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Abstract

We introduce a generalized inverse Gaussian setting and consider the maximal operator
associated with the natural analogue of a nonsymmetric Ornstein—Uhlenbeck semigroup. We
prove that it is bounded on L?” when p € (1, 00] and that it is of weak type (1, 1), with
respect to the relevant measure. For small values of the time parameter ¢, the proof hinges on
the “forbidden zones” method previously introduced in the Gaussian context. But for large
times the proof requires new tools.

Keywords Maximal operator - Nondoubling measure - Inverse gaussian measure -
Ornstein—Uhlenbeck semigroup - Weak type (1 - 1)

Mathematics Subject Classification (2010) 42B25 - 47D03

1 Introduction

Alongside with the Gaussian framework, the Euclidean setting endowed with the absolutely
continuous measure whose density is the reciprocal of a Gaussian has acquired indepen-
dent interest in the last decade. It is nowadays known as the inverse Gaussian setting. Its
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introduction in the realm of harmonic analysis dates back to F. Salogni [24], who introduced
the operator
A=3A+(x V)

as an (essentially) self-adjoint operator in L*(R",d y_1). Here dy_; stands for the inverse
Gaussian measure )
dy_1(x) = 72 ™ dx.

In her PhD thesis [24], Salogni proved the weak type (1, 1) of the maximal operator
associated to the semigroup generated by .A. A few years later, T. Bruno and P. Sjogren [6, 7]
(see also [5]) studied Riesz transforms and Hardy spaces for .A. Several other contributions
to harmonic analysis in this context appeared more recently, see [1-4, 20].

While this development of the inverse Gaussian setting was going on, V. Casarino, P. Ciatti
and P. Sjogren started investigating several classical problems related to the semigroup gen-
erated by the generalized Ornstein—Uhlenbeck operator

£98 = Lu(QV?) + (Bx, V) (1.1)

in the Gaussian setting. Here V indicates the gradient, V2 the Hessian, and QO and B are two
real n x n matrices called covariance and drift, respectively, satisfying

(H1) Q is symmetric and positive definite;
(H2) all the eigenvalues of B have negative real parts.

We refer the reader to [8—13, 15] and the brief overview [14]. The semigroup generated
by £2-8 has the Gaussian probability measure

dyso(x) = )~ (det 0oc) "2 exp (— 1 (051 x, x)) dx (1.2)

as invariant measure. Here O is a certain symmetric and positive definite matrix whose
precise definition in terms of Q and B will be given in Section 2.

In some particular cases, for instance when Q and — B coincide with the identity matrix
I,,, the operator L£92B s essentially self-adjoint in L?*(dyso), but in general it is not even
symmetric. Thus many classical problems, like the boundedness of singular integral operators
associated with £2-8 give rise to interesting and nontrivial questions. New techniques and
new ideas are required, strong enough to overcome the lack of symmetry.

In this article, we combine the two approaches by considering a generalized version of the
inverse Gaussian setting studied in [6, 7, 24] via some of the techniques developed in [8-13,
15] and others which are new. This may be seen as the starting-point of a program whose
goal is to develop an analogous theory in a nonsymmetric inverse Gaussian setting.

We shall replace the density of dy by its reciprocal, i.e., R will be equipped with the
inverse Gaussian measure

dy—oo(x) = (27)7 (det Qoo)% exp ($(0)x, x)) dx.

Like d y~o, this measure is obviously locally doubling but not globally doubling, but in contrast
to the probability measure dy«o, it has superexponential growth at infinity.

In this setting, the role which was played by the Ornstein—Uhlenbeck operator in
(R", dyso) is now played by the so-called inverse Ornstein—Uhlenbeck operator

A2 = Luw(QV?) — (Bx, V).
Here B and Q are exactly the covariance and drift matrices inherited from the Ornstein—

Uhlenbeck setting and satisfying (H1) and (H2). Notice that dy_; and A, considered
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in [1-4, 6, 7, 20, 24], are a special case of dy_~ and AQ-B, corresponding to the choice
Q=—-B=1,.
The semigroup generated by A2-5 is

HYO = AT s,
(here “UO” has the scope of emphasizing the contrast with respect to “OU” which will
be used for Ornstein—Uhlenbeck). While in the Gaussian context dy, is invariant under
the action of the Ornstein—Uhlenbeck semigroup, and therefore chosen as the substitute for
Lebesgue measure, dy_oo is not invariant under the action of (Hf/o). In fact, there are no
invariant measures for (H,U 0); see, e.g., [21] or [19]. Nonetheless, dy_~ appears to be the
natural measure for (H,U 0), because whenever Q B* = B Q the operators HtU O are symmetric
in L2(R", d Y—o0) (see Remark 2.3). As we shall see in Proposition 2.2, each operator of this
semigroup is an integral operator, with a kernel K,VC with respect to dy_oo.

In this paper we study the boundedness of the maximal operator associated to the semi-
group (H,UO),>0, proving that it is of weak type (1, 1) and of strong type (p, p) for all
1 < p < oo, with respect to dy_~. This extends a similar result in [24], proved under the
assumption Q = —B = [,,. Let us note that our results appear to be the first of their kind for
nonsymmetric operators on manifolds with superexponential volume growth.

As is standard by now, the proof distinguishes between the local and global parts of the
kernel K V9 of HYO. Here local and global mean that |x — u| < 1/(1 4 |x|) and |x — u| >
1/(1+ |x]), respectively, x, u being the two arguments of the kernel. Beyond this distinction
that dates back to [17, 23, 25], the techniques in [24] rely on the spectral resolution of the
self-adjoint operator A = A’»~!» and seem no longer applicable in a nonsymmetric context.
Fortunately, large parts of the machinery developed in [§—13, 15] to study Gaussian harmonic
analysis in a nonsymmetric setting can be transferred to the inverse setting, and are useful to
treat the local part of the maximal function and its global part for r € (0, 1]. The global part
for ¢+ > 1 is more delicate and requires new tools.

