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Abstract—We investigate the problem of reconfigurable intel-
ligent surface (RIS)-aided monostatic sensing of multiple mobile
targets under line-of-sight (LoS) blockage using a dual-functional
radar-communication base station. For the purpose of target de-
tection and delay/Doppler/angle estimation, we derive a detector
based on the generalized likelihood ratio test (GLRT), which entails
a high-dimensional parameter search with high complexity due
to angle-Doppler coupling. To circumvent the coupling effect, we
introduce a repetitive RIS phase profile design accompanied by a
multi-target detection/estimation algorithm based on orthogonal
matching pursuit where each iteration solves the single-target
GLRT problem and outputs the corresponding parameter esti-
mates. Moreover, as a low-complexity alternative, we introduce a
novel subspace-based algorithm based on two-dimensional unitary
ESPRIT to retrieve target parameters in a non-iterative manner.
The simulation results verify the effectiveness of the proposed
algorithms, demonstrating their convergence to theoretical bounds
and revealing significant improvements over the state-of-the-art
benchmarks in complexity and performance.

Index Terms—Reconfigurable intelligent surface (RIS), mono-
static sensing, non-line-of-sight (NLoS) sensing, angle-doppler
coupling.

I. INTRODUCTION

R ECONFIGURABLE intelligent surfaces (RISs) are
emerging as a key technology for 6G, offering the po-

tential to significantly enhance communication rates and cov-
erage by overcoming signal blockages, especially in mmWave
and sub-THz systems [1], [2], [3]. In addition to improving
communication, RISs can also enhance sensing capabilities,
enabling integrated sensing and communications (ISAC) [4], [5],
[6]. Applications include monostatic [7], bistatic [8] and mul-
tistatic [9] sensing, as well as simultaneous localization and
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Fig. 1. RIS-aided monostatic sensing scenario under LoS blockage. A base
station (BS) detects mobile targets using the backscattered signals over the
RIS path by using the pilot signals. These pilots can also be used by the user
equipments (UEs) to localize themselves, avoiding subsequent beam pairing for
communication.

mapping (SLAM) [10]. RIS-aided sensing offers several advan-
tages over traditional sensing without RIS, such as RIS phase
profile design for specific sector illumination [11], [12], NLoS
sensing in the presence of obstacles [13], [14], [15], improving
signal-to-noise ratio (SNR) [16] and providing high-accuracy
angle estimation via large aperture of RIS [17].

In RIS-aided sensing, monostatic setups have been widely
studied [8], [13], [15], [18], [19], [20], [21], [22], [23], par-
ticularly due to their attractive properties, including ease of
synchronization and utilization of the entire signal (i.e., not only
pilots). When the LoS path exists between the monostatic radar
transceiver and the target, RIS can enhance the SNR by introduc-
ing an additional, controllable path towards the target through
judicious design of RIS element phases [16], [21]. Under LoS
blockage conditions (as shown in Fig. 1), RIS can act as an
additional anchor to provide high-resolution angle-of-departure
(AoD) or angle-of-arrival (AoA) measurements of potential tar-
gets [13]. By using sufficient bandwidth, such as with orthogonal
frequency-division multiplexing (OFDM) transmissions [24],
[25], the monostatic radar can combine angular information with
round-trip delay measurements over the RIS-induced NLoS path
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to perform high-accuracy localization of targets in a surveillance
area blocked by obstacles [15].

A key challenge in RIS-aided NLoS monostatic sensing lies
in detection and parameter estimation of mobile targets [15].
Specifically, target angle information can only be obtained
via the RIS, which, due to its passive nature (i.e., lacking
a sampling mechanism), causes beamspace measurements at
the radar receiver and requires multiple non-parallel RIS con-
figurations [26]. Simultaneously, target Doppler is estimated
through slow-time phase shifts across transmissions. Hence,
the impact of mobility and RIS beam sweeping on slow-time
phase shifts cannot be disentangled from each other, leading
to the angle-Doppler coupling effect [27]. This coupling effect
is not unique to RIS-based systems and has been previously
encountered in radar systems employing analog and digital
beamforming. For instance, [28] addresses a similar coupling
effect using space-time adaptive processing, resolving it by
appropriately modifying the zero-point constraints of the algo-
rithm. Similarly, [29] mitigates the coupling in MIMO radar
systems caused by multiplexing and slow-time modulation.
Although angle-Doppler coupling has been considered for radar
systems, the nature of coupling differs in RIS-aided systems
due to their unique passive and programmable characteristics. In
conventional radar systems with antenna arrays, the receiver has
access to element-space observations, meaning that individual
signals are received at each antenna element. This enables high-
dimensional processing such as spatial beamforming, allowing
independent estimation of angle and Doppler parameters. Fully
digital combiners are typically used to enable such element-
space processing in radar systems; however, they are rarely
deployed in wireless communication systems due to their high
cost and power consumption. In contrast, RIS-aided sensing
systems operate fundamentally in the beam-space: the receiver
only obtains a superimposed signal resulting from the coherent
summation of reflections across all RIS elements, modulated
by the applied phase profile. Consequently, element-space ac-
cess is unavailable, and spatial and Doppler parameters cannot
directly be separated. Nevertheless, by appropriately designing
and controlling the RIS phase profiles, it is possible to facilitate
partial decoupling and enable effective parameter estimation.
While a few studies have explored RIS-aided sensing of mobile
targets [14], [15], [20], [24], [25], these primarily focus on
RIS phase profile optimization and waveform design, often
omitting the detailed algorithmic aspects necessary to address
such complexities.

The algorithmic challenges of angle-Doppler coupling in
RIS-aided systems have received some attention in [30], [31]
and [32]. For instance, in [30], a two-stage approach is adopted in
which coarse-grained sensing using hierarchical 3D RIS beam-
forming initially detects targets and their directions (i.e., AoDs).
Then, during fine-grained sensing, RIS beams are directed to-
wards the detected targets to estimate their ranges and velocities.
Similarly, the methodology proposed in [31] focuses on estimat-
ing the delay, Doppler, and angle parameters of mobile targets,
performing detection and range-Doppler processing per direc-
tional RIS beam, which requires parameter pairing across all RIS
configurations and is inherently suboptimal. Meanwhile, [32]

introduces a low-complexity method that decomposes the ob-
served signal into range, Doppler, and angle dimensions, and
then employs a one-dimensional search to extract the range and
Doppler information, followed by a two-dimensional search to
determine angles. This approach leverages higher-order singu-
lar value decomposition (SVD) for decomposing the observed
signal tensor, again requiring parameter pairing in multi-target
scenarios. In summary, while [30], [31], and [32] attempt to
address the angle-Doppler coupling challenge, they still face
limitations. For example, [30] is highly sensitive to the accuracy
of initial detection, which can be unreliable in the presence
of multiple targets due to sidelobe interference. Moreover,
both [31] and [32] are constrained by the need to manually
pair parameters across multiple targets, which introduces sev-
eral practical challenges. Pairing methods such those proposed
in [31] and [33] exhibit computational complexity that scales
poorly with the number of targets, making them difficult to apply
in dense scenarios. Simpler pairing strategies (e.g., [34]), while
reducing complexity, often degrade performance by introducing
uncertainty in the eigen-structure of the signal subspace. As
a result, explicit parameter pairing becomes a significant bot-
tleneck in practical implementations. In contrast, methods that
achieve automatic parameter association offer a clear advantage
by avoiding implementation issues, reducing complexity, and
improving robustness in multi-target environments.

Two compelling problems remain unresolved in RIS-aided
NLoS monostatic sensing: (i) how to design a low complexity
and scalable framework that allows joint detection and coherent
four-dimensional estimation (range, Doppler, azimuth, and ele-
vation) for multiple mobile targets without requiring per-beam
processing or parameter pairing; and (ii) how to decouple the
angle and Doppler parameters in such multi-target settings with-
out relying on strong prior knowledge or sensitive initialization
steps.

Starting from our preliminary analysis in [35], we fill this
gap by tackling the problem of RIS-aided NLoS monostatic
sensing of multiple mobile targets using the echoes of downlink
signals transmitted by a dual-functional ISAC BS,1 coherently
processing all observations for arbitrary RIS configurations. Our
specific contributions are as follows.
� Generalized likelihood ratio test (GLRT) detector for mo-

bile targets: We formulate a GLRT detector adapted to a
unique RIS-aided OFDM signal model, where mobility-
induced angle-Doppler coupling leads to a challenging
four-dimensional estimation problem over delay, Doppler,
azimuth, and elevation. This coupling effect (arising from
the structure of the received signal) makes direct computa-
tion of the GLRT highly nontrivial and motivates the need
for a tailored estimation framework.

� RIS phase profile design and single-target estimator: To
overcome the coupling and reduce the complexity of 4D

1The choice of an ISAC setup stems from its ability to leverage existing
communication infrastructure to enable remote sensing in challenging scenarios.
By reusing the same hardware employed for communication, ISAC offers a
cost-effective and efficient means to perform sensing tasks without requiring
dedicated sensing hardware, thus aligning with the resource-constrained design
philosophy of future wireless systems.
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joint estimation, we propose a repetitive RIS phase profile
that structurally decouples angle and Doppler informa-
tion. This enables a decomposition of the full estimation
problem into two low-complexity 2D subproblems (delay-
Doppler and azimuth-elevation) resulting in an efficient
and practical ML-based estimator integrated into the GLRT
framework.

� Multi-target detection/estimation via orthogonal matching
pursuit (OMP): We develop a method for multi-target
detection and estimation based on OMP with successive
interference cancelation. This method employs a single-
target GLRT-based estimator at each iteration to sequen-
tially obtain parameter estimates of the currently strongest
target, allowing for effective isolation and estimation of
target parameters.

