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—— Abstract

We study three fundamental three-dimensional (3D) geometric packing problems: 3D (Geometric)
Bin Packing (3D-BP), 3D Strip Packing (3D-sP), and Minimum Volume Bounding Box (3D-MVBB),
where given a set of 3D (rectangular) cuboids, the goal is to find an axis-aligned nonoverlapping
packing of all cuboids. In 3D-BP, we need to pack the given cuboids into the minimum number
of unit cube bins. In 3D-sP, we need to pack them into a 3D cuboid with a unit square base and
minimum height. Finally, in 3D-MVBB, the goal is to pack into a cuboid box of minimum volume.

It is NP-hard to even decide whether a set of rectangles can be packed into a unit square bin —
giving an (absolute) approximation hardness of 2 for 3D-BP and 3D-sp. The previous best (absolute)
approximation for all three problems is by Li and Cheng (SICOMP, 1990), who gave algorithms
with approximation ratios of 13, 46/7, and 46/7 + €, respectively, for 3D-BP, 3D-sP, and 3D-MVBB.
We provide improved approximation ratios of 6, 6, and 3 + ¢, respectively, for the three problems,
for any constant £ > 0.

For 3D-BP, in the asymptotic regime, Bansal, Correa, Kenyon, and Sviridenko (Math. Oper. Res.,
2006) showed that there is no asymptotic polynomial-time approximation scheme (APTAS) even when
all items have the same height. Caprara (Math. Oper. Res., 2008) gave an asymptotic approximation
ratio of T2 + € & 2.86, where Tk, is the well-known Harmonic constant in Bin Packing. We provide
an algorithm with an improved asymptotic approximation ratio of 37T /2 + ¢ &~ 2.54. Further, we
show that unlike 3D-BP (and 3D-SP), 3D-MVBB admits an APTAS.
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1 Introduction

Three-dimensional (3D) packing problems are used to model several practical settings in
production and transportation planning — ranging from cargo management, manufacturing,
3D printing and prototyping, to cutting and loading applications. In the 1960s, Gilmore and
Gomory [27] introduced 3D packing in the context of the cutting stock problem in operations
research, where given a stock material (3D cuboid), the goal is to cut out a set of required
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items (smaller 3D cuboids) by a sequence of end-to-end cuts. Around the same time, Meir
and Moser [50] asked a combinatorial question: given a set of cubes, when can we pack them
in a given cuboid? Since then, due to its inherent mathematical aesthetics, computational
nature, and practical relevance, the study of 3D packing has led to the development of several
techniques in mathematics, computer science, and operations research.

In this paper, we consider three classical 3D packing problems. In all of these problems,
the input is a collection of (rectangular) cuboids (items), each specified by their height,
width, and depth. In the 3D Bin Packing (3D-BP) problem, the goal is to output a packing
of all the items using the minimum number of bins, where each bin is a unit cube. In the
3D Strip Packing (3D-SP) problem, we are given a three-dimensional strip having a 1 x 1
square base and unbounded height, and we have to pack all items minimizing the height
of the strip. Finally, in the Minimum Volume Bounding Box (3D-MVBB) problem, we seek
to obtain a cuboidal box of minimum volume that can accommodate all input items. In
all these problems, the items cannot be rotated about any axis, and they must be packed
non-overlappingly. Further, we assume that all items and bins/boxes are axis-aligned.

With the recent exponential growth in transportation and shipping, specially with the
advent of e-commerce and UAVs, these problems are receiving increasingly more attention.
For instance, in container ship loading, it is crucial to optimize the placement of cargo to
maximize space usage while minimizing the number of containers needed. In pallet loading,
manufacturers strive to stack goods on pallets in a way that maximizes storage capacity and
ensures secure transport. Further, in supply chain management, it is crucial to optimize
the arrangement of goods in storage to fit within the smallest possible space, reducing
storage costs and enhancing inventory accessibility. The survey by Ali, Ramos, Carravilla,
and Oliveira [3] provides a comprehensive overview of 3D packing, with more than two
hundred research articles. We refer readers to [22, 32, 45, 17, 53, 16, 38, 44, 48, 47] and
[26, 11, 4, 20, 56, 55] for important empirical procedures and heuristics to 3D-BP and 3D-SP,
respectively. There are also many practical programming competitions for these problems,
e.g., OPTIL 3D Bin Packing Challenge [2] and ICRA VMAC Palletization Competition [1].

In contrast to the above, the theoretical exploration of 3D packing has been significantly
limited due to its inherently complicated nature. All three considered problems are NP-
hard. In fact, 3D-BP and 3D-SP generalize several classical strongly NP-hard problems
in scheduling and packing, including (1D) bin packing, multiprocessor scheduling [43],
packing squares into squares [23], and packing cubes into cubes [46]. In this paper, we
study the absolute and asymptotic approximation algorithms for these problems. Given
an algorithm A for a minimization problem II, the absolute approzimation ratio of A is
defined as maxyez{A(I)/OPT(I)}, where Z is the set of all input instances for II, and
A(I),OPT(I) are the values of the solution provided by A and the optimal solution for

an input instance I, respectively. The asymptotic approzimation ratio (AAR) is defined

as: limsup maxjer {O%I()I) | OPT(I) = m}. A problem is said to admit an asymptotic
m— o0

polynomial-time approximation scheme (APTAS) if, for any £ > 0, there exists a polynomial-
time algorithm A, with AAR of (1 +¢€). 3D-BP and 3D-SP generalize 2D Bin Packing. Thus
they do not admit an APTAS, as 2D Bin Packing has an asymptotic approximation hardness
of 1+ 1/2196 [13]. Furthermore, even for squares, it is NP-hard to decide if a set of squares
can be packed in a single square bin or not [23] — thus giving an absolute approximation
hardness of 2 for 3D-BP and 3D-SP.

Two-dimensional variants of these problems have been extensively studied. For 2D-BP,
Harren, Jansen, Pridel, Schwarz, and van Stee [30] gave a tight absolute 2-approximation,
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and a line of work [12, 7, 35] culminated in an asymptotic 1.406-approximation due to Bansal
and Khan [10]. For 2D-sP, the asymptotic approximation regime is settled by the AFPTAS
due to Kenyon and Rémila [40]. However, the best-known absolute approximation ratio
for 2D-sp stands at (5/3 + ) [29] and there is a 3/2-hardness. In pseudopolynomial-time,
there is an almost tight (absolute) (5/4 4 ¢)-approximation algorithm [36, 31]. Finally, for
2D-MVBB, Bansal, Correa, Kenyon, and Sviridenko [8] gave a PTAS.

