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ARTICLE INFO ABSTRACT

Keywords: Digitalization in chemical engineering enhances data accessibility and allows leveraging advancements in
Neural ODE machine learning to develop predictive reactor models. Nevertheless, purely data-driven machine learning
Conservation laws models lack fundamental physical and chemical principles, thereby limiting their interpretability and general-

Physics-regularization
Pre-training
Design of experiments

ization capabilities. Adhering to the principles of scientific machine learning, the integration of fundamental
constraints can overcome these limitations. In this study, we propose incorporating conservation laws as a
soft constraint in the reactor model. These laws, which are not known a priori, are automatically discovered
from data and integrated with neural ODEs. By assessing the null space of the dependent variables within the
datasets, these laws are identified, thereby enhancing model generalization. The findings show that embedding
physics-regularization not only improves generalization, especially when data is scarce, but also enhances
robustness. Furthermore, we demonstrate that when sampling fails to capture key dynamics, the model can still
accurately predict the evolution of individual species concentrations. This finding suggests that information loss
resulting from inadequate sampling can be effectively mitigated by using the proposed method. By introducing
noise into the training and validation datasets, we show that the methodology remains robust and consistently
outperforms benchmarks across all different levels of noise studied. In data-rich scenarios where generalization
is less of a concern, pre-training the model reduces the total computational time by 68 percent. Thus, the
implementation of suitable strategies for reactor modeling can significantly improve accuracy, robustness, and
computational efficiency.

1. Introduction . .
about the structure of the rate law. This further motivates the use of

alternative methods if such information is not available a priori. One
such methodology is to use methods from deep learning [6] by utilizing
neural networks, which are known to be universal approximators [7-
10]. More recently, neural networks have been applied to scientific
problems which has introduced the subfield of scientific machine
learning [11], which seeks to use machine learning methodologies in
conjunction with scientific data [12-14].

Recent publications have proposed novel approaches to scientific
machine learning such as physics-informed neural networks (PINNSs)
[15,16], universal differential equations (UDEs) [17] and neural or-
dinary differential equations (neural ODEs) [18]. PINNs utilize both
observed data and the governing equations, embedding both of them
into the loss function. Forward PINNs are useful for problems and do-
mains where the governing equations are known in their entirety, and
therefore the applicability of forward PINNs are limited to problems
where structural discovery is important. A UDE is characterized by

Mechanistic approaches have proven to be useful and successful
in the context of modeling chemical reactors [1-3]. Nonetheless, a
limitation of mechanistic approaches lies in the necessity that they
require full mathematical description of the physico-chemical phe-
nomena eg. kinetics, hydrodynamics, dispersion, mass transport, heat
transfer, thermodynamics, etc. In certain scenarios, chemical reactions
that take place are highly complex and non-elementary with several
non-idealities such as axial dispersion, dead zones, catalyst deactiva-
tion or mass transfer limitations. Consequently, formulating a precise
representation of the chemical reactor exclusively through mecha-
nistic modeling proves to be inherently challenging and, in certain
instances, virtually infeasible. Additionally, limitations such as lack of
flexibility and expensive computations have led to the consideration
of alternative methods [4]. An alternative to mechanistic modeling
is using a data-driven approach. Data-driven methods, such as non-
linear regression [5] have limitations as they rely on assumptions
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certain terms of the governing equation that are unknown, where the
unknown terms can be approximated with a surrogate model such as a
neural network, thus, integrating the governing equation with a neural
network. A neural ODE approximates the entire system dynamics,
i.e. right-hand side of the governing equation, as shown in Eq. (1). Here
the right-hand side is approximated by a neural network, NN, which is
a function of its network parameters 6 and the state variables y, where
i is the index for a given state variable
D2 NN 050, W
Neural ODEs are capable of capturing continuous dynamics from
solely ground truth temporal data and are therefore suitable for mod-
eling continuous-time dynamics with observed data that have arbitrary
measurements with respect to time. Thus, it can thoroughly recreate
certain features such as curvature. Neural ODEs have been successfully
applied to various chemical systems. For instance, Kim et al. [19]
explored their use in modeling stiff chemical reaction systems, in-
cluding Robertson’s problem and a complex air pollution scenario in
atmospheric chemistry. Additionally, Yin et al. [20] developed a gener-
alized reactor model utilizing neural ODEs to predict chemical kinetics
and residence-time distributions, thereby extending their application to
non-ideal reactors. In another study, Fedorov et al. [21] demonstrated
that incorporating mechanistic information, such as thermodynamic
and kinetic data, into a neural ODE reduces the need for extensive ob-
served data, highlighting the efficiency of integrating domain-specific
knowledge. Neural ODEs have also been applied in mechanistic param-
eter estimation [22], optimization of kinetic parameters [23], industrial
chemical applications [24], learning kinetic models with embedded
thermodynamic and stoichiometric knowledge [25] and lastly, discov-
ery of reaction pathways using a chemical reaction neural network
(CRNN) [26].

