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ABSTRACT

The paper aims at exploring gradient models of joint cumulants for large eddy simulations of premixed turbulent combustion. These are
joint cumulants between (i) filtered density and velocity, (ii) two components of Favre-filtered velocity vector, i.e., subfilter-scale stress tensor,
(iii) Favre-filtered velocity and combustion progress variable, ~c, i.e., subfilter-scale scalar flux, (iv) ~c and ~c, i.e., subfilter-scale scalar variance,
and (v) filtered density and combustion progress. The model equations are derived for all these cumulants in a unified manner, with each
equation involving a single constant. The equations are tested by filtering out Direct Numerical Simulation (DNS) data obtained from three
weakly turbulent single-step-chemistry flames characterized by significantly different density ratios and from a lean H2/air complex-
chemistry flame propagating in moderately intense small-scale turbulence. (A ratio of laminar flame thickness to Kolmogorov length scale is
about 20.) Four box filters are applied to each dataset, with the filter width D being equal to 4, 8, 16, and 30 or 32 DNS mesh steps Dx. In all
studied cases (four filters and four flames), the tested gradient models yield countergradient subfilter-scale scalar flux and backscatter, in line
with the DNS data. If the theoretically evaluated constant 1/12 is adopted, all joint cumulants can be predicted in all flames, but only at D ¼
4Dx or/and D ¼ 8Dx. If a single model constant is tuned for a single cumulant, most cumulants are quantitatively predicted using all four fil-
ters in all four analyzed flames, with the tuned model constants being increased with D.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0268258

I. INTRODUCTION

Large eddy simulations (LES) of turbulent flows1–4 are widely
used to directly resolve motion of large-scale eddies by separating
them from small-scale ones. For this purpose, relevant unsteady three-
dimensional fields f x; tð Þ are filtered out over sufficiently small vol-
umes, i.e.,

f x; tð Þ ¼
ð
G x; n;Dð Þf n; tð Þd3n; (1)

where G x; n;Dð Þ is a generic filter kernel in space,ð
G x; n;Dð Þd3n ¼ 1; (2)

and the filter width D characterizes the wavelength of the smallest scale
retained by the filtering operation. When running LES of compressible

flows4 and, in particular, flames,5–9 the Favre-filtered fields ~f ¼ qf =q
are commonly considered in order for the mass conservation equation,

@q
@t

þ @

@xj
q~uj
� � ¼ 0; (3)

to involve resolved terms only. Here, t and xj are time and Cartesian
coordinates, q is the density, ui is i-th components of the velocity vec-
tor u, and the Einstein summation convention applies to repeated
indexes. In the simplest case5–9 of combustion process characterized
with a single combustion progress variable c, which is equal to zero
and unity in unburned reactants and equilibrium adiabatic combus-
tion products, respectively, other governing equations involve the
Favre-filtered Navier–Stokes equations,

@

@t
q~uið Þ þ @

@xj
q~uj~ui
� � ¼ � @

@xj
q~sijð Þ � @p

@xi
þ @sv;ij

@xj
(4)
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and the following transport equation for the Favre-filtered combustion
progress variable,

@

@t
q~cð Þ þ @

@xj
q~uj~c
� � ¼ � @~F j

@xj
þ @J j
@xj

þ _x c: (5)

If a more complicated combustion model is invoked, Eq. (5) is
substituted with a set of transport equations for other fields, e.g., for
the Favre-filtered mass fractions ~Y a x; tð Þ of species a if complex-
chemistry effects are allowed for, for the Favre-filtered specific
enthalpy ~h x; tð Þ if heat losses play a role, etc., see review articles.5–9

With the exception of the gradient of the filtered pressure p, all
other terms on the right-hand sides (rhs) of Eqs. (4) and (5) are unre-
solved. Even if molecular fluxes, i.e., the terms that involve the viscous
tensor sv;ij and the diffusion flux J j; are neglected (for brevity, they are
not specified here, because they are beyond the scope of the present
study), the subfilter-scale (SFS) stress tensor,

~sij ¼ ~uiuj � ~ui ~uj ¼ ~s ui; ujð Þ; (6)

the SFS scalar flux,

~Fi ¼ q ~uic � ~ui~cð Þ ¼ q~s ui; cð Þ; (7)

and the filtered mass rate _x c of product creation still require modeling.
Henceforth, the symbols

s f ; gð Þ � fg � f g (8)

and

~s f ; gð Þ � ~fg � ~f ~g (9)

designate the second order generalized central moments (joint cumu-
lants) of two fields f x; tð Þ and g x; tð Þ.10,11 Thus, at least the two cumu-
lants ~s ui; ujð Þ and ~s ui; cð Þ play an important role in various fields of
LES applications, including premixed turbulent combustion.5–9

Moreover, the filtered rate _x c in Eq. (5) is often modeled12–15 by
invoking a presumed SFS Probability Density Function (PDF) for~c x; tð Þ,
with this function being built using the following SFS scalar variance,

rc ¼ ~c2 � ~c~c ¼ ~s c; cð Þ: (10)

This SFS scalar variance requires modeling also and involves one more
joint cumulant ~s c; cð Þ.

Furthermore, various model expressions for the rate _x c involve
the SFS turbulent kinetic energy ~ksfs ¼ ~uiui � ~ui ~uið Þ=2.6,8,9,16–24
Within the LES framework, the evolution of this energy is described by
the following transport equation:25,26

@

@t
q~ksfs

� �
þ @

@xj
q~uj

~ksfs
� �

þ @Jsfs;j
@xj

¼ P� uj
@p
@xj

þ ~uj
@p
@xj

þ uj
@s�;ij
@xj

� ~ui
@sv;ij
@xj

; (11)

where

P ¼ �q~sij
@~ui

@xj
(12)

is the instantaneous rate of inertial transfer of kinetic energy between
resolved and subfilter scales. The spatial flux Jsfs;j of SFS kinetic energy

is not specified, because it is beyond the scope of the present study.
The two pressure-containing terms on the rhs of Eq. (11) can be pre-
sented in the following form:

�uj
@p
@xj

þ ~uj
@p
@xj

¼ �uj
@p
@xj

þ uj
@p
@xj

þ K; (13)

where the baropycnal work27–29

K ¼ ~uj � uj
� � @p

@xj
¼ s q; ujð Þ

1
q
@p
@xj

(14)

requires modeling. This work stems from “strain generation by pres-
sure and density gradients, both barotropic and baroclinic” and “can
transfer energy across scales in variable density flows.”30 Accordingly,
the notion of baropycnal work is widely used in LES research into
compressible turbulence.27–30

