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Abstract—Detailed longitudinal dynamics simulations may be
used to predict the energy performance of road vehicles. However,
including uncertainty in the operating conditions often implies high
computational costs. Model-based formulations, in conjunction
with statistical methods, may obviate this limitation by directly
accounting for stochasticity, thus eliminating the need for simu-
lating large populations of driving and operating cycles. To this
end, leveraging directly the methods of stochastic calculus, this
work presents a novel theory of longitudinal vehicle dynamics and
energy consumption, where the vehicle’s speed varies stochastically
depending on the characteristics of the operating environment.
In particular, the proposed formulation, consisting of stochastic
differential equations (SDEs) governing the longitudinal motion
of road vehicles, inherently accounts for the statistical variation
connected with uncertainties in the driver’s behavior and road
properties, including, e.g., topography and legal speed. A Fokker-
Planck partial differential equation (PDE) that describes the time
evolution of the joint probability density function (PDF) of the vehi-
cle’s speed, position, and road parameters is also derived from the
SDEs established in the paper. The SDE and Fokker-Planck-based
approaches enable statistical estimation of important quantities
like speed fluctuations, instantaneous power requests, and energy
consumption. The developed models may be used to assess the
energy performance of road vehicles for different combinations of
road transport missions. This is applicable at the early stages of the
development, virtual testing, and certification processes, without
the need to perform computationally expensive simulations, as
corroborated by the virtual experiments conducted in the paper.

Index Terms—Longitudinal vehicle dynamics, stochastic proce-
sses, stochastic differential equations, Fokker-Planck equations,
energy consumption.
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I. INTRODUCTION

HE present Section provides an exhaustive discussion
about the research background, formulates the main re-
search questions, and highlights the paper’s contributions.

A. Research Motivation and Background

The role played by human activity in climate change, partic-
ularly relating to the transport of goods and people, is widely
attested by the scientific literature and is now beyond dispute
[11, [2], [3], [4], [51, [6], [ 7], [8], [9], [10]. To mitigate the emis-
sions of pollutants from the transportation sector, the European
Commission has prescribed emission thresholds on heavy-duty
and passenger vehicles [11], [12], [13], [14]. Preliminary tests to
ensure compliance with such limits are carried out either phys-
ically or in simulation, by combining virtual representations of
the operating environment with simple models for longitudinal
dynamics [15], [16]. An emblematic example of a simulation
tool frequently used for this purpose is VECTO, whose adoption
is mandatory for the certification of heavy-duty vehicles [17]. In
this context, before physical prototypes are built, the main per-
formance indicators, including CO» emissions, state-of-charge,
energy consumption, and maximum power delivered to the
wheels, are often evaluated considering a limited number of mis-
sions, which are chosen to be representative of a certain typical
usage, depending, for example, on geographical or operational
features [18], [19], [20], [21].

Different statistical techniques may be employed to appro-
priately isolate and select reference driving scenarios by gath-
ering and analyzing copious amounts of data collected from
instrumented vehicles. Once a few reference missions have been
identified, deterministic models of these — predominantly in the
form of a so-called driving cycle — are then synthesized, which
enables assessing the energy performance of road vehicles in
virtual environments [22], [23], [24], [25], [26], and testing con-
trol and estimation algorithms [27], [28], [29], [30], [31], [32],
[33], [34], [35], [36], [37], [38]. On the one hand, by carefully
selecting a reduced number of representative scenarios, such an
approach has the advantage of avoiding the simulation of large
populations of driving cycles, which might be computationally
prohibitive; on the other hand, it inevitably leads to excluding
any form of statistical uncertainty concerning the modalities by
which vehicles are operated on the road [39], [40], [41], [42]. As
a consequence, the energy performance and the power request
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estimated in simulation rarely coincide with the real one and, in
some extreme cases, may even exhibit unacceptably large devi-
ations. A second disadvantage, inherently related to the problem
just mentioned above, is that vehicle configurations optimized
concerning a single mission may perform relatively poorly when
operated in different conditions, which is typically the case in
real-world scenarios. Similarly, control algorithms developed
and tested using only a scarce number of representative missions
may not be robust enough to handle uncovered circumstances.

To obviate these limitations, an alternative description to the
conventional driving cycle representation, namely the operating
cycle, has been recently developed which instead considers
explicitly the statistical variation between individual missions
[43], [44], [45], [47], [48]. Indeed, the operating cycle utilizes
a collection of stochastic models to describe all the relevant
factors that may affect the energy performance of road vehicles,
including road characteristics [44], but also traffic and weather
conditions [45], and mission properties1 [46]. The main dis-
advantage connected with the operating cycle representation
resides in that, requiring a dynamic model for the longitudinal
vehicle motion and driver behavior, is more computationally
expensive compared to a driving cycle [50]. Moreover, evalu-
ating the statistical distribution of energy consumption implies
the necessity of simulating large populations of synthetic mis-
sions, which is also unfeasible when it comes to vehicle design
optimization [50], [51].

B. Research Questions

Owing to these premises, it is worth exploring the possibility
of predicting directly the energy performance of road vehicles
using analytical models in conjunction with the methods of
stochastic calculus, as an alternative to simulation. For example,
this might be achieved by combining the equations for the
longitudinal motion of road vehicles with stochastic processes
describing the salient properties of the operating environment,
like those collected in the operating cycle. Since, in the deter-
ministic setting, the governing equations of longitudinal vehi-
cle dynamics are ordinary differential equations (ODEs) [15],
[16], introducing a stochastic component would in turn provide
an alternative representation in terms of stochastic differential
equations (SDEs) of diffusion, where the evolution of the ve-
hicle’s speed is dictated by that of the stochastic models for
the environment, and the driver’s control action. Intimately
connected to the SDE representation of the longitudinal vehicle
dynamics, is the possibility of estimating the probability density
function (PDF) and cumulative density function (CDF) of the
corresponding physical variables — like, e.g, speed fluctuations,
road characteristics, and traveled distance — using a so-called
Fokker-Planck partial differential equati0n2 (PDE) [53], [54],
[55]. Similar approaches, involving combinations of SDEs and
related PDEs, are very frequently encountered in fields like
physics, chemistry, and econometrics [56], [57], [58], but not

Originally introduced in [43], [44], the operating cycle format has been
brought to full conceptual and mathematical maturity in [47], [48]. Recently,
extensions to other types of transport missions have also appeared [49].

2 Also known as Kolmogorov forward equation [52).
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uncommon even in some branches of mechanical engineering,
primarily including tribology and contact mechanics [59], [60],
[61], [62], [63], where the interest is essentially on the statistics
of a certain quantity, rather than its realizations. Regarding
instead the longitudinal dynamics of road vehicles, a timid
attempt in the same direction was initially made in [64], but,
to the best of the authors’ knowledge, the potential of a fully
stochastic, analytical approach has never been investigated in
detail in previous studies.

According to the above discussion, the principal research
questions motivating the present paper may be formulated as
follows:

e Can the methods of stochastic calculus be combined with
the governing equations of longitudinal vehicle dynamics,
leading to models formulated directly in terms of SDEs
and PDEs, and intrinsically able to capture variation in
performance and operating conditions?

e Starting with such SDE and PDE formalisms, is it possible
to build a statistical theory of how vehicles move and
consume, based on simple yet sound physical principles?

C. Paper’s Contributions and Limitations

The present work aims to close the identified research gap by
introducing a stochastic approach to longitudinal road vehicle
dynamics, combining SDE and PDE-based formalisms. The
structure of such equations is deduced from sound first-order
physical principles, departing from the commonly accepted
formulations found in standard references [15], [16]. Based on
these, an approximated, ergodic® theory of energy consump-
tion is also established, allowing straightforward estimation of
vehicular performance. Given the more involved nature of the
underlying equations, it should be emphasized that the rigorous
analytical treatment of the SDE and PDE formulations proposed
in the paper would inevitably necessitate some simplifications
compared to the conventional simulation approach.

At the same time, by leveraging directly the methods of
stochastic calculus, the original theory proposed in this work
has at least two important merits. First, being entirely grounded
on physical equations and principles, it permits explaining with
simple yet rigorous mathematical models how road vehicles
move and consume in a statistical sense. This is a major advan-
tage, especially considering that the models currently available
from the literature are purely empirical, with the drawback
of lacking a clear physical interpretation [65], [66]. Second,
the theory formulated in this paper provides an alternative
representation to driving and operating cycles, which does not
require simulating detailed vehicle models, and, under favorable
circumstances, may even allow for the derivation of closed-form
expressions describing the instantaneous power request and
energy consumption. In turn, these may conveniently be adopted
to support the processes of vehicle design optimization, virtual
testing, and certification, as well as the development of robust
control algorithms.

3Such a theory will be referred to as ergodic in what follows because it will be
essentially grounded on the assumption that the considered stochastic processes
satisfy the ergodic hypothesis.
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Summarizing, the two main contributions of the paper are:

® The development of a stochastic theory of longitudinal
road vehicle dynamics, which is entirely physically mo-
tivated and allows for the derivation of both numerical and
closed-form solutions,

® The establishment of an approximated statistical theory

of energy consumption of road vehicles, representing a
computationally inexpensive alternative to driving and op-
erating cycles.

On the other hand, two major limitations of the present work
are as follows:

® The effect of powertrain dynamics is disregarded,

e Complex traffic scenarios and driving behaviors are not

accounted for.

Itis however worth emphasizing that more sophisticated pow-
ertrain, traffic, and driver models may easily be accommodated
in future extensions of this manuscript, thus overcoming the
above limitations. On the other hand, uncertainty is explicitly
considered in this paper, since the adopted description of longi-
tudinal vehicle dynamics is stochastic in nature.