Structure of the paper In Section 2 we recall some basic facts concerning the Ornstein—
Uhlenbeck setting. We also compute an explicit expression for the inverse Mehler kernel
K ,UO and discuss its relationship with the Gaussian Mehler kernel. In Section 3 the maximal
operator associated to (H,U 0),-¢ is introduced, and the main theorem concerning its weak
type (1, 1) and strong type (p, p) is stated. We also give a theorem saying that for the global
partand¢ > 1 the weak type (1, 1) estimate can be enhanced by a logarithmic factor. Section 4
contains some simplifications and reductions that prepare for the proof of the theorems, and
Section 5 is focused on the local part of the maximal function. Then in Section 6 some
relevant geometric aspects of the problem are considered; in particular, we define a system of
polar-like coordinates used already in [9]. Section 7 concerns the global part of the maximal
operator for 0 < ¢ < 1. In this case, the weak type (1, 1) is proved as a nontrivial application
of the “forbidden zones", a recursive method introduced first by the fourth author in [25].
The arguments for the global part with # > 1 are given in Section 8. Finally, in Section 9 we
complete the proofs by putting together the various pieces. An argument showing that the
enhanced result mentioned above is sharp ends the paper.

Notation We shall denote by C < oo and ¢ > 0 constants that may vary from place to place.
They depend only on n, Q and B, unless otherwise explicitly stated. For two non-negative
quantities A and B, we write A < B, or equivalently B 2> A, if A < CB for some C, and
A~ Bmeansthat A < Band B < A. By Nwe mean {0, 1, ... }. The symbol 7* will denote
the adjoint of the operator T'.
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2080 T.Bruno et al.

2 The Inverse Gaussian Framework

In this section we provide explicit expressions for the integral kernel of HtU O with respect
both to Lebesgue measure and to dy_, (see (2.4) and Proposition 2.2, respectively).

In order to prove these formulae, we need some facts from the general Ornstein—Uhlenbeck
setting. Throughout the paper, B and Q will be two real matrices satisfying the hypotheses
(H1) and (H2) introduced in Section 1.

2.1 Preliminaries

We first recall the definition of the covariance matrices
t
0, = / BB ds, 1t e(0,400].
0

Each Q; is well defined, symmetric and positive definite. Then we introduce the quadratic

form
1

-1
R(x) = §<Qoox,x), x € R".
Sometimes, we shall use the norm
—1/2
Xlg ==10x"2xl.  xeR",

which satisfies R(x) = 3|x[}, and |x|g = |x|.
We also set
D= 0xe P 0, teR,

which is a one-parameter group of matrices.
In [9, Lemma 3.1] it has been proved that

eIxl S IDix| S e lxl and e x| S IDx| S e xl, (2.1)

fort > 0 and all x € R".
Whenx # 0and 0 < ¢ < 1, [10, Lemma 2.3] says that

Ix — Dy x| =~ |t] |x]. 2.2)

2.2 The Inverse Mehler Kernel

The Ornstein—Uhlenbeck operator £2-8 given by (1.1) is essentially selfadjoint in L?(ye);
the measure dy is defined in (1.2). We will sometimes write y (x) for its density. For each
f € L'(yso) and all £ > 0 one has

L0 £ ) =/K,0U(x,u)f(u)dyoo(u), x € R,

where for x, u € R" and t > 0 the Mehler kernel K2V (with respect to dywo) is given by
det O
det Qt

see [9, (2.6)]. This immediately yields

1
KOV (x, u):( )ZeR()” exp [—% (07" = o) = Dyx),u— D,x)];

L0 Fx) = /M,OU(x, W) fw)du, xeR",
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where the kernel MY (with respect to Lebesgue measure) fulfills
MPY (x,u) = KPY (x, 1) yoo (1)
= (2m) ¥ (det Q)72 eRW—RW gxpy [—%((Q,‘l — 0 w—=D;x), u—D, x):| :
(2.3)

From this we can deduce the corresponding kernel for the inverse Ornstein—Uhlenbeck
setting.

Lemma 2.1 The kernel of e' AL ith respect to Lebesgue measure is
MIUO(X, I/l) — ettrB MIOU(M, X),
forany x,u € R" and t > 0.

Proof We first compute the adjoint of £928 in L2(R", dx), where dx denotes Lebesgue
measure. Let f and g be smooth functions with compact supports in R”. The second-order
term in £2-F is symmetric, and for the first-order term we integrate by parts, getting

1
(f, %8¢ = / f(x) (Etr(szgxx)+<Bx,Vg<x>>) dx

1
= / (5 tr(QV2 f)(x) — (Bx, Vf(x)) — trBf(x)> g)dx = (A2Bf —wBf, g).
Thus
AQB = (£OBY* LB,

and

0.8 Q,By*
etA _ ettrB ez(L ) , t>0.

Since e/ “?™" is the adjoint of "“%", it has kernel MPYY*(x,u) = MPY (u, x), whence
the claim. O

From (2.3) and Lemma 2.1 we have
MU (x, u) (2.4)

= @r) " (det Q)72 ¢! 1B RWRW) exp [ (07" = 0 (x = Diw), x — D u>} :

1
2
This kernel is for integration against Lebesgue measure, but the relevant measure in the

inverse setting is dy—_,. Dividing MtUO by the density y_~o (1), one obtains the kernel of

B . . .
tAZE o integration against dy_ o, as follows.

e
Proposition 2.2 The kernel ofetAQ'B with respect to dy—_o is
K ,Uo(x, u)

=(27) " (det Qoo det Q,)‘5 ¢! "B emRW exp [—%((Q,’l— 0 H(x = Dyu), x— D, u)]

forall x,u € R", andt > 0.
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2082 T.Bruno et al.

