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On the Capacity of Correlated Phase-Noise
Channels: An Electro-Optic Frequency Comb
Example

Mohammad Farsi, Student Member, IEEE, Hamdi Joudeh, Member, IEEE, Gabriele Liga, Member, IEEE,
Alex Alvarado, Senior Member, IEEE, Magnus Karlsson, Fellow, IEEE and Erik Agrell, Fellow, IEEE

Abstract—The capacity of a discrete-time channel with cor-
related phase noises is investigated. In particular, the electro-
optic frequency comb system is considered, where the phase
noise of each subchannel is a combination of two independent
Wiener phase-noise sources. Capacity upper and lower bounds
are derived for this channel and are compared with lower bounds
obtained by numerically evaluating the achievable information
rates using quadrature amplitude modulation constellations.
Capacity upper and lower bounds are provided for the high
signal-to-noise ratio (SNR) regime. The multiplexing gain (pre-
log) is shown to be M — 1, where )M represents the number
of subchannels. A constant gap between the asymptotic upper
and lower bounds is observed, which depends on the number
of subchannels M. For the specific case of M = 2, capacity is
characterized up to a term that vanishes as the SNR grows large.

Index Terms—Channel capacity, correlated phase, duality
upper bound, electro-optic frequency comb, fiber optic, multiple-
input-multiple-output (MIMO), phase noise channel.

I. INTRODUCTION

HASE noise is a major issue in certain communica-

tion systems. It manifests as unwanted fluctuations in
the signal phase and can severely degrade the quality and
reliability of data transmission. One of the challenges in
achieving higher throughputs involves the utilization of high-
order constellations, which can make the entire system highly
susceptible to the effects of phase noise.

To assess the effect of phase noise on the throughput of
communication systems, an essential approach is to analyze
the Shannon capacity. However, determining the exact capacity
of a phase-noise channel, even for simple channel models,
remains an open challenge. While capacity bounds and their
high-signal-to-noise-ratio (SNR) approximations have been
documented in the literature, a closed-form solution for the
capacity of phase-noise channels is currently unavailable.
The capacity of the general class of stationary phase-noise
channels, including the widely used Wiener model [1], was
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characterized in the high-SNR regime by Lapidoth [2]. Later,
Katz and Shamai [3] derived upper and lower bounds on the
capacity of the memoryless phase-noise channel and estab-
lished that the capacity-achieving input distribution is in fact
discrete.

The capacity of the single-channel Wiener phase-noise
model has been extensively studied in the context of wireless
and optical fiber communications (see [4]-[7] and references
therein). The capacity results in [2] were extended to the
multiple-input multiple-output (MIMO) phase-noise channel
in [8]-[10]. The existing research covers outcomes at opposite
ends of the phase-noise model spectrum. On one end, [8]
characterizes the capacity of the MIMO phase-noise channel
with a common phase noise using the duality approach and
the “escape-to-infinity” property. On the other end, [11] de-
rives upper bound and pre-log expressions on the capacity
of MIMO phase-noise channel with separate phase noises.
Howeyver, there remains an unaddressed area between [8] and
[11], where correlated phase noises impact subchannels and
multiple phase-noise sources are present. To the best of our
knowledge, the capacity of such channels has never been
studied in the literature.

Recently, using electro-optic frequency combs (EO-combs)
as a light source in optical communication systems has led
to a new variant of phase-noise channels [12], in which the
phase noise is correlated across different subchannels. An
EO-comb is a collection of equally spaced and precisely
controlled optical frequencies resembling the teeth of a comb
when displayed on a graph [13]. This unique property of EO-
combs enables them to encode and transmit vast amounts of
information simultaneously on different wavelengths. Unlike
traditional approaches that rely on individual laser modules,
frequency combs provide equidistant frequency tones, elim-
inating the need for precise wavelength control and inter-
subchannel guard bands. Moreover, sharing a single light
source results in a strong phase correlation between the comb
lines (comb lines are phase-locked to each other) which can
be utilized to either increase the phase-noise tolerance [14] or
decrease the complexity of the digital signal processing [15].

Recent experiments have shown that in EO-combs, the
phase noises are more than 99.99% correlated between the
channels [16], confirming the theoretical predictions [12]
indicating the presence of two distinct phase noise terms that
impact the comb. The first term arises from the continuous
wave (CW) laser, which emits a constant and uninterrupted



beam of coherent light, and affects all comb lines (carrier
frequencies) uniformly. The second term originates from the
radio-frequency (RF) oscillator and increases linearly with
the number of comb lines [12]. The phase-noise model of
EO-combs falls in the unaddressed area between [8] and
[11] where more than one phase noise source is present
and the phase noises are correlated between the subchannels.
Intuitively, when all subchannels share the same source of
phase noise as in [8], they can collectively enhance the
achievable information rate (AIR) through joint processing.
Conversely, when each subchannel experiences independent
phase noise as explored in [11], joint processing offers no
advantage. Hence, investigating capacity in scenarios where
multiple subchannels encounter correlated phase noise from
multiple sources is important as it can provide insights into
optimizing joint processing techniques and their effectiveness.

A. Contributions

In this work, we investigate the capacity of a parallel
channel affected by correlated phase noises originating from
the transmitter and the receiver EO-combs and additive white
Gaussian noise (AWGN) from the amplifiers. In particular, the
phase noise of each subchannel (comb line) is a combination
of two independent Wiener phase-noise sources. Our contri-
butions are as follows:

« We derive capacity upper and lower bound for a parallel
channel affected by multivariate correlated Wiener phase
noises originating from the transmitter and the receiver
EO-combs. To derive the upper bound, we use the duality
approach [17] considering a specific distribution for the
output of the channel. For the lower bound, we determine
a family of input distributions that results in a tight lower
bound in the high-SNR regime.

o We provide high-SNR capacity upper and lower bounds
that are obtained by modifying the derived upper and
lower bounds. These bounds are derived through modifi-
cations to the originally derived upper and lower bounds.
In particular, we show that the pre-log is one less than
the number of subchannels. We also show that there is
a constant gap between the high-SNR upper and lower
bounds, where the gap is a function of the number of
subchannels.

o We compare our bounds with lower bounds obtained by
evaluating the information rates achievable with quadra-
ture amplitude modulation (QAM) constellations numer-
ically.

o For the 2 x2 EO-comb channel, the constant gap between
the high-SNR lower and upper bounds vanishes asymp-
totically as SNR grows large. This gives the capacity
characterization in the high-SNR regime.

The remainder of the paper is organized as follows. The
notation and system model are presented in Section II. The
main results are provided in Section III. Numerical results
and concluding remarks are given in Section V. The proofs
to the theorems and lemmas within are presented in the
Appendices A-D.

II. SYSTEM MODEL

A. Notation

Throughout the paper, we use the following notational
conventions. All the vectors in the paper are M -dimensional

and denoted by underlined letters, e.g., x = (xg,...,Zp—1)
and z;, = (20,...,2km—1). The M-dimensional vector
of ones is denoted by 1, = (1,1,...,1). Matrices are

denoted by uppercase Roman letters, and the M -dimensional
identity matrix is denoted by Ip;. Bold-face letters x are
used for random quantities and their corresponding nonbold
counterparts x for their realizations. An N-tuple or a column

vector of (Zym41,---,ZTmen) 1S denoted by {x; :’;f,ﬁ_l or
{z; TLI{V whenever it is clear from the context; similarly, a

K-tuple of vectors (x;.,q,...,2, ) is denoted by gzi{{

Random processes are considered as ordered sequences and
indicated inside braces, i.e., {xx} = {x;}{° is a random
process.

For any a > 0 and d > 0, the upper incomplete gamma
function is denoted by I'(a,d) = [;° exp(—u)u®~'du, and
I'(a) = T'(a,0) denotes the gamma function. The log function
refers to the base-2 logarithm. The argument (phase) of a
complex value is denoted by & € [—m, 7). The wrap,(0)
function wraps 6 into [—m,7) and is defined as wrap,(6) =
mod o (6 + ) — 7. Moreover, § + ¢ and § = ¢ denote
wrap, (6 + ¢) and wrap, (0 — ¢), respectively. We denote
Hadamard’s (component-wise) product with o and conjugate
transpose operation with (-)f. We define F;(z) = —FEi(—=x),
where the exponential integral function is given by Ei(z) =
—ffz e~ t/tdt, x > 0 as stated in [18, Section 8.21]. We
use | - | to denote absolute value, and ||-|| to denote Euclidean
norm. Whenever a scalar function is applied to a vector, e.g.,
|z|, sz, max(z), etc., it stands for applying the function to
each element of the vector. Whenever inequalities are applied
to a vector, e.g., £ > ¢, it stands for applying the inequalities
to each element of the vector, i.e., z > ¢ <= z; > ¢, Vi.

Probability density functions (pdfs) are denoted by fx(z)
and conditional pdfs by fy«(y|x), where the arguments or
subscripts may sometimes be omitted if clear from the context.
Expectation over random variables is denoted by E[]. Sets and
distributions are indicated by uppercase calligraphic letters,
e.g., X. The uniform distribution on the range [a, b) is denoted
by U[a,b). The Gaussian and wrapped-m Gaussian distribu-
tions with mean p and variance o2 are denoted by N (p,0?)
and WAN (i1, 0%), respectively. We denote the standard zero-
mean complex circularly symmetric Gaussian distribution for
a scalar by CN(0,1), and for an M-dimensional vector
by CN(0,15/). The von Mises (also known as Tikhonov)
distribution with mean p and scaling factor x is denoted by
VM (s, k). The differential entropy rate of a stochastic process
{x)} is defined as h({xx}) = limj_oc £h(X1,...,Xp).

The truncated M -dimensional gamma distribution
Gir (1, ,y) denotes the distribution of a real vector r
with independent elements r,, and the pdf

@) = || c—=pm e ™ e>py ()
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Fig. 1: The structure of a comb-based wavelength-division multiplexing
(WDM) link. The transmitter and receiver (local oscillator) EO-combs are
free-running (uncorrelated).

where 1 > 0, @ = (g, ...,ap—1) > 0,7 >0, and T'(a, y)
is the upper incomplete gamma function. Note that when v =
0, (1) is only defined for o > 0.

Let r ~ Gy (i, @, 7). Then, the truncated M -dimensional
distribution SGy,(u, r,7y) is the distribution of a real vector
s = /r with pdf

s r 2

M-1
fs(s) = fe(s®) T 25m.
m=0

where f.(-) is defined in (1).