� Subspace approach based on unitary estimation of sig-
nal parameters via rotational invariance techniques (ES-
PRIT): The proposed subspace approach leverages the
batch processing capability of the ESPRIT algorithm
to simultaneously extract the Doppler-range information
of multiple targets. This method overcomes the depen-
dency on sequential target detection observed in OMP
and in [30]. Additionally, the subspace approach exhibits
significantly lower complexity compared to OMP, due
to its noniterative nature. However, this comes at the
cost of requiring a higher SNR to achieve performance
close to the CRLB—i.e., the subspace method converges
to the theoretical bound at higher SNR levels compared
to the OMP algorithm. It utilizes the Vandermonde ma-
trix structure in the observed range-Doppler vectors, en-
abling fewer parameter estimations and reducing compu-
tational complexity. Unlike the methods discussed in [31]
and [32], the subspace technique does not require pairing,
which often introduces additional complexity and potential
inaccuracies.

Furthermore, simulation results reveal the effectiveness of the
proposed phase profile design and methods in mobile target
sensing, showing significant improvements in complexity and
performance over state-of-the-art benchmarks.

Notation: We use upper-case and lowercase boldface letters
to denote matrices and vectors, respectively. [·]i denotes the ith
element of a vector, [·]i,j denotes the element in the ith row
and jth column, and : denotes all elements in the row/column.
We also denote transpose, Hermitian, and element-wise com-
plex conjugate by (·)T, (·)H, and (·)∗, respectively. In addi-
tion, ‖ · ‖, ‖ · ‖F , diag(·), and tr(·) denote the �2 norm, the
Frobeneus norm, diagonal and trace operations, respectively.
The Hadamard and Kronecker products are denoted by � and
⊗, respectively. The complex set with dimensions N ×M is
denoted by C

N×M . For scalars, | · | denotes the absolute value
(or the magnitude of a complex number).

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we describe the RIS-aided NLoS sensing
scenario, derive the signal model at the BS, and formulate the
problem of detection/estimation of a mobile target.

A. Scenario

We consider the RIS-aided monostatic sensing scenario under
LoS blockage as shown in Fig. 1, where a full-duplex dual-
functional radar-communications base station with a known
location performs monostatic sensing using the echoes of
downlink (DL) transmissions through the RIS-induced NLoS
path [36], [37]. Although Fig. 1 illustrates both the communi-
cation and sensing aspects of the considered RIS-aided ISAC
system, our focus is solely on the sensing functionality. The
aim is to detect multiple mobile targets in the environment
and estimate their parameters (delay, Doppler, angle). The base
station is equipped with an analog array antenna with NBS

elements, used for both transmit (TX) and receive (RX), with
fixed beampattern towards the RIS, while the RIS has NRIS

elements. In addition, the RIS is assumed to have a known
location and orientation. For the best performance, the RIS
should be placed as close to the BS as possible. In addition, the
angle between the RIS surface normal and the directions to both
the BS and the potential targets should be small (i.e., both the BS
and the target should face the RIS more directly) to ensure strong
reflections and improved SNR. We adopt OFDM signals in our
design due to their inherent suitability for modern BS operations
and ISAC applications. As the most commonly used waveform
in 5G and beyond communications, OFDM offers several key
advantages, including high spectral efficiency, robustness to
multipath effects, and excellent adaptability to dynamic chan-
nel conditions. These features ensure reliable communication
performance while enabling low-complexity and high-accuracy
radar functionality [38], [39], [40], [41].

B. Signal Model

For DL communications with a user equipment (UE), the
BS transmits an OFDM signal with N subcarriers and M
symbols,2 with xn,m denoting the complex data/pilot on the nth

subcarrier of the mth symbol. The subcarrier spacing and the
symbol duration are defined as Δf = 1/T and Ts = T + Tcp,
respectively, with T denoting the duration of the elementary
symbol and Tcp the cyclic prefix (CP) duration. We assume
the existence of K targets in an environment characterized by
states {αk, τk, νk,θk}, which will be defined shortly. To prevent
intersymbol interference (ISI), the CP duration is assumed to be
larger than the round-trip delay of the target on the RIS path [42],
[43], [44], [45]. In this setup, the backscattered OFDM signal at
the monostatic sensing receiver of the BS on the nth subcarrier
of the mth symbol (after removing the CP and switching to
frequency-domain) is [13], [14], [35]

yn,m =
K∑
k=1

ȳn,m,k + zn,m, (1)

2Our design utilizes full pilot sample allocation across subcarriers, diverging
from typical pilot sequences (sparsely scattered in the frequency-time plane)
employed in standard systems. This approach can be considered as initiating a
beam sweeping phase, where the system directs beams in various directions to
comprehensively map the environment, identify the most effective communica-
tion paths, and locate targets within the coverage area.



19144 IEEE TRANSACTIONS ON VEHICULAR TECHNOLOGY, VOL. 74, NO. 12, DECEMBER 2025

where k denotes the target index, and ȳn,m,k is defined as

ȳn,m,k = αk (a
T(θk)Ωma(θbr))2[c(τk)]n[d(νk)]mxn,m.

(2)
Here, θbr = [θbraz, θ

br
el ]

T is the known AoA from the BS to the
RIS, θ = [θaz, θel]

T is the unknown AoD from the RIS to the
target. In addition, αk is the complex channel gain, including
the effects of (i) effect of transmit and receive beamforming, (ii)
two-way attenuation over the forward BS-RIS-target path and
the backward target-RIS-BS path, and (iii) radar-cross-section
(RCS) of the target [15]:

|αk|2 =
PtG

2
bG

2F 2(θk)F
2(θbr)d2

xd
2
yλ

2σRCS

(4π)5d4
brd

4
k

. (3)

Here, Pt is the transmit power, Gb is the BS antenna gain
resulting from the analog beamforming, G is the antenna power
gain of an RIS patch, F (θ) = (cos θel)

0.285 is the normalized
RIS power radiation pattern [46, Eq. (3)], dx and dy represent
the RIS element spacing along the local horizontal and vertical
axes, respectively, λ denotes the carrier wavelength, σRCS is the
target RCS, and, dbr and dk denote the BS-RIS and RIS-target
distances, respectively. Also in (2), τ = 2(dbr + d)/c and ν de-
note the round-trip delay and Doppler shift of the BS-RIS-target
path, respectively, with c denoting the speed of propagation. The
vector a(θ) ∈ C

NRIS×1 denotes the array steering vector at the
RIS, given as follows3 [49]:

[a(θ)]i = ej
2π
λ

cos θel(cos θazpx,i+sin θazpy,i), (4)

where px,i and py,i denote the position of the ith element in the
horizontal and vertical axes of the RIS with respect to its center,
respectively. The matrix Ωm = diag(ωm) ∈ C

NRIS×NRIS is the
RIS phase profile for the mth symbol, which contains RIS phase
shifts ωm ∈ C

NRIS×1 on its diagonal. The frequency domain
steering vector c(τ) ∈ C

N×1 as a function of delay τ is given
by

c(τ) =
[
1, e−j2πΔfτ , · · · , e−j2π(N−1)Δfτ

]T
, (5)

while the time-domain steering vector d(ν) ∈ C
M×1 as a func-

tion of Doppler ν is expressed as

d(ν) =
[
1, ej2πTsν , · · · , ej2π(M−1)Tsν

]T
. (6)

Finally, zn,m ∼ CN (0, N0NΔf ) is the complex additive Gaus-
sian noise, with N0 denoting the noise power spectral density
(PSD) level.

Remark: It may be helpful to demonstrate how the received
signal structure in (2) is derived. To illustrate the contribution
of each path, we decompose the signal propagation as fol-
lows. The transmitted signal to the RIS is given by PtGbxn,m.
This signal is received by the RIS, experiencing phase shifts
determined by the element-wise RIS distances as a function
of AoD of the incoming signal, resulting in the RIS response

3Since
NΔf

c max(dx, dy)
√
NRIS = 5.8× 10−3 	 1 in our RIS-aided

setup according to the simulation parameters in Section V [47, Eq. (88)], the
beam-squint effect is negligible, justifying the use of a frequency-independent
RIS steering vector in (4) [48].

toward the BS PtGbF (θbr)dxdy

4πd2
br

ej2πdbr/λa(θbr)xn,m. The RIS
then applies the phase shifts corresponding to the mth sym-

bol: PtGbF (θbr)dxdy

4πd2
br

ej2πdbr/λΩma(θbr)xn,m. This signal is re-

flected toward the kth target, and the signal reaching the target
becomes

PtGbGF (θbr)F (θk)dxdy
(4π)2d2

brd
2
k

ej2πdbrdk/λaT(θk)Ωma(θbr)xn,m.

The reflection from the target introduces both delay and Doppler
shifts, along with magnitude and phase changes corresponding
to the target’s RCS, resulting in

PtGbF (θbr)F (θk)dxdyλ
2σRCS

(4π)3d2
brd

2
k

ej2πdbrdk/λ+∠σRCS

× aT(θk)Ωma(θbr)[c(τk)]n[d(νk)]mxn,m.

Finally, the signal propagates back along the same path toward
the BS, forming the complete structure presented in (2).