It follows that the Mehler kernel K2V and its counterpart K,/ in the inverse Gaussian
setting are related by

KY9(x,u) = 2m) ™" (det Qo) ™! e RW) =R (0B g OU (y x), (2.5)

Remark 2.3 Because of (2.5), the semigroup e’ ALP g symmetric on L?(y_qo) if and only if
e L4 s symmetric on L?(yx). Since the latter property holds if and only if Q B* = BQ
by [16, Theorem 2.4] (see also [22, Lemma 2.1]), we see that also AT s symmetric on
L?(y—oo) if and only if QB* = BQ.

Formula (2.5) allows us to transfer the upper and lower estimates of K ,OU in [9, formu-
lae (3.4) and (3.5)] to K,UO, as follows.

Proposition 2.4 [f0 <t < 1, one has

—R(x) _ 12 —R(x) _ 12
e D_;x e D_;x
W eXp <—C %) 5 KIUO(X, I/l) 5 tn/2 exXp (-C #) (26)

SJorall (x,u) € R" x R". Ifinstead t > 1, then

e MBI g=RW) exp (=CID_ x — u|2) SKUO(x, u) Se MBI = RO exp (=clD—ix — u|2)
2.7
forall (x,u) € R" x R™.

2.3 A Kolmogorov-Type Formula

We conclude this section by deducing a Kolmogorov-type formula in the inverse Gaussian
setting. Recall that on the space C,(R") of bounded continuous functions, the Ornstein—
Uhlenbeck semigroup (HPV),~ is explicitly given by the Kolmogorov formula

HOU f(x) = 2m) "% (det Q;) 2 / FeBx —uye 3w gy x e R, (28)

see e.g. [18].
Proposition 2.5 Forall f € Cp(R") one has

HYO f(x) = 27) "3 (det Q) ? / FleButx)e 3w gy x e R
Proof From (2.8) it follows that
HOY f () = )" ¥ (det Q)2 / fluye Q@ @iy e R

which means that
MPY(x,u) = 2m) E(det Q)72 ¢ 3(Q Py - e R

This and Lemma 2.1 imply that
HYOf(x) = '8 / £y MPY (u, x) du
=" Q)" E(det @) f fluy e300 @ Um0 i) gy

— 27)" % (det Q,)—%/f(e—fB(u Fx))e 2w,y e R
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where the last equality follows by a trivial change of variables. This proves the assertion.
O

Remark 2.6 Proposition 2.5 immediately implies that (H,U 0),+, is conservative, that is, each
HUC maps the constant function 1 into itself.

3 The Main Result

The maximal operator associated to the semigroup (HtU 0) ;=0 18 defined as
Hof (x) = sup [HPC f(x)]. 3.1)
1>

Notice that we omit indicating that H, refers to the inverse Ornstein—Uhlenbeck semi-
group. Our main result is the following.

Theorem 3.1 The inverse Ornstein—Uhlenbeck maximal operator Hs is bounded from
L' (y_o0) to LY (y_s0), and on LP (y_so) forall 1 < p < oo.

We first deal with the strong type (p, p). Remark 2.6 implies that H, is bounded on
L*°(y_x). Given the weak type (1, 1), one can then interpolate to obtain the boundedness
on LP(y_s) for 1 < p < o0.

All we have to do is thus to prove the weak type (1, 1) of H,, that is, the estimate

C
YVeoolXx e R": H, f(x) > a} < - (NAlaron o >0, (3.2)

00)’

for all functions f € L'(y_oo) and some C = C(n, Q, B) < oo. Let us emphasize that we
do not keep track of the precise dependence of the constants on the parameters n, Q and B.

If we consider only the supremum over ¢ > 1, the estimate (3.2) can be improved for
small «, as follows.

Theorem 3.2 Suppose f € L' (y_oo) has norm 1, and take o € (0, 1/2). Then

1
Veoo {x € R": sup |[HYC f(x)| > a} P (3.3)
* { =1 [ | « log(1/a)
This estimate is sharp in the following sense. If
1 1
Yoo {x € R": sup |HYC £ (x) >a}§—, O<a< —, (3.4)
~ { sup [ S ) (@) 2

where ® is a function defined in (0, 1/2), then

@) =0 (ou/log(l/a)) as  a— 0. (3.5)

A similar improvement has been observed in the Ornstein-Uhlenbeck setting, see [9].

4 Preparation for the Proof
We introduce some simplifications and reductions which will be useful in the proofs of the

theorems, and do away with some simple cases.
First of all, we may assume that f is nonnegative and normalized in L' (y_s).
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2084 T.Bruno et al.

4.1 Splitting of the Operator

We consider separately the supremum in (3.1) for small and large values of ¢. Further, we
divide the operator into a local and a global part, by means of a local region

L=1(x,u)eR"xR" : |x —u| <
{( ) | |_1+|X|}

and a global region

1
G:{(x,u)eR”xR":lx—u|> }
1+ |x|

Clearly, H, is dominated by the sum of the following four operators

Ho L f(x) = sup

<1

f KYO(x, u) 1(x, u) f(u)dyfoo(m\;

M, 9 f(x) = sup

t<1

/ KUO(x, u) 16 (x, u) £ (u) dyfoo(w);

HIL f(x) = sup

t>1

/ KYO(x, u) 1, (x. u) f(u)dy_oow)\;

w0 = swp| [ &P 16,0 £ dy-t)].

t>1

We will prove estimates like (3.2) for each of these four operators and (3.3) for the latter
two.

4.2 Simple Upper Bounds

Lemma4.1 If f > 0 is normalized in L' (y_o0), then
HILf+HPO RO S L

Proof Ift > 1, we see from (2.7) that K (x, u) < 1 forall (x, ). This implies the claimed
estimate for HI’L and H:’G. To deal with H, ’G, we need another lemma.

Lemma4.2 If (x,u) € Gand 0 <t <1, then
KYOC, u) S e RO+ |x).