Thus, at least four different joint cumulants, i.e., ~s ui; cð Þ, ~s c; cð Þ,
s q; uið Þ, and ~s ui; ujð Þ are of interest for LES research into premixed
turbulent flames. As far as modeling these cumulants is concerned,
there are two basically different approaches to tackling the issue. On
the one hand, as reviewed elsewhere,5–9 models developed for incom-
pressible flows are often invoked without (or with minor) modifica-
tions. On the other hand, thermal expansion due to heat release in
local flames can significantly change major turbulence characteristics,
as reviewed elsewhere.9,31–33 For instance, the most recognized (in the
combustion literature) manifestation of such thermal expansion effects
consists of a phenomenon of countergradient transport, i.e., the posi-
tive scalar product of ~F � r~c > 0. This phenomenon was discovered
within Reynolds-averaged Navier–Stokes (RANS) framework34,35 and
was later documented in LES of premixed turbulent flames,36–38 see
also a review article.9 Since most models proposed to simulate incom-
pressible turbulent flows do not aim at predicting countergradient
transport and other thermal expansion effects,9,31–33 alternative LES
models specific to premixed combustion were also developed.9,26,39

Nevertheless, there is a group of models that were originally pro-
posed for simulating incompressible turbulent flows but were shown
to be able to yield the countergradient SFS scalar flux ~F x; tð Þ in pre-
mixed flames,9,38 i.e., to predict the correct sign of the joint cumulant
~s ui; cð Þ. These are so-called gradient models (GMs) put forward by
Leonard40 and by Clark et al.41 by developing pioneering ideas of
Smagorinsky,42 who introduced a scalar subfilter-scale viscosity. GMs
are also of eddy-viscosity type but introduce a subfilter-scale viscosity
tensor. Capabilities of such models for predicting the cumulants
~s ui; ujð Þ, ~s ui; cð Þ, and ~s c; cð Þ in premixed flames were already demon-
strated.9,13,15,38,43,44 While the present authors are not aware of results
of any assessment of a GM for the byropycnal work K and, hence, the
cumulant s q; uið Þ in premixed flames, the GM approach was recently
supported by two a priori tests that dealt with forced compressible tur-
bulence30 and compressible turbulence induced by Richtmyer–
Meshkov instability.45 The cited results9,13,15,30,38,43–45 suggest that
GMs could be a promising approach to computing the considered
joint cumulants in LES of premixed turbulent combustion. However,
to the best of the authors’ knowledge, nobody has yet assessed GMs for
all the four cumulants ~s ui; cð Þ, ~s c; cð Þ, s q; uið Þ, and ~s ui; ujð Þ in a pri-
ory study of the same flame(s).

The present works aims at bridging these knowledge gaps by ana-
lyzing Direct Numerical Simulation (DNS) data obtained earlier by
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Nishiki et al.46,47 and by Dave et al.48,49 from substantially different
premixed turbulent flames. Since these data were generated in Nagoya
Institute of Technology (NIT) in Japan and Indian Institute of Science
(IIS) in Bangalore, respectively, the databases will be called NIT and
IIS DNS, respectively, in the following. In Sec. II, the mathematical
background of the GM approach is presented. The DNS attributes are
summarized in Sec. III. Obtained results are reported and discussed in
Sec. IV, followed by conclusions.

II. GRADIENT MODELS

As noted earlier, GMs were put forward by Leonard40 and by
Clark et al.41 for incompressible turbulence. Subsequently, the
approach was extended and successfully applied to various prob-
lems2,50–65 such as compressible turbulence, heat transfer, mixing,
reacting flows, etc. Here, following studies by Liu et al.,50 by Cimarelli
et al.,66 and by Berselli et al.,67 GM equations are obtained by (i) apply-
ing Taylor expansion to a similarity model by Bardina et al.,68 which
was originally proposed for incompressible flows, and (ii) considering
the lowest-order terms.

The Galilean-invariant version of the model by Bardina et al.68

reads

s f ; gð Þ � s f ; g
� �

¼ f g � f g : (15)

As shown by Cimarelli et al.,66 Eq. (15) can be rewritten in the
following form:

s f ; gð Þ � 1
2

ð ð
G x; gð ÞG x; nð Þ f n; tð Þ � f g; tð Þ

h i

� g n; tð Þ � g g; tð Þ� �
d3nd3g (16)

using Eq. (8) andð ð
G x; gð ÞG x; nð Þf n; tð Þg g; tð Þd3nd3g ¼ f g ;

ð ð
G x; gð ÞG x; nð Þf n; tð Þg n; tð Þd3nd3g ¼ f g : (17)

Application of the first-order Taylor expansion to the differences
inside the integral in Eq. (16) results in

s f ; gð Þ � @f
@xj

@g
@xk

1
2

ð ð
G x; gð ÞG x; nð Þ nj � gj

� �
nk � gkð Þdndg

¼ s xj; xkð Þ
@f
@xj

@g
@xk

(18)

or

s f ; gð Þ � 1
12

D2 @f
@xk

@g
@xk

(19)

for a regular Cartesian control volume and a top-hat filter of width D.
Substitution of various pairs of f ; gf g into Eq. (19) yields

s ui; cð Þ ¼ uic � ui c ¼ 1
12

D2 @ui

@xk

@c
@xk

; (20)

s c; cð Þ ¼ c2 � c2 ¼ 1
12

D2 @c
@xk

� 	2

; (21)

s ui; ujð Þ ¼ uiuj � uiuj ¼ 1
12

D2 @ui

@xk

@uj

@xk
; (22)

s q; cð Þ ¼ qc � q c ¼ q ~c � cð Þ ¼ 1
12

D2 @q
@xk

@c
@xk

; (23)

s q; ujð Þ ¼ q ~uj � uj
� � ¼ 1

12
D2 @q

@xk

@uj

@xk
: (24)

However, contrary to Eqs. (23) and (24), Eqs. (20)–(22) cannot
be directly used for LES of premixed turbulent flames, because the
mass-weighted (Favre) joint cumulants ~s ui; cð Þ, ~s c; cð Þ, and ~s ui; ujð Þ
should be closed in Eqs. (6), (7), and (10).