For 3D-BP, Csirik and van Vliet [18] gave an asymptotic approximation ratio of TS + & ~
4.836, where T, =~ 1.691 is the omnipresent Harmonic constant [41] in Bin Packing, and the
same ratio was achieved by Epstein and van Stee [21] by an online algorithm using bounded
space. This was later improved to T2 + & ~ 2.86 by Caprara [12], which stands as the
currently best-known asymptotic approximation ratio for 3D-BP.

For 3p-sp, Li and Cheng [43] demonstrated that simple heuristics such as NFDH or
FFDH for 2D packing [15] have unbounded AARs. Then they provided an algorithm that
returns a packing into a strip of height at most (13/4)OPTsp.sp + 8hmax, where OPTsp gp
denotes the optimal Strip Packing height, and hpax is the maximum height of an input
item. Afterwards, there has been a long line of work [43, 42, 52, 51, 37, 9] on the asymptotic
approximability of 3D-sp, culminating in a (3/2 + ¢)-approximation by Jansen and Pradel
[34]. However, all these improved asymptotic approximation algorithms incur huge additive
loss (more than 100).

The authors in [19] obtained an absolute approximation ratio of (29/4 + ¢) for 3D-
sp, and claimed it to be the best-known ratio for the problem. However, Li and Cheng
[43] had also designed an algorithm that returns a packing into a strip of height at most
(32/7)OPTsp.sp + 2hmax. This already gives a better absolute approximation ratio of 46/7
for 3p-sp. Since OPTj3p g is a lower bound on the minimum number of unit (cube) bins
needed to pack all items, an absolute c-approximation for 3D-sSp directly implies an absolute
(2| ] + 1)-approximation for 3D-BP — one can obtain bins by cutting a 3D-SP solution at
integral heights, followed by packing the items intersected by the cutting planes into additional
separate bins. Thus the 46/7-approximation for 3D-SP implies an absolute 13-approximation
for 3D-BP, which we believe to be the best-known approximation ratio for 3D-BP.

Finally, it is easy to obtain an absolute (1 + €)-approximation for 3D-MVBB from an
absolute a-approximation for 3D-sp. Applying this strategy to the claimed (29/4 + ¢)-
approximation algorithm for 3D-sp [19], Alt and Scharf [6] obtained a (29/4 + ¢)-absolute
approximation for 3D-MvBB. However, as mentioned before, the result of Li and Cheng [43]
can also be extended to a (46/7 + €)-approximation for 3D-MVBB.

There have been some improvements for special cases. For example, Bansal, Cor-
rea, Kenyon, and Sviridenko [8] provided an APTAS for d-dimensional bin packing with
d-dimensional cubes. Harren [28] gave APTAS for d-dimensional strip packing with d-
dimensional cubes when the base of the strip has a bounded aspect ratio. Jansen, Khan, Lira,
and Sreenivas [33] extended the APTAS to more general bases (not necessarily rectangular).

However, for general cuboids, there has been no progress on the absolute approximation
ratios for any of the three problems since 1990 [43] and for asymptotic approximation ratio
of 3D-BP since 2008 [12]. In [8], the authors mention the inherent difficulty in extending
results from 2D packing to 3D packing, due to the more complicated nature of interactions
between different types of items in three dimension. In fact, improved approximability of
d-dimensional geometric Bin Packing and Strip Packing, for d > 2, was listed as one of the
ten magor open problems in the survey on multidimensional packing [14].
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Table 1 Summary of results. WR denotes the case when 90° rotation around any axis is allowed.

Absolute Approximation Ratio Asymptotic Approximation Ratio
Problem
Previous Best Our Result Previous Best Our Result
3D-BP 13 [43] 6 (WR: 5) T2 46 <286 [12] | 3Tw0/24 ¢ < 2.54
3D-SP 46/7 ~ 6.58 [43] 6 3/2 + ¢ [34] -
3D-MVBB 46/7 + € [43, 6] 3+¢ 46/7 + € [43, 6] 1+e¢

1.1 Qur contribution

We present improved absolute approximation algorithms for 3D-BP, 3D-SP, and 3D-MVBB.
Further, we obtain improved asymptotic approximation algorithms for 3D-BP and 3D-MVBB.
Our results are summarized in Table 1.

First, we discuss our results on the absolute approximation algorithms. We show how a
packing in k£ bins can be transformed into 6k structured bins; following which, for constant k,
it is possible to find such a structured packing efficiently using a variant of the Generalized
Assignment Problem — giving us an absolute approximation ratio of 6. One interesting
idea is that we use an asymptotic approximation algorithm to obtain improved absolute
approximation. One of our key ingredients is the asymptotic approximation algorithm for
3D-sP by Jansen and Pridel [37], which provides a packing into height at most (3/2 +
€)OPT3p.p + € + Oc(1)hmax. 1 Thus, for a sufficiently small appropriate constant s, if
hmax < i, then we can actually pack all items into |3k/2] 4+ 1 bins, assuming there exists
a packing into k bins. So, we partition the items into four classes: L (large items: all
dimensions are greater than u), I, I, I (width, depth, height less than u, resp.). If an
item belongs to multiple classes, we assign them to any one arbitrarily. Now large items
can be packed in k bins by brute-force enumeration in polynomial-time (for constant k, ).
Each of the remaining three classes can be packed into [3k/2] + 1 bins. In total, we get
3([3k/2] + 1) + k < 7k bins.

To improve further, we pack large items together with some items from one of the three
classes. First, we observe that one of these classes has volume less than k/3. W.l.o.g. let us
assume it to be I;,. Now first we use a volume-based argument and use an algorithm from
[43] to show that we can pack all items in [, whose width or depth is less than 1/2. The
remaining items in Ij, have both width and depth exceeding 1/2. Next, we show that we
can guess the packing of large items and almost all items in 5, except a set of items with
small volume. However, with a refined and technical analysis, we finally show that even these
remaining items can be packed in the free regions of the six bins. For 3D-BP, this yields an
improvement over the previous bound of 13 [43].

» Theorem 1. There exists a polynomial-time 6-approximation algorithm for 3D-BP.

This directly implies an absolute (6 + ¢)-approximation for 3D-sP — guess the optimal
Strip Packing height within a (1 + ¢)-factor, then use appropriate scaling to apply the above
3D-BP result, and finally stack the obtained six bins. With a more careful analysis, we can
show there is some extra empty space in the strip and the resulting height is strictly below 6.

! The notation O.(f(n)) means that the implicit constant hidden in big-O notation can depend on e.
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» Theorem 2. There exists a small absolute constant p > 0, such that for any € > 0, there
is a polynomial-time (6 — p + &)-approxzimation algorithm for 3D-SP.

When the items can be rotated by 90° around any axis, the approximation ratio for
3D-BP improves to 5 with a more careful analysis.

» Theorem 3. There exists a polynomial-time 5-approximation for 3D-BP with rotations.

