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ABSTRACT
This paper presents new recursive least squares (RLS) algorithms with enhanced performance,
achieved via a combination of exponential forgetting andwindowing techniques. The proposed
algorithms with rank two updates are systematically aligned with established RLS algorithms
with rank one updates to ensure unification and clarity. Newly identified properties of the recur-
sive algorithms, associated with the convergence of both the inverse of the information matrix
and the parameter estimates which are presented in this paper, offer great potential for further
enhancement of the estimation performance. The proposed algorithms demonstrate signifi-
cant improvements in the estimation of the grid events in the presence of substantial harmonic
emissions.
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1. Motivation andmain results

RLS algorithms with exponential forgetting are broadly
utilized in system identification, signal processing,
statistics, adaptive control, and in a wide range of other
applications [1–3].

A fixed forgetting factor, being the sole adjustable
parameter, is insufficient to guarantee satisfactory esti-
mation performance across all scenarios, which has led
to numerous modifications of the RLS algorithms, see
for example [4,5] and references therein.

Improved performance is achieved via the integra-
tion of exponential forgetting and windowing tech-
niques, with the forgetting factor and the window size
serving as adjustable parameters which enable opti-
mized trade-offs and facilitate faster response to rapid
signal changes, [6–9].

Window movement entails both updating and
downdating events, leading to recursive rank two
updates of the information matrix. This contrasts with
the classical RLS algorithm, which relies solely on
recursive rank one updates, [1–3].

This paper extends the sliding window least squares
approach outlined in Ref. [10] by integrating exponen-
tial forgetting, thereby prioritizing recent observations
and improving estimation performance for rapidly
changing signals.

The development aligns systematically with stan-
dard RLS algorithmswith rank one updates, see Table 1.

Furthermore, the rank two gain update, derived from
the least squares formulation with exponential forget-
ting in the sliding window, forms the basis of improved
Kaczmarz algorithms, [8].

This paper reveals a novel property of RLS algo-
rithms with rank two updates: the gain matrix �k con-
verges to the inverse of the information matrix, and the
parameter estimates converge to their true values, see
Figure 2 in Section 3. The transient performance of the
algorithms can be further enhanced through the appli-
cation of Newton-Schulz and Richardson corrections
[10–12].

The efficiency of the new algorithms is assessed
through their application to grid event estimation in
the presence of substantial harmonic emissions, see
Figure 3 and [10–13].

2. RLS algorithms

Suppose that the measured oscillating signal is pre-
sented in the following form yk = ϕT

k θ∗, where ϕk is the
harmonic regressor, ϕT

k = [cos(q0k) sin(q0k) · · · cos
(qhk) sin(qhk)], q0, . . . qh are the frequencies and θ∗ is
the vector of unknown parameters, k = 1, 2, . . .. The
oscillating signal yk is approximated by the model ŷk =
ϕT
k θk.
The parameter vector θk is determined via the least

squares method, which entails minimization of the
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Table 1. RLS Algorithms with rank two and rank one updates, see also Table 1 in Ref. [8] for
comparison with the Kaczmarz algorithms.

Variable RLS Algorithm with Rank Two Update RLS Algorithm with Rank One Update

Gain Update �k = 1

λ
[�k−1 − �k−1QkS−1QTk�k−1] �k = 1

λ

[
�k−1 − �k−1ϕkϕ

T
k �k−1

λ + ϕT
k �k−1ϕk

]

Parameter Update θk = θk−1 − �k−1QkS−1[QTkθk−1 − ỹk] θk = θk−1 − �k−1ϕk

λ + ϕT
k �k−1ϕk

[ϕT
k θk−1 − yk ]

Inversion Error Ek = (I − �k−1QkS−1QTk )Ek−1 Ek =
(
I − �k−1ϕkϕ

T
k

λ + ϕT
k �k−1ϕk

)
Ek−1

Ek = I − �kAk

Parameter Error θ̃k = (I − �k−1QkS−1QTk )θ̃k−1 θ̃k =
(
I − �k−1ϕkϕ

T
k

λ + ϕT
k �k−1ϕk

)
θ̃k−1

θ̃k = θk − θ∗

following loss function:

Pk =
k∑

j=k−(w−1)

λk−j (yj − ϕT
j θk)

2 (1)

where the forgetting factor 0 < λ < 1 downweights
older data within the window of the sizew. All observa-
tions are weighted equally, provided that the forgetting
factor is equal to one, λ = 1.

