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Abstract
Slope stability analysis in 2D ranges from the classical and conventional limit equilibrium method to the robust and com-

putationally demanding finite element (FE) analysis. Discontinuity layout optimisation (DLO) is an interesting intermediate
method that applies an upper bound limit analysis with the assumption of rigid-perfectly plastic soil behaviour. Here, the
whole soil mass is discretized using a set of potential slip-lines and optimisation is used to identify the critical mechanism
that can be formed from a subset of these lines that dissipates the least energy. This method has only been used for isotropic
soil models, except for rare studies that included an anisotropic model. This paper introduces the use of an anisotropic failure
criterion in DLO, based on the total stress-based NGI-ADP model. The performance of DLO with this simplified NGI-ADP model
is compared with respect to failure mechanism and safety factor determined by corresponding FE analysis. The results show
good agreement between the two methods and highlight the use of DLO as a powerful method with straightforward input
parameters and low computational time for slope stability assessment.

Key words: slope stability, anisotropy, limit analysis, upper bound, safety factor

Résumé
L’analyse de la stabilité des pentes en 2D va de la méthode classique et conventionnelle de l’équilibre limite (LEM) à l’analyse

par éléments finis (EF), à la fois robuste et exigeante sur le plan informatique. L’optimisation de l’implantation par disconti-
nuités (DLO) est une méthode intermédiaire intéressante qui applique une analyse limite supérieure en supposant un com-
portement de sol rigide parfaitement plastique. Ici, l’ensemble de la masse de sol est discrétisé à l’aide d’un ensemble de lignes
de glissement potentielles, et une optimisation est utilisée pour identifier le mécanisme critique pouvant être formé à partir
d’un sous-ensemble de ces lignes qui dissipent le moins d’énergie. Cette méthode n’a été utilisée que pour des modèles de
sol isotropes, à l’exception de rares études ayant inclus un modèle anisotrope. Cet article présente l’utilisation d’un critère de
défaillance anisotrope dans la méthode DLO, fondé sur le modèle NGI-ADP basé sur les contraintes totales. La performance de
la méthode DLO avec ce modèle NGI-ADP simplifié est comparée en termes de mécanisme de rupture et de facteur de sécurité
déterminé par l’analyse EF correspondante. Les résultats montrent une bonne concordance entre les deux méthodes et met-
tent en évidence l’utilisation de la méthode DLO comme une approche puissante, avec des paramètres d’entrée simples et un
temps de calcul réduit pour l’évaluation de la stabilité des pentes.

Mots-clés : stabilité des pentes, anisotropie, analyse limite, limite supérieure, facteur de sécurité

1. Introduction
The use of appropriate models for slope stability assess-

ment is crucial for understanding and avoiding slope fail-
ures, with shear strength being the most influential soil prop-
erty in these analyses. The level of simplification of the phys-
ical mechanisms acting on a slope dictates the complexity
of the modelling approach; for example, limit analysis is a
powerful tool to assess stability. Rigorously speaking, in its
most basic form, this ultimate limit state (ULS) problem re-
quires developing lower and upper bound approximations

while assuming rigid-perfectly plastic soil behaviour. How-
ever, a conventional method for stability analyses commonly
used in engineering practice is the limit equilibrium method
(LEM) (Fellenius 1926; Bishop 1955; Morgenstern and Price
1965; Spencer 1967), which is, in general, neither an upper
nor a lower bound solution (Yu et al. 1998). The attraction
lies in the simplified mechanisms that need to be evaluated,
but with the drawback of the need of a priori assumptions
for the failure mechanism and the inter-slice forces. These
simplifications can become problematic when anisotropic
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behaviour of the soil strength and complex slope geome-
tries need to be accounted for. One of the most comprehen-
sive alternatives that overcomes the limitations of LEM is
therefore finite element (FE) analysis with strength reduc-
tion method (SRM) (Zienkiewicz et al. 1975; Griffiths and Lane
1999), which instead discretises the complete soil mass. The
FE-based method satisfies both the force equilibrium equa-
tions and the kinematics and allows for advanced (total- and
effective stress-based) constitutive models to be employed.
This refinement comes at the expense of more demands to
the user, in terms of time and knowledge for setting up
the model, interpretation of results, and increased compu-
tational time. However, on one hand, with the current com-
puting capabilities, FE analysis is not ideal for stability as-
sessments on a regional scale, where 2D evaluations must be
automated for high computational efficiency (in terms of the
number of analyses per time unit). On the other hand, LEM is
limited by the uncertainties associated with the assumed fail-
ure surface and the assumptions regarding interslice forces.
In this context, the discontinuity layout optimisation (DLO)
(Smith and Gilbert 2007) offers a strong alternative, balancing
the strengths of both LEM and finite element method (FEM)
in terms of generality, complexity, and computation time.