Proof We apply the definition of G and then (2.2), to get

1
<|lu—x|<|u—D_;x|+|D_yx —x| <|u—D_; x|+ Ct|x]. 4.1
1+ x|
Thus |D—; x — u| > 157 — Ctlx], and
|D_; x — ul? 1 x| 1
> - > -
t (1 + |x|)? 1+ x| ~ t(1+|x])?

From (2.6) we then see that

C
t(1+|x])?

and Lemma 4.2 is proved. (]

KV, u) S e RO /2 exp (— ) S e RO (4 x)n,
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To complete the proof of Lemma 4.1, it is now enough to observe that Lemma 4.2 implies
KYO(x,u) < 1for (x,u) € Gand 0 < ¢ < 1, and thus H;’Gf <1

The following consequence of Lemma 4.1 will be useful.

Let g = ap(n, Q, B) € (0, 1/2]. To prove the estimates (3.2) and (3.3) for any of the
three operators in Lemma 4.1, it is enough to estimate the relevant level set for levels @ < «o,
with f normalized in L' (y_so). Indeed, Lemma 4.1 says that the level set is empty for levels
larger than some C. For levels o € («g, C], one can use the estimate corresponding to the level
«/2, since then both sides of the inequalities (3.2) and (3.3) will be of order of magnitude 1.

4.3 Observations for Small Levels a

Assuming o < 1/2, we can estimate the set where R(x) is not too large. Indeed,

3 1
Y0 {xeR”:R(x)<flogf}=/ RO gy |
4 Ta R(x)<3log L
and in the integral here we change variables to x’ = ngl/ %x so that R(x) = |x'|>/2. Then
one passes to polar coordinates and finds that

: CR': R < Jlog } 1 (1 1)<n—2>/2 _ 1

oo 4 X : R(x) < —-log— } ~ —— ( log — _—

V=00 1%%, PETZA NI ~ a/log(1/a)
The last, simple estimate here is stated in view of Theorem 3.2. As soon as o < 1/2, we

can thus neglect the set where R(x) < % log(1/a) when we prove Theorems 3.1 and 3.2.

Further, if (x,u) € G and R(x) > % log(1/«) with @ < 1/2, then Lemma 4.2 implies
fort <1

4.2)

~

1 n/2
K,Uo(x, u) <ot <log 7> < a.
o

When ¢ > 1, this remains true, since (2.7) then shows that KV (x, u) < e R,
For the operators Hf’G we need thus only consider points x in the annulus

_ w3 01 3 1oe L
e =3x€R": —log— < R(x) < -log . 4.3)
4 o 4 o

5 The Local Part of the Maximal Function

This section consists of the proof of the following result.

Proposition 5.1 The operators HI’L and H;’L are of weak type (1, 1) with respect to the
measure dy_. Further, H:’L satisfies also the sharpened estimate of Theorem 3.2.

We start with Hf ’L, which is of strong type (1,1) with respect to dy_o. Indeed, (2.7)
shows that K,Uo(x, u) < e RO forr > 1. With0 < f € L'(y_s) we then have

HP f(x) < e R f 12.Ce 1) f () dy—oo ).
Hence,

/H**’L J @) dy—oo(x) S/f(“)/lL(x’u)dXdV*OO(”)’
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2086 T.Bruno et al.

where we swapped the order of integration and passed to Lebesgue measure dx. Now (x, u) €
L implies 1 + |x| >~ 1 + |u| and thus |x — u| < 1/(1 + |u]), so the inner integral here is
no larger than C(1 + |u|)™" < 1. The strong type (1, 1) follows. To obtain also (3.3) for
H ’L, we take o € (0, 1/2) and see from (4.2) that we need only consider points x with
x| 2 /log(1l/a). When restricted to such x, the above inner integral is no larger than
C (log(l/oz))_”/z. Chebyshev’s inequality then implies that H:"L satisfies (3.3).

When we now deal with H, 'L, we can replace dy_~, by Lebesgue measure. We briefly
describe the argument for this, which is based on a covering procedure to be found in [12,
Subsection 7.1] and for the standard Gaussian measure also in [24, Lemma 3.2.3]. Notice that
in [12] the localization is by means of balls, but the same method works with cubes instead
of balls. The idea is to cover R” by pairwise disjoint cubes Q; with centers ¢; and of sides
roughly 1/(1 +|c;]). Then f =" f1 0;-and H;’L(fIQ].) is supported in a concentrically
scaled cube C Q ;. These scaled cubes have bounded overlap, and in each C Q ; the measure
dy_«o 1s essentially proportional to Lebesgue measure. It is therefore enough to verify the
weak type (1, 1) of H, L with respect to Lebesgue measure in R”, and then apply this to
each f1g; and sumin j.

Observe that (x, u) € L implies

1 1
IR@) = RCO)| = 5 [luly = 1xIp] = 5 |lulo = Ixlo| (lulo + IxIo)

1 |x|
S lu— —xlg+2 < +
Slu—xlo (lu—xlg Ixlo) < RESEIAR T

(5.1)

If (x,u) € L and 0 < r < 1 we have because of (2.2)
|ID_yx —u|l=|D_yx —x+x—u|>|u—x|—|D_yx —x| 2 |u—x|—Ct|x|.
Squaring and dividing by ¢, we get

|ID_; x — ul? > lu — x|? lu — x|

—Clx —ullx| = —C.
t t

~

In view of (2.6), this implies that the relevant kernel is no larger than constant times

u —x|?

e—R(x) t—n/2

eXp(—c )lL(xvu)'

With f > 0 then

L e~ RW [x — u|2
HoL f(x) < sup ﬁ/exp(—c )IL(x,u)f(u)dy_oo(u)
0<t=1 1" t

2
>~ su i/exp(—cu tu| )IL(x,u)f(u)du,

t>0 /2

where the second step relied on (5.1). The last supremum here defines a maximal operator
which is well known to be dominated by the Hardy—Littlewood maximal function and so of
weak type (1, 1) with respect to Lebesgue measure in R”, see e.g. [26, p. 73].