The truncated M-dimensional distribution CSGy, (1, @, )
with ¢ > 0, « > 0, and v > 0 denotes the distribution of
a complex circularly symmetric vector x whose magnitude is
distributed as |x| =s ~ SGt, (i, @, ) . The pdf of x is

M-
fx(z) = fs(|z]) H m
m=0 m
1
= —rfe(lzl?), 3)

where fr(-) and fs(-) are defined in (1) and (2), respectively.
Note that if x ~ CSGy, (1, o, 7y), then |x| ~ SGy, (1, a,7y) and
1x* ~ Ger(p, @, 7).

B. EO-comb Phase-Noise Channel

The EO-comb has gained popularity in experimental studies
due to its simplicity in generation using standard components
such as lasers, modulators, and RF sources. Furthermore, it
exhibits remarkable stability and consistency over extended
periods of time.

As illustrated in Fig. 1, the comb lines generated by an
EO-comb can be used as carriers in a communication system
by using a similar EO-comb at the receiver (but uncorrelated
with the transmitter, i.e., free-running EO-combs) [19]. Con-
sequently, the collective phase noise encountered in a system
utilizing EO-combs is the summation of both transmitter and
receiver phase noises. Typically, a comb-based optical system
utilizes a large number of comb lines; thus, we are only
interested in M > 2 where using EO-combs is meaningful
for communication purposes.

We consider a single-polarization M -dimensional trans-
mission affected by the CW laser and RF oscillator phase
noises, and amplified spontaneous emission (ASE) noise at the

Eo(t) ~ e (@°14+6°(1))

w r
Phase \
Laser Modulator
w® w é w® w

RF Oscillator
E;(t) ~ sin (w't + 60" ())
Fig. 2: A typical configuration of an EO-comb. In this setup, a CW laser at
frequency w® with phase noise 6°(¢) is fed to a phase modulator that is driven
by an RF oscillator operating at frequency w' with phase noise 6 (t). This

modulation process results in the generation of M comb lines characterized
by a central frequency w® and a frequency spacing w”.

receiver. We also assume that nonlinearities and equalization-
enhanced phase noise are negligible and chromatic dispersion
is compensated.

The EO-comb channel model can be expressed as

yk = eij o Xy + Wy,

“)
where x;, = {Xk',m}%:_ol and Y, = {yhm}f?vfz_ol denote the
M -dimensional input and output vectors at discrete time F,
respectively. The M-dimensional vector 8, = {8, }M 4
denotes the phase-noise process. Moreover, the additive noise
w, = {whm}%:_ol is CN'(0,157) and independent for all k
and m.

Note that the channel (4) can describe various wireless
MIMO links as well as optical MIMO channels. For instance,
0, = 0y - 15y with 8, modeled as Wiener process denotes
the case of common phase noise studied in [8]. Moreover,
assuming 0, = (Ox,0,...,0k rm—1) with independent and
stationary 6y ., can describe the model studied in [11, Model
B3] when only the receiver phase noise is present and the
channel matrix is identity. In the following, we introduce
the EO-comb phase-noise model such that two independent
phase-noise sources are available and the phase noises between
subchannels are correlated. Thus, the EO-comb phase-noise
model falls in the region between [8] and [11].

The EO-comb phase noise of subchannel m € {0,..., M —
1} at time k € {0,1,...} is modeled as' [12]

ek,m = 912 + mei; (5
where 07 and 6}, are the combined (transmitter and receiver)
phase noise induced by CW lasers and RF sources, respec-
tively. To understand where the CW laser and RF oscillator
phase noises come from, we need to take the EO-comb
configuration displayed in Fig. 2 into account. An EO-comb
is created by employing a laser source that oscillates at the
frequency w® with phase noise of 6°(t). This laser is then
coupled with a phase modulator that is driven by an RF source
operating at frequency w" and phase noise of " (¢) [15], [20].
Note that 6 and 6}, denote the discrete time samples of 6°(¢)
and 6*(t), respectively.

'Note that 6 T ¢ denotes wrap, (+¢) where wrap. () = mod 2, (0+
w) — .



We introduce the convention c/r to prevent repeating the
same equations twice. The phase-noise sources are modeled
as

e,f/r _ Az/r I gz/jl’ if k=1,2,...
6" ~Ul-m.m), if k=0, ©
where A"~ WAN(0, 02 /) independent with o7, =

27 Be/r / Rs. Moreover, Ry is the symbol rate and B, Jr > 0are
the CW laser and RF oscillator linewidths, respectively. Since
the initial phases are 85" ~ U[—m, ), the processes {6{/"}
and {0y, } are hence stationary. The identically and indepen-
dently distributed (i.i.d.) assumption on {Az/ "} implies that
{0,2/ "} are Markov processes known as Wiener processes [8]
which makes the process {6, } a multivariate Wiener process.
Note that the assumption of af > 0 is crucial for the validity
of the results presented in this study, as it ensures that the
differential entropy rate of h(Ai/ ") > —o0.

C. Channel Capacity

The capacity of the unitary EO-comb phase-noise channel
(4)—(6) is given by

C(p) :nlirr;oﬁsupf(gl,zl), 7

where the supremum is over all probability distributions on
x[' that satisfy the average-power constraint

S E [Isl?] < . ®
k=1

where p denotes the maximum available transmission power.

III. MAIN RESULTS

This section summarizes the main results of this work.

A. Capacity Bounds

In the following theorems, we derive upper and lower
bounds on the capacity of the EO-comb phase-noise channel
(4)—(6), where the phase noises are correlated across subchan-
nels. Specifically, Theorems 1 and 2 characterize upper and
lower bounds on the capacity C'(p) of the channel defined in
(4)-(6). The proofs are located in Appendix B.

Theorem 1: For any A > 0, a = (ag,...,ap—1) > 0,
and M > 2, the capacity of the channel (4)-(6) with power
constraint (8) can be upper-bounded as C(p) < U(p), where

Here,
M—1
ay, = Z Qs (10)
m=0
E[ls|*] + M

£ (1= ) (B [log () + B (52)])

m=0
— h(|so +zo0|*| s0) — h(|s1 + 21| |s1), (11)

where the function F(-) is defined in (12) at the bottom of
the page. For future needs, Ry »(p,s) and F'(M,s, A°, A")
are defined for a random s, although s is deterministic in The-
orem 1. Moreover, A® ~ WA (0,02) and A" ~ WN (0, 0?)
are independent; the scalar v ~ CN(0,1) and the elements
of the vector z = (zo, ...,z —1) are i.i.d. and CA(0,1) and
independent of A°, A, and v. A

Theorem 1 is obtained by extending the method used in
[8] to derive an upper bound on the capacity of the MIMO
channel with a common phase noise between the subchannels.
The proof is located in Appendix B.1.

Theorem 1 gives a family of upper bounds that can be
tightened by minimizing (9) over A and «a. As previously
mentioned, we are interested in M > 2 in this work. For
the special case of M = 1, we refer the reader to [8, Theorem
1].

Theorem 2: For any real random vector s = (sg,...,
sy—1) > 0 with independent elements that satisfies the
power constraint E[||s||*] < p, the capacity of the channel
(4)—(6) with power constraint (8) can be lower-bounded as
C(p) > L(p), where

L(p) = ]og(27r) — (M — 1) loge + h(AC, Ar)
— 2]7,( {AC—T—mAr I /Sm + Zm}(l) s, {|Sm + Zm‘}(lj)
1 1
+h(s%) — B [l (14 268)] — L [l 1+ 252)]

M-1
=Y Elgim.9). (13)
m=2

Here, A ~ WAN(0,02) and A* ~ WN(0, 02). The elements

{z0,...,2p—1} are i.i.d. CN(0,1) and independent of all
other random quantities. Moreover,

g(m,s) = min <1og(27r), % log (27re¢>(m,s))>

M
U(p) = axlog (p * ) + 2log(2m)
_h(157rz+zm|3m7|8m+zm|)v (14)
M-1
+A— (M —2)loge + Z log () where
m=0 _ 31§+54%+slz’ m=
+ m>8“8( {R)\,Q(P, §) + };\(]\47 s, AC, Ar)} 9) ¢(m;§)_ Zyim_:; 1” m>9 (15)
—h({ATFmATT fom 2}y | 5,5 +2]) M =2
F(M,s, A%, AT) = (12)

—h(A") = h(A T /|sl| + v

s, [llsll +vI), M>2



A
The bound presented in Theorem 2 is a valid lower bound
on the capacity for any real random vector s > 0; hence, it can
be maximized over the distribution of s. The proof is located
in Appendix B.2.
The reason behind selecting subchannels m = 0 and m =
1 in (11) and (13) is the requirement for two subchannels
to acquire information about the two unknown phase noises.
With the channel model exhibiting symmetry, any two adjacent
subchannels could be chosen. For simplicity’s sake, we opted
form=0and m = 1.

B. High-SNR Capacity Bounds

The following two theorems characterize the high-SNR
behavior of the capacity of the channel (4)-(6). In the high-
SNR regime, neglecting the additive noise, the output can be
assumed as a rotated version of the input, i.e., y, = 9% 0Xy;
thus, we chose circularly symmetric input and output distribu-
tions to derive the high-SNR bounds. The proofs are located
in Appendix C.

Theorem 3: In the high-SNR regime, the capacity of the
channel (4)—(6) with power constraint (8) behaves as C'(p) <
Unsnr (p), where

Unsnr(p) = (M — 1) log (Mp_ .

— h(A°,AY) +o(1), (16)

Here, A¢ ~ WN(0,02) and A" ~ WN(0,02) and o(1)
indicates a function of p that vanishes in the limit p — co. A

Theorem 3 can be interpreted as follows: at high SNRs p,
the capacity of the M-dimensional channel (4)—(6) is upper-
bounded by the capacity of an (M — 1)-dimensional AWGN
channel plus a correction term that accounts for the memory
in the channel and does not depend on the SNR p.

Theorem 4: In the high-SNR regime, the capacity of the
channel (4)-(6) with power constraint (8) behaves as C(p) >
Lysnr(p), where

) + 2logm

p — 0.