DLO is an upper bound limit analysis (LA) method
that, in contrast to LEM, satisfies global force equilibrium
(Michalowski 1989) and seeks a solution where the energy dis-
sipation rate exceeds the rate of work. DLO specifically iden-
tifies the critical failure mechanism using optimisation, but
simplifies the soil behaviour within the LA-framework to per-
fectly plastic. Hence, DLO also allows for a slip-line-based dis-
cretisation, rather than the more computationally demand-
ing and mesh-dependent FE-based option (Sloan 2013). Un-
til now, the DLO framework only incorporated isotropic soil
strength.

The readily available implementation of DLO in Limit-
State:GEO has been verified against analytical solutions, up-
per and lower bound LA and FE analyses by, for example,
Smith and Gilbert (2007), and Zheng et al. (2019) and used
for verification of analytical or LE-based methods (Vahedifard
et al. 2016; Yang et al. 2019; Zheng et al. 2020), but com-
parisons of DLO with FE stability analyses are rare. The few
cases that exist include Gourvenec and Mana (2011), Zhou
et al. (2018a), and Zheng et al. (2019), who studied the per-
formance of DLO in bearing capacity problems against total
stress FE-analyses and effective stress FE-analyses reported in
literature (Loukidis et al. 2008; Lee et al. 2014), respectively.
Similarly, Leshchinsky (2015) and Zhou et al. (2018b) both
compared bearing capacities and failure mechanisms of foot-
ings on slope crests calculated with DLO against FE-analyses
from literature (Georgiadis 2010). The five studies showed
generally very good agreement in the bearing capacity fac-
tor between the methods. The effectiveness of DLO in sim-
ulating the stability of reinforced soil has also been demon-
strated in both embankments (Smith and Tatari 2016) and
slopes (Liang and Knappett 2017) through comparisons with
analytical solutions as well as LE and FE analyses reported in
the literature (Hird 1986; Rowe and Soderman 1987; Jewell
1988; Rowe and Li 1999). Also here, the results showed good
agreement, where the former study additionally showed that

DLO could detect more critical failure mechanisms. The lat-
ter study, on the other hand, expanded DLO to include the ef-
fect of vegetation and found good agreement with centrifuge
tests. For conventional slope stability analysis though, the
comparisons are based on LE (Leshchinsky 2013; Leshchinsky
and Ambauen 2015) alone, with generally good agreement in
safety factor and failure mechanism and with DLO for some
cases identifying a more critical failure mechanism. Notably,
Crumpton (2020) presented an initial effort to integrate an
anisotropic material model into DLO for analysing slope sta-
bility.

This paper presents a comprehensive verification of an im-
plementation of the anisotropic total stress-based NGI-ADP
model (Grimstad et al. 2012) into a research version of Lim-
itState:GEO 3.7, for slope stability analyses. Practically, DLO
represents an advancement from the commonly used LE
method, by combining the strength of discretising the whole
soil mass, as in FE analysis, and thereby avoiding a priori as-
sumptions and the ability to implement advanced strength
models while preserving the simple input, the fast calcula-
tions, numerical stability, and the ease of use, typical for LE.
The verification is carried out against reference results of the
commercially available implementation of NGI-ADP in the
commercial Finite Element code PLAXIS 2D.

2. Limit analysis and DLO
Limit analysis (LA) idealises the soil behaviour to rigid-

perfectly plastic and applies an associated flow rule. Thereby,
similar to LE, LA only allows for assessing ULS with the inher-
ent simplification of a constant mobilisation of the strength
along the shear band, but LA is more robust since it requires
fewer assumptions about static equilibrium (Leshchinsky and
Ambauen 2015). LA consists of a lower and upper bound plas-
ticity theorem, where the former must satisfy equilibrium
and boundary conditions while not violating the failure cri-
terion at any point within the soil mass. Intuitively, the theo-
rem of the upper bound satisfies the global force equilibrium
equations (Michalowski 1989) and seeks to obtain an upper
bound for a kinematically acceptable failure surface, given
the rate of work (energy dissipation). The upper bound so-
lution can thereby be seen as a special, rigorous, case of LE,
but notably not vice versa (Mróz and Drescher 1969; Yu et al.
1998).