Proposition 5.1 is proved.
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6 Some Geometric Background
6.1 Polar Coordinates

For 8 > 0 we introduce the ellipsoid
Eg ={x e R": R(x) = B}.
Then we recall [9, formula (4.3)] saying that
d 1 _ 2 2
aR(sz)=5\Q1/2 0 Dyx|” ~ | Dy x| (6.1)

for all x in R” and s € R. If x # 0 the map s — R(Dj x) is thus strictly increasing, and x
can be written uniquely as
x=DsXx

for some X € Eg and s € R. We call s and x the polar coordinates of x.
From [9, Proposition 4.2] we recall that the Lebesgue measure in R” is given in terms of
polar coordinates (s, X) by

12 H—132
oS B 1012 01 %|

2100 %
where d S denotes the area measure of Eg.

We shall use the estimates for the distance between two points expressed in terms of polar
coordinates given in [9, Lemma 4.3]. Let x©@, x(1 e R" \ {0} be given by

dx = dS(x)ds, (6.2)

xO=p @  and x =D, D,
with 59, 51 € Rand @, ¥ € Eg. 1f R(x©) > B/2, then
|x@ — x| > 7@ — D). (6.3)

We observe here that the assumption R(x 0y > B/2 may be weakened to R (x 0y > ¢ B
with ¢ = ¢(n, Q, B) > 0, as can be seen from the proof in [9].
If R(x(o) ) > B/2 and also s; > 0, the same lemma says that

5® x| 2 VB 1o — sl (64)

6.2 The Inverse Gaussian Measure of a Tube

We fix a large B > 0. Define for y € Eg and a > 0 the set
Q={er,3: |x—y|<a}.

This is a spherical cap of the ellipsoid Eg, centered at y. The area of Q is S(2) =~
a"~' A =172 Then consider the tube

Z={D;%:5<0, ¥eQ) (6.5)

Lemma 6.1 There exists a constant C such that for B > C the inverse Gaussian measure of
the tube Z fulfills

n—1

e

a
Y-0(Z) S

VB
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Proof From (6.2) we obtain, since |X| >~ /B and R(X) = B,

o0 - o0 - -
y_oo(Z):/ eI Bl /eR(Dfm |)z\d5(£)ds5fef’/ e*“"“B‘/ e~ RO-RD=) 45(%) ds.
0 Q 0 Q

By Eqgs. 6.1 and 2.1 we have
S s
R()E)—R(D_S)E):/ |D_S/)E|2ds’2/ R ds = (1 —e Y FP = (s A DB,
0 0

which implies

1 o0
Vooo(Z) S VB P S(Q) [f e P ds 4+ ecP / eS|t Bl dsi| .
0 1

Since S(Q2) < a"~! and both terms in the bracket are bounded by C/p, this proves the
lemma. O

6.3 Decomposing the Global Region

In the following two sections, we will use a decomposition of the global region into annuli.
More precisely, fort > 0andm = 1,2, ... one sets

7= [ e G2 (IAVE) <lu=Doxl <2"(1AVD)] . (66)
But if m = 0, we have only the upper estimate, setting
70 :={(x,u)€G:|u—D_tx|§l/\«/E]. 6.7)

Note that for any fixed ¢ > 0 these sets form a partition of G.

7 The Global Case for Small t

Proposition 7.1 The maximal operator H,.* Gis of weak type (1, 1) with respect to the measure
dy—_co.

We will prove this result in a way that follows the proof of [9, Proposition 8.1], but several
adjustments are necessary to pass from the Ornstein—Uhlenbeck framework to the inverse
setting. Here 0 < ¢ < 1, and as before we let the function f be nonnegative and normalized
in L'(y_oo). It is enough to consider the level sets {H;’Gf > «a} for o < «agp with some
small «p; see the end of Section 4.2. Further, we need only consider points x in the annulus
&y defined in (4.3).

What we must prove is that for all 0 < o < «p

Y—co [x €&y sup /KtUO(x,u) 1g(x, u) f(u) dy—oo(u) > a] < l (7.1)

0<r<l1

S

The global region G is covered by the sets 7", m € N, defined in (6.6) and (6.7) and
now given by

7" = {(x,u) €eG: 2" Wi<|lu—D_ x| < 2m«/l:},
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where the lower bound is to be suppressed for m = 0.
From (2.6) we then see that for (x, u) € 7,

vo e RW 2m
Kt (x,u)gtnTeXp(—CZI )
Setting
—m e~ R
K. (x,u) = W 17;’” (x,u), (7.2)
one has, forall (x,u) e Gand0 <t <1,
o0
K70, u) S ) exp (—c2) K" (e u) (7.3)
m=0

We define the operator

M,y o h(x) =1g,(x) sup /K,_’m(x,u) |h(u)] dy—oco(u)

0<r<l1

forh e L (Y-0), and observe that (7.3) implies

1g, (x) sup /Ktuo(x,u) 16(x,u) f) dy—co(u) < Y exp (—c2")M,, , f(x). (7.4)

0<t<1 m=0

Lemma7.2 For 0 < o < ag with a suitably small oy > 0 and any m € N, the operator
M,, o maps L! (Y—o0) into Ll’oo(y_oo), with operator quasinorm at most C 2Cm

Given this lemma, [27, Lemma 2.3] will imply that the L1, Y—00) quasinorm of the
right-hand side of (7.4) is bounded, uniformly in & € (0, «p). Then (7.1) and Proposition 7.1
will follow.