1.1. Data-poor regime

Conducting experiments in chemistry can be costly due to various
factors such as expensive catalysts, the use of scarcely available reac-
tants, energy consumption, and the need for advanced instrumentation.
This scenario motivates decreasing the number of experiments con-
ducted by structurally employing statistical experimental design to gain
maximum meaningful insights into the system’s behavior. Moreover,
if this is coupled with poor sampling, which could lead to scarce
data, then using solely a data-driven approach for this problem could
lead to difficulties obtaining a model with strong generalization capa-
bilities. This encourages integrating mechanistic knowledge into the
model such as a hybrid model [27,28]. By combining the two mod-
eling methodologies, it is possible to leverage the strong predictive
capabilities of neural networks and inducing prior structures from
mechanistic understanding to constrain the parameter space of the
neural network. This can be achieved by incorporating conservation
laws into the model, for example by embedding the conservation laws
into the loss function. Nevertheless, if the conservation laws are not
explicitly known, then the conservation laws must be discovered. Re-
lated works [29] have used sparse identification of non-linear dynamics
(SINDy) in conjunction with Koopman eigenfunctions to discover non-
linear conservation laws. To achieve this, the authors had set up a
library of candidate basis functions and computed the null space of
the directional derivatives using singular value decomposition (SVD)
to obtain the conservation laws. While a chemical reactor is charac-
terized by a system of non-linear differential equations, the solution
of dependent variables allows the identification of how conservation
of mass persists in each instance of time. Identification of the null
space using SVD allows the separation of noise from the underlying
conservation to enforce this during training of the neural network in
the neural ODE. The discovery of mass balances using SVD has been
studied, however only in the context of determining phase proportions
in minerals [30]. Doppel and Votsmeier [31] implemented a CRNN
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and used a molecular matrix to extract atom balance laws. Neverthe-
less, extracting conservation laws from the molecular matrix requires
a priori information regarding the chemical formula of most of the
species involved in the reactions. Limitations such as signal complexity,
complex and large compounds or poor ionization efficiency may lead
to difficulties having access to a molecular matrix which encourages
the consideration of alternative methods for extracting information re-
garding the conservation laws. This work aims to discover formulations
for the conservation of mass in the context of temporal data, which
is omnipresent in experiments with batch reactors. It is reasonable to
assume that the discovered formulation for the conservation of mass
can be used as a form of constraint, which in theory should decrease the
reliance on significant amounts of training data. Related works [32-34]
have applied a hard and soft constraint, however the authors assumed
prior knowledge such as chemical formulas of the individual species.
Other related works [35] have used both a hard and soft constraint with
a priori knowledge of the conservation laws that were applied. Using
mechanistic information as soft constraints resembles a PINN, however
our proposed method aims to discover the employed constraints unlike
a forward PINN, where such knowledge is commonly known a priori.
In this work, we propose a strategy to efficiently train neural ODEs
using scarcely available data. We discover formulations for the conser-
vation of mass for a given chemical system using a limited amount of
data and without making any prior assumptions regarding the structure
of the system dynamics or about the chemical formula of the individual
species. The discovered formulations for the conservation of mass are
thereafter used as soft constraints in the form of physics-regularization
for training the neural ODE. To the best of our knowledge, using
discovered formulations for the conservation of mass without any a
priori information as a form of soft regularization has not been previ-
ously studied. Lastly, our proposed method will also be evaluated with
deteriorating quality of training data by introducing Gaussian noise.

1.2. Data-rich regime

Backpropagation is employed to iteratively update the neural net-
work parameters during training. The bottleneck of this approach is
that backpropagation will be a function of the ODE solver. Namely,
Eq. (2) has to be solved for each iteration and backpropagation is
performed through the ODE solver:

!
(1) =y (1) +/ NN, y(0))dt
To

= ODESolve (y(ty), N N, 19,1,,6) .

(2)

For complex systems with many variables and initial conditions,
this can be computationally cumbersome. An alternative would be train
the universal approximator with the input and output combination of

Vis % . This method was implemented by Roesch et al. [36], where
collocation-based training was employed. In this approach, the neural
network is trained utilizing the numerical derivatives of the dependent
variables. This method thus circumvents the need for an ODE solver.
In Goyal and Benner [37], a variant of collocation-based training was
used for improved robustness. Furthermore collocation-based training
has been demonstrated as a pre-training approach [38]. The study also
investigated the theoretical time complexity when using pre-training.
The works mentioned regarding collocation-based training have all
used a single set of initial conditions for training.

In the current work, we employ pre-training together with a set of
initial conditions using a full factorial design as training data. Addi-
tionally, previous studies regarding collocation-based pre-training have
used number of epochs as the termination criterion and have therefore
not reported the effect of pre-training on computational time. This work
aims to convey the effect of pre-training on computational time.
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(a) Data-poor regime
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€A

(b) Data-rich regime

Fig. 1. Experimental design for 1(a) the data-poor regime and 1(b) the data-rich regime. The blue scatter points represent training datasets and the red scatter points represent
validation datasets. The data-poor regime utilizes a 23 full factorial design with a center point to synthesize training datasets and the data-rich regime employs a 3° full factorial

design to synthesize training datasets.

2. Materials and methods
2.1. Design of experiments

In machine learning applications, data is often split by random
partitioning, cross-validation or bootstrapping. However, to achieve
optimal predictive capability within the specific operating conditions
defined in Fig. 1, a Design of Experiments (DoE) procedure is followed
to structurally create a set of initial conditions that the neural network
is trained on. A full factorial design is used to construct comprehensive
sets of initial conditions for the state variables in order to capture
any possible interactions between the factors, where a 23 full factorial
design with a center point is used for the data-poor regime and a 33
full factorial design is used for the data-rich regime. Fig. 1 illustrates
the experimental set-up used for this work. The set of factors that are
varied include the concentration for species A and B and lastly, the
temperature, T. All factors for the data-poor regime are varied on two
levels, whereas the factors are varied on three levels for the data-rich
regime as Table 1 shows. The initial conditions for the concentration of
species C, D and E are all zero since species D and E are end-products
and C is an intermediate product. To evaluate the performance of
the model, an independent test set is constructed using a Monte-Carlo
simulation to generate 1000 randomly sampled initial conditions within
the upper and lower bounds of the initial values presented in Table 1.
Each test dataset is sampled at 1000 evenly spaced points in time.