Yield is only checked in part of the domain in an upper
bound solution, as discussed by Smith and Gilbert (2022), and
the mechanism of failure is not necessarily the most critical
failure mechanism. An optimisation process is therefore re-
quired to identify the most critical failure mechanism (Smith
and Gilbert 2007).

There is a clear advantage in discretising the soil mass
when performing LA to avoid a priori assumptions of the
failure mode. The corresponding discretisation using contin-
uum mechanics (FE) suffers from the inherent problem of
mesh-dependent width of the shear band, which requires ad-
ditional mesh-adaptation (Sloan 2013). To mitigate this, mod-
ern FE LA implementations often incorporate velocity dis-
continuities between adjacent elements, allowing localized
shear bands to be captured without excessive mesh refine-
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Fig. 1. Stages of (a–c) discretisation and (d) calculation of soil mass in discontinuity layout optimisation. Based on Gilbert et al.
(2010).

ment (Krabbenhøft 2023). This is avoided in DLO by discretis-
ing the soil mass into nodes connected by slip-lines, resulting
in an infinitely thin shear band. The drawback of using lin-
ear slip-lines is the default restriction to translational slips
of the individual blocks, which in general can closely simu-
late global rotational failure of the type seen in slope stability
problems. Smith and Gilbert (2013) have successfully added
the possibility for linear and curved slip-lines, which allow
for greater precision, especially for problems with significant
imposed external moment loading. In contrast this work only
considers the commercially available translational version.

The numerical analysis procedure in DLO (Smith and
Gilbert 2007) is summarised in Fig. 1; (a) user-defined distribu-
tion of nodes; (b and c) node-to-node slip-lines generated, ei-
ther restricted to (b) adjacent nodes or to (c) all nodes, depend-
ing on the solution strategy adopted; (d) optimisation to iden-
tify the combination of slip-lines that generates a collapse
mechanism that dissipates the least energy. This is returned
together with the factor on load (soil self-weight) needed to
generate this collapse mechanism.

One of the key features of DLO is the long slip-lines, which
are allowed to intersect, with the result of a large amount
of potential sliding blocks. Given n nodes, the total num-
ber of slip-lines is approximately m = n · (n − 1)/2 (Smith
and Gilbert 2007). This can, however, become computation-
ally demanding for larger geometries and/or high nodal den-
sities, which has been solved by an intermediate computa-
tional step; Fig. 1b. Here, the upper bound solution is com-
puted only for short slip-lines. The obtained (low accuracy)
solution is used as input for searching all potential slip-lines,
m (Fig. 1c), to find the ones that violate the failure criterion.
Only the slip-lines that violate the failure criterion will be
added to the problem, followed by a new computation of the
upper bound solution. This iterative, adaptive method is con-
tinued until the failure criterion no longer results in more
slip-lines, followed by applied strength reduction to obtain
the final solution in Fig. 1d.

The critical failure mode for undrained conditions, and
corresponding safety factor, is obtained using the SRM with
eq. 1:

F = su

su,r
(1)

where su is the available undrained soil strength and su, r is
the mobilised undrained soil strength at failure. The value of
su, r is determined by an iterative reduction of su until non-
convergence is reached (FE) (Zienkiewicz et al. 1975) or a

combination of slip-lines that violate the (updated) failure
criterion (DLO) is obtained. Alternatively for DLO problems
with undrained materials and no external loads, the factor
on strength is identical to the factor on soil self-weight, and
the strength reduction phase can be omitted.

3. NGI-ADP model
The total stress-based NGI-ADP model by Grimstad et al.

(2012) is an anisotropic modification of the Tresca yield cri-
terion, as first proposed by Davis and Christian (1971). The
anisotropic behaviour is included as a shift of the Tresca cen-
tre line in the deviatoric plane, using the concept of ADP
(Bjerrum 1973) with an active (A, stress rotation β = 0), di-
rect (D, β assumed to be 30◦), and passive (P, β = 90◦) zone in
plane strain, respectively.

