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SHARP BOUNDS ON THE HEIGHT OF
K-SEMISTABLE FANO VARIETIES 11, THE LOG CASE

BY RoLr ANDREAssON & RoBERT J. BERMAN

ABsTRACT. — In our previous work we conjectured—inspired by an algebro-geometric result of
Fujita—that the height of an arithmetic Fano variety X of relative dimension n is maximal
when X is the projective space P over the integers, endowed with the Fubini-Study metric,
if the corresponding complex Fano variety is K-semistable. In this work the conjecture is settled
for diagonal hypersurfaces in IP’Z” 1 The proof is based on a logarithmic extension of our previous
conjecture, of independent interest, which is established for toric log Fano varieties of relative
dimension at most three, hyperplane arrangements on P7, as well as for general arithmetic
orbifold Fano surfaces.

Résumr: (Bornes optimales pour la hauteur des variétés de Fano K-semi-stables II : le cas loga-
rithmique)

Dans un travail antérieur, nous avons conjecturé — en nous inspirant d’un résultat algébro-
géométrique de Fujita — que la hauteur d’une variété de Fano arithmétique X de dimension
relative n est maximale lorsque X est I’espace projectif P} sur les entiers, muni de la métrique de
Fubini-Study, a condition que la variété de Fano complexe correspondante soit K-semi-stable.
Dans ce travail, nous démontrons cette conjecture pour les hypersurfaces diagonales dans ]P’%”’l.
La démonstration repose sur une extension logarithmique de notre conjecture précédente —
d’un intérét indépendant — que nous établissons pour les variétés de Fano logarithmiques
toriques de dimension relative au plus 3, les arrangements d’hyperplans dans P7, ainsi que
pour les surfaces de Fano arithmétiques orbifoldes générales.
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1. INTRODUCTION

This is a sequel to [3], where a conjectural arithmetic analog of Fujita’s sharp
bound for the degree (volume) of K-semistable Fano varieties over C from [17] was
proposed, concerning arithmetic Fano varieties X. The case when X is the canonical
integral model of a complex toric Fano variety X was settled in [3], when the relative
dimension n is at most six (the extension to any n is conditioned on a conjectural gap
hypothesis for the algebro-geometric degree). Here we will, in particular, show that the
conjecture introduced in [3] holds for any diagonal Fano hypersurface X in IF’Z“ (see
Section 1.1.3 below). The proof is based on the following extension of the conjecture
in [3] to the logarithmic setting, which is the main focus of the present work:

Consecrure 1. — Let (X, D) be an arithmetic log Fano variety and denote by (X, A)
1s complezification, which defines a complex log Fano variety. Then the following in-
equality of arithmetic intersection numbers holds for any volume-normalized continu-
ous metric on —(Kx + A) with positive curvature current if (X, A) is K-semistable:

(_K(DC 'D))"+1 < (—fKPQ)"J'_l,

)

where —K]pg is endowed with the volume-normalized Fubini-Study metric. Moreover,
if X is normal equality holds if and only if (X, D) = (P},0) and the metric is Kdihler-
Einstein, i.e., coincides with the Fubini-Study metric up to the action of an automor-
phism of Pg.

By definition, an arithmetic log Fano variety (X, D) is a projective flat scheme X
over Z, such that X is reduced and satisfies Serre’s conditions Sy (e.g., X normal),
together with an effective Q-divisor D on X such that

—Kx,p) = —(Kx + D)

defines a relatively ample Q-line bundle, where Ky denotes the relative canonical
divisor on X. We also assume that the corresponding complex variety X is normal.
The complexification (X, A) of (X, D) thus defines a complex log Fano variety and
we shall say that (X, D) is an integral model of (X,A) (see Section 2.2 for more
background on this setup).

Following standard procedure, we denote by £ a metrized line bundle, i.e., a line
bundle £ on X endowed with an Hermitian metric over the complex points X of X.
Arithmetic intersection numbers of metrized line bundles were introduced by Gillet-
Soulé in the context of Arakelov geometry [8]. The top arithmetic intersection number
T of T is called the height of £. The height of W with respect to the volume-
normalized Fubini-Study metric, appearing in the previous conjecture, is explicitly
given by the following formula [1, Lem. 3.6], which, essentially, goes back to [20, §5.4]:

n

(1.1) (—Kpn)" = %(n + 1)t <(n +1) Z El—n+ log(w"/n!)) .
k=1
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As for the notion of K-stability it originally appeared in the context of the Yau-Tian-
Donaldson conjecture for Fano manifolds X (see the survey [47] for recent develop-
ments, including connections to moduli spaces and the minimal model program in
birational geometry). By [26] and [27, Th. 1.6] a log Fano variety (X,A) over C is
K-polystable (which is a slightly stronger condition than K-semistability) if and only
if it admits a log Kdhler-FEinstein metric, i.e., a locally bounded metric on —(Kx +A),
whose curvature current w induces a Kéhler metric with constant Ricci curvature on
the complement of A in the regular locus of X. After volume-normalization, any log
Kéhler-Einstein for (X, A) maximizes the height (m)"‘Irl among all volume-
normalized locally bounded metrics on —(Kx + A) with positive curvature (as shown
precisely as in the case that D = 0 considered in [3, §2.3]). When (X, A) is log smooth
any log Kéhler-Einstein metric has conical singularities along A (see Section 2.1.2)

The K-semistability of (X, A) implies that (X, A) is Kawamata log terminal (klt)
in the usual sense of birational geometry (see Remark 7). An important class of klt log
Fano varieties (X, A) is provided by (smooth) Fano orbifolds, where the coefficients
of A are of the form (1 —1/m;) for positive integers m;. Diophantine aspects of Fano
orbifolds have recently been explored in a number of works, building on Campana’s
program [12] and its developments by Abramovich [1] (see [43] for a very recent
survey). In particular, a logarithmic generalization of the Manin-Peyre conjecture for
the density of rational points of bounded height on Fano varieties is proposed in [39],
which, for example, is addressed for log Fano hyperplane arrangements and toric
varieties in [10] and [38], respectively. See [4] for relations between height bounds,
K-stability and the Manin-Peyre conjecture.