2.2. Neural ODEs and pre-training

As previously mentioned, to train neural ODEs, Eq. (2) needs to
be solved for each epoch. To update the network parameters, a loss
function is minimized shown in Eq. (3) through backpropagation

N S Ta

2
1
Lyaa(0) = Z Z Z NSt (yobs,j,i.k - ODESOlveI(yobs,j,]ZS,O*N-N"tO‘Ik’g)> ) 3

j=1i=1 k=1

where N is the number of initial conditions, .S is the number of state
variables, 7, is the number of observed data points in time and y,
is the observed ground truth data. A key point is to acknowledge
that y,ps ;. x iS @ tensor, where j represents the jth initial condition, i
represents the ith species and k represents the kth temporal data point.
Performing backpropagation without the use of the adjoint sensitivity
method [39] to compute the gradients of the loss function leads to a
very complex computational graph, with the definition of the adjoint
being presented in Eq. (4), where z(7) is the output of the hidden state:

oL
a(n) = 20 @
The adjoint follows the differential equation shown in Eq. (5):
B — 2V, N N @0, 0). ®)

Chen et al. [18] showed that a(z;) can be computed by performing
integration backwards, starting from a(z;). The challenge with this
approach is that it presumes that information regarding the states z(r)
have been stored during the forward pass and therefore would limit
the inverse solver to evaluate at specific time points and not permit
evaluation at different time points in comparison to the forward solver.
Therefore, the backward solver recomputes backwards in time for any
values of the hidden states z(¢). The consequence of this is a constant
memory cost, in contrast to the traditional backpropagation method
used for neural networks. Ultimately, a final integral is computed to
obtain the gradient of the loss with respect to the network parame-
ters. This integral is shown in Eq. (6). It is worth emphasizing that
the gradients, VyN'N and V,N N, are computed through automatic
differentiation [40]:

1
VoL = / Oa(t)TVBNN(z(t),H)dI. (6)
1
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Table 1

Initial values used to generate synthetic data and their corresponding levels in the

experimental design in Fig. 1.

Level ¢, [mol/L] cg [mol/L] T [K]
Data-poor regime +1 14 7 320
poor reg -1 6 3 290
+1 14 7 320
Data-rich regime 0 10 5 305
-1 6 3 290

For very large problems this process is computationally demand-
ing. This motivates the use of pre-training to reduce the expensive
computational time by minimizing the number of epochs performing
backpropagation through the ODE solver. Pre-training is used with
the purpose of obtaining a lower total training time however with
the requirement of achieving comparable generalization capabilities
to the benchmark, which corresponds to a neural ODE without pre-
training. Thus, when pre-training has been used, the neural network
will have significantly more favorable network parameters compared
to initializing a neural network using best practices. Pre-training is
performed by training the network with respect to information about
the numerical derivatives of the states together with the mean-squared
error (MSE) as the loss function as defined in Eq. (7):

N 8§ Tops

2
1
Ederiv(e) = W z Z z <yderiv,j,i,k - NNi(yobs,j,l :S,k’0)> . (7)

obs j=1 j=1 k=1

Here y4,;, is the numerical derivative of the ground truth data. The
numerical derivatives are estimated through spline interpolation and
the finite difference method (FDM). The numerical derivatives are
estimated through the central differencing scheme for the time points
except for the first and final time points in order to obtain second
order accuracy. Regarding the first and final time point, the numerical
derivatives are estimated through forward and backward Euler method,
respectively.

Algorithm 1 presents the algorithm used to perform pre-training
and the termination criteria for the different training phases. Initially,
pre-training is performed using Adam with a learning rate of 0.01
and switches to Broyden-Fletcher—Goldfarb-Shanno algorithm (BFGS)
when l:deriv,training is lower than ﬂthreshold and Edala,validation is lower than
Hinreshold- The motivation for starting with Adam initially and not using
BFGS directly is to improve robustness and stability properties since
BFGS is appropriate for local minima search. Once pre-training has
been concluded, the main training with Adam commences with a learn-
ing rate of 0.01, using the final network parameters from pre-training as
initial parameters and minimizing Eq. (3). Lastly, the algorithm transi-
tions to BFGS when Ly, raining 1S 1€8S than ki eqola- Subsequently, BFGS
is employed to minimize the loss function with convergence defined
as achieving a validation loss for the states below 0.005. The loss in
the form of Eq. (3) for training data is represented as Ly iraining @A
L gata validation fOT the validation dataset. The loss in the form of Eq. (7) for
the training data is represented as Ly iraining- It is worth emphasizing
that ﬂthreshold’ Hithreshold> Vihreshold> Kthreshold> Uthreshold aI€ hyperparameters-

The benchmark for the data-rich regime is a neural ODE that uses
Adam until the training loss is close to a minimum and switches to
BFGS until convergence. In other words, it uses the same method as
algorithm 1 but entirely omits the pre-training phase.

2.3. Discovering mass conservation and regularization

Based on formulations for conservation of mass, the solutions to the
ODE system with given initial conditions will satisfy linear relations.
That is, for any point in time, the data points ¢ = [cy,cp,cc,cp, gl
will satisfy relations in the following form, ac, + fcg + ycp + 6cp +
ecp = ¢ where a,f,7,6,¢,¢ € R. With ¢ = [cy,cp.cc.cp,cg] and

£ =(a,p,y,6,¢)T, the equation is summarized in Eq. (8):
cE—¢p=0. (8)

To estimate the coefficients in & and discover the apparent number
of linearly independent relations for each initial condition, we com-
pute the numerical rank of the centered data matrix and estimate its
null-space. The data matrix here excludes temperature and centered
is defined as subtracting with the mean for each state variable for
all datasets. The result is that we acquire a basis for the null-space
&,...,&; where L is the numerical nullity (dimension of the kernel).
The constant term in Eq. (8), is estimated as m&é where m is the mean
value of the data matrix over its rows. Below, we will use this notation
for each initial condition j € {1,..., N} and will apply the notation &,
and ¢;, to denote the coefficients and constant term in the case for the
jth initial condition.