Lysnr(p) = (M — 1) log < P > +2logm — h(ACa Ar)

M-1

M—1
=Y gnsne(m) +o(1), p— o0, (17)
m=2
where u ~ §Gi,(1,a*,0), and
1
= 0,1}.
ijn — 29 me { 9 } (18)
1, me{2,...,M -1}
Finally,
w? | ul
E[10g<1+4ﬁf+?g)}’ m=2.
ghsnr(m):
'L12 112 ll2
E [1og (1 + ot e )} , m > 2.
m—1 m—2 m—3
(19)
A

The term gpsn,(m) in Theorem 4 is independent of the SNR
p, and determines the gap between the high-SNR lower and

upper bounds. To the best of our knowledge, there are no
closed-form expressions for the expectations in (19); however,
it is rather straightforward to compute them numerically.
At high SNRs, the gap between the upper and lower bounds
is
M-1
Uhsnr(p)*thnr(p) = Z ghsnr(m)+0(1); 1% — o0, (20)
m

=2

where gnsnr(m) defined as in (19). For the special case of
M =2, we have Upgnr(p) — Lusnr(p) = o(1) resulting in the
characterization of the high-SNR capacity for M = 2 as

C(p) =logp+2logm —h(A°, A") +0o(1), p— o0, (21)

where o(1) indicates a function of p that vanishes as p — oc.

From Theorems 3 and 4 it can be deduced that at high
SNRs, one has to give up two real subchannels (one complex
subchannel) to get full knowledge about the unknown phase
noises. Thus, a feasible transmission strategy might involve
utilizing the phase information from two subchannels (which
convey no data) to estimate and then eliminate the phase noises
from the remaining subchannels, as done in [21], [22].

IV. NUMERICAL RESULTS

In this section, we numerically evaluated the upper bound
U(p) and lower bound L(p) in (9) and (13) and com-
pared them with their high-SNR expressions Upsn:(p) and
Lysnr(p)—the o(1) terms are neglected—in (16) and (17).
For every p, we minimized the upper bound (9) over> A and
«. For the evaluation of the lower bound (13), we chose
s ~ G (i, ,7y) where p = p/(M — 1) and v > 0. Then,
we maximized the lower bound over® v and o such that

M-1

s = p Y Fo O

<p

<p, (22)

is satisfied. We optimized parameters using the Nelder—Mead

simplex algorithm [23] accompanied by the Lagrange mul-

tiplier method to handle the power constraint (22). We also

employed the toolbox in [24] for the numerical evaluation of

differential entropy terms in both upper and lower bounds.
We also considered the capacity

Cawen(p) = Mlog (1+ )

of an AWGN channel with per-subchannel SNR equal to p/M,
which is intuitively a good upper bound on C(p) of the channel
(4)—(6) at low SNR as the additive noise is the dominant source
of impairment. The AIRs using 64-QAM and 1024-QAM,
which is a lower bound on C(p), are denoted by Les.gam(p)
and Ljpp4-0am(p), respectively. We evaluated these rates using
the algorithm proposed in [4] for computation of the informa-
tion rates for finite-state channels. Specifically, we used 512
levels for the discretization of the phase-noise process and a

(23)

20ur analysis was confined to the intervals of 0 < ¢ < 10 and 0 < A <
2M asy,, with axy defined in (10).

3We restricted our analysis to the range of 0 < o < 5and 0 < v <
2/(62A/1/(AI—2) _ 1)_
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Fig. 3: Upper and lower bounds on the capacity of the channel (4)-(6) and
M =21, v =5-107% and v, = 51077, ie, 02 = 7-107° and
o2 =m-1078.

block of 2000 channel uses. Additionally, we visually repre-
sented a shaded region denoting the “Capacity Area”. This area
spans between the minimum value among all upper bounds,
i.e., min(U(p), Cawen(p)), and the maximum value among the
lower bOquS, i.e., max (L64-QAM<P>7 L1024-QAM(P)a L(p))

We define the normalized linewidth v.,, = B, /Ry
(linewidth divided by symbol rate). In practice, the symbol
rate Rg is in the range 0.1-100 Gbaud, and the number of
subchannels is typically high (M > 10) in a system utilizing
EO-combs. The laser linewidth B, and RF oscillator linewidth
B, are typically in the range of 1—1000 kHz and 1—1000 Hz,
respectively. Hence, the normalized linewidth of the CW laser
ve may vary in the range of 1078 — 10~2 depending on the
particular application and transmission scenario. Similarly, the
normalized linewidth of the RF oscillator v, could fall within
the range of 10~ — 1075,

Here, we utilized real-world channel parameters by setting*
ve = 5-107% and v, = 5-10~?, corresponding to 02 = 7-10~°
and Jf = 71078, Fig. 3 shows the bounds for M = 21, where
it can be seen that Cuwen(p) is a tighter upper bound than
our bound throughout the studied SNR range as it performs
closer to the lower bound from the QAMs and L(p). This is
expected, since with the selected channel parameters, the phase
noise is extremely low. As a result, the additive Gaussian noise
emerges as the dominant impairment within the shown SNR
range. Consequently, the capacity is expected to closely resem-
ble that of the AWGN channel. Furthermore, the converging
nature of U(p) towards Chuuwen(p) curve is evident, and they
are projected to intersect at higher SNR levels. However, such
high SNR values fall beyond practical relevance. From the
analysis, we can conclude that in scenarios with extremely low
phase noises—typical in practical EO-comb applications—the

4As an example one can set the symbol rate Rs = 20 Gbaud, B. = 100
kHz, and B, = 100 Hz.
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AWGN capacity serves as a sufficiently stringent upper bound.

In Fig. 4, we show the results for M = 2 with v, = 5- 1073,
and v, = 5-10~°, which correspond to 03 =7-10"2 and
o2 = 7107, It can be seen that U (p) is a tighter upper bound
than Cyyen(p) throughout the studied SNR range. The bound
Lio2a-gam(p) is tighter than L(p) up to about 28 dB, above
which L(p) is tighter. This behavior is expected, as the input
distribution for the L(p) is chosen such that it achieves the
capacity at high SNRs. The lack of saturation in Ljp4-0am
to its designated nominal point of 10 bits per subchannel
can be attributed to the average constellation rotation induced
by phase noise, which consistently surpasses the maximum
tolerable rotation for the 1024-QAM constellation. The bounds
approach the high-SNR expressions as the SNR increases,
confirming that the high-SNR capacity for M = 2 follows
Theorem 3. It is important to emphasize that the case where
M = 2 lacks practical relevance in systems employing EO-
combs as a light source. Nevertheless, from an information-
theoretic perspective, this scenario holds significance as it
serves to illustrate the capacity achieved at high SNR, as
expressed in (21).

In Fig. 4, we observe that the gap between the lower bounds
of the QAM constellations and their corresponding nominal
values remains significant, particularly at moderate to high
SNR. This raises the question of whether alternative input
distributions could yield tighter lower bounds. One promising
approach is to optimize ring constellations that maximize (13),
where symbols are drawn from a distribution with a uni-
formly distributed phase and discrete magnitudes [25]. Since
the capacity-achieving distribution is circularly symmetric,
a sufficiently large number of rings can approximate any
circularly symmetric input distribution, potentially leading to
tighter lower bounds. However, optimizing ring constellations
for finite SNRs introduces substantial complexity. The number
of rings, their respective probability mass functions, and
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their magnitude values must be optimized under the average
power constraint (8). This optimization can quickly become
intractable, particularly if the optimal number of rings scales
exponentially with capacity. Given these challenges, we eval-
uated the lower bounds for the truncated gamma distribution
CSG:(-) and QAM constellations, which offer a balance be-
tween analytical tractability and practical relevance. Although
optimizing ring constellations could potentially improve lower
bounds, their optimization is beyond the scope of this work
and is left for future investigation.

In Fig. 5, results are shown for M = 21. The upper bound
Cawen(p) is tighter up to 28 dB (see the magnified window on
the figure); then, U(p) becomes tighter. This behavior mainly
comes from the F(-) function defined in (12), where we used
a loose upper bound for M > 2. The bounds approach the
high-SNR expressions as the SNR increases. Moreover, at high
SNR, the gap between the lower bound L(p) and the upper
bound U (p) approaches a constant gap (approximately 1.19
bits per subchannel) as expressed in (19).

While the linewidth of the studied CW laser and RF
oscillator, as depicted in Figs. 4 and 5, may not currently
hold practical significance, the ongoing trend in optical com-
munication systems is geared towards developing more cost-
effective and accessible solutions. This trajectory may lead to
the utilization of lower-cost lasers and oscillators characterized
by higher linewidths. Furthermore, in specific applications
like space communications, exceptionally low symbol rates
may be employed, resulting in elevated normalized linewidth
values. Consequently, the mentioned figures can offer valuable
insights into assessing the influence of the linewidth of the
CW laser and RF oscillator on the capacity of the EO-comb
channel. This is especially relevant in the context of emerging
cost-conscious and accessible system designs or potential
applications in specialized niches.

V. DISCUSSION AND CONCLUSIONS

We obtained lemmas that establish upper and lower bounds
for the generic parallel channel under the influence of mul-
tivariate Wiener phase noise. These lemmas can serve as a
foundation for deriving capacity bounds across various phase-
noise models. Then, we studied the capacity of a parallel
channel affected by correlated phase noises originating from
EO-combs. Specifically, the phase noise of each subchannel
(comb line) is a combination of two independent Wiener
phase-noise sources: the CW laser phase noise, which uni-
formly affects all subchannels, and RF oscillator phase noises
that increase linearly with the subchannel number. We derived
lower and upper bounds on channel capacity, illustrating the
capacity’s behavior for various values of SNR and phase-noise
parameters. Additionally, high-SNR capacity upper and lower
bounds were derived, revealing a pre-log of M — 1, where M
represents the number of subchannels. A physical intuition to
the loss of one complex subchannel (equivalent to two signal
space degrees of freedom) is attributed to the sacrifice of two
real dimensions to account for the impact of the two phase
noise sources. Hence, a viable transmission scheme could be
using the phase of two subchannels (which carry no data) to
estimate the phase noises and remove them from the rest of the
subchannels. The same intuition can be employed to justify the
high-SNR capacity bound derived in [8], wherein the pre-log
becomes M — 1/2 due to the presence of only one unknown
phase noise source.

Numerical evaluations indicated that in scenarios with
extremely low phase noises—typical in practical optical
applications—the AWGN channel capacity serves as a suf-
ficiently accurate upper bound.