1.1. MAIN RESULTS

L.1.1. Toric log Fano varieties. — We first consider the case when (X, D) is the canon-
ical integral model of a complex toric log Fano variety (X,A) (see [28, §2] and [11,
Def. 3.5.6]). One advantage of the logarithmic setup is that on any given toric Fano
variety X there exist an infinite number of toric Q—divisors D such that —(Kx + A)
is a K-semistable log Fano variety. Building on [1], where the case when D = 0 was
considered, we show:

Tueorem 2. — Let (X, D) be the canonical integral model of a compler K-semistable
toric log Fano variety (X,A). Conjecture 1 holds for (X,D) under anyone of the
following conditions:

—n < 3 and X is Q—factorial (equivalently, X has at worst abelian quotient sin-
gularities);
— X is not Gorenstein or has some abelian quotient singularity.

The starting point of the proof is the bound

(1) e

(n+1)!

7(KX Jr A)’ll
n!

)

1 (272)n
< - _— =
<3 vol(X, A) 10g(vol(X, )), vol(X, A)
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shown precisely as in the case when A = 0, considered in [1]. For X = P™ the previous
theorem is verified by an explicit calculation. In the remaining case, X # P the
bound in Conjecture 1 follows, just as in [1], from combining the bound (1.2) with
the following logarithmic analog of the “gap hypothesis” introduced in [1]:

(1.3) vol(X,A) < vol(P" ! x P!)

for any K-semistable n-dimensional log Fano variety (X,A) such that X # .M
In the case that X is singular the logarithmic gap hypothesis does hold in any dimen-
sion, just as in [1]. In the non-singular case there is, for any dimension, only a finite
number of toric Fano varieties X. For n < 6 these appear in the database [31], which,
as observed in [1], settles the gap hypothesis for n < 6, when A = 0. However, in the
present case there is for any given toric variety X an infinite number of toric divi-
sors A on X such that (X, A) is a K-semistable Fano variety. In order to establish the
logarithmic gap-hypothesis (1.3) we thus introduce the following invariant of a Fano
manifold X:

S(X) :=sup {vol(X,A) : (X, A) K-semistable log Fano}
A

and show, by solving the corresponding optimization problem, that
S(X) < vol(P"~1 x PY)

when X # P™ and n < 3.

The invariant S(X) and the corresponding maximizers A appear to be of indepen-
dent interest in Kdhler geometry. This is illustrated by some examples in Section 3.1,
where we make contact with a rigidity property of the corresponding log Kéhler-
Einstein metric, first exhibited in [40].

1.1.2. Hyperplane arrangements. — We next turn to the case when X is the projective
space over the integers, X = P and D is a hyperplane arrangement, i.e., its irreducible
components are hyperplanes.

Tueorem 3. — Conjecture 1 holds when X =Py and D is a hyperplane arrangement
with simple normal crossings.

The proof employs a convexity argument to reduce the problem to the case when D
is toric, which is covered by Theorem 9. The argument leverages the explicit charac-
terization of K-semistable hyperplane arrangements established in [18] and yields the
following explicit bound:

(K™ _1 (n+ e (=% "™
—_— = 1 X,A 1 ; n = T i
mryr - SgVlA) Og((n+ 1)!v01(X7A)) T )

with equality if and only if D is toric.

(1.4)

(Mgee [3, §3.2.1] for a comparison between the gap hypothesis and the ODP-conjecture in [41]
(very recently settled in the toric case [30]), which, however, yields a weaker inequality than the gap
hypothesis in our setup.

JE.P. M., 2095, tome 12
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1.1.3. Application to diagonal hypersurfaces. — Given a positive integer d and inte-
gers a;, consider the diagonal hypersurface X, of degree d in IP’Z+1 cut out by the
homogeneous polynomial Z?:Jrol aixg. The corresponding complex variety X, is Fano
if and only if d < (n+1) and is always K-polystable (and, in particular, K-semistable);
see, for example, [48] for an algebraic proof. Using the results stated in the previous
two sections we will establish Conjecture 1 for X,, endowed with the trivial divisor 0:

Turorem 4. — Conjecture 1 holds for any diagonal hypersurface X, which is Fano
(i.e., d < n+ 1) when the divisor D is trivial. More precisely,

n+1
(KoM < (FXKpp)" T+ (1= d)(n+2—d)™ Y log ail,
=0

and the inequality is strict if d > 2.

Note that the schemes X, are mutually non-isomorphic over Z, for any given
degree d of at least two. In fact, in general, they are not even isomorphic over Q. The
proof of the previous theorem is first reduced to the case of a Fermat hypersurface,
i.e., the case when a; = 1. Expressing X, as a Galois cover of P} the estimate (1.4)
can then be applied with X =P} and A the corresponding branching divisor, which
reduces the problem to a simple toric case.

We recall that the Manin-Peyre conjecture has been settled for Fano hypersurfaces
over Q of sufficiently small degree [35, 36]. In particular, there is an extensive literature
on the diagonal case, in connection to Waring’s classical problem, where the degree
bound has been improved [37] (see also [7] and [46, Th. 15.6] for general number fields).

1.1.A. Arithmetic log surfaces. — Consider a polarized arithmetic log surface (X, D; L),
i.e., an arithmetic log surface (X, D) endowed with a relatively ample line bundle £.
Assume that the complexification £ ® C is isomorphic to —K(x a) (where (X,A)
denotes, as before, the complexification of (X, D)). Given a continuous metric on £
we define the arithmetic log Mabuchi functional of (X, D; L) by

— 1— — —
(1.5) Mx,p) (L) = 55 + Kx,p) - £,

where T(x,@) is endowed with the volume-normalized metric induced by the curvature
current w of £, assuming that this metric on %(DC,'D) is continuous. When D = 0 the
functional My py(£) coincides with the modular height introduced in [33], up to
normalization (see [3, §6.4] for a comparison between the different normalizations).

For a given integral model Mx p)(£) is minimized on a log Kéhler-Einstein metric,
if such a metric exists, and then

Mx,0)(£) = —(=K(x,1))%/2.

if the metric is volume-normalized and £ = _%(DC.Q)-

JE.P M., 2095, tome 12,
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Turorem 5. — Let (X, D; L) be a polarized arithmetic log surface (X, D; L) with X
normal, such that the complexification (X, A) of (X, D) is a K-semistable Fano variety
and L ® C = —Kx a). If A is supported on (at most) three points, then

Mx,0)(£) = Mep10)(—Kp1) (= ~1—logm),

where —IK]P% is endowed with the Fubini-Study metric. Moreover, equality holds if
and only if (X, D) is isomorphic to (PL,0) and L is isomorphic to —Xp1, endowed
with a melric coinciding with the Fubini-Study metric, up to the application of an
automorphism of PL and a scaling of the metric.