Once the relations have been deduced, they can then be used as
regularization as shown in Eq. (9). The linear relations evaluated on
the training data should theoretically be as small as possible, therefore
the resulting squared residual is minimized during training. z,; is the
number temporal points where the relation in Eq. (9) is evaluated thus,
7, 1S @ hyperparameter, which means it can be optimized, depending
on the system dynamics. It is preferable that any deviations in L,
and the individual terms in Eq. (9) scale equally-weighted, which is
achieved by penalizing the errors quadratically, and results in positive
contributions from these terms in the loss function

2
L N ot <0DE501V6(|;S—n(y(.bwfﬂ1 D80 NWN 1,1, 0)€), —‘15,./)

EORPIPIDY T

I=1 j=1 k=1 null

)]

As the loss function, we use the sum of the terms in Egs. (3) and (9)
as shown below, where 4, is a hyperparameter:

L) = Edata(e) + Amassl:mass(g)' 10

The embedding of conservation laws into the loss function should
encourage the network to make predictions that are physically consis-
tent. As benchmark, we employ a neural ODE that solely minimizes
Edata'

The early-stopping criterion is used as the termination criterion
for training the neural networks for the data-poor regime. Attention
should be drawn to the fact that since we are utilizing early-stopping
as our termination criterion, the validation loss also incorporates the
formulations for conservation of mass.

2.4. Data-generation

A mechanistic batch reactor model is constructed to generate syn-
thetic data to train the neural network. The batch reactor system
consists of three reactions and five chemical species according to the
reaction scheme shown in Egs. (11)—(13):

A+B—C, 11
C— 2E, 12)
2A—— D. 13)
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Algorithm 1: Training with pre-training. The boxed region represents the algorithm used for the benchmark.

Input: Temporal state measurements
Output: Prediction of state variables
Parameters: 9’ ﬂthreshold’ Htnresholds Vthresholds> Kthreshold> Uthreshold
Initialize model parameters, 0;
Estimate numerical derivatives using FDM;
converged=false;
while Cderiv,lraining > ﬂthreshold or Edata.validalion > Hihreshold do
‘ Perform pre-training with Adam by minimizing L iy trainings
end
while ‘Cdata,validalinn > Vthreshold do
‘ Perform pre-training with BFGS by minimizing £ eriy rainings
end

while [’da(a,lraining > Kihreshold do
‘ Perform training with Adam by minimizing £y raining’
end
while not converged do
Perform training using BFGS by minimizing L 4, training’
if ['data,validati(m > Uthreshold then
converged=true;
end
end

Details regarding the batch reactor model and their corresponding
numerical values are provided in Appendix A.

For reference, we explicitly provide the linear conservation relations
that happen to hold for the given system that is studied. There exists
two linearly independent mass balances that are presented in Egs. (14)
and (15), where ¢, is the initial condition for the state variable i:

ca—cpt2cp=cy9—cpo+2pp, 14
2cp +2cc +cp =2cpg+2cc+Cpp- (15)
2.5. Software

In this study, we evaluated computational efficiency using Python
(3.10.9) with the PyTorch library for implementing neural networks,
and torchdiffeq for solving neural ODEs, alongside the corresponding
packages in Julia. We observed a significant reduction in computational
time with Julia. Therefore, for this work, the Julia programming lan-
guage (1.10.1) is utilized to develop the reactor model as efficiently as
possible. We employed DifferentialEquations.jl for solving differential
equations with Verner’s 7/6 Runge-Kutta method for both generating
the ground truth data and solving the neural ODEs. Additionally, we
utilized Lux.jl for defining neural networks, DiffEqFlux.jl for solving the
neural ODEs, Zygote.jl for performing automatic differentiation, Linear-
Algebra.jl for computing the null spaces, OptimizationOptimisers.jl for
performing optimization with Adam and lastly, Optim.jl for performing
optimization with BFGS for refined local optimization.

3. Results and discussion
3.1. Network architectures

The choice of network architecture is based on stability and achiev-
ing an accurate generalization with a reasonable training time. With
respect to the choice of activation function, ranh(x) was evaluated;
however, its convergence time was longer compared to ReLU-based
activation functions such as GELU and Swish. Overall, Swish exhibited
better stability characteristics relative to GELU, and was thus selected
as the activation function for this study. The selection of the number of

neurons is guided by the principles of the Fletcher-Gloss method [41],
which is given by Eq. (16) where n;,,,, represents the number of inputs
to the neural network, 7, represents the number of outputs of the
neural network and ny;44., represents the number of neurons in the
hidden layer. With six inputs and outputs, this configuration supports
the selection of 12 neurons in the hidden layer:

2 ninput + noulput < Mhigden < 2”inpul + 1. (16)

We investigate neural network architectures with hidden layers
ranging from 1 to 3 as Table 2 displays. The test accuracy is computed
through Eq. (17), where S, . €quals the residual sum of squares for
the test dataset and S'S,, ., €quals the total sum of squares for the test
dataset:

R2 ¢ = 1- SSreSA,lesl/SSlol,lest' (17)

tes

Table 2 demonstrates that a fair level of accuracy can be achieved
with a single hidden layer. The median test accuracy improves when
increasing the number of hidden layers from 1 to 2. Although increasing
the number of hidden layers from 2 to 3 improves the test accuracy
there is an increased computational cost. Therefore, for this study, two
hidden layers are selected for the network architecture. Finally, we in-
corporate a pre-processing layer to our neural network that normalizes
the inputs by subtracting them by their respective means and dividing
by their standard deviations. Xavier initialization is used to initialize
the network parameters.

3.2. Data regimes

Consider Eq. (A.1), where {%) is a function of two variables, c,
and T. Fig. 2 presents an illustration of the two-data regimes for c;, as
a function of its independent variables, ¢, and T. The trained neural
network will learn along the trajectories of the data points in the
figure, thus minimizing the distance between the ground truth data
and predicted values of the neural ODE. This figure further motivates
the chosen structure for the experimental design, since theoretically
the model should be capable of predicting along other trajectories in
between the two extremes of the magenta data points. Comparing Fig.
2(a) to Fig. 2(b), the data in Fig. 2(a) is scarce and also sparse, which
suggests an appropriate constraint should be introduced for improved
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Table 2
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Computational time and accuracy for different number of hidden layers with 12 neurons in each hidden layer with
5 observed data points and employing the experimental design presented in Fig. 1(a).