As shown in Fig. 2, the ADP-zones are directly linked to di-
rect simple shear test, triaxial compression (C), and extension
(E) test. Experimental results comparing plane strain and tri-
axial results, as compiled by Ladd et al. (1977), show sC

u/sA
u =

0.87 − 0.97 and sE
u/sP

u = 0.8 − 0.84, with the differences origi-
nating from the size of the intermediate stress, σ2. Based on
sC
u/sA

u , Grimstad et al. (2012) introduces a rounding ratio, 0.97
� a1 < 1.0, together with a Tresca approximation proposed
by Billington (1988) and a modified Von Mises plastic poten-
tial function, to avoid inherent numerical issues from sharp
corners in the Tresca formulation.

The model is implemented for general stress space in FE,
using the modified second and third deviatoric invariants, Ĵ2
and Ĵ3, see definition in Appendix A. The failure criterion is
defined as eq. 2:

F =
√

H (ω) Ĵ2 − κ
sA
u + sP

u

2
= 0(2)

where H(ω) controls the Tresca approximation by eqs. 3 and 4;
κ is the strain-dependent hardening parameter in eq. 5. The
latter is controlled by the plastic strain, γp, and the plastic
strain at failure, γ

p
f (Grimstad et al. 2012).

H (ω) = cos 2
(

1
6

arccos (1 − 2a1ω)
)

(3)

ω = 27
4

Ĵ2
3

Ĵ3
2

(4)

κ = 2

√
γ p/γ

p
f

1 + γ p/γ
p
f

for γ p < γ
p
f else κ = 1(5)

C
an

. G
eo

te
ch

. J
. D

ow
nl

oa
de

d 
fr

om
 c

dn
sc

ie
nc

ep
ub

.c
om

 b
y 

21
3.

89
.1

82
.1

14
 o

n 
06

/2
6/

25

http://dx.doi.org/10.1139/cgj-2024-0541


Canadian Science Publishing

4 Can. Geotech. J. 62: 1–16 (2025) | dx.doi.org/10.1139/cgj-2024-0541

Fig. 2. Principal stress directions along a slip surface, based on Lo (1965), Bjerrum (1973), Sambhandharaksa (1977), Ladd et al.
(1977), and Zhu et al. (2016).

Fig. 3. Failure surfaces in the deviatoric plane, based on
Grimstad et al. (2012).

The failure criterion collapses into the Tresca formulation
when a1 approaches 1.0, and is fixed to 0.99 in PLAXIS. In
LimitState:GEO, on the other hand, the slip-line discretisa-
tion circumvents the problem with numerical singularities
allowing for the exact formulation. Figure 3 illustrates the
anisotropic modification and the rounding effect in the de-
viatoric plane. Since strengths obtained from triaxial tests
are generally lower than the corresponding value from plane
strain tests, the results from triaxial tests can be used di-
rectly for the plane strain strength sA

u and sP
u, as suggested

by Grimstad et al. (2012) and applied in Jostad et al. (2014),

Ukritchon and Boonyatee (2015), D’Ignazio et al. (2017), and
Li et al. (2022).

The simplified version of NGI-ADP in LimitState:GEO con-
sists of a multiplier, f, that applies to a defined baseline
undrained shear strength, here called su, base. Just as in FE,
LimitState:GEO allows for a linear variation of su, base within
the depth of a soil layer. f varies with the inclination of the
slip-line, θ , and has a sign dependency to distinguish positive
and negative shear:

f + = FA cos (2θ − 90) +
√

(FB cos (2θ − 90))2 + (FD cos (2θ ))2(6)

f − = FA cos (2θ + 90) +
√

(FB cos (2θ + 90))2 + (FD cos (2θ ))2(7)

where

FA = f A
u − f P

u

2
(8)

FB = f A
u + f P

u

2
(9)

FD = f DSS
u(10)

f A
u , f P

u , and f DSS
u are given by the user and defined as the mul-

tipliers for plane strain undrained shear strength in active,
passive, and direct simple shear direction, respectively, e.g.
sA
u = f A

u su,base.
The full formulation of NGI-ADP model (in FE) also ac-

counts for stiffness anisotropy, with nonlinear hardening be-
haviour as a function of the shear strain at failure given dif-
ferent loading directions. This feature is, however, not as rel-
evant for stability assessment of slopes, given the ULS-type of
problem, and cannot be included in LA given the assumption
of perfectly-plastic soil behaviour.
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Fig. 4. Dimensions and boundary conditions with an optional weak layer highlighted.

Table 1. Applied shear strengths.