Another implication of our result is a (6 + ¢)-approximation for the 3D-MVBB problem,
using the connection between 3D-SP and 3D-MVBB [6]. However, we then use the power
of resource augmentation in 2D-BP to obtain an APTAS for 3D-SP when we are allowed
to use resource augmentation. With additional technical adaptations, we obtain a (3 + ¢)-
approximation for 3D-MVBB.

Furthermore, surprisingly, unlike 3D-BP and 3D-SP, we show that 3D-MVBB admits an
APTAS - settling the asymptotic approximability for the problem.

» Theorem 4. For any e > 0, there exists a polynomial-time (3 + €)-approximation algorithm
and an asymptotic polynomial-time approximation scheme for 3D-MVBB.

Finally, we turn our attention to the asymptotic approximability of 3D-BpP. Towards
this, we exploit connections between 3D-sP and 3D-BP. Let OPT3p.sp (1), OPT3p (1) be the
values of the optimal solution for Strip Packing and Bin Packing, for input I, respectively.
Then OPT3p_gp(I) < OPT3pp(), as the bins can be stacked on top of each other to provide
a feasible solution for Strip Packing. Thus, one can trivially obtain a (3 + €)-approximation
algorithm as follows. First, we obtain a packing in height (2 4+ €)OPTsp.p (1) + O-(1) using
[34]. We then can cut the strip into unit cube bins by cutting it at integral heights. All
items that are completely contained within heights [i,7 4 1) are packed in the (2¢ + 1)-th bin.
Remaining items that are cut by the z-y axis-aligned plane at height ¢ (these items form one
layer of items where each item has height at most hpyax < 1) are packed in (24)-th bin. This
would give us a packing into (3 + €)OPT3p.p(I) + O-(1) bins.

To improve beyond T2, our approach will be to find a packing such that the items that
are cut do not have large heights. Towards this, we use harmonic rounding [41], where the
function fi rounds up « € (1/k, 1] to nearest larger number of the form 1/¢ where ¢ € Z.
Thus, for a; € (1/(q+1),1/q], fx(as) :==1/q, for q € [k — 1]. Otherwise, fr(a;) := ;. It is
well-known [9] that, for any sequence oy, s, ..., an, with o; € (0,1] and Y | a; <1, for a
small enough ¢, we have > | f1/.(;) < Too + € ~ 1.691.

We first round the item heights in I using f;,. to obtain a new set of items /°° and
obtain a 3D Strip Packing of them using the algorithm by [37]. Let OPT2:,.(1°°) be
the optimal number of 1 x 1 x T.-sized bins needed to pack all items in I°°. Then, it is
easy to see that OPTspsp(I%°) < TooOPT2,.(I%°). 2 Then we have S30PTsp.r (1) <
%OPT?)TI{’BP(I ) < T2 OPT3p.4p(1). The last inequality follows from harmonic rounding.

Now we need to ensure that the tall items in I*° packed in the strip with height
%OPT 3p-sp(I°°) are not cut by the cutting planes at integral heights — we call this tall-
not-sliced property. A similar idea was used by Bansal, Han, Iwama, Sviridenko, and Zhang
[9] to obtain an alternate (T, + €)-approximation for 2D-BP. However, 3D packing is much
more involved. For this, we exploit the structural properties from the packing by [34]. First,
we show that the strip can be divided into O.(1) cuboids such that, for each cuboid, the
corresponding items packed inside are similar. Next, we show that we can pack almost all

2 For simplicity, we are ignoring the Oc(1) in the following discussion in this section.
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tall items in I of the same height (1/q for some ¢ € [k — 1]) at heights that are multiple of
1/q and incur only a small additive loss. This will ensure that none of these items are cut by
planes at integral heights. For items with big width and depth, we use a linear program to
assign items to the containers. For other items (except a small volume of them), the packing
is based on variants of the Next-Fit-Decreasing-Height (NFDH) algorithm [15]. Finally, we
show that we can pack the remaining items in the remaining free regions and an additional
Oc(1) bins. This provides an improved guarantee for 3D-BP after nearly two decades.

» Theorem 5. For any ¢ > 0, there exists a polynomial-time algorithm for 3D-BP with an
asymptotic approzimation ratio (3Tse /2 + €) & 2.54.

Organization of the paper. In Section 2, we present some preliminaries needed for our
results. Section 3 provides absolute approximation algorithms for 3D-BP and 3D-SP, and
we prove Theorems 1 and 2. Section 4 deals with the asymptotic approximation algorithm
for 3D-BP and establishes Theorem 5. In Section 5, we discuss results related to 3D-MVBB
and prove Theorem 4. Section 6 provides absolute approximation guarantee for 3D-BP with
rotation. Finally, Section 7 ends with a conclusion. Due to space constraints, most of the
details have been shifted to the full version of the paper [39].

1.2 Related work

For d > 3, Caprara [12] gave an algorithm with AAR of 74! for both d-dimensional Bin
Packing and Strip Packing. Sharma [54] gave T !-asymptotic approximation for these
two problems when the items can be orthogonally rotated about all or a subset of axes.
For 3D-MVBB, if the items are allowed to be rotated by 90 degrees about any axis, Alt
and Scharf [6] gave a 17.738-approximation. Another related problem is the 3D Knapsack
problem, in which each item additionally has an associated profit, and the goal is to obtain
a maximum profit packing inside a unit cube knapsack. The authors in [19] have given a
(7 4 e)-approximation algorithm. For other related problems, we refer the readers to the
surveys on approximation algorithms for multidimensional packing [5, 14].

2 Preliminaries

We define width, depth, and height along z,y, z axes, respectively. Let I be the given
set of n items, where each item i € I is an axis-aligned cuboid having height, width, and
depth equal to h;, w;, d;, respectively. Let Amax, Wmax, dmax € (0, 1] be the maximum height,
width, and depth of an item in I, respectively. Given a box B := [0, W] x [0, D] x [0, H],
if the (bottom-left-back corner of) item i is placed (by translation) at (z;,y;, 2;) then it
occupies the region: [z;,x; + w;] X [ys,y; + di] X [2i, z; + hi], and the packing is feasible if
x; € [0, W—w;],y; € [0, D—d;], z; € [0, H—h;]. In this placement, we define the top, right, and
back faces of item i to be [z;, x;+w;| X [ys, yi+di] x {zi+hi }, {@i+wi } ¥ [y, yi+di] ¥ [2i, zi+ il
and [x;, z; +w;] X {y; + di} X [z, z; + h;], respectively. Analogously, bottom, left, and front
faces are defined. Two items do not overlap if their interiors are disjoint. The volume of item
i is v(4) := h;w;d;. For any set T, let v(T') denote the total volume of items in 7. We define
OPTp(I) to be the value of the optimal solution for problem II on instance I.

