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Abstract—Hybrid analog-digital structures (HADS) have
emerged as an efficient solution for mitigating transmission loss
and reducing power consumption in multiple-input multiple-
output (MIMO) systems. However, the limited number of radio
frequency (RF) chains and the presence of array mutual coupling
(MC) pose significant challenges to achieving high-performance
direction-of-arrival (DOA) estimation, thereby hindering effective
downlink beamforming. To address these challenges, an efficient
DOA estimation method specifically designed for HADS is pro-
posed, effectively mitigating the impact of MC by employing
a two-stage framework. The first stage reconstructs the spatial
covariance matrix (SCM) by adjusting switch states and leverag-
ing a middle subarray, combined with the real-valued subspace
technique for initial DOA estimation. Using these initial estimates,
MC is modeled and compensated by adjusting amplifiers and
phase shifters. In the second stage, enhanced DOA estimation
is achieved by fully exploiting the data from the entire array.
Simulation results validate the effectiveness of the proposed
method, demonstrating its capability to mitigate the MC effect
and deliver accurate DOA estimation under practical conditions.

Index Terms—Direction-of-arrival (DOA) estimation, hybrid
analog-digital structure, mutual coupling, real-valued subspace
technique.

I. INTRODUCTION

IRECTION-OF-ARRIVAL (DOA) estimation plays a
critical role for various applications, including base
station (BS) downlink beamforming, integrated sensing and
communication (ISAC), and interference suppression [1]-[3].
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Numerous DOA estimation methods have been proposed,
such as those based on subspace processing [4], [5], sparse
reconstruction [6], [7], deep learning [8]-[10], as well as
efficient DOA methods based on these methods [11]. However,
these methods rely on fully digital structures (FDS), where
each antenna is connected to a dedicated radio frequency (RF)
chain. With the advent of millimeter-wave and Terahertz com-
munications, the high power consumption of large-scale arrays
makes FDS impractical. As an alternative, hybrid analog-
digital structures (HADS) with fewer RF chains have gained
significant attention as an efficient solution to balance low
power consumption and reliable communication performance
[12].

Due to the analog combination of array outputs and the
significant reduction of RF chains, traditional FDS-based
methods are not directly applicable, posing challenges for
high-performance DOA estimation. To address this, several
HADS-specific methods have been proposed. An analog phase
alignment (APA) method in [13] maximized array output
power with low complexity but suffered from Rayleigh limi-
tations, failing to fully utilize the array aperture. Alternatively,
the spatial covariance matrix (SCM) is constructed via beam
sweeping, and the DOA estimation is improved using the
MUSIC algorithm [14]. Building on this, modified SCM
reconstruction methods employing root-MUSIC and unitary
root-MUSIC algorithms were introduced in [15]-[17], support-
ing single and multiple RF chain configurations. Furthermore,
Liu et al. [18] proposed a low-computational-cost alternating
switches algorithm for real-valued SCM reconstruction in
HADS. Additionally, beam-space DOA methods [19], which
are applicable to both analog and hybrid arrays, have also
attracted significant attention for their potential in enhancing
DOA estimation performance.

The aforementioned DOA estimation methods show
promise for HADS, but they are typically derived ideal array
conditions. In practical scenarios, however, the presence of
array mutual coupling (MC) significantly complicates the
DOA estimation process [20], [21]. Specifically, MC in-
troduces uncertainties in the array manifold, which distort
signal correlations and degrade array responses, making it
difficult to accurately reconstruct the full-dimensional SCM
required for super-resolution DOA estimation methods. These
effects result in biased angle estimates and reduced resolution,
rendering traditional methods ineffective for accurate DOA
estimation. To address these challenges, a two-stage DOA
estimation method that tackles both HADS and the unknown
MC effect is proposed. Our approach integrates switch-state
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Fig. 1. The adopted HADS for DOA estimation.

adjustment, middle subarray utilization, and SCM reconstruc-
tion techniques, effectively mitigating the impact of MC and
improving DOA estimation accuracy. The main contributions
are summarized as follows:

o A novel HADS configured with the switch network,
amplifier and phase shifter is introduced. With such
configurations, the unknown MC can be estimated and
compensated in an efficient way. To the best of our
knowledge, it is the first time to exploit such a structure to
achieve DOA estimation for HADS with unknown MC.

o By jointly applying the middle subarray and SCM recon-
struction techniques, a subspace based two-stage DOA
estimation method is proposed, which provides a satis-
factory estimation performance.

o Extensive simulations under various conditions are per-
formed, showing the superiority of the proposed method
for migrating the MC effect and facilitating its practical
engineering applications.