It would be interesting to extend the previous theorem to the case when A is
supported on any number of points. Anyhow, the assumption that A is supported on
three points is always satisfied in the orbifold case. In particular, we get:

Cororrary 6. — Conjecture 1 holds for arithmetic normal log Fano surfaces, if A is
supported on, at most, three points. In particular, the conjecture holds for all normal
arithmetic log Fano orbifold surfaces (i.e., the case of coefficients of the form 1—1/m;
form; € N).

In the setup of the previous theorem the corresponding complex variety X is always
equal to P! and thus (X, A) is a hyperplane arrangement. Accordingly, applying The-
orem 3, the proof of Theorem 5 is reduced to showing that the canonical integral
model (X;, De; —K(x,,p.)) of (X, A; —K(x a)) obtained by setting X. = P} and tak-
ing D, to be the Zariski closure of {0,1,00)} in P} minimizes M x, )(£) over all
integral models (X, D; L) of (X, A; =K (x a)), for any fixed metric on —K(x a). This
minimization property can be viewed as logarithmic version of Odaka’s minimization
conjecture (proposed in any dimension in [33]). Our proof builds on [33], leveraging
log canonical thresholds. We also show that the minimum is uniquely attained for
(P},0). See also [22] for very recent progress on Odaka’s minimization conjecture in
another direction.

Acknowledgements. — Thanks to Julia Brandes, Dennis Eriksson, Mattias Jonsson,
Gerard Freixas i Montplet and Yuji Odaka for discussions and the referee for com-
ments that helped to improve the exposition.

2. GENERAL SETUP
2.1. Lo Fano variETIES OVER C AND VOLUME-NORMALIZED METRICS ON —(K x + A)

A log pair (X, A) over C is a normal complex projective variety X together with an
effective Q-divisor A on X such that Kx +A is Q-Cartier, i.e., defines a Q-line bundle,
where Kx denotes the canonical divisor on X [24]. In the logarithmic setting this
bundle plays the role of the canonical line bundle and is thus called the log canonical
line bundle and is denoted by K(x a). A log pair (X, A) is said to be a log Fano pair
if A is effective and —(Kx +A) > 0. Any continuous metric ||-|| on —(Kx +A) induces
a measure 1 on X in a standard fashion. Indeed, when X is regular and A = 0 this

JE.P. M., 2095, tome 12
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follows directly from the definition of metrics on —Kx (see [3, §2.1.2]). In general,
denoting by Xeg the regular locus of X, and using that the Q-line bundles —(Kx +A)
and —Kx are isomorphic on the complement X, \ supp(A) in X,e, of the support
of A, the previous construction yields a measure on X, \ supp(A). Its push-forward
to X, under the inclusion map, thus yields a measure on X (see also [6, §3.1] for a
slightly different representation of this measure). This measure has finite mass if and
only if the log pair (X, A) is kit in the standard sense of birational algebraic geometry
(see [6, §3.1] and Remark 7 below). A continuous metric on —(Kx + A) will be said
to be volume-normalized if the corresponding measure is a probability measure.

2.1.1. Local representations of metrics and measures. — As in [3] we will use additive
notation for metrics on holomorphic line bundles L — X. This means that we iden-
tify a continuous Hermitian metric ||-|| on L with a collection of continuous local
functions ¢y associated to a given covering of X by open subsets U and trivializing
holomorphic sections ey of L — U:

(2.1) v = —log(|leu]|®).

The curvature current of the metric may then, locally, be expressed as
, U =
dd ¢y := —00¢y
2w

Accordingly, as is customary, we will symbolically denote by ¢ a given continu-
ous Hermitian metric on L and by dd°¢ its curvature current. We will denote by
C%(L) N PSH(L) the space of all continuous metrics on L whose curvature current is
positive, dd°¢ > 0 (which means that ¢ is plurisubharmonic, or psh, for short).

Given a log Fano pair (X, A) the measure corresponding to a given continuous
metric ¢ on —K(x Ay may be locally on X,., be expressed as

[y = e~ " s |72 (i/2)"2dz ANdZ, dz:=dz N---Ndz,

by taking ey = 0/0z1 A -+ A /02, ® ea, where e is a local trivialization of the
Q-line bundle over X, corresponding to the divisor A and syea is the (multi-valued)
holomorphic section cutting out A.

2.1.2. Log Kdhler-Iiinstein metrics. — Given a log Fano pair (X, A), a metric ¢ on
—K(x ) is said to be alog Kdhler-Einstein metric, if ¢ is locally bounded and its
curvature current dd“¢ induces a Kahler metric with constant positive Ricci curvature
on the complement of A in X, [6]. When (X, A) is log smooth, i.e., X is smooth
and A has simple normal crossings, any log Kéhler-Einstein for (X, A) has conical
singularities along A. More precisely, ¢ is continuous and if A has coeflicient ¢; € |0, 1]
along a smooth prime divisor A;, then dd®¢ has cone angle 27(1 — ¢;) along A,
23, 21, 29].

JE.P M., 2095, tome 12,
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2.1.3. K-semistability. — We next recall the definition of K-semistability in terms of
intersection numbers (see the survey [47] for more background). A test configuration
for a log Fano pair (X, A) is a C*-equivariant normal model (2", .Z) for (X, —K(x a))
over the complex affine line C. More precisely, 2" is a normal complex variety, endowed
with a C*-action p, a C*-equivariant holomorphic projection 7 to C and a relatively
ample C*-equivariant Q-line bundle .Z (endowed with a lift of p):

(2.2) 72 —C, ¥£X—Z, p: I xC—Z
such that the fiber of 2" over 1 € C is equal to (X,—Kx a)). A log Fano pair

(X, A) is said to be K-semistable if the Donaldson-Futaki invariants DFa (27,.Z) are
non-negative for any test configuration (Z2°,.%) of (X, A):

nIDFA (2, 2) =

n —n+1 —n

mrn~ THEowm L

where 2 denotes the C*-equivariant extension of .Z to the C*-equivariant compact-
ification 2 of 2~ over P! and ,%/(y@) /p1 denotes the relative log canonical divisor
of the pair (27, 2) with 2 denoting the flat closure in 2" of the C*-orbit of the
divisor A.

