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ABSTRACT: Combining an effective theory description of spin-1/2 dark matter (DM)-electron
interactions in materials with linear response theory provides a powerful framework to model
the scattering of DM, including in-medium effects, in detectors used for direct searches.
Within this framework, we show that the rate of DM-induced electronic transitions in detector
materials admits a theoretical upper bound under general assumptions on the underlying
DM-electron coupling. In particular, our theoretical upper bound applies to models where
DM couples to the electron density as well as the spin, paramagnetic and Rashba currents in
materials, and arises from the Kramers-Kronig relations that constrain the analytic properties
of the scattering rate. We evaluate our maximum rate formula numerically for Ar, Xe, Ge,
and Si targets and find that Ge and Si detectors are closer to saturate this theoretical upper
bound, but still far from saturation when DM couples to densities or currents which are
different from the electron density. This motivates the exploration of a different class of
materials to effectively probe such coupling forms.
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1 Introduction

The quest for dark matter (DM) is gradually broadening its focus, with a remarkable, global
experimental effort directed towards probing models where the DM particle is approximately
in the MeV to GeV mass range [1-3]. The experimental search for DM particles lighter than a
GeV is motivated by the lack of discovery of WIMPs at direct detection experiments, and by
the possibility of producing a DM candidate in this mass window with the correct cosmological
abundance via the freeze-out mechanism (if the Lee-Weinberg bound [4] is circumvented
by introducing the exchange of a new particle mediator in the relevant number-changing
processes).

The search for DM-induced electronic transitions in germanium [5] and silicon [6-8], as
well as liquid argon [9] and xenon [10], has so far played a major role in the exploration of
the MeV to GeV mass window in direct detection experiments. The formalism for describing
the scattering of Milky Way, sub-GeV DM particles on the electrons bound to a detector



material has been put forward in [11-13], and subsequently extended to account for in-
medium screening in models where DM couples to the electron density in the target [14, 15].
More recently, linear response theory has been used to further extend the formalism for
DM-electron scattering in materials to effective theories where DM couples to all the electron
densities and currents that arise at leading order in the non-relativistic expansion of the
DM-electron scattering amplitude [16]. Effective theories for DM-electron interactions have
been formulated in [17, 18], as well as in [19, 20].

Focusing on models where fermionic DM couples to the electron density, it has been
pointed out that there exists a theoretical upper bound on the rate of DM-induced electronic
transitions in a detector [21]. This bound arises from the so-called Kramers-Kronig relations,
which follow from the analytic properties of the dielectric function, upon which the DM-
induced electronic transition rate depends. This is an interesting observation, because it
provides a systematic framework to identify optimal detector materials to probe the DM
coupling to the electron density.

In this work, we show that a theoretical upper bound on the rate of spin-1/2 DM-induced
electronic transitions exists not only in models where DM couples to the electron density,
but also in models where it couples to the paramagnetic current, the spin current, the scalar
product of spin and paramagnetic current, and the Rashba spin-orbit current. This extends
the results of [21] to the leading currents and densities arising from the non-relativistic
expansion of the DM-electron scattering amplitude, or, equivalently, from the non-relativistic
expansion of the Dirac Hamiltonian [16]. Analogously to [21], the existence of the upper
bound we find here follows from an application of the Kramers-Kronig relations. However,
we do not apply the Kramers-Kronig relations to the dielectric function only, but also to
the generalized susceptibilities that describe the linear response of materials to the leading,
non-relativistic DM-electron couplings. For each given DM coupling, the ratio between the
actual DM-induced electronic transition rate and our theoretical upper bound only depends
on the assumed detector material and DM mass. For all currents and densities listed above,
we evaluate this ratio focusing on Si, Ge, Ar, and Xe as detector materials. In general, we
find that Si and Ge are closer to saturate our theoretical upper bound, but still far from
saturation in all models where DM couples to densities or currents which are different from
the electron number density. This points towards the need for a different class of materials
to effectively probe such coupling forms.

Our work is organized as follows. In section 2 we review the use of the Kramers-Kronig
relations in the context of DM direct detection, and show why they imply a theoretical upper
bound on the rate of DM-induced electronic transitions in models where DM couples to the
electron density in the detector. In section 3, we review the application of linear response
theory to DM direct detection, and show that, for general DM-material couplings, the rate of
DM-induced electronic transitions can be expressed in terms of generalized susceptibilities
which, under general conditions, also obey the Kramers-Kronig relations. In section 4.1, we
use our generalized susceptibility formalism to obtain a theoretical upper bound on the rate of
DM-induced electronic transitions in models where DM couples to the leading, non-relativistic
electron densities and currents. In section 4.2, we provide expressions for the interaction
rate calculated in some specific effective models of DM-electron interactions. We evaluate
our theoretical upper bound in section 4.3, and conclude in section 5. Additional results



and useful identities, as well as a short discussion of some assumptions, are collected in
the appendices A to D.