D. Paper’s Structure

The remainder of the maunscript is organized as follows. Sec-
tion II introduces the fundamental theory behind the stochastic
modeling of longitudinal road vehicle dynamics, along with the
SDE and Fokker-Planck-based formalisms. A specific exam-
ple, considering a proportional-derivative (PD) driver model, in
conjunction with an Ornstein-Uhlenbeck process to describe the
road topography, is adduced in Section III, where some closed-
form results are also derived. The ergodic theory of energy
consumption is then established in Section IV, based on the
preliminary results obtained in Section III. The theoretical pre-
dictions are validated against simulations conducted in VehProp
[50], [67], a higher-fidelity environment for studies concerned
with longitudinal vehicle dynamics and energy consumption.
Finally, the paper terminates with an extended discussion in
Section V, where the main conclusions are drawn and an outlook
for future research is given. Some additional analytical results
are more conveniently collected in Appendix A. A concluding
note: although this work aims to present the main results in a
rigorous, sound mathematical way, the focus is predominantly
on their physical interpretation, and often closed-form solu-
tions will be privileged over results of a more general nature.
This is also the main reason for which the proposed approach
is elucidated using relatively simple models: the adoption of
more sophisticated formulations to describe the vehicle, driver,
and environment would preclude the derivation of analytical
expressions that are instead indispensable to grasp the salient
features of the theory, with the risk of obscuring some important
arguments in favor of generality.

II. THEORETICAL DEVELOPMENT

The present section is dedicated to the development of a
general, stochastic theory of longitudinal road vehicle dynamics.
Two formalisms are presented in Sections II-B and II-C, re-
spectively: the SDE-based representation and its Fokker-Planck
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counterpart. Both approaches allow to estimate the statistical
properties of certain quantities in interest —comprising primarily
the vehicle’s speed and the road characteristics — which are
necessary to analyze energy performance indicators.

A. Preliminaries and Notation

In the this paper, the notation is as follows: the set of real
numbers is indicated with IR; the sets of positive real numbers
is denoted by R>( when including the zero and by R~ when
excluding it. The set of positive integer numbers is indicated
with IN, whereas Ny denotes the extended set of positive in-
tegers including zero, i.e., No = N U {0}. A continuous-time,
vector-valued stochastic process is denoted by { A (%) }refry, ]
fort € [to, tr|, being to < tg € R>q. Similarly, a discrete-time,
vector-valued stochastic process is indicated by { Ay }ren,- A
complete probability space is denoted by (2, F,P), where
Q) represents the sample space, F the o-algebra, and IP the
probablity measure; a filtered probability space, with filtration
generated by a stochastic process {A(t)}ie[s,,4, is indicated
with (Q,F,Fa,P), where Fa(t) = o({A(t')}vefto,) and
Fa = {Fa(t)}ic[to,1)- The probability and expectation oper-
ators are denoted as IP(-) and IE(+), respectively; variance and
covariance as Var(-) and Cov(-). For a generic random variable
(or process) A, the corresponding lowercase letter a denotes
its realization, i.e., the value of A(w) at the specific w € Q.
For a scalar process { A(t) }4c[1, ¢, the time-varying quantities
pa(t)and o4 (t), t € [to, tg, are the mean and variance of A(t),
respectively. For a generic function f(-), the limit lim;_, f(t),
when exists, is often abbreviated as f(co) for ease of notation.
Indicator functions are denoted by 1,c4 and assume a value
of one if a € A and zero otherwise. Finally, the symbol |-l
represents a norm (usually, the Euclidean norm) on a finite-
dimensional space.

B. Stochastic Longitudinal Vehicle Dynamics

In the foundation of a stochastic theory of energy consump-
tion, the first and most important step consists of deriving the
SDE system governing the longitudinal vehicle dynamics and
the evolution of the related road characteristics. To this end,
consider the equation of motion for the longitudinal dynamics
of a road vehicle [15], [16]:

mo(t) = Fy(v(t), 0(t), w(t), ¢(t), t)
+ Feu(v(t),€(1)), t € (to, tr), (1)

where the state v(t) € R is the vehicle’s velocity, t € [to, ]
is the independent time variable, m* denotes the augmented
mass of the vehicle, incorporating the inertial contributions
originating from the rotating components, the propulsive force
E.(v(t),0(t),w(t),{(t),t) € Rmaybe computed as the torque
reduced at the wheel level, under the assumption of no-slip
conditions, w(t) € IR represents a one-dimensional Gaussian
white noise’, and the term Fuy (v(t), ¢(¢)) € R includes all the

4More complex structures for the noise term might be chosen, at the cost of
rendering the mathematical anslysis much more involved.
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Fig. 1. Longitudinal equilibrium of a rigid truck driving uphill. The total exter-
nal force acting in the longitudinal direction, Fexy = Fgrade + Fron + Fair, con-
sists of the longitudinal component of the gravity force due to the road inclination
angle ¥, Fyrage = mgsind, the rolling resistance force Fron = — fymg cos ¥,

and the air resistance Fyiy = — % PairCa Asv?, also called aerodynamic resistance
or air drag. The total inertial force Fiperia = —m* ¥ (dashed line) accounts for
the contributions relating to the rotating components, under the assumption of
no slip-conditions.

external forces acting on the vehicle, depending on a certain set
of given quantities ¢(¢) € R™¢ to be properly defined. For in-
stance, as graphically illustrated in Fig. 1, a possible expression
for the external forces Fex (v(t), (¢)) might be

Fuxi(v(t),€(t)) = mgsind(t) — frmg cos I(t)

1
- §paierAf'U2(t)a (2)

or, considering small road inclination angles 9(t) €
[-7/2,7/2], that is, approximating sind(t) ~ ¥(¢) and
cos¥(t) ~ 1,

Fext (U(t)a C(t)) = mgﬁ(t) - frmg - %paircvdfélfv2 (t) (3)

In both (2) and (3), m denotes the actual mass of the vehicle,
fr 1s the rolling resistance coefficient, which may be supposed
constant for simplicity, p,; denotes the air density, Cy the
drag coefficient and Ay the vehicle’s frontal area. Equations
(2) and (3) constitute two prototypical examples of common
expressions found in the literature dedicated to longitudinal
vehicle dynamics [15], [16]; more refined formulations, con-
sidering, e.g., secondary effects connected to curvature and
high lateral accelerations, which are deliberately ignored in the
present paper, may instead be found in [68], [69] (for futher
details involving this example and a specification of {(¢), see
Section III).

In any case, by opportunely prescribing the analytical ex-
pressions for F(v(t), 0(t), w(t), (t),t) and Fey(v(t),{(2)),
and possibly after performing a change of variables, it may be
postulated that (1) admits a state-space representation in the form

o(t) = f(v(t), w(t),{(t),1), te (to,tr), (@

where f(v(t),w(t),{(t),t) is a function of the state, the one-
dimensional white noise, the time, and eventually the variables
¢(t). The latter may include, for example, parameters related to
road properties, or to control actions required by the driver, even
though their specification is not essential at this stage. Instead,
the key assumption made in the following is that, conditional to
a given road segment, the physical variables considered in (4)
only produce small fluctuations of the velocity ©(t) £ v(t) — v*
around the stationary value v*. On ahomogeneous road segment,
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such value is assumed to coincide with a desired speed chosen
by the driver depending on certain road or traffic parameters
like, e.g., legal speed, road curvature, or traffic density. This
modeling approach is consistent with the hypothesis that the
driver’s behavior may be separated into a tactical and operational
part: the former interprets the stimuli relating to quantities that
do not appear explicitly in (1), and is responsible for setting
a reference speed; the latter, on the other hand, models the
driver’s reaction to the external perturbations that explicitly show
in the equations of motion [43]. From a purely mathematical
perspective, it should be clarified that the introduction of a
stationary speed v* is not essential for the derivation of the
governing SDEs of longitudinal vehicle dynamics; however, it
enormously simplifies the treatment, being also propaedeutic
for the development of the approximated theory of energy con-
sumption presented in Section IV.

Owing to these premises, on each road segment, (4) may be
linearized according to

o(t) = F(0(), w(t),¢(1),t | v*) £ f(v*,w(t), C(t), 1)

+8f(v(t),w((;)},§’(t),t|v*) 5(0),

t e (lf()7 tp),
(5)

where the new notation has been introduced to distinguish
between the actual variables and the constant velocity v*, in-
terpreted henceforth as a conditional parameter.

By performing the change of variable ds = v(t)dt ~ v*dt,
with some abuse of notation, (5) may be then converted into

dZS) = f((s),w(s),¢(s), s | v*),

The representation adopted in (6) is more convenient than that
in (5), since some of the quantities collected in the vector ¢ are
usually modeled explicitly as functions of the traveled distance s
rather than the time ¢, i.e., { = ¢(s) (torealize this, it may suffice
to think of road characteristics like topography and sequences
of speed limits, which occupy fixed positions along the road).