Remark 7. — If a log Fano variety (X, A) is K-semistable, then (X, A) is klt (see [34,
Th. 6.1] and [9, Cor. 9.6]). When X is non-singular and A has simple normal crossings
this means that all the coefficients of A along its irreducible components are strictly
smaller than 1.

2.2, AritHMETIC LOG FANO VARIETIES AND INTEGRAL MODELS. — The notion of log pairs
over C can be extended to schemes over excellent rings, as explained in the book [25].
Here we will consider the case when the ring in question is Z. Henceforth, X will denote
a projective flat scheme X — SpecZ of relative dimension n such that X is reduced
and satisfies Serre’s conditions Sy (this is, for example, the case if X is normal). Such a
scheme X will be called an arithmetic variety. We will denote by 7 the corresponding
structure morphism to SpecZ,

m: X — SpecZ.

A log pair (X, D) over Z of relative dimension n is an arithmetic variety X endowed
with an effective Q-divisor D on X such that Xy + D is Q-Cartier, i.c., defines a
Q-line bundle, where Ky denotes the relative canonical divisor on X (see [25, §1.1]
and [3, §2.2.1]). We shall call such a pair (X, D) an arithmetic log variety. The com-
plexification of (X, D) will be denoted by (X, A) and (X, D) will be called an integral
model of (X,A).

Remark 8. — We are using the notion of an integral model in a generalized sense —
usually a scheme X over Z is said to be an integral model of a scheme Xg defined
over Q if Xg is isomorphic to X @z Q over Q. Here X (without any subscript) will
usually denote a variety over C and a scheme X over Z is thus called an integral model
of X if X is isomorphic to X ®y C.

JE.P. M., 2095, tome 12
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A log pair (X, D) over Z will be called an arithmetic log Fano variety if —(Kx +D)
is relatively ample and the corresponding complex variety X is normal. In particular,
the complexification (X,A) of (X, D) is a log Fano variety over C. More generally,
an arithmetic variety X endowed with a relatively ample line bundle £ will be said to
be polarized and (X, £) will be called an integral model of a complex polarized variety
(X, L) if (X, L) is isomorphic to the complexification of (X, L).

2.3. ARITHMETIC INTERSECTION NUMBERS AND HEIGHTS. — We recall some well-known
facts about heights (see [3] for more background and references). A metrized line
bundle £ is a line bundle £ — X such that the corresponding line bundle L — X is
endowed with a metric, that we shall denote by ¢ (as in Section 2.1.1); £ := (£, ¢).
The x-arithmetic volume of a polarized arithmetic variety (X, £) is defined by

(2.3)  voly (L) := Jim k=D log Vol (s € H (X, kL) @ R : supx [Isill, < 1},

where H%(X, k£)®R may be identified with the subspace of real sections in HO(X, kL).

—

More generally, vol, (Z) is naturally defined for Q—line bundles, since it is homoge-
neous with respect to tensor products of £:

(2.4) vol, (mL) = m™*'vol, (L), ifmeZ,.

Moreover, ;(;IX (Z) is additively equivariant with respect to scalings of the metric:
— —~ = A

(2.5) voly (£,¢ 4 A) = vol, (£) + 3 Vol(L), ifAeR.

If the metric on L has positive curvature current (i.e., if ¢ is psh), then, by the
arithmetic Hilbert-Samuel theorem,

—n+1
(2. Wl () = 2oy

where ! denotes the top arithmetic intersection number in the sense of Gillet-
Soulé [20], which, defines the height of X with respect to £ [16, 8]. For the purpose of
the present paper formula (2.6) may be taken as the definition of ZHH (arithmetic
intersections between general n 4+ 1 metrized line bundles could then be defined by
polarization, i.e., using multilinearity). Following standard practice we will use the
shorthand h, (X, £) for the height (£, ¢)""! and ?L¢(DC, L) for the normalized height:

(6, 9)!

ho(X£) = (£,0)" Y ho(X L) o= (2

The definition of E¢(x, L) is made so that

hgin(X, L) = hg(X, L) + A/2 if AeR.

JE.P M., 2095, tome 12,
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We also recall that, given two continuous psh metrics ¢ and ¢g on the complexification
L — X of L — X, we have that

2h (L*(b) —2h (L¢0) = 8(¢a ¢0)

n

(2.7) 1 / , s
= — dd@)? N (dd¢g)" 7.
2.4. THE CANONICAL HEIGHT OF AN ARITHMETIC LOG FANO vAriETY. — We define the

canonical height hean(X, D) of an arithmetic log Fano variety (X, D) by

hean (X, D) := sup{h¢ (—K(x,g)) : ¢ cont. psh, /X te = 1}

(when D = 0 we shall use the short hand hean(X) for hean(X,0)). As shown precisely
as in the case D = 0, considered in [3], hecan (X, D) < oo if and only if the correspond-
ing log Fano variety (X, A) over C is K-semistable. By [2, Prop. 3.3], the sup defining
hean(X, D) may as well be taken over all locally bounded metrics ¢ on —Kx,a) (or,
more generally, over all finite energy psh metrics ¢). Moreover, (X, A) is K-polystable
if and only if the sup defining hean (X, D) is attained at some locally bounded met-
ric ¢, namely a log Kéhler-Einstein metric. Hence, if (X,A) is K-polystable, then
the canonical height hean (X, D) is computed by any volume-normalized log Kéhler-
Einstein metric.
Finally, we note that, by scaling the metric,

T hcan(x) . 1~
_hcan xv'D = =inf =D R
(X, D) (n+ 1)(—Kx.a)" 2 2(9)
(2.8) Dy(¢) = *Qﬁ(ﬁ (—K(x,p)) — log / Hepy
Jx

where the inf ranges over all continuous psh metrics ¢ on —Kx a). Additionally,
by [2, Prop. 3.3], —hcan(X, D) coincides with the infimum of the arithmetic Mabuchi
functional attached to (X, D; =K (x »),#). The functional ﬁz(gb) in (2.8) is an arith-
metic analog of the Ding functional Dy, in Kéhler geometry (that appears in the
proof of [3, Th. 2.5] in the case when D = 0), defined by