2 Electronic transitions induced by a DM-electron density coupling

As already mentioned in the introduction, throughout the whole paper we assume the
electrons to be non-relativistic, so that their kinetic energies are much smaller than m..
Nevertheless, some electrons in the material, namely, those at the innermost atomic shells,
may be predominantly relativistic, as their expected kinetic energies are comparable to m..
Those electrons, however, are tightly bounded to the nucleus and, therefore, difficult to
excite. Therefore, they do not significantly contribute to the total excitation rate. The
valence electrons, whose excitations would be the main source of the DM-induced signal, are
not subject to any significant relativistic corrections [22], so the non-relativistic treatment
is justified.

2.1 Fermi’s golden rule

The rate of transitions from an electronic state |i) to an electronic state |f), induced by
an incoming DM particle of momentum p and a spin configuration s scattering to a final
state momentum between p’ and p’ + dp’ and with a spin configuration s, is given by
Fermi’s golden rule,

2 Vdp'
(2m)3”

AU s (p) = (2m)3(Ef + Ey — Ei — Ep) |(f: 0,5/ V |p, 5:19)| (2.1)
where V is the DM-electron interaction potential, E; (Ey) the energy of the initial (final)
electronic state, and FEj, (Ep ) the energy of the initial (final) DM particle. Here, single particle
states are normalized to one, while V' = [ da is a normalization volume such that the number
of DM particle states with momenta between p’ and p’ + dp’ in a volume V is Vdp'/(27)3.

In position space, the matrix element of the interaction potential V can be written
as follows,

% . 1 * —ip’ s'T{7 s _ip
(f;p,8'|Vip, s;i) :V/dre/drxwf(re)e P fXTVx(re,rX,...)gxep"X vi(re), (2.2)

where we have assumed spin-1/2 DM and & (£7) is a two-component spinor describing
the spin configuration of the initial (final) DM particle (i.e., up or down for spin-1/2 DM),
i (¢y) is the initial (final) electronic wave function, while V, denotes the position space
interaction potential. The dots in eq. (2.2) denote gradient and spin operators which Vm
can in general depend on. In eq. (2.2), we integrate over the electron and DM particle
position vectors, r. and 7.

By assuming V(r., Tyyooo) = ]lellX‘A/x(re — 1) (which applies to the case of velocity-
and spin-independent interactions), where 1. (1) is the 2 x 2 identity in the electron (DM
particle) spin space, the matrix element in eq. (2.2) can now be rewritten as follows,

(i SV lpsii) = [ wj Vi (resa) vilr)

= (fI Vi 1a),

(2.3)



where
i (re,q) = %e"’"’e 1,6°'Vi(q), (2.4)
is the effective transition potential,
V@)= [dlre—ry OOV <y, (25)

and ¢ = p — p’ is the momentum transfer. Recalling that the number density of an electron
at r. and its Fourier transform at q are given by

no(r) =6 (r —r.), fio(q) = e "7 (2.6)
we find that

’ 1 - ss' T
o (re,q) = Vng(—q) 1.0% Vi(q) . (2.7)

Independently of the specific form of V,(q), whenever Vx(re,rx, ) = ]le]lX‘A/z(re —Ty)
the transition potential e‘?ﬁ*,(re,q) depends on the properties of the electrons bound to
the target material through the electron density solely. One can summarize this property
of the underlying DM-electron interaction by saying that the DM couples to the electron
density in the material.

As an example, let us consider the following amplitude for DM scattering by free electrons,

M=y 6% (2.8)

where ¢; is a dimensionless constant, while r (r) labels the initial (final) state electron spin.
In the Born approximation, the relation between .# and the associated scattering potential is

M

. 5 . _ 3¢(3
(K70, [VIp, s;k,r) = —(2m)*6@) (0 + K — k —p) dmem, V2

(2.9)
where k (k') is the initial (final) free electron momentum. By inserting eq. (2.2) with free
electron wave functions ¢;(r.) = &e*7</\/V and (r.) = ik’ re 1\/V into eq. (2.9),

we obtain

Valre =) = = ——— 09 (re =1y, (2.10)
ey
and, using eq. (2.7),
ss’ ‘1 ss’ ~
o (re,q) = Qe 0% 1enp(—q) . (2.11)
ey

2.2 Dielectric function formalism

By inserting eq. (2.3), with V3 (7, q) given in eq. (2.7), into eq. (2.1), we find the rate formula

ary o) = O o8y + By — B By) o @) 110l —a) 1)

dp’
(2m)?

(2.12)



Summing (averaging) over the final (initial) electronic configurations and DM particle spins,
and averaging over the initial DM particle velocities v = p/m,, (defined in the laboratory
frame), we can now calculate the total electronic transition rate induced by a galactic
DM particle whose initial velocity in the laboratory frame is distributed according to the
probability density f(v), and whose final momentum lies between p’ and p’ + dp’. In
addition, by integrating over the final DM momenta p’ or, equivalently, over the momentum
transfer g, we find

ZZeﬁZ/dvf /d Hf) (2.13)

ss’ if

where Z is the partition function, § = 1/T', and T denotes the temperature (in DM direct
detection applications, T — 0; see appendix D.2 for a short discussion). Introducing
Kpgno(g,w), the density-density correlation function,

™ e PE:
Koano(@:0) = 52 3 S {flio(~a)i) (iln(@) ) 6(By — By —w),  (2.14)
if

we can rewrite I' as

r=/< V@) [ v £(0) Ko (@ 0) (2.15)

where
2
wWogq=FEp—Ep_qg=q-v— S (2.16)
X
Finally, by using [16]*
2 _ _
Kagng (4.0) = 1——55 Im [~=:(q,) '] U@) . (2.17)

where U(q) = 4na/q? is the Fourier transform of the Coulomb potential and « the fine
structure constant, we obtain

I' = / (2d7:_1) V. |2/d'vf —ﬁqul [—gr(qu%q)*l] U(q)—1’ (218)

which gives a formula for the DM-induced electronic transition rate in terms of the dielectric
function e,(q,w) (defined as in [23]). Eq. (2.18) applies to models where DM couples to
the electron density in materials.