To provide a more compact representation of (1), we define

b(θ) � a(θ)� a(θbr) ∈ C
NRIS×1. (7)

Accordingly, we obtain

ȳn,m,k = αk (b
T(θk)ωm)2[c(τk)]n[d(νk)]m. (8)

We further introduce the collection of RIS phase profiles as

W = [ω0 · · · ωM−1] ∈ C
NRIS×M . (9)

Using (8), (9), and stacking the N subcarriers and M symbols,
the model in (1) can be expressed in matrix form as

Y =
K∑
k=1

Y (ηk) +Z (10)

where Y ∈ C
N×M with [Y ]n,m = yn,m, Z ∈ C

N×M is the
additive noise matrix with vec(Z) ∼ CN (0, N0NΔfI), and
Y (ηk) being the kth target’s signal component with η =
[α, τ, ν,θ]T is the unknown parameter vector, expressed as

Y (ηk) = X � αkc(τk)
(
dT(νk)� bT(θk)W � bT(θk)W

)
,

where X ∈ C
N×M with [X]n,m = xn,m. For ease of exposi-

tion, we assume that all the symbols are 1, i.e., X is an all-ones
matrix.

It can be observed that the terms dT(νk) and bT(θk)W are
elementwise multiplied in the received signal, resulting in a
coupling between the Doppler shift νk and angular position θk.
Therefore, one should resolve dT(νk) and bT(θk) by control-
ling W and implementing proper signal processing algorithms
over the received signal. Specifically, the angular component
bT(θk)W varies across the slow-time dimension due to the
RIS phase changes, making the Doppler-induced steering vector
dT(νk) inseparable from the angle-dependent term. To address
this, a repetitive RIS phase profile is employed to keepbT(θk)W
constant over consecutive time slots, allowing independent es-
timation of νk. Once the Doppler shift is estimated, the angular
parameters can be subsequently recovered based on the struc-
tured signal model.
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C. Problem Formulation

Given the frequency/slow-time observation matrix Y in (10),
our goal is to detect the presence of multiple targets and esti-
mate their delay, Doppler and azimuth-elevation angles. Due to
the angle-Doppler coupling over the slow-time domain (man-
ifested through the terms dT(ν) and bT(θ)W ), this poses a
computationally complex problem. To tackle this challenge, in
Section III we derive a generic GLRT detector and propose a
tailor-made RIS phase profile design, along with a ML-based
detector/estimator, to resolve the angle-Doppler coupling.

While our approach follows the general GLRT formulation
used in OFDM radar systems (e.g., [45]), it is specifically
adapted to the RIS-aided signal model and leverages the pro-
posed repetitive phase profile to handle the unique coupling
characteristics. Moreover, the ML estimator is designed to op-
erate efficiently under this model by breaking the otherwise
intractable 4D joint search into two 2D subproblems (one for
delay-Doppler and one for azimuth-elevation) thus significantly
reducing the computational complexity. Unlike prior works that
evaluate the likelihood ratio over a predefined grid for individual
parameters (e.g., per-angle [8] or per-delay [9]), our method per-
forms structured estimation directly on all parameters, tailored
to the constraints and opportunities of RIS-assisted sensing.

III. SINGLE-TARGET DETECTOR/ESTIMATOR AND RIS PROFILE

DESIGN UNDER ANGLE-DOPPLER COUPLING

In this section, we study the case in which there exists only
one target in the scene. The proposed method for this case
was first derived in [35], which is elaborated in more detail in
this section. We first derive the GLRT detector for the sensing
problem formulated in Section II-C, which leads to a high com-
plexity optimization. Then, we propose a three-step estimator
that avoids high-dimensional parameter search in solving the
GLRT, by exploiting the structure of a tailor-made RIS phase
profile matrix.

A. GLRT Detector

In this case, (10) becomes

Y = αc(τ)
(
dT(ν)� bT(θ)W � bT(θ)W

)
+Z . (11)

To derive the GLRT detector, we re-cast (11) as

Y = Y (η) +Z ∈ C
N×M , (12)

where

Y (η) � αc(τ)
(
dT(ν)� bT(θ)W � bT(θ)W

)
, (13)

with η = [α, τ, ν,θ]T is the unknown parameter vector. Note
that the RIS phase configuration matrix W is under our control;
therefore, we can design W according to the requirements for
radar detection and estimation. The hypothesis testing problem
for the model in (12) can be formulated as

Y =

{
Z, underH0

Y (η) +Z, underH1
(14)

and the corresponding GLRT can be written as

L(Y ) =
maxη p1(Y |η)

p0(Y )

H1

≷
H0

γ (15)

where γ is a threshold determined by a preset false alarm
probability. There are several ways to determine the detection
threshold [50]. In this work, we set the threshold based on a
desired false alarm probability. This is done by running the
algorithm over many noise-only realizations and computing the
GLRT statistic for each case. A histogram of these values is then
used to select a threshold such that only the desired percentage
exceeds it. Since the noise power remains constant, this threshold
is stable across SNR levels, while the GLRT values under the
alternative hypothesis scale with SNR, making this a practical
and robust method for threshold selection. In (15), the likelihood
for the no-target caseH0 is given by

p0(Y ) =
1

(πσ2)MN
exp

(
− ‖Y ‖

2
F

2σ2

)
, (16)

where σ2 = N0NΔf , while the likelihood for the target-present
caseH1 is given by

p1(Y |η) = 1
(πσ2)MN

exp

(
− ‖Y − Y (η)‖2

F

2σ2

)
. (17)

Substituting (16) and (17) into (15) and simplifying, we obtain
the log-likelihood ratio up to an additive and multiplicative
constant:

Llog(Y ) = min
η
‖Y − Y (η)‖2

F − ‖Y ‖2
F . (18)

In (18), the optimal channel gain can be estimated in closed-form
as a function of delay, Doppler, and angle parameters [40]:

α̂ =
tr
((

c(τ)hT (ν,θ)
)H

Y
)

‖c(τ)hT (ν,θ)‖2
F

, (19)

where

h(ν,θ) � d(ν)�W T b(θ)�W T b(θ) . (20)

Plugging (19) into (18) yields, after removing irrelevant terms,

Llog(Y ) =

min
τ,ν,θ

∥∥∥∥Y − tr
((

c(τ)hT (ν,θ)
)H

Y
)

‖c(τ)hT (ν,θ)‖F
c(τ)hT (ν,θ)

∥∥∥∥2

F

, (21)

which can be simplified into (up to additive constants)

Llog(Y ) = max
τ,ν,θ

∣∣∣cH(τ)Y h∗(ν,θ)
∣∣∣2

‖h(ν,θ)‖2 · (22)

In general, no further simplification is possible, hence, a 4D
search is needed to estimate delay, Doppler, and 2D angle.

B. ML-Based Estimator

To avoid the 4D search in (22), we harness the possibility of
designing the RIS phase profile W in (12). With the proposed
design, the observation model can be expressed in a form that
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allows separation of delay and Doppler. Then, the delay-Doppler
estimation is described, followed by 2D angle processing. Fi-
nally, a refinement of the estimates and target detection are
presented.

1) Repetitive RIS Phase Profile Design: The RIS phase pro-
file is adjusted at each symbol duration:

W = [ω0 · · · ωM−1] ∈ C
NRIS×M , (23)

bT(θ)W = [bT(θ)ω0 · · · bT(θ)ωM−1] ∈ C
1×M . (24)

From (12), we can see that the time-domain part of the signal
depends on d(ν) and bT(θ)W . We will try to eliminate the
effects of the coupling between θ and ν. To this end, we can
repeat the RIS profiles consecutively. In that case, we use L
profiles and repeat each phase profile M/L times:

ω1ω1 . . .ω1︸ ︷︷ ︸
M/Ltimes

ω2ω2 . . .ω2︸ ︷︷ ︸
M/Ltimes

. . . ωL . . .ωL︸ ︷︷ ︸
M/Ltimes

(25)

With this design, during each time interval (i.e., M/L times),
the phase shift caused by the angles is constant since the RIS
profile is constant. Hence, we can eliminate the coupling effect
during each time interval. Furthermore, the periodic repetition
of the phase profile avoids the necessity for symbol-level recon-
figuration of the RIS phase profile, which is often impractical
due to hardware and communication constraints. To enable this
approach, it is assumed that the synchronization between the BS
and the RIS is established and maintained. Furthermore, proper
communication with the RIS controller ensures that the phase
profile can be updated at a sufficiently frequent rate to support
the intended operations [51].

2) Observation Model With Repetitive RIS Phase Profiles:
We again employ the signal model given in (12). However, to
exploit the repetitive RIS phase profile in parameter estimation,
we use another form of (12). For that reason, we define

gT(θ) = bT(θ)W � bT(θ)W , (26)

leading to

Y = αc(τ)(dT(ν)� gT(θ)). (27)

Using the RIS phase profile with repetition, we can rewritegT(θ)
as

gT(θ) = (bT(θ)[ω1 . . .ωL])
2︸ ︷︷ ︸

�gT
L(θ)∈C1×L

⊗1TM/L . (28)

Therefore, we get

Y = αc(τ)[dT(ν)�
(
gT
L(θ)⊗ 1T

M/L

)
] +Z . (29)

Next, we define

dM/L(ν) � [1 ej2πνTs . . . ej2πν(M/L−1)Ts ]T ∈ C
M/L×1

dL(ν) � [1 ej2πν M
L Ts . . . ej2πν M

L (L−1)Ts ]T ∈ C
L×1,

which allows us to write

d(ν) = dL(ν)⊗ dM/L(ν). (30)

Plugging (30) into (29) yields

Y =αc(τ)
[(
gL(θ)⊗ 1M/L

)� (dL(ν)⊗ dM/L(ν)
)]T

+Z,

=αc(τ)
[
(gL(θ)� dL(ν))⊗

(
1M/L � dM/L(ν)

)]T
+Z,

=αc(τ)
[
(gL(θ)� dL(ν))⊗

(
dM/L(ν)

)]T
+Z . (31)

With this, we can now introduceβ � αgL(θ)� dL(ν) ∈ C
L×1,

which will be a key to break down the 4D problem. Based on
the definition of β, we have that

Y = c(τ)
(
β ⊗ dM/L(ν)