(2.9) Do () = —E (. d0)/ vol(— K x.a)) — log /X o

with respect to a reference metric ¢g on —K(x a)-

3. Torrc LoG FANO VARTETTES

Recall that an n-dimensional complex projective variety X is said to be toric if
the complex torus T := (C*)™ acts on X with an open dense orbit [15]. We can thus
view X is a Tr-equivariant compactification of (C*)™. A log pair (X, A) over C is said
to be toric if X and A are toric, i.e., if X is toric and the Q-divisor A is invariant
under the torus action on X. A line bundle L over a complex toric variety X is called
toric if is endowed with a Tg-action covering the T-action on X. An ample toric line
bundle L — X corresponds to a convex rational polytope P C R™, called the moment
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polytope, determined by the following property: for any given positive integer k, the
complex vector space H°(X, kL decomposes as follows under the Tg-action,
(3.1) HY X, kL) @ Cx™, X™(2)=z2":=2z"...2" z¢€(C)",
mezZ kP

where we have identified L — X with the trivial line bundle over the dense open orbit
of Ty in X (from an invariant point of view, the real vector space R™ above arises as
M ®7 R, where M is the lattice Hom(T,, C*) of characters of the group T, [15]).

Any toric ample line bundle L over a complex projective variety X admits a canon-
ical integral model £ — X with X normal (see [28, §2] and [11, Def. 3.5.6]). It is de-
termined by the property that the Z—module H°(X, kL) is generated by the sections
corresponding to the characters x™, appearing in formula (3.1) (see [28, Prop. 2.3.10]).
Likewise, a toric log pair (X, A) admits a canonical integral model (X, D). Moreover,
if (X, A) is a log Fano variety, then (X, D) is an arithmetic log Fano variety (as shown
precisely as in the case D = 0, considered in [3, §3.1.6]).

In this section we will prove the following result, by building on the proof of
[3, Th.1.2].

Tueorem 9. — Let (X, D) be the canonical integral model of a compler K-semistable
toric log Fano variety (X,A). Conjecture 1 holds for (X,D) under anyone of the
following conditions:

- n <3 and X is Q-factorial (equivalently, X has at worst abelian quotient singu-
larities);
— X is not Gorenstein or has some abelian quotient singularity.

We start by introducing some notation, following [5]. Given a complex toric log
Fano variety (X, A) set L = —(Kx + A) and denote by P the corresponding moment
polytope in R™. Then

(3.2) P={peR": (lp,p) > —ap, VF},

where ap € ]0,1] (generalizing the Fano case when ap = 1 for all F; see [5]) and [p
is a primitive integer vector. As shown in [5] (X, A) is K-semistable if and only if 0
is the barycenter of P if and only if the log Ding functional Dy, is bounded from
below. Moreover, the infimum of Dy, is attained at a T-invariant psh metric ¢ on L.
We will identify the metric ¢ with a continuous convex function on R", as in [3].
More precisely, on (C*)" < X, let x; = log(|z;|?). Trivializing —(Kx + A) with
% Ao A dz% ® spyea over U = (C*)™, and abusing notation slightly, we let ¢(z) :=
¢u(z) in the chosen trivialization over U = (C*)™. Then ¢ as a function of z is a
continuous convex function on R™. Via this recipe we also define a reference metric
from the convex function ¢ p(x) := sup,cp(p,z). As in [3, Eq.(3.8)], we still have
that
Doy (D) :/ (;S*dy/V—log/ e @dz —nlogm, V :=vol(P)
P

R’n,
(since the support of A is contained in the complement of (C*)™ in X). Thus the
inequality in [3, Prop.3.7] generalizes to the canonical toric model £ of L (which
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coincides with —K(x »)):
— (X, A
(3.3) 2vol,, (_K(DC,‘D)a ¢) < —vol(X, A) log(%),
b
where vol(X, A) := vol(—K(x,a)-
We will first prove Theorem 9 in the case that X = P", using the following
lemma, formulated in terms of the divisor Dy cut out by the T,.-invariant element

of HY(X,—Kx) (given by % ARERWAY dzin over (C*)™). In other words,
Dy=> Dy,
F

where Dp is the irreducible divisor corresponding to the facet F' of the moment
polytope corresponding to X (see [5]). The lemma is a special case of [3, Prop. 3.12].

Lemma 10. — Let X be the canonical integral model of an n-dimensional complex
K-semistable toric Fano wvariety X and denote by Dgy the standard anti-canonical
divisor on X. Then

(—Kx,1-tpo))" T/ (n+ 1) (=Kx)" "/ (n+ 1) 1

BY TRy 00Dl Ryl 280
o ((Ex +(1-6)Dy)"
(3.5) t —( X(iKX)n : )

with respect to the volume-normalized Kdhler-FEinstein metrics.
We next deduce the following

Lemma 11, — Let (X, D) be a toric K-semistable log Fano variety such that X = Py.
Then (=K (x,py)"t* < (—Kpzp )"t with equality if and only if D = 0.

Proof. — First observe that there exists ¢ € [0, 1] such that D = (1—¢)Dy =: D;. This
is a special case of [18, Cor. 1.6], which applies to P™, in any dimension n, using that
toric log Fano varieties are never uniformly K-stable. It will thus be enough to show
that ¢ — (m)n+l is increasing on [0,1] (and thus its maximum is attained at
t = 1). By the previous lemma

2(-Kpp,0,))"/(n+ 1! m(TP;)”“/(n +1)!
(—Kpn)" /n! a (—Kpn)"/n!
Differentiating with respect to (¢™) reveals that the right hand side above is increasing
with respect to ¢ if and only if

— " log(t").

(=Kpp)"/(n + 1)
(—Kpn)"/nl

The latter inequality is indeed satisfied, as follows from the explicit formula (1.1). O

2

> 1.