For this purpose, it seems to be natural and logical to adapt the
following extension:

~s f ; gð Þ � s ~f ; ~g
� �

¼ ~f ~g � ~f ~g (25)

of the similarity model to compressible flows. In the case of a con-
stant density, Eqs. (15) and (25) are identical. Then, substitution of f

and g with ~f and ~g , respectively, in Eqs. (16)–(19) results straightfor-
wardly in

~s f ; gð Þ � 1
12

D2 @~f
@xk

@~g
@xk

; (26)

~s ui; cð Þ ¼ ~uic � ~ui~c ¼ 1
12

D2 @~ui

@xk

@~c
@xk

; (27)

~s c; cð Þ ¼ ~c2 � ~c2 ¼ 1
12

D2 @~c
@xk

� 	2

; (28)

~s ui; ujð Þ ¼ ~uiuj � ~ui~uj ¼ 1
12

D2 @~ui

@xk

@~uj

@xk
: (29)

Note that Eq. (29) was earlier proposed by Vreman et al.52 by develop-
ing a technically different but basically similar approach.

Reported in the rest of the paper are results of a priori tests of
Eqs. (23), (24), and (27)–(29), performed by analyzing two DNS data-
bases described in Sec. III.

III. DNS ATTRIBUTES AND DIAGNOSTIC METHODS

While the two DNS databases analyzed in the present work were
obtained from substantially different premixed turbulent flames, the
data well complement one another, as far as the study goal is con-
cerned. Indeed, on the one hand, since the focus of the present work is
primarily placed on modeling filtered terms that describe the influence
of combustion-induced thermal expansion on turbulent kinetic energy
and scalar flux, modeling of intermediate states of the mixture (e.g., a
choice between single-step and complex combustion chemistry)
appears to be of secondary importance when compared to the follow-
ing two points. First, to explore such thermal expansion effects, data
computed at different density ratios c ¼ qu=qb, which controls the
effect magnitude, are of the most interest and the NIT DNS data were
obtained at c ¼ 2.5, 5.0, and 7.53. Second, thermal expansion effects
are expected to be well pronounced31–33 in weakly turbulent flames
addressed by the NIT DNS. Therefore, the NIT data fit well with the
study goal even if the simulations themselves might appear to be out-
dated when compared to contemporary complex-chemistry DNS stud-
ies of highly turbulent premixed combustion, reviewed elsewhere.70
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On the other hand, analysis of more recent complex-chemistry IIS
DNS data48,49 generated under conditions of a significantly more
intense turbulence offers the opportunity (i) to test the expected weak
sensitivity of GM performance to combustion chemistry and (ii) to
assess the models in a wider range of conditions.

The two DNS databases are described in Secs. III A and III B.
Since the NIT DNS database46,47 was earlier analyzed by other
experts71–76 and by the present authors77–95 and the IIS DNS data-
base48,49 was also discussed by the present authors in previous
articles,96–103 only a summary of the DNS attributes is given below.
The reader interested in further details is referred to the cited papers.

A. NIT database

These simulations dealt with adiabatic, statistically stationary, pla-
nar, and one-dimensional turbulent premixed flames modeled by
unsteady three-dimensional continuity equation, Navier–Stokes equa-
tions written in the compressible form, energy transport equation, and
transport equation for fuel mass fraction Y , with Prandtl and Lewis
numbers being equal to 0.7 and 1.0, respectively. Combustion chemis-
try is reduced to a single reaction FþO! P between generic fuel and
oxidant, F and O, respectively. In the base case H, the adiabatic com-
bustion temperature Tb ¼ 2260 K and the reaction rate in the trans-
port equation for Y is modeled46,47 invoking the simplest Arrhenius
equation, i.e., W ¼ �BqYTexp �H=Tð Þ, where B ¼ 2:79� 106

s�1K�1 and H ¼ 19 600 K. Accordingly, Tb and the laminar flame
speed SL ¼ 0:60 m/s are associated with a near-stoichiometric (the
equivalence ratio U ¼ 0: 9) C2H4–air mixture under room
conditions.104

The flames were anchored by the incoming flow in a rectangular
box of Kx � Ky � Kz with Kx ¼ 8 mm, Ky ¼ Kz ¼ 4 mm. The com-
putational domain was discretized using a uniform rectangular
(2Dx ¼ Dy ¼ Dz) mesh of 512� 128� 128 points, with periodic
boundary conditions being applied in transverse (y and z) directions.
At the inlet boundaries, Navier–Stokes Characteristic Boundary
Conditions105 (NSCBC) were set.

Homogeneous isotropic turbulence was injected into the compu-
tational domain through the inlet (x ¼ 0) boundary and decayed along
the direction x of the mean flow. The turbulence was generated in a
separate box and was characterized46 by the rms velocity u0 ¼ 0:53
m/s, an integral length scale L ¼ 3:5 mm, and the turbulent Reynolds
number Ret ¼ u0L=�u ¼ 96. Here, �u is kinematic viscosity of
unburned mixture.

At t ¼ 0, a planar laminar flame was embedded into statistically
the same turbulence assigned for the velocity field in the entire compu-
tational domain. Subsequently, the inflow velocity was increased twice,
i.e., U 0 � t < tIð Þ ¼ SL < U tI � t < tIIð Þ < U tII � tð Þ ¼ ST , in
order to keep the flame in the domain till the end tIII of the simula-
tions. In the following, data obtained solely at tII � t � tIII will be dis-
cussed. Here, ST designates turbulent flame speed reported in Table I.

Three cases NIT-H, NIT-M, and NIT-L characterized by High,
Medium, and Low, respectively, density ratios c were simulated. In all
these cases, the same dependence W cð Þ of the reaction rate on the
combustion progress variable c ¼ T � Tuð Þ= Tb � Tuð Þ ¼ 1� Y=Yu

is retained,46,47 the unburned gas temperature Tu ¼ 300 K, but the adi-
abatic combustion temperatures are different, specifically, Tb ¼ 1500
and 750K in cases M and L, respectively. Such an “artificial” case
design offers the opportunity to significantly increase the explored

range of variations in the density ratio, which primarily controls mag-
nitude of the influence of combustion-induced thermal expansion on
turbulence and turbulent scalar transport, as reviewed elsewhere.31–33

A more realistic method, i.e., decreasing c by varying U, (i) does not
yield density ratios as small as c ¼ 2:5 (case L) for common fuels
under room conditions, i.e., required equivalence ratio is beyond flam-
mability limits, and (ii) results in a significantly more pronounced
decrease in SL when compared to a decrease in c. In cases H, M, and L,
SL is also decreased with decreasing c, see Table I, but the effect magni-
tude is much smaller.