Notations: Boldface uppercase (lowercase) letters stand for
matrices (vectors). The superscripts (-)~!, ()%, (-)¥, and
(-)T represent the inverse, transpose, conjugate transpose, and
pseudo-inverse operations, respectively. 0,7x y represents an
M x N all-zero matrix, Iy, the M x M identity matrix, J s
the M x M exchange matrix with all ones on its anti-diagonal
positions and zeros elsewhere. E{-}, diag{-}, blkdiag{-}, and
vec{-} stand for the statistical expectation, diagonalization,
block diagonalization, and vectorization operations, respec-
tively. © denotes the Hadamard product, and ® the Kronecker
product. Toeplitz{-} represents a symmetric Toeplitz matrix
formed by the bracketed entries. Finally, Re(-) returns the
real part of the argument, /[-] returns the phase of a complex
number, |-| denotes complex numbers or vectors modulo, and
unvec(a) rearranges a column-arranged vector a to form a
matrix, (a); denotes the ith element in the vector a.

II. SYSTEM MODEL

Considering an HADS consists of M antennas and N
(N < M) RF chains shown in Fig. 1. The M antennas form a
uniform linear array (ULA) with an inter-element spacing of
half the carrier wavelength. The first RF chain is configured to
connect to all antennas, while the other RF chains are sequen-
tially connected to a single antenna. Each antenna is equipped

with an auxiliary unit in the analog domain, which includes
a switch, an amplifier, and a phase shifter. Consider L far-
field incoherent narrowband signals s (¢),s2 (t), - sz (t)
impinging from L distinct DOAs 6 : 61,05, - - -, 01,. To ensure
the feasibility of subspace decomposition and the algorithm’s
validity, the constraint M — 2P > L must be strictly satisfied.
Taking the unknown MC into consideration, the analog array
output at time index ¢ before combination can be expressed as

v (t) = SWHXx (t) = SWH (CA (0)s (t) + n(t)), (1)

where x (t) = CA (6) s (t)+n (t) represents the output before
amplifier, S is a diagonal switch matrix, whose (m,m)-th
element is one if the switch corresponding to the m-th antenna
is on and zeros elsewhere, and W = diag(p1,...,pMm)
and H = diag(e/?,...,e/*M) are the amplitude ad-
justment and phase adjustment matrices, respectively, with
pm and ¢, standing for amplifier gain and phase shift
at time index t. Besides, s (f) = [s1(t),---, sz (t)]" and
n(t) = [n1(t), - ,np (t)] denote the signal vector and
Gaussian white noise vector, respectively. Further, A () =
[a(61),---,a(fL)] denotes the M x L analog array mani-
fold matrix with a(6;) = [1,e, ... edM=Dw ] 4 =
—msind;, and C is an M x M MC matrix with a symmetric
Toeplitz structure, which is expressed as

C= Toephtz{[COacla"'aCP701><(IWfP71)}}7 (2)

where ¢; stands for the MC coefficient between two antennas,
0 < lep| -+ <le1| < ¢p =1, and P is the length of unknown
MC coefficients.

In the case of FDS, the SCM of y (¢) can be directly utilized
for DOA estimation. However, the presence of MC and the
limited number of RF chains in the HADS pose challenges in
achieving high-resolution and high-accuracy DOA estimation.
To tackle this challenge, the following section presents a
method to enhance the DOA estimation performance in the
considered scenario.

III. TWO-STAGE DOA ESTIMATION

In this section, we present a novel two-stage approach for
DOA estimation. The proposed method first addresses the
challenge of reconstructing the SCM by adjusting the states of
the auxiliary units and applying the diagonal loading technique
to mitigate mutual coupling effects. In the second stage, we
leverage a super-resolution subspace method to accurately esti-
mate the DOA by exploiting the reconstructed SCM. This two-
step process enhances DOA accuracy by effectively utilizing
the limited RF chains in the hybrid analog-digital structure.

A. First Stage: Initial DOA Estimation

To obtain initial DOA estimation while suppressing the
impact of MC, we -carefully configure the matrices S,
W, and H. S is set as a block diagonal matrix S =
blkdiag {0px p,Ins—2p,0pxp} to select only the middle
M — 2P antennas.The selection of the middle subarray is not
arbitrary but mathematically optimal. When mutual coupling
is present, the central M — 2P elements of the array exhibit
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a unique property: their MC-affected steering vector elements
have identical amplitude gain profiles, differing only in phase
offsets. This property allows the resulting spatial covariance
matrix to maintain the same structure as would be obtained
from an array without mutual coupling (differing only in
the signal covariance matrix), which forms the theoretical
foundation for subsequent MC suppression and reliable DOA
estimation. In contrast, selecting boundary elements would
introduce asymmetric coupling effects, resulting in a more
complex mathematical structure that would degrade the ac-
curacy of subspace-based DOA estimation. W is set as
an identity matrix, e.g., W = I, to maintain the focus
on phase distortions. H is configured as a diagonal matrix
H = diag (1,e77/7sin0 . e=/(M=Dmsind) where ¢ belongs
to the observation space of phase shift, to compensate for
the phase distortions caused by MC at different angles. After
analog combination and digital sampling of the first RF chain,
the output of the digital receiver can be written as