)T
+Z . (32)

Considering (32), the observed signal Y can be seen as the
second mode unfolding matrix of a tensorY ∈ C

L×N×M/L. For
Y , the l-th horizontal slice [Y]l,:,: is expressed as

Y l = βlc(τ)d
T
M/L(ν) +Zl ∈ C

N×M/L (33)

where l ∈ {1, . . . , L}.
3) Delay-Doppler Estimation: We estimate τ and ν from

Y 1, . . . ,Y L by treating β = [β1, . . . , βl]
T as nuisance

parameters. Due to the independence of noise across l, the
maximum-likelihood (ML) estimator is expressed as

min
τ,ν,β

L∑
l=1

‖Y l − βlc(τ)d
T
M/L(ν)‖2

F . (34)

Here, β can be obtained in closed form as a function of τ and
ν, leading to

(τ̂ , ν̂) = argmax
τ,ν

L∑
l=1

∣∣∣cH(τ)Y ld
∗
M/L(ν)

∣∣∣2 . (35)

For a fast implementation of (35), we can first obtain a coarse
estimate and then refine it by gradient ascent. To obtain the
coarse estimate, we can evaluate the objective function in (35)
by performing inverse fast Fourier transform (IFFT) over the
frequency domain (second dimension) and fast Fourier trans-
form (FFT) over the time domain (first dimension) for each Y l,
and integrating non-coherently across l, which can be written as
Y τ,ν =

∑L
l=1 |FFT(IFFT(Y l, 2), 1)|2. Afterwards, we obtain

the initial estimates for (τ, ν) as the argument that maximizes
Y τ,ν . Note that since the range-Doppler map is quantized,
fine-tuning should be performed for an improved approximation.
Therefore, in our application, we first apply the aforementioned
fast implementation and then perform gradient ascent on the
objective function in (35) employing the initial estimates.

4) Angle Estimation: Given delay-Doppler estimates (τ̂ , ν̂),
we now wish to estimate azimuth and elevation angles θ =
[θaz θel]

T from the observations (see (31), repeated RIS phase
profiles). We find that

Y = αc(τ̂)
[
(gL(θ)� dL(ν̂))⊗

(
dM/L(ν̂)

)]T
+Z. (36)

Again, α can be solved in closed form, so that the ML estimator
becomes

θ̂ = argmax
θ

∣∣cH(τ̂)Y (
(gL(θ)� dL(ν̂))⊗ dM/L(ν̂)

)∗∣∣2
‖gL(θ)‖2 ,

(37)
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Algorithm 1: ML-Based Estimator (Single Target).
Input: Y
Output: (τ̂ (m), ν̂ (m/s), θ̂az (deg), θ̂el (deg))

1: Y τ,ν ← 0M×N
2: for l = 1, . . . , L do
3: Y τ,ν ← Y τ,ν + |FFT(IFFT(Y l, 2), 1)|2
4: end for
5: (τ0, ν0)← Values at maximizer indices of Y τ,ν

6: (τ̃ , ν̃)← Gradient ascent on (35), init: (τ0, ν0)
7: θ0 ← Grid search over (37)
8: θ̃ ← Gradient ascent on (37), init: θ0

9: ν0 ← Grid search over objective of (38) on Doppler
domain, fixed τ̃ , θ̃

10: (τ̂ , ν̂, θ̂)← Gradient ascent on (38), init: (τ̃ , ν0, θ̃)

which involves a 2D search over θ. At this search, a grid of
points with 2-degree step size in azimuth elevation is created.
More specifically, the selected grid points are θaz ← {−90◦,
−88◦, . . . , 90◦} and θel ← {0◦, 2◦, . . . , 90◦}. We choose the
maximum point and perform the gradient search using the
objective of (37).

5) Refinement and Target Detection: By using the estimates
τ̂ , ν̂, θ̂, we initialize a 4D search to solve the maximization
problem in (22), which is equivalent to

(τ̂ , ν̂, θ̂) = argmax
τ,ν,θ

∣∣cH(τ)Y (g(θ)� d(ν))∗
∣∣2

‖g(θ)� d(ν)‖2 . (38)

As will be discussed in the Section V, it is very likely for esti-
mates to converge to a local maximum. To overcome such cases,
we perform a grid search around the estimates obtained from (35)
and (37). The grid points are only selected in the Doppler domain
and are selected as gdopp ← −rdopp,−rdopp + ddopp, . . . , rdopp

where rdopp = 50, ddopp = 0.5. We evaluate the objective of (38)
for each point in the grid once and perform a gradient search
initialized with the maximizer point. The complete algorithm
for the joint estimator is given in Algorithm 1.

After estimating the delay-Doppler-angle parameters as
(τ̂ , ν̂, θ̂), we plug them into the original GRLT expression in
(38), yielding the following detection test∣∣∣cH(τ̂)Y (

g(θ̂)� d(ν̂)
)∗∣∣∣2∥∥∥g(θ̂)� d(ν̂)

∥∥∥2

H1

≷
H0

γ . (39)

IV. MULTI-TARGET DETECTOR/ESTIMATOR UNDER

ANGLE-DOPPLER COUPLING

In this section, we use the single-target detector and estimator
from Section III as a core subroutine for an OMP-based estima-
tor. We also derive a novel subspace-based method with lower
complexity.

A. Model Under Repetitive RIS Phase Profiles

For the multiple target case, the observed signal in (32)
extends to a superposition of received signals from K targets,

Algorithm 2: OMP-Based Estimator (Multiple Target).
Input: Y
Output: K, (τ̂k (m), ν̂k (m/s), θ̂k (deg)),Llog

k , k = 1, . . .K
1: k ← 0
2: proceed← true
3: while proceed = true do
4: (τ̂ , ν̂, θ̂)← Algorithm 1 (Y )

5: Llog(Y )← objective of (39) evaluated at (τ̂ , ν̂, θ̂)
6: if Llog(Y ) ≥ γ then
7: k ← k + 1
8: (τ̂k, ν̂k, θ̂k)← (τ̂ , ν̂, θ̂)

9: α̂k ← (19) evaluated with (τ̂ , ν̂, θ̂),Y

10: ηk ← (α̂k, τ̂k, ν̂k, θ̂k)

11: Llog
k ← Llog(Y )

12: Y ← Y − Y (ηk)
13: else
14: proceed← false
15: end if
16: end while
17: K ← k

and the signal is expressed as

Y =

K∑
k=1

c(τk)
(
βk ⊗ dM/L(νk)

)T
+Z, (40)

where βk = αk(gL(θk)� dL(νk)). Similarly to the single tar-
get case, the objective is to detect the k-th target for k ∈
{0, 1, . . . ,K − 1} and estimate its corresponding delay (τk),
Doppler frequency (νk), and angles (θk). One particular chal-
lenge in such scenarios is the unknown number of targets (K).
We propose two algorithms that address the detection and esti-
mation problem while overcoming the challenge of an unknown
number of targets.

B. OMP-Based Successive Algorithm

The proposed OMP-based successive algorithm extends the
approach for the single-target case. The algorithm treats the
strongest target as the single target and considers the other
targets’ components as interference in each step, and attempts to
detect and estimate the parameters of each target successively.
Similar applications are available in the literature, such as [45],
[52], [53]. First, it performs the single-target ML-based algo-
rithm which aims to estimate the strongest target’s parameters
and to calculate the single target GLRT accordingly. If the GLRT
exceeds the specified threshold, the signal components of that
target are extracted. Then, the same single target procedure is
performed until the GLRT does not exceed the threshold. This
procedure is explained in Algorithm 2.

In more detail, the algorithm performs the same single target
procedure successively. Let us denote the residue of the obser-

vation in the k-th iteration as Ỹ
(k)

. Initially, we set Ỹ
(k)

= Y .
First, it estimates the strongest target’s range, Doppler and angle
parameters (τ̂1, ν̂1, θ̂1) by using Algorithm 1 and its channel
gain α̂1 by (19) which creates the estimation vector η1 =
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(α̂1, τ̂1, ν̂1, θ̂1). By using the estimates, GLRT is calculated and
compared to a specified threshold. If it exceeds this threshold,
we detect a target corresponding to these estimates and proceed

to the next iteration on the new residue Ỹ
(2)

= Ỹ
(1) − Y (η1) to

detect the second strongest target. The same procedure is applied
until the GLRT does not exceed the threshold.

C. Subspace-Based Algorithm Via Unitary ESPRIT

The OMP-based successive algorithm is accurate under suffi-
ciently separated targets and high SNR levels, [54], [55]. How-
ever, its relatively high time complexity can limit its real-time
application capabilities. Hence, we propose a subspace approach
with a higher SNR threshold but reduced time complexity.
Assuming an upper bound on the number of targets in the
environment, the algorithm uses unitary ESPRIT to estimate
the range and Doppler of the targets, followed by reconstructing
associated matrices with range and Doppler. These matrices are
then used to mitigate the influence of range and Doppler on the
observed matrix. Finally, azimuth and elevation are extracted by
solving an optimization problem.

1) Range-Doppler Estimation: In the estimation of range
and Doppler parameters, we manipulate the observation data
in such a way that it directly provides the input for the multiple
snapshot unitary ESPRIT method [56]. The output parameters
of unitary ESPRIT approach are automatically paired [56].
This subsection focuses on the manipulation of observational
data to achieve this configuration. A brief description of the
ESPRIT method is provided in Appendix A, which elucidates
the underlying algorithmic principles involved.