Definition (n) Abbreviation Values of n

Isotropic I 1

sA
u/sDSS

u An 1.1, 1.2, 1.3, 1.4, 1.5

sP
u/sDSS

u Pn 0.5, 0.6, 0.7, 0.8, 0.9

sA
u/sDSS

u and 2 − sP
u/sDSS

u APn 1.1, 1.2, 1.3, 1.4, 1.5

4. Stability analyses

4.1. Geometry and parameter variations
A benchmark slope was created to verify the functional-

ity of the NGI-ADP failure criterion in LimitState:GEO against
corresponding implementation in PLAXIS 2D and against the
same magnitude of anisotropy in the more commonly used
LE method with GeoStudio SLOPE/W 2021. The slope dimen-
sions are presented in Fig. 4, with H = 10 m and α = [15◦, 90◦]
with 15◦ increments.

A saturated unit weight of 15 kN/m3 was constant for all
simulations with a default shear strength of sDSS

u = 40 kPa,
to avoid resulting safety factors <1.0. The anisotropic shear
strength was applied as (1) an increase of sA

u ; (2) a decrease of
sP
u, and (3) a combination of both, in addition to an isotropic

reference case, see Table 1. The combination of sA
u and sP

u cor-
responds to sP

u/sA
u = 0.3 − 0.8, which is in line with the ra-

tios observed by, for example, Karlsrud et al. (2005) using tri-
axial tests on Norwegian clay and Sambhandharaksa (1977)
using plane strain tests on Connecticut varved clay. All 16
shear strength combinations were applied to the six different
slope angles, with safety factors from all methods presented
in Appendix B.

A sensitivity analysis of the nodal discretisation was con-
ducted for the case of a 30◦-slope with a constant sDSS

u , sA
u =

1.3sDSS
u , and sP

u = 0.7sDSS
u , abbreviated according to Table 1 to

AP1.3. The safety factor varied <1% between the extremes 250
and 4000 nodes, but an increase in the nodal density resulted
in a more circular failure mechanism in the direct- and pas-
sive zone (see Fig. Fig. 5). The nodal discretisation was there-
fore set to a target of 2000 nodes for all geometries, similarly
to Leshchinsky and Ambauen (2015).

All shear strength combinations were first applied to slope
angle α and −α in LimitState:GEO, resulting in identical
safety factors. This confirms that the implementation of the
anisotropic strength is independent of the slope direction, in
contrast to, for example, the LE software GeoStudio SLOPE/W.

Based upon a separate mesh-convergence study for the fi-
nite element calculations, the slope model was discretised
into approximately 600 15-noded elements where fewer el-
ements were used for the steepest slope, see Fig. 6 for an ex-
ample mesh.

4.2. Comparison with LEM
The soil was assumed to have homogeneous strength pro-

file with the anisotropic combinations presented in Table 1.
The anisotropy in the LE framework is here included via a
user-defined shear strength scale factor to emulate the yield
criterion in the NGI-ADP model (see Fig. Fig. 7). Here, the il-
lustrated idealised sinusoidal function was either used for
active (A), passive (P), or the combination of them (AP) in
analogy with the applied shear strengths in Table 1. The
shape of the scale factor originates from the observations
on Swedish and Norwegian clay by, for example, Bjerrum
(1973) and is commonly used for practical purposes in Swe-
den (Skredkommissionen 1995).

The critical slip surface from LEM was calculated by assign-
ing a search range for the start- and endpoint of the failure
mechanism (so- called entry–exit (EE)–method) with each slip
surface discretised with 30 slices. Deviations of the safety fac-
tor from LEM, as estimated from the DLO method, are repre-
sented as a relative change of the safety factor:

	FLEM = FDLO−FLEM

FLEM
(11)

The result, presented in Fig. 8 with values of the safety fac-
tor shown in Appendix B, shows that the reduction of sP

u is
the main source for deviations from the isotropic case. Re-
sults from DLO show a higher safety factor than LEM for α

= 15◦–30◦, and the contrary for steeper slope angles. The dis-
crepancy is not necessarily intuitive, since LEM gives neither
a lower nor upper bound solution (Yu et al. 1998). Rather, the
observed trend might be explained when examining the crit-
ical slip surface in Fig. 9 for AP1.5. Here, the critical failure
modes from both methods are in good agreement for shal-
low slope angles, and the safety factor from DLO can indeed
be considered as an upper bound solution. The failure mode
for steeper slopes do however differ and the corresponding
safety factors show no clear trend in Fig. 8. The effect of the
failure mode was further investigated by assigning the ex-
act same slip surface from DLO in LEM for AP1.5. Figure 10
shows the previous linear deviations when using EE method,
in comparison to the fully specified (FS) slip surface. With this
guidance of failure mode, the safety factors from DLO were
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Fig. 5. Slip surfaces using nodal target 250 and 2000. Background nodes have nodal target 2000, and its corresponding failure
mode is highlighted together with its individual blocks.