2 (k)=hlx(k),k=1,.... K,;0=1,...,Q, )

where hq — .. e—j(]M—P—l)w sin OQ]T, e (k) rep-
resents the middle M = M — 2P elements of x (k), K stands
for the number of samples with respect to candidate phase
shift éq, and @ is the dimension of phase shift observation
space at this stage. ~

Let us further assume that 6, remains unchanged within K
samples. Subsequently, the average power of z; (k) can be
calculated as

—jmPsin
[6 J a,

P= = =2 A k) (h)
=h/ (;1( Z; (k) %" (k)) h, ~ hi'Rz;hy, (4)
where
Rz =E{x(t)x (1)}

= FCA () R,A" (0) CHFH + 621 _5p
A (O) ORI AT (0) + 021y _op
A () R,AH () + 021y _op.

&)

Here, R; denotes the SCM of middle M analog anten-

nas. Besides, A () is the middle M rows of A(0), F =
[0v—2p)xp In—2p O(r—2pyxp), and R, = TIR,IT7,

II = dlag {Zf——P CI IejPTD1, ey 25:_13 C|P|ejpr }, RS =
E{s(t)sf (t)} = diag (c?,...,02,) stands for the covari-
ance matrix of source signals, and crfl the noise variance [22].

With the aid of operation vec (EFG) = (G ® E) vec (F)
and the definition of r = vec (Rz), P, can be further derived
as

P, = vec (W7R;h,) = (h, @ h}) r. ©6)

By continuously adjusting the phase shift with different éq,

qg=1,...,Q, an overdetermined system is constructed as
(hy & h3)"
=[P,...,Pg]" =Br = : r. ()
(hg®@hp)"

Given the fact that B may be rank-deficient, directly solving
Eq. (7) could lead to ill-posed solutions. To address this issue,
we apply the diagonal loading technique [23], which improves
the numerical stability of the inverse. Thus, the solution is
given by

i = (BB +ely op2) Bp, (8)

where ¢ represents the diagonal loading coefficient, and
I(ar—2p) is the identity matrix of size (M — 2P)2. This
technique ensures a well-conditioned system, leading to a
more stable estimation of the SCM. The reconstructed SCM
corresponding to the middle M antennas is then obtained by

R; = (unvec (T) + (unvec (f‘))H) /2, )

where the operator unvec(#) denotes the inverse vectorization
process, transforming I back into the matrix form of the
estimated covariance.

It is noted that complex multiplication costs four times
as much as real multiplication. Therefore, to reduce system
overhead while maintaining estimation accuracy, we apply
the real-valued subspace technique from [21] for initial DOA
estimation. First, we define the Hermitian persymmetric matrix
W and the unitary transformation matrix U ; as follows:

A (Rs n (I,l—MR:,I,M—l) AH
\Il =

3 +021,7, (10)
(T Ju -
7 2 , M is even
JJA[ _JI%
Uy = Ty, Ou,y Ju
3 7 <1 p) ~
5 | 0y iis V2 0w |, M isodd
2 2
Maza Ouoayy —Jlig
(1D
where & = diag{ej“’l,...,eij}. Accordingly, we can

construct the real-valued SCM as [20]

v =U;,vUZ ' ~
A(0) Re(@"T'R.®'T) ()

— 5 + 021, (12)
where A (0) = [a(6,) ,a(0r)], with its [-th column being
represented as

V2 [cos (%wl) -5 cos (3w
. T .
(6 sin (%wl), ..7sin<M2_1wl>} , M is even
a\b;) = .
V2 [cos (Mglwl) yeeoycos(wy), 1,

13)

Performing eigenvalue decomposition (EVD) on ¥ to ob-

tain M X (M L) noise subspace matrix E,, corresponding to

the M —L largest eigenvalues, the initial DOA estimations can

be obtained by searching L peaks of the following real-valued
function

(14)
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B. Second Stage: Enhanced DOA Estimation

It should be noted that the first-stage DOA estimation does
not fully utilize the SCM of entire array. To tackle this issue,
we reset S = W = H = I,,. Since the first RF chain is
occupied during the initial stage for analog combination and
sampling, the outputs of the second to the N-th RF chains are
leveraged in the second stage. Consequently, the outputs of
the second to the N-th RF chains are expressed as

z(k) =[22(k),...,2n (K)]" = CA(0)s(t) +1(t), (15)
0,

where C, A (0) = [2(6y),---,a(0.)] and 1 (t) represent
the submatrices that correspond to the first N — 1 antennas,
respectively.