Since the delays and Doppler shifts of the targets remain con-
stant across all RIS phase profiles, we treat the RIS phase profiles
as multiple snapshots of identical range Doppler observations.
We define yl as

yl = vec(QH
NM/LY lQ

∗
L), (41)

where Y l, the observed signal for the l-th RIS profile, is given
as

Y l =
K∑
k=1

βl,kc(τk)d
T
M/L(νk) +Zl,

and QNM/L and QL are aribtrary matrices with conjugate
centrosymmetric rows. We construct the matrix Y s by stacking
the vectorsyl to formY s = [y1,y2, . . . ,yL] ∈ C

NM/L×L. The
subsequent matrix,

Y ri =
[

{Y s} �{Y s}

]
, (42)

serves as the input for the standard multi-snapshot unitary
ESPRIT algorithm, detailed further in Appendix A. Since the
number of targets, K, is not known a priori, we consider an
upper bound, Kub, on the number of targets and proceed to
estimate range and Doppler parameters for each target. We have

{(τ̃0, ν̃0), . . . , (τ̃Kub
, ν̃Kub

)} = ESPRIT(Y ri,Kub). (43)

2) Angle Estimation: We define the range and Doppler ma-
trices, C ∈ C

N×Kub and D ∈ C
M/L×Kub as follows:

C =
[
c(τ̂0) c(τ̂1) · · · c(τ̂Kub−1)

]
,

D =
[
dM/L(ν̂0) dM/L(ν̂1) · · · dM/L(ν̂Kub−1)

]
.

Subsequently, we multiply Y l by CH and D∗ to mitigate the
influence of range and Doppler parameters on the observed
signal, given by

β̂l = diag(CHY lD
∗) ∈ C

L×Kub . (44)

For the k-th target, k ∈ {0, 1, . . . ,Kub − 1}, we construct β̂k =

[[β̂0]k, [β̂1]k, . . . , [β̂L−1]k]
T, allowing the creation of

ĝL,k = β̂k � dM/L(ν̂k), (45)

where � denotes element-wise division. To estimate θk, we
solve the following optimization problem

θ̂k = argmin
θ

∥∥∥∥∥ĝL,k −
gH
L(θ)ĝL,k

‖gL(θ)‖2

∥∥∥∥∥ , (46)

implemented through a two-stage algorithm. Initially, a grid
search evaluates the loss function at predetermined grid points,
incorporating azimuth and elevation angles. This is followed by
a fine search stage where a local minimum is identified using
a gradient descent algorithm, constrained by the grid search
resolution.

3) Refinement and Target Detection: Upon parameter esti-
mation, we refine the range and Doppler estimates through a
2D search, utilizing the maximization framework specified in
(38) with fixed angle parameters θ̂. Supported by numerical
experiments, the angle estimation meets the Cramér-Rao lower
bound (CRLB), allowing us to suffice with a low-complexity 2D
search. We formulate the maximization problem follows:

(Δ̂τk, Δ̂νk) = arg max
Δτ,Δν

F(Δτ,Δν),

subject to − 1
4Δf

≤ Δτ ≤ 1
4Δf

,

− 1
4Ts
≤ Δν ≤ 1

4Ts
, (47)

where

F(Δτ,Δν) =

∣∣∣cH(τ̃k +Δτ)Y
(
g(θ̂k)� d(ν̃k +Δν)

)∗∣∣∣2∥∥∥g(θ̂k)� d(ν̃k +Δν)
∥∥∥2 ,

τ̂k = τ̃k + δ̂τk, and ν̂k = ν̃k + δ̂νk. For each target estimate
k, where k ∈ {0, 1, . . . ,Kub − 1}, the set {τ̂k, ν̂k, θ̂k} is esti-
mated. Actual targets are distinguished from spurious detections
using the GLRT, with genuine targets confirmed when their
test values exceed a predefined threshold. The methodology is
described in Algorithm 3.
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Algorithm 3: Subspace-Based Estimator (Multiple Target).
Input: Y , Kub

Output: K, (τ̂k (m), ν̂k (m/s), θ̂k (deg)),Llog
k , k = 1, . . .K

1: Y ←Fold Y into a tensor
2: for l = 1, 2, . . . , L do
3: Y l ← the l-th horizontal slice of Y
4: yl ← Apply real-to-complex mapping (41)
5: end for
6: Y s ← Concatenate [y1,y2, . . . ,yL]
7: Y ri ← [
{Y s} �{Y s}]
8: {(τ̃0, ν̃0), . . . , (τ̃Kub

, ν̃Kub
)} ← Algorithm 4

(Y ri,Kub)
9: K ← 0 Initialize count number of targets

10: for k = 0, 1, . . . ,Kub − 1 for
11: ĝL,k ← Evaluate (45) on β̂k and ν̃k
12: θ̃k,0 ← Grid search over (46)
13: θ̃k ← Gradient descent on (46), init:(θ̃k,0)
14: (τ̃k, ν̃k)← Gradient ascent on (47), init:(τ̃k, ν̃k)
15: Llog(Y )← objective of (39) evaluated at

(τ̃k, ν̃k, θ̃k)
16: if Llog(Y ) ≥ γ then

17: (τ̂k, ν̂k, θ̂k)← (˜̂τk, ˜̂νk,
˜̂
θk)

18: Llog
k ← Llog(Y )

19: K ← K + 1
20: end if
21: end for

D. Theoretical Complexity Analysis

As discussed earlier, the subspace method is proposed as
a low-complexity alternative to the OMP-based approach. To
evaluate the complexity differences between the two methods,
we present a theoretical computational complexity analysis. The
overall complexity for each method is derived by first computing
the complexity of the fundamental algorithmic steps and then
combining these contributions to obtain the total cost.

1) Theoretical Complexity of OMP-Based Estimator: We
first calculate the complexity for the OMP method given in
Algorithm 2. The OMP method first estimates delay, Doppler
and angles by using Algorithm 1. Therefore, we first need to
calculate the complexity of Algorithm 1.

Algorithm 1 first estimates delay and Doppler by calcu-
lating the FFT and IFFT of the observation matrix, which
are given between steps 2-5 of Algorithm 1. The complexity
of delay-Doppler estimation is O(NM log(NM/L)). Here,
O(NM/L log(M/L)) complexity results from N times M/L-
point IFFT, and O(MN/L log(N)) complexity results from
M/L times N -point FFT and summing them up and performing
this over L times results inO(NM log(NM/L)). Note that we
discard the computational complexity of the gradient ascent on
step 6 since the number of iterations is too small since we start
from a point that is very close to the maximum. Specifically,
the complexity of gradient ascent is O(IgradMN) where Igrad

is the number of steps in the gradient ascent. This complexity
arises from the use of the Nelder–Mead Simplex Method [57],

which estimates the gradient by evaluating the objective function
two or three times per iteration. As each function evaluation
has complexity O(NM), the total cost over Igrad iterations is
O(IgradMN). Since the gradient ascent is initialized near the
true maximum, the number of iterations remains moderate, typ-
ically satisfying Igrad < log(NM/L). Therefore, by focusing
on the dominant term, the complexity of the delay-Doppler
estimation step can be approximated as O(NM log(NM/L)).

For angle estimation, we first generate a grid over azimuth-
elevation and calculate the objective of (37) for each grid point,
which results in O(GθMN). To obtain this, we first obtain
the complexity of the numerator, O(1MN + L+ LM/L+
MN1), where 1MN = MN term results from cH(τ̂)Y , L+
LM/L = L+M is due to (gL(θ)� dL(ν̂))⊗ dM/L(ν̂), and
MN1 = MN results from the multiplication of cH(τ̂)Y and
((gL(θ)� dL(ν̂))⊗ dM/L(ν̂))

∗. Since the dominant term is
MN , we choose it and multiply with the number of grid points
Gθ since we perform the calculation for each grid point. Note
that the complexity of the denominator is the same; hence, the
complexity does not change. After selecting the maximizer grid
point, we perform a gradient search. Similar to the delay-Doppler
search, we discard the gradient search complexity since the grid
search is the dominant one.

Finally, the complexity of the fine-tuning over delay-Doppler-
angles isO(IgradMN), which is again smaller than the other two
terms (especially Igrad 	 Gθ) hence, is discarded. As a result,
we have the computational complexity of Algorithm 1 as

O(R1) = O(NM log(NM/L) +GθMN) (48)

Now, we can calculate the overall computational complexity
of Algorithm 2 using the complexity of Algorithm 1. We gener-
ally perform the while loop forK + 1 times (K proceeding with
if condition being true and last time, it is being false). Therefore,
we need to calculate the complexity of the while loop and we can
simply multiply it with K . We have calculated the complexity
of step 4in (48). Step 5, the calculation of the objective of (39),
requiresO(MN) as we have calculated previously. Steps 6-8 re-
quireO(R1) time. Step 9, calculation of (19), requiresO(MN).
Also, the subtraction in step 12 requiresO(MN) times since the
subtraction is element-wise, which requires MN operations. As
a result, we can see that the most dominant operation isO(R1).
Hence, the overall complexity of Algorithm 2 is

O(KR1) = O(KNM log(NM/L) +KGθMN), (49)

which is the computational complexity of the OMP method.
To compare the computational complexity of the OMP and

the subspace methods, we also need to calculate the complexity
of the subspace method given in the Algorithm 3, as discussed
next.

2) Theoretical Complexity of Subspace-Based Estimator:
The computational complexity of the proposed subspace-based
estimator is determined primarily by three major components:
tensor processing, SVD, and iterative parameter refinement.
Given an input data matrix of dimensions N ×M × L, where
N , M , and L are relatively within the same order, we analyze
the computational cost associated with each step. The first step
involves folding the input matrix Y into a tensor Y . Since
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this operation is primarily a reorganization of the data, it does
not introduce significant computational overhead beyond mem-
ory access. Once the tensor is constructed, a complex-to-real
transformation is applied on each slide of the tensor, as given
in (41). The first multiplication,QH

NM/LY l, involves anN ×N

matrix and an N ×M/L matrix, resulting in a complexity of
O(N 2 M/L). The second multiplication involves anN ×M/L
matrix and an (M/L)× (M/L) matrix, leading to an additional
complexity of O(NM 2/L2). Given that this transformation is
performed for each of the L slices, the total complexity for this
step is O(N 2 M +NM 2/L).