2.1 Algorithms for 3D Packing

We now state three results on 3D packing that will be crucial for our results. The first two
of them give a volume-based guarantee.
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» Theorem 6 ([43]). Let T be a set of 3D items where each item has height bounded by Ryax.

1. All items in T can be packed into a strip with 1 x 1 base and height 4v(T) + 8hmax-

2. If further each item has either width or depth (or both) not exceeding 1/2, then all items
in T can be packed inside a strip with 1 x 1 base and height 3v0(T) 4+ 8hmax-

» Theorem 7 ([49]). Given a set of 8D items T, there is a polynomial-time algorithm that
places these items into at most 8v(T) 4+ O(1) bins.

The last result is regarding the asymptotic approximation of 3D-SP.

» Theorem 8 ([34]). Given a set of 3D items I where each item has height bounded by huax,
for any constant € > 0, there is a polynomial-time algorithm that returns a packing of I into
a strip of height at most (3/2 + €)OPT3p.5p(I) + & + Oc(1) hmax-

3  Absolute 6-approximation for 3D-BP

In this section, our goal is to prove Theorem 1. Let K > 0 be a large constant such that the

algorithm of Caprara [12] already yields an absolute 6-approximation when OPTj5p 5p > K.

Our goal is to obtain a 6-approximation for the case when OPT3p 5 < K. Let A = 1/40,
and § < A be a sufficiently small constant. The following lemma follows from a standard
shifting argument.

» Lemma 9. There exists a polynomial-time computable p < § such that the total volume of
the items that have at least one of the dimensions in the range (u*, u] is at most 4.

We classify the items depending on their dimensions: let L be the items whose height,
width and depth all exceed p (called large items), I;, be the items with height at most u*, I,
be the remaining items having width at most p* and I; be the remaining items with depth at
most . Finally, let '™ be the remaining items each having at least one of the dimensions in
the range (u?, u]. Note that v(I™*™) < § owing to Lemma 9. We further classify the items of
I™™ in a similar way — let ;™ C I™™ be the items with height at most p, I;y™ C I™™\ I}°™

be the remaining items with width at most p, and I}°™ = I™™ \ (I}°™ U ™).
In the remainder of the section, we prove the following result.

» Proposition 10. If there exists a packing of all items into k < K bins, then a packing
using at most 6k bins can be computed in polynomial-time.

For this, we first show the following lemma, which follows from a simple application of
Theorem 8 (see Figure 1 for an intuitive proof).

» Lemma 11. Let T be a set of items each having a height (analogously width, depth) of at
most 1, and suppose that there exists a packing of T into k < K bins. Then it is possible to
compute a packing of T using |3k/2| + 1 bins in polynomial-time. Further one of these bins
has an empty strip with 1 x 1 base and height (analogously width, depth) 1/2 — 4\.

We divide the proof of Proposition 10 into two cases depending on v(L).

3.1 Casel: v(L) > 646K

In this case, for some j € {h,w,d}, the total volume of the items in I; must not exceed
(k—640K)/3 < (1/3—216)k — w.l.o.g. assume that j = h. We first pack the items of I, UI:*™
and Iq U I®™ into |3k/2] + 1 bins each, using Lemma 11. Our goal next is to pack the items
of LU I, UI;°™ into 2k bins. To this end, we further classify the items of I;, depending on
their width and depth. Let I}, , := {i € I}, | w;,d; > 1/2} and let Ij, ¢ := Ij, \ I, . We first
pack the items of I}, s into k bins using the following lemma, by applying Theorem 6.
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1-ax

<«
-

Bin 3

Strip Packing

Figure 1 Packing from Lemma 11 (only the front view is shown for simplicity) for k¥ = 2. The
dark gray items are sliced while cutting out |3k/2]| + 1 bins from the Strip Packing solution. Finally,
sliced items are packed into the empty regions of the last bin.

Front view

Figure 2 The light gray items are items of L. The dark gray items are deleted in order to position
the upper large item at a multiple of u*.

» Lemma 12. The items of I s can be completely packed into k bins where each bin
additionally has an empty strip with 1 X 1 base and height 599.

Now consider the optimal packing inside k& bins restricted to the items of I, o U L. Our
goal is to compute a packing of all these items, barring a subset of items from I}, , that have
a total volume of at most O(u)k. For this, we first discretize the positions of the large items
inside the bins. We focus on the packing inside any one bin.

» Lemma 13. By discarding items of Iy, ¢, having a total volume of at most 21, the number
of distinct positions of the items of L can be assumed to be polynomially-bounded.

Proof. Let us start with the optimal packing inside & bins restricted to the items of I, o U L.
For discretizing the z- and y-positions, we push all items as much to the left and front
as possible. Then the distance of the left (resp. front) face of an item of L from the left
(resp. front) face of the bin can be written as the sum of the widths (resp. depths) of at most
1/ large items and at most one item of I}, ;. Thus there are polynomially-many choices.
In order to discretize the positions along the z-axis, we draw horizontal planes inside the
bin at heights as integral multiples of x* and consider the large items inside the bin from
bottom to top. For each i € L in the order of increasing height of their bases, we discard
items of Ij, ¢ in order to pull the item ¢ downwards, until the bottom face of ¢ hits one of
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@ Front view

Figure 3 The regions between two consecutive dotted lines correspond to slots.

the horizontal planes at heights multiples of u* or the top face of another large item lying
below i (see Figure 2). At the end of this process, it can be seen that the distance between
the bottom face of any large item and the base of the bin can be written as the sum of a
multiple of u* and the heights of at most 1/ items of L. The total volume of the discarded
items is bounded by (1/p%) - 2u* = 2u. <

We next draw horizontal planes passing through the top and bottom faces of each large
item and discard the items of I}, ¢ that are intersected by these planes. The volume of these
discarded items is bounded by (2/u?) - u* = 2u. This partitions the bin into at most 2/u3 + 1
slots, where each slot is penetrated from top to bottom by at most 1/u? large items (see
Figure 3). Note also that no large item begins or ends in the interior of a slot. Together
with Lemma 13, we thus have the following result.

» Lemma 14. There exists a subset I}’M C Iy with ’u(I,’M) > v(Ine) — 4pk such that the
items of I;L’é are completely packed inside the slots formed by the large items in the k bins.

Our algorithm essentially tries to compute a packing close to the one guaranteed by the
above lemma. As mentioned before, we obtain a packing into k bins of all items of L, and a
large volume subset of I, , that is packed inside the slots formed by the large items.

» Lemma 15. In polynomial-time, it is possible to compute a set I}/ , C I ¢ with v(I} ,) >
v(Ine) — 50k, and a packing of all items in I} , U L into k bins.

