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Abstract

The diffusion of Galactic Cosmic Rays (GCRs) into the heliosphere from the local interstellar spectrum is a stochastic process due to
the scattering of particles with magnetic irregularities embedded in the solar wind. The process is influenced by energy losses and con-
vection. Our knowledge of the solar wind turbulence properties and dynamics mostly relies on near-Earth and near-Sun observations.
The solar wind turbulence behavior is still not well understood when moving far away from the inner heliosphere. Nonetheless, it is still
possible to infer some information about the diffusion coefficient by directly probing GCR measurements. In this work, we model the
propagation of particles through the heliosheath, i.e. between ~ 90 AU and ~ 120 AU distance from the Sun, solving the Parker trans-
port equation by means of a numerical Monte Carlo technique. We apply a data-driven approach based on in situ observations from
Voyager 1 in order to study the solar modulation for different particles and derive the diffusion coefficient rigidity dependence. To do
this, the most abundant elements in the solar system are considered together with their corresponding isotopes. We conclude that the
effective diffusion coefficient, in the energy range from 0.04 to 0.31 GeV/nuc, has a rigidity dependence of P with y ~ 1.42f8fé. This result
can be used to constrain the spectral behaviour of the turbulence in the heliosheath.
© 2025 The Author(s). Published by Elsevier B.V. on behalf of COSPAR. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

It has been more than a century since the first detection
of cosmic rays. Still, their origins are largely unknown. One
of the largest problems with identifying the sources of cos-
mic rays is that they react to interstellar, as well as inter-
planetary and intergalactic magnetic fields, often
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propagating diffusively (e.g Tjus and Merten, 2020). This
way, the cosmic-ray flux as detected at Earth loses all its
information about the original direction of the particles,
and indirect observables like gamma-ray or neutrino mea-
surements are the only way to deduce information about
the high-energy cosmic rays (e.g. Reichherzer et al.,
2022). Galactic Cosmic Rays (GCRs) at an energy below
~ 30 GeV/nuc are even influenced significantly by the mag-
netic heliosphere of the Sun (Stone et al., 2013; Bobik et al.,
2016; Rankin et al., 2022). This process is known as solar
modulation (Moraal, 2013; Boschini et al., 2018b; Song
et al., 2022). Measurements of GCR intensity at several
solar distances are provided by the Voyager probes
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(Richardson, 2013; Cummings et al., 2016; Hosteaux et al.,
2022; Kurth et al., 2023). At the energies detected by Voy-
ager the majority of the solar modulation occurs in the
heliosheath (Boschini et al., 2019). This peripheral region
of the heliosphere is internally bounded by the termination
shock - i.e. the region where the solar wind suddenly slows
down passing from a supersonic to a subsonic regime - and
externally by the heliopause - i.e. the true heliosphere
boundary, corresponding to the limit of the solar wind
expansion. Outside of the heliopause, the local interstellar
medium dominates (Fraternale et al., 2022). The
heliosheath is a very turbulent region. Here the main
source of energy is provided by the pick-up ions (PUIs)
(Fraternale et al., 2022; Sokotet al., 2022). The PUIs are
created by the ionization processes of interstellar neutral
atoms occurring in the solar wind mainly in the inner part
of the heliosphere, i.e. the region inside the termination
shock. The ionized interstellar neutral atom is then “picked
up” by the magnetic and motional electric field of the solar
wind plasma which incorporates the PUI at highly non-
thermal speeds in the reference frame of the solar wind
(Zirnstein et al., 2022). The plasma speed, density, and tem-
perature fluctuate throughout the heliosheath. The mag-
netic field fluctuations, influenced by solar activity, are
generating turbulence in the medium, which is much larger
in the heliosheath with respect to the inner heliosphere.
Voyager 2 magnetic field measurements in the heliosheath
show that magnetic field changes can occur on a temporal
scale of 10-20 min, corresponding to length scales of
60,000-120,000 km (determined from the speeds measured
by the Voyager 2 plasma instrument). To provide an idea
of the turbulence scale in terms of the energetic PUIs, it
is worth reminding that the Larmor radius of a 1 keV
(4 keV) pickup proton is ~30,000 km (~60,000 km), corre-
sponding to a period of 5 min (10 min) (Richardson and
Burlaga, 2013). Thus, some information on the turbulence
spectrum in the medium mostly comes from the observa-
tions of the two Voyager spacecraft.