Fig. 6. Example of element distribution used for 30◦-slope with finite element.

Fig. 7. Anisotropic function used for limit equilibrium method, where θ is the inclination of the failure surface.

now consistently higher than LEM, even following the trend
of the isotropic reference case.

4.3. Comparison with FE
In the following subsections, results from finite element

analyses are used as a reference in terms of safety factor and
failure mode. Consequently, deviations of the safety factor
from the reference are based on eq. 11 with FFE substituting
for FLEM.

4.3.1. Constant shear strength with depth

Figure 11 shows the differences between the calculation
methods for isotropic and anisotropic (uniform) strength pro-
files, with values of the safety factor shown in Appendix B.
Both Figs. 11a and 11b have a constant sDSS

u with depth,
with various anisotropic factors. All anisotropic combina-
tions show that the safety factors from DLO have good agree-

ment with the corresponding FFE results, with deviations
of up to 5% and the largest deviations occurring for gentle
slopes. The same behaviour and magnitude is seen for the
isotropic case, as shown in Fig. 11. As can be expected for
the upper bound nature, the DLO results, with some excep-
tions, systematically fall above those obtained for FE. In all
cases, the small deviations are noticeably increasing with in-
creasing anisotropy in the active shear zone (sA

u ) for 30◦–45◦

slopes. This behaviour is corroborated by the shape of the fail-
ure modes in Fig. 12, where the effect is most prominent close
to the slope crest. Results from FE show a thick circular shear
zone, whereas DLO instead has a single slip-line, independent
of the nodal density, as illustrated in Fig. 5.

4.3.2. Linear increase of shear strength

Incorporating a linear increase of sDSS
u with 1 kPa/m below

the slope crest, simulating normally consolidated clays, re-
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Fig. 8. Difference in safety factors between discontinuity layout optimisation and limit equilibrium method for anisotropy
applied on (a) sA

u or sP
u; (b) sA

u and sP
u.

Fig. 9. Failure modes from discontinuity layout optimisation (solid lines) and limit equilibrium method (grey shade) for AP1.5.

sulted in the differences shown in Fig. 13 with safety factors
shown in Appendix B. The same behaviour and magnitudes
in variation is seen here as in Fig. 11, but with values in closer
agreement to the isotropic case.

The close agreement can be traced to the combination
of the level-dependent undrained strength, a well-known
simplification of the (vertical) effective-stress based shear
strength, and the given anisotropy obtained from princi-
pal stress-rotation along the failure. Mathematically, the

depth-dependent undrained strength reduces the effect of
anisotropy, see Fig. D1 in Appendix D.

4.3.3. Linear increase of shear strength with a
weak layer

The influence of a weak layer was investigated, see geome-
try in Fig. 4, with an increased mesh density in the FE model,
as shown in Fig. 14. In DLO, the weak layer had the same
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Fig. 10. Difference in safety factors between discontinuity layout optimisation and limit equilibrium method.

nodal density as the other scenarios, with the default 0.5 m
nodal spacing along the boundaries. Three additional inter-
nal boundaries were added to allow for internal rotational
failures, as further explained in Appendix C.

The weak layer was chosen to have the same density as the
soil mass, and a 10-fold reduced undrained shear strength,
0.1sDSS

u , without anisotropy.
The location and orientation of the weak layer did not af-

fect the deviation from the isotropic reference case, as seen
in Fig. 15. Evidently, both FE and DLO calculate a wider, par-
tially circular, failure mode in the active shear zone for 30◦–
60◦ slopes, shown in Fig. 16, and as the slope angle increase
further, the failure modes coalesce. The wide failure mode
from DLO stems from the inclusion of the (rotational) inter-
nal boundaries, which also result in minimal deviations in
the safety factor from the corresponding FE analysis. The lo-
cation of the inclined internal boundary is clearly the most
influential, with its effect on the obtained safety factor be-
ing reduced in the 60◦ slope where the boundary is located
outside the FE failure mode. This effect is more prominent in
the 75◦ slope, where the DLO cannot capture the wide failure
mode and the resulting deviation in safety factor is increas-
ing. It should be noted that some combinations of anisotropy
and slope inclination did not converge to a solution in Lim-
itState:GEO using strength reduction. There, instead, the re-
sults were obtained using increased soil weight. A few com-
binations also resulted in different values from strength re-
duction and increased soil weight, where the latter one was
chosen, the preconditions of all safety factors are presented
in Appendix B.