At this point, it may be postulated that the set of variables
¢(s) admits a decomposition of the type {(s) = (¢*, z(s)) €
R™* x R™Z, where ¢* € R™¢* consists of those parameters
which may be regarded as conditionally constant over the given
road segment, whereas z(s) € R™# models the quantities that
vary over traveled distance. More specifically, inspired by the
formulations proposed in [43], [47], [48], it is supposed in the
present paper that these behave stochastically. Therefore, z(s)
is interpreted as a realization of the stochastic process Z(s) €
R™Z, which satisfies a system of SDEs of diffusion:

CES (S(), SF). (6)

dZ(s) = a(Z(s),s | ¢*)ds+ o (Z(s),s | ¢*)dBz(s),
s € (so,88), (7)

where Bz(s) € R"Bz denotes a multi-dimensional Brown-
ian motion (also known as Wiener process), and the coef-
ficients a(Z(s),s | ¢*) € R"%, 0(Z(s),s| ¢*) € R"#*"Bz
may generally be time-varying and stochastic (it follows from
(7) that the process {Z(s)}sesy,s; i adapted to the natural
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filtration (2, F,Fp,,P) generated by the Brownian motion
{Bz(s)}selso,sr)-

Since the dynamics of the parameters Z(s) are governed by
a possibly vector-valued SDE, and assuming reasonably that
F((s),w(s),¢(s),s | v*) be linear in w(t), the equation of
motion (1) also becomes stochastic, according to

dV(s) = g(f/(s), Z(s),s ‘ vﬂC*)ds

+h V(S),Z(s),s ‘ U*,C*)dB‘”/(S), S€ (80, SF),
(8)

where, again with a slight abuse of notation, the variables ¢*
are treated as conditional parameters, and d By, (s) 2 v*w(s)ds,
being By, (s) another Brownian motion which is supposed to be
independent of Bx (s).

Equations (7) and (8) may be finally combined together
yielding a system of SDEs of diffusion describing the stochas-
tic evolution of the speed fluctuation V(s) depending on that
of the physical variables Z(s). More specifically, by intro-
dllCiIlg R"x L Rn'Z+1, R"Bx L ]:R7LBZ+1, R™e* L Rn<*+1
for convenience of notation, and defining accordingly the
vectors R"* 5 X (s) 2 [Z(s)T V(s)]T, R"Bx 5 Bx(s) 2
[Bz(s)" By(s)]T, Rve" 3€* 2 (¢*,0%), and R™ 3~
(X(s),5 &%) = [a(Z(s),s | ¢*) §(X(s),5 | £€)]", and the
matrix R"**"Bx 5 w(X(s),s | &) as

a o'(Z(s),s | C*) i 0
0 h(X(s),s ‘ 6*) ’
()

the SDE system described by (7) and (8) may be restated more
compactly in the form

dX(s) = 'y(X(s),s | 5*)ds—|—w(X(s),s ’ S*)dBX(S),
(10)

w(X(s), s | E*)

s € (80, SF),

which is a vector-valued SDE coupling the speed perturbation
dynamics to those of the road and mission parameters. The SDE
system above might generally be nonlinear but, under opportune
assumptions on the drift and diffusion terms v(X (s), s | £*),
and w(X(s),s | £*), respectively, as well as on the initial
conditions (ICs), existence and uniqueness would follow from
standard arguments [70], [71].

C. Fokker-Planck Equation

Equation (10) allows reinterpreting the stochastic longitudinal
problem according to the equivalent Fokker-Planck formulation
[55], which specifically yields the following PDE:

Ip(x,s | &) X9 . .
nx )
z,j_lax?axj [DXf,Xj(‘B»S | € )p(z, s | E*)}

(z,s) € R™ x (80, Sp),

an
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where the coefficients Dx, x,(z,s | £*), i, j € {1,...,nx},
denote the entries of the diffusion tensor, given by R"x*"x >
D(z,s | &) £ tw(z, s | €)wT(z,s | €). In (11), the un-
known quantity p(a, s | £*) represents the multivariate PDF for
the vector-valued random variables appearing in (10), conditonal
to a given set of parameters £*. If these are, in turn, interpreted
as random variables =*, then’

p(CC,S | 5*) £ fX(s)\E* (.’1},8 | 5*)
P(X(s) == | B =¢).

(12)

In particular, by enforcing a general initial condition (IC) of
the type

p(x,s0 | €) = 0(x — xg),

with J(-) indicating the Dirac distribution, any solution to
the Fokker-Planck (11) would yield the transition probability
p(x, s | o, so, &) for s € (sg, sr) [55], [72], i.e., formally

13)

p(w7 S | Lo, 3075*) = fX(s)|X(so),E* (w7 S ‘ Lo, 8076*)

= P(X(s) =z | X(s0) = m,E*=¢").
(14)

D. Stochastic Power, Energy, and Energy Consumption

The knowledge of the stochastic road characteristics, together
with that of the speed perturbations, is crucial in determining the
statistical properties of performance indicators like propulsive
power and energy consumption.

For a deterministic system, neglecting the term relating to the
(usually small) additive white noise, the power delivered to the
wheels, conditional to a given road segment, may be computed
accordingly as

Py(s | &) max{(),FaC (v(s),@(s),(’(s),s)}v(s)

max{OJ:"x (z(s),s | 5*)}11(8)

maux{(),Ec (w(s),s | 5*)}@*7 s € (so, SF),
s5)

where evidently
Fo(=(s),5 | €)
2 F, (uo(s), 0(s), ¢(s), 9)

o)

(16)

v(s)=v*+8(s),0(s)=F (3(5).C(5).5

Thus, by treating the velocity fluctuations V(s) and the phys-
ical quantities Z(s) as stochastic variables, the corresponding
random power is formally given by

Po(s) mmax{0, o (s) o', s € (so,s), (1)

STt should be observed that the first expression on the right-hand side of
(12) considers, in fact, the case of continuous density, whereas the second one
replaces the density with the probability in the discrete case. This consideration
also applies to (14).
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where now {F7(8) } se[sy,sr] and {Pa(5)}sefso,sp] are regarded
as stochastic processes. Over each road segment, the stochas-
tic energy required to travel a total distance As = sg — 59 =
v*(tg — tp) may hence be calculated as

. 1[5 .

Eq(sp) ~ Uj/ Pu(s)ds, (18)
50

and the energy consumption, that is, the energy consumed per

unit of distance, reads accordingly

! ! / Py(s)ds.  (19)

e R S =

Using the above formulae (17), (18), and (19), the statistical
moments of the propulsive power, energy, and energy consump-
tion may be calculated either analytically (when possible), or
numerically. The computation would be naturally limited to
the considered road segment, characterized by a specific set of
parameters £*. However, if on each road segment the stochastic
processes in (10), (17), (18), and (19) are, in a certain sense,
ergodic and stationary, then their statistical properties might be
determined using the standard formulae for the total probabil-
ity, expectation, and variance. Opportunely supplemented with
the ergodic hypothesis, this argument is foundational for the
establishment of an approximated stochastic theory of energy
consumption, which task is carried out in Section IV leading
to the derivation of certain mixture models for the quantities
in interest. In this context, it is also worth mentioning that the
quantity éq(sg) in (19) is proportional to the time average of the
stochastic power Py(s).

III. AN EXAMPLE WITH A PROPORTIONAL-DERIVATIVE
DRIVER CONTROLLER AND AN ORNSTEIN-UHLENBECK
TOPOGRAPHY MODEL

The present section elucidates the theory outlined above by
adducing an example with a proportional-derivative (PD) driver
controller, in conjunction with an Ornstein-Uhlenbeck process to
describe the road grade. Indeed, apart from allowing explicit an-
alytical solutions, this modeling approach is quite common and
has been adopted in previous studies dealing with longitudinal
vehicle dynamics [47], [48]. In what follows, the investigation
is also restricted to homogeneous road sections, on which the
parameters £* may be fairly supposed to be constant. Therefore,
to alleviate the notation, the explicit dependency upon the set
of parameters £&* is omitted, since all the quantities will be
conditional to a certain given realization.

The main assumptions and hypotheses behind the subsequent
analysis are stated in the next Section III-A. Moreover, whilst
Section III-B focuses exclusively on the SDE and Fokker-
Planck-based representations, results concerning the statistical
distributions of the energy performance indicators are reported
in Section III-C.

A. Model Assumptions

In order to derive the stochastic equation for the longitudinal
vehicle dynamics, the term F,(v(s), 0(s), w(s), {(s), s) is first
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modeled by assuming that the driver behaves as a PD controller®
with additive white noise. Expressing all the involved quantities
in the time domain for convenience gives

Fo(v(t),0(t), w(t),¢(t), t) = kp(v* —v(t))

- k‘DfJ(t) + k:Nw(t). (20)

It is worth emphasizing that, albeit being overall quite
realistic, the choice of modeling the propulsive force
F.(v(s),0(s),w(s),{(s), s) using a PD controller is essentially
justified by its simplicity; a generalized model considering
a proportional-integral-derivative (PID) controller is however
presented in Appendix A. Whilst other driver models be more
adequate under certain circumstances [74], [75], [76], [77], [ 78],
the PD (or PID) formulation is preferred in this paper since it
permits deriving simple closed-form solutions, and can easily
emulate the operational part of the driver model implemented
in VehProp7, which is used later for validation. Moreover, PD
and PID driver controllers are frequently encountered in works
concerned with vehicle dynamics [79], [80], [81], [82], [83],
and have also been employed in previous studies dealing with
operating and driving cycles, showing a good agreement with
experimental data and simulations performed in VECTO [44],
[64]. Defining

kP + paierA’U*

>

Y= v*(m*——f—kD)’ (21a)
2 m 21b)
A 2 m%k]), )
n & mk—jkD (21d)

adopting the simplified expression for the external forces as in
(3), recalling that the white noise is formally the (distributional)
derivative of the Brownian motion and that, by assumption,
v(t) = v* + 0(t), the longitudinal equation of motion may be
derived to be of the same form of (6), with

F(0(s),w(s), ¢(s),850*) & —~(s) + 1gxy(s) — fing

1 _
- §paierAf'U* + 7711}(5) (22)

In the above (22), y(s) = 6(s)/x denotes the road grade
(expressed in percentage), x = 1/100 is a conversion con-
stant, and the road parameters may be defined as (* £

(77 m, ’I’h, 9, fr7 Pair, Cda Aﬁ kPa kD)

This formulation is also appropriate to model cruise controllers for partly
automated vehicles [73]. In the same context, it is perhaps worth mentioning
that PID controllers qualify amongst the simplest ones, whereas nonlinear driver
control models may also be adopted, such as those discussed in [38].