While the capacity bounds presented in this paper are
initially derived for a specific EO-comb phase-noise channel,
the majority of techniques and derivations hold a general appli-
cability that can be adapted for various phase-noise channels.
More specifically:

o The capacity upper bound (69) from Lemma 16 applies
not only to the EO-comb phase-noise model (5-6) but
also to any phase noise modeled as a multivariate Wiener
process. Hence, altering the upper bounds for a different
channel requires revisiting (70) from Lemma 17, which
utilizes the duality bound, and (72) from Lemma 18,
which exploits the memory and correlations. Note that the
techniques in the proofs of the aforementioned lemmas
are general to some extent and could be reused.

e The capacity lower bound (75) in Lemma 19 is not
limited to EO-comb phase-noise model (5)—(6) and re-
mains valid even if the phase-noise vector is modeled
as a multivariate Wiener process. Therefore, adjusting
the lower bound for a different channel involves deriving
the right-hand side (RHS) terms in (75). The choice of
the input distribution and its parameters depends on the
channel parameters and requires careful consideration.

o The results can also potentially be extended to account for
more than two phase-noise sources. One example would
be the soliton microcombs channels where phase noise
arises from three different sources, namely, CW laser,



pump laser, and shot noise [26]. Our hypothesis is that
the pre-log term might alter to M — d/2 where d is the
number of independent phase-noise sources. The rationale
behind our hypothesis is that one needs to sacrifice d real
subchannels to gain the full knowledge of d unknown
phases.

An interesting open question is to establish tighter upper
bounds in the low-SNR regime for M > 2. We believe the
lack of tightness in the upper bound originates from (72) in
Lemma 18, where the derived bound on mutual information
is loose and could potentially be refined. Another area for
future exploration is refining the lower bound for the low-SNR
regime, as Theorem 2 presents loose bounds for this regime.

VI. ACKNOWLEDGMENTS

The authors express gratitude to Prof. Luca Barletta for
generously providing the source codes used to compute the
information rates of QAM inputs.

APPENDIX A
MATHEMATICAL PRELIMINARIES

Definition 1: A vector random process {w, } is said to be
circularly symmetric if

{wi} ~ {w, ),
where the process {©®} is U[—m,7) and independent of
{wr}-

Lemma 1: The input process {x, } that achieves the capacity
of the channel (4)—(6) is circularly symmetric.
Proof: The proof follows the same steps as the one in
[27, Prop. 7] and relies on the fact that IOk w,, ~ w,, for any
circularly symmetric random variable w,. [ |
Lemma 2 (escape-to-infinity): Fix a real-valued scalar £ > 0.
Denote by C(é)(p) the capacity of the channel (4)-(6) when
the input signal is subject to the average-power constraint (8)
and to the additional constraint that |x,| > £ almost surely
for all £. Then,

C(p) = C9(p) +o(1),

with C(p) obtained in (7).
Proof: The lemma follows directly from [17, Def. 4.11,
Thm. 4.12]. [ |
Lemma 3 ([17, Lemma 6.9]): Let v and T be two inde-
pendent real random variables satisfying E[|v]] < oo and
E[|7|] < co. Then,

(24)

p — 00, (25

lim h(v + 1) = h(v). (26)
e—0

Lemma 4 ([17, Lemma 6.15]): For any real random variable
T 20,

h(logT) = h(7) — Ellog 7], 27

and

h(TQ) = h(7) + E [log 7] + log 2. (28)

Lemma 5 ([11, Lemmas 3 and 4]): For any m-dimensional
complex random vector w with h(w) > —oo, we have

hw) = h(|w?) +h(w|lw]) —mlog2. (29

In particular, if the elements of w are circularly symmetric

with independent phases, then
h(w) = h (Jw|?) + mlog . (30)

Lemma 6: Let w ~ CN(0,1) and for a given real /3, define
T = |8 + wl|?. Then,

€Y
(32)

h(t) = %logﬁ2 + %(log47re) +o(1),
E [log ] = log 8% + E1 (%),

where the correction term o(1) vanishes when § — oo and
E;(xz) = —Ei(—=) is defined in Section II-A.

Proof: For (31), substitute v — 2, T — 27, Z —
V2e7®w, & — /28 in [2, Egs. (6), (9), and (14)]. Note that in
[2], Z is zero mean with variance 2, therefore we modified the
equation to match our assumption that w ~ CA(0, 1). More-
over, (32) follows directly from [28, Definition 3, Eq. (35)]
and that E; () = —Ei(—x) for real values of = > 0. [ |

Lemma 7: Let w ~ CN(0,1) and for any real random
variable 7, we can write
W+ w|* |7) <

E [log(2me(1 +272))].  (33)

N =

Proof: We can upper-bound h(|T+w|? | T) by the entropy
of a Gaussian distribution with the same variance. Note that
var(|T+w|?|7T) = 1+272. The expectation emerges because
T +w?|7) =E[h(r+w]* |7 =7)] |

Lemma 8: Let ® € [—m,7) with h(®) > —oo and
independent of w ~ CAN(0,1); then, for any real random
variable T

h(e?®T + w|T) < %E [log (1 +272)]
+h(©@F/rt+w|T)

1 1
+ 2 log(me) — 3 log 2. 34

Proof:
MO +w|m) L h(e®(r +w)|7)
©p (|7‘+w|2|7') —log2
+h(©®F mtw|T,|T+w|)
< %E [log (2me [1 + 277])] — log 2
+h(@F frtw|T), (35)

where (a) follows because w is circularly symmetric; (b) is
a consequence of Lemma 5; and finally, in (c), we applied
Lemma 7 and that conditioning does not increase entropy and
h(]T + w|?| 7). Simplifying the RHS of (35) gives (34). ®
Lemma 9: Let w ~ CN(0,1). For a given real 8 > 0 and
7 > 0, the conditional distribution of /3 + w given |3 + w| =
7 is VM(0,287).
Proof: Substitute e(k) — /B+w, r(k) — 7, and
a%/(2A) — 1 in [29, Eq. (12)]. [ |
Lemma 10: Let fy™(0;u,1/0?) and f3*N(0; u, o%) denote
the pdfs of the von Mises distribution VM (1, 1/0?) and the
wrapped normal distribution WA/ (1, 02), respectively. For



small o2, the distribution of 0 tends to a normal distribution
with zero mean p = 0 and variance of o2 such that

9 1(0;0,1/0%) — fg'N (6;0,0%) = O(0), o —0. (36)
Proof: See [30] and [31, Eq. 3.5.24]. [ |
Lemma 11: Forall 0 < a<1and 0<zx < xg,
2+ 2)* — 2% > 2a, 37)
where xg =~ 0.1770 is the unique solution x > 0 of
(2+z)log,(2+x) —zlog,z —2=0. (38)
Proof: We define for any fixed 0 < z < g
Cla) =24+ 2)" — 2% — 2 39)
and calculate its derivatives
((a) = (24 x)%log, (2 + z) — z%log, z — 2, (40)
¢"(a) = (2+2)(log, (2 + 2))* — a%(log, x)*,  (41)
which are continuous and differentiable for x > 0. The
equation ¢”(a)) = 0 has a unique solution
—log, x
a=a= QM 1 (42)

log, (43%) ’

where the inequality follows because ¢”(«) is increasing and
¢"”(1) > 0. Hence, ("(a) <0for0 < a < aand ¢"(a) >0
for & < o < 1. These properties will now be used to prove
that ((«) > 0 in both intervals.

We first consider oo = 1. Here, ((1) =0 and

¢'(1)=(2+2)log,(2+z) — xlog, x — 2. (43)

This function increases monotonically for all x > 0 and equals
zero for z = zy by (38). Hence, ¢’(1) <0 for 0 < z < z.

We next consider @ < o < 1. Since ((«) is convex in this
interval, it is not less than its tangent at o = 1, i.e.,

(o) = ¢(1) + ¢ (D(a—1)

> 0.

(44)
(45)

In 0 < a < @, finally, {(«) is concave and by Jensen’s
equality not less than its secant, i.e.,

a—«

o) 2 22

=0,

€(0) + =¢(a) (46)

47)

because ¢((0) = 0 and ¢(&) > 0 by (45).
Together, (45) and (47) prove (37) for all 0 < o < 1. |

Lemma 12: For all 0 < o« <1 and 0 < z < o,
INa,z) > T(1,2), (48)

where xy &~ 0.1770 was defined in Lemma 11.
Proof: For all 0 < o« < 1 and 0 < x < g, from [32,
Ch. 8, Eq. (8.10.10)] and that I'(1, 2) = e~* we have

l—-a_x i g a_
%" T (a, ) > o ((1 + m) 1) ) (49)

With some basic mathematical operations, we can rewrite (49)
as

2)¥ _ 4
I(a,z) > e*ﬂvw
2c
(@
>e "
—T(1,2), (50)
where in (a) we utilized Lemma 11. |

Lemma 13: Let the random scalar r ~ G, (u, v, y) where
>0, a>0,and v > 0. Also, define

e
J(a,y) = a+ FB(arY’y)' (51)
Then,
~ Tla+1,9)
e )
= pJ (o, 7). (52)

Proof: Using (1) and setting M = 1 to get the pdf for a
scalar random variable, we can write

1 o .
Er| = —— T Yrd
[r] F(a,’y)/we woredr

@_4~ /OO e “u®du
L(e,v) J, ’
O] a4+ 1,7)
[(e,7)

© e Ty
=pu|la + >
( I'(a,)

= (e, ),
where in (a) we employed the change of variable technique
by defining u = r/u, in (b) we used that I'(a+ 1,7v) =

f;’o e "u“du, and in (c) we used that I'(a + 1,7)

(53)

al' (e, y) + ey u
Lemma 14: For any m € {0,...,M —1} and any 0 < z <
Tmax, et
W am ] o,
() = T LoBeT) (54)

log, © T eWi(emlog, @)

where o, defined in (18). Moreover, W7,(x) is the principal
branch of the Lambert W function, which is defined for any
x> —e ! by eWL("”)WL(x) =2 and Wy (z) > —1 [33], and
Tmax ~ 0.00471 is the smallest = > 0 for which
z%m log, z > ——. (55)

e

Then, we have

xcm(m) —

(56)

Proof:
pCm (z) — elogc (z)em (x)

— Wi(@®m log,())

@ x%m log, (x)
Wy (z%m log,(z))

*
aja-m,

= @) (57)




where (a) follows from the definition of the Lambert W
function. u
Lemma 15: Let @ € [—m, ) be a random variable with pdf

90(0) = fo'™ (0;0,6%) + O(0), o —0,  (58)

where fg'N(6;0,02) denotes the zero-mean wrapped normal
distribution with variance o2. Then,

1
h(0) = 3 log(2meo?) + O(a), o — 0. (59)
Proof: The pdf of a zero-mean wrapped normal distribu-

tion with variance o2 is defined as

1 = (6 — 2ml)?
VN9, 0,0%) = ex (—) , (60
o ( ) V@}5512;; p 52 (60)
where 0 € [—m, 7). Now let
fo(®) = —= 7 —00 < f <00 (6)
c(9) = Noroe exp(—5-3 ) 0o < 6 < 0.