Proof. We first guess the positions (from polynomially many choices) of all the (at most

K /p?) large items inside the k bins, and create slots by extending their top and bottom faces.

Our goal is to pack a maximum volume subset of Ij, ; into these slots by creating an instance
of the Generalized Assignment Problem (GAP) with O(1) knapsacks, for which there exists
a PTAS [25] (see Section A.3 for details). Each slot corresponds to a knapsack with capacity
equal to the height of the slot. For an item i € I}, ¢, the size of i for a slot equals its height h;
if the item fits inside the slot, given the relative positions of the large items inside it, and oo
otherwise. The profit of an item is the same as its volume. By Lemma 14, the optimal packing
packs items of I, ¢ having a volume of at least v(I ¢) — 4uk. We apply the PTAS for GAP
with parameter §/K to our instance, yielding a packing of a subset I}/L/,e C I, into the slots
formed by the items of L, whose volume is least (1 —3/K)(v(Iy,e) —4pk) > v(I},) —50k. <

It remains to pack the items of Ij, ¢ \ I ;L’ ¢, and I;°™". Intuitively, they have a small volume,
and hence we can pack them into the empty regions inside the already-existing bins.

» Lemma 16. The items of Ih,é\li/{,e can be completely packed by using a height of 250 from
each of the empty regions inside the bins that were used to pack the items of Iy, s. Further,
the items in I]*™ can be packed within a height of 12§ inside one of the bins.
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Altogether, we used 2 - (|3k/2]| + 1) < 4k bins for packing items in I,, U I}?™ U Iq U I}*™
and 2k bins for packing the items of L U I}, U I;*™, resulting in at most 6k bins overall.

3.2 Case 2: v(L) < 646K

In this case, we first pack the items of Ij, U I}*™, I, U I;$™ and I; U I}®™ into |3k/2] + 1 bins
each, using Lemma 11 (note that these items have height, width and depth bounded by g,
respectively). Let By, By, Bgq be the bins having empty strips of height, width, and depth
1/2 — 4\, respectively, that are guaranteed by Lemma 11. Intuitively, since the large items
have a very small volume, they can be completely packed inside these empty strips.

» Lemma 17. The items in L can be completely packed inside three strips, each having a
1 x 1 base aligned with the xy-, yz- and zx-planes, respectively. The strips have height, width,
and depth of 33\, respectively, and therefore they fit inside the bins By, By, and Bg.

Overall, we obtain a packing into 3 - (|3k/2]| + 1) < 6k bins, establishing Proposition 10.

Overall algorithm. We first run the algorithm of Caprara [12] that already returns a 6-
approximate solution when OPT3, 5 > K. Next, for each guessed value of OPT3p pp = &k <
K, we run the algorithm of Proposition 10. For this, we first compute a value of p using
Lemma 9 and classify the items as discussed. Next, we divide into two cases depending on
the volume of the large items. If v(L) > 640K, we find j € {h,w,d} for which the volume
of the items in I; does not exceed (1/3 — 219)k; w.l.o.g we take j = h. We pack the items
of I, U™ and Iy U I'™ into |3k/2| + 1 bins each using Lemma 11. We classify items
of I}, into I, » and I} s depending on their width and depth, and obtain a packing of I, s
into k bins, ensuring each of these bins has an empty strip of height 596. Next we compute
aset Iy, C Iny such that v(In e\ I} ,) < 50k, and pack the items of I} , U L into k bins
via a reduction to the Generalized Assignment Problem (Lemma 15). Finally, the items in
(Ine \ 1}, y) U I} are packed into the empty spaces inside the bins for I}, 5 using Lemma 16.
For the other case when v(L) < 640K, we pack items in I, U I;*™, I, U '™ and I; U I}™
into [3k/2| + 1 bins each, using Lemma 11, ensuring one of the bins has a sufficiently large
empty strip, and then pack items of L inside these empty strips using Lemma 17.

3.3 Implication on 3D-SP

We now establish Theorem 2. We use the following observation from our 3D-BP algorithm.

» Lemma 18. If there exists a packing of all items into a single bin, then it is possible to
compute a packing into 6 bins in polynomial-time, where one of the bins is filled up to a
height of at most 1 — 220.

Consider now the optimal Strip Packing of the input instance. Since the height of this
packing must lie in [Ampax, Phmax]|, we can assume the optimal height to be of the form
huax(1+€)7, by losing only a factor of 1+¢. We scale the height of each item by the guessed
height so that all items now fit inside a 1 x 1 x 1 bin. Using Lemma 18, we compute a
packing into 6 bins and stack these bins one on top of the other along the height, so that the
resulting height of the packing is at most 6 — 224. This establishes Theorem 2 with p = 224.

The above result holds for the case when the strip is unbounded along the z-axis. If
instead the strip could be extended along any of the x-, y- or z-axes and the goal were to

minimize the length of the strip along that direction, then we improve further.
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» Lemma 19. If there exists a packing of all items into a single bin, then for any e > 0,
it is possible to compute a packing into 6 bins in polynomial-time, where one of the bins is
filled up to a length (height/width/depth) of at most 1/2+ O(e).

W.l.o.g. assume that one of the bins is filled up to height 1/2 4+ O(e). Thus, stacking the
bins along the z-axis would be of height at most 11/2 + O(g), implying the following result.

» Corollary 20. For any e > 0, there exists a polynomial-time (11/2 + €)-approzimation for
3D-SP, if the strip can be extended along any of the x-, y- or z-axes.

4 Asymptotic (% - T., + €)-approximation for 3D-BP

In this section, we prove Theorem 5 and present an improved asymptotic approximation
algorithm for 3D-BP. We will utilize ideas from the algorithm for 3D-Sp by Jansen and
Pradel [34] which packs I into strip height of (3/2 4 ¢) - OPT3psp(I) + Oc(1)hpax. As
mentioned earlier, the naive approach of cutting the strip at integral height will result in
(3 + ¢)-approximation. Instead, we exploit the structural properties of the solution provided
by the algorithm, along with the harmonically rounded heights of the items, to ensure that
items with a height larger than ¢ are not sliced.

Recall the definition of harmonic rounding: For «; € (1/(¢ + 1),1/q], fx(ay) =
1/q, for ¢ € [k — 1]; and for «; € (0,1/k], f(as) = ;. Also, if > oy < 1, then
limg oo Yoy fr(ay) < Too = 1.691. In the following, we assume k = 1/e to be large enough
such that 7" | J17e(qi) = T, and define f; /. to be f. See Section A.1 for more details on
harmonic rounding.