"In VehProp, the driver model is separated into a tactical and an operational
module. The latter is responsible for controlling the acceleration and brake pedal
positions, based on the input from the tactical part. See [50], [67] for further
details.
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a transport mission taking place in the region of Vistra Gotaland, Sweden
[47], [48], and the analytical pdf of the stationary Ornstein-Uhlenbeck process

described by (23) (Y (o0) ~ N 0,% %a

non-stationary models for the road topography parameter have been presented
in [84], [85].

). More refined, non-Gaussian and

Concerning the stochastic modeling of the road characteris-
tics, only the topography parameter is considered in the fol-
lowingg. In particular, in the discrete setting, the road grade has
traditionally been described using either Gaussian or generalized
Laplace models [84], [85]. The most common Gaussian model
encountered in the literature dealing with longitudinal vehicle
dynamics, a first-order, stationary, and ergodic autoregressive
(abbreviated AR(1)) process [47], [48], is adopted in this paper
for convenience. In fact, apart from its mathematical simplicity,
this choice is also motivated by the fact that the nice Gaussian
and ergodic properties of the AR(1) model will be automati-
cally transferred to the resulting SDE system (10), owing to
the additional assumptions on the driver’s behavior®. In the
continuous setting, the AR(1) formulation is equivalent to an
Ornstein-Uhlenbeck process [86], according to

dY (s) = —aY (s)ds + BdBy (s), s € (so,8r), (23)

with o, 8 € R~ ¢. Exactly as its discrete counterpart, and under
opportune assumptions, an Ornstein-Uhlenbeck process is a sta-
tionary Gaussian process with continuous paths {Y () } se[sg, 4]
and enjoying ergodic properties, as briefly discussed also in
the next Section III-B1 and III-B2, respectively. Over relatively
short road segments, it captures satisfactorily the behavior of
the topography parameter, as also corroborated by empirical
evidence in [84], [85] (where the equivalent AR(1) formalism
was adopted). In the same context, Fig. 2 shows a compari-
son between the normal distribution of the Ornstein-Uhlenbeck
process obeying (23) and that of the road grade estimated for a

8 Actually, even the most advanced driving cycles only include the road
grade concerning the road parameters, whereas other quantities are explicitly
considered in the alternative operating cycle representation [47], [48].

9Tt is perhaps worth specifying that the same properties will also be preserved
when considering a PID driver model, as done later in Appendix A.
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Fig.3. Ten different sample paths of the Ornstein-Uhlenbeck process describ-
ing the road topography parameter according to the SDE (23). All the paths
have been generated considering zero initial conditions Yy = Y (sg) = 0, and
over a total distance of As = sp — sg = 25 km. The values for the parameters
a=9.16-10"° m ! and 8 = 0.021 m~'/2 are typical of highway sections
in the region of Vistra Gotaland, Sweden.

single road transport mission taking place in the region of Vistra
Gotaland, Sweden [47], [48].

The relationships between the parameters of the Ornstein-
Uhlenbeck processes and those of model presented in [84], [85]
may be deduced by observing that an AR(1) process is indeed
a discretization of (23) for every possible choice of sampling
length. For completeness, Fig. 3 illustrates ten different sample
paths (that is, road grade profiles) obtained by simulating the
Ornstein-Uhlenbeck process according to (23).

B. Stochastic Longitudinal Vehicle Dynamics and
Fokker-Planck Equation

As already mentioned, the true core of the stochastic theory
developed in the paper is represented by the SDE system (10)
governing the longitudinal dynamics of road vehicles, and its
equivalent Fokker-Planck formalism (11). The present section
delivers closed-form results derived from the assumption that the
road grade and driver model behave as an Ornstein-Uhlenbeck
process and a PD controller, respectively.

1) SDE system for longitudinal vehicle dynamics: Following
the general theory presented in Section II-B, the continuous-time
interpretation of the road grade Y (s) in (23) implies that the orig-
inal ODE for the longitudinal vehicle dynamics also becomes
a SDE. Consequently, the two equations may be combined as
follows:

—aY(s)ds + SdBy (s), (24a)

- 1 _
= (—’yV(S) +mgxY(s) — fimg — 2paierAf'U*> ds

+ T}dB‘“/(S), S € (80, SF). (24b)

In vector notation, the SDE system described by (24) may be
reformulated as
dX(s)

=T(0 — X(s))ds + wdBx(s), s€ (so,sF),

(25)
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with

. - 0

T = VwYYy Yyvv| a Na 7 (26a)
Yoy v —mgx
9 1| 0

o= | l2-=| 1 . (26b)
_9‘7 v | fimg + §paierAfU

w= [V “rvla P O (26¢)
Wiy Wiw 0 7

The SDEs above, describing a vector-valued Ornstein-
Uhlenbeck process, have clearly the same structure of the more
general (10), and admit a unique strong solution, with continu-
ous paths and adapted to the filtration (£, F,F g, ,P), for all
ICs X = X (so) independent of the o-algebra generated by
{Bx(5)}se[sy,sr]» and satisfying additionally (|| X o[|?) < oo
(see, e.g., Theorem 6.30 in [70] or Theorem 5.2.1 in [71]). In
fact, since the SDE system (25) is linear, its strong solution may
be recovered in closed form as follows:

X(5) = e T X 4 (T— o070

+/ e’r(s*s/)deX (5/)3 s € [SOVSF]’ 27

50

with the matrix exponential reading specifically
e s 0

mgX (e—as _ e—'ys)

e’

(28)

[§]

The continuity of the paths of { X () } se[s,,s,) May be inferred
directly from the representation formula (27). The peculiar
expression for the matrix exponential e~ 1'* as in the above (28)
is a consequence of the fact that, as already anticipated, the
dynamics of the road grade Y (s) are independent of those of
the speed fluctuations ‘7(5), due to the cascaded structure of the
SDE system (25).

As for its one-dimensional counterpart, the Ornstein-
Uhlenbeck process (25) is Gaussian, and therefore completely
characterized by its mean (s | @o, so) and covariance matrix
3 (s — sp), conditional to X (sg) = xo. In particular, from the
analytical solution (27) and invoking It6’s Lemma, the following
expressions may be deduced, respectively,

w(s | o, s0) = E(X(s) | X(s0) = xo)
— o Tls=s0) g 4 (I _ e—”S—SO))e, (292)
3(s) = Cov(X(s), X(s))

_ / o T o Te T dy (29b)
0

being the latter quantity clearly independent of the IC X (s¢) =
o [55], [72], [87]. Whilst the analytical expression for the mean

uls | @o,50) = [y (s | @0, 0) piy (s | @0, s0)]T may be casily
obtained by combining the expressions in (26) and (28), the

1827

entries of the time-dependent covariance matrix X(s), given by

Lyy(s) Zypl(s)
3(s) = ) (30)
) Lpy(s) Lpp(s
read according to (31):
2
Syv(s) = o (1-e), (31a)

mgX62 1— ef(a+'y)s 1 — e 20
Byy(s) =Byy(s) = [ - :

oa— a4y 2a
(31b)
2 ~ 2
n —2vs mgxp
Spp(s) = 5(1 —e >+(M)
1 — e 20as 1—e 278 1— e—((¥+7)3
X + -2 .
2a 2y a—+y

(3lc)

It is essential to emphasize that, for the sake of notation, the
expressions in (29b) and (31) refer to the matrix 3(s) (which
coincides with the covariance matrix conditioned to X (0) =
x(), whereas the covariance matrix of the Ornstein-Uhlenbeck
process, shifted sg, reads more generally 3(s — sp).

Two important conclusions may be drawn. First, inspec-
tion of (29a) promptly reveals that the conditional expectation
u(s | xo,so) solely depends on the deterministic component
of the solution (27). Intuitively, this might be explained by
recalling that the Ornstein-Uhlenbeck process (25) is Gaussian
in nature, and observing that statistical variation around the
mean is symmetrically distributed. Such a mathematical feature
is a prerogative of the process, and similar arguments do not
apply, in general, to the other physical quantities considered in
the paper. The second consideration regards the existence of a
stationary distribution for the Ornstein-Uhlenbeck process (25),
which coincides with the limiting one obtained for sg, s — o0,
and is implied by the fact that the matrix I" possesses eigenvalues
A1 = a and Ao = y with a positive real part. The latter concept
is also intimately related to the notion of ergodicity, which plays
a crucial role in some considerations later drawn in Section I'V.
In particular, the concept of mean-ergodic processes is essential:
a stochastic process whose ensemble average equals, in the
limiting behavior, its time average. Analogous results may be
derived by resorting to the alternative Fokker-Planck formalism,
as detailed in the next Section III-B2.