Minimization of the loss function (1) yields the fol-
lowing system of algebraic equations:

Akθk = bk, Ak =
j=k∑

j=k−(w−1)

λk−jϕj ϕ
T
j (2)

bk =
j=k∑

j=k−(w−1)

λk−jϕjyj (3)

which should be solved with respect to the vector of
estimated parameters θk in each step k. The informa-
tion matrix Ak in (2) can also be defined as the rank
two update of the matrix Ak−1, k ≥ w + 1. Rank two
updates are associated with the movement of the win-
dow, where a new observation is added (updating) and
an old observation is removed (downdating), [10].

In other words, the new data ϕk, yk (with the largest
forgetting factor which is equal to one) enter the win-
dow and the data with the lowest priority ϕ̃k−w =√

λw ϕk−w, λwϕk−wyk−w leave the window in step k:

Ak = λAk−1 + Qk D QT
k , bk = λbk−1 + dk (4)

whereQk = [ϕk ϕ̃k−w],D = diag[1,−1] = [ 1 0
0 −1

]
and

dk = ϕkyk︸︷︷︸
updating

− λwϕk−wyk−w︸ ︷︷ ︸
downdating

.

Notice that the matrix Qk contains scaled regressor
ϕ̃k−w in order to avoid singularity in the case where
λw → 0 for sufficiently small λ and sufficiently large w.
Inclusion of sufficiently small λw in the matrixD (with-
out scaling the regressor) makes this matrix singular,
which results in large estimation errors when calcu-
lating the inverse of Ak. Notice also that the rank one

update can be obtained as the limiting form of rank two
update (4) with λw → 0, see Table 1 and [1–3].

The RLS algorithms with rank two update and expo-
nential forgetting which are derived by application of
the matrix inversion lemma to the identity (4) can be
written in the following form [8,10]:

�k = 1
λ
[�k−1 − �k−1QkS−1QT

k �k−1] (5)

θk = θk−1 − �k−1QkS−1[QT
k θk−1 − ỹk] (6)

where S = λD + QT
k �k−1Qk and ỹTk = [yk

√
λwyk−w] is

the synthetic/extended output, provided that thematrix
QT
k �k−1Qk is invertible. Initialization �w = A−1

w and
Awθw = bw implies that the algorithm (5) and (6) guar-
antees that the following equations �k = A−1

k , θk =
A−1
k bk hold in each step k. Notice that the algorithm (5)

and (6) (similar to algorithm (7) and (8)) has the con-
vergence properties of the matrix inversion and param-
eter errors, see Table 1 and Section 3. These proper-
ties can be utilized for improvement of the estimation
performance.

Interestingly enough that similar form of the esti-
mation algorithms for the vector output sequence and
regressormatrixwas studied inRefs [14,15]. Notice that
the multiple output systems considered in Refs [14,15]
are not associated with the sliding window technique,
updating/downdating events and extended forgetting
mechanism and therefore cannot be applied to the sin-
gle output case with rank two update.

Notice that the least squares solution in sliding win-
dow which resulted in algorithms (5) and (6) formed
the basis for new Kaczmarz projection method, which
is described in Ref. [8]. RLS algorithms (5) and (6) can
also be seen as a robust modification of the Kaczmarz
algorithms with rank two gain update.

Notice also that recursive calculations of the coef-
ficients of Discrete Fourier Transform in moving win-
dow (which is a special case of RLS algorithms) can be
presented in a very simple form, [16].