Reviews of how the solar modulation is occurring in the
heliosphere, through observations of GCR intensities, and
on the models describing such phenomena can e.g. be found
in Rankin et al. (2022) and Engelbrecht et al. (2022), respec-
tively. For the purpose of this work, we recall that the Par-
ker Transport Equation (PTE) is the standard approach for
particle propagation in the heliosphere (Parker, 1965). This
equation describes the particle transport as due to convec-
tion, diffusion, and energy-changing processes combined in
the form of a Fokker-Plank-like transport equation. The
key point of the model is represented by the description of
the diffusion process as a magnetic scattering of charged
particles on the turbulent fluctuations of the Interplanetary
Magnetic Field (IMF). The IMF is mainly generated by the
Sun’s magnetic field that is carried out with the outward-
flowing solar wind plasma (Rao, 1972).

Over the last few decades, several analytical and numerical
models have been developed to describe the turbulence cas-
cade from the injection to the dissipation scales, which led
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to different predictions on the scaling of the magnetic energy
spectra (see, e.g., Fahr et al., 1986; Zank, 1999; Borovikov,
2008; Borovikov, 2012; Huang et al., 2021). The study of
the magnetic turbulence in the interplanetary medium, in
principle, could allow one to derive the mean free path
(MFP) of cosmic ions and, in turn, the coefficients of the dif-
fusion matrix in the PTE (see Jokipii (1971) for the original
idea and Reichherzer et al. (2020), Reichherzer et al. (2022)
for new work). Many models use a magnetohydrodynamic
(MHD) approach where simulations for the parallel £ and
perpendicular k£, components of the diffusion tensor K are
performed, in different conditions (Florinski et al., 2003;
Luo et al., 2015; Lemoine, 2023; Reichherzer et al., 2025).
Almost all the theoretical models focus on the inner helio-
sphere (e.g. Jokipii (1971), Rao (1972), Caballero-Lopez
et al. (2019)). In this work we use an empirical approach,
combining PTE solutions along with high precision GCRs
measurements in space (see, e.g., Boschini et al., 2018b;
Boschini et al., 2019), to study the rigidity dependence of
the diffusion coefficient in the outer part of the heliosphere,
the heliosheath. At present, there are several attempts to
develop an ab initio theory for deriving the PTE diffusion
matrix, but these will require further advances in turbulence
transport modelling, and further improvements in our under-
standing of cosmic ray transport coefficients, given the differ-
ences in values for these quantities yielded by various theories
discussed in Section 5.2. of Engelbrecht et al. (2022, and
reference therein). This work aims to help constrain the rigid-
ity dependences in the theoretical models, by providing a sim-
plified yet reasonable formula for the diffusion coefficient in
the heliosheath without accounting for the complex descrip-
tion of the turbulence theoretical details in such area. In
order to do this, we use HelMod (Boschini et al., 2017;
Boschini et al., 2018a; Boschini et al., 2019; Boschini et al.,
2020), which treats the diffusion in the heliosphere in a differ-
ent way, whether the particle is within the termination shock
or beyond it. When the cosmic rays are in the inner helio-
sphere, the approach is two-dimensional, and k| and k, are
set to the values provided in Boschini et al. (2019) (see
Appendix A). For the heliosheath, a simplified one dimen-
sional description is used. The two + one dimensional
approach has been proven to work well, as HelMod is able
to reproduce the GCRs modulated spectra at 1 AU success-
ful. In our study we modify the diffusion coefficient in the
heliosheath provided in Boschini et al. (2019) in order to
modulate the GCR local interstellar spectra (LIS) and make
them fit the Voyager 1 observations at different rigidity bins.
Section 2 describes the transport model with a focused dis-
cussion on the heliosheath. Section 3 and Section 4 present
the analysis methodology and the discussion of the so
obtained results.

2. Particle diffusion in the Heliosheath

As pointed out by Parker 1965, charged particle propa-
gation through interplanetary space is dominated by the
magnetic collisions with the small scale irregularities of
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the IMF. The resulting phenomenon is a Markov process
that can be described as a diffusion mechanism by means
of the PTE (Parker 1965). On the collision length scale -
i.e. the average magnetic collision distance - one can see
the diffusion process as a stochastic motion whose effective
propagation can be described by means of the MFP; in
turn, this quantity could be easily related to the diffusion
coefficient in the PTE (Jokipii, 1971).