Proofof Lemma 7.2 Let h > 0 be normalized in L' (Y—0)- Fixing m € N, we must show that
for any &’ > 0

2Cm
Yoo 1X €Ey: sup /Kf’m(x,u)h(u)dy_oo(u)> ot S —-. (7.5)
O<r<l1 o
If (x, u) € 7" for some ¢ € (0, 1], then |u — D_; x| < 2. /t, and (4.1) implies
2
1S 2"+ I+ bl [xl) < 2707 (1 D + (2 (D)
It follows that
2"V (1 + Ix]) 2 1, (7.6)

and thus t 2> 272m(1 4 |x|)~2. If also x € &, so that |x| ~ J1og(1/a), we conclude that
t > § > 0 for some § = §(o, m) > 0. Hence, (7.5) can be replaced by

2Cm
Yoo (A1) < o (1.7)

where

=<t<l

A (@) = :x € Ey: sup /K;’m(x,u)h(u)dy_oo(u) > o/} .
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A benefit with this is that the supremum is now a continuous function of x € &,, and the set
Ai(a’) is compact.

Using the method from [9, Proposition 8.1], we shall prove (7.7) by building a finite
sequence of pairwise disjoint balls (B“))ﬁoz1 in R” and at the same time a finite sequence of

tubes (2 (Z))ﬁ(’zl covering A (') and called forbidden zones.

We will then verify the following three items:

(1) the B are pairwise disjoint;

(@)

Lo
Ay c |2
=1

(3) foreach ¢

2Cm
roo(2) S = /B ) @) dy—oo(w).

This would imply (7.7) and Lemma 7.2, as follows:

Lo 2Cm o 2Cm
Voo (A1(@) < Yoo (U Z“>> < > /B L dy—ow) S —.

~ ’
=1 « =1 «

To construct the sets B and 2, we define by recursion a sequence of points x(©,
L=1,...,4.

Let x(V be a maximum point for the quadratic form R(x) in the compact set A; ().
Notice that if this set is empty, (7.7) is immediate. Then by continuity we choose #1 € [§, 1]
such that

[ K b dy- = o
Using this #;, we associate with xD the tube
z0 = [D,s neR":s>0, RO =RV, |g—xD|<a2dm JE} .

The positive constant A here will depend only on n, Q and B and will be determined later.
Recursively, suppose x©) te and Z () have been defined for all ¢ < ¢, where £ > 1.
We choose x 1) as a maximizing point of R(x) in the set

4
App1(@)) == {x e\ J2“: sup /K;""(x, ) h(u) dy—oo(u) > a’}, (7.8)

P s<r<l1

which is compact as shown later, provided this set is nonempty. But if Ay (') is empty,
the process stops with £y = ¢ and item (2) follows. We will see that this actually occurs for
some finite £.

Assume now that Ay (o) # @. By continuity, we can select a t;] € [§, 1] such that

/KJ;?" (xD. 1) ) dy-oe) = o (7.9)
Then we define the tube
2D = {D_s neR":s>0, R =R (x(“”) : ’n —x(“”‘ <A™ \/@} :
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It must be proved that Ay (') is closed and thus compact, even though the 2 are
not open. This will guarantee the existence of a maximizing point. We use induction, and
observe that A («’) is closed. Assume that Ay (o) is closed for 1 < ¢/ < £. For these ¢/, the
maximizing property of 1) shows that there is no point x in Ay (') with R(x) > R(x (Z/)).
Hence,

Ags1(e) C Ap(a) C {x tR(x) < R(x“”)} . 1<t <y,

and so
Aciie@) = () (Ae@) 0 fx: R = RE))) (7.10)
1<t/'<t
= [ 1x€&\ 2 Rx) < R&™). sup /K;-m(x,u)h(u) dy—sou) > o' V.
1<t'<t ==l
Foreach ¢’ =1, ..., £ one has

fx €&\ 2@ R(x) < R}
= {D—s ne&:s >0, Rop =R, In—x]> a2 ﬁ} ,

and this set is closed. Now (7.10) shows that A, (') is closed, a maximizing point x¢+D
can be chosen, and the recursion is well defined.
By applying (7.6) to #; and x©, one obtains, since [x©| is large,

Ix©222m ¢, > 1. (7.11)
Then set
BO = {u eR": |u— D,,[x(i‘) | < 2'"«/5] .
Combining (7.2) and (7.9), with £ + 1 replaced by ¢, we see that

—R(x©
o < eXp(anz(x))/ h(u) dy—oo (1) (7.12)
1 B©

We will verify (1), (2), (3) and start with (1).
The balls B® and B, with £/ < ¢, will be disjoint if

|D_y, x® = D_yy xO| > 2" (Vig + Vir ) - (7.13)
By means of our polar coordinates with 8 = R(x (‘5/)), we write
x© = p, 7©

for some ¥® with R(F®) = R(x([)) and some s € R. Note that s < 0, since R(x(¥) <
R(x). The point x® cannot belong to the forbidden zone Z¢7, so

8O — x> 42" iy (7.14)

Since 7 < 1, (2.1) implies R(D—,, xw)) > ¢ (. This allows us to apply (6.3) and the
observation following it, to obtain

|D_, x) = D_;, x O] 2 A2%" /1. (7.15)
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If VA2 /iy > /1, , we will have
1 1
A2 iy > EA?”&/w + EJA 2"ty

and (7.13) follows from (7.15), provided A is large enough.
It remains to make the contrary assumption /7, > VA22" [, which implies in partic-
ular that #, > #,/. Observe that

|D_, x) = D_;, x©] = |D_y, (Dty—sy x© = xO)| = | Dy, x©0 — DO, (7.16)

Both x® and x" are in &, so they satisfy

31 3/4 / 1 / 1
RG®)> > log~ > ) = Lrany = Lg.
4 o 2 2

Since also tp — t > 0, we can apply (6.4) to the last expression in (7.16) and get
|D_, x© = D_yy x O] 2 1g — 10 — s1[x ] Z 10 |[x ], (7.17)

the second step because our assumption implies #; — #y7 =~ tp, and s < 0. By means again of
this assumption and then (7.11), we find

1 |x O] > Vg [xO| VA Jtp 2 VA2 St = VA" (i + i ).