2.3 Kramers-Kronig relations

By combining the dielectric function formalism reviewed above with the Kramers-Kronig
relations, one can derive a theoretical upper bound on I' in models where DM couples to the
electron density in materials [21]. To show this, let us first introduce the Kramers-Kronig
relations.

'The local field effects, discussed in [16], are neglected here.



Let function g : C — C be analytic in the upper half plane,? and g(z) — 0 for |z| — co.
Then, g must satisfy the following Kramers-Kronig relations [23]:

Reg(z) = —73/00 Img(z), (2.19a)

Z— 20

1 too
mg(z0) = ~ =P / © Regls), (2.19b)

—00 2 T 20

where P denotes the principal value. In particular, for zg = 0, we obtain

+oo
Reg(0 —73 / % Img(z), (2.20a)
1 +0o0
Im g(0) = ——77/ % Reg(z). (2.20b)
U —00

If, in addition, g satisfies a third property — namely, that its Fourier transform is real® —
its real part Reg(z) is even and its imaginary part Im g(z) is odd as a function of z € R.
Then, eq. (2.20a) becomes

/m 4 () = 29(0). (2.21)
0

z

1

Since 1—¢,(q,w) ™" as a function of w obeys the above three conditions for each g, one can write

/OJFOOCZJIm [1—crlgw) ] =T [1-enla, 0] (2.22)

This identity implies a theoretical upper bound on the rate of DM-induced electronic tran-
sitions T" [21]. Indeed, in eq. (2.18), the change of integration variables introduced in
appendix B leads to

2 -1
(U@ s 2/00 (0) 2 B -1
P=[Taf 8= 0P [ i@ ——pm[-e@e) ] @29

where
00 1
pO(w,q) = 7;/ dvv/ dcosa f(v). (2.24)
Vg -1

Here, we assume

f(v) = f(v,cosa)

2
=N exp [—W] G(Uesc - |’U + ’U@D,

Ch)

(2.25)

where v - vg = vvg cos a, vg is Earth’s velocity relative to the galactic centre, vesc is the
galactic escape velocity, vy is the most probable DM speed (in the galactic reference frame,

2This is satisfied if the Fourier transform of g is proportional to the step function. Physically, it means
that if z denotes frequency, the Fourier transform of g is causal as a function of time.

3For example, if z is frequency, then this third condition requires the function g to be real in the time
domain.



in which the mean DM velocity is zero), while N is a normalization constant. The assumed
values of vg = |vg|, Vesc, V0, and N are listed in appendix A. We also introduce the minimum
DM speed required to deposit an energy w,

Il
<

Vq

¢ (2.26)

M
2m,,

T e

w
q

and assume an isotropic target (equivalently: average over detector’s orientations, see
appendix D.1 for a short discussion), so that we can ignore the dependence of ¢, on the
direction of g,*

er(q,w) ~ e (q,w). (2.27)

Egs. (2.22) and (2.23) can now be combined to obtain a theoretical upper bound, I'op,
on I' [21]:

oo 2U -1 _
P < T = [ dg 00 [020) max [p® ,0)] (229)

where we took into account that for T — 0, 1 — e #“ — 1, and, following [21], assumed
1 —¢e:-(g,0)7! <1 and Im[—¢,(¢q,w)~ ] > 0.

3 Electronic transitions induced by general DM-electron couplings

3.1 Fermi’s golden rule

In general, DM can couple to electron densities and currents in materials that are different from
the electron number density ng. Specifically, the most general form for the transition potential
e“}f/ at leading order in the electron velocity and in the momentum transfer is given by [16]

1

ss’
T =
eff ( (3] q) 4memxv

ss’_iqr
{Fno e e 1,

ss’ i iq-Te iq-r
+ F {%re-aeeqy—eq eae-ere

A 29me,

+ F;f/ o, eiqﬂ"e (31)
ss’ i iqTe _ iqTe

+ FjM 2Me [ re€ € ere] Le

/ 1 I )
n F;z ‘ o {%Ta X g, 4T | T o ?re}} ,

where an arrow on the gradient operator indicates whether it acts on the initial (?re) or

final (%Te) electron wave function, while the pre-factors Fnsg/, Fﬁj’, Fj’j’ F;?i;, and F‘;Z:

are model dependent. These pre-factors are listed in appendix C for the effective theory of

4If DM couples to the electron density solely, invariance under three-dimensional rotations implies
Ve(q) = Va(a).