In recent years, significant theoretical advances have
been made in our understanding of how solar wind turbu-
lence influences the diffusion of charged particles (see
Engelbrecht et al., 2022, for a theoretical review). We know
that the power spectrum of magnetic irregularities can be
related to the diffusion tensor through a statistical
approach presented in detail by Jokipii (1971). Thus, an
energy (or rigidity P) dependence of the diffusion coeffi-
cient can be inferred. There are many models proposed in
literature for both the parallel and perpendicular compo-
nents of the diffusion coefficient in the diffusion tensor. Fol-
lowing Jokipii (1971), we have k| oc BP'/ for P < Py, and
ky o< BP* for P> Py, with a threshold rigidity Py =1
GV and the term § = v/c defining the particle velocity nor-
malised to the speed of light. The perpendicular component
is then, only for P < Py,, expected to follow this behaviour:
ky o f. Rao (1972) instead proposed k| o< ffor P < P; and
ky o< P>~ for P, < P < P,. Hereby, P, is the particle rigid-
ity for which the mean free path becomes smaller and
approaches the correlation length of the interplanetary
magnetic field, P, is the rigidity at which the gyro-radius
ry of the particle becomes approximately equal to the scat-
tering mean free path given by 1 = 3k|;/cf and ¢ is the spec-
tral index of the turbulence transverse component. The
change in slope is expected at ~ 2 GV. Then, the perpen-
dicular component is given by k, =T + (ré/iz)ku. The
first term represents the contribution due to the random
walk of field lines and the second one the resonant scatter-
ing by field fluctuations. Caballero-Lopez et al. (2019) pro-
vided yet another option for the modeling of the diffusion
coefficient: k| o BP'* for P <Py and kj o fP* for
P > Py, while k, o pP'° for P < Py, and k, o pP?3 for
P > Py, with Py, =1 GV. All of these models, presenting
a flatter behavior at low rigidities and harder spectra for
rigidities P > Py, ~ 1 —2 GV, are focused on the inner
heliosphere. Hereby, we assume the diffusion coefficient
in the heliosheath to show a similar behaviour, i.e.

BP* if P < Py
K o< .
BP° if P> Py

where o and e are expected to differ from one another. A
quasi linear (e = 1/3) dependence at higher rigidities is
expected for the regime of small turbulence,
i.e. 0B/B < 1. In this case, the turbulence behaviour comes
from the Kolmogorov spectrum. For dB/B > 1, instead,
we observe the Bohm regime (e = 1). A transition from
the quasi linear regime to the Bohm regime is expected in
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between (e.g. Reichherzer et al., 2020). A more general
form for the diffusion coefficient also includes solar dis-
tance dependence and could be written in the form of
(see, e.g. Engelbrecht and Di Felice, 2020, and reference

therein)
r o P o
74 (5) (7) W

with /o some effective mean free path value at distance ry
and rigidity P,. This parametrisation is relatively simple
and mimics the form often used in modulation studies. It
is important to note that, in this formulation, the spatial
dependence of x in the inner heliosphere is most probably
due to the radial evolution of turbulence (see, e.g. Pine
et al., 2020a; Pine et al., 2020b; Pine et al., 2020c; Pine
et al., 2020d; Pine et al., 2020e, for measurement in the
inner heliosphere), while the rigidity dependence is most
probably related to the power spectral density of the
IMF (see, e.g. Jokipii, 1971).

Much of our current knowledge on turbulence in the
inner heliosheath has been acquired via in situ observations
made by Voyager spacecrafts but the turbulence behaviour
in this region is still poorly understood, from both the
observational and the theoretical perspectives (some theo-
retical studies can be found in e.g., Goldstein et al., 2015;
Kleimann et al., 2022). Observations are limited to 1D
measurements by Voyager but there is a lack of plasma
data and interstellar PUI (Fraternale et al., 2022) observa-
tions, together with a high level of noise in the measure-
ments. The PUIs -with a temperature of ~ 10° K
(Sokotet al., 2022) - dominate the thermal pressure of the
solar wind beyond 30 AU and cause the plasma tempera-
ture in the heliosheath to range from 50,000 to
150,000 K. The turbulence here is much more complex
than in the supersonic solar wind because of the lower bulk
wind speed - ie. vg~150 km/s in the heliosheath
(Fraternale et al., 2022) compared to vg,~750 km/s in
the polar regions of the inner heliosphere during low solar
activity periods (McComas et al., 2008). In addition, there
are shocks and, possibly, fluctuations of dispersive nature
whose propagation speed is affected by the energetically
dominant population of PUIs (Fraternale et al., 2022).