With A large enough, (7.13) now follows from this and (7.17). Item (1) is verified.
Next, we will prove item (2). For £/ < £, we can apply (6.3) and then (7.14), to get

[x@ = xO| > [x© —5O| > 423"/t

Since ty7 > §, the distances ‘x(l/) —x® ’ are thus bounded below by a positive constant. This

implies that the sequence (x©)) is finite, since all the x*) are contained in the bounded set
Ey. Thus the set Ap11 () defined in (7.8) will be empty for some ¢, say £ = £, and the
recursion stops. This implies item (2).

We are left with the proof of item (3). The forbidden zone Z ® is a tube as defined in (6.5),
with a = A2 /t; and B = R(x©). This value of B will be large since x) € &, and
o < ag for some small «g. Thus we can apply Lemma 6.1 to obtain

‘We bound the exponential here by means of (7.12) and observe that R (x Oy ~ |x®2, getting
1
_ Z(Z))<7A23”’”_1/ h(u) dy—oo (i) -
r- (29) 5 o AR 0 st
As a consequence of this and (7.11), we obtain

om 1 2Cm
peoe(@0) € 2 (a2 [ dyt £ 22 [ dy-,

which proves item (3). This completes the proof of Lemma 7.2 and that of Proposition 7.1.
O
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8 The Global Case for Large t

This section consists of the proof of the following result.

Proposition 8.1 For all functions f € L' (y_oo) with Il =1

V—co {x: ‘Hi*Gf(x)’ >a]5a\/1o;(W’ a € (0,1/2).

In particular, the maximal operator HI’G maps L' (y_so) into LV (y_so).

Observe first that the second statement follows from the first together with the observation
at the end of Section 4.2. The same observation allows us to reduce the range of « in the first
statement to & < e~ 2, in the proof that follows.

The proof of the first statement runs at first like that of Proposition 7.1, although now
t > 1. In particular, f > 0 is normalized in L (Y—c0), and from Section 4.3 we know that it
is enough to consider the values of H:’G f in the set &, defined in (4.3). The annuli 7" are
now

T"={xu)eG: 2" ' <ju—-D_ x| <2"}, meN,

without the lower bound when m = 0.

We must show that for 0 < & < ¢~2
YA {x €&y sup/ KY0(x, u) f(u)dy—oo(u)> a} <1 (8.1)
=1 0 ~ o /log(1/a)

Setting 7' = |trB| > 0, we obtain from (2.7) that for any (x, u) € 7,
KU, u) el e ™ RW exp (—c22’") .
Observing that (x, u) € 7" implies u € B(D_; x, 2™), we set
K" ou)y = e T e RO 1 pp o))
and conclude that for any (x, u) € G and ¢ > 1

o0
KtUO(x, u) < Z exp (—022’") K™ (x, u).

m=0
Almost as in the preceding section, we introduce the operators
M o h(x) = 1g, (x) Supf K", u) [h ()] dy—oo(u)
t>1
so that

te, ) sup [ KEO010) £ dy-osli) £ 3 exp (<e22") M f (0.

t>1 m=0

Lemma8.2 For 0 < a < e 2 and m € N, the operator M- maps L'(y_o) into

m,a

L1 (y_y0), with operator quasinorm at most C 2™ /. /log(1/a) .

In analogy with Lemma 7.2, this lemma implies (8.1) and thus also Proposition 8.1.
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Proof Withm and « fixed, we will estimate M;f; , i for a function A > 0 which is normalized

in L'(y_s). But we prefer to work with the function g(u) = (271)% (det Qoo)% eRW By,
which is normalized in L! (R", du), and nonnegative. Then

M h(x) =1g,(x) sup e 7" e RO f h(u) dy—oo (1)
1 B(D_; x,2™m)

1>

=1g,(x) sup e 1T e R / g(u) du.
t>1 B(D_; x,2M)

With r > 0 we write g, = g * 1p(o,-), Which is for each r > 0 a continuous function in
L>® N LY(R", du). Then

M h(x) =1g,(x) sup e e "W gou (D, x),
t>1
and as a supremum of continuous functions, M,! , h is lower semicontinuous when restricted
to & .

Let o’ > 0. Clearly, M;a h(x) > o' if and only if x € &, and there exists a > 1
such that e~ R®) ¢~ Tt gom(D_; x) > a’. We use polar coordinates, writing points x € &, as
x = D, x, where ¢ € R and X is on the ellipsoid £y = {y : R(y) = 1}. Notice that actually
o > 0 here, since o < e 2 implies that R(x) > 1 forx € &,.

Let A, be the set of points X € E for which there exists a@ > 0 such that D, X € £, and
Mt f(DgX) > . The lower semicontinuity of M} , f shows that A is a relatively
open subset of Ej. For X € A, we define

o(X)=supf{o > 0: M} ,h(Dy %) > o'}
=supfo > 0:3r>1 with 1g,(D, X) e Tt g=R(DeX) gm(D_; Dy X) > a'}.

For notational convenience, we do not indicate that o(¥) also depends on o'.

We claim that o(X) is a lower semicontinuous function on A,/, and thus measurable.
Indeed, if o(X) > ¢ for some ¥ € A, and some gy > 0, then there exists a o’ > ¢ such
that M}, , h(Dy %) > o’. By the lower semicontinuity of M,! , 1, the same inequality holds
at Dy X' for points X' € A, in a small neighborhood of %. The claim follows.

For each X € A, we can choose a sequence ¢; /' o(¥) and another sequence (f;) in
(1, o0o) satisfying

e T = RDo D) g0 (D_, Dy, X) > (8.2)

This inequality implies that eR Do H) llgllzoe /o’ and eT < ||g|lLo /e, from which we
conclude that o(X) < oo and that the #; stay bounded. A suitable subsequence of (¢;) will
then converge, say to #(X) > 1.

From (8.2) in the limit we get
e R D)D) o= THE) o3 (D_ 43y Doy ¥) = @ (8.3)
The level set {x : M} , h(x) > o'} is contained in the set
Fo ={DgX: X € Ay, 0 <0 =<0(X)}.