Combining the universal bound (3.3) with [3, Lem. 3.8], all that remains to prove
Theorem 9 is to establish the “logarithmic gap hypothesis”

(3.6) vol(X,A) < vol(P" 1 x P,
assuming that X # P™ and that (X, A) satisfies the assumptions of Theorem 9.
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Remark 12. — This is a logarithmic generalization of the “gap hypothesis”, discussed
in [3, §3.2.1] and it seems natural to ask if it holds for any K-semistable log Fano vari-
ety (X, A) such that X # P™? For example, by the proof of [3, Lem. 3.1], the logarith-
mic gap hypothesis holds for K-semistable products. More generally, as pointed out
by the referee, the logarithmic gap hypothesis holds when (X, A) admits a morphism
to P! with K-semistable general fibers, by [13, Cor. 1.17 ] (even without assuming that
the total space (X, A) is K-semistable).

Prorosition 13. — The logarithmic gap hypothesis holds for all toric K-semistable
log Fano varieties (manifolds) (X, A) such that X # P™ if and only if the following
bound holds for all Fano varieties (manifolds) X # P™

(3.7) S(X) < vol(P" ' xP'), S(X) :=sup{vol(—(Kx+A)) : (X,A) K-semistable}.

The “logarithmic gap hypothesis” holds for all log Fano varieties (X, A) such that X
s Q-factorial and of dimension n < 3 and for any dimensions n if X has some abelian
quotient singularity or if X is not Gorenstein.

Proof. — Since, trivially, vol(X, A) < S(X) the first equivalence follows directly from
the definitions. Next, let us show the last statement of the proposition, first assuming
that X is singular, which means that the moment polytope P of (X, A) is “singular”
in the sense that there exists a vertex of P such that the corresponding primitive
vectors lp,,...,lr, donot generate Z™. It follows from the proof of [3, Lem. 3.9] that

1
vol(P) < Q(n +1)"/n! < vol(P"~! x Ph)

Indeed, since ap < 1 the first inequality follows from the inequality [3, (3.13)], using
that & > 2, according to the singularity assumption on P (for the second inequality
see formula [3, (3.14)]). All that remains is thus to show the bound (3.7) for S(X)
when n < 3 and X is non-singular. First assume that n = 2. This means, by classical
classification results, that X is either P' x P! or the blow-up X (™) of P? in m points
for m < 3. But (=K x(m))? = (=Kp2)? — m and thus vol(X1) < 4 = vol(P"~! x P),
proving the bound (3.7). Finally, consider the case when n = 3. Starting with the
trivial bound vol(X, A) < vol(X) it follows the classification [31] of all non-singular
toric Fano varieties of dimension 3 that it is enough to show that the bound (3.7) holds
when X is P? blown-up in one point or P(O(1) ® O(2)) (whose degrees are 56 and 62,
respectively). According to the following proposition the corresponding invariants
S(X)n! are, approximately, given by 41.8 and 30.3, respectively, which are well below

the degree 54 of P? x P!, as desired. O
3.1, Tue mzwariant S(X) vror n < 3. — In the proof above we used the following
result.

Prorosrition 14. —  After rounding to the nearest decimal place the invariant nlS(X)

(formula (3.7)) is given by 41.8 and 30.3 when X equals P® blown up in one point
and P(O & O(2)), respectively.
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Proof. — Given a convex subset P of R™ let
s(P) = sup{vol(Py) : Py C P, bp, = 0},

where Fp is a closed subset of P with barycenter bp, at the origin. We will compute
s(P) when P is the moment polytope of the manifolds X appearing in the proposition,
showing at the same time that s(P) = S(X). The moment polytopes P of both P3
blown up in one point and P(O®O(2)) are of the form a simplex, with a simplex subset
removed, by chopping off a vertex (see ID 20 and ID7 in the database [31])). After a
general linear transformation, they are of the form (aAs — 1) \ (bAz — 1), where Ag
is the standard unit simplex in dimension three, 1 is the vector with all entries equal
to 1, and @ and b are positive real numbers. For P? blown up in one point we can
transform the moment polytope to (4A3 —1) \ (2A3 — 1) and for P(O® O(2)) we get
(5A3 — 1) ~ (Ag — 1). In the first case, the linear transformation is unimodular, but
in the second case the transformation has determinant 2. This will not matter when
computing s(P) as long as we correct for the non-unit determinant. Next we compute
the barycenter bp of these polytopes, a simple task using the explicit barycenter of the
standard unit simplex, ba, = 1/(n + 1), and then scaling and linearity properties of
the volume times the barycenter. The barycenter of (aAs — 1)\ (bAs—1) is given by

a®/3(a/4 — 1) —b3/31(b/4 — 1) 1
a3/3! — b3 /3!

Next we use a general fact, to be proved in the lemma below, stating that the closed

subset P’ of P which maximizes volume, with the relaxed constraint
(3.8) bpr-1=0

is the one given by P N H where H is a half-space with normal 1. In our case,
by symmetry, this P’ automatically satisfies the stronger constraint bp, = 0. Moreover,
since the boundary of P N H is parallel to a facet of P it corresponds to a divisor A
on X defining a log Fano pair (X, A). Thus (X, A) is also the K-semistable log Fano
pair realizing the sup in the definition of S(X), showing that s(P) = S(X). We can
find H by imposing the constraint. We introduce the weight w such that

PNH = ((a—w)A; — 1)~ (bAs — 1).

From here it is clear that if bp, - 1 = 0, then, in fact, the entire barycenter will vanish
and the condition bp/ -1 = 0 turns into the following fourth order polynomial equation
for w:

(a—w)*/3((a —w)/4—1)—b%/31(b/4— 1) = 0.

The solution w and the corresponding value s(P) for P3 blown up in one point, is

given by
2 4 3 >
w=2(5- ——  _{/19-3V33
3 ( V19 — 3/33
and nls(P) = n!vol(P') = ((4 — w)3 — 23) ~ 41.8
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and for P(O @ 0(2)),

2=v5 V2_)

and n!S(P )zin'vol (P) = 2 w)? — 1%) ~ 30.3,

where we have corrected for the non-unimodular transformation used in the second
case. O

In the above proof we used the following

Levma 15. — Let P be a closed subset of R™ with the origin as an interior point.
Given v € R™ assume that fP x-v > 0. Then the maximum

max /d)\
QCP:vamd)\(x):O Q

is attained at Q@ = PN H with H a closed half-space with outward pointing normal v.
Here dX is Lebesgue measure.