The major flame characteristics are reported in Table I,
where Da ¼ L=u0ð Þ= dL=SLð Þ and Ka� ¼ u0=SLð Þ3=2 L=dLð Þ�1=2 are
Damk€ohler and Karlovitz numbers, respectively, evaluated at the lead-
ing edges of the mean flame brushes, dTL ¼ Tb � Tuð Þ=max rTj jf g is
the laminar flame thickness, subscripts u and b refer to unburned
reactants and burned products, respectively. These flames are well
associated with flamelet combustion regime,106 e.g., various Bray-
Moss-Libby (BML) expressions35,107 hold under the DNS conditions.79

B. IIS database

A statistically planar and one-dimensional, lean H2-air turbulent
flame propagating in a cuboid (19:18� 4:8� 4:8 mm3) was simulated
by adopting the Pencil code108 to numerically solve unsteady and
three-dimensional continuity, compressible Navier–Stokes, species and
energy transport equations supplemented with the mixture-averaged
molecular transfer model and a detailed chemical mechanism (9 spe-
cies and 21 reactions) by Li et al.109 The cuboid was meshed with a
uniform grid of 960� 240� 240 cells. At the transverse sides, bound-
ary conditions were periodic. At the inlet and outlet, NSCBC was set.

To pre-generate homogeneous isotropic turbulence in another
cube with the periodic boundary conditions, large-scale forcing
was adopted.48 The turbulence was allowed to evolve until a
statistically stationary state was reached. At this final stage,48 u0

¼ 6:7 m/s; L ¼ 3:1 mm; the integral timescale st ¼ L=u0 ¼ 0:46 ms;

Ret ¼ 950; the Kolmogorov timescale sg ¼ �= eh i� �1=2 ¼ 0:015 ms;

and the Kolmogorov length scale g ¼ �3= eh i� �1=4 ¼ 0:018 mm. Here,
eh i ¼ 2�SijSijh i is the turbulence dissipation rate averaged over the
cube; and Sij ¼ @ui=@xj þ @uj=@xi

� �
=2 is the rate-of-strain tensor.

At t ¼ 0, a pre-computed planar laminar flame (the equivalence
ratio U ¼ 0:81, pressure P ¼ 1 bar, and unburned gas temperature
Tu ¼ 310K) was embedded into the cuboid at x ¼ x0. The laminar
flame speed SL, thickness d

T
L , and timescale sf ¼ dTL =SL are equal to

1.84m/s, 0.36mm, and 0.20ms, respectively. Subsequently, the flame
was wrinkled and stretched by the pre-generated turbulence, which
was continuously injected into the computational domain through its
left boundary x ¼ 0 and decayed along the x-direction.

TABLE I. Characteristics of studied flames.

Case c SL (m/s) dTL (mm) Da Ka� ST=SL

NIT-H 7.53 0.60 0.217 18.1 0.21 1.91
NIT-M 5.0 0.52 0.19 18.0 0.25 1.90
NIT-L 2.5 0.42 0.16 17.3 0.30 1.89
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The Karlovitz numbers Ka� and Ka ¼ sf =sg and the Damk€ohler
number Da, evaluated using characteristics of the pre-generated tur-
bulence, are equal to 2.4, 13, and 2.35, respectively. Due to decay
of the injected statistically stationary turbulence with distance x
from the inlet, the turbulence characteristics averaged over the cuboid
cross section nearest to a plane where the transverse-averaged
ch i x; tð Þ ¼ 0:01 (leading edge of the mean flame brush) are different:

u0 ¼ 3:3 m/s; the Taylor length scale k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
10�u kh i= eh i

q
¼ 0:25 mm

or 0:69dTL ; g ¼ 0:018 mm or 0:05dTL ; sg ¼ 0:087 ms; Rek ¼ u0k=�u
¼ 55; and Ka ¼ 2:3 is much less than dL=gð Þ2 ffi 400, because
SLdL=�u 
 1 in moderately lean hydrogen-air mixtures.110 Here, kh i
is turbulent kinetic energy; c ¼ 1� YF=YF;u is the fuel-based combus-
tion progress variable; YF designates fuel mass fraction; and �h i refers
to time- and transverse-averaged quantities sampled at 55 instants
from 1.29 to 1.57ms. The IIS flame is characterized by significantly
larger u0=SL and Ka when compared to u0=SL and Ka in any NIT
flame.

C. Numerical diagnostics

The raw DNS density fields, q x; tð Þ, velocity fields, u x; tð Þ, and
combustion progress variable fields, c x; tð Þ, are filtered out using box
(top-hat) filters of different widths D, equal to 4Dx, 8Dx, 16Dx, and
30Dx (IIS data) or 32Dx (NIT data), where Dx designates DNS mesh
step. The largest filters are different to place an integer number of filter
volumes in the DNS computational domains. The filter widths nor-
malized using the laminar flame thicknesses dTL are listed in Table II.

Following common practice of turbulent combustion modeling,
the theoretically predicted (for the adopted top-hat filter) constant
1=12 is substituted with adjustable constants, i.e., the following
equations:

K ¼ s q; ujð Þ
1
q
@p
@xj

¼ CKD
2 @q
@xk

@uj

@xk

1
q
@p
@xj

; (30)

P ¼ �q~s ui; ujð Þ
@~ui

@xj
¼ �CPD

2q
@~ui

@xk

@~uj

@xk

@~ui

@xj
; (31)

~Fi ¼ q~s ui; cð Þ ¼ CFD
2q

@~ui

@xk

@~c
@xk

; (32)

rc ¼ ~s c; cð Þ ¼ CrD
2 @~c

@xk

� 	2

; (33)

s q; cð Þ ¼ CcD
2 @q
@xk

@c
@xk

(34)

are tested. Here, the terms K and P are considered instead of
s q; ujð Þ and ~s ui; ujð Þ, respectively, because it is the former pair of

terms that describes inter-scale transfer of turbulent kinetic energy
in Eq. (11).