For estimating and compensating MC, and subsequently

making full use of the outputs of the entire array, we rewrite
Ca(6;) as

)

Ca (6;) = Tyc, (16)
where ¢ — [1’ cl, ,CP}T and
Tl = Tl,l + Tl,27
o @), . ,i+ji<N
T = -l
1,1(7, ) { 0, otherwise, a7

. a(0)),_.q1,12322
Ti2(i,9) = { ([)7 (otlzlmfi:é. !

Let Ij'n denote the noise subspace matrix with respect
to the SCM of z (k). Since the actual steering vector is
orthogonal to the noise subspace UZ Ca (0)) = O(N—1-L)x1s
applying (16) yields UY T[4 (6;)]c = O(y_1_r)x1- Then,
by inserting initial DOA estimates {Gl}l 1> We can construct
another overdetermined system as

UHT [a(6,)]

: c=E8rc=0rn_1-1)x1> (13)
UHT[a(0,)]
which directly yields that
[1,...,¢p] = —BF,Em, (19)

where Ep1 and Epo stand for the first row and remaining
rows of Er, respectively.

With available {él}{;l and MC coefficients {¢;}1_;, we can
reconstruct C as

C = Toeplitz {[1,¢1,...,ép, O1(mr—p-1)] } -  (20)

In this refinement step of the second stage, we fur-
ther conﬁgure S, W and H With S I/, W

diag {[(Ca(d)1]. [(Ca(d))s], - .|(Ca(@))u|} and H

diag( exp{—2Ca(0)}). This configuration refines the param-
eters of the second stage to better utilize the reconstructed
coupling matrix and achieve improved estimation accuracy.
Hence, the average power of z;(k) can be calculated by

(%

P,=h! Z;

x (k) x* (k:)) h, ~h’R,h,, (1)

where R is the~ M x M SCM of the whole antenna array,
and h, = Ca(f,). Taking the same procedure with (7) to
reconstruct full-dimensional SCM f{x The enhanced DOA
estimation are obtained by searching L peaks of the following
function

1

H(9)CHEX,THCa(h)’

(22)

S(6)

where X, is the M — L noise subspace matrix of R,.

IV. CRB ANALYSIS

The derivation process in the previous section shows that
the proposed method sacrifices the number of samples in
favor of enabling large-scale SCM reconstruction. To justify
this approach, we present the following proposition, which
demonstrates why SCM reconstruction is a more advantageous
choice in this context.

Proposition 1: The SCM reconstruction based approach in
second stage yields better estimation accuracy compared to
directly using the SCM of the RF chain outputs, provided that
the number of antennas M is far larger than that of the RF
chains N.

Proof. We employ the Cramér-Rao Bound (CRB) to verify this
proposition. The CRB itself is independent of the estimation
method; rather, it depends on the Fisher information contained
in the measurements. The proposed approach, by reconstruct-
ing the SCM, effectively increases the Fisher information,
resulting in a lower CRB. For simplicity, one source signal
with DOA 6 is considered, whose closed-form CRB expression
with given number of antennas M and samples K is written
as [22]

1 Mk +1
cRB= L. Medl 0 g
K M2(M2-1) K2m2cos20

where k = 02 /02 stands for the SNR. For a large-scale array
and a relatively high SNR, the CRB in (23) reduces to

1 6 1

CRB ~ —— - X —,

KM3 KM3

while for a large-scale array and sufficiently low SNRs (i.e.,
Kk < 1/M), the CRB in (23) reduces to

CRB = Vlu . 6 0(V1V .

