequency binning was applied to
the relative density distribution. This method constructs bins such that
each bin contains an equal number of data points. These results are
shown in Fig. 5b). This approach effectively emulates the discrete layer
averaging inherent in DIC evaluations, facilitating comparability.

It is important to note an average density distribution has been used.
While individual density distributions for each specimen could poten-
tially offer higher accuracy, an averaged density distribution was
deemed preferable for the evaluated pulp fibre foams. This choice is
partly motivated by the observed variance in density distribution among
foam samples with identical envelope densities. The use of an averaged
distribution of the six evaluated specimens also considers practical
constraints: CT scans are expensive, limiting the number of specimens
that can be analysed in detail and CT scans preferentially require cy-
lindrical specimens. Furthermore, mechanical testing was conducted on
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Fig. 5. a) Segmentation in individual density layers b) normalised density distribution of the layers.

cubic specimens, as the two-dimensional DIC setup requires a planar
surface for accurate evaluation and therefore cannot be used to directly
generate validation data from the cylindrical CT specimens. Conse-
quently, averaging the density distributions was necessary since no
compressive validation data was available for those particular
specimens.

3.2. DIC analysis

DIC was performed with a mesh size (Fig. 6a)) similar to the chosen
layer height of the density distribution assessment. The strain analysis
has shown strong inhomogeneities over the specimen surface and
deformation patterns, which indicate a layered compression response
(Fig. 6b) and d)).

Analysis of the DIC results for each layer reveals a distinct stress—
strain response, as illustrated in Fig. 7. A staggered compression
behaviour was observed among all specimens, reflecting the density
distribution and its influence on the local compliance of the structure.

The DIC analysis indicated that the evaluated pulp fibre foams
exhibit a Poisson’s ratio under 0.04 for engineering strains below 0.4.
This indicated that shear phenomena due to transverse strain have very
limited effect in the first half of compression. The use of a commercial-
grade 4 K colour camera (Lumix DMC-TZ101) for the DIC evaluation
presents a limitation, as such cameras generally exhibit higher inac-
curacies compared to professional monochromatic CCD cameras. These
inaccuracies are primarily due to the demosaicing process inherent to
colour cameras, which involves interpolation and introduces increased
noise in the recorded light intensity data, which is used in the correlation
process (Forsey and Gungor, 2016). Additional errors may arise from the
use of a rolling shutter, where pixels are not read out simultaneously.

0.6 ;
===+ Envelope measurment ,’
— DIC layer response !
—— DIC envelope response !
0.5 ]
1
1
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Increasing density /
0.4 ’
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N}
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0.14

0.0 0.2 04 0.6 0.8
Eng. strain [-]

Fig. 7. Example of measured DIC results for each layer (shades of blue),
ranging from low-density layers (light-coloured) to high-density layers (dark-
coloured), shown alongside the corresponding stress—strain curve from the UTM
(blue dashed line) and the calculated mean DIC response (green).

However, numerous studies have shown that modern high-resolution
cameras can still achieve sufficient accuracy (Arza-Garcia et al., 2022;
Godek and Tosun Felekoglu, 2023; Hedayati et al., 2017; Kosmann et al.,
2019; Li et al., 2020), especially when employed for slow deformations
and large strain evaluations (Pritchard et al., 2013), as is the case in this
work.

-1.935e-01

-1.546e-01

-1.158e-01

-7.699e-02

-3.817e-02
Strain [-]

Fig. 6. a) DIC mesh in the uncompressed state and b) at 0.12 compressive engineering strain. ¢) Strain distribution at 0.12 compressive engineering strain.
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One additional drawback of this method is the assumption that the
surface displacement is representative of the whole volume. While edge
effects may be minimal, especially in the case of synthetic foams, the
evaluated fibre foam may exhibit loose fibres or fibre bundles. Such fi-
bres may move in a transverse direction without undergoing deforma-
tion. Consequently, they should be removed prior to testing, which may
result in minor damage to the material. Therefore, experiments where
these loose fibres were present have been excluded. Another limitation
of the chosen evaluation is the limited accuracy particularly at high
strains. This is caused by the incremental correlation scheme, which was
utilised in the DIC analysis. While this method enables the tracking of
large deformations, it is susceptible to compounding errors since these
errors can accumulate over successive evaluation steps rather than being
referenced to an initial frame (Zhou et al., 2014). Consequently, we
limited the DIC evaluation shown Fig. 7 to engineering strains below
0.75 to avoid excessive errors associated with incremental DIC analysis.