Number of R.,
hidden layers

Computational time (h)

Average Median Std Dev Average Median Std Dev
1 0.89 0.89 0.06 0.27 0.24 0.12
2 0.89 0.92 0.06 0.36 0.29 0.18
3 0.91 0.93 0.06 0.55 0.49 0.24
1
340
‘c
330 kx
Z 320 *’.'. . . .
= .
. . . . 9
310{ 7. te,
300 n
Se - . . . .
290 . . B
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14

ca [mol/L]

(a) Data-poor regime

ca [mol/L]

(b) Data-rich regime

Fig. 2. A contour scatter plot of all observed data points of ¢, for 2(a) data-poor regime and 2(b) data-rich regime. The data points in magenta represent training datasets and

the data points in green represent validation datasets.

predictive power by regularizing the loss function. Meanwhile, the
extensive amounts of data presented in Fig. 2(b) supports the rationale
of introducing a method aimed at reducing the computational time.

3.3. Data-poor regime

3.3.1. Discovering conservation laws

By using the methods presented in Section 2.3, the conservation
laws are discovered for the system described in Section 2.4. The conser-
vation laws are not unique and will therefore be a linear combination
of Egs. (14) and (15). An example is that for the case with five
temporal data points and the initial condition set of (+1,-1,-1) in
the experimental design, one obtained conservation law is presented
in Eq. (18):

0.02c 4 + 0.65¢5 + 0.68¢c + 0.04cp + 0.34cy = 2.25. 18)

It is possible to construct a matrix that vertically concatenates
the numerical coefficients in Eqgs. (14) and (15) together with the
discovered scalars in & and the constant term as shown in Eq. (19):

I -1 0 2 0 cyp9—cpo+2epp
0 2 2 0 I 2cpp+2ccptcepp
ap B 6 € (o ’
o P n & o 2
The total number of rows, minus two, corresponds to the number of
discovered relations. To assess the accuracy of the discovered relations,
we evaluate the numerical rank of this matrix. The numerical rank of
this matrix can be determined by the number of singular values that
exceed a specified threshold, with singular values that are less than this
threshold indicating linear dependence among rows or columns. In the
absence of noise in the observed data, it is expected that the numerical
rank of the matrix below should be 2 since the objective is to discover
2 linearly independent relations. We provide the singular values of C
in Appendix B for the case when the standard deviation of noise is 0.01

(19

3.3.2. Effect of physics-regularization
All numerical results presented in this section represent the out-
come of 20 independent runs i.e. replicates, each initialized with

different network parameters. In the context of ablation studies, the
benchmark serves as a reference point to assess the impact of the
physics-regularization term in Eq. (10). By conducting a comparison
of model performance against the benchmark, we can evaluate how
physics-regularization together with the discovery of conservation laws
contributes to the overall effectiveness of the model.

Fig. 3 demonstrates the effectiveness of physics-regularization com-
pared to the benchmark. Since the observed data points are uniformly
sampled, the key dynamics that take place in the initial phases of the
reaction are not properly captured. It is critical to observe that there
is a significant amount of information loss due to the poor sampling
of observed data points. This is circumvented by utilizing physical
constraints which help the model to accurately predict the evolution of
individual species concentrations. Thus, adding physics-based informa-
tion such as the conservation of mass enables the model to efficiently
utilize constraints for regions that are not properly populated with
observed data points. Due to the sparsity of the observed data points,
the benchmark predicts negative concentrations in the initial phase
of the reaction. Despite the sparse arrangement of the observed data
points, our proposed method manages to make physically coherent
predictions that also cohere well to the ground truth trajectories.

Given that the key dynamics occurs early in the reaction, assessing
the accuracy up to a specific time point is of particular interest. Fig. 4
presents a box plot of the test accuracy up to different temporal data
points. The figure demonstrates that for the key dynamics, our proposed
model achieves both a higher median test accuracy and an improved
best accuracy across the various time points. The motivation for our
proposed model obtaining a better test accuracy in the key dynamics
is that by using a logarithmic sampling for the collocation points, it
is possible to use the discovered conservation laws to constrain the
model, in order for the model to make physically feasible predictions.
As Fig. 3 shows, the benchmark fails to properly capture the key dy-
namics, while our proposed method performs better to capture the key
dynamics.

One aspect to consider in regards to the physics-regularization term
presented in its entirety in Eq. (9) is that this term can be sampled in an
arbitrary number of collocation points and in an arbitrary distribution
of sampled collocation points. Sampling in a higher number of points
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Fig. 5. Box plot for the test accuracy for a different number of collocation points with
logarithmic distribution and A, =1 and 5 observed data points. The benchmark has
zero collocation points.

has the consequence of longer training times due to backpropagation
through the ODE solver. Different number of collocation points are
considered ranging between 5-20 collocation points with increments
of 5 collocation points as elucidated in Fig. 5. Despite increasing the
number of collocation points to 20, the test accuracy decreases and
peaks at 10 collocation points. The likely explanation for this is that
with 10 logarithmically spaced collocation points, the sampled points
manage to capture a significant portion of the key dynamics thus,
providing the model with rich information of the key dynamics. By
increasing the collocation points to 15 and 20 the model does not gain

a lot of additional information, which consequences in a reduced test
accuracy.

Regarding the distribution of points, there exists numerous different
ways of choosing the distribution of sampled collocation points such
as deterministic or random sampling. Some examples of deterministic
sampling include sampling the collocation points uniformly or logarith-
mically. An example of random sampling methodologies include using
latin hypercube sampling (LHS). Table 3 presents the test accuracy
results using various sampling techniques for the collocation points.