2) Fokker-Planck Equation: The Fokker-Planck equation for
the two-dimensional Ornstein-Uhlenbeck process (24) may be
deduced starting directly with the general formulain (11), yield-
ing the PDE of diffusion (32), shown at the bottom of the next
page. As already anticipated in Section III-B1, the solution to
the above PDE (32), equipped with a similar IC as in (13), is
given by a bivariate normal PDF [55], [87], reading specifically
as in (33), shown at the bottom of the next page, where the
conditional mean (s | o, so) and the covariance matrix 3(s)
are as in (29). According to the above (33), X (s), conditional
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to X (sg) = @, follows a bivariate normal distribution, i.e.,

X (s) | X(s0) = o NN(;L(S | 0, 50), (s — so)), (34)

which is a property notoriously associated with diffusion-type
PDEs. A complete derivation of (33), omitted in this paper for the
sake of brevity, is detailed [55], [87]. In the context of the present
work, it is instead interesting to observe that, coherently to what
discussed already in the previous Section III-B, in the limits
Sg, s — 00, the PDF (33) reduces to the stationary distribution

1 1 T~-1
p(x) \/W exp< 5 (a: 9) Q (a: 0)>, 35)
where 8 = E(X (00)), and Q = Cov(X (c0), X (00)) satisfies
the Lyapunov equation 8 + Q87 = ww™ [55]. Hence, in
the limit case, (34) may be rewritten more conveniently as
X (00) ~ N(0,2), being the distribution independent of both
the traveled distance and the IC. Clearly, the matrix €2 may be
deduced directly from the limiting expression 3(oo) for the
time-dependent covariance matrix X(s), which corresponds to

g [y &y
Qpy  Qpy

_ oy (00) pyvoy()op()| 50
Py 0y (00)ay(c0) o2 (00) ’

where 02 (00) and 0‘27(00) denote the stationary variances of
the two processes, and py- i their correlation coefficient. In
particular, the following analytical expressions may be inferred
for the entries of the matrix €2 in (36):

2 P
oy (0) = 20 (37a)
o _ (mgxB)?
oy (00) = Tt + 2’ (37b)
R V(e +7)
Prv = 2mgxaﬂ\/mgxﬁ +my(a+7) G7¢)

Concluding the discussion about the Fokker-Planck formal-
ism, it is perhaps beneficial to comment more extensively on the
stationary, asymptotic, and ergodic behaviors of the Ornstein-
Uhlenbeck process (25). First, as already mentioned, the limiting
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PDF, given by (35), coincides with the stationary distribution.
Essentially, this means that, for any IC of the type (13), the
distribution of the process will approach the stationary one in
the limits sg, s — oo, losing therefore its memory about the
original IC. Moreover, the PDF of an Ornstein-Uhlenbeck pro-
cess starting with an initial distribution given according to (35)
will not depend on time. Expanding upon the discussion initiated
in Section III-B, it is worth remarking that the stationarity of the
Ornstein-Uhlenbeck process (25) is a strict consequence of the
fact the matrix I" appearing in (25) has positive real eigenvalues,
already calculated as Ay = avand Ao = 7.

Finally, Fig. 4 illustrates the stationary distribution of the
Ornstein-Uhlenbeck process (25) generated numerically, along
with the marginals and their analytical PDFs deduced from (35).

C. Propulsive Force, Power and Energy Consumption

The statistical properties of the main performance indica-
tors needed for optimal vehicle design and control may be

op(x,s) 0 o I U
e T 7n [(fyv —mgxy + fimg + 2paerdAf’U >p(a:, s)]
9 0 Pplx,s) | B Pp(x,s) 5
+aa—y lyp(x,s)] + R T oy ,(x,8) € R X (80, k). (32)
(@.5 | 20,50) e (g (s Lo B (5= 50 ) o = s o) )
,S ,80) = ————cexp | — = (& — (s , S s—s — (s , S ,
p 05 S0 |27TZ(3—30)| p 5 M 0,50 0 12 0550
(z,s) € R? x [s0, SE], (33)
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inferred from the SDEs governing the longitudinal vehicle dy-
namics. More concretely, the knowledge of the distribution of
the propulsive power delivered to the wheels, and the mean
energy consumption constitute vital information when it comes
to applying both offline and online optimization routines. The
first quantity, in particular, requires the determination of the
stochastic propulsive force. To this end, starting with (16) and
(20), and neglecting the terms relating to the added white noise
for simplicity, the following relationship may be deduced to
approximately hold:

F.(X(s),s) ~ A X(s) + by, (38)

where Ay 2 Ay, + Ay, and
Ay, = — kp {o 1} 7 (39a)
Ay, = —v"kp [ﬁlgx fﬂ : (39b)

1 _
by = — v kpyby = v*kp (frﬁ”bg + 2paierAf'U*)- (39¢)

Together, (33) and (38) imply that the stochastic force follows
a univariate normal distribution on [sg, s¢]. With simplified
notation compared to (38),

Fou(s) | X (s0) = o ~ N(upz(s | o, 50), 0% (s — So)),

(40)
with mean and variance reading specifically
i (5 | 20 50) = B(Fuls) | X (s0) = o)
= Aup(s | xo, s0) + i, (41a)
0%, (s) = Var(ﬁx(é’)) =ALZ(s)AL.  (41b)

In the limit s — oo, the above mean and variance converge to
the stationary values 11z (00 | @o, $0) = 0 = E(F,(o0)) =
A}8 + by, and 0% (c0) = Q= Var(Fy(c0)) = AxQA],

therefore implying £, (c0) ~ N (0 75 )-
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Accordingly, starting with (17), it might be inferred that the
power Py(s), conditional to the IC, follows a censored normal
distribution. In particular, its CDF may be written as

Py (oo (Pass | 0,50) = P(Pa(s) < Py | X (s0) = @)

Py —v*pg (s | xo,s0)
=0 2 1
( v o (s — 50) FacR>0

(42)

on [sg, sg]. The conditional expectation and variance may hence
be deduced to be according to formulae (43), shown at the
bottom of the page, where ¢(-) and ®(-) denote the PDF
and CDF of the standard normal distribution, respectively.
Again, the mean and variance in the above (43) approach
asymptotically the limiting values p Pd(oo | 2o, s0) = 0p, =
E(Py(o0)) and 0125d(oo | Zo,50) = Qp, = Var(Py(c0)), whose
analytical expressions are independent of the prescribed IC
and may be easily deduced by combining (43) with (26) and
(36).

It is also worth stressing that, as opposed to the expecta-
tion of the Ornstein-Uhlenbeck process, which was completely
characterized by the deterministic part of (27), even the com-
putation of the mean propulsive power, according to (43a),
shown at the bottom of this page, presumes the knowledge
of the covariance matrix ¥(s). An immediate implication is
that the stochastic component of the SDE system (25) may
play a crucial role in determining the energy performance of
road vehicles. This is different from what was observed for the
other quantities, whose mean only depended on the determin-
istic part of the SDEs (25). Mathematically, this phenomenon
is dictated by the fact that the propulsive power delivered to
the wheels behaves in a non-Gaussian way due to the trun-
cation performed in (17) (energy harvesting is disregarded).
However, the Gaussian behavior is approximately recovered
for very large values of the expectation of the propulsive force
(relatively to its standard deviation). The limiting CDF of the
propulsive power, determined numerically from simulations, is
depicted in Fig. 5, where a comparison is also shown with the
analytical expression derived according to (42). Note that, in

g, (s | To,s0) = E(Pd(s) ’ X(s0) = a:o) =v"up (s wO,SO)CI)<'uF’(S|W> +vop (s— So)@(lww>7

cr%d(s | ©g,s0) = War(pd(s) ’ X(s9) = a:o) = U*QM%(S | mo,so)@<

+ v*QuFm(s | o, 50)0 7, (5 — 30)<p<

P (S| To, S
+’U*20'% (S _ 30) [(I; (MFT(OO)>

oz (8= s0)

OF, (8 - SO) O, (S — SQ)

(43a)

Nﬁz(s | o, S0) Mﬁm(s | o, 50)

—= " ||1-f =— "<

pr(s—so) O'EE(S—S())
Hi, (s | o, s0) 1_92¢ PJFI(S | o, S0)
Uﬁm(S—SO) apr(s—so)
—@2 M , (43b)
O'FI(S — 50)



1830
1 p——
=]
7|
77
0.8 7
g uy
2 ~
el
Zo6r |/
A
k= -
=04 /
g
)
0.2
[ Simulated
Model
0
0 200 400 600 800 1000 1200
Propulsive power Py (kW)
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a traveled distance of s = 250 km. According to (42), the propulsive power
follows a censored normal distribution, with mean and variance given as in (43).
Model parameters as in Fig. 4, with v* = 80 kmh~1, kp = 3583 N's m~1, and
kp =0NsZm™ 1.

Fig. 5, the realizations of the propulsive power are denoted by
Py.

Finally, the total energy required to travel a distance equal to
As = sg — Sp, and the corresponding energy consumption, may
be calculated with the aid of (18) and (19), and their moments
determined numerically. In particular, concerning the energy
consumption, it is also worth observing that, since the noise term
has been neglected in (38), the continuity of the paths of the
Ornstein-Uhlenbeck process { X ()} sels,,s,] implies that also
{Fx(s)}se[swk_] and {Pd(s)}se[SO’sF] have continuous paths.
Concerning the calculation of the mean value pg,(sr | o, So)
of the energy consumption é4(sg) over the traveled distance sg
per distance unit, an application of Fubini’s theorem (see, e.g.,
Theorems 2.39 and 8.40 in [70] or Theorem 2.39 in [88]) yields
consequently

pies (s | @0, 50) = E(Ea(sg) | X (s0) = a0)

1 ®
~—— Pi(s)ds | X(sg) ==
o B Rs | X (o) =
1 SF -
= E( P X =
v*(sp — Sp) /80 ( a(s) ‘ (s0) mo)ds
1 SF
- = ; d 44
v*(sp — Sp) /so (s | @0, s0)ds, )

whose integrand is known analytically from (43a) (note that
the integral in (44) still needs to be evaluated numerically). The
above formula (44) for the mean energy consumption is valid for
any values of the traveled distance sg, and presumably dependent
on it. However, for very large values of sp, and in particular in the
limit sg — o0, the following pragmatic approximation appears
reasonable:

pe, (S8 | o, 50) = Oz, = pe, (00 | X0, S0)

_ kp,(00 [ ®o,50) O 45)

v* v*
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model prediction (3000 sample paths), and 300 simulations in VehProp, for a
total traveled distance of As = s — s¢9 = 50 km. The expectations appearing
are the exact one (dashed yellow line), computed numerically and amounting to
6.42 - 10% kJkm~!, and the corresponding approximation obtained using (45)
(gray line), amounting to 5.95 - 103 kJ km™?! (relative error of 7.32%). Model
parameters as in Figs. 4 and 5.

which is also legitimated by the ergodic and stationary behavior
of the Ornstein-Uhlenbeck process (25) (it is worth recalling, in
this context, that the energy consumption in (44) is proportional
to the time average of the stochastic power). The analytical
expression deduced according to (45) is, of course, exact (for any
value of sp) for any IC of the type (35), for which the Ornstein-
Uhlenbeck (25) process is strictly stationary. This observation
is propaedeutic to the building of the ergodic theory of energy
consumption undertaken in the next Section IV.