DM-electron interactions of [17, 18] and in sections 4.2.1 to 4.2.3 for specific models where
DM has as an anapole, electric dipole, or magnetic dipole moment.

The first line in eq. (3.1) corresponds to the already discussed case of models where DM
couples to the electron number density in materials. The third and fourth lines describe a
coupling between DM and the electron spin or paramagnetic current, respectively. The second
line can be identified with the spin-paramagnetic current coupling, and the last line with the
Rashba term arising at second order in the 1/c¢ expansion of the Dirac Hamiltonian [16].

Inserting eq. (3.1) into eq. (2.3), and then the latter into Fermi’s golden rule, eq. (2.1), we
obtain the following expression for the rate of DM-induced electronic transitions in materials,

1 dq
I'= 16m2m2 %;/ (27)3 /d'vf('”) Fab(@,0) Kt (g woq) » (3.2)
where
1 ! /*
Fan(g,v) = 5> Fo* (a,0) F* (g,v), (3.3)

ss’
and Ki,(g,w) is the correlation function,

2 e PE: ~

Eva al{—q)|) \1|o'(q f— L —w), .

72— Sa=a)li) (b (@)If) 8(Ey — B —w) (3.4)
if

KbTa(qa w) =

while a and b could be any of the densities, or components of currents, contributing to
eq. (3.1), namely

(T0s A, J51s J5as J55s JMys -« JE1s -+ ) (3.5)
where
Mo(q) = e "7 (3.6a)
na(q) = 2;@ :$re Lo e T _ g7 o ?re] ’ (3.6b)
J5(q) = oo e e (3.6¢)
;M(q) _ 2;6 :%ree—iq.re _ e—z‘q.reere} : (3.6d)
Jnlq) = 2;6 i%re X gee T 4T g, X ﬁe] : (3.6¢)

We denote by o, = (01,02, 03) the three-dimensional vector whose components are the Pauli
matrices. For increased readability, in the remaining part of this work, we omit the tildes
(e.g., we write ng instead of 1p). In other words, all the densities and currents are hereafter
meant to be expressed in momentum space.

3.2 Generalized susceptibility formalism

As the density-density correlation function K, in eq. (2.17) is related to the dielectric
function, so is the correlation function Ky, related to generalized susceptibilities describing the
linear response of materials to a perturbation induced by general DM-electron couplings [16].



Indeed, in the interaction picture, Vgﬁl can be written as a time dependent pertur-
bation [16]:

Y / dr By(r) S5 (r, 1) | (3.7)

with
dq’ iq'- /
Bu(r) = [ g ald). (3.8)
and
! ]_ !/ ; ;
SS t) = Fss iq-r —iWy,qt ) )
S(l (r7 ) 4memXV a € € (3 9)

Notice that at ¢ = 0 egs. (3.1) and (3.7) coincide. In linear response theory, the fluctuation,
(Aa(r,t)), induced on the generic electron density or component a by the potential V5§ ()
is given by

(Aa(r,t)) Z/ d’ /dr Xap(r — 7t — ) S5 (v, 1), (3.10)

where

Xav(r = 7't =) = i0(t — ) { [a(r,1),b(r',¥)] ) (3.11)

is the generalized susceptibility associated with a and b. The double Fourier transform
of Xxqa obeys [16]

Xab(@9) = X101 (@) = iKap(q,w) (1= 7)) . (3.12)

In the T — 0 limit (see a short discussion in appendix D.2), when 1 — e % — 1, we can
use eq. (3.12) to rewrite the transition rate I', given by eq. (3.2), as

d
~ 16m2 m2 Z/ ! /d”f Fab(@:v) (Xats — Xpta) (@ Wo,q) (3.13)

with the DM velocity distribution function f defined by eq. (2.25) and F,, given by eq. (3.3).

3.3 Kramers-Kronig relations

In the time domain, the generalized susceptibilities x,i,(q,t — t') are causal, as one can see
from their definition, eq. (3.11). In particular, this implies x,i;(g,t —t') =0 for t — ' < 0.
Consequently, in the (complex) frequency domain x,1,(q,w) is analytic in the upper-half plane,
that is, for Imw > 0. Apart of that, x,i;(q,w) — 0 for |w| — co. Moreover, x,;(q,t —t')
is real in the time domain, which implies that, as a function of w € R, Re x,;(q,w) is
even while Im y,1;(gq,w) is odd.

Since x,i(q,w) meets the above three conditions for every g, it also obeys [23]

+oo  Ju’
Re Xty (g, w *73 / S M Xare(, ) (3.14a)
+oo  qu’ ,
Im x,1(q,w) = —*7’/ o, ReXan(g: @), (3.14b)



as well as

T dw ™
| mn(aw) = Sxan(a,0). (3.15)

The identities in eq. (3.14) are the Kramers-Kronig relations for the generalized susceptibilities
Xatp(g,w), while eq. (3.15) extends the relation in eq. (2.22) to the case of general DM
couplings.

4 Upper bound on the transition rate for general DM-electron couplings

In this section, we first analytically derive a general upper bound on the DM-induced
electronic transition rate (section 4.1) and provide expressions for the interaction rate in
specific effective models of DM (section 4.2). We then numerically evaluate the transition rate
to associated upper bound ratio focusing on germanium, silicon, argon and xenon detectors,
and on models where DM exhibits an anapole, magnetic dipole or electric dipole moment
(section 4.3). This numerical analysis will allow us to assess which material is closest to
saturate our general upper bound on I'.