Following this transformation, the resulting matrix Y ri, of
size NM × L, is used as input to the SVD step. SVD is
calculated based on the Lanczos method [58], which obtains
a rank-Kub approximate partial SVD with a complexity of
O(KubNML) [59]. Once the SVD operation is complete, the
ESPRIT algorithm is applied to estimate the signal parameters.
ESPRIT involves solving two structured eigenvalue problems,
each requiring an eigen-decomposition of a Kub ×Kub matrix.
The computational complexity of eigenvalue decomposition is
O(K3

ub), which is significantly smaller than the SVD complexity
considering Kub < 10. As a result, the ESPRIT step does not
contribute significantly to the overall computational burden.

After obtaining coarse parameter estimates from ESPRIT, the
algorithm refines these estimates via grid search and optimiza-
tion. The grid search explores Gθ candidate points for angle
estimation, resulting in a complexity of O(KubGθ). This is
followed by gradient-based optimization to refine the estimates,
which depends on the number of iterations I required for con-
vergence. The complexity of this iterative step is O(KubI). In
most practical cases, the number of iterations remains moderate,
ensuring that these terms remain secondary compared to the
SVD complexity.

Considering all computational components, the dominant
term in the overall complexity of the algorithm is given by

O(KubNML+N 2M +NM 2/L+KubGθ). (50)

Among these terms, the partial SVD and transformation steps re-
main the primary contributors. The grid search termO(KubGθ)
may become significant if a fine angular resolution is required,
but remains secondary for moderate grid sizes. Given the prob-
lem parameters, the algorithm remains feasible for real-time or
near-real-time applications, provided that Kub and Gθ remain
sufficiently small.

Theoretical complexity analysis provides a baseline under-
standing of the computational demands associated with each
method. To further validate these findings and assess their practi-
cal implications, we next present simulation results that evaluate
both the estimation performance and empirical runtime behavior
under various system settings.

V. SIMULATION RESULTS

A. Scenarios, Metrics, and Benchmarks

1) Scenario and Parameters: In the simulation setup, the
center of the RIS is located at the origin, pointing towards
the z-axis. In addition, the BS is located 5 m from the RIS

with angle θbr = (135◦, 80◦), which corresponds to pBS =
[−0.6139 0.6139 4.9240]T m.

We define the BS antenna gain from analog beamforming
of the phased array antennas. Typically, phased array antennas
have isotropic elements, resulting in Ge = 1. In our scenario,
we consider the case where the BS has NBS = 64 elements
and has an antenna gain of Gb = 10 log10(NBSGe) = 18.06 dB,
since we face the BS directly to the center of the RIS. We
assume that the cyclic prefix is long enough to avoid ISI. We
generate our RIS phase profile to scan the entire region behind
the obstacle, which is a quarter-sphere. In other words, we create
equally spaced angular beams in the region of θaz ∈ [−90◦, 90◦]
and θel ∈ [0◦, 90◦), that is, generate an equally spaced azimuth-
elevation grid, and fix a grid point in the array steering vec-
tor for each time duration. In addition, λ = 1.07 cm and the
number of RIS elements and the spacing of the RIS elements
are NRIS = 21× 21 and λ/4 = 2.7 mm [60], respectively. RIS
elements are assumed to be isotropic, resulting in G = 0 dB.
The OFDM signal has N = 256 subcarriers with a spacing of
symbols Δf = 120 kHz and M = 1120. The noise PSD level
is N0 = −174 dBm/Hz and the receiver noise figure is 8dB.
The transmit power is fixed at Pt = 20 dBm, unless otherwise
stated.

We consider several cases, including single and multiple target
cases.4 We vary the values of some critical system parame-
ters for different scenarios and perform the analyses described
below.

2) Performance Metrics: For the case of multiple targets,
both algorithms are able to perform target detection and parame-
ter estimation. However, there is no prior information linking the
detected targets to the actual corresponding targets. In addition,
algorithms may produce false alarms or fail to detect some tar-
gets. To address these challenges, a target parameter assignment
algorithm is required. Given the aforementioned considerations,
the Generalized Optimal Sub-Pattern Assignment (GOSPA)
framework emerges as a suitable candidate [61]. Let T and
E be the sets of parameter vectors for the true targets and the
detections, respectively. Each element in both sets is a vector of
four estimated parameters [p, ν], with p denoting the Cartesian
coordinates converted from the spherical coordinate parameters
(τ,θ). Now, denoting Ξ as the set of all possible assignment sets
ξ, we have the GOSPA metric as

dGOSPA,c(T,E) =

min
ξ∈Ξ

∑
(i,j)∈ξ

dw(Ti, Ej) +
c

2
(card(T ) + card(E)− 2card(ξ)),

where card(·) denotes the cardinality, and dw(Ti, Ei) is the
Doppler-weighted distance metric between the ith true target
and the jth detection, defined as

dw([p
T, ν], [p̂T, ν̂]) = ‖p− p̂‖+ w|ν − ν̂|.

4Both the OMP-based and subspace methods are capable of detecting the
zero-Doppler cut. However, in scenarios involving multiple scatterers (clutter),
the zero Doppler (and near-zero Doppler) region should be omitted to focus on
moving targets and mitigate the influence of stationary scatterers.
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Interpreting the metric, it can be seen that the only way to
minimize the whole expression when dw(Ti, Ei) > c is that
the detection must not be assigned to the true target so that
the 2card(ξ) term decreases. Therefore, we can think of the
GOSPA metric as a weighted summation of distance, false alarm,
and miss detection, and when the Doppler-weighted distance is
greater than c, we assign the detection as a false alarm.

3) Benchmarks: We employ the following benchmark
schemes and metrics for comparison and evaluation purposes:
� Doppler ignorant (DI) detector/estimator: Algorithm 1

with the assumption of zero Doppler.
� Higher-order singular value decomposition (HOSVD): An

SVD method employed in [32] for single target cases,
which uses the same system model that is used in our work.

� CRLB: We derive the CRLB for each parameter dimension
(please see Appendix B) and compare it with the root
mean-squared error (RMSE) of the proposed algorithms
(Algorithm 1, Algorithm 2 and Algorithm 3) and the con-
sidered benchmark schemes.

The DI estimation scheme is used to analyze the effects
of Doppler estimation on target detection performance. In the
DI approach, we apply an IFFT to the frequency domain to
generate a range profile for each repetition interval. To enhance
estimation accuracy, we perform non-coherent integration over
the time domain for each range bin and select the largest peak
as the range estimate. To further improve range estimation, we
apply gradient ascent over the objective function in (35), while
keeping the Doppler component fixed at zero. Once the range
and Doppler values are determined, we perform a search over the
entire azimuth-elevation domain using a grid with 2-degree step
sizes in both azimuth and elevation. The point with the maximum
value is selected and the gradient ascent is applied again to refine
the angle estimates, following the objective function in (37).
With these estimates in hand, and still fixing Doppler at zero,
we perform a final gradient ascent over the objective function in
(39), starting from the initial estimates to further fine-tune the
solution.

In addition to the DI method, we evaluate the performance
of the HOSVD method, as proposed in [32] implementing it
in single-target scenarios. This method is selected as a bench-
mark because it shares similar modeling assumptions with our
proposed techniques and represents a more recent advancement
compared to earlier works such as [30] and [31]. The HOSVD
method is then compared with the developed techniques and
the DI method. It is important to note that due to the lack of a
pairing strategy in the HOSVD method, it is not implemented
as a benchmark in multi-target scenarios, where accurate target
pairing across multiple dimensions is crucial for performance
evaluation.

In all the considered cases, we run 2000 Monte Carlo tests
for each parameter set. We perform a 4D ML estimation using
OMP, subspace, and, for some cases, DI methods, and calculate
the GLRT using these estimates. We calculate the RMSE based
on Monte Carlo trials and compare it with the CRLB, which is
derived in Appendix B. To study the detection performance, we
perform thresholding over GLRT values.

Fig. 2. RMSE of range estimation of the target for subspace and OMP methods
with respect to distance from BS to RIS and from RIS to the target.

Fig. 3. RMSE of Doppler estimation of the target for subspace and OMP
methods with respect to distance from BS to RIS and from RIS to the target.

B. Results and Discussion

We consider three scenarios, the first one being the perfor-
mance analysis for different target distances. In this analysis, our
aim is to evaluate the estimation performance for different ap-
proaches and analyze the detection performance by checking the
GLRT values. The second scenario investigates the estimation
performance for varying coverage areas. In tracking scenarios,
it is possible to focus on smaller regions where the target can
be present. In that sense, we analyze the performance of our
proposed methods in tracking scenarios. Lastly, we consider a
two-target case with a weak target and a strong target present
in the scanned region. We analyze the detection and estimation
performances of the OMP and the subspace method.

1) Scenario 1: Single Target Versus Distance: In this sce-
nario, we analyze the performance of the algorithms for the
single target case. We place a target with 0.5m2 RCS in the
direction of (30,50) degrees of the RIS. We vary the distance
of the target from the RIS and compare the performance of the
subspace, OMP, HOSVD, and DI methods.

The RMSEs of the target parameters are presented in Figs. 2–
5. In Fig. 2, all four algorithms exhibit waterfall behavior.
Specifically, the subspace method diverges from the CRLB
earlier than the OMP algorithm, while the DI method exhibits a
large gap from the CRLB but with similarity to OMP, showing
step-like behavior at the same region. The earlier divergence
of the subspace method suggests that it requires a higher SNR
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Fig. 4. RMSE of azimuth estimation of the target for subspace and OMP
methods with respect to distance from BS to RIS and from RIS to the target.