3.3. Constitutive model and meta-model predictions

The behaviour of the foams exhibiting significant density variations
can be accurately replicated utilising the introduced four-part piecewise
equation. When fitting the experimental data directly to the proposed
constitutive model, a very good correlation is observed, with the lowest
R? value of the twelve samples being 0.964, which occurs only for high
density (140 kg/m?’) specimens (Fig. 8b)). Specimens with densities of
100 kg/m? and lower reach a R? value of at least 0.997 (e.g. 60 kg/m>
with an R? value of 0.998 shown in Fig. 8a)). The minor reduction of the
correlation with increased density could possibly be attributed to
increased transverse strain effects at higher densities.

The high R? values show that the function is well-suited for capturing
the overall envelope behaviour of the foam. Notably, the newly intro-
duced transition region was essential for this success; omitting this
transition phase renders the approach unsuitable, as evidenced by R?
values falling below 0.5.

The main benefit of this approach arises when utilising the meta-
model to derive the individual layer-wise stress—strain responses. Fig. 9
illustrates the results from the meta-model for a specimen with a density
of 60 kg/m3 (Fig. 9a)) and 140 kg/rn3 (Fig. 9b)). The reaction of the
layer-wise analysis are plotted in red lines, with darker shades repre-
senting higher density layers. It is noteworthy that low density layer
reactions in the 60 kg/m> foam show almost identical stiffnesses in the
initial and secondary region, while higher density layers exhibit more
pronounced degressive behaviour over those two regions. In other
words: The higher density foams exhibited pronounced strain softening
(see detail view in the respective plots).

Table 2 summarises the evaluated parameters of the meta-model

60 kg/m3

4.0
—— 4 Piecewise model fit
3.5 | ====- Envelope measurement

3.0 R? value: 0.998

Stress [MPa]

0.0 0.2 0.4 0.6 0.8 1.0
a) Eng. strain [-]
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(equations 4-7) for both the layer-wise evaluation (predicted ideal ho-
mogeneous behaviour) and the envelope-wise evaluation. In the latter,
the same model parameters are assessed without accounting for density
variations within the sample, essentially extracting the model parame-
ters directly from the experimental results. It is apparent that the model
coefficients differ significantly when comparing the two evaluations. It
is important to note that, although the transition region plays a crucial
role in the overall processes, it is the least sensitive to changes in eval-
uation methodology.

It is crucial to emphasise that compression tests of foams and porous
structures with significant density variations across their thickness,
yielding an average density of x, cannot be directly used to predict the
behaviour of a quasi-homogeneous foam with negligible density varia-
tion and the same average density x. In other words, the apparent
behaviour, or homogenised behaviour, differs substantially from the
true behaviour of a homogeneous-density foam. This discrepancy is
particularly evident in the primary stiffness, which can be strongly
influenced by the compliance of less dense layers. The strength of the
presented tool lies in its ability to predict the “true” behaviour of
assumed density-invariant porous structures, even when the test speci-
mens themselves exhibit density variance. This capability allows for
more accurate modelling and understanding of material properties, in-
dependent of manufacturing-induced density variations. This benefit is
also shown in Table 3, which reports the estimated moduli of the initial
region for the apparent foam behaviour and the homogeneous foam
prediction.

The findings underscore that density variations across a foam'’s
thickness can lead to behaviours that differ significantly from those of a
uniform foam with the same average density.

An additional benefit of the outlined method is that it is returning
data for a broader density range than the evaluated envelope densities.
While the assessment of inhomogeneous foams covers only the range
between the lowest and highest envelope density (in our case 60 to 140
kg/m>), the layer-based approach extends the range from 40 to 190 kg/
m®.