4.1 Derivation from the Kramers-Kronig relations

We start from an analytic derivation of a general upper bound on I' based on the generalized
Kramers-Kronig relations that apply to material responses beyond the familiar dielectric
function.

Using eq. (3.15), we now show that the sum of eq. (3.13) is bounded from above. Let
us recall eq. (3.13):

16m mQ Z/ /d’Uf ab qa ) (XaTb - XZTQ) (qawv,q) . (41)

First, let us notice that the sum >- ., Fay(Xqtp — Xjt,) consists of contributions of the fol-
lowing types:

Font Xt = Xortn) » where n,n’ =ng,na, (4.2a)
. n =mng,na
k J=7J5IMIE>

Z it O, = X5, where  j.j' = jsdadp.  (4:20)

Investigating the explicit forms of F,; coefficients provided in appendix C, one can realize
that Fyyn,, the only non-vanishing coefficient of the type F,, s appearing in eq. (4.2a), is
a scalar quantity depending on ¢ = |q|, v = |v|, and v, defined by eq. (2.26). In the
contribution of type (4.2b), the relevant® coefficients Fj,,,(q,v) depend on the components
of ¢ and v in the following way:

dk
f]kn(qav) = Ajn(qvvavq) ; +Bjn(q,1},’l}q) Vg - (43)

5In the explicit form of F; M0 and Fy , Jsy, o there appear linear terms of the third type, namely, those
proportional to eki; (¢i/q) v;. However, they vanish in the models considered by us (cf. sections 4.2.1 to 4.2.3).

,10,



When deriving our results, we assume that the target material is isotropic (see appendix D.1).
Consequently, when contracting the F},, with the corresponding susceptibility, only the
component of v parallel to q is relevant. Therefore, instead of v we can equivalently use
Vg qr/q [18] and obtain

gk
]:jkn(qa ’U) = ]:J%@(q, v, Uq) ; ) (44)
where

]:an(Qa v, Uq) = Agn(Q, v, Uq) + Vg B]n(qa v, Uq) . (45)

An analogous statement holds for F,,;, as well. Similarly, for the contributions of type (4.2c),

the relevant® coefficients F;

irj,(@;v) can be expressed as

}-jkjjg((bv) = .7: (g, v,vq) Oke +f H(q,v,vq) QI;QC]Z ) (4.6)

Consequently, the contributions given by eq. (4.2), which always are scalar functions of
(g,v,vq), can be expressed using

9 T4 T aq
o the Fpgn, coeflicient and the new scalar coefficients F, , F ., F iz fjj,,

o the Xnon, susceptibility and the contracted susceptibilities X;’.Tn, XZ,Tj’ X?.Tj,, Xj‘?j’

given by
— dk _ dk
XZTn(q’ Uq) = Z ; ijn(qa ’U) ) X(T]LTj (qa 'Uq) = Z ; XnTj;C ((L ’U) ) (473‘)
k k
qkqe
XJTJ Q7Uq Z&cé?{ T / q7 )7 X‘??‘] (Q7 q) q2 X T /(q7 ) (47b)
ke

Since the above contracted susceptibilities are just linear combinations of the susceptibili-
ties x,tp, they also possess the analytic properties required to satisfy the Kramers-Kronig
relations (3.14) and (3.15). For convenience, we also introduce the primed contracted sus-
ceptibilities, defined with the indices reversed:

/ — q/ _ . 9 ql _—_ .4 x! — T
Xnono = Xnono » Xan - Xn’rj ) XnTj - Xan7 XjTj/ - Xj”Lj ) (48&)

where x = 6, qq.

In the following derivation of the theoretical upper bound, each F; denotes either the
Frono coefficient or one’ of the scalar coefficients F(q, v, vq) introduced on the right-hand
sides of egs. (4.4) and (4.6). Then, x; denotes, respectively, either xp,n, or the contracted

6Again, the term proportional to €xem gm/me present in the explicit form of .Fijj]u[ vanishes in the
considered models. Moreover, the antisymmetric part of .7-}52 jsm » Which is in principle non-zero, is irrelevant

since it vanishes when contracted with Im AX].T is which is proportional to dxe, cf. eq. (4.42).
5,75¢

"Strictly speaking, for the 5545 contribution we consider a combination D ore OreFjs, g5, = 3‘7:36535 —+ ]:;Isqjs

This is because X;t s is proportional to dx¢, as can bee observed from eq. (4.42).
I54,75¢
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susceptibility given by eq. (4.7) corresponding to F;. Using this notation, eq. (4.1) can
be rewritten as

b= 167;57713( Z@,:/(zd&»/d”f(v)fi(qaqu) (i = Xi) (¢, vg) - (4.9)

We begin by performing the change of integration variables introduced in appendix B
to obtain

—i [ee} o0
r—_ " 2/ ) )
Tt [T dad [T aw [p000) A0 wn)