As Table 3 shows, logarithmic spacing between the sampled collo-
cation points result in the strongest predictive power. Using LHS and
uniform sampling results in a larger standard deviation, which fur-
ther motivates choosing a logarithmic spacing between the collocation
points. The likely reason as to why logarithmic spacing is the most
suitable is that it populates the earlier parts of the reaction dynamics
compared to the later parts. Most reactions that take place with the
initial conditions presented in Section 2.1, have a significant portion
of their key dynamics with rapid changes earlier during the reaction,
thus, reaching steady-state during the later parts of the sampling. With
logarithmic sampling, it is possible to capture the key dynamics more
efficiently since it emphasizes sampling earlier in the reactions and
thus, capturing rapid changes, while minimizing unnecessary compu-
tations during steady-state. Notably, regardless of the chosen sampling
methodology, the regularized model displays a better test accuracy than
the benchmark. The sampling distribution presented here is system-
specific and may differ for other chemical systems, such as reactions
exhibiting time-delayed dynamics.

The optimal values for A, are determined using a grid search
over a predefined range of values between [1072,10], selecting the
value for the hyperparameter that maximizes the validation accuracy.
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Table 3
Test accuracy for different collocation sampling techniques with 10 collocation points, 4, = 1 and 5 observed data
points.
Collocation sampling technique R
Average Median Std Dev
Logarithmic sampling 0.93 0.94 0.04
Uniform sampling 0.91 0.93 0.06
LHS 0.92 0.93 0.06
Benchmark 0.89 0.92 0.06
Table 4

Test accuracy and computational time for physics-regularized approach and benchmark for various number of observed data
points. 10 logarithmically distributed collocation points are utilized for the case with physics-regularization.

Method Number of R., Computational time (h)
observed
data points
Average Median Std Dev Average Median Std Dev
Physics-regularized 5 0.93 0.94 0.04 0.36 0.34 0.14
6 0.95 0.95 0.03 0.41 0.40 0.14
7 0.96 0.97 0.02 0.50 0.42 0.23
8 0.97 0.97 0.01 0.43 0.36 0.21
10 0.97 0.97 0.02 0.46 0.41 0.25
5 0.89 0.92 0.06 0.36 0.29 0.18
Benchmark 6 0.94 0.95 0.03 0.36 0.29 0.20
7 0.95 0.97 0.05 0.42 0.39 0.17
8 0.95 0.97 0.07 0.42 0.34 0.23
10 0.96 0.97 0.04 0.36 0.29 0.18

The chosen values for 4., are unity for all the different numbers
of temporal data points of (5,6,7,8,10). As Table 4 indicates, using
physics-regularization leads to improved test accuracy. The largest
effect of physics-regularization compared to the benchmark is ob-
served when data is scarce, i.e. a low number of observed data points.
The results indicate a general trend in which increasing the number
of observed data points enhances the model’s generalization capabil-
ity, as anticipated. Despite increasing the number of data points, the
benchmark does not achieve a better average test accuracy than the
physics-regularized approach for any number of observed data points.
The physics-regularized approach demonstrates a lower standard devia-
tion than the benchmark, indicating that our proposed method can also
be used a form of standard deviation reduction. The explanation for this
occurrence is that when using a constraint, the flexibility of the neural
network is reduced. The consequence of this is a decreased likelihood
for the neural network to explore extreme regions of the solution space,
which leads to more consistent results and thus, a lower standard
deviation. Nevertheless, since Eq. (9) requires backpropagation through
the ODE solver, it is expected that there will be a larger computational
cost to our proposed method. Our proposed technique incurs a minor
increased computational cost, as shown in Table 4. In the worst case
scenario for 10 observed data points, our method requires 41% longer
median computational time than the benchmark. Notably, the best case
scenario for our method demonstrates comparable median computa-
tional times to the benchmark such as for 7 and 8 observed data points.
The general trend for both methods indicate that computational time
increases up to a certain number of observed data points and thereafter
begins to decrease. This can be explained that by increasing the number
of data points, the information in the data will become more rich since
it captures more of the key dynamics which results in an increased
convergence rate and thus, a lower computational cost.

An additional aspect to consider is how our proposed method per-
forms when the data quality deteriorates by introducing absolute Gaus-
sian noise. We have made adjustments to the absolute Gaussian noise
by scaling it by a factor of 10 when applied to temperature, to account
for the differences in magnitude between temperature and concentra-
tion. Furthermore, all negative noisy values are excluded to ensure
physical consistency, this applies solely to the concentration datasets.
We introduce Gaussian noise with standard deviations of 0.01, 0.02
and 0.05. The test dataset used to evaluate test accuracy when trained

on noisy data, as described in Section 2.1, is devoid of Gaussian
noise. This is done to capture the coherence between the ground truth
trajectories in the full factorial design and the predicted trajectories.
The validation dataset incorporates Gaussian noise consistent with that
of the training dataset. Table 5 presents a comparison of the benchmark
to our proposed model. In Appendix B, the discovery of conservation
laws for noisy data is presented and the singular values for C in Eq. (19)
are significantly larger than the case for ideal data. This suggests that
the identified conservation laws are significantly worse approximations
rather than the approximative relations identified in the ideal case.
Despite this, Table 5 shows that a good test accuracy is obtained with
our proposed method for small standard deviations of noise. With a
standard deviation of 0.01 for Gaussian noise, both methods obtain
better test accuracies than the ideal case due to Gaussian noise acting as
implicit regularization through controlled perturbations. The controlled
variabilities can prevent the model from overfitting to the precise
structure of the ideal data, which encourages the neural network to
learn the general structure of the data. Additionally, for this reason our
proposed method achieves a standard deviation that is lower than the
ideal case. As the standard deviation of Gaussian noise increases, it is
observed that the test accuracy of both methods begin to deteriorate.
Notably, when estimating the null space of the centered ground truth
concentrations, only one relation is identified for larger levels of noise
for the majority of the datasets, rather than two relations which is
discovered for lower standard deviations of noise. Despite this, our
proposed method exhibits a better test accuracy than the benchmark
for all noise levels.