k(r,P) = pe

2.1. Numerical model

In the heliosheath, although Voyager 2’s solar wind
speed measurements do not show a significant dependence
on radial direction (Richardson, 2013), the radial compo-
nent of the flow progressively slows down at a rate of
1/7? as it moves toward the stagnation point (see Fig. 2
in Boschini et al., 2019; Scherer et al., 2011). Therefore,
the solar wind plasma flow can be approximated as incom-
pressible and divergence-free. This means that adiabatic
energy losses are negligible in this region.

When it comes to particle drift, understanding the
geometry of the heliospheric magnetic field and the wavy
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structure of the heliospheric current sheet in the
heliosheath is significantly more difficult than in the inner
heliosphere (Burlaga et al., 2007; Borovikov et al., 2011).
As a result, there is no consensus on the importance of par-
ticle drifts within the heliosheath (Potgieter, 2013; Manuel
et al., 2014). It is generally believed that increased turbu-
lence and a less organized heliospheric magnetic field occur
downstream of the termination shock, which leads to a
reduction in drift effects (Fraternale et al., 2022). There-
fore, in the “effective” radial one-dimensional treatment
of solar modulation in the heliosheath presented in this
work, the drift effect has been neglected as a first
approximation.

We describe the particle propagation in the heliosheath
by means of a spherical symmetric PTE as decribed in Sec-
tion 5 of Boschini et al. (2019).

U 19 <r2K8 U) 1 9%0,U

ot ror or or

where U is the number density of particles with respect to
kinetic energy per nucleon, ¢ is the time coordinate, r is
the radial distance, « is the diffusion coefficient and vy, is
the radial solar wind bulk speed in the heliosheath.

Langner and Potgieter (2005) proved that the approxi-
mation of a symmetrical heliosphere, although it is simpli-
fied, is justified when studying the external layer, i.e. the
heliosheath (Kleimann et al., 2022). Moreover, the region
of interest is probed by Voyager 1 in the nose direction,
which is only a bit compressed, if compared to the tail
direction. For that one, a greater asymmetry is still
debated. The model we use is fully described in Boschini
et al. (2019).

As described in Boschini et al. (2019), in order to
account for the strong modulation effect observed by Voy-
ager 1 in 2012 before the heliopause crossing (see, e.g.
Zhang et al., 2015, and rerefence therein), the diffusion
coefficient must be reduced by a factor 50 in the outermost
layer, 1-2 AU thick, thus allowing the creation of a diffu-
sion barrier against low energy CRs propagation.

The PTE can be transformed to a Fokker Planck equa-
tion, which generally can be expressed in terms of a set of
stochastic differential equations (SDEs). The SDEs can be
cast into the general form
dx(t)

p (3)

where x stands for the position coordinate, a(x,?) and
b(x,t) are continuous functions and {(#) represents a
rapidly varying stochastic function in time. a(x, ¢) is usually
referred to as the deterministic term, while b(x, ¢) is the dif-
fusion term. Here, SDEs of the Ito type are considered,
where Eq. (3) can be rewritten as

dx(t) = a(x,t)dt + b(x,t)dW (t)

(2)

72

=a(x,t) + b(x,){(¢)

4)

with W (¢) representing the Wiener process, i.e. a time sta-
tionary stochastic process where the time increments have
a normal distribution with a zero mean and a variance
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equal to dt,dW(t) ~ N(0,dt) (Strauss and Effenberger,
2017). In a backward in time approach, instead of follow-
ing the position of the particles - i.e. x(¢) - from the inter-
stellar medium to Earth, we reverse the time coordinate.
Thus, the numerical process starts from the target in a gen-
eric position in the heliosphere with a fixed initial kinetic
energy or momentum and traces back quasi-particle
objects till the heliosphere boundary, gaining energy in
the region inside the termination shock. We use the Voy-
ager 1 probe for the solar modulation data. The spacecraft
has travelled from the heliosphere to the interstellar med-
tum, collecting ions data throughout its journey. Therefore,
in this framework, the target for the backward in time
approach is represented by the Voyager 1 probe observa-
tions at the different positions reached throughout its tra-
jectory in the heliosphere. We follow the evolution of the
particles towards the outer heliosphere.