Proof. — Without loss of generality we can assume that v = (0,...,0,1). Denote
by (21,%9,...,%n—1,y) the coordinates on R". Since the origin is an interior point
of P and [,z -v > 0 there is a closed half-space H as in the lemma satisfy-
ing f pan YdA = 0. Hence, any candidate @) for the maximum in question satisfies
1) pag YAA = fQ ydA. Subtracting the left hand side from the right hand side and
vice versa yields fPﬁH\Q yd\ = fQ\PmH ydA. Since supprg ¥ < infou(prm) ¥ it
follows that vol(P N H \ Q) > vol(Q ~ PN H), so that vol(P N H) > vol(Q), as
desired. |

In fact, with just a slight variation of the argument above, any maximizer must be of
the special form above and, in addition, assuming connectedness of P, the maximizer
is unique. The proof of the previous proposition thus reveals that the unique toric
divisor A on X realizing the sup defining the invariant S(X) is a multiple of the
prime divisor Dy defined by the zero-section of P(O®O(2)) — P? and hyperplane “at
infinity” in P3 blown up at the origin in C3 C P3, respectively (i.e., the zero-section
of P(O @ O(1)) — P2). A similar argument also applies when X is the blow-up of P?
at the origin in C? (i.e., the first Hirzebruch surface P(O @ O(1)) — P?2). The unique
maximizer for the invariant S(X) is then a log Fano pair (X, A) for a multiple of the
hyperplane D “at infinity” (i.e., the zero-section of P(O @& O(1)) — P?). Interestingly,
this K-polystable log pair (X, A) was also singled out in [40, Cor. 1.5] by the following
rigidity property (answering a question of Cheltsov): it admits a rigid Kéhler-Einstein
metric in the sense that for any other multiple ¢D the log pair (X,¢D) does not
admit a Kéahler-Einstein metric. The same rigidity property holds for the two three-
dimensional log pairs discussed above (since there is a unique half-space H satisfying
the constraint in formula (3.8)).
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3.2. ESTIMATES ON THE cANONICAL HEIGHT. — Theorem 1.3 from [3] (and its corollary)
generalizes directly to the case of log Fano pairs and their Kéhler-Einstein metrics in
any relative dimension n (with the same proof, by letting P be the moment polytope
corresponding to (X, A)):

%VO](X, A) log( nlm, " ) < hean (X, D) - 1 ( (2m)an )

vol(X, A) S g Vol Aloe{ SR

Interestingly, Lemma 10 reveals that the family of log Fano pairs (X, D) appearing
in the lemma may be explicitly expressed in terms of the algebro-geometric volume
vol(X, A) in the same functional form as the one appearing in the previous upper and
lower bounds:

(=Ke,p)" 1 be2a
i 3 olXA) g (vol(X, A))
_ n+1 1)
with a:= ( jEiZ(X)/”(;LnT ) and b= vol(X).

4. IYPERPLANE ARRANGEMENTS

In this section we prove Theorem 3 concerning hyperplane arrangements. Recall
that a log Fano pair (X, A) is called a log Fano hyperplane arrangement if X = P™ and
A= Z?ll w; H; where w; € Qs¢ and the H; are distinct hyperplanes. Furthermore
we will call (X, A) simple normal crossing, abbreviated snc, if the support of A has
simple normal crossings.

For an snc log Fano hyperplane arrangement, if m = n + 1 and all the weights w;
are equal, then (X, A) is a toric log-pair (see Lemma 10). The following lemma shows
that for given hyperplanes Hi,..., H,, and a fixed volume vol(X,A), the “toric”
weights form the vertices of the convex polytope of all weights w; corresponding to
K-semistable (X, A).

Y

Levma 16. — Fiz m > 1 and a real number 0 < D < (—Kpn)" = (n 4+ 1)". Let as

before for a real m-tuple w, A =" w;H; for distinct hyperplanes H;. Then the set
of weights

S={weR": (—(Kpn +A))" =D and (P",A) is K-semistable}

1s either empty or m > n+ 1 and S is a polytope with (:7‘1) vertices given by any
reordering of the tuple wy = wq = -+ = wWpy1 = #(n—kl —Dl/”), wy =0Vl >n+1.

Proof. — By [18], for w € R" and A = Y7" | w;H;, (P",A) is a K-semistable log
Fano pair if and only if w is in the convex set C' defined by the following inequalities:

0<w; <1 Vi=1,...,m
m k
Vk=1,...,n,
A1) k> wi> (1) w { n
i=1 =1

Vi1, - ik with 1 <idp < -+ < i < m.
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Here it should be noted that in fact, it suffices to consider the second inequality for
index combinations ¢; of length 1. The other inequalities for larger index combinations
follows. Hence, K-semistability of (P, A) is equivalent to

0w, <1 Vi=1,...,m,

m

1
(4.2) w; < +1ij Vi=1,...,m.

n .
J=1

Fix m and D as in the statement of the theorem. The goal is to understand the
intersection of the above set with the set {w : —(Kpn + A) = D}. Note first that

(—(K]pn + Z:il "LUZHl))n = (TL +1-— Z:il U)l')n.

Let C:=n+1— DY so that {w: —(Kp: + A) = D} = {w: 31", w; = C}. Thus
with S defined as in Lemma 16
m _ 0w <1 Vi=1,...,m
S{w‘Zi—lsz’ {wigC/(n—i—l)Vi—l,...,m}'

Observe that since 0 < C' < n + 1, the inequality w; < 1 is superfluous. After a
convenient rescaling we get

n+1

C
Clearly if m < n+1, (n+1/C)S is empty. For m > n+ 1, any vertex of (n+1/C)S
is given by the intersection of (n + 1/C)S with some collection of the inequalities put
to equality. But clearly all such points must be of the form of having n + 1 ones and
m — (n + 1) zeros. And on the other hand any such point is a vertex. O

S={w:Y" wi=n+1, 0<w; <1Vi=1,....m}

Fixing the volume vol(X, A) is, when X = P", tantamount to fixing the isomor-
phism class of the Q-line bundle —(Kx + A) (since the rank of the Picard group of P
is one). The following lemma shows that, in this case, the maximal height is convex
with respect to the weights of A.