While the Favre-filtered quantities on the rhs of Eqs. (31)–(33)
can directly be obtained in a LES of a premixed turbulent flame,
Eqs. (30) and (34) involve the filtered ui or c, which is not computed
in a typical LES of turbulent combustion. Accordingly, to explore the
necessity of adopting appropriately filtered quantities in Eqs. (30)–(34)
and to assess errors due to interchange of filtered and Favre-filtered
quantities, the following counterparts of Eqs. (30)–(34):

K ¼ C0
KD

2 @q
@xk

@~ui

@xk

1
q
@p
@xj

; (35)

P ¼ �C0
PD

2q
@ui

@xk

@uj

@xk

@ui

@xj
; (36)

~Fi ¼ C0
FD

2q
@ui

@xk

@c
@xk

; (37)

rc ¼ C0
rD

2 @c
@xk

� 	2

; (38)

s q; cð Þ ¼ C0
cD

2 @q
@xk

@~c
@xk

(39)

are also assessed. When compared to Eqs. (30) and (34), the filtered ui

or c is substituted with the Favre-filtered ~ui or ~c, respectively, in
Eqs. (35) and (39), respectively. Vice versa, the Favre-filtered ~ui and ~c
in Eqs. (31)–(33) are substituted with the filtered ui and c, respectively,
in Eqs. (36)–(38). Moreover, symbols that designate adjustable con-
stants are also changed in Eqs. (35)–(39).

It is worth stressing that all joint cumulants on the left-hand sides
of Eqs. (30)–(39) and all closure relations on the right-hand sides sat-
isfy the constraint of Galilean invariance, highlighted, e.g., by
Speziale,69 for LES of turbulent flows.

When testing Eqs. (30)–(39), spatial derivatives are computed
using DNS grids, followed by filtering out the obtained local deriva-
tives. Accordingly,

@~q
@xk

¼ @

@xk

qq
q

� 	
¼ 1

q
@qq
@xk

� qq

q2

@q
@xk

: (40)

The present a priori assessment of GM is restricted to
exploring spatial variations of time- and transverse-averaged filtered or
Favre-filtered terms q x; tð Þ� �

or ~q x; tð Þ� �
, respectively, within the

mean flame brush, with the x-dependence of the obtained qh i xð Þ being
converted to its ch i-dependence using the monotonous profile
ch i xð Þ ¼ c x; tð Þ� �

of time- and transverse-averaged filtered combus-
tion progress variable.

All results reported in the following are normalized using
unburned gas density, laminar flame speed and thickness, with all NIT
data being normalized using the same SL and the same dL correspond-
ing to case H.

IV. RESULTS AND DISCUSSION

Test results for GMs of the joint cumulants s q; uið Þ, ~s ui; ujð Þ,
~s ui; cð Þ, ~s c; cð Þ, and s q; cð Þ are shown in Figs. 1–5, respectively. The
following trends are worth noting.

First of all, for all applied filters and in all analyzed cases, GMs
predict the major manifestations of thermal expansion effects such as

TABLE II. Filter widths normalized using laminar flame thicknesses.

4Dx 8Dx 16Dx 30Dx/32Dx

IIS 0.22 0.44 0.88 1.65
NIT-H 0.29 0.58 1.15 2.30
NIT-M 0.33 0.66 1.31 2.62
NIT-L 0.4 0.8 1.6 3.2
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(i) backscatter discussed in detail elsewhere,25,39,111–121 i.e., Ph i < 0 in
the largest parts of the weakly turbulent flame brushes, see Figs. 2(e)–
2(p), or at ch i > c� in the moderately turbulent IIS flame, see Figs.
2(a)–2(d), and (ii) countergradient axial scalar flux, i.e., the positive
sign of both Fxh i and d ch i=dx, see Fig. 3. While further discussion of
backscatter (transfer of kinetic energy from smaller to larger length
scales) is beyond the scope of the present work, it is worth noting that
this phenomenon (i) is more pronounced in weakly turbulent flames,
i.e., Ph i < 0 in wider ranges of ch i in three NIT flames when com-
pared to IIS flame, cf. Figures 2(e)–2(p) with Figs. 2(a)–2(d), but (ii) is
less pronounced at a lower density ratio, i.e., the range of Ph i > 0 at
small ch i is wider and the magnitude of the negative Ph i is lower in
case NIT-L when compared to case NIT-H, cf., Figs. 2(m)–2(p) and
2(e)–2(h), respectively. Moreover, in IIS flame, c� is decreased with
increasing D, see Figs. 2(a)–2(d), i.e., backscatter is more pronounced
for larger filter widths. Furthermore, comparison of Figs. 1 and 2

shows that magnitude of the positive Kh i is significantly larger than
magnitude of the negative Ph i in IIS flame, whereas magnitudes of the
two terms are comparable in NIT flames.

Second, Eqs. (23), (24), and (27)–(29) with the theoretically
derived constant 1/12 well predict not only signs but also magnitudes
of the studied joint cumulants if a ratio of D=dTL is sufficiently small.
For the baropycnal work Kh i, this is shown in Figs. 1(a), 1(b), 1(f),
1(g), 1(j), 1(k), and 1(n). For the term Ph i, this is shown in Figs. 2(a)–
2(d), 2(f)–2(h), and 2(j)–2(p). For the axial flux Fxh i, this is shown in
Figs. 3(a)–3(d), 3(f), 3(g), 3(j), 3(k), and 3(n). For the variance rch i,
this is shown in Figs. 4(a), 4(b), 4(f), 4(g), 4(j), and 4(n). For the term
q ~c � cð Þ� �

, this is shown in Figs. 5(a), 5(b), 5(f), 5(g), 5(j), 5(k), and
5(n). For the moderately turbulent complex-chemistry IIS flame, the
aforementioned “sufficiently small” ratio varies from 0:44dTL for
s q; uið Þ, ~s c; cð Þ, and s q; cð Þ, see Figs. 1(b), 4(b), and 5(b), respectively,
to 1:65dTL for ~s ui; ujð Þ and ~s ui; cð Þ, see Figs. 2(d) and 3(d),