For any 0 € [—7,7),

6 (0:0,0%) — fa(0) = ——

(62)

where (a) follows since (6 — 271)? > 7212 > 2] for || < 7
and [ > 1. Now for 0 € [—m, ), we can write
© = 1e®)+ 0 (Lesp (~2)) +00)
90 = JG o Xp 20_2 o
= fa(0) +O(0),

where the last equality holds since exp (— 72/(20%)) /o has
faster decay than ¢ as ¢ — 0.
Defining the entropy of 8 as

(63)

h(0) = — /Tr 96(0) log ge(6)do, (64)

—T

we can write

o) -/ (fa(6) + 0(0)) log go(6)d6

@[ fa(0)1og go(6)d0 + O(o)

s

=/ fa(9) (log fa(8)+log 99(9)> df + O(o)

fa(0)
=~/ Ja(0)log fa(6)dd
[ o 96(6) 1%
77{(}(9)1 ng(e)daJrO( ), (65)

where in (a) we used the fact that fg(6) > 0 for all § €
[-7,m) and o > 0.

The first term on the RHS of (65) can be evaluated as

— [ oty 108 fo(0)a0
™ 7T2
Voo o)

B v log(2meo?)
= (1 —erfc ( s >> 5 —
1 9 1 2
=3 log(2mec®) + O —exp (=55 ). (66)

The second term on the RHS of (65) can be written as

- [ fetonos (257 ) 0% [ fo0(1- f25) a
~ [ a(6) ~ goto)
L / E)(o)de
— 0(0), (67)

where in (a) we utilize that — log(z)
We can do this because both gg(6) >
directly follows from (63).

Combining (67) and (66) into (65) we get

<1—2x for x > 0.
0 and fc(6) > 0; (b)

h(0) = %1og(27r602) + O(0), (68)

and the proof is complete. [ ]

APPENDIX B
PROOF OF CAPACITY UPPER AND LOWER BOUNDS

This section is dedicated to proving capacity upper and
lower bounds in Theorems 1 and 2.

To establish the upper bound in Theorem 1, we adopt
the duality approach, leveraging that any output distribution
provides an upper bound on the capacity. Specifically, we
focus on a family of circularly symmetric distributions where
the squared magnitude of the outputs follows the gamma
distribution Gy, (1 > 0, > 0,0).

On the other hand, for the lower bound in Theorem 2, we
rely on the insight that any input distribution provides a lower
bound on the capacity. Consequently, we introduce a circularly
symmetric input distribution with the squared magnitude of
the inputs following a truncated gamma distribution G, (px >
0,a>0,7>0).

Both theorems are proven under the assumption of circularly
symmetric input distributions, as Lemma 1 establishes that
the capacity-achieving distribution for EO-comb phase-noise
channels (4)—(6) is indeed circularly symmetric.

B.1 Proof of Theorem 1 (Upper Bound)

The following lemma characterizes an upper bound on the
capacity of the channel (4)—(6) and serves as starting points
for formulating an upper bound on the capacity of a EO-comb
phase-noise channel, whether the phase noises are independent
or correlated.

Lemma 16: The capacity of the channel (4)—(6) under the
power constraint (8) can be upper-bounded as

Clp) < Séup{l(zl;zl) +1(y,: 00 Izl)},

X1

(69)



where the supremum is over all probability distributions Qx
on x, that satisfy the power constraint E[||x, [|*] < p.
Proof: See Appendix D.1. ]

We start by upper-bounding each term on the RHS of
(69). Thanks to Lemma 1, our focus can be narrowed down
to input processes with circular symmetry. Specifically, we
will examine x; whose amplitude [x,| and phase /x; are
independent of each other.

In the next lemma, we utilize the duality approach [17,
Theorem. 5.1] to upper-bound (xy;y, ).

Lemma 17: For channel (4)—-(6) and for any circularly
symmetric distribution Qy on x; that satisfies E[|lx,]°] < p

a=(ag,...,ap—1)>0,and A > 0, we have
I(x5y,) < aslog (p - M) +dra +E [Raalp, 1x11)]
(70)
where
M-1
dyog =A— (M —2)loge + Z logT(am),  (71)
m=0

and ay, and Ry o(-) are defined in (10) and (11), respectively.
Proof: See Appendix D.2. [ |
It is rather challenging to characterize I(y ;@ | x,) for
M > 2. In the following lemma, we present a precise charac-
terization of this term specifically for the case of M = 2 and
provide a looser upper bound when M > 2.
Lemma 18: For channel (4)—(6) and for any circularly
symmetric Q, on x; that satisfies E[||x,|*] < p. the second
term on the RHS of (69) is

1(y,; 80| %) < 2log(2m) + F(M, [x,|, AT, Ay),  (72)

where F(-) is defined in (12). Here, A ~ WA (0,02) and
Al ~ WN(0,02) are independent.
Proof: See Appendix D.3. ]
Substituting (72) and (70) into (69), we obtain

M
C(p) < axlog (pl_) +2log(2m) + dx.a
by

+ sup {E [ng(p’ ‘XID] + F(Ma |§1‘ 7A(1:a Ai)}?
[<1 |
(73)
where the supremum over Qy is replaced with supremum
over Q|x that satisfies the power constraint E[|[x, [|*] < p.
p.SH
Defining a real deterministic vector s > 0, we can write

M
C(p) < aslog (p;r ) + 2log(2m) + dx o
b

+I§1>518({R)\,g(p7§) + F(M, s, AC;Ar)}a (74)
which follows as the supremum over all Q‘§1| is upper-
bounded by removing the power constraint and maximizing
over all deterministic s > 0. For convenience, the time index is
dropped and all the random quantities are replaced by timeless
random variables with the same distributions, i.e., vi — Vv,
A — A°, A} — A" and 2y, — z,, for all m. Replacing
(71) into (74) concludes the proof of Theorem 1.

B.2 Proof of Theorem 2 (Lower Bound)

The following lemma characterizes a lower bound on the
capacity of the channel (4)—(6) and it holds whether the phase
noises are independent or correlated.

Lemma 19: The capacity of the channel (4)—(6) under the
power constraint (8) can be lower-bounded as

C(p) > I(x05y,101) = I(x2: 01 1%1,¥,,5,),  (5)
for any distribution on x,; and x, that fulfill E[|x,|*] < p
and E[||x, %] < p.

Proof: See Appendix D.4. [ ]

To derive the lower bound, we use Lemma 19 and start by
examining the two terms on the RHS of (75) separately.

Characterizing the first term on the RHS of (75): We can
rewrite the first term as

I(Xzig 16,) = h(X2 10,) - h(Xg |%5,0,).  (76)
Lemma 1 allows us to narrow our attention to input
processes exhibiting circular symmetry. Here, we consider a

circularly symmetric input vector with independent elements.
Thus, the first term on the RHS of (76) can be bounded as

23 (hlxaml) + b | x2.m]) — log2)

m=0
M—1

9 Mlogr+ > h(lxaml?)

m=0

= Mlogm+ h([x,/*),

(77)
(78)

where (a) holds since x5 is circularly symmetric and rotation
does not change its distribution, i.e., €82 o Xy ~ Xo; in (b)
we applied Lemma 5 and that the squared amplitudes |xz,m\2
are i.i.d. for any m; in (c) we used that the phases /x2 ,, ~
U[—m, ) independently of the amplitudes |Xg |-

Continuing with the chain rule, we can express the second
term on the RHS of (76) as

h (Zg |§2»Q1> <h ({Y2,m}(1) ’gQ,Ql)
th ({)’Q,m}éw_l | Xs, {ygym}é> . (79)

where the inequality follows as conditioning does not increase
entropy.
The first term on the RHS of (79) can be written as

h({y2m )y X2.61) 2 h ({Iyz,WIQ}; lzzﬁl) —2log2

+ h({QZm}é }X%Qla{‘ylm'};%
(80)



where (a) follows by utilizing Lemma 5. We continue by
upper-bounding each entropy term in (80). The first term can
be upper-bounded as

n({lvem}o 1.00) 2 b ({2l el 01)

b
2 h (lyaol? | [x2.0])
+ h(|3’2,1|2 | [x2,1])
(©)
< log(2me)
1
+ §E [log (1 +2 ‘X2’0|2>i|

+ %E [log (1 +2 \X2,1|2>} , (1)

where (a) holds since y» ,,, are independent of /X2 Moreover,
(b) follows as |y 0| and |y2,1| in (130) are independent of 8,
and each other; the inequality in (c) is obtained by recalling
(130) and applying Lemma 7 on both entropy terms.

The second term on the RHS of (80) can be upper-bounded
as

h ({QQ,m}(l) |§21Q17 {|y2,m|}(1))
= h ({QQ,m = ﬁQ,m - el,m}(l) |§27Q17 {|y2,m‘}é>

@ ({AS-’(— mAL T /|x2.m| + 22 by | %] ,{Iyz,m|}<1)> ,

(82)

where in (a) we used from (131) that /y2 , = 02.m + Xom +
{‘X27m| + 29, and that 05 ,, = 0, = A5 + mAY%. Note
that the elements of /xo are irrelevant to the entropy. Hence,
they are omitted from the conditions. Substituting (82) and
(81) into (80) gives

h({yQ,m}é |§2aQ1)
< log(me) — log 2

1 1
+ §]E {log (1 +2 ‘X270|2>:| + iE [log (1 +2 |xz,1|2)}

™ ™ 1
+h({ASFmALT /xom| + Z2m }o | 12| {1¥2m} )-

(83)

We can characterize the second term on the RHS of (79) as

follows

b ({y2m b

! | Xo, {yQ,m}(l))
M-1
— Z h(Y2m|X2’{y21}m 1)
@ <I (}’Qm,QQ‘XZ’{yQZ}m 1)
+h()’2m|x27927{3’21}m 1)>

M — 2) log(me)

/|
EREN]

® (

)

+ Z I<a2,m;Q2 |§23{a2,z}l 0 7{‘y21
=2

M-1
+ Z <h (Qz,m\zza{ﬁm}z 0 7{|y22|}z 0)
m=2

—h (Qz,m | X5, 6, {Qz,i};i;la {|YQ,1‘|},10>>7
(84)

where (a) follows from the definition of mutual informa-
tion and (b) holds since it is evident from (129)—(130) that
|y2.m| and 8, are independent, and (y2 ., |X2.m,805) ~
CN(e792mxy 1) for all m € {2,..., M — 1}.