Let I*° be the instance derived from the given 3D-BP instance I by applying harmonic
rounding f to the heights of the items. Thus an item ¢ € I becomes an item of I°° with
width, depth, height to be w;, d;, f(h;), respectively. Let OPT22,.(I°°) denote the minimum
number of bins with dimensions 1 x 1 x Ty, required to pack all items from I°°, and let
OPT;3p.6p(I°°) denote the minimum height to pack all items from 7°° into a strip with unit
square base and unbounded height. The following lemma connects packing of I°° with I:
» Lemma 21. OPT;3, (1) < T - OPTZ= (I*°) < Too - OPT3pp(1).

3D-BP

We transform the instance I°° for 3D-SP into an instance for 2D-BP, similar to [34], which

then uses structural results from a 2D-BP algorithm [35]. Given e, we round up the item

heights of I*° to the next multiple of U%)  We create an instance Iopgp of 2D-BP, by

n
introducing for each item i € I*° with rounded height k%, exactly k rectangles with

width w; and depth d;. The following lemma bounds the incurred loss.

> Lemma 22. S0P, (1o 50) < (14 €)OPTyp50(1%).

4.1 Essentials of the 2D-BP algorithm

The main ingredient for the 2D-BP algorithm by Jansen and Prédel [35] is a restructuring

theorem. It states that each packing can be rearranged into packing with an iterable structure.

This rearrangement comes at the cost of introducing more bins to the packing.

First, the items are classified into big, vertical, horizontal, intermediate, and tiny based
on a suitably chosen constant § € [e9<(1) ¢]. Let p = §*. An item i is big if w; > § and
d; > §; vertical if d; > 6 but w; < p; horizontal if w; > § but d; < w; tiny if d; < p and
w; < p; and intermediate if either w; € [, d) or d; € [u,d). Using standard arguments, we
can assume that the area of intermediate items is at most ¢ - area(I).
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Figure 4 Left figure depicts a 2D-container-packing, which forms the base of a 3D configuration.
Middle figure shows two 3D containers corresponding to two containers (one big and one horizontal)
in 2D-container-packing. On the right, the packing ensuring the tall-not-sliced property is shown.
The light gray rectangles are repacked into additional bins.

Jansen and Pridel [35] showed the existence of a structured packing called 2D-container-
packing. In 2D-container-packing, one can consider a rounded-up instance I from Iop gp,
where the widths and depths of big items, widths of horizontal items, and depths of vertical
items from Ioppp are rounded to O(1/62) values. Let T, W, D be the set of different types of
(rounded) large items, widths of wide items, and depths of vertical items in I, respectively.
Then |T] is O(1/§%), and |W|, |D| are O(1/62). Furthermore, vertical items are allowed to
be sliced along y-axis, horizontal items may be sliced along x-axis, and tiny items may be
sliced in both directions. In 2D-container-packing, each bin of the packing is partitioned
into at most O(1/8%) containers and the widths and depths of containers come from O(1/§%)
possible values, see Figure 4. The containers are of five types, and only specific types of
items from I are allowed to be packed in the corresponding containers: (i) Big container:
Each such container contains only one (rounded up) big item and has the size of this big
item. Each bin contains at most 1/62 such containers. (ii) Horizontal containers: each
such container has a width w € W and a depth that is a multiple of %, and contains only
horizontal items with rounded width w. Each line along the y-axis (depth) through the
bin intersects at most O(1/6%) horizontal containers. (iii) Vertical containers: each such
container has a depth d € D, a height that is a multiple of §%, and contains only vertical
items with rounded depth d. Each line along the z-axis (width) through the bin intersects
at most O(1/6%) vertical containers. (iv) Tiny containers: Contains only tiny items and
have a width and depth that is a multiple of §*. Each bin contains at most O(1/83) of these
containers. (v) Intermediate containers: These containers contain only intermediate items.
There will be an extra O(e)OPTyp_sp bins reserved separately to pack the intermediate items.

Let OPTS, ,.(I) be the optimal 2D-container-packing for I. Jansen and Pridel [35]

2D-BP
showed the existence of a good 2D-container-packing.
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» Theorem 23 ([35]). There exists a rounded up instance I from Iappp such that the
following holds: OPTS, ,.(I) < (2 + O(e))OPT o pp(I) + Oc(1). Further, I is one of n%=()
possible roundings for the items Iop.pp, and given a subset I' C I, it is possible to decide in

O(n) + O (1) time if this set fits into a 2D-container-packing consisting of one bin.

A 2D-bin configuration C € NITIHIPIHIWIHL s 5 vector that specifies a set of items that
can be placed into one bin of a 2D-container-packing. This vector specifies for each big item
type t € T, the number n(t,C) of items of this type in the container; for each horizontal item
width w € W, the number D(w, C) where the total depth of containers for these items is
D(w, C)-§%; for each vertical item depth d € D, the number V (d, C) where the total width of
containers for these items is V (d, C') - 6*; and for tiny items, the number S(C) where the total
area of containers for tiny items is S(C) - §%. Let C be the set of all 2D-bin configurations.
Then |C| is O(1) as the sum of entries has an upper bound of O(1/6%). By Theorem 23, we
can verify in polynomial-time if a given vector translates to a configuration C.

To find a 2D-container-packing, the algorithm from [35] utilizes an integer program, to
find OPTS, .. (I). However, for our purposes, the linear programming (LP) relaxation of this
program is sufficient. For each big item type t € T, let n; denote the number of items with
this type. Similarly, let V; denote the total width of vertical items with rounded depth d € D,
and D,, denote the total depth of horizontal items with rounded width w € W. Further, let
Sarea denote the total area of tiny items in I. We introduce variables z¢ that denote for each
configuration C' € C, the amount of this configuration in the solution, e.g., if xo = 2.7, the
configuration C' appears 2.7 times in the optimal LP solution. The LP is defined as follows.

min Z To s.t. Z D(w, 0)54xc > D, Yw e W
cec cec
Z n(t, C)ZCC > ny VieT Z S(C)égmc‘ > Sarea
cec cec
Y V(d,C)*ec>Vy  VdeD o >0 vCecC

cec

Let OPT%Y  (I) denote the optimal solution for the LP. A basic solution to this LP uses

2D-BP
only O.(1) different configurations, as there are only O (1) types of containers in total.

» Lemma 24. OPTLY, (1) < OPTS, ,.(I) and in n®MY) time a basic solution x with

Y cecTc = OPTLY (1) can be found.

Combining all the transformation steps (Lemma 21, Lemma 22, Theorem 23, and
Lemma 24) to the 3D-BP instance I results in Corollary 25.

» Corollary 25. =UZJOPTEY (1) < ((3/2) + O(£))OPT3p5p(I%°) + O (1) < ((3/2)Tw +
0(2))OPTs3p5p(I) + O<(1).