(4.10)
+ 02 (@, 0) FP(g,0,0)] (i = X}") (0,w) ,
where
00 1
P O(w,q) = 7;/ dvv/ dcosa f(v,cosa), (4.11a)
Vg -1
00 1
PP (w,q) = E/ dv 1)3/ dcosa f(v,cosa). (4.11Db)
q Jug -1

Note that, though formally the integration in eq. (4.10) is performed over 0 < g < oo and
0 < w < o0, its range is effectively limited by the DM velocity distribution f to

0 < ¢ < Gmax » Qmax = 2mx (UGB + Uesc) ) (4'123‘)

q2

b
2my

0 < w < Wmax(q) , Wmax(q) = q (Vg + Vese) — (4.12Db)
corresponding to vy < v < vg + Vesc. Moreover, the energy transfer w is required to exceed
the 1-electron ionization threshold, which subsequently imposes a threshold on the DM mass,
as explained in results discussion in section 4.3.

Inspection of the explicit form of the functions Fg,; given in appendix C shows that
in general one has

Filg,w,v) = FO(qw) + 0> F? (q,w), (4.13)

)

where we made explicit that F;(q,w,v) is either independent of v, or it depends on v
quadratically, cf. eq. (B.14). For readability, let us now keep only the ]:i(o) term. Calculation
for the other term, which will be restored at the very end, follows analogously.

The final result for I must be real, and since all ﬂ(o)’s are real in the considered models
(as can be explicitly checked basing on appendix C), the part of the integral containing the

real part of (x; — x;*) must vanish. We thus obtain

1
r—— - _
32m2mZm?2 zZ:/o

where

Gmax

Wmax (q)
dog® [ dwp (w9 FO (g, 0) InAxila,w) . (414

AXi = Xi + X (4.15)
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such that Im Ay; = Im(x;—x}*). Note that, in the definition of Ax;, none of the susceptibilities
is complex-conjugated, so that, similarly to each x,1p, every Ax;(q,w) (treated as a function of
w) is analytic on the complex upper half-plane. Therefore, it also obeys the Kramers-Kronig
relations.

To obtain the theoretical upper bound, we perform two consecutive estimations. Firstly,
after dividing and multiply the integrand by 1 = w/w for further convenience, we replace
the value of w p(O(w, q) ]_-i(o) (¢,w) by its maximum for a given g:

1
r< —
- 327r2m§m§ 21:/0

gmax

dq ¢* max [w p(o) (w,q) ]__i(o) (q, W)}
(4.16)
Wmax(q) dOJ
% / — Im Ayi(q,w).
0 w

If, for a given value of i, Im Ay;(¢q,w) is non-negative for each w, the above estimation (4.16)
is (for this particular i) a trivial consequence of the fact that

w p(o) (w,q) ]__i(o) (¢,w)Im Axi(q,w) < max {w p(o) (w,q) ]-"Z-(O) (q, w)] Im Ax;(q,w) . (4.17)

This is not always the case; for instance, for ¢ = 15keV the value of the Im Ax‘} i (¢q,w)
MIm

coupling (relevant for the anapole model) calculated for Si is negative for each w. However,
as we checked numerically, for each considered coupling and material, the integral over
momenta is dominated by those values of ¢ for which Im Ay; is predominantly positive,
so that (4.16) is satisfied.

The second step makes use of the following inequality:

Wmax(q)
[ B manw < 7@ (4.18)

To justify the above estimation for positive Im Ay;, we first extend the integration range:

Wmax(‘]) o0
[ At < [T Emaiw), (1.19)
0 w 0 W

and then, using the Kramers-Kronig relation (3.15), replace the integral on the right-hand
side by the value at w = 0:

wmax (@) dw T
[ P maview) < T Ax(e.0). (420
0 w 2
Eventually, inequality (4.18) is obtained by using the estimation

Axi(q,0) <2U(g) ™, (4.21)

corresponding for x; = Xngn, t0 €, 1 > 0, which should be the case for most materials relevant
for DM detection (see an extended discussion of this issue in [21]).

Neither condition (4.19) nor (4.21) is always satisfied; for example, (4.19) does not hold
in the aforementioned case of Im Ax%wj (¢ = 15keV,w) for Si, and (4.21) is broken by

M
a factor of ca. 20 for the AX;S'Tj coupling (relevant in the anapole and the magnetic dipole
545

,13,



model) calculated for the same material at ¢ = 500 eV. However, numerical tests confirm that,
for all considered materials and couplings, inequality (4.18) is always fulfilled. The reason is
that, for any coupling and material, at most one of inequalities (4.19) and (4.21) is broken at
a time. If the first of them is fulfilled, the estimation (4.19) is very conservative for positive
Im Ax;’s, so that the final conclusion holds even though (4.21) is incorrect. Conversely, if
eq. (4.19) does not hold, it means that Im Ay; is predominantly negative, so the integral in
eq. (4.18) can be limited from above by any positive value and one does not have to use (4.19)
and the Kramers-Kronig relations to draw the final conclusion.