Fig. 5. RMSE of elevation estimation of the target for subspace and OMP
methods with respect to distance from BS to RIS and from RIS to the target.

than OMP to converge to the CRLB, which can be attributed
to the suboptimal nature of the subspace method. Meanwhile, a
large gap to CRLB is observed in DI is expected since DI es-
sentially operates similarly to OMP but assumes a zero Doppler
shift. Furthermore, the HOSVD method achieves performance
between the OMP and the subspace method in terms of range
estimation. However, at very low SNR levels, both HOSVD
and the subspace method yield more accurate estimations than
OMP, indicating that OMP is more susceptible to high estimation
errors in severely noisy conditions. On the other hand, as SNR
increases, OMP rapidly converges to the CRLB, outperforming
HOSVD across most SNR values. This suggests that while OMP
is initially more vulnerable to low SNR, it demonstrates superior
asymptotic performance in higher SNR regimes.

In Fig. 3, the Doppler error component for the DI method
remains constant, as DI assumes zero Doppler. When comparing
the subspace and OMP methods, a similar behavior to that in
Fig. 2 is observed, where both methods exhibit the waterfall
effect. However, HOSVD does not converge to the CRLB. This
discrepancy can be explained by the fact that HOSVD estimates
Doppler independently of the other parameters, whereas the
subspace and OMP methods jointly estimate range and Doppler,
leading to better convergence. For larger distances, the subspace,
HOSVD, and OMP methods have higher RMSE values than DI.
This is expected since DI has a fixed error, whereas the other
methods are more susceptible to low SNR, which can result in
larger errors. Also similar to Fig. 2, we observe that at very

Fig. 6. RMSE of range estimation for different coverage areas.

Fig. 7. RMSE of Doppler estimation for different coverage areas.

low SNR, HOSVD and the subspace method outperform OMP,
which is more susceptible to high estimation errors. However,
as the distance decreases, OMP converges to the CRLB faster,
surpassing HOSVD in most cases.

In Fig. 4, the same waterfall effect as seen in Fig. 2 is observed.
For shorter distances, the RMSE of HOSVD diverges from the
CRLB. This can be attributed to the objective function for angle
estimation (Eq. (28) in [32]) not being an unbiased estimator,
leading to a bias error of approximately 0.16 degrees in low-
noise scenarios, which manifests itself as a constant RMSE.
Fig. 5 exhibits a behavior similar to that of Figs. 2 and 4.

2) Scenario 2: Single Target in the Tracking Scenario: In
this case, we assume that the angular region is known to some
extent. Hence, we change the percentage of the scanned region
to see the effect of focusing the beams towards the target.
Zero percent means that the beam is fixed to the center of the
search region, which is (0,45) degrees of az-el angles, and 100
percent represents the total coverage. Decreasing the percentage
is expected to increase the integrated SNR across all beams since
there are more beams that illuminate the target. We evaluated the
performance of the algorithms versus the percent of the coverage
of the angular region. The target with 0.5m2 RCS is located at
(0,45) degrees of az-el angles to and 1 m from the RIS.

The results are given in Figs. 6–8. It is seen that narrowing
the angle coverage decreases CRLBs and RMSEs as a result of
an increase in SNR since the beams are more focused on the
target. We also observe that the RMSEs of range, Doppler, and
angle estimation obtained by both of the proposed algorithms
converge to the CRLB for almost all the coverage percentages
under consideration. This success results from the fact that SNR
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Fig. 8. RMSE of azimuth and elevation estimation for different coverage areas.

is sufficient for the considered tracking scenario with a close-by
target, unlike the search scenario in Section V-B1.

3) Scenario 3: Strong / Weak Targets: In this scenario, we
consider two targets: one target is strong (closer to the RIS
with a high RCS), while the other is weaker. The targets are
distinguishable across all dimensions. The strong target, with
an RCS of 0.7 m2, is located 7 meters away from the RIS at az-
imuth elevation angles of (30◦, 50◦) and has a velocity vector of
[15, 0, 15], resulting in a Doppler velocity of −19.8 m/s. Mean-
while, the weaker target, with an RCS of 0.3 m2, is located 10
meters away at the azimuth elevation angles of (−30◦, 60◦), with
a velocity vector of [−15, 0,−15], which produces a Doppler
velocity of 19.5 m/s. Target detection and parameter estimation
are performed using the subspace, OMP, and DI methods under
the same conditions.

The subspace method estimates the parameters for a prede-
fined maximum number of targets and returns them along with
their GLRT values. Detection is then performed by applying
a threshold to these GLRT values. In contrast, the OMP and
DI methods estimate the parameters, compute their GLRT, and
iteratively perform detection by thresholding until the GLRT
value falls below the threshold. Fig. 9 illustrates the target
detection performance, while Figs. 10–12 depict the parameter
estimation performance. As shown in Fig. 9, OMP demonstrates
superior detection performance compared to the subspace and
DI methods, and DI generally exhibits the poorest performance.
The primary limitation of the subspace method, as with the
single-target case, is its need for higher SNR to detect the
targets. This is in part due to the fact that the subspace method
estimates the maximum number of targets, leading to inaccurate
parameter estimation for the weaker target, which can result
in its components being divided across several targets, thereby
degrading detection performance. In contrast, DI performs the
worst under most conditions, except for the weak target between
30 dBm and 37.5 dBm transmit power. Weaker performance
for the strong target is expected, as the Doppler error affects
the estimation of other parameters, resulting in lower GLRT.
Additionally, DI does not exhibit a monotonic trend due to
residuals left from the first target component.

Fig. 9. Probability of detection of strong and weak targets for subspace and
OMP methods with respect to transmit power.

Fig. 10. RMSE of range estimation of strong and weak targets for subspace
and OMP methods with respect to transmit power.

Fig. 11. RMSE of Doppler estimation of strong and weak targets for subspace
and OMP methods with respect to transmit power.
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Fig. 12. RMSE of azimuth estimation of strong and weak targets for subspace
and OMP methods with respect to transmit power.

The range estimation performance is illustrated in Fig. 10.
Both the subspace and OMP methods demonstrate convergence
to the CRLB, whereas DI exhibits a large gap between RMSE
and CRLB due to the zero Doppler assumption. Notably, the
RMSE calculations only begin at points where the probability
of detection is nonzero, as RMSEs cannot be calculated for un-
detected targets. Similarly, Fig. 11 shows the Doppler estimation
performance. For DI, the error remains constant because of the
zero Doppler assumption, while both the subspace and OMP
methods exhibit the waterfall effect. However, their behavior
differs: the subspace method fails to converge to the CRLB due
to its suboptimality, while the OMP method suffers from high
estimation errors below 17.5 dBm and 27.5 dBm transmit power,
leading to undetected targets in these regions.

The azimuth estimation performance, depicted in Fig. 12,
demonstrates improved convergence compared to Doppler esti-
mation. The OMP method is not affected by Doppler estimates
that diverge from the CRLB since the Doppler errors remain
moderate. Initially, DI converges toward the CRLB but diverges
at higher transmit powers, consistent with the similarities be-
tween the OMP and DI methods. When their Doppler RMSEs
are comparable, the errors in other parameters are also similar.
However, as the transmit power increases, OMP achieves a lower
Doppler RMSE, whereas the Doppler RMSE of DI remains
constant. As a result, the azimuth RMSE of OMP continues
to track the CRLB, whereas the RMSE of DI diverges. The sub-
space method exhibits a similar trend but with some unexpected
behaviors. A drop in RMSE at lower transmit powers is due to the
GOSPA metric assigning large-error estimates as false alarms,
leaving only small-error estimates assigned to the target. This
results in the drop seen at low transmit powers. A similar phe-
nomenon occurs in the tail of the RMSE curve for the weaker tar-
get at 40 dBm, where new points are assigned. The elevation er-
rors follow a trend similar to the azimuth errors shown in Fig. 12.

C. Computational Complexity Analysis

While the theoretical complexity analysis provides insight
into the worst-case behavior of the algorithms, it may not

TABLE I
EXECUTION TIME OF A MONTE-CARLO TRIAL IN SINGLE TARGET CASE

accurately reflect the practical runtime performance. Therefore,
to properly assess and compare the computational efficiency of
the methods, we conduct an empirical runtime evaluation. In this
subsection, we first measure and report the empirical runtimes
of both the OMP and subspace methods, and then compare these
results with the theoretical computational complexity analysis
presented earlier in Section IV-D.

1) Empirical Runtime Evaluation: In this part, we evalu-
ate the empirical runtimes of our proposed methods alongside
several benchmark approaches, such as HOSVD and DI. To
quantify this trade-off in terms of time complexity, we conduct
2000 Monte Carlo trials for single and multiple target cases to
evaluate the computational efficiency of the proposed methods.
These simulations allow us to observe and compare the time
complexities under various conditions, particularly between the
subspace and OMP methods.

For these tests, we report the mean and standard deviation
(STD) of the time consumed during a Monte Carlo trial. The
trials are executed on two systems: a laptop equipped with an
Intel i7-9750H processor and a server running an Intel Xeon
W5-3423 processor. The laptop processor supports 12 threads,
while the server can handle 24 threads. These hardware setups
also enable us to assess the impact of processor architecture
and threading capabilities on the computational performance of
algorithms.