Material responses for ideally homogeneous densities can be derived
by applying the fitted coefficients shown in Table 3 to equation 7, in
order to derive the density-dependent stiffness values (s1,s2 and s3) for
each region. These density dependent stiffnesses can subsequently be
utilised in the four-part piecewise constitutive model in conjunction
with the other fitted coefficients (i.e. . and t;) while the transition co-
efficients a, b, and d can either be extracted from the returned fitting
results or once again analytically solved in such a fashion that a
continuous, differentiable, function is derived.

These results are shown in the surface plots in Fig. 10 which allows
for assessing material performance under ideal conditions and
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0.0 0.2 0.4 0.6 0.8 1.0
b) Eng. strain [-]

Fig. 8. Piecewise function directly fitted to experimental results for a) a 60 kg/m® dense specimen and a b) 140 kg/m® dense specimen.
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Fig. 9. Predictions for the compressive behaviour (blue) of foams with envelope densities of (a) 60 kg/rn3 and (b) 140 kg/rn3, derived from the estimation of in-
dividual layer responses (shades of red), ranging from low-density layers (light-coloured) to high-density layers (dark-coloured).

Table 2

Comparison between layer-wise assessment yielding homogeneous foam pa-
rameters and the envelope-wise, inhomogeneous evaluation. ¢ denoting the
proportional coefficient and p the exponent of equation 7, for regions 1 through
3. t;y denoting the transition factor of equation 5 and 6 and t, the transition
exponent in equation 4.

Meta parameter Layer-wise assessment Envelope-wise Difference
assessment
c1[MPa]: 456.55 264.27 73 %
pil-l: 2.41 2.374 1%
c2[MPa]: 150.97 115.93 30 %
p2[-1: 2.25 2.15 5%
t[-]1: 5.82 5.26 11 %
tel-1: 0.42 0.46 —9%
c3[MPa]: 148.57 104.65 42 %
psl-l: 0.50 0.40 26 %
Table 3

Change in initial modulus determined for ideally homogeneous foams using a
layer-wise assessment, and for inhomogeneous specimen using an envelope-wise
assessment.

Example density[kg/m®] Layer-wise Envelope-wise Difference
modulus [MPa] modulus [MPa]
40 0.074 0.048 53 %
60 0.197 0.127 55 %
80 0.393 0.251 57 %
100 0.673 0.426 58 %
8
10.0
6
= 7.5
o
=3
» 0.0 4
7]
e
B 25 180 o,
150 &
120 &
0.0 %0 °$ 2
-3
a) 10 08 06 g4 60 ©
Eng. Strain [ 00 4

evaluating whether the material is suitable for a given application as a
homogeneous foam. By utilising the fitted parameters and changing the
density distribution in the program, foam stack optimisation can be
performed.

However, it is important to note that the discretisation of the indi-
vidual layers still represents some degree of averaging. The accuracy of
this approach depends on the density distribution used in the model,
which may have inherent spread or variation.

3.4. Validation

To demonstrate that the layer-wise estimation provides a reasonable
approximation, the estimated responses are overlaid with the results
from the DIC. Although slight deviations from the assumed distribution
are expected due to potential variations in DIC layer densities, Fig. 11
shows that the general behaviour is well captured. Deviations in
densification behaviour can most likely be attributed to the limited ac-
curacy of the DIC evaluation in high-strain regions. Small deviations in
the overall behaviour are also logical, due to using an averaged density
distribution rather than one for each specimen.

As an additional validation, envelope stress—strain data from the EPS
foam stack simulations with different envelope densities and varying
volume fractions (Table 1, layer stack 1 through 4, illustrated in
Fig. 12b) through e)) have been analysed. The evaluated envelope-wise
stress-strain curves, along with the corresponding envelope- and layer-
wise densities and volume fractions of the foam stacks, were used as

0.8
1,
i 0.6
= 0.75
o
=3
2 0.50 0.4
(]
# 025 180
50 &
0.9
0.00 BN 0.2
1.0 5
08 06 04 02 o 600@
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Fig. 10. Surface plot of the assessed foam material behaviour a) from initial to densification and b) as a detailed view for the initial and secondary region.
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Fig. 11. Fitting results (shades of red) for each density layer are shown, with light-colored lines representing low-density layers and dark-colored lines representing
high-density layers. These are overlaid with corresponding results from the DIC evaluation (shades of blue) for foams with envelope densities of (a) 60, (b) 80, (c)

100, and (d) 140 kg/m®.

input data for the fitting algorithm. The approximated layer-wise
behaviour correlated well with the foam behaviour from the reference
simulations (Table 1, reference 1 through 3) which is shown in Fig. 12a).
This demonstrates that the meta-model predictions are of very high
quality, provided that sufficiently accurate density distributions are
known.