FIG. 1. Variations of time- and transverse-averaged filtered baropycnal work Kh i along the normal to the mean flame brush. Black solid lines show results computed by directly
filtering raw DNS data. Red dashed lines show results obtained using Eqs. (14) and (24). Violet squares and blue crosses show results yielded by the GM Eqs. (30) and (35),
respectively, with adjusted values of CK and C

0
K , respectively, reported in Table III. Results obtained using D ¼ 4Dx, D ¼ 8Dx, D ¼ 16Dx, and D ¼ 30Dx (IIS flame) or

D ¼ 32Dx (NIT flames) are reported in the first, second, third, and fourth columns, respectively. Results obtained from IIS flame and NIT flames H, M, and L are reported in
the first, second, third, and fourth rows, respectively.
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respectively. For the three weakly turbulent single-step-chemistry NIT
flames and all cumulants, the aforementioned sufficiently small ratio is
typically on the order of unity, but can be as large as 3.2, see Fig. 2(p).
However, the application of too small filters to these weakly turbulent
flames is not beneficial, i.e., the use of Eqs. (23), (24), and (27)–(29)
with the theoretically derived constant 1/12 results in overestimating
magnitudes of the studied joint cumulants for the smallest D, cf. curves
plotted in black solid and red dashed lines in the left columns (without
the top row) in Figs. 1–5.

Third, among theoretically derived Eqs. (23), (24), and (27)–(29)
with a constant of 1/12, Eq. (29) shows the best performance, as the
inter-scale energy flux Ph i and, hence, the joint cumulant ~s ui; ujð Þ are
quantitatively predicted for three different filter widths, i.e., D ¼ 8Dx,
D ¼ 16Dx, and D ¼ 30Dx or D ¼ 32Dx, in all four studied flames, see
the second, third, and fourth columns in Fig. 2. The use of the smallest
filter D ¼ 4Dx also yields excellent results, but in two flames only, see

Figs. 2(a) and 2(m). Other GM Eqs. (23), (24), (27), and (28) predict
the filtered DNS data for a single filter only. For the moderately turbu-
lent complex-chemistry IIS flame, Eqs. (23), (24), and (28) perform
well for D ¼ 4Dx also, see Figs. 1(a), 4(a), 5(a), and 6(a), whereas Eq.
(27) quantitatively predicts the scalar flux Fxh i for three filter widths,
i.e., D ¼ 4Dx, D ¼ 8Dx, and D ¼ 16Dx, see Figs. 3(a)–3(c),
respectively.

Fourth, adjustment of constants in Eqs. (30)–(39) offers the
opportunity to well predict all explored joint cumulants for all used
filter widths in all analyzed cases, cf. curves plotted in black solid
lines, violet squares, and blue crosses in Figs. 1–5. It is remarkable that
curve shapes are very well predicted in all plots. The adjusted constant
values reported in Table III have been obtained by minimizing the
following difference

PN
i¼1 sDNSh ii � sGMh ii

� �2 between time- and
transverse-averaged joint cumulants sDNSh ii extracted directly from
the DNS data and the counterpart cumulants sGMh ii yielded by the

FIG. 2. Variations of time- and transverse-averaged filtered inter-scale kinetic energy flux Ph i along the normal to the mean flame brush. Black solid lines show results
computed by directly filtering raw DNS data. Red dashed lines show results obtained using Eqs. (12) and (29). Violet squares and blue crosses show results yielded by the
GM Eqs. (31) and (36), respectively, with the adjusted values of CP and C

0
P, respectively, reported in Table III. Results obtained using D ¼ 4Dx, D ¼ 8Dx, D ¼ 16Dx, and

D ¼ 30Dx (IIS flame) or D ¼ 32Dx (NIT flames) are reported in the first, second, third, and fourth columns, respectively. Results obtained from IIS flame and NIT flames H,
M, and L are reported in the first, second, third, and fourth rows, respectively.
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GM Eqs. (30)–(39). Here, i ¼ 1;…;N refers to various ch ii-bins. Since
this simplest approach performs well, alternative methods were not
tried.

Differences between the DNS data and results yielded by Eqs.
(30)–(39) with adjusted constants reported in Table III are quantita-
tively characterized in Table IV, where

� ¼
max sDNSh ii � sGMh ii



 

n o

max sDNSh ii


 

n o � 100%; (41)

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN

i¼1 sDNSh ii � sDNSh ii
� �2q

Nmax sDNSh ii


 

n o � 100%; (42)

and the maximum values are taken over various ch ii-bins. For most
cases, filters, and GM equations, both � and, especially, d are small.

Fifth, the fact that the cumulants ~s q; uið Þ, ~s ui; ujð Þ, and
~s ui; cð Þ, sampled from complex chemistry and single-step chemistry
DNS data, are well predicted using comparable values of the GM
constants in Eqs. (30)–(32), see Table III and Figs. 6(a)–6(c), sup-
ports a standpoint that the influence of combustion chemistry on
thermal expansion effects in premixed turbulent flames is of sec-
ondary importance. Accordingly, larger differences between such
constants adjusted for ~s c; cð Þ and ~s q; cð Þ, cf. violet diamonds with
other symbols in Figs. 6(d) and 6(e), are associated with different
local structures of complex chemistry and single-step chemistry
flames.

Sixth, results obtained by adopting filtered and Favre-filtered
derivatives are very close to one another, cf. violet squares and blue
crosses in each plot in Figs. 1–5 or cf. the corresponding adjusted con-
stants in Table III. Therefore, derivatives of Favre-filtered quantities,
which are directly obtained in a typical combustion LES, can be used
when applying GMs to all joint cumulants analyzed here. In other

FIG. 3. Variations of time- and transverse-averaged filtered axial scalar flux Fxh i along the normal to the mean flame brush. Black solid lines show results computed by directly
filtering raw DNS data. Red dashed lines show results obtained using the GM Eq. (27). Violet squares and blue crosses show results yielded by the GM Eqs. (32) and (37),
respectively, with the adjusted values of CF and C

0
F , respectively, reported in Table III. Results obtained using D ¼ 4Dx, D ¼ 8Dx, D ¼ 16Dx, and D ¼ 30Dx (IIS flame) or

D ¼ 32Dx (NIT flames) are reported in the first, second, third, and fourth columns, respectively. Results obtained from IIS flame and NIT flames H, M, and L are reported in
the first, second, third, and fourth rows, respectively.
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words, while GMs yield Eqs. (30) and (34), these closure relations can
be substituted with Eqs. (35) and (39), respectively. This observation is
in line with the GM approach. Indeed, since

s q; qð Þ ¼ qq � qq ¼ q ~q � qð Þ ¼ D2

12
@q
@xk

@q
@xk

; (43)

Eq. (40) reads

@~q
@xj

¼ @

@xj

qq
q

� 	
¼ @q

@xj
þ D2

12
@

@xj

1
q
@q
@xk

@q
@xk

� 	
(44)

and the last term on the rhs is negligible if the filter width is sufficiently
small.