Model training was conducted using synthetic data designed to
replicate real-world conditions with concentrations measured by gas
chromatography and temperatures recorded via thermocouples. To
evaluate the robustness of the physics-regularized model, two noise
components were introduced to the actual signals: (i) a relative Gaus-
sian error (1%-5% relative standard deviation) to simulate the preci-
sion of gas chromatography, and (ii) absolute homoscedastic Gaussian
noise (up to 0.5 °C) added to the temperature profile. This controlled
augmentation of noise at varying levels enables a detailed and compre-
hensive assessment of the model’s ability to learn the system dynamics
from data of different qualities. The results of the analysis is summa-
rized in Table 6. Consistent with results from ideal datasets and datasets
with absolute noise, our method shows better model generalization
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Test accuracy and computational time for physics-regularized approach and benchmark for various standard deviations of
absolute Gaussian noise. 10 logarithmically distributed collocation points are utilized for the case with physics-regularization

with 4, = 1. 5 observed data points are used as training and validation datasets.
Method Noise R?N Computational time (h)
standard
deviation
Average Median Std Dev Average Median Std Dev
Physics-regularized 0.01 0.94 0.94 0.02 0.41 0.45 0.22
ysies-reg 0.02 0.93 0.92 0.04 0.34 0.34 0.09
0.05 0.85 0.87 0.09 0.35 0.36 0.11
0.01 0.89 0.93 0.09 0.32 0.32 0.10
Benchmark 0.02 0.89 0.92 0.07 0.22 0.23 0.05
0.05 0.81 0.84 0.11 0.27 0.24 0.09

Table 6

Test accuracy and computational time under varying noise conditions. Temperature measurements use absolute Gaussian noise, while
concentration measurements use relative noise proportional to the true concentration value. 10 logarithmically distributed collocation points
are utilized for the case with physics-regularization with A,,, = 1. 5 observed data points are used as training and validation datasets.

Method Noise Parameter (o) R%, Computational time (h)
Temp: o = 106 | Conc: 6. =0 X¢;
Average Median Std Dev Average Median Std Dev
0.01 0.92 0.94 0.04 0.30 0.28 0.09
Physics-regularized 0.02 0.91 0.93 0.05 0.33 0.29 0.16
0.05 0.79 0.85 0.14 0.31 0.29 0.09
0.01 0.90 0.91 0.04 0.38 0.37 0.11
Benchmark 0.02 0.89 0.91 0.07 0.25 0.23 0.07
0.05 0.80 0.83 0.15 0.25 0.21 0.12
Table 7

Test accuracy and computational time for the physics-regularized approach and benchmark for various numbers of observed

data points when introducing Gaussian noise with a noise parameter of ¢ = 0.05. Temperature measurements use absolute
Gaussian noise, while concentration measurements use relative noise proportional to the true concentration value. 10

logarithmically distributed collocation points are utilized for the case with physics-regularization with 4,,, = 1. 5 observed
data points are used as training and validation datasets.
Method Number of RZ, Computational time (h)
observed
data points
Average Median Std Dev Average Median Std Dev
Physics-regularized 5 0.79 0.85 0.14 0.31 0.29 0.09
ysiesres 6 0.87 0.91 0.10 0.27 0.27 0.08
7 0.90 0.92 0.06 0.31 0.29 0.08
8 0.91 0.93 0.05 0.38 0.39 0.09
10 0.92 0.94 0.08 0.33 0.33 0.11
5 0.80 0.83 0.15 0.25 0.21 0.12
Benchmark 6 0.84 0.90 0.13 0.33 0.26 0.20
7 0.84 0.89 0.13 0.21 0.20 0.05
8 0.87 0.92 0.13 0.23 0.23 0.07
10 0.89 0.92 0.08 0.27 0.26 0.08

in terms of higher median R? , values and lower standard deviations

compared to the benchmark. The general trend of the model accuracy
is that when the noise increases, the test accuracy decreases. However,
for the largest noise level, the difference between the two methods
diminishes. This phenomenon can be attributed to the limited number
of temporal data points. With more data, a physics-regularized model
can better detect the underlying conservation laws. Consequently, to
further illustrate the robustness of the physics-regularized method, we
evaluate its performance with an increased volume of observed data
points.

As shown in Table 7, model accuracy increases monotonically with
the number of observed data points and an increased model accu-
racy for the physics-regularized model compared to the benchmark.
Additionally, the physics-regularized method shows a lower standard
deviation demonstrating its usefulness for practical applications.

3.4. Data-rich regime

Development of modern online chemical sensors have lead to an
increasingly faster sampling rate, which means access to process data

has become ubiquitous. To leverage the power of online chemical sen-
sors, this section studies a data-rich regime with 75 evenly spaced data
points in time. In conjunction with more datasets than the data-poor
regime as elucidated in Figs. 1 and 2, it is expected that neural ODEs
should obtain a strong predictive power for the test datasets generated
using a Monte-Carlo simulation. Fig. 6 presents the concentration and
temperature profiles for the data-rich scenario. Although pre-training
is used to obtain the results in Fig. 6, it is worth emphasizing that all
replicates for both our proposed method in the data-rich regime and
the benchmark demonstrates a test accuracy was larger than 0.985.
As shown in Fig. 7, utilizing pre-training results in a significant re-
duction in computational time. By employing pre-training, the median
computational time was reduced by 68%. Notably, there is solely
one replicate for when pre-training is utilized that incurs a higher
computational time than for any benchmark replicate. This elucidates
the effectiveness of utilizing pre-training when training neural ODEs.
Fig. 7 also shows that by employing pre-training, a smaller standard
deviation can be obtained for the computational times in regards to
the smaller interquartile range compared to the benchmark. Thus, by
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Fig. 6. Subfigures showing the results obtained using pre-training: 6(a) concentration profile and 6(b) temperature profile. The solid lines represent the prediction of the neural
ODE, the dashed lines represent the ground truth trajectories and the scattered points represent the observed ground truth data points.
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utilizing pre-training, it is possible to obtain more robust training times
compared to the benchmark.