4.4. General observations on the upper bound
solution from DLO

The simulations show that, as anticipated, DLO results in a
safety factor equal to or higher than the reference with FEM
for 15◦ ≤ α ≤ 75◦, when the failure mode is nonrestricted.

For slope angles >75◦, however, DLO results in a slightly
lower safety factor than FEM, although with less than a 5 per-
centage point deviation. The difference between the meth-
ods was the least when the failure mode was constrained by
a weak layer. This special case included an increased mesh
density in the weak layer in FEM and added boundaries in
DLO to allow for rotational failures, clearly improving the re-
sults. The slight difference still occurring between the meth-
ods stems from the restriction of linear slip lines in DLO. As
the undrained shear strength is reduced during safety anal-
ysis, the energy dissipation rate and displacement rate in-
crease, and the individual blocks (given slip-lines) move inde-
pendently. That is in contrast to FEM, where the elements are
coupled and results in a continuous failure mode. This dif-
ference between methods is of no concern for (nearly) closed
form solutions with slope angle α = 15◦ and 90◦, where the
failure shape from FE analysis is parallel to the obtained
(translational) slip-line. However, for α >15◦, FE analyses cap-
ture a more circular shape, which gradually turns transla-
tional for increasing slope angles. It is anticipated that this is
related to the use of (primarily) translational only DLO model
and that extending the analysis to include rotational defor-
mations would bring greater convergence to the results. How-
ever, for most studied problems, this seems to add unneces-
sary complexity. On the contrary, a safety factor is the result
of a chain of uncertainties. The uncertainty of the undrained
shear strength alone is minimum 10% (Phoon and Kulhawy
1999), while the maximum difference between FDLO and FFEM

for the investigated cases was maximum 5%. Thus, in most
practical cases, the DLO results can be relied upon directly.
However, if the safety factor values are within 5% of the bor-
derline for specific practical requirements, it is advisable to
perform an additional check using FEM.

Finally, the simulations were performed on a standard lap-
top PC with 1.80/4.8 GHz Intel Core i7-1265U and 32 GB mem-
ory. For the case with constant shear strength with depth, the
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Fig. 11. Difference in safety factor between discontinuity layout optimisation and limit equilibrium method for homogeneous
soil with varying slope inclination for anisotropy applied on (a) sA

u or sP
u; (b) sA

u and sP
u.

Fig. 12. Failure modes with AP1.5 for homogeneous soil. Solid lines are results from discontinuity layout optimisation and
black-white gradients are the normalised incremental deviatoric strain (	γs/	γs, max) from finite element method.

simulations with LimitState:GEO were up to five times faster
than the FE analysis in PLAXIS 2D. In comparison with LEM
in SLOPE/W, the simulations took three times longer using
LimitState:GEO.

5. Conclusion
This study investigates the performance of an anisotropic

version of DLO, which is an upper bound approach. The
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Fig. 13. Difference in safety factors between discontinuity layout optimisation and finite element method for linearly increas-
ing strength with varying slope inclination for anisotropy applied on (a) sA

u or sP
u; (b) sA

u and sP
u.

Fig. 14. Example of the element distribution in the finite element models with increased mesh density in weak layer.

anisotropic failure criterion used is similar to the total-stress
based NGI-ADP model implemented in FEM. Subsequently,
the anisotropic DLO approach was benchmarked against the
NGI-ADP model for slope stability problems. Three idealised
cases were used: (1) constant shear strength; (2) linear in-
crease of shear strength with level; and (3) linear increase
of shear strength with level with an additional weak layer;
all analysed with a reference isotropic shear strength and
15 anisotropic shear strength combinations. The case of con-

stant shear strength was also compared with LEM using
Morgenstern–Price method and its user-defined anisotropy.