Next, we upper-bound each entropy term in the first sum-
mation term on the RHS of (84). We consider the cases of
m = 2 and m > 2 separately.

We first define

— 2)log(me)

Vi = € IR myp o, (85)
which implies
ﬁ;g’m = [Ykm = Xk,m
= ak,m + {Sk,m + Zk,m- (86)

Then, starting with the case m = 2, we obtain

h (Qz,z | %, {/y2,i}iz0s {|Y2,i|}3:0)

= h(gz 2 1ﬁ2,2 |g27 1Xa] {Q2 i}}:o» {‘y2,i‘}?=0)
=y (QQ 2| %a, {QQ; i=0> {|Y2 z|}z 0)

h(g b= 2yh 1 F a0l 1%l { yhi} iy {12
<

2
=0

I/\°

Moo~ 2/¥21 F /Yool |X2|)

( X22|+Zz2—2/\X21|+Zz1+/|X20|+ZQO‘|X2|)
(87)

IIQ

where (a) follows directly from (86) and that /x, is irrelevant
for /y% 5, (b) follows as we added or subtracted given phases
which does not change the entropy, and (c) holds as condi-
tioning does not increase entropy. Finally, in (d) we used that
according to (5) for m = 2 we have 65 > = 205 ; z 0s0.
Since /|X272‘ + Z2.2 L 2 |X271| + Z2.1 —T— |X210| + Z2.0 is
supported on [—m, ), we can apply the maximum entropy




theorem as in [34, Eq. (22)] to upper-bound the conditional
entropy term in (87) by the entropy of a wrapped Gaussian
random variable with the same variance, yielding

h( |x2,2] + 22,2 —

(@)
< min <log(27r),

3% s (v (e * e * )] )
— s
2 % %22 oal? | [xa0?

® i (mg (27). 1 [og (reo 2, |x2|>1) , (88)

|x2,0] + Z2,0 |§2\>

where in (a), we used the bound

Var (/|x2,0] + 222—2/|%2.1| + 221+ /|X2.0] + 22,0 | [X5])
< 1 2 1
T 2[x22)?

Ix21[>  2[x2,0/?

and in (b), we used the function of ¢(-) defined in (15).

For the case m > 2, we follow similar footsteps as in (88)
and write

h (&lm | X, {ﬁli}:i;)l» {ly=, i‘}:‘io)
= (b | ol {1 A2l Y )
= h(ﬁé,m = Pom-1 = Nom—2F Vom-s
[ ol {5,310 A1l Y o)
(@)

< h(ﬁz m Q/Q,mq - Qé,mfz + Qé,m73 | |§2|>
(b)

< min <1og(2ﬂ') L [log (red(m, |x., |)]>, (89)

where in (a), we used that conditioning does not increase
entropy and that 03 ,, = 0s,,—1 + 02,,_2 = O5,,_3, for
m > 2; in (b), we upper-bounded the entropy term using the
maximum entropy theorem, as in (88). Note that we could
possibly use 03, = 265 ,,_1 — 62, > as in (88) but it
would lead to a looser bound. Finally, combining (88) and
(89) we obtain for m > 2

b (2 |30 A e} g A v2al Yoo

< min <log(27r) 1 E [log (me¢(m |xm|)]) (90)

For the second entropy term on the RHS of (84),

b (o 20,05 {2}y L veal 0)
=h (sz — %0, | %o, 00, {2}y { [y
C h (02, F [Ix2.m| + Z2,m | X2, O2im, [y2,ml)
o h(/|%2,m| + Z2,m | [Xo,m| [Y2,m] ),

where (a) follows as { [Y2,i }Zgl are irrelevant given 0 ,,, and

(b) follows since 6 ,, is independent of f|xQ,m\ + 23 .

m
=0

O

Substituting (90) and (91) into (84) gives

h ({yQ,m,}Z;Ql ’ 32, y2,03 y2,1>
< (M —2)log(me)

M-—1
> (1in (1o 25 . 3 o (e, )]
—h (f |x2,m‘ + Zom | ‘XZ,m| ) |y2,m|) )
M-—1
= (M — 2)log(me) Z E[g(m, |xs])], 92)

where ¢(-) is defined in (14).
Substituting (92) and (83) into (79) gives

h(X2 |§27Q1)
< (M —1)log(me) — log2
+ %]E {log (1 42 |x2,0|2)} n %IE [log (1 +2 |x271\2)}

+h ({Ag -+ mA2+ / |X27m| + ZQ,m}O ’ |§2‘ 7{|y2,m|}0)

M-1
+ Y Elg(m, [x,])]. 93)
m=2
Substituting (93) and (78) in (76) gives
I(Xz? Yo |0 )
> log(27r) (M —1)loge + h(|x,]*)

[log (1 +2 ‘X270|2)} — %E [log (1 + 2 |X2’1|2):|

™ - 1
- h({A2+ mALF /x0,m] + 22 by | %ol {Iy2.ml}s )

M-1
_ZE

To this point, (94) provides a lower bound for the first term
on the RHS of (75). To finalize the derivation of the lower
bound, the next part provides an upper bound on the second
term on the RHS of (75).

s [xaD)]- %4)

Characterizing the second term on the RHS of (75): Fol-
lowing similar steps as in [17, App. IX], we can write
I(%2: 01 |%1,5,,¥,)
=h(011%1,y,.y,) = h(01 %1, %,¥,.¥,)
%h(@ |x1,y ) (0 |x1,X2,y1,y2,0 )
2 h(8, |X17 D) = h(011x1.y,,8,)
=1(05:0, |x1,y,)
© I<{92 m}Oa 0, ’Xu )
h({02 m}o lxlv ) - ({92,m}i1) |§1,Xl,Q1)
L h({O2m}d | x10y,) — ({02} |02). 95

where (a) holds because conditioning does not increase the
entropy; (b) follows since given 65, 6 is independent of the
pair (y,, X,); (c) follows as {0, }{ is sufficient statistics for
0,; (d) holds since 6, and (y ,x,) are independent given 6.



The first term on the RHS of (95) can be upper-bounded as
h({62m}y | x1.y,)

= ({02 by | Ix:] 1.1y |, p31)

= h ({GQ,m i Ql,m JIL El,m}é ’ |§1‘ aél? ‘ZJ?&I)

< h({02m = Q1m +ﬁ1m}0 | 1% {|Y1m|} )

© h({02m = {X1m\+zlm}0’|x1| {Iy1.ml}o)
© h({As + mAg /1%1,m| + Zl,m}o | [x: 1, {|Y1,m|}o)
D n({As T mAy T /lxoum] + 220} | 2o {[y20m|}o)

(96)

where (a) holds because conditioning does not increase
entropy, (b) follows directly from (131) where fy1m =
01m + xim F f|x1_ym|+z17m, and (c) holds since
02 = 01, = A5 F mALfrom (5)—(6); finally, in (d)
we use that —f|x1,m\ + 21, has the same distribution as

|X2.m| + Z2,m. because the phase function is symmetric and
m@\) and (z1,n,22,,) are exchangeable since
they have the same distribution due to the i.i.d. assumption of

the input distribution.
We continue with the second term on the RHS of (95)

h({elm}(l) | Ql)

®

' (65,05 T 6565,6})
h(65, 65 65,0%)
h(AS, AY),

o7)

where (a) follows since the pair (65, 07) is sufficient statistic
for 8, and (b) holds since the pair (605,60%) is sufficient
statistics for the pair (65,05 + 05).

Substituting (96) and (97) into (95) gives

I(§2§Q1 |§1’X1’X2)

< h({AS FmAST /|X2.m| + Zom }o| %ol {[y2.ml}0 )

— h(AS, AL). (98)

For sufficiently large |x,|, (98) can be made arbitrarily close
to zero. This property will be used in Section C.1 to obtain a
high-SNR lower bound on the capacity.

Finally, substituting (98) and (94) into (75) results in the
desired lower bound (13) on the capacity. Note that we defined
s = |x,| and replaced all the random quantities with timeless
random variables with the same distributions (i.e., A§ — A€,
AL — A", 2, — 2, |X,] — 8).

APPENDIX C
HIGH-SNR CAPACITY BOUNDS

This section is dedicated to the proof of the high-SNR
bounds in Section III-B. For the upper bound, we exploit the
insight in Lemma 2 that at high SNRs, the capacity can be
achieved using an input distribution that escapes to infinity.
To establish the lower bound, we choose a particular input
distribution that escapes to infinity as the SNR approaches
infinity.

C.1 Proof of Theorem 3 (High-SNR Upper Bound)

Based on Lemma 2, the high-SNR behavior of C(p) does
not change under the additional constraint that the support of
the amplitude of each element of the input vector lies outside
an arbitrary radius. Hence, we present the high-SNR behavior
of a modified version of the upper bound presented in Theorem
1 under the additional constraint that |x;| > ¢ for all k£ and
any 0 < £ < +/p/M.

Set A = A" = (M — 1)loge and o« = o* defined in (18),
which results in ax, = M — 1 and dy- o+ = log(me). We
define C'(€)(p) similar to (7)—(8) with the additional constraint
that |x,| > ¢ for all k. Then, a similar relation to (69) can be
obtained where the supremum is over all distributions Q such
that E[||x,[|*] < p and |x,| > &, and from there by applying
Lemma 17 and Lemma 18, we obtain C(&)(p) < U®)(p),
where

U®(p) = (M —1)log (?\;_ A{) + log(me) + 2log(27)

,8)+ F(M, s, A°, A")}. (99)

+max{Raar (o

Here, the supremum over all Qy satisfying [x,| > £ is upper-
bounded by removing the power constraint and maximizing
over all deterministic s > £.

By setting A = \* = (M
get

—1)loge and o = o™ in (11) we

Ry (log |sol* + Ex (s7))

1
5 (log |s1]? 4+ Ey (s%))

1
~2 = h(lso + 2ol | 50)
_|_

(100)

Given the inequality [35, Eq. 6.8.1]
; 2 2

—e *log (1 + ) < Ei(z) < e *log (1 + ) , Vx>0
x x

(101)

we observe that both the upper and lower bounds approach

zero as © — oo. Therefore, by the squeeze theorem, we

conclude that

- h(|81 + Zl‘2 ’ 81).