KM4 KM4

It is emphasized that although there are (Q + Q + 1)K
samples for DOA estimation of the proposed method, where
Q@ is the dimension of phase shift observation space at second
stage. the final M x M SCM has the same form with that
obtained by M-element FDS array with K samples. For
comparison, if one applies all samples for DOA estimation
utilizing the output data of N RF chains directly, the SCM
can be regarded as the one obtained by /N-element FDS array
with (Q + @ + 1)K samples. Meanwhile, since the candidate
phase shifts at the stage are chosen around a very small range
of the initial DOA estimates, we have Q < . Consequently,
it can be obtained that the SCM reconstruction based approach

24
Km2cos20 24

25
K2m2cos20 25
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can yield higher estimation accuracy in comparison with using
the SCM of RF chains output directly, provided that

Y/Q+Q+ 1N ~ Y/QN, high

M > = 26
VQ+ Q41N ~ YQN, small . (26)
This ends the proof of proposition 1. [

It is worth noting that while CRB provides a useful local
performance bound for our proposed method in high-SNR
regimes, alternative global bounds such as the Ziv-Zakai bound
(ZZB) [24] may offer more comprehensive characterization of
estimator performance across all SNR regimes, particularly
in capturing threshold effects at low SNR. However, for the
high-SNR applications targeted in this work, the CRB provides
sufficient insights into the performance limits of our algorithm
with more tractable analytical expressions.

V. SIMULATION RESULTS

In this section, the performance of the proposed method
is assessed. For convenience of comparison, we designate
Proposed-FS and Proposed-SS as the proposed techniques
at the first and second stages, respectively. The FDS based
MUSIC method with known MC utilizing M sensors (named
as FDS-MUSIC-1) and N sensors (named as FDS-MUSIC2,
where N equals the number of RF chains of the adopted
HDAS), the SCM reconstruction based MUSIC without mit-
igating the impact of MC (named as SCMR-MUSIC), and

CRB are selected for comparison. In the simulations, the
length of unknown MC coefficients is set to P = 2 with
c1 = 0.4045+0.2939; and c; = 0.2898—0.07767, the number
of phase shifts at the first stage and second stage are set to
Q = 181 and Q = 30, respectively. The diagonal loading
coefficient is set to € = 1. The root mean square error (RMSE)
and probability of successful resolution (PoSR) obtained by
500 independent Monte-Carlo trials are used to evaluate the
performance of the proposed method.

The first simulation compares RMSEs of DOA estimation
obtained by different methods under different SNRs, number
of samples K and antennas M, where two sources located at
01 32.7° and 69 = 24.1° are considered. The simulation
results are shown in Fig. 2, and the corresponding simulation
configurations are set as follows: in Fig. 2(a), K = 1000,
M = 10, N = 5, and SNR changes from -5 dB to 15 dB;
in Fig. 2(b), M = 10, N = 5, SNR=10 dB and K varies
from 100 to 3000; in Fig. 2(c), K = 1000, N = 5, SNR=10
dB, and M varies from 8 to 20. The results demonstrate
that the proposed methods can mitigate the impact of MC
effectively, verified by comparison of the performance between
our solutions and SCMR-MUSIC. Meanwhile, the performance
of Proposed-SS exceeds that of Proposed-FS, thereby vali-
dating the effectiveness of the dual-stage estimation strategy.
Furthermore, the proposed solution leverages the aperture
advantage of the entire array, achieving significantly better
performance compared to FDS-MUSIC-2. Notably, when
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M is relatively large, the proposed method approaches the
performance of FDS-MUSIC-1, highlighting its robustness and
efficiency under practical conditions.

The second simulation evaluates the PoOSRs of DOA estima-
tion with respect to SNR, K and angle separation. Two DOAs
are considered to be successful resolved, provided that the
absolute biases of two DOA estimates are all less than 0.5°. In
Fig. 3(a) and 3(b), the simulation conditions are respectively
the same with those in Fig. 3(a) and 3(b), respectively, except
that two closely spaced sources are located at §; = —32.7° and
0, = —27.7° with 5° separation, and SNR=5 dB in Fig. 3(b).
In Fig. 3(c), K, M, N and SNR are set to 1000, 10, 5 and
5 dB, respectively. The first DOA is fixed at ; = —32.7°,
while the second DOA 05 varies from —28.7° to —24.7°.
From the simulation results in Fig. 3, it is evident that the
PoSR of the proposed method improves with increasing SNR,
K, and angle separation. Notably, Proposed-SS demonstrates
clear super-resolution capability, which can be attributed to
its ability to fully leverage the aperture of the entire array.
In contrast, FDS-MUSIC-2 fails to resolve the two sources
across the entire observed region due to its smaller effective
array aperture.

VI. CONCLUSION

A novel DOA estimation method for HADS in the presence
of unknown MC has been presented in this correspondence. By
appropriately adjusting the state of switch network, amplifier
and phase shifters, a two-stage estimation approach is de-
scribed in detail, where the middle subarray, diagonal loading
based covariance matrix reconstruction, high-resolution and/or
real-valued subspace techniques are jointly exploited. As
demonstrated by simulations, the proposed method can provide
good estimation accuracy super-resolution performance.
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