At conclusion of this one, instead, Fig. 6 compares the PDF
of the energy consumption'® generated numerically with some
results obtained in VehProp, a higher-fidelity simulation model
for investigations concerned with longitudinal vehicle dynamics
[50], [67]. More specifically, VehProp allows the modeling of the
operating environment using discrete-time stochastic processes,
as opposed to the continuous formulations proposed in this
paper. Combined with more sophisticated equations for the
longitudinal motion of road vehicles, including also nonlinear
effects neglected in (24b), this enables the accurate estimation of
vehicular performance like, for instance, energy consumption.
In particular, the topography parameter was generated in Veh-
Prop using the equivalent AR(1) representation of the Ornstein-
Uhlenbeck process (23) [50], [67]. The agreement between
model prediction and simulations in VehProp is encouraging.
In Fig. 6, the comparison between the expectations calculated
according to (44) and (45) is also shown, which appears to
confirm the validity of the approximation (45). The mean value
of the data generated with VehProp is not reported in Fig. 6, since

10 A5 for the propulsive power, the realizations of the energy consumption are
denoted by ey, i.e., using the corresponding letter without the tilde.
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Fig. 7. Torque request map as a function of the acceleration pedal position
and engine’s speed.

it was indistinguishable from the exact one computed according
to (44).

IV. AN ERGODIC THEORY OF ENERGY CONSUMPTION

Except for some mathematical simplifications introduced to
facilitate the calculations, the theory exemplified in Section III,
restricted to homogeneous road sections, may be fairly consid-
ered to be exact. The present analysis is instead devoted to the
development of an approximated statistical theory to predict the
energy consumption of road vehicles. Continuing the discussion
commenced in the introductory part of the manuscript, such a
theory should be regarded as an ergodic one, meaning that it pre-
sumes that the stochastic processes governing the longitudinal
vehicle dynamics are ergodic, and admit stationary distributions
on each homogeneous segment with conditional parameters &
The ergodicity over the long and thus non-homogeneous seg-
ments is achieved through assumptions that there is some overall
statistical distribution of the parameters that accounts for non-
homogeneity and that homogeneous and stationary segments
are sampled independently from this distribution. This setting
is in line with the assumption that energy consumption results
from many independent journeys undertaken by a vehicle within
the homogeneous conditions. The theory outlined outlined in
the following is approximated, in the sense that it deliberately
disregards transient dynamics connected with the transitions
between different road segments.

The next Section IV-A presents the main ideas and formalisms
on which the treatment is grounded, whereas Section (IV-B) is
devoted to the numerical corroboration of the proposed theory,
whose predictions are again validated against simulation results
obtained in VehProp. In particular, an example is adduced where
the stochastic road models and vehicle’s parameters are sup-
posed to depend on the legal speed.

A. Conditional Distributions and Moments on Homogeneous
Road Sections

The intent of the present section is that of deducing the salient
statistical properties of the main physical quantities in interest,
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concerning entire road missions or transport applications. To
this end, the considered vehicle is supposed to travel extremely
long distances (i.e., the limits s, sp — co are considered), so
that the PDF, CDF, and moments of the speed fluctuations,
propulsive power, and energy consumption may be inferred from
the limiting, or stationary ones already computed in Section III,
by applying the total laws for probability, expectation, and vari-
ance. Concretely, this mathematical assumption translates into
the hypothesis that the actual sequence of homogeneous road
segments traveled by the vehicle does not influence its energy
performance. This is approximately satisfied if, as conveniently
supposed, infinitely long transport missions are considered. In
this case, all the relevant physical quantities become indepen-
dent of the traveled distance, and the laws of total probability,
expectation, and variance yield a weighted summation, where
the weighting coefficients (or probabilities) represent the station-
ary distribution of each homogeneous road segment, sampled
independently according to some fixed law. In this way, mixture
models for the quantities in interest may be deduced from their
conditional formulations. To proceed with the analysis, it is
also essential to remark that all the equations and quantities
considered in Section III, where the dependence upon the set
of parameters £&* had been omitted for readability, should be
henceforth interpreted as conditional. Furthermore, and merely
for simplicity, it will be assumed that the variables Z* only take
values in a discrete sample space, i.e., =* = £5,1 € {1,...,7},
with probability mass function 7; corresponding to a stationary
or limiting distribution, as already anticipated. For instance, the
corresponding SDE system of (25), conditional to E* = &7
would then become

70

)(0(&7) — X (s))ds

dX(s) =T(&)(
+w(&)dBx (s),

s € (50, 5F), (46)
where now the dependence upon the set of parameters & has
been explicitly highlighted. From the above SDE-based descrip-
tion, an analogous Fokker-Planck PDE to (32) could be derived,
with stationary solution given by the conditional PDF

1

p(z | &) :m

1 *\\ T ~— * *
<exp( 5 - 0(61) "0 1<£i>(w—e<si2);
7

where 6(£7) and (&) denote the stationary mean and covari-
ance matrix, interpreted as conditional to the realization £ of
the random variables =*.

The stationary distribution of X (s) obtained by stochastically
mixing the parameter Z* of the Ornstein-Uhlenbeck processes
is thus given by the density

r

fx(x) = Zp<:c | &)PE =€) =) p(x]|&)m.

i=1

(48)
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Fig.9.  Value of the proportional gain kp ; for a highway section with reference

speed v;* = 80 km h~1, fitted from simulation data generated in VehProp (total
traveled distance sp = 50 km).

Recalling the formulae previously derived in Section III-B2,
perfectly analogous calculations would yield the analytical ex-
pressions for the total expectation and variance. This would
yield a mixture model for the road grade and vehicle’s speed.
Similarly, the total stationary CDF of the stochastic propulsive
power, its mean and variance, may also be determined following
the same rationale.

In what follows, the focus is predominantly on the energy
consumption, which, based on the stationary formula (45), may
thus be deduced to be

E(é4(c0)) ZE@@H?=&WE%%3

PAHLED %w =0z, (49)
i=1 i=1 @

where the last equation serves as the definition of 6g,
and should not be confounded with the expectation ap-
pearing in (45), now regarded as conditional on the
parameters.

B. An Example With Road Types and Legal Speed

To validate the ergodic theory developed above, the en-
ergy consumption predicted according to (49) is again com-
pared to simulation results obtained in VehProp. As opposed

to the example adduced in Section III-C, the following anal-
ysis is concerned with an entire population of complete road
transport missions, accounting for transitions between ho-
mogeneous road segments. In turn, these are classified de-
pending on the specific combination of road type and legal
speed.

The next Section IV-B1 explains in great detail the procedure
followed to parametrize the stochastic model for longitudinal
vehicle dynamics, whereas Section IV-B2 is dedicated to the
comparison with numerical simulations.

1) Model Construction and Parametrization: The operating
cycle considered in the following coincides to that parametrized
in ([48], Table 7), and is representative of the usage of heavy-
duty vehicles traveling long distances in the region of Vistra
Gotaland, Sweden. In the context of the present paper, it is
however essential to clarify that not all the parameters listed
in [48] have been included in the modeling of the operating
environment, which has instead been restricted to three main
characteristics, namely, road type, legal speed, and topography.
The values for the corresponding model parameters, v, c;, and
Bi,i €{1,...,7}, are collected in Table I, where the first three
values refer to urban road sections, those from four to six to rural
segments, and the last one to highway portions of the road. The
stationary distributions 7; associated with each combination of
road type and legal speed are also listed in Table I, and have
been deduced in a previous work directly from measurement
data collected from 33 different trucks [48]. Concerning in-
stead the stochastic modeling of the operating environment, the
adopted procedure is standard: first, the sequence of road types
is generated using an ergodic, continuous-time Markov chain
[47], [48]; then, the sequences of legal speeds and topography,
conditional to each road type, are simulated respectively using
another continuous-time Markov chain [47], [48], and the AR(1)
process equivalent to the Ornstein-Uhlenbeck formulation (23)
proposed in this work, with parameters «; and (3; given as in
Table I. In particular, the parameters of the Ornstein-Uhlenbeck
process (23) may be observed to exclusively depend on the road
type, whereas the legal speed values are not influential in their
determination. For an interested reader, exhaustive details on
how to synthesize virtual operating environments in VehProp
are reported, e.g., in [50], [67].
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Distribution of the stochastic energy consumption €q according to the model prediction (10000 sample paths, with proportions given by the stationary

distributions 7;, ¢ € {1,..., 7}, reading as in Table I), and 300 simulations in VehProp, for a total traveled distance of 500 km. The expectations appearing are the
numerical one from VehProp (dashed yellow line), amounting to 6.13 - 106 kJkm™!, and the analytical one deduced according to (45) (gray line), amounting to

6.07 - 10% kJkm™ (relative error of 0.98%). Model parameters as in Table 1.