4.2 The algorithm for 3D-BP

In this subsection, we describe how the items are filled into the bins when a solution to
the configuration LP is given. An overview of the complete algorithm can be found in
Algorithm 1. For each 2D configuration C' with x¢ > 0, we create a 3D configuration of
height z¢ - solivw) whose base is identical to C. From Corollary 25, the sum of the heights

n 9

of these configurations is at most (3/2 + O(g))OPT3p.sp(1°) 4+ Oc(1). The 2D containers of
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Algorithm 1 Asymptotic ((3/2)T + €)-approximation for 3D-BP with input / and € > 0.

1. Create I*° by harmonically rounding the item heights of I.
2. Create I gp after rounding the heights of the items in 7°° to multiples of @
3. for Each feasible rounding fof the items Iop_pp do
x < basic solution of the configuration LP corresponding to I.
L Place I°° into 3D containers corresponding to x as discussed in Section 4.2.

4. return the packing that uses the minimum number of bins.

C raised by the corresponding height of the configuration will be referred to as 3D containers,
and will be denoted by the same type as the corresponding 2D containers. Our goal is to pack
the items of I*° into these 3D containers while ensuring the tall-not-sliced property. We shall
call the items with a rounded height larger than ¢ as tall, and the remaining items as short.
The classification of items into big, vertical, horizontal, tiny, and intermediate depending to
the dimensions of their top faces, as defined in the previous subsection continues to hold.

Placing big items. The different slices of a 3D big item might be rounded differently by
the 2D-BP algorithm. However, using a linear program we can assign almost all 3D big items
into the 3D big containers, without violating the container heights.

» Lemma 26. In polynomial-time, it is possible to compute an assignment of all but O (1) big
items into the 3D big containers, such that for each 3D big container, stacking the assigned
items along the height does not exceed the height of the container.

The O.(1) unassigned big items will be packed using O.(1) additional bins. We now pack
the big items assigned to a container, while ensuring the tall-not-sliced property. Assume
that the base of the container is aligned with the zy-plane at height 0. We sort the tall items
in non-increasing order of their heights, and stack the items of height 1/q (where ¢ € [1/¢])
one above the other, starting at the next available z-coordinate that is a multiple of 1/q.
Following this, we stack the short items in an arbitrary order above the tall items. Then it is
easy to see that the gaps between the tall items sum up to at most > ;. 1/¢ = O(log(1/¢)),
and therefore by increasing the height of the container by O(log(1/¢)), we can pack all the
assigned big items ensuring tall-not-sliced property.

Placing horizontal items. FEach 3D horizontal container is packed with horizontal items
whose rounded width matches the container’s width. To ensure that all horizontal items
are packed, the container height is increased by O(log(1/¢)), and the depth is extended by
d*. Since the container’s width is exactly the item width, we simplify the placement by
considering only the yz-plane, i.e., the right face of the container/items (see Figure 4). These
2D objects are then packed using a variant of the NFDH algorithm: shelves containing an item
of height 1/q > ¢ are positioned at z-coordinates that are multiples of 1/¢. As a consequence,
shelves containing a tall item never overlap an integer height. The total gaps between
shelves sum to O(log(1/¢)). Given the large enough height increase of O(log(1/¢)), standard
analysis of the NFDH algorithm ensures that all horizontal items fit into the containers
(see Section A.2). Finally, the depth extension of the containers has to be reverted. Items
that are (partly) placed inside the extended depth are repacked into O(6)OPT3p gp + O (1)
containers by leveraging the fact that each line parallel to the y-axis intersects at most 1/§°
horizontal containers, and each horizontal item has a depth of at most §%.
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» Lemma 27. Enlarging the height of the 3D horizontal containers by O(log(1/¢)) allows
all horizontal items to be placed into their containers and at most O(§)OPTsp5p + O (1)
additional bins while maintaining the tall-not-sliced property.

The vertical items are packed analogously into the 3D vertical containers. The tiny items
are packed using a variant of NFDH into the 3D tiny containers and few additional bins.

» Lemma 28. By enlarging the 3D tiny containers by O(log(1/¢)) along the height, it is
possible to compute a packing of a subset of the tiny items ensuring the tall-not-sliced property.
The remaining tiny items can be packed into O(e)OPTsp.pp + O-(1) additional bins.

We use Theorem 7 to place the medium items into O(e)OPT;, 5p + O(1) additional bins,
as they have a volume of at most O(¢)OPTop_gp - @ < O(e)OPT3p.pp(I). Note that the
heights of all the 3D containers were extended by O(log(1/¢)) in order to obtain a tall-not-
sliced packing. Since the number of configurations was O (1), the height of the packing only
increases by O(1). Let H be the height of the stacked extended 3D-configurations returned
by the algorithm. We create bins by cutting this packing at integer heights. The items sliced
by this process all have a height of at most ¢, and, hence, we can pack items sliced at 1/e
heights inside a single bin. Together with the O(¢)OPT;5p p + O (1) additional bins used for
packing the big, horizontal, vertical and tiny items, the number of bins needed is at most
(I14+e)H +0(e)OPT3ppp + O:(1) < (3/24 O(e))OPT5p.5p(I°) 4+ O(e)OPT3ppp + O (1) <
(3T /2 + O(e))OPT3p pp + O (1), establishing Theorem 5.

5 Algorithms for 3D-MVBB

In this section, we establish Theorem 4. Note that by the discussion in Section 3, Corollary 20
already implies an absolute approximation ratio of 11/2 + ¢ for 3D-MVBB, improving on the
result of [43]. We now improve the approximation factor to (3 + ¢). First, as previously
described, we guess the dimensions of the optimal bounding box within factors of 1 4 ¢, and
then scale the dimensions of each item by the corresponding (guessed) dimensions of the
bounding box, so that all items now fit inside a 1 x 1 x 1 bin.

Absolute approximation. We compute a value of p such that the volume of the (scaled)
items that have at least one of the dimensions in the range (u°, u] is bounded by ¢, and
classify the items into L, Iy, I,,, I4, and I"*™ as in Section 3. The items in ™™ are further
classified into the sets I;*™, I'*™, and I}®™ which can be packed into strips of thickness O(¢)

using the following lemma.

» Lemma 29. The items of I]™ (resp. I[¢™, I7°™) can be packed inside a strip with 1 x 1
base and height (resp. width, depth) at most 12¢.

We now consider the packing of the items in L U I, and obtain the following result.

» Proposition 30. In polynomial-time, we can compute a packing of L U I, inside a cubic
bin of side length 1+ O(e).