In the zone of interest, in order to reproduce the form of
Eq. (4), the SDE is (Bobik et al., 2016)

2K

dr = (7 - vsw> dt +\2Kdw (5)
where dt stands for a backward in time step and dW
expresses a standard Wiener process with variance equal
to 1. This diffusion term represents the diffusion of particles
in the magnetic field of the heliosheath. For the determin-
istic term, we need to account for the convection speed with
a minus sign —ug, since the solar wind is directed outwards.
When the process is dominantly stochastic, i.e. of diffusive
nature', we can evaluate through a Monte Carlo procedure
the normalized probability function G(P,|P) that gives the
probability for a particle observed at Earth with a rigidity
Py having a rigidity P at the heliospheric boundary. Once
G(Py|P) is evaluated it is possible to obtain the modulated
spectrum directly from Jy15(P), the Local Interstellar Spec-
trum of the considered isotope. Local interstellar spectra
are provided by Boschini et al. (2020), using GALPROP
(Strong and Moskalenko (1998), webpage: https://gal
prop.stanford.edu/). The isotopic contribution is included
in the LIS for each nuclear species (Boschini et al., 2017)
and accounted for when converting from kinetic energy
to rigidity. We point out that an under/overestimation on
the LIS can bias the resulting modulated calculated
spectra.

3. Methodology
3.1. Data preparation and procedure

In the present study, we consider the six most abundant
cosmic ions observed by Voyager 1 from the beginning of
2000 up to the end of 2016: H, He, C, O, Mg and Si. This
interval is chosen in order to cover the whole period spent

' In order to solve Eq. (5) in the so called diffusion approximation, we
check that ds is such that the diffusion process is dominant with respect to
the advection process, i.e. v2kdW > (ZTK - vsw)ds.
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by the Voyager probe inside the heliosheath, considering
also the period immediately before crossing the termination
shock and after crossing the heliopause. This is done in
order to have some constraint with the experimental data
at the boundaries of the heliosheath. The data are averaged
over 3 Carrington rotations”, in order to reduce the statis-
tical experimental errors. We simulate 24 rigidity bins, con-
sidering each isotope separately, and the final spectra are
computed by summing the modulated isotope spectra.

By comparing the simulation outcomes with the Voy-
ager |1 experimental data over the whole time span and
accounting separately for each rigidity bin, we obtain the
best-fit values of x (for each cosmic ion population). Fol-
lowing the prescription by Boschini et al. (2019), we test
a grid of x values between 0.5 x 107> and 4 x 107° AU?
s™!. For each simulation run, the goodness of the simulated
time-dependent spectra with respect to the corresponding
time-dependent Voyager 1 observation is evaluated by
means of the y? test. The number of injected particles has
been chosen in such a way that the error on the model is
much lower than the statistical uncertainties of experimen-
tal data. Thus, computational artifacts from the model
become negligible. In Fig. 1 we report the simulations set
with the best agreement with the Voyager 1 data for a rigid-
ity of 0.59 GV in the case of Si and 0.82 GV for H.

The results of the x scan are reported in Fig. 2, as a func-
tion of x with rigidity. Similar values of x are found at the
same rigidities, but for different ions (reported with differ-
ent colors). We notice three values, all corresponding to
protons, that are not following the global trend for the dif-
fusion coefficient behaviour. Nonetheless, we assume these
to be simply fluctuations over the whole studied range.
These findings, considering the uncertainties of current
data, indicate a universality in the rigidity dependence of
the different nuclei in the cosmic-ray spectrum in the rigid-
ity range of ~ 0.5 — 2 GV, as expected from basic theory.