In the single target case, we utilize Scenario 1, where the time
consumption remains relatively consistent between different
range values. Therefore, we combine the results for all range
values and present the aggregate timing data in Table I. From
these results, it is evident that the subspace method is approx-
imately 20 times faster than the OMP method. Additionally,
increasing the number of processor cores more than doubles the
speed of both algorithms. However, it is important to note that
exact time consumption varies due to differences in processor
architectures between the laptop and the server. It is also noted
that DI and HOSVD have a time complexity comparable to that
of OMP.

For the multiple target case, we consider Scenario 3, which
involves two distinct targets. In this case, we focus on the region
where both targets are successfully detected. The time consump-
tion for this case is presented in Table II. When comparing the
multiple target case to the single target case, it is apparent that
the time consumption of the OMP method nearly doubles. This
behavior is expected given the successive nature of the OMP
method; doubling the number of targets effectively doubles the
time required, as the same procedure is applied to each target
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TABLE II
EXECUTION TIME OF A MONTE-CARLO TRIAL IN TWO-TARGET CASE

individually. In contrast, the subspace method exhibits only a
modest increase in time complexity when the number of targets
is increased. Also, DI has a similar time complexity to OMP, as
expected.

From these results, we can conclude that the subspace method
exhibits significantly lower time complexity compared to the
OMP method. Furthermore, while increasing the number of
targets leads to a near-linear increase in time complexity for
the OMP method, the subspace method shows only a minimal
rise in computation time. This makes the subspace method a
more efficient choice, especially in scenarios involving multiple
targets, where the relative computational savings become even
more pronounced.

2) Comparison of Theoretical and Empirical Complexities:
Theoretical complexity analysis in Section IV-D indicates that
the OMP-based estimator should be more computationally ef-
ficient than the subspace-based approach. OMP avoids the
costly SVD, relying instead on FFTs and iterative updates. Its
dominant complexity is O(K(NM log(NM/L) +GθMN)).
In contrast, the subspace method requires an SVD operation,
resulting in a higher asymptotic complexity ofO(KubNML+
N 2 M +NM 2/L+KubGθ). Based on the asymptotic com-
plexity analysis, OMP is expected to scale better for large
problem sizes. However, empirical runtime measurements show
a different trend; the subspace-based estimator is approximately
20 times faster than OMP across all tested configurations. This
discrepancy is primarily due to implementation factors. OMP’s
performance is impacted by the overhead introduced by grid
search and iterative updates, particularly the O(GθMN) term,
which grows with grid resolution and leads to a large number of
function evaluations. On the other hand, the subspace method
benefits from efficient numerical libraries that handle SVD
operations very effectively, resulting in lower actual runtimes
despite its higher theoretical complexity.

From a practical standpoint, the subspace-based estimator is
more suitable for latency-sensitive or real-time applications.
Nonetheless, when estimation accuracy is the main priority,
OMP remains a strong candidate owing to its superior perfor-
mance in terms of RMSE.

VI. CONCLUSION

In this work, we addressed the time-domain coupling of
Doppler and angle for RIS-aided NLoS monostatic sensing.
To resolve the coupling, we designed repetitive RIS phase
profiles and derived an ML-based target parameter estimator
that estimates delay, Doppler, and angles. We also presented
the GLRT for target detection. In addition, as a low-complexity

alternative, we developed a novel subspace method that uses
tensors to separate the parameter spaces. We generated a sim-
ulation environment for several single-target scenarios to ana-
lyze the estimation performance and a multiple-target scenario
to investigate both detection and estimation performance. We
constructed the RMSE figures to show that, via the proposed
approaches, the RMSE converges to the CRLB for sufficiently
large SNRs, and the OMP method requires less power than the
subspace method for accurate parameter estimation. In addition,
the detection performance was depicted to show that, with higher
transmit powers, we can accurately detect the target’s presence
by having a reasonable false alarm rate.

APPENDIX A
ESPRIT FOR RANGE-DOPPLER DERIVATION

Revisiting the ESPRIT algorithm ensures that the method-
ology of this article is self-contained. In-depth analysis and
derivation of the algorithm are not included. Using Y ri in
(42) as input for the ESPRIT algorithm, we first decompose
the matrix using SVD on the matrix. We then select the left
eigenvectors, Us ∈ C

2NM/L×Kub , corresponding to the largest
Kub eigenvalues. We obtain [56, eq. (38) and (40)]

Kτ1UsΨτ = Kτ2Us (51)

Kν1UsΨν = Kν2Us. (52)

where

Kτ1 = IM/L ⊗

{
QH

N−1JN−1QN

}
Kτ2 = IM/L ⊗�{QH

N−1JN−1QN}

Kν1 = 

{
QH

M/L−1JM/L−1QM/L

}
⊗ IN

Kν2 = �{QH
M/L−1JM/L−1QM/L} ⊗ IN

and for any integer P > 2, JP = [0P−1,1 IP−1]. Moreover,
Ψτ = (Ξ−1ΩτΞ) [56, eq. (42)] and Ψν = (Ξ−1ΩνΞ) [56,
eq. (43)] are the solutions to (51) and (52), respectively. To
achieve automatic pairing between range and Doppler estimates,
we calculate the eigenvalue matrix Ω associated with matrix
Ψτ + 1jΨν . The range and Doppler estimates are then deter-
mined based on these eigenvalues. Specifically [56],

τ̂k = − 1
πΔf

arctan([
{Ω}]k,k) (53)

ν̂k = − 1
πTs

arctan([�{Ω}]k,k), (54)

for k = 1, . . .K. Algorithm 4 summarizes ESPRIT.

APPENDIX B
CRAMER-RAO LOWER BOUND FOR ESTIMATION ACCURACY

To see if we can estimate the parameters properly, we need to
compare the estimation accuracy with the CRLB. To calculate
the CRLB, we first calculate the Fisher information matrix (FIM)
based on the following log-likelihood function (see (12)):

L = log p1(Y |η)
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Algorithm 4: ESPRIT Algorithm.
Input: Y ri, Kub

Output: (τ̃k (m), ν̃k (m/s)), k = 1, . . .Kub

1: Us ← SVD of Y ri

2: (Ψτ ,Ψν)← Solve (51) and (52)
3: Ω← Eigenvalues of Ψτ + 1jΨν

4: {(τ̃0, ν̃0), . . . , (τ̃Kub
, ν̃Kub

)} ← Calculate (53) and
(54)

= c− 1
2σ2
‖Y − Y (η)‖2

F

= c− 1
2σ2

∑
i

∑
j

|Yi,j − Y i,j |2 (55)

where η denotes unknown parameter vector and c corresponds
to the constant terms. In particular, the elements ofη are given by
ε1 = τ , ε2 = ν, ε3 = θaz, ε4 = θel, and ε5 = α. The derivative
of the log-likelihood function with respect to the elements of the
unknown parameter vector can be obtained as follows:

∂L
∂εk

= − 1
2σ2

∑
i

∑
j

∂

∂εk
(Y ∗i,j − Y

∗
i,j(η))(Yi,j − Y i,j(η))

= − 1
2σ2

∑
i

∑
j

[
− ∂Y

∗
i,j(η)

∂εk
(Y ∗i,j(η)− Y

∗
i,j(η))

− (Yi,j − Y i,j(η))
∂Y i,j(η)

∂εk

]

=
1
σ2

∑
i

∑
j



{
(Y ∗i,j − Y

∗
i,j(η))

∂Y i,j(η)

∂εk

}
(56)

Then, we can construct the FIM using these derivatives as

FIM = J =

⎡⎢⎣E

[(
∂L
∂ε1

)2
]

E
[
∂L
∂ε1

∂L
∂ε2

]
. . .

...
. . .

⎤⎥⎦ (57)

where

E

[
∂L
∂εk

∂L
∂εl

]
=

1
σ4

∑
i1

∑
j1

∑
i2

∑
j2

E

[(
−∂Y

∗
i1,j1

(η)

∂εk
Zi1,j1 −

∂Y i1,j1(η)

∂εk
Z∗i1,j1

)

×
(
−∂Y

∗
i1,j1

(η)

∂εl
Zi1,j1 −

∂Y i1,j1(η)

∂εl
Z∗i1,j1

)]

=
1
σ2

∑
i

∑
j

(
∂Y
∗
i,j(η)

∂εk

∂Y i,j(η)

∂εl

+
∂Y i,j(η)

∂εk

∂Y
∗
i,j(η)

∂εl

)

=
2
σ2

∑
i

∑
j



{
∂Y i,j(η)

∂εk

∂Y
∗
i,j(η)

∂εl

}

� [J ]k,l (58)

In obtaining (58), we utilize the fact that the noise has i.i.d.
complex circular symmetric Gaussian components (see (12))
with E[(Zi,j)

2] = 0, E[(Z∗i,j)
2] = 0, and E[|Zi,j |2] = σ2.

As a result, we can calculate the CRLB taking the inverse of
the FIM. That is, MSE ≥ trace{J−1}.

Now, we calculate ∂Y i,j(η)
∂εk

and
∂Y

∗
i,j(η)

∂εk
for each εk and Y i,j

explicitly. Plugging (5) and (6) into (12), we can calculate Y i,j .
To avoid confliction, we change the index j to k:

Y i,k(η) = α [c(τ)]i [d(ν)]k (b
T(θ)ωk)

2

= αej2π(kTν−iΔfτ)(bT(θ)ωk)
2

= αej2π(kTν−iΔfτ)(aT(θbr)Ωka(θ))
2

= αej2π(kTν−iΔfτ)(fka(θ))
2 (59)

where Ωk = diag(ωk) and fk = aT(θbr)Ωk ∈ C
1×NRIS .

Hence, we can calculate the derivatives w.r.t. the estimation
parameters.

Substituting the derivatives into (58) and (57), and calculating
diag{J−1}, we have CRLB for each parameter. Note that the
units of CRLBs shown in the RMSE graphs are converted.
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