Finally, this approach can be extended to the
continuous-time case by leveraging the concepts intro-
duced in Refs [17,18].
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Figure 1. The estimate of the amplitude of the first harmonic calculatedwith the algorithm (5) and (6) (red dashed line) is compared
in the second plot of Figure 1(a) to the estimate provided by the algorithm (7) and (8) (dotted blue line) with the same forgetting
factor λ = 0.97. The actual change of the amplitude of the first harmonic due to swell event is plotted with the yellow line in the
second plot of Figure 1(a). The performance of approximation of the measured signal (the yellow line) by the signals calculated
by algorithms (5), (6) and (7), (8) (the red dashed and dotted blue line, respectively) is shown in the first plot of Figure 1(a) and in
Figure 1(b).

Relation between algorithms and rank reduction.
Introduction of the forgetting factor allows to estab-
lish relationship between RLS algorithmswith rank two
and rank one updates. Notice that Qk and dk, see (4),
get the following forms Qk = [ϕk 0], dk = ϕkyk and
ỹTk = [yk 0] if λw → 0 which corresponds to cancel-
lation of downdating. Straightforward substitution of
Qk and ỹk defined above in (5) and (6) yields to the
following well-known RLS algorithms, [1–3]:

�k = 1
λ

[
�k−1 − �k−1ϕkϕ

T
k �k−1

λ + ϕT
k �k−1ϕk

]
(7)

θk = θk−1 − �k−1ϕk

λ + ϕT
k �k−1ϕk

[ϕT
k θk − yk] (8)

The error models for the algorithms (5), (6) and (7), (8)
are presented in Table 1.

2.1. Simulations

RLS algorithms were tested for detecting voltage swell
events in power networks. These events, defined by
abrupt voltage increases, can degrade power quality
and cause significant financial losses. Effective moni-
toring of such disturbances is essential in power system
engineering.

The swell event is modelled as momentary increase
of the amplitude of the first harmonic, see the yellow
line in the second plot of Figure 1(a). The transient
response of the algorithm (5) and (6) is compared to
the response of the algorithm (7) and (8) for the same
forgetting factor λ = 0.97. The amplitudes estimated

with algorithms (5), (6) and (7), (8) are plotted in
Figure 1(a,b) with the red dashed and dotted blue lines,
respectively, whereas the measured signal is plotted
with the yellow line.

New algorithm (5) and (6) provides faster estima-
tion compared to known RLS algorithm (7) and (8) for
the same forgetting factor, see Figure 1(a,b). However,
approximately the same fast transient performance can
be achieved by reduction of the forgetting factor in
known RLS algorithm (7) and (8) or by reduction of the
window size in algorithms described in Ref. [10] with
forgetting factor which is equal to one.

Notice that both fast forgetting and small window
size imply large condition number of the informa-
tion matrix, sensitivity to measurement noise, numer-
ical operations and significant error accumulation.
Algorithm (5) and (6) has two adjustable parameters
(the window size w and the forgetting factor λ) which
provide additional opportunities for optimization (in
comparison to (7) and (8) and algorithms described
in Ref. [10]) and hence for performance improvement.
The choice of both forgetting factor and the window
size is associated with the tradeoff between rapidity
of estimation and both accuracy (sensitivity to mea-
surement noise) and the condition number. On the
one hand, the forgetting factor and the window size
should be small enough for rapid estimation. On the
other hand, the window size should be large enough
and the forgetting factor should be close to one for
reduction of the condition number and error accumu-
lation as well as for attenuation of the measurement
noise.
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Figure 2. The spectral radius of the matrix inversion error Ek = I − �kAk is plotted in Figure 2(a) with red dashed and dotted blue
lines for RLS algorithmwith rank two and rank one updates, respectively. The simulationswere performed for the following forgetting
factors:λ = 0.98,λ = 0.95 andλ = 0.9. The norms of the parameter errors, ‖θk − θ∗‖ are plottedwith the same lines and forgetting
factors in Figure 2(b).