)

lim E;(z) =0. (102)
Tr—r0o0
Thus, using (102) and Lemma 6 gives
log(4me
i (105 (3) + Ea(sD) —(ls + 20l | s0) =— 28479
(103)
log(4me
i L (og () + Bu(62) s + 2| 1) = 2247
(104)
Thus, for any finite p, we have
Jlim Ry« o+ (p, s) = —log(4me), (105)

To characterize the asymptotic behavior of (12), we use
Lemma 3 and that the phases /so +2zo — 0, /s1 +2z; — O,

and /||s|]| +v — 0 as s — oo. Then,
. . T 1 .
§lgloloh({AC_HnA +/5m —i—zm}0 ’ \§+g|) = h(A°, A")
(106)



and
Jim h(AT) +h (A% ||+v)|u |+ v]) = n(as, an,
(107)

which results in

lim F(M,s, A° A7) =

Jim —h(Ac,AY). (108)

Choosing’® ¢ < \/p/M as a function of p such that £ — oo
as p — oo, we obtain from (99), (105), and (108)

U (P) = Unsur(p),

where Upgnr(p) is defined in Theorem 3. Finally, using (109)
and recalling from Lemma 2 that C©)(p) = C(p) + o(1), we
can write

(109)

C(p) < Unsne(p),

which completes the proof of Theorem 3.

(110)

C.2 Proof of Theorem 4 (High-SNR Lower Bound)

Here, we characterize the high-SNR characteristics of the
lower bound by selecting a particular distribution for s in
Theorem 2. We opt for the truncated gamma distribution for s
based on the rationale that in the high-SNR regime, the output
can be considered as a rotated version of the input. Given that
we employed the truncated gamma distribution for the squared
amplitude of the output to derive the high-SNR upper bound,
it is reasonable to employ the same distribution for the squared
amplitude of the input. Furthermore, the truncated gamma
distribution serves as a versatile representation encompassing
various well-known distributions.

Let p = p/(M — 1), v > 0, and &/(y) > 0 and take
s ~ 8G (1, &' (7), 7). Using Lemma 13 we can write

M—1
E[|ls|?] ZTE I5m|?]
m=0
M—1
=p Y I, (),7), (111)
m=0

where J(-) is defined in (51). The distribution parameters -y
and o’(y) must be selected such that the power constraint
E[||s||?] < p is satisfied.

The proof hinges on the choice of /() and ~ as a function
of p such that (111) is satisfied, and as p — oo, we have
py — 00, v = 0, and &/(y) — o* where o* is defined in
(18). Here, we select®

/

Oém(’}/) = a:n - Cm(,}/)v

where o, and ¢, () are defined in (18) and (54), respectively.
We also choose’

1/vps p21,
’y:xmax'{/\/ﬁ P

o, 0<p<l,

(112)

(113)

SFor instance, setting £ = /P/M satisfies the required conditions. Note
that certain other functions will give the same result.

Any other o (v) that lead to E[||s]|?] < p and lim, o+ a'(7) =
will give the same result.

"Many other functions will give the same result.

which results in having 0 < v < x.x and as p — 00 we
have py — oo and v — 0.

Lemma 20: For o/(~y) defined in (112) and for any 0 <
v < Tmax Where Ty ~ 0.00471 is defined in Lemma 14,
we have

J (00, (7),7) < ag, (114)

and
Jim_af, (7) = o (115)
Proof: See Appendix D.5. [ ]

Substituting (114) into (111) leads to E[||s||*] < p. More-
over, (115) shows that o’ (vy) converges to o* element-wise as
v — 0.

Note that with the chosen truncated distribution we have

Is| > iy = +/py/(M - 1)

from (1); thus, Pr{s > ,/u7} = 1.
Using Lemma 3 and that the phases /so +z¢ — 0 and
/s1 + z1 — 0, with probability 1 as p — oo, we can write

(116)

W({AFmAT T sy + 20} |5 {[Sm + 2| }3)

=h(A% AY) +0(1), p— 0. (117)

Then, using Theorem 2 and substituting (117) into (13), we
obtain C'(p) > L© (p), where

= log(27) — 1) log(e) —
4 h(§2) —%E [log (1 -+ 253)] — & [tog (1 +257)]

- Z )] + o(1).

Next, we will characterize the high-SNR behavior of each term
on the RHS of (118). Recall that s ~ SG,(p, o’ (7y),7) and
that as p — oo, we have v — 0 and o/ () — «*. Thus, the pdf
fs(t) converges to f5(t) for every ¢, where 8 ~ SG, (11, a*,0),
and we obtain

LO(p) (M - h(AC, AT)

(118)

limh (s*) =h (%), (119)
hmE [logs ] E [ m] . (120)

Using that log(1 + a)
can write

= loga + o(1) for all real a > 1, we

(121)

E [log (1 + 2s2,)] = E [log§2,] + log2 + o(1).

Moreover, since E[logs2] = log pu+(a,) [8] where ()
is the Euler’s digamma function, we can write

N 1
E[log §3] = log pu + (2) ;

E[log 7] = log ju + ¥ (;) (122)



Note that for all m, the elements $2, ~ G (u,a*,0) and
independent of each other. Thus, the entropy of §% can be
written as [36, Ch. 4.9]

M-1
h(8%) = Z (o, log e + log p+logT(ag,) + (1—aj,)v(al,))
m=0
@ M log p + log(m) + (M — 1) log(e) + ¢ (;) ;

(123)

where (a) follows from the definition of o* in (10) and that

Yoo O =M — 1.

The following lemma helps to characterize the high-SNR
behavior of the RHS of (118).

Lemma 21: For any deterministic vector s > /iy, we have

452 o
7log<1+ =2+ >+O<\/W>’ m =2,
g(m, s) =
2

Hlog(1+ 5504 3) + 0 (s ) m>2

(124)
Proof: See Appendix D.6. ]
Let it = s/, /J, which leads to 1 ~ SG.(1,/(7), ). Then,

using (124) and recalling that as p — oo, we have py — oo,
v — 0, and o/ (y) — «*, we obtain
lim E[g(m,s)] = lim E[g(m
p—r00

p—r00

V)]

(2 ghsnr(m>7 (125)

where gnsnr(+) is defined in (19) and (a) follows because
the pdf fa(t) converges to fu(t) for every ¢, where u ~
SGir(1,a%,0).

Finally, recalling = p/(M —1) and substituting (123) into
(119), (122) into (121), and finally (119), (121), and (125) into
(118) gives

L® (P) = Lusnr (p),

where Lpgn;(p) is defined in (17), which completes the proof
of Theorem 4.

(126)

APPENDIX D
PROOF OF LEMMAS NEEDED IN THEOREMS 1-4

This section is dedicated to the proof of lemmas used to
prove Theorems 1—4. Before delving into the proofs, we define
the following relations which will be used in some of the
lemmas.

For all m € {0,..., M

—1}and k € {0,1,...}, we define

Ziom = e_j(g’“"ﬁﬁ""m)wk)m, (127)
which gives zy, ,, ~ CN(0,1) and
Sk.om = |Xk,ml| (128)
which results in rewriting (4) as
Vi = ¢ Orm¥B&em) (s gy ). (129)
Consequently, we have
[Ykm| = [Sk,m + Zi,m] (130)
Yk = Okm + Xem + /Sk,m + Zk,m. (131)

The vector forms of the abovementioned parameters are de-
M-1 M-1
fined as Zp = {ka’b}nL:O’ S, = {Skﬂn}m:O’ and Xk =

{(¥rm ML
In the following sections, the lemmas used in the proofs of

Theorems 1-4 are presented. Specifically, Lemmas 16-18 are
used for Theorem 1, Lemma 19 for Theorem 2 for Theorem 3,
and Lemmas 21-20 for Theorem 4.

D.1 Proof of Lemma 16

Starting with the chain rule, we can write

ZI Xl?yk|y1 1)'

Following the footsteps of [8], we can upper-bound each term
on the RHS of (132) as

(132)

le

1

D=hy, |yi Y = hly, ¥y xD)

(@)

Iy, |y

S

< h(y,) —hly, ly; =" x7)

2 hly,) - hly, | y* " xb)

< hly,) — by, [y X x 0, )
n Xk) - h(Xk | %4, 05 1)
:I(yk§xka0k 1)

I(kayk) +I(yk79k 1 |Xk)
=I(x;;y,) +1(y ;00 1%1),

where (a) and (c) follow as conditioning does not increase
entropy; (b) holds because based on (4)—(6), given ;’f the
output y, is independent of future inputs xj., ;; (d) follows
since given 6, _;, the output Y, is independent of the pair
(y’lC 1 x¥1). Finally, (e) follows because {x;}.{y,}, and
{8,.} are stationary processes.

Note that (133) holds for any channel in the form of (4)—(6)
regardless of how the phase noises are correlated.

Finally, substituting (133) into (132), then (132) into (7)
gives (69) and the proof is completed.

(133)

D.2 Proof of Lemma 17

By duality, for every probability distribution Qx on x; and
any pdf le ony we have [17]

I(xy;y,) < —Ellog fy (y,)] —h

For any probability distribution Qy satisfying E[l|x, 1] < p,
we have

(Xl\gl). (134)

2

1_
p+ M -

Now for any given A > 0,
I(xy3y,) < —Ellog fy (y,)] = h(y,|%)

+ )\(1 - E[lef‘]]\; M).

To evaluate the first term on the RHS of (136), we take y,~
CSGi (1, @, 0) and thus fy is defined according to (3), Where

(136)



we set u = (p+ M)/as and ax = Zi\f;ol o, Essentially,

we let each y; ,, be independent and circularly symmetric
with the squared magnitude |y17m|2 following a single-variate
gamma distribution.