4. Conclusion

This study investigates enhancing scientific machine learning mod-
els by incorporating fundamental constraints, automatically discovered
from data to create a hybrid reactor model. The results illustrate how
unknown conservation laws can be discovered from data and embed-
ding them into neural ODEs as soft constraints to enhance the general-
ization and robustness of chemical reactor models. These conservation
laws, which are not known a priori, are automatically discovered from
data and integrated with neural ODEs. By assessing the null space of
the ground truth data for the concentration of the chemical species,
these laws are identified, thereby enhancing model generalization. The
findings show that embedding physics-regularization not only improves
generalization when data is scarce, but also enhances robustness. Fur-
thermore, we demonstrate that when sampling fails to capture key
dynamics, the model can still accurately predict the evolution of in-
dividual species concentrations. This finding suggests that information
loss resulting from inadequate sampling can be effectively mitigated
by employing our proposed method. With a logarithmic distribution of
collocation points, the earlier parts of the reaction are populated with
collocation points to ensure that the conservation of mass is adhered to
in the time points where observed data points are not available and
the key dynamics are taking place. The robustness of the proposed
method was further verified by introducing noise into the training
and validation datasets. Across all tested noise levels, our proposed
method consistently outperformed the benchmark, demonstrating its
strength. The method’s reliance on mass conservation assumes that all
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chemical species are measured and known. In practical applications,
this constraint requires robust species detection methods to ensure
all relevant chemical components are measured to enable the use of
physics-regularization via discovery of conservation laws. Normal level
of noise is manageable as shown in the results section. An outlier in
measurements is removed from the analysis, similar to other regression
techniques. This underscores the benefit of the neural ODE method-
ology as it does not require uniform temporal measurements, which
is more challenging with other techniques such as Long-Short-Term
Memory (LSTM) networks. Despite our proposed method discovering
only one formulation for conservation of mass for high levels of noise, it
consistently yields better generalization capability than the benchmark.
The demonstrated robustness of our proposed method when trained on
noisy data highlights its potential for broad applicability to real-world
datasets.

Owing to the significant advancements of digitalization in chem-
istry, we also investigate the scenario of a data-rich regime where
generalization capabilities are not the main concern, instead the ob-
jective is to efficiently minimize the total computational time without
losing any predictive power. By introducing pre-training prior to the
main training we manage to cut the total computational time by 68%
without comprising accuracy. This demonstrates the method’s practi-
cality in real-world applications in contexts where digitalization is a
prevailing focus.
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Table A.8

Physical and chemical parameters.
Variable Symbol Value Unit
Reaction Enthalpy 1 AH, -12.0 kJmol™!
Reaction Enthalpy 2 AH, —-9.60 kJmol™!
Reaction Enthalpy 3 AH, -24.0 kJmol™
Pre-exponential Factor 1 ko1 3.00 X 107L/mol/min
Pre-exponential Factor 2 koo 3.00 x 10"min""
Pre-exponential Factor 3 kos 3.00 x 107L/mol/min
Activation Energy 1 E,, 51.00 kJmol™
Activation Energy 2 E,, 49.00 kJ mol™!
Activation Energy 3 E,; 50.00 kJ mol™!
Heat Capacity c, 4.0 kIkg ' K™!
Density P 2.0 kgL™!

Table B.9

The first singular value for different training datasets for data corrupted by Gaussian noise with a standard deviation of 0.01.

Number of observed data points

Smallest x 107>

Median x 1073 Largest x 1072

5 5.11 1.12 2.21
6 3.22 1.39 2.46
7 4.12 1.40 3.40
8 4.38 1.67 2.65
10 6.63 1.69 2.20
20 6.94 1.79 2.68
40 8.71 1.50 3.72
Table B.10

The second singular value for different training datasets for data corrupted by Gaussian noise with a standard deviation of

0.01.

Number of observed data points

Smallest x 10~*

Median x 1072 Largest x 107!

5 10.4 1.19 4.18
6 6.77 1.65 2.69
7 4.28 211 3.16
8 5.21 2.57 2.77
10 6.92 3.18 2.98
20 13.8 3.87 2.41
40 16.5 2.97 3.94

Table B.11

The third singular value for different training datasets for data corrupted by Gaussian noise with a standard deviation of 0.01.
Number of observed data points Smallest Median Largest
5 1.05 1.08 3.32
6 1.05 1.09 3.32
7 1.05 1.09 3.32
8 1.05 2.60 3.32
10 1.05 2.60 3.32
20 1.06 3.04 3.32
40 1.07 3.04 3.32

Appendix A. Synthetic data generation

The list of physical and chemical parameters used to generate data
using Eq. (A.1) are presented in Table A.8.

Eq. (A.1) shows the governing equations that are used to generate
synthetic data:

dcy 5
A -k — 2kyc2,
dt 1€A¢B 3Cy
dep
2 —_k ,
a1 1€4¢B
dec
—= =kjcqcp — ke, (A1)
dt
dep 5
— = k;c4,
dt A
dep
=2kycc,
ar 26c
dT _ kicacpAH, + kycc AH, + kyc% AH,
dt '

pey
The reaction rate coefficient is expressed through an Arrhenius
expression as shown in Eq. (A.2), where the subscript r denotes the
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reaction number:
Ea,r
RT )

Appendix B. Singular values and conservation laws

k, = ko exp (— (A.2)

The singular values for the matrix in Eq. (19) have been computed
for different number of observed data points. Tables B.9-B.11 demon-
strate that for small standard deviations of Gaussian noise it is possible
in certain cases to discover approximations of the relations for the
conservation laws. However it should be noted that the singular values
are considerably larger than the case when no noise is present which
was in the order of magnitude of 10~14. The singular values in Tables
B.9-B.11 are a result of 100 different replicates, where the smallest,
median and largest singular values are determined for all replicates.
With reference to Table B.9 and B.10, it is challenging to assert that
the correct conservation law has been identified due to that the largest
singular value in both cases have a large magnitude, therefore the
discovered relations are approximations to the true conservation laws.
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