Using estimation (4.18) we obtain the following theoretical upper bound on the inter-
action rate:

1
r< ———
~ 32mmZmi XZ:/O

In the general case of F;(q,w,v) = ]—".(O)(q,w) + 1)2]-}(2)(q,w) (cf. eq. (4.13)), we apply

7

gmax

dg¢® max [wp® (w,q) F”(q,0)| Ulg) ™" (4.22)

the same procedure and find:

dmax

1

0
I <Topt = W Z/O quIQ max {W P(O)(waQ) Fi( )(%W)

(4.23)
+wp?(w,q) F (q,0)| U ().

Eq. (4.23) gives the theoretical upper bound on I" we find from the Kramers-Kronig relations.
It is worth noting that due to the absence of x in the final result, this bound is independent
of the choice of the detector material. Thus, a comparison of the actual interaction rate (4.14)
with the result of eq. (4.23) provides a way to evaluate the given material as a potential
target in direct detection experiments. Below, we apply this general bound to the specific
case of anapole, magnetic dipole, and electric dipole DM.

4.1.1 DM of spins different than 1/2

In our analysis, we assume the dark particles to have spin 1/2. Effective theory of interactions
of DM of spin up to 1 with nucleons or electrons has been the topic of numerous works,
including [24-26]. As can be observed from table 1 of [26], to describe interactions between
spin-1 DM and electrons one must employ more types of effective operators than in the
fermion DM case. This would affect our calculations in two ways:

1. coefficients Fyy, for a,b = ng,na,Js,J - J B, given by egs. (C.1), (C.4) and (C.6), would
contain more terms coming from the new operators depending on the generalized
densities and currents analysed by us;

2. some of the effective operators relevant for spin-1 DM cannot be expressed in the form
of our eq. (3.1), so that including them would require indices a and b to cover a broader
range of generalized densities and currents. For instance, operator Qg defined in [26]
requires introducing in eq. (3.1) a term proportional to

1
2me

|:$7'e ST g el — e g, ST ?re} , (4.24)
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with (S¥™)% = %(S&Sg( + % S%), where Sy denotes a vector formed by the spin
operators of the vector DM particle. As can be observed, such a term cannot be
decomposed into a DM-related and an e -related part in any other way than by
introducing a generalized “electronic coupling tensor” J given by

J4 = ﬁ 0,0l cme — e §l ol (4.25)
e

Consequently, analysis of the vector DM case requires adding new contributions to the F;
terms both in eq. (4.14), which expresses the actual DM-e™ interaction rate, and in eq. (4.23),
which provides the theoretical upper bound. The ratio I'opi/I" would depend on the new
terms in a non-trivial way, so that it is difficult to predict to which extent our results would
apply to the general vector DM case. Note that all the new contributions to the matrix
element squared would be expressible in terms of the generalized susceptibilities employed
in this work; no new generalized susceptibilities would be needed [26].

On the contrary, effective operators required to describe interactions of scalar DM with
electrons form a subset of those employed in the fermion DM case. Therefore, adjusting our
calculations to the spin-0 case would be straightforward, as it only requires dropping terms
specific to the spin-1/2 case. However, precise values of the final ratio between the theoretical
optimum and the actual interaction rate cannot be predicted prior to an actual calculation.

Regardless of the aforementioned differences in detailed forms of expressions and numerical
results, the methodology we have used remains valid for any spin of DM particles, so that
it can be straightforwardly extended and used to generalize our approach to the cases of
DM of spins other than 1/2.

4.2 Interaction rate in specific effective models
4.2.1 Anapole

DM has an anapole moment if it couples to the photon via the higher order electromagnetic
coupling,

_ 1y
3_21\2

where F),, is the electromagnetic field strength tensor, x is a Majorana four-component

XX 0" Fu (4.26)

spinor describing the DM particle, ¢ is a coupling constant while A is an energy scale. In
the non-relativistic limit, eq. (4.26) implies the following amplitude for DM scattering by
a free electron [17],

469 ’ ’ / . q /

M = S mym {2 (vii - €78,67) 7" + ge (675,87 - (zme x g7 Sefrﬂ ., (427)
where S, = 0,/2 (Sc = 0./2) denotes the spin matrix corresponding to the dark particle
(electron), g. = 2, and ”éi is the so-called transverse relative velocity, which is the component
of the relative DM-e™ velocity transverse to the momentum transfer in the case of elastic
scattering. The associated transition potential depends on the electron density, paramagnetic

current, and spin current [16]:
s’ 1

of = Ty [FOSS/”O(_Q) + ng’ Js(—q) + F?\f[/ 'jM(—Q)} : (4.28)
elltx
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where the functions F@SS/, gS’ and f\f[/ are listed in eq. (C.1) with ¢g and cg explicitly given by

cg = SGmeX% , (4.29a)

g

cy = —Sememxp , (4.29b)

and all other coupling constants set to zero. By combining egs. (4.14), (4.29) and (C.4), we find
1 Qmax Wmax(q)
r—__ - do o2 / d i (0) (0) ‘
S’ 2;/0 aq” | w Im Ai(g,w) [0 (w,q) A7 (gw)  (430)
+ 2 (w,q) F P (q.w)]

with ]_-i(o)’ fi(2) defined in eq. (4.13), and the non-zero F; coefficients being