The results show that the safety factor with anisotropic
DLO was predicted to deviate 3%–5% from the numerical im-
plementation in FE, with a general (expected) over-estimation
of the safety using DLO. The translational DLO procedure
used in this paper did not capture rotational failure modes
in the active shear zone, but instead predicted a large wedge
that overlapped the rotational mechanism, leading to a
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Fig. 15. Difference in safety factors between discontinuity layout optimisation and finite element method for model with weak
layer with varying slope inclination for anisotropy applied on (a) sA

u or sP
u; (b) sA

u and sP
u.

Fig. 16. Failure modes with AP1.5 and a weak layer. Solid lines are results from discontinuity layout optimisation and black–
white gradients are the normalised incremental deviatoric strain (	γs/	γs, max) from finite element method.

slight overestimation of the safety factor. The inclusion of
internal boundaries with rotational failure will likely re-
duce this overestimation, as shown in the case with a weak
layer.

The results highlight the use of DLO as a powerful tool
for capturing valid failure modes and safety factors for com-
plex geometries with straight-forward input parameters and
low computational time. Furthermore, the method of DLO
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satisfies the global force equilibrium equations, in contrast
to LEM, and is shown to be capable of including total stress
anisotropy in a rigorous manner. Additionally, the slip-line-
based discretisation efficiently circumvents the problems
with numerical convergence that occurs for most FE meth-
ods when using plasticity models.
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Appendix A. Derivation of ̂J2 and ̂J3
Modified Cartesian stress component:

σ̂ ′
ii = σ ′

ii − σ ′
ii0 (1 − κ )(A1)

where i = [x, y, z] and 0 indicate initial stress.
Modified mean stress:

p̂ = σ̂ ′
xx + σ̂ ′

yy + σ̂ ′
zz

3
= p′ − (1 − κ ) p′

0(A2)

Modified deviatoric stress vector (Grimstad et al. 2012):
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u
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σ̂ ′
yy − κ
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3

(
sA
u − sP

u

) − p̂

σ̂ ′
zz + κ

1
3

(
sA
u − sP

u

) − p̂

τxy · sA
u + sP

u

2sDSS
u

τxz

τyz · sA
u + sP

u

2sDSS
u

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(A3)

Modified second and third deviatoric invariants:

Ĵ2 = −ŝxxŝyy − ŝxxŝzz − ŝyyŝzz + ŝ2
xy + ŝ2

xz + ŝ2
yz(A4)

Ĵ3 = −ŝxxŝyyŝzz + 2̂sxyŝyzŝzx − ŝxxŝ2
yz − ŝyyŝ2

xz − ŝzẑs2
xy(A5)

Appendix B. Safety factors
Figures B1, B2, B3 and B4 present the calculated safety fac-

tors from each method (i.e., LEM, DLO, and FEM) with back-
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Fig. B1. FDLO (numerator) and FLEM (denominator) for homogeneous soil.

Fig. B2. FDLO (numerator) and FFEM (denominator) for homogeneous soil.

Fig. B3. FDLO (numerator) and FFEM (denominator) for homogeneous soil with linearly increasing strength.

ground colour visualising the relative difference between
them, see eq. 11. In Fig. B4, the white boxes mean that no
FFEM was obtained, since FFEM < 1.0 and the highlighted black
solid frames mark the calculations in LimitState:GEO where a

safety factor could only be obtained by an increase of gravity,
and not from strength reduction. In theory, the two different
methods should result in the same safety factor for undrained
conditions.
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Fig. B4. FDLO (numerator) and FFEM (denominator) for model with weak layer.

Appendix C. Rotational failure along
boundaries

LimitState:GEO allows for modelling rotational failure
along boundaries, to account for rotating structural elements
or anticipated local soil rotations. The boundaries allow the
adjacent (rigid) blocks to rotate along the boundary, gener-

ally with a log-spiral failure mechanism, and convert it to
approximate translational deformations acting on adjacent,
nonboundary, blocks. This principal is based on the assump-
tion that the rotating blocks are small, and any application
thereby requires a high nodal density along the boundary.
Figure C1 shows the internal boundaries used for the scenario
with a weak layer.

Fig. C1. Illustration of the internal boundaries. Inclined internal boundary is set to be parallel to slope inclination.
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Appendix D. Effect of level-dependent shear strength

Fig. D1. Illustration of how the anisotropic ratio varies with failure level and failure mode, with the consistent relation sP
u/sA

u <

sP
uL/sA

uL < 1.
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