To estimate the measure of this set, we switch to polar coordinates with 8 = 1 and use (6.2);
thus

o(¥) -
Voo (For) = / R dx < / / T2 eRPe D 4o dS(%) . (8.4)
”FD(/ O(/ 0

Here d S(X) is the area measure on E|. We now estimate the inner integral above.
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Lemma 8.3 One has for X € Ay
o(x) . - -
/ eTg eR(DQ X) dQ S eTg(x) eR(Dg(;) X) |DQ()?) )EI_Z .
0
Proof When proving this, we can delete the factors e’ and ¢,
If0 < o < o(X) — A for some A > 0, (2.1) implies
R(Dy %) = R(Dy () Doy ¥) S e @7 R(Dyzy ¥) < e R(Dyii ¥) -

Choosing A = A(n, Q, B) large enough, we conclude that
- 1 - -
R(D,y %) < ER(DQ()?)X), 0 <o) —A,

and thus
o(X)—A - 1
0

1 2
= exp (R(DQ(,;) )E)) |:exp <_Z R(Dyx) i)>:| o(X).

Here one of the factors exp (—R(DQ(;) )?)/4) takes care of o(x) in view of (2.1), and the
other is no larger than C| D,z %|72. Hence, this part of the integral in the lemma satisfies
the desired estimate.

For o(X) — A < ¢ < o(X) we use (6.1), the fact that the quantity | D X| is increasing in
s and finally (2.1), to get

o(X)
R(Dy(i) %) — R(Dg %) =~ / |Ds ¥ ds > (0(F) — 0) |Dy ¥1* = (0(F) — 0) |Do—o(3) Doi) XI*
o

2 (0@ —0) e M Dy X* ~ (0(F) — 0) Do) I -
Thus we can write
o(%) . _ o(%) _ 5
/ R0 g < oRDoi) D f —e@D=0) 1D 3
o

(X)—-A o(X)—A

A
— eR(DQ(}) X) / e—CG’ ‘De<i)x~‘2 do 5 ER(DQ(’Q X) |Dg(f) £|_2 .
0
The proof of Lemma 8.3 is complete. 0

To continue the proof of Lemma 8.2, we now insert in (8.4) the expression from Lemma 8.3,
and obtain

VeooFa) S / eTe® R Pod DDy i) 7|72 dS(F) . (8.5)
A

o

Then we apply the upper estimate of e (Do %) that follows from (8.3), to conclude that
g . o 1 ~
eT0(®) oR(Dy(z) %) |Dg(i) 7| 2 < J V(%) (8.6)

where ) )
Y (&) = eT® T D)o %172 gom (D7) Do) £) -
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Let |o]| < 1 A|D_s) Do) %|7". Then (2.2) leads to
IDo D—yz) Doy ¥ = Dty Doy Xl S 10 11D —1(3) Doy XI < 1,
and the inclusion B(D_;z) Dy(x) X,2™) C B(Do D_s5) Do(z) X, 2™ + C) yields
gam(D_sz) Do) X) < gomyc (Do D_s5) Do(z) X)-
Thus we can write for X € Ay
V(@) < [Dogey K| 7271 OO g0 (D400 B)-

Here we replace e =7 by C and then take the mean of both sides with respect to o in the
indicated interval, to get

Y(X) S 1V ID_ix) Do) Xl

X/ . |Dg(j)x|
|o|<IAID 5 Doy X1~

S Dy X171 / eI @O gy o (Dy—1(3)+0(7) %) do,
‘(T|<1A|Dg(x)x| !

72O oo 0 (D i3y 4o(r) ¥) do

where we used the fact that o(X) > 0 and X € & sothat 1 V [D_;z) Dyz) X| < |Dg(z)y X|-

Since Dy(3) X € &y, we have | Dy(z) %17 < 1/,/log(1/a). By replacing o by s = o — () +
o(¥) and extending the integral to all of R, we obtain

1
Y(x) S \/W /RETS gomyc(Dsx)ds.

Inserting this in (8.5) combined with (8.6), we find that

1 ) . -
Veoo(Far) S — e’ gomic(Dy %) ds dS(X).

1
a' /log(1/a) /& /R

Now we use (6.2) to go back to Lebesgue measure dx with x = D;s . Since |x| =~ 1, this
yields

1
VonolFa) S / grrc () dx
< a’ ,/1og(1/a (x=Dy ¥ 5€R, TeA )
1
< — x)dx
< log(l/a / gy (x)

1 1 1 pmn
—— e 2"+ O) gl S — e
& Vs | Vgl = &

This ends the proof of Lemma 8.2 and that of Proposition 8.1.

A

9 Completion of Proofs
Theorem 3.1 is an immediate consequence of Propositions 5.1, 7.1 and 8.1. Further,

Propositions 5.1 and 8.1 together imply the positive part of Theorem 3.2. It remains for
us to prove the sharpness assertion in Theorem 3.2.
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To this end, we take a point z with R(z) large. Let By denote the ball B(z, 1) and set
By =B(D_z,1).If x € By and u € By, we will have

ID_ox —u| <|D_px —D_oz|l+|Drz—ul=|D_p(x—2)|+|Dsz—u| S2,

sothat (2.7) yields KY9 (x, u) ~ e~ R® With f = 1, /y—_oo(Ba) it follows that HY? f (x) =~
e R™ for x € By.

Then Hgof(x) pe e R@ if x is in the set B* = {x € B; : R(x) < R(z)}. For any
small &« > 0 we can choose z satisfying R(z) = log(1/«a) — A for a suitable, large constant
A = A(n, Q, B), and conclude that Hgof(x) > o for x € B*. With our polar coordinates,

one can verify that
" > eR@ 1
Y—o0o(B") 2 ~
* VR@)  a/log(1/a)

if o is small enough. This means that (3.4) implies (3.5).
Theorem 3.2 is completely proved.
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