3.2. Interpretation

The points in Fig. 2 are interpolated with a power law
equation in the generic form:
K

P
08 <1GV) e
where 7 is the spectral index of the rigidity dependence, and
a and c¢ are the fit parameters, in units of AU? s™'. This

form is derived by Eq. (1) where we focus on the rigidity
dependence. Due to the large distance of the heliosheath

(6)

2 The differential rotation depends on the solar latitude with a duration
of ~ 25 days on the Sun’s equatorial regions and of ~ 35 days on the polar
regions. Richard C. Carrington defined a fixed solar coordinate system
that rotates in a sidereal frame exactly once every 25.38 days. Since the
observer is on Earth, which itself revolves around the Sun, the synodic
period of a Carrington rotation varies slightly during the year, with an
average of 27.2753 days. Periods of ~ 27 days will be referred to as a single
Carrington rotation throughout this work (Low, 2019).
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from the Sun and the relatively small radial dimensions
with respect to the inner heliosphere, together with the fact
that in the heliosheat the turbulence is much compressed,
we estimate that a radial dependence would introduce at
worst a 30 % uncertainties in our estimation, that is below
the intrinsic uncertainties due to the scatter of points in
Fig. 2. Moreover, Voyager’s data covers more than 7 years
of data taking so that the x value obtained from this pro-
cedure (which aims to fit the whole dataset with the same
value of the parameters) should be considered as an effec-
tive diffusion coefficient that, in principle, may change with
time masking smaller effects due to radial dependence. In
additon, we avoid to test the broken power law around
Py, due to the limited rigidity span covered by Voyager
observations.

The interpolation procedure uses a Markov Chain
Monte Carlo bayesian approach following the one pre-
sented in Goodman and Weare (2010) and implemented
with the emcee python package. This is done in order to
provide some confidence band around the parameters of
the model, given that there are no error bars on the values
plotted in Fig. 2.

The assumed priors on a,c¢ and y are given by uniform
probability distributions in the following ranges (roughly
covering the values in the literature for similar rigidity
dependence): a/107° € [0.1,2.9] AU* s™',¢/107° €[0.2,2]
AU?s™ ! and y € [0.2,3].

We assume, for the calculation of the posteriors on the
parameters a,y and ¢, that the errors on the diffusion coef-
ficient values k present a normal distribution with ¢ = 1.
This value is coming from the biggest fluctuation in x
found between two adjacent rigidity bins (Ax ~ 0.85
between the ~ 0.651 GV bin for the proton and the ~
0.656 GV bin for the O ion). Although this is clearly an
overestimation of the uncertainties for all the bins, we fix
the priors for g, to that value and treat them as nuisance
parameters. This assumption allows us to compute the like-
lihood function in terms of the model 0 and the data D
such as

1 Ky — Kmodel ?
=- 22 %+ log(2na?)

n

log(P(D|0)) (7)

Hereby, rmeqe 18 the model fit to the x, values and the o,
are the errors. The previous assumption is a strong hypoth-
esis on the x error distribution. The outputs of the fitting
procedure are the one and two dimensional projections of
the posterior probability distributions of the a,c and y
parameters (see Fig. 3 on the left). Comparison between
the best fit power law and best fit x values are shown in
Fig. 3 right panel. Technical details of the procedure can
be found in Salvatore (2023). The intervals defining the
CLs for the one dimensional posteriors are drawn consid-
ering the 16th and the 84th percentiles of the distributions;
these levels determine the 68 % CL region. The so called
corner plot, instead, shows the two dimensional projections
of the posterior probability distributions correlating the
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Fig. 1. Time modulated spectra for rigidity 0.59 GV (Si, upper panel) and 0.82 GV (H, lower panel) along with Voyager 1 data (the data were extracted in
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Fig. 2. Computed values of diffusion coefficient x in the heliosheath. Each
point represents the value corresponding to the best agreement of the time
distribution with the Voyager 1 data (the data were extracted in March
2021 from https://voyager.gsfc.nasa.gov/flux.html).

parameters «a,c and y. Looking at the posteriors, we notice
that the distributions are not gaussian-like, but are asym-
metrical. This could possibly be due to the assumption
on the errors on the x, values. Nonetheless, assuming a
gaussian shape for the uncertainty around the x values
allows us to provide some reasonable results in terms of
the rigidity dependence of the diffusion coefficient. Thus,
we stick to this procedure and use it for a linear model as
well, i.e. £ = aP + ¢, since the result for the y value with

B
the power law is consistent with unity (see Fig. 4 for the

results). From now on, we will use the 68 % CL region
around the parameters as an estimate of their error.
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To discriminate between the two models, due to the
small (N = 24) size of the sample, a Student’s t-test is com-
puted in both cases to provide a p-value for the fits (Lista
et al., 2017).