Seventh, as reported in Table III and shown in Fig. 6, the
adjusted constants are increased with increasing D. In LES appli-
cations, this trend could be addressed, e.g., by adopting a

dynamic-modeling approach pioneered by Germano.11,122 It is of
interest to note that the constants adjusted for various joint cumu-
lants are typically close to each other in each single case (i.e., a
single flame and a single normalized filter width D=Dx). This
trend is less pronounced for IIS flame, especially for larger D and
for the cumulant s q; cð Þ. Moreover, the constants adjusted for the
three NIT flames using comparable filters are also close to each
other, i.e., these constants depend weakly on the density ratio.
Furthermore, even if the constants adjusted for IIS and NIT
flames using the same D=Dx are considered, the constant values
are still sufficiently close to each other, with the exception of
s c; cð Þ and s q; cð Þ, cf. violet diamonds with other symbols in Figs.
6(d) and 6(e), respectively. Since the four analyzed turbulent
flames are significantly different, the comparable values (for the
same D=Dx and comparable D=dTL ) of the adjusted constants sug-
gest that a single pre-computed dependence of C D=dTL

� �
could be

FIG. 4. Variations of time- and transverse-averaged normalized scalar variance q~s c; cð Þ� �
=qu along the normal to the mean flame brush. Black solid lines show results com-

puted by directly filtering raw DNS data. Red dashed lines show results obtained using the GM Eq. (28). Violet squares and blue crosses show results yielded by the GM Eqs.
(33) and (38), respectively, with the adjusted values of Cr and C

0
r, respectively, reported in Table III. Results obtained using D ¼ 4Dx, D ¼ 8Dx, D ¼ 16Dx, and D ¼ 30Dx

(IIS flame) or D ¼ 32Dx (NIT flames) are reported in the first, second, third, and fourth columns, respectively. Results obtained from IIS flame and NIT flames H, M, and L are
reported in the first, second, third, and fourth rows, respectively.
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adopted when applying LES-GM approach to various premixed
turbulent flames.

For completeness and eventual applications, simple power-law
approximations of variations in the tuned constant values with D=dTL
are also plotted in lines in Fig. 6. Since a systematic difference
between the constants tuned for NIT and IIS flames is not
pronounced for the baropycnal work K, the inter-scale kinetic energy
flux P, or the axial scalar flux Fx , the constants tuned for all these

flames are jointly approximated as follows: C ¼ 0:093 D=dTL
� �0:18

,

C ¼ 0:085 D=dTL
� �0:11

, and C ¼ 0:089 D=dTL
� �0:16

in Figs. 6(a)–6(c),
respectively. For the variance rc and for the cumulant q ~c � cð Þ, such
differences are well pronounced, as discussed above. Accordingly,
the constants tuned for all NIT flames are separately fitted as follows:

C ¼ 0:090 D=dTL
� �0:23

and C ¼ 0:089 D=dTL
� �0:22

, see orange dashed

lines in Figs. 6(d) and 6(e), respectively, whereas the IIS constants are
simply approximated with straight lines y ¼ 0:072þ 0:036D=dTL and
y ¼ 0:071þ 0:052D=dTL , see violet dotted-dashed lines in Figs. 6(d)
and 6(e), respectively.

All in all, the performed a priori tests well support GMs for
LES research into premixed turbulent combustion. This major result
is consistent with a few earlier findings. For instance, Chakraborty9

has concluded that (i) a GM for the SFS stress tensor ~sij ¼ ~s ui; ujð Þ
“yields satisfactory predictions for small filter widths” and (ii) a
GM for SFS scalar flux, i.e., the cumulant ~s ui; cð Þ, captures both
the qualitative and quantitative behaviors of the flux “better than
other models” tested by him. Tullis and Cant38 have also found that
a GM “better represents the scalar flux” than other models assessed
by them. A GM model for the variance was also supported in earlier
studies.13,15,43,44 However, the present authors are not aware of

FIG. 5. Variations of time- and transverse-averaged normalized scalar term q ~c � cð Þ� �
=qu along the normal to the mean flame brush. Black solid lines show results com-

puted by directly filtering raw DNS data. Red dashed lines show results obtained using the GM Eq. (23). Violet squares and blue crosses show results yielded by the GM Eqs.
(34) and (39), respectively, with the adjusted values of Cc and C

0
c , respectively, reported in Table III. Results obtained using D ¼ 4Dx, D ¼ 8Dx, D ¼ 16Dx, and D ¼ 30Dx

(IIS flame) or D ¼ 32Dx (NIT flames) are reported in the first, second, third, and fourth columns, respectively. Results obtained from IIS flame and NIT flames H, M, and L are
reported in the first, second, third, and fourth rows, respectively.
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assessment of GMs for the terms K and s q; cð Þ in the combustion
literature.

It is worth noting, however, that GMs were shown to be numeri-
cally unstable in certain a posteriori studies38,57,66. To overcome
the problem, various modifications were proposed to numerically
stabilize GMs. Such modifications relied on using some kind of
“clipping”123–125 or combining a GM with an eddy viscosity
model.41,126,127 A detailed analysis of such combined models can be
found elsewhere.66 These issues are beyond the scope of the present
paper but call for future a posteriori studies of GMs in LES of premixed
turbulent combustion. The good performance of GMs shown in Figs.
1–5 seems to fully justify efforts aimed at solving the problem of
numerical stability of such models.

Finally, it is also worth noting that the problem of modeling SFS
effects in LES research into turbulent combustion is not reduced to the

problem of modeling the joint cumulants explored in the present

paper. There are other unclosed terms, e.g., Jsfs;j, sv;ij, and uj@s�;ij=@xj
in Eq. (11), but models of these terms are beyond the scope of the pre-
sent work whose focus is solely placed on joint cumulants.