TABLE I
MODEL PARAMETERS FOR EACH COMBINATION OF ROAD TYPE AND LEGAL SPEED

Realization ¢ 1 2 3 4 5 6 7
Probability ; 0.0151 0.0146 0.0429 0.0381 0.1022 0.4474 0.3396
Road type Urban Rural Highway
Quantity  Unit Value
vy kmh™! 30 40 50 60 70 80 80
o m~! 593-107* 5.93-107* 5.93-107* 7.61-107°> 7.61-107> 7.61-107°> 9.16-107°
Bi m~1/2 0.079 0.079 0.079 0.022 0.022 0.022 0.021
Vi m~! 0.031 0.018 0.009 0.0064 0.0045 0.002 0.0031
m; sm~! 0.120 0.090 0.072 0.060 0.051 0.045 0.045
Pair,i kgm™3 1.225 1.225 1.225 1.225 1.225 1.225 1.225
A m’kg™ ' 1.85-107* 1.85-107* 1.85-10~* 1.85-10"* 1.85-10* 1.85-107* 1.85-10~*
M m?s—2 0 0 0 0 0 0 0
kp,; Nsm™! 13763 10783 6892 5598 4576 2276 3583
kp,i Ns?m~! 0 0 0 0 0 0 0

The other variables appearing in Table I refer instead to the
vehicle’s design attributes and driver’s control action. According
to the relationships deduced in (21), their values are subordinate
to the choice of reference speed, which, by assumption, coin-
cides with the legal speed v;" on each homogeneous road section.
Specifically, the values listed in Table I are typical of a heavy-
loaded Volvo FH13 rigid truck, equipped with a diesel engine
and an actuated, stepped gearbox with 12 forward gears. Since
in VehProp the operational driver’s behavior is modeled as a PD
controller concerning the pedal position rather than directly the
speed difference!!, the proportional gains kp;, i € {1,...,7},

T As previously mentioned, the driver model in VehProp is composed of
several modules, separated into tactical and operational parts. The vehicle model
is also quite sophisticated and includes submodules for powertrain and chassis
dynamics.

need to be calculated starting with the static map for the torque
request, shown for completeness in Fig. 7, and then reduced to
the wheel level under the assumption of no-slip conditions (it
should be observed that the torque request is fairly constant with
the engine’s speed). In this context, the kp ; terms also account
implicitly for the gear ratio coefficient, which has been supposed
for simplicity to be constant on each road segment, and solely
dependent on the reference velocity v}. Therefore, to correctly
parametrize the stochastic model proposed in this paper, the
predominant gear ratio has been determined numerically for
each combination of road type and legal speed, and the gain kp ;
has been computed accordingly. For instance, Fig. 8(a) and (b)
illustrate the frequency of the two main gears selected on a
highway segment, along with the corresponding dynamic speed
profile (Fig. 8(c), for a maximum allowed limit of 80 kmh™!
and a total length of sp =50 km. The result of the fitting
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procedure, repeated for each of the cases listed in Table I, is
instead depicted in Fig. 9 considering the 11" gear. On the other
hand, the derivative action has been deliberately disregarded to
facilitate the analysis (i.e., kp; = n; = 0), but its influence is
usually negligible. Similarly, the term 2; has not been adjusted
to incorporate the inertial contributions originating from the
rotating elements, which, in the context of the present study,
may be foreseen to have only a minor impact on the predicted
energy consumption due to the extremely high values of the
vehicle’s mass.

2) Simulation Results and Model Comparison: A total of
300 operating cycles was simulated in VehProp using the
longitudinal vehicle dynamics model detailed in [50], [67],
considering stochastically generated environments according to
the procedure outlined in Section IV-B1. For the present study,
a total distance of 500 km was prescribed to ensure that the
proportions of the different road segments synthesized using
the double-Markov-chain-algorithm approached the stationary
distributions 7r;, 7 € {1,...,7}, listed in Table I. Moreover, this
expedient allowed for mitigating the effect of transient dynamics
excited by the transition between homogeneous road segments
with different road characteristics. The value As = sgp — sg =
500 km should hence be thought of as indicative of infinitely long
traveled distances sp — 0o. Simulating the entire population of
operating cycles required a total of 7.6 hours, with an average
simulation time of 1.52 min (the minimum and maximum for
cyclebeing 1.21 and 2.41 min, respectively). Concerning instead
the analytical formulation, 10000 sample paths were simulated
using the novel SDE-based formulation, again with As = sg —
50 = 500 km and proportions coinciding with the stationary
distributions reported in Table I. The time needed to simulate
10000 sample paths amounted approximately to 20.91 s, with
a minimum and maximum simulation time of 0.33 and 9.54
s for the second sixth realizations in Table I. In this context,
and regarding specifically the calculation of the mean energy
consumption, it is also essential to remark that the equivalence
between the proportions of sample paths and traveled distance
is sanctioned by the ergodic properties enjoyed by the model.

Fig. 10 compares the PDF of the energy consumption pre-
dicted according to the analytical formulation (blue histogram),
and simulations performed in VehProp (orange histogram). Al-
beit the two expectations — amounting respectively to 6.07 - 103
and 6.13 - 10 kJkm ™! — practically coincide, with a relative
error below 1%, the distribution predicted analytically exhibits
longer tails. To explain such a discrepancy, numerical simu-
lations have also been conducted using the nonlinear version
of (24b), without observing any major difference with the dis-
tribution obtained using the simplified formulation. A better
agreement between theoretical predictions and simulation re-
sults may be achieved in future studies by considering refined
driver models, accounting for transient and dynamical effects
that are not captured by the current implementation.

V. DISCUSSION AND CONCLUSION

The present section concludes the paper by recapitulating the
main results and offering some directions for future research.
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A. Discussion

This present work constitutes the first attempt at a complete
stochastic approach to the modeling of longitudinal road vehi-
cle motion. Specifically, the proposed theory combines SDEs
of diffusion, describing the salient properties of the operating
environment and vehicle dynamics, with an alternative PDE-
based formalism (the corresponding Fokker-Planck equation),
which allows deducing the statistical properties of the involved
quantities either analytically or numerically. Inspired by classic
results from fundamental disciplines like physics [56], chemistry
[57], and contact mechanics [59], [60], the main intuition behind
the formulation proposed in the paper resides in that the statistics
of the main energy performance indicators of road vehicles
— including, e.g., propulsive power delivered to the wheels
and energy consumption — are intimately related to those of
the physical variables that appear explicitly in the equations
of motions. Hence, if their dynamics are known, at least in a
statistical sense, the vehicle’s motion may also be determined
using the well-established methods of stochastic calculus. In
fact, as opposed to previous studies dedicated to the synthesis of
conventional representations or transport missions in the form
of driving and operating cycles, the methodology introduced in
this paper directly incorporates the stochastic component of the
environmental factors into the governing equations of the model.
As a consequence, there is no need to supplement the resulting
description of the environment with additional models of the
vehicle and driver.

The mathematical aspects of the theory presented in this paper,
the specific choices of models, and their possible generalizations
also deserve a proper discussion. First, it is worth remark-
ing that, except for some analytical simplifications, when re-
stricted to homogeneous road segments, the theory developed in
Sections II and III is methodologically correct, and may fairly
be regarded as exact. Therefore, building upon the conclusions
drawn in Section III, it does not seem incautious to conjec-
ture that it should always be capable of explaining the essen-
tial phenomena connected with stochasticity in speed fluctu-
ations, instantaneous power requests, and consumed energy,
independently of the specific stochastic processes employed
to model the road and mission characteristics. On the other
hand, the main examples adduced in the manuscript were
concerned with relatively simple special cases of the general
theory outlined in Section II, and confined to an Ornstein-
Uhlenbeck process describing the road topography parameter
and vehicle’s speed perturbation. The mathematical proper-
ties of such a process and its associated Fokker-Planck equa-
tion — including the existence of stationary and limiting dis-
tributions — have been extensively studied in the literature
and, in the context of the present works, have offered a fer-
tile terrain for further reflections. More concretely, they have
been propaedeutic to the subsequent analyses conducted in
Section IV. Indeed, only under certain (reasonable) assumptions
of ergodicity can the general theory of Sections II and III
be extended, in an approximate way, to estimate the energy
performance of road vehicles when considering entire transport
missions and applications. In the present paper, this was achieved
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by deriving mixture models for the quantities in interest, by
combining their conditional formulations with the distributions
of road types and legal speeds. However, estimating the energy
consumption also represents the ultimate ambition of more
conventional descriptions like driving and operating cycles, and
therefore care should be taken when the different approaches
are juxtaposed. For the same purpose, possible generalization to
the models considered in Section III should desirably preserve
the stationary and ergodic properties of the Ornstein-Uhlenbeck
process.

Intimately related to these aspects, the notion of energy con-
sumption itself is particularly delicate, and merits special atten-
tion. It seems natural to assume that such a scalar metric be inde-
pendent of the traveled distance, which automatically supports
the argument in favor of the existence of stationary and limiting
distributions'2. Owing to such premises, identifying the energy
consumption with the expectation of (19), computed in the
limit s — oo, eventually appears to constitute an inescapable
prerequisite for its rigorous mathematical conceptualization.