In the case of a linear function we derive a p-value of 91
% while with the power law function the p-value is equal to
99 %. This suggests that, although both models would pro-
duce a good agreement, there is a small preference for the
power law function with y = 1.42 (see Table 1 for the best
fit parameter values).

As a final investigation, we apply both these functional
forms to the diffusion coefficient k¥ and compute the simu-
lated spectrum for the AMS-02 data using the LIS
described in Boschini et al. (2020) and, for the inner helio-
sphere propagation, the description in Boschini et al.
(2019).

A representative example is reported in Fig. 5. The mod-
ulated spectrum is consistent with what was obtained by
Boschini et al. (2019, 2020); on the other hand, this result
shows that for high rigidity a different spectral index of
the diffusion coefficient in the heliosheath has a minimal
impact on observations at 1 AU.

4. Discussion and conclusions

Throughout this work, the rigidity dependence for the
diffusion coefficient in the heliosheath is inferred using a
Monte Carlo numerical solution of the particle transport
equation and a practical data driven approach.
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Table 1
Best fit parameters.

Linear model
a= 13521 AU? 57!
c =048 AU 57!

Power law
a=093"04 AU? 57!
c=0.86"03 AU 57!

7= 14203

Previously, a study on the rigidity dependence of the dif-
fusion coefficient in the heliosheath has been done by
Webber et al. (2018). Authors used protons data in a force
field approximation framework (Gleeson and Axford,
1968) and found a constant diffusion coefficient below a
certain P = Py, threshold, while a linear grow above Py,.
The change in the behaviour at Py, is interpreted as a
pile-up of the turbulence cascade, which then leads to rigid-
ity dependent diffusion of particles at higher rigidities. The
present analysis finds a similar result but includes data
from various ions observed by Voyager 1. We find that,

in the rigidity range from 0.5 to 1.8 GV, the spectral index
of the rigidity dependence is y = 1.42705%.

In the end, the final result is affected by different factors.
For example the large uncertainties on data and the corre-
lation effects due to particle propagation between the

heliosheath and the inner heliosphere.

Advances in Space Research 76 (2025) 4781-4792

The inferred diffusion coefficient and especially its spec-
tral index comes from data extrapolated over a very narrow
rigidity range, scanning not even one order of magnitude
around 1 GV. The obtained value of y = 1.42 seems to be
between the lowest and highest values proposed in literature
for P < Py, (y ~ 0) and for P > Py, (y ~ 2) (Jokipii, 1971;
Rao, 1972; Caballero-Lopez et al., 2019). The region we
are studying is, indeed, supposed to be the threshold region
where the behaviour of k changes, thus we can not expect to
directly compare our value with what is found in literature
but rather to include our result for the definition of x in
the critical region around Py. What we found is a depen-
dence on the rigidity P, which is reasonably in agreement
with what Lang et al. (2024) also found. In their study,
which simulates solar energetic protons and electrons in a
1D approach too, the focus is on the parallel component
of the diffusion coefficient, which does not seem to show a
rigidity dependence if not for the SOHO/HED proton event
on 2012 May 17 (in agreement with Droge (2000)). Their
conclusions lead to the need for a more comprehensive mod-
eling of the dissipation range of the turbulence and larger-
scale plasma parameters (Engelbrecht et al., 2022), which
would enhance the results reliability for the perpendicular
component as well. Els et al. (2024), using proton particles,
study both of the diffusion tensor components and find the
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Fig. 5. Modulated spectrum at AU for Si ions using in the heliosheath the linear (version A) and powel law (version B) function. The data are those from
AMS-02 (Aguilar et al., 2020).
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perpendicular one to be rigidity independent too and
roughly an order of magnitude below the Palmer consensus
(Palmer, 1982), which suggests that the consensus can be
considered as an upper limit (in agreement with Zhang
et al. (2007) and Engelbrecht et al. (2022)). The simulated
values for this component seem to agree with the Field Line
Random Walk (FLRW) and the Non Linear Guiding Cen-
ter (NLGC) theories for the diffusive mean free paths (look
at Els et al. (2024) for the detailed expressions). Their mean
free paths ratio 4,/A; shows a marked decrease, as also
reported by Dundovic et al. (2020). All of these studies have
been performed at 1 AU, so while in their case the compar-
ison with the Palmer consensus comes naturally and consis-
tently, in ours it provides some range of reference with
respect to an effective diffusion coefficient obtained at way
higher distances from Earth. Moreover, for Lang et al.
(2024), the considered energy range spans more than 2
orders of magnitude, which is much larger than our case.
To improve the accuracy of the parameters derived within
the present approach it would be very useful to include data
at higher rigidities. A much stronger experimental effort in
amplifying the energetic range of detected CRs in the
heliosheath area is then needed. Another point worth men-
tioning is that most of the nature of the heliosheath is still
unknown and debatable. Having more insights on the geom-
etry of such a complicated region would certainly improve
the understanding of propagation and diffusion, thus allow
us to constrain it in a more precise way.