Figure 3. The amplitudes estimatedwith RLS algorithmswith rank twoand rankoneupdates are plottedwith reddashed anddotted
blue lines, respectively, for small window sizew = 18 and forgetting factor λ = 0.98. Actual amplitudes are plotted with the yellow
line. Estimated amplitudes at the frequencies 50 Hz and 150 Hz are plotted in Figure 3(a,b), respectively.

The performance of estimation can be further
improved using remarkable convergence properties of
new RLS algorithms described in the next section.

3. Convergence of matrix inversion and
parameter errors

Error Models. For system (4)–(6) the following error
models are valid:

Ek = (I − �k−1QkS−1QT
k )Ek−1 (9)

θ̃k = (I − �k−1QkS−1QT
k )θ̃k−1 (10)

where θ̃k = θk − θ∗ is the parameter estimation error,
Ek = I − �kAk is the matrix inversion error, where �k

is the estimate of the inverse of Ak, [12] and I is the
identity matrix.

Convergence of Matrix Inversion. Explicit solution
of the Equation (9) is associated with products of
the matrices, I − �k−1QkS−1QT

k and the convergence
can be established for systems with harmonic regres-
sor using the techniques described for example in
Refs [19–22].

In otherwords,multiplying identity (9) byQkQT
k and

taking the sum (under the assumption that Ek ≈ Ek−1)
yields

∑r+w
k=r QkQT

k Ek = λ
∑r+w

k=r Qk D S−1QT
k Ek−1.

The matrices in the both sides of the equation are
SDD (Strictly Diagonally Dominant) matrices, [23],
whereas the diagonal elements in the left hand side
increase faster as a function of the window size. Thus
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the convergence of the matrix inversion error can be
established for systems with harmonic regressor.

Notice that a similar error model, which guarantees
the convergence is valid for RLS algorithm with rank
one update, see Table 1 and [1–3,8].

Comparison of convergence of matrix inversion and
parameter errors as function of the forgetting factors
for rank two (red dashed line) and rank one (dotted
blue line) updates is presented in Figure 2. Figure 2(a)
shows that RLS algorithm with rank one updates pro-
vides faster convergence of the inversion error for larger
forgetting factors and Figure 2(b) shows faster conver-
gence of the parameter error for RLS algorithm with
rank two updates.

Parameter Convergence. Transient parameter estima-
tion performance is evaluated (using arguments similar
to Refs [3,8,24–26]) via the first differenceVk − Vk−1 of
the Lyapunov function Vk = θ̃Tk Akθ̃k as follows:

Vk = λVk−1 − λθ̃Tk−1QkS−1QT
k θ̃k−1

+ λ(θ̃k + θ̃k−1)
T(I − Ak−1�k−1)QkS−1QT

k θ̃k−1
(11)

Notice that the matrix inversion error (I − Ak−1�k−1)

is vanishing, see Figure 2(a) and there exist positive
constants c and λ∗, ρ < 1 such that the following hold:

Vk ≤ λ∗Vk−1 + cρk (12)

Vk ≤ λk∗V0 + cρ
λk∗ − ρk

λ∗ − ρ
(13)

where the bound (13) is valid for λ∗ 	= ρ, [8]. Finally,
the following bound is true for the parameter mis-
match: ‖θ̃k‖ ≤

√
Vk

λmin(Ak)
.

Transient estimation performance (in the simulated
system with harmonic regressor and significant mea-
surement noise) of RLS algorithms at different frequen-
cies in the short window is shown in Figure 3. RLS
algorithm with rank two updates provides faster but
more noisy estimates (especially at higher frequencies)
for the same forgetting factor.

4. Conclusions and outlook

Integrating exponential forgetting into the sliding win-
dow significantly enhanced the tracking performance
of RLS algorithms. It was also demonstrated that the
assessment of the swell signature in power systems can
be significantly enhanced via optimal selection of the
window size and the forgetting factor.

The unified description of RLS algorithms pre-
sented in Table 1 may serve as a foundation for fur-
ther systematization of system identification algorithms
and the development of algorithms with enhanced
performance.

Finally, parameter estimation performance can be
improved via convergence rate improvement of the
matrix inversion error I − �kAk.
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