The layer interchangeability was also examined through simulations,
which confirmed that altering the layer sequence does not affect the
overall mechanical response when using the EPS material model. It is
important to note that the material model proposed by Chang, which
was employed, assumes a Poisson’s ratio of zero. Additional simulations
were conducted using an alternative material model that allows for non-
zero Poisson’s ratios. As anticipated, when the Poisson’s ratio was zero,
the results were invariant with respect to the foam layer stack sequence.
A parameter study showed that for higher Poisson’s ratios (up to 0.4)
and significant stiffness differences between layers, where high-density
foam is twice as stiff as low-density foam, small variations in compres-
sive stress (around 2 %) may occur. However, under different loading
conditions, such as dynamic loading or non-uniaxial compression, the
layer sequence may have a more pronounced effect. Dynamic phe-
nomena like viscoelasticity and inertia, as well as variations in load
distribution (e.g., when using cylindrical or spherical impactors), could
lead to deviations in material behaviour depending on the layer
configuration. Further, the effect of intra-layer density distribution was
evaluated by analysing the results from the randomly distributed sim-
ulations (Fig. 13 b) and c)). For the three randomly distributed config-
urations, the corresponding density of each layer was provided as an
input file for the meta-model. Fig. 13a) illustrates the results of the 15
individual layer responses from the simulation, shown as the grey-
shaded area, and overlays it with the red-shaded area representing the
predicted responses. It can be observed that, although the general

10

behaviour is well captured, significantly larger deviations occur due to
the intra-layer density distribution. Nevertheless, the results still provide
a reasonable approximation of the behaviour of individual foam layers.

4. Conclusion

A novel meta-modelling approach has been developed and validated
to predict the nearly density-constant, layer-wise compressive behav-
iour of cellulose pulp fibre foams from compression tests on foams with
significant density variations. This meta-model employs a four-part
piecewise constitutive model, accurately capturing the compressive
behaviour of foams across a wide range of densities and strains.

This newly developed meta-model accurately captures the response
from initial compression through densification and enables predictions
of the behaviour of individual, nearly homogeneous density layers.

This offers a useful approximation of the potential of porous, foam-
like materials, where controlling the density distribution during pro-
duction is often challenging. The method provides data which can be
leveraged for optimising foam structures and assessing their suitability
for potential applications. A key advantage of this approach is that it
does not rely on high-quality foam samples or expensive commercial
software.

Although the model is specifically tailored to bulky cellulose-based
network structures, it shows potential for broader application, particu-
larly for synthetic foams with inhomogeneities and gradient foams. This
work deepens our understanding of how density variations influence
foam behaviour and presents new opportunities for the development of
sustainable, high-performance materials across diverse industrial
applications.
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Simulation based results
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Fig. 12. a) Predicted ideal homogeneous material compressive stress—strain curves comparison with results from ideal EPS simulations for densities of 35, 50 and 70
kg/m®. Illustration of simulation configurations from which the stress—strain curves have been used as an input for the meta-model: b) Layer stack 1, ¢) Layer stack 2,
d) Layer stack 3, e) Layer stack 4. White elements represent 35 kg/m?>, blue elements represent 50 kg/m® and black elements represent 70 kg/m?>.
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Fig. 13. a) Comparison of the simulation results (grey) and meta-model predictions (red) for 15 individual foam layers. Example of a randomly distributed EPS foam
cube b) in uncompressed state and c) compressed, where white elements represent 35 kg/m?, blue elements represent 50 kg/m> and black elements represent 70

kg/m?>.
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