More experimental constraints related both to plasma
and cosmic ray measurements are expected in the future
from missions in the outer heliosphere such as the New
Horizons mission (Hill et al., 2020; McComas et al.,
2021) which is supposed to cross the termination shock in
a few years or the proposed Interstellar Probe mission
(Brandt et al., 2023; Dialynas et al., 2023).
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Appendix A.
In two dimensions, the used coordinates for the

description of diffusion are r and 0. The diffusion tensor
describing diffusion in a magnetic field B is:

K, =K »sin’ { + cos® { (K| cos®  + K | 3sin” ) (8)
Koo = K| 5 cos? { + sin’ {(Kjcos”y + K5 sin® ) 9)
Ko =sin{cos{(Kjcos’ ¥ + K 3 sin® —K.,) (10)
Ko, = sin{cos {(K cos* + K 5sin’  — K 5) (11)

where tany = —(By/(B>+ B})) and tan{ = By/B,. For
rigidities P higher than 1 GV, HelMod uses

r +glow:| (1 ‘1‘#)

K:%%@

where f is the particle speed in units of speed of light. The
parameterizations for K, dependent on solar activity and
magnetic polarity, can differ (look at Boschini et al.
(2018) for details). The perpendicular terms in the equation
above are proportional to the parallel one:

KJ_,I’

p.
Ky

(12)

(13)

where i stands for r and 0. We use p, =0.065 and
glOW - 0.5.

Appendix B.

We list here some of the parameterisations used in lit-
erature for the parallel and perpendicular mean free paths.
Let’s start from Lang et al. (2024), where they use, for a
slab turbulence (look at Engelbrecht et al. (2022) for
details), the following expression for parallel component of
the mean free path:

3 +1
;L” :§U/_l

Here v is the particle speed, D, is the pitch-angle diffusion
coefficient (look at Droge (2000) for the details on the D,,
parameterization). The perpendicular mean free path in the
FLRW theory in a 2D geometry is given by (Strauss et al.,

2017)
B3 /2 1 ] ]
=t — Mop| 7+ —— +log | 7222
AL By X/ Cotian <b -1 * 1+¢ log [/11,20

which does not display a rigidity dependence. In the NLGC
theory, instead, the perpendicular component is described,
in terms of 4 by (Shalchi et al. (2004), Burger et al. (2008))

Lzl T(/2) 3B s
“PﬁHMHM—mW”%}*’

(1)
D;tu(:u) i
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In both cases { stands for the spectral index of the turbu-
lence inertial range (for the other details on the parameters
of both expressions look at Els et al. (2024)). In the NLGC
case, a rigidity dependence of ~ P!’ is observed at low
rigidities and one of ~ P?/? at higher rigidities.

Appendix C.

As we test our results for consistency in comparison
with the modulated spectra form AMS-02 at 1 AU in
Boschini et al. (2019), Boschini et al. (2020), we also use
other particles beyond Si ions (as already shown in Fig. 5).
Here, we show some modulated spectra using the linear
and power law forms for the diffusion coefficient for Mg
and O ions too.

. —= Oxygen US

s —— Madulated Spectrum: versan A

—— Madulated Spectrum: versian &
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Modulated spectrum at 1 AU for Mg and O ions using
in the heliosheath the linear (version A) and power law
(version B) function. The data are those from AMS-02
(Aguilar et al. 2020).
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