The main idea behind the above result is to use Strip Packing with resource augmentation
— if the width and depth of the strip are extended by a factor of 1+ O(e), we can use a result
of Bansal et al. [8] for 2D-BP, which returns a packing into the optimal number of bins where
the sides of each bin are extended by a factor of 14+ O(e). For this, we first discretize and
guess the positions of all items in L (at most O, (1)) inside the bin, and then obtain a set of
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O(1/u*) 3D configurations that respect the positions of the items of L, into which items of
I, are packed fractionally. Finally, using the techniques described in Section 4, we can obtain
an integral packing of I by increasing the height of each configuration by the maximum
height £5. This results in an overall increase in height of 18- O(1/u*) = O(u?) < e.

Proposition 30 also directly yields packings of I, and I; into bins of size 1 + O(g).
Together with Lemma 29, we obtain a packing of all input items into a bounding box of
volume 3 + O(g), establishing the absolute approximation guarantee of Theorem 4.

APTAS. In order to obtain an APTAS for 3D-MVBB, we notice that the technique described
above yields an APTAS for 3D-sP when the base of the strip can be augmented by €. We
run this Strip Packing algorithm with the base of the strip aligned along the xy-, yz- and
zx-planes, respectively, thus obtaining three bounding boxes, and return the one with the
minimum volume. We show in the full version [39] that this gives an APTAS.

6 3D-BP with rotations

In this section, we present a 5-approximation for 3D-BP when the items are allowed to be
rotated by 90° about any axis (Theorem 3).

Proof of Theorem 3. The work of Sharma [54] gave a (T2, + ¢)-asymptotic approximation
for 3D-BP with rotations, building on the algorithm of Caprara [12]. Let K be a large
constant so that the algorithm of Sharma gives an absolute approximation ratio of 5 when
OPT3ppp > K. From now on, we assume OPT3, 5 = k < K, and that we have correctly
guessed the value of k. Our goal is to obtain a packing of all items using at most 5k bins.
Define p = ﬁ and let L be the items having all dimensions exceeding p, which we will
refer to as the large items from now on.

We create 4k groups of items from I\ L, where each group has a volume of at most 1/4—2pu.
Each such group can be packed into a single bin using Theorem 6 since 4(1/4 — 2u) + 8y = 1.
If all items of I\ L are already packed, we pack the items of L into an additional &k bins by
brute-force enumeration, thus obtaining a packing of I into 5k bins, and are done. Otherwise,
since the volume of each item in I\ L is bounded by pu, the volume of the items packed
into each bin is at least 1/4 — 3u, and we have packed a volume of at least (1 — 12u)k.
Let T denote the set of unpacked items of I \ L. Note that since OPT3p pp = k, we have
v(LUT) < 12uk.

> Claim 31. One of the dimensions of each item of L does not exceed 1/12.

Proof. Since v(L) < 12uk < 1/123, every large item must have a side of length at most 1/12.
<

We orient each large item so that its height is at most 1/12. Using Theorem 6, the
large items can be packed inside a strip with 1 x 1 base and height 4 - 12uk + 8/12 < 3/4.
Finally, the items of T are also packed in a strip of height at most 4 - 12uk + 8 < 1/4 using
Theorem 6. Thus the items in L UT can all be packed inside a single bin. Overall, we obtain
a packing of I into 4k + 1 < 5k bins, and are done. |

7 Conclusion

We obtained improved approximation for 3D-BP, 3D-SP, 3D-MVBB. Our framework is quite
general and should extend to other cases. E.g., for the case with rotations, we expect
that our techniques should be easily extendable to provide similar asymptotic guarantees.
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We also expect that the asymptotic approximation algorithm for 3D-BP should extend to
d-dimensions (d > 3) and provide a 379 2/2-approximation. The existence of a PTAS (or
hardness) for 3D-MVBB is still open. It is also interesting to obtain improved guarantees in

pseudopolynomial-time (when the input numeric data is polynomially bounded in n).
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A Tools and techniques

A.1 Harmonic transformation

Lee and Lee [41] introduced harmonic transformation in the context of online bin packing.
The harmonic transformation with parameter % is defined by the following function fj:
For o; € (1/(q+1),1/q), fr(ew) :=1/q, for q € [k —1]. Otherwise, fi(c;) == 7.
Intuitively, the function f rounds up «; € (1/k, 1] to the nearest larger number of the form
1/q where ¢q € Z.

Now we define harmonic constant To. Let ¢; := 1 and t,41 = t;(t; + 1) for i € Z>o. The
sequence t; + 1 is also known as Sylvester’s sequence (where each term is the product of
the previous terms, plus one). Let m(k) be the integer such that ¢,,(x) < k <p,(x)41. Now

T}, is defined as Z;n:(]f) ti + W—%’ and T := limp o0 Tg. Thus Tow = Z?i1 % =

14§+ § + -~ 1.69103. Note that Ty, < Too + iy-

Lee and Lee [41] showed that that, for any sequence a1, as, ..., ap, with a; € (0,1] and
Yo o <1, we have Y i | fr(a;) < Tj. In fact, limyyoo Y ry frlas) < Too = 1.691.

In fact, Bansal, Han, Iwama, Sviridenko, and Zhang [9] showed the above inequality is

true even if we define fi(a;) := «; for a; < 1/k.

A.2 Next-Fit-Decresing-Height (NFDH)

The Next-Fit-Decreasing-Height (NFDH) algorithm is a shelf-based approach for packing 2D
items into a strip of fixed width w. Given a set of items I, the algorithm first sorts them in
decreasing order of height. It then places the items sequentially from left to right on the
floor of the strip (or the current shelf) until the next item no longer fits, i.e., adding the next
item would cause the total width of items on the shelf to exceed w. At this point, a new
shelf is created by drawing a horizontal line at the height of the tallest item on the current
shelf. The process then continues on the new shelf, following the same placement rule, until
all items have been packed. For more details on the algorithm, we refer to [15, 14].

» Lemma 32 ([15]). Given a 2D rectangular box of height h and width w, and a set of 2D
items with maximum height hmax and mazimum width Wmax, it s possible to place any subset
of items with a total area of at most (h — hmax)(W — Wmax), nto the box using NFDH.

A.3 Generalized Assignment Problem (GAP)

In the Generalized Assignment Problem, we are given a set of k knapsacks each with an
associated capacity {c;};e[, and a set of n items, where each item i € [n] has size s;; and
profit p;; for knapsack j. The goal is to obtain a maximum-profitable packing of a subset
of the items into the knapsacks, that respects the knapsack capacities, i.e., the total size of
the items packed inside each knapsack do not exceed the capacity of the knapsack. For the
general case of GAP, there is a tight (-5
case when k = O(1), there exists a PTAS.

+ ¢)-approximation [24]. However for the special

» Theorem 33 ([25]). For any ¢ > 0, there is an algorithm for GAP with k knapsacks
running in nOk/e%) time, that returns a packing of profit at least (1 — )OPT.
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