Lemvia 17. — Consider an arithmetic Fano variety X and a curve t — (X,D;) of
arithmetic log Fano varieties where Dy = 3" w;(t)D; for some m > 1, irreducible
divisors D; over Z and w : [0,1] = R™ an affine function. Additionally assume that
all the Dy are linearly equivalent, which equivalently means that —(K+D;) isomorphic
to L for a line bundle L — X independent of t. Then the function h : [0,1] — |—00, 0]

defined as
(4.3) t > hcan(X, Dy)

18 strictly convex. Equivalently the function t — lAlcan(f)C, D,) is strictly convexz.

Proof. — By assumption we can identify —(X + D;) with £ for a line bundle £
independent of ¢. Thus the height g (X, D;) for a fixed metric on £ is independent of £.
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Likewise, hcan(X, D) coincides with ﬁcan(x, D,) up to multiplication by a constant
independent of ¢. Next, express

~ ~ 1
hcan(xa 91‘) = sup h(x7 Df) +5 IOg/ H(p, D)
$ 2 7 x

where the sup ranges over all continuous psh metrics on £. Introducing an arbitrary
volume form dV on X we can rewrite

/ H(¢,Dy) = / exp(_(b_zwi(t)l/f'Di—lOng)dV
X X

i=1
By Hoélder’s inequality this expression is convex in ¢, since w;(t) is affine. It is even
strictly convex since the D; are distinct. This means that ﬁcan(x, D) is the supremum
over a set independent of ¢, of a collection of strictly convex functions and thus is itself,
strictly convex. O

The above lemmas will reduce the proof of Theorem 3 to the case of when the
support of A consists of n + 1 distinct hyperplanes. The following lemma shows that
we can further reduce to the case when these hyperplanes are the standard toric ones.

Levmwa 18. — Assume that the log pair (P}, D) is isomorphic to the standard toric
one (P%,Dy) over C. Then, for any t € [0,1],

hcan(]P)Tzlv (1 - t)D) < hcan(P%a (1 - t)®0)~
Proof. — Denote by s, ..., sp the integral sections of O(1) cutting out the irreducible

components of D. We can express s; := Ej A;jx; with A;; € Z, where (zg,..., %)
are the standard affine coordinates on C**!. It will be enough to show that

(4.4) Tean(P2, (1 = £)D) = hean (P2, (1 — £)Dg) + (t — 1) log |det A|

(since t < 1 and |det A| > 1). To this end, denote by F' the invertible C-linear map
from C ' — Cp*! satisfying

F* (32, Aijys) = i
(the existence of F' is equivalent to the invertibility of the matrix A which, in turn,
is equivalent to the assumption about an isomorphism over C). We will use the same
symbol F for the induced map P™ — P™ and its standard lift to O(1) (as well as its
tensor powers). By basic linear algebra
F*dyo A -+ Ndy, = (det A)"tdag A -+ A day,.

Now, observe that —Kpy (1)) =~ tO(n + 1), using standard isomorphisms over Z.
In particular, any given metric ¢ on O(n 4 1) induces a metric t¢ on —K@z,(1-1)p)
and thus, using the log pair (P}, (1 —t)D), a measure F* ;4 on Pj. Note that

(4.5) [ o=ttt al™ [ s,
P Pn

JE.P. M., 2095, tome 12



SHARP BOUNDS ON THE HEIGHT OF K-SEMISTABLE FANO VARIETIES II. THE LOG CASE 1001

where (i -y is the measure associated to the metric tF*¢ on —Kpn (1-1)p,) (now
using the toric log pair (P%, (1 —¢)Dy)). Indeed, consider the (singular) metric 9 on
(n+1)O(1) defined by

Y=t 4 (1—1) ) logls;|.
i
The measure p;4 coincides with the measure puy attached to the metric on —Kpn

induced by 9. Hence, denoting by G the canonical lift of the map F' to —Kpn, we have,
by definition, that

Gy = pigry, G = F*p+log(|det A]*), F*p:=tF*¢+(1—1) log|F*s;|*.
%

This proves formula (4.5). Next, note that, by Lemma 31 in the appendix,
h(O(n+1),G*¢) = h(O(n + 1), 6).

Hence, we get, as above, that

= h(0(n + 1), ¢) — log(|det Al)),
giving
R(O(t(n 4 1)), td) = R(O(t(n+ 1)), F*)(te)) + tlog(|det Al).
All in all, this means that

B(O(t(n+1)),t¢)+1og/m :B(o<t(n+1)),F*t¢)+1og/um¢+(t—1)1og(|detA|).

Taking the sup over all continuous metrics ¢ on O(n+ 1) with positive curvature thus
concludes the proof of the desired identity (4.4). O

4.1. ConcLusioN oF THE PROOF OF TnHeorem 3. — In the following we will use the
notation D, = Zzl w; H; for w € R™ and for fixed hyperplanes H; defined over Z.
Let (P%,D,) be a K-semistable snc log Fano hyperplane arrangement. Define for
brevity d := (—(Kpn + A(w')))™. Set, as in Lemma 16,
S={weR": (—(Kp: + Ay))" =d and (P}, D,,) is K-semistable}.
Consider the function h(w) defined by
h(w) = hcan(]P)%a ®111)-

Restricted to the convex set S, h|g is convex by Lemma 17. Next by Lemma 16,
S is the convex hull of weight vectors (w") k=1, () each corresponding to toric

=heolnga

log Fano pairs, equivalent to (P}, (1 —t)Dg) over C, where Dy is the toric standard
anti-canonical divisor and ¢ is the unique number such that (—(Kpn +(1—1)Dy)" = d.
By the convexity of h,

h(wl) < rn];ax h(wk) < hcan(P%a (1 - t)DO)7
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where the second inequality is the content of Lemma 18. We have thus reduced to
the standard toric case, which we have already handled. Specifically, the bound (1.4)
follows directly from Lemma 10. For Theorem 3, recall that it was observed in the
proof of Lemma 11 that the volume dependent bound in (1.4) is strictly increasing
with volume, so that a universal bound is uniquely given for maximal volume, i.e.,
when A = 0, yielding the result.

5. DIAGONAL HYPERSURFACES

In this section we will deduce Theorem 4 from the results in the previous sections.
The starting point of the proof is the following analytic representation of the height:

Levmvia 19 (Restriction formula). — Let X be the subscheme o