B. Conclusions and Outlook on Future Work

This paper introduced a novel theory of longitudinal road
vehicle dynamics, where the stochastic variation due to envi-
ronmental factors is considered directly in the governing equa-
tions of motion. Depending on the relevant characteristics of
the operating environment, the proposed SDE-PDE formula-
tion may enable rapid and accurate estimation of performance
indicators like mean CO, emissions, state-of-charge, and en-
ergy consumption, as also partially corroborated numerically in
Section IV. Moreover, by eliminating the need for simulating
large populations of driving and operating cycles, it may be
conveniently combined with standard algorithms and routines to
support the development of energy-efficient vehicles at reduced
computational costs. For instance, the closed-form expressions
derived according to (43), (45), and (49) may be used directly as
inputs to vehicle’s design optimization problems, minimizing,
e.g., the energy consumption or the total cost of ownership, and
treating the propulsive power as a constraint. Optimal solutions
obtained following this rationale may be then tested against
dynamic models in simulations, or utilized as initial conditions to
larger and more complex optimization problems [51]. Besides its
potential applications, the statistical theory outlined in this paper
describes how road vehicles move and consume building on
sound first-order principles, and offers a full physical-analytical
alternative to the commonly available empirical formulations
[65], [66].

Several possible extensions could also be explored in the
immediate future. First, concerning the road topography pa-
rameter, more advanced and realistic models than the Ornstein-
Uhlenbeck process considered in Section III could be adopted
[84], [85]. For example, previous research has suggested that
Laplace models could more accurately capture the variation of
the topography parameter over longer road segments [84], [85].

2Intuitively, the consumed energy should be calculated by simply multiplying
the energy consumption by the traveled distance. For such an operation to
be mathematically valid, the energy consumption would obviously need to be
constant with the traveled distance.
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Nonlinear effects connected with the presence of trigonometric
functions in the more general (2) could also be investigated
numerically (existence and uniqueness following immediately
from the same theorems invoked in Section III-B1). Starting
with the ergodic theory presented in Section IV, the influence
of the road curvature on the energy performance may also be
taken into account, in an approximated way, using the analytical
formulae reported in [47], [48]. Indeed, curvy roads are likely to
influence the driver choice of speed, which might not coincide
with the legal one. Several different driver models, such as those
presented in [74], [75], [76], [77], [78], may also be adapted to
the proposed framework, in conjunction with longitudinal equa-
tions of motions, to provide a more realistic energy consumption
estimation. Similarly, on homogeneous road segments, the effect
of high traffic densities may be investigated using a fundamen-
tal diagram relationship dictating the driver’s choice of speed.
These extensions may require employing different fundamental
diagrams and/or car-following models, depending on the specific
road type considered (urban, rural, highway), but would not
introduce any major modifications to the theory proposed in
the paper. Advanced powertrain models, possibly considering
transient dynamical effects and internal losses, could also be
integrated within the proposed formulation; this would lead to
a more reliable estimation of energy performance. Finally, it
should be mentioned that some of the simplifications introduced
in the paper, for instance, the linearization performed in (5), are
not crucial to the development of the theory, and may be removed
in future refinements, without affecting the main conclusions
drawn in this work.

APPENDIX

The present appendix collects some additional results con-
cerning a more general SDE system than that in (24), derived
from the assumption that the driver behaves as a PID controller.

A. Ornstein-Uhlenbeck Topography Model With PID Driver
Controller

Considering a more general PID driver model, in the time do-
main, the expression for the propulsive force should be modified
as

Fy(v(t), (), w(t),(t), t) = kp(v* —v(t))

+ ki /tt (v* — v(t’))dt’

0
+ FJ)O - kDU(t) + kNw(t)a

where, in addition to the new integral term, the quantity F)
appears to account for a possibly nonzero initial force. Including
the latter is necessary, since, at the beginning of each road
segment, the PID control action might have already accumulated
an initial force produced by the integral term. To recover strong
solutions to the resulting SDE system, it will henceforth be
supposed that F,o be independent of the o-algebra generated
by the corresponding Brownian motion { B x ()} se[s,s;]» and
additionally that E(|F,.0|?) < oo (where the absolute value |-| is
anorm on a finite-dimensional space for a scalar variable). Ow-
ing to these technical assumptions, the presence of the integral

(50)
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term may be appropriately handled by defining:

i (51)

orequivalently, in differential form, z:() = #(t), with IC reading
Zo = 2(0) = —Fyo/k1.

With a similar rationale as in Section III-B1, the governing
SDE:s of the longitudinal vehicle dynamics may be deduced as
follows:

dY (s) = — aY (s)ds + SdBy (s), (52a)
dX(s) = % V (s)ds, (52b)
dV(s) = — <7V(3) + X (s) — ngY(s)>ds
- 1 P
- (frmg + 2paierAf'U*> ds
+ndBy (s), s € (s0,5F), (52¢)
being v, m, fld, and 7 defined as in (21), and
A kI
= — 53
v T (53)

Equations (52) may be restated in vector form as in (25), but
with (26) replaced by

_'YYY Wwx Tyv @ 0 01

L= |rgy g x| =] 0 0 ——1, (54)
L7vy X vV —mgx Y ol
o, 1 0

o= oo 2L 0 , (54b)

~y ~ _

7 Jrmg + §paierAf'U*
_wyy WY\}'— ﬂ 0

W= |Wgy Wiy 210 0 (54¢)
Wiy Wi 0 n

Using (52) and (54), the solution to the considered SDE system
is formally equivalent to that reported in (27), but with a rather

involved expression for the corresponding matrix exponential
—TI's.
e %

Fl(s) FQ(S) F3(S)
e T = |Ty(s) Ts(s) Te(s)|, (55)
L7(s) Ts(s) Tg(s)
where
T(s) =e @, (56a)
F2(S) = Fg(S) = 0,
Tu(s) = — mgxoa(o1(s) 4‘@52(5) —2I'y(s))
g Vv (2a — ) (01(s) — 02(s)) (S6b)

03
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04(01(s) + 02(s)) — Wv*(e1(s) — 02(s))

o= %01 . (560)
ru(o) = - S0, (560)

T (s) = mgxav*os(o1(s) + 02(s) — 2I'1(s))

03
n mgx Vu*(20y0* _le/J)(&(S) - QQ(S)) - 560)
)= %0\/17(@1(;) —et) (56f)
ry(s) - 2ol T el) + ;4W(gl<s> o) 560
with
als) = e (W) (57a)
~ oxp[ (e YV)s

el = eXp( SN ) (57b)
03 = 2e[v"a(a =) + ¢, (57¢)
04 = /720" — 4. (57d)

Similarly, the time-dependent, conditional covariance matrix is
formally given by X (s — sg). More concretely, the following
relationships may be deduced for the entries of 3(s):

Eyy(s) Zyx(s) Zyp(s)
X(s) = |Bxy(s) Zxx(s) Bxp(s)|,  (58)
Loy (s) Zpx(s) Zpp(s)
with
2
Syy(s) = % (1 _ e*QQS), (59a)
Yy x(8) = Xzy(s) = cals), (59b)
Ey\”/(s) = E\?}f(s) = 3(5), (59¢)
[ B322(s")  n*(s10(s) —<11(S/))2 ,
Yix(s) = /0 o + e ds’,
(59d)
EX\?(S) = va(s) = §1(5)7 (59¢)
R M RS GO NS {COR T
Sop(s) = /O ( R el LU (59f)
where
s 2 ! /
ci(s) = / Fals)se() o7(s')so (s )ds'
0 4
S (s10(8") —s11(s))ss(8) .,
+/0 N ds’, (60a)
- s 52670‘8/%(8/) )
Ga(s) = /0 7292(9 ds’, (60b)
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s 22 —as ’
G3(s) = / Mds’, (60c)
0 261299

1 = 4683, (60d)
65(8) = c12(8) (s10(8) + s11(8)) +7Vv* (s10(8) — c11(5)),
(60e)

s6(s) = mgxsiz(si0(s) + qu1(s) — 2e~*%)
+ 1gxVU*(2a — ) (s10(8) — s11(s)),  (60f)

¢7(s) = amgxv*cz(si0(s) + <11 (s) — 2e7*%)
+ gy Vo (ayv* — 2¢) (s10(s) — s11(5)), (60g)
8 =4 — %, (60h)
g9 = av*(a —7) + 1, (60i)
G10(s) = exp WS , (60))
su(s) = Ws ; (60k)
G12 = /2 — dap. (601)

Moreover, the eigenvalues of the matrix I', defined as in (54a),
may be calculated as

A= (61a)
2 *_4 *
pg = — YAV A VT (61b)
24/ v*
200k _ *
hy = YTV A —yvor 61c)

2¢/v*

A quick inspection of (61) reveals the existence of a stationary
distribuiton also for the Ornstein-Uhlenbeck process described
by (52). The stationary or limiting mean and covariance matrix,
whose expressions are not explicitly reported in this paper,
may hence be deduced directly from the conditional ones, by
taking the limits sg, s — oo. In this context, it should be also
clarified that the integrals appearing in (60a), (60b), and (60c)
may be evaluated analytically, albeit yielding extremely lengthy
expressions which are ultimately too cumbersome to implement.

Starting with the results derived above, the propulsive force
may be calculated again according to (38), where the constant
term by, reads as in (39¢), but A, £ Ay, + Ay, + Ay, with

Ay = — kp [0 0 1], (622)
Ay = — K [0 1 0}7 (62b)
Ay, = = ko gy~ —7]. (62¢)

Finally, the expressions for the propulsive force required at
the wheel level, the energy, and the energy consumption may
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be deduced to be formally identical to those reported in
Section III-C; their derivation is not repeated.
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