Utilizing fy from (3) and that I'(a,0) = I'(«v), the first
term on the RHS of (136) can be evaluated as

M-—1
+
—E[log fy (v,)] = axlog P . +) logT(awm) +Mlogm
m=0
M-—1
+Z 1 — ay,)E [log [y1,m|’]
m=0
ax
o7 E [Ilzlll ] -loge. (137)
Note that [y1 | = |1,m + 21,m| and E[lly, 2] = E[[s, |*] +

M.
To lower bound the second term of the RHS of (136), we
write the conditional differential entropy term as

Y1,o)

h(y,|x1) = h(y1,0|x1) + h(
M-—1

m—1
+ Z h(Y1m|X17{Y1z} i )
= h()’l,o |x1,0) +h(y1,1]%1,0,X1,1,¥1,0)

M—1
+ Z h (ym‘{xl,i}:nzoa {yLi};i_ol)
m=2

(a)
> h(y1,0|x1,0) + h(y1,1 | X1,0,X1,1,¥1,0, 07)

M-1
+ Z h (y1,m|{xl,i};107 {yLz‘}?:Ol’ofaei)

h(yi,0]x1,0) + h(yi,1]x1,1,69)
+ (M —2)log(me),

b
(138)

where (a) follows because conditioning does not increase the
entropy; (b) holds since when 6Y is given, y; ; is independent
of the pair (x1,0,y1,0) and given the pair (65,07), the last
summation term becomes the summation of entropies of
independent Gaussian variables, i.e., (y1,m|X1,m,05,0}) ~
C'./\/'(ej(‘QT+"“9§)xmn7 1).

Using (129), the first term on the RHS of (138) is

h(y1,0lx1,0) =h (6j(9§+ﬁ1’°)(51,0 +2z10) | S1,0,&1¢0)

@p (ejei (s1,0+21,0)| 51,0)

b

(|510+Z10| | s1, o)+10g7r (139)

where (a) follows because zq o defined in (127) is circularly
symmetric and its distribution remains the same with rotation;
to obtain (b) we applied Lemma 5 as e/ (s1,0 + z1,0) is
circularly symmetric given s; . Following the same steps
leading to (139), the second term on the RHS of (138) can be
written as

h(yi1|x1,1,07) =h (63(0 i+ )(51,1 +2z11) ] 51,1,9(1:)
=h (|S1,1 + Z1,1|2 |Sl,1) + 10g . (140)

Combining (140) and (139) into (138) gives
Wy, %) > h(
+ log(mM

Substituting  (137) and (141)

]E[log(lsl,m + Z17m|2)] =
from (32) gives

) 2 |Sl,o) + h(|51,1 + Z1,1|2 |51,1)
)+ (M —2)loge. (141)

into (136) and that
E [log (sim) +E; (s%m)]

I(xy;y,)
§a210gp+M +A— (M —2)loge
ay;
M—-1
3 (logTem) + (1-an log (sF,) + Ea (5]
m=0
E[|ls, || +M)
loge — \)| ==L T
(astoge - | 12l

— h(|s1,0 + 21,0 ’51,0) —h(si1 4z ‘ s1,1)

+ M
= ayx log <p . > +dxa +Rxa(p,s),

(142)

where Ry (-) and d) , are defined in (11) and (71), respec-
tively.

Finally, replacing back s; with |x;| gives (70) and com-
pletes the proof.

D.3 Proof of Lemma 18

The proof is divided into two parts. The first part simplifies
the RHS (69) for M = 2, and the second part provides an
upper bound on the RHS of (69) for M > 2.

The second term on the RHS of (69) for M = 2:

From (127)—(129) we can write 43: =0, | /X1 T+
/81 +2;. Then, applying the chain rule on the second term
on the RHS of (69) gives

I(YI;QOI&)
2 (i)
[(LXI = /X136, !zﬂzl\)
Q7 (Q1 T /51 +21;0, 51, |X1|)
(Q1 im@lﬂzﬁ)
—n (6 F fsi 2 ]s1ly, ] 6,)

=h

(©

2 2log(2m) — (Ql T /st |§1»|X1|»Q0>
= 2log(2m)

— h({O‘{ + m6é;] + /S1,m + Z1,m}(1J ERNE +Zl‘7QO)
= 2log(2m)

— h({Af FmAl + fs1m + Zl,m}(l) EnE +Zl‘)

(143)

where (a) holds since the pair (|y,[,8,) are independent; (b)
follows since s; = [x,| and /x; are independent as x, is
circularly symmetric; (c) holds since the two components of



0, = (05,05 T 6}) are independent and uniform on [—m, 7),
from which follows that the components of 8; + /s, +z, are
also independent and uniform on [—, 7).

The second term on the RHS of (69) for M > 2:

I(y,:80|x) < I(y,,01:0,|x,)
=1(61:0, | x1) +1(y,:00]%,61)
21(0’{,00,00|x1)+I(y1,00,00|x1701)
Q76505 | x,) +1(y,: 05| x,,6}), (144)

where (a) holds since (6,6() are sufficient statistics for
0y, and (b) follows because, given 6!, the pair (Xl,ﬂg) is
independent, hence I(y ;05 |x,,67) = 0.

The first term on the RHS of (144) is

( 90"‘1) = ( 395)
= h(67) — h(67]65)

= log(2m) — h(A}), (145)

where (a) holds since (
X

Recall yq ,, and 2z, from (129) and (127), respectively.
Then, define

1,0}) are independent of the inputs

~ —jmOi
Yim =€ J 1yl,’m

= T E () 71 ), (146)

and its vector form as y = (¥1,0,---,¥1,m—1). Then, the
second term on the RHS of (144) can be written as

1,501 x.00) = 1 ({eyn 055,07
(i) I(ylaGO |X1>

where in (a) we used that y_ is independent of 67.

(147)

Recall  ||x,|| |ls;|| and define wu, =
1/ Ix1]] = exp ]4)'_(1]2 o s;/|s;|l- Let the matrix
= (@l ul,. ... ul)? with u,,...,u,, are vectors

orthogonal to g]; and mutually orthonormal i.e., UtU = I,,.
Then the RHS of (147) can be written as

1(y,;66|x)=1 ( yl,HO]UTxl)
(a)I(uly 68 ]ulxl)
@ 1(e% (|5, | +v1): 65 | 1541l
9 7(65 T Jlsill +vi: 05 | sul - Ml [+ val)

@ log(27)

—h(ASF /sl +vi | sill s+ val)-

(148)

Here, (a) holds since 9121 is sufficient statistics for 6§
as gzgl ~ CN(0,1) and independent of 6§ for all i €
{2,...,M}; in (b) v; = ulz, resulting in v; ~ CN(0,1);

in (c) the pair (6, | [|s,|| + v1|) are independent; finally, (d)

holds since 6§ ~ U[—, ). Substituting (145), (147) and then
(148) into (144) we have

I(Zl;QO |§1) <2log(2m) — h(A})

—h(AT F /lsy ]| +va | llsall s sy |+ val)-

(149)

Now, replacing s; with |x;| and combining (149) and (143)
gives

I(y ;00| %) < 2log(2m) + F(M, [x4], AT, AY),
where F(-) is defined in (12).

(150)

D.4 Proof of Lemma 19

To initiate the derivation of the lower bound, we apply the
chain rule, leveraging the non-negativity of mutual informa-
tion. This allows us to write

Ixsy)) =3 Iy 1)
k=1
> I(xyr x5, (151)
k=2
Fix k > 2 and set
e =1(x3 051 | X1, ¥,,)- (152)

Following similar footsteps as in [8], we can write

) (_a)I(x,c,y17 k= 1)
(b)

I(xpyh 1 x3™

kavykayk 1?Xk 1)

(
(Xk,‘?yk?yk 17Xk; 170k 1)7616
H1(x
' 1(x

k:?Xk?Qk}—]) — €k
X Yy, 10,_1) —ex

I (x5, 10;) — €2, (153)

where (a) holds since {x,} are independent; (b) is a conse-
quence of the chain rule and nonnegativity of mutual informa-
tion; (c) follows because when the pair (Qk—lan) is given,
x;, and the pair (Xk—l’ X;,_1) are conditionally independent;
(d) follows because x;, and 8;,_, are independent; finally (e)
holds due to stationarity. Substituting (153) into (151) and the
result into (7) gives (75) for all distributions on x5 such that
E[lx, %) < p.

D.5 Proof of Lemma 20
We can start with the definition of J(-) from (51) and write
eV y%m(7)
I(ag, (727 )'v)
@ e~V m (¥
< ap,(v) + ﬁ
€ al,(7) + om0, (154)

where (a) follows because I'(a/(7),7) > T'(1,v) from
Lemma 12 and (b) follows as I'(1,y) = e~ ”. Note that in

J(ar,(7),7) = ay,(v) +



(a) we could utilize Lemma 12 because 7 < Zpmax < xo and
0<a(y) <1
Now, substituting (112) into (154) we can write

/ al () — At ’ya:"
(V) + an, —em(y) + o)
@ «
= ay, —em(7) +em(y)
=a, (155)

where (a) follows from (56) in Lemma 14. Thus,

J(al, (7)) < oy, (156)

which proves (114).

Next we prove (115), which requires to show
lim, o+ ¢m(y) = 0. Based on the definition of the
Lambert W function we have

x
Thus, we can write
oy, 1
lim ¢, (y) = lim T " 98
y—0t y—0+ eWL(v*m log, ) loge 5
— lim L
y—0+ eWL(y*m log, )
_v
1
=0, (158)

which proves (115).

D.6 Proof of Lemma 21
In this proof, we need to characterize g(m,s) for a deter-

ministic vector
S >/ (159)

Starting with the first term on the RHS of (15) and using
(159), we have ¢(m,s) < 6/(wy). Thus, for py > 3e/(2m)
we can write

min (1og(27r), %bg (7T6(Z5(m75))) = %log(we)

+ 3 log (6(m,5)).
(160)

For all m € {0,..., M — 1}, consider i.i.d. z,, ~ CN(0,1)
and let

Pm = [Sm T Zm, (161)
= |[Sm + Zm)]
=5m (1+0(1/\/17)). (162)
Then, according to Lemma 9, given s,, and r,, = 7y,

we have ¢, ~ VM(0,2s,,7,,) with its pdf denoted by
Xy(gom;o,Qsmrm). Using Lemma 10, the pdf of a von
Mises distribution can be approximated by a wrapped normal

distribution as

1
SN (0m: 0, 28m7m) @f;}me <<Pm; 0,5 ) +O<
SmTm

1
vV Smrm).
(163)

The second term on the RHS of (14) can be written as

h (me + Zy | Sms |5m + Zm|)
=h (‘Pm | Sm, rm)

(a) 1 1 1

= 1 — =1 I
5 og(me) 5 og (8mTm) + O( Sme)

o 1 1 9 1

= —log(me) — = log Sm) + O () s (164)
2 ( ) 2 ( ) \/;T’y

where in (a) we utilized Lemma 15, and (b) follows from
(162).

Finally, substituting (164) and (160) into (14) gives (124),
and the proof is completed.
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