V. CONCLUDING REMARKS

Gradient models of five joint cumulants associated with subfilter-
scale effects in large eddy simulations of premixed turbulent combus-
tion were derived in a unified manner. Specifically, these gradient
models address joint cumulants between (i) filtered density and veloc-
ity, i.e., s q; ujð Þ ¼ q ~uj � uj

� �
, (ii) two components of Favre-filtered

velocity vector, i.e., the subfilter-scale stress tensor ~s ui; ujð Þ
¼ ~uiuj � ~ui~uj, (iii) Favre-filtered velocity and combustion progress
variable, i.e., ~s ui; cð Þ ¼ ~uic � ~ui~c, which controls the subfilter-scale

FIG. 6. Dependencies of tuned model constants (symbols) on the normalized filter width D=dTL . (a) Eqs. (14) and (30) for the baropycnal work K, (b) Eqs. (12) and (31) for the
inter-scale kinetic energy flux P, (c) Eq. (32) for the axial scalar flux Fx , (d) Eq. (33) for the variance rc , (e) Eq. (34) for q ~c � cð Þ. Case names are reported in legends.
Curves plotted in dashed and dotted-dashed lines approximate the tuned model constants either for all cases together (K, P, and Fx ) or for IIS flame (violet dotted-dashed
straight lines) and NIT-flames (orange dashed lines) separately (rc and q ~c � cð Þ).
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scalar flux, (iv) ~c and ~c, i.e., the subfilter-scale scalar variance
~s c; cð Þ ¼ ~c2 � ~c2, and (v) filtered density and combustion progress
variable, i.e., s q; cð Þ ¼ q ~c � cð Þ.

These models were tested by filtering out DNS data obtained (i)
by Nishiki et al.46,47 from three weakly turbulent single-step chemistry
premixed flames characterized by significantly different density ratios
and (ii) by Dave et al.48,49 from a moderately lean H2/air flame under
conditions of sufficiently intense small-scale turbulence (Ka > 1 and a
ratio of laminar flame thickness to Kolmogorov length scale is
about 20). The tests are performed by comparing spatial variations of
time- and transverse-averaged cumulants either sampled directly from
the DNS data or computed using gradient models. The following
results are worth noting.

First, in all studied cases (four filter widths and four flames), the
tested gradient models yield countergradient subfilter-scale scalar flux
and backscatter, in line with the DNS data.

Second, if the theoretically evaluated constant 1/12 is adopted,
all the joint cumulants are quantitatively predicted in all flames, but
only at D ¼ 8Dx. At the same time, the joint cumulant ~s ui; ujð Þ,
which controls inter-scale transfer of kinetic energy and, in particu-
lar, backscatter, is quantitatively predicted for three different filter
widths, i.e., D ¼ 8Dx, D ¼ 16Dx, and D ¼ 30Dx or D ¼ 32Dx, in all
four studied flames. Moreover, in a single moderately turbulent

complex-chemistry IIS flame, the joint cumulant ~s ui; cð Þ, which con-
trols countegradient subfilter-scale scalar flux, is quantitatively pre-
dicted for three filter widths, i.e., D ¼ 4Dx, D ¼ 8Dx, and
D ¼ 16Dx.

Third, if a single model constant is tuned for any of the
five cumulants s q; ujð Þ, ~s ui; ujð Þ, ~s ui; cð Þ, ~s c; cð Þ, and s q; cð Þ,
each cumulant is quantitatively predicted using all four filters
in all four analyzed flames. The tuned model constants are
gradually increased with the filter width D, with their values
(adjusted for various joint cumulants by analyzing both IIS and
NIT flames using the same D=Dx) being sufficiently close to
each other.

Fourth, the test results obtained by adopting either filtered or
Favre-filtered derivatives are very close to one another in all studied
cases. Therefore, derivatives of the Favre-filtered quantities, which are
directly obtained in a typical combustion LES, can simply be
substituted into the gradient models of s q; ujð Þ and s q; cð Þ, which
involve the filtered derivatives.

All in all, the performed a priori tests support gradient models for
LES research into premixed turbulent combustion and call for further
a posteriori studies of such models. In particular, the eventual problem
of numerical stability of these models should be addressed in such a
posteriori studies.

TABLE III. Adjusted values of GM constants.

D=Dx 4 8 16 30/32 4 8 16 30/32

Case Eq. (30) Eq. (35)
IIS 0.080 0.089 0.10 0.115 0.080 0.088 0.098 0.11
NIT-H 0.069 0.083 0.089 0.10 0.068 0.079 0.080 0.091
NIT-M 0.069 0.084 0.093 0.11 0.068 0.080 0.086 0.10
NIT-L 0.072 0.089 0.10 0.12 0.071 0.085 0.097 0.12

Eq. (31) Eq. (36)
IIS 0.080 0.086 0.092 0.10 0.080 0.085 0.087 0.093
NIT-H 0.070 0.081 0.086 0.096 0.070 0.081 0.083 0.081
NIT-M 0.070 0.082 0.090 0.10 0.070 0.082 0.088 0.091
NIT-L 0.072 0.086 0.097 0.11 0.072 0.086 0.097 0.10

Eq. (32) Eq. (37)
IIS 0.078 0.083 0.088 0.098 0.079 0.084 0.090 0.10
NIT-H 0.070 0.080 0.079 0.076 0.070 0.082 0.088 0.098
NIT-M 0.070 0.080 0.083 0.087 0.070 0.083 0.091 0.10
NIT-L 0.072 0.084 0.094 0.11 0.073 0.086 0.098 0.11

Eq. (33) Eq. (38)
IIS 0.079 0.084 0.093 0.11 0.080 0.088 0.10 0.13
NIT-H 0.069 0.079 0.079 0.079 0.069 0.082 0.090 0.10
NIT-L 0.068 0.080 0.085 0.092 0.069 0.083 0.094 0.11
NIT-M 0.069 0.084 0.095 0.11 0.070 0.085 0.10 0.12

Eq. (34) Eq. (39)
IIS 0.082 0.095 0.12 0.16 0.080 0.090 0.11 0.14
NIT-H 0.070 0.081 0.087 0.10 0.070 0.085 0.10 0.13
NIT-M 0.068 0.081 0.091 0.11 0.070 0.084 0.10 0.13
NIT-L 0.069 0.084 0.098 0.12 0.070 0.086 0.10 0.13
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