1 w 7>
fnono (Qaw, U) = Z (1}2 _ 5 — 47772) C%, (431&)
X X
1)
3F s (@ w,v) + Fi5 (g, w,v) = ; Fis, s, (@:w,) (4.31b)
1 q2 9
“EmE
1
1)
‘FjM]M (q’w’v) = ch > (4.310)
1w
q _ q _ 2
]:jMno (%w’ U) - ]:nojM (Qa W, U) - _Z g Cg - (431d)

4.2.2 Magnetic dipole

The Lagrangian for the magnetic dipole coupling between a Dirac DM field ¢ and the
photon field A, is

&= %Ea%p Fly . (4.32)

where F},, = 0,A, — 0, A, and o' = i[y*,~"]/2. The associated amplitude for DM-electron
scattering is

161, me

= {4m658’85’“’T + e (U; x €1 SX§S> 5T
q

A
- [(q-€5,6%) (q-€7'5.7) —* (5,67) - (5. |
(4.33)

with S, . and vjj defined as in eq. (4.27). This amplitude implies an effective transition
potential of the same form as in eq. (4.28), but the only coupling constants that are now
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different from zero are

g

= 4emeK , (4.34a)
= 16emX% , (4.34b)
166m2mx g

= — 00X 4.34

Cs q2 A’ ( 3 C)
166m2mx g

=% 4.34

Cg q2 A ( 3 d)

By combining eqgs. (4.14), (4.34) and (C.4), we obtain a transition rate formula with the same
structure as in eq. (4.30), but the non-vanishing F; coefficients are now given by

2
2.9 q2>
vt — W

9, 4 (+2mx 2

Fronoe (@, w,v) = ¢ + Tm? s (4.35a)
3 ‘/—_:765.75 (q,w,v) + "T.‘J[f% (q,w,v) = Z ‘Fj5k Jsy, (q,w,v) (4.35b)
k
_ 3 5 q' 2 §
= 1604 + 16m§cﬁ + 8mgc4667
s 'S 2
'FijM (Q7 w, 7)) = m Cs (4'350)
¢ 2
aq _
Fi i (@Gwv) = “am2 s . (4.35d)
4.2.3 Electric dipole
The case of electric dipole DM is characterized by the Lagrangian
gelectric = % iJU#V’YSw FIM/ . (436)
The associated amplitude for DM-electron scattering takes the form
_eglomyme . 0 o s\ orlr
M =N NI (4.37)

This implies that the total transition rate I' can be written as

_ # /(Imax dq q2 /wmax(q) du_) p(o) (w7q) .Fn [ (q,CL)) Im Xnon (q CL)) , (438)
1672m2m?2 Jo 0 om0 ono (4
with
q2 2
Frgno (4:@) = 5 €1 (4.39)
(5
where

(4.40)
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4.3 Numerical results

In order to numerically evaluate the transition rate formulae in eqs. (4.30) and (4.38), and
the associated theoretical upper bound in eq. (4.23), we use the relations between the
relevant generalized susceptibilities of [16], x,tp, and the atomic and crystal responses (i.e.,
W functions) derived in [17], to express the contracted susceptibilities defined in eq. (4.7) as

Im > 0, (g, w
Im Xngno (¢, w) = oo 4 ) 5 (4.41a)
’1 + U(Q) [1 - G(Q)] 2n(mo (%w)‘
1
Im AX;?, (q,w) = §Im AX;S,TJ, (q,w) =2Im X n,(q, w) , (4.41D)
i !
1
Im AXJ‘LJ’ %&gg Im AX t e (q,w)
272Q) q>
= — |7 4.41
| W) + Wala.w) + ReWa(a.) (1.41¢)
2

w
-2 ? [Im E710710 (Q7 W) —Im Xnono (q7 W)] )

qkqe
Im A _ 4k4e 1 ‘
mAX - (gw) % 2 mAx j, (@w)
2120} q2 m2
— o [WW1(Q;W) + ?; W4(q,u)) + Re WQ(q,W) (441d)
2

w
—2 ? [Im ETLO”O (q7 Ld) —Im Xnono (q7 CU)] )
’ N
Im AX]]]LVI”O (CL w) - Z q Im AXJ;T\/[knO (Q> W)

QQ 2
_ 7 aL {m2 Wi(g,w) + 2 Re Wa(g, w) (4.41¢)

w
—2 g [Im 2nono (q7 w) —Im Xnong (q7 w)] :

The result for Im Ay? oj,, 1S the same as the one obtained for Im AX;I.T , given by eq. (4.41e).
M0
Let us also notice that before contraction, the Im AX + susceptibility is proportional to

Js, 95,
the delta function [16]:

Im ijgk] 5, (q,w) = 20k Im 3,0 (g, w) , (4.42)
which was important for the reasoning of footnotes 6 and 7. In egs. (4.41) and (4.42), we
express the in-medium corrections via the density-density response function X,,,, and the
local-field factor G' [16]. Our derivation assumes that the material is non-spin-polarized, which
allows for simplifications in the electron spin sums, resulting in the presented relation between
the susceptibilities and the electron number density. For non-spin-polarized materials, ¥; n,
and ¥,,;, are different from zero only for ja, js € {jar,no} [16]. The relation between X,n,
and the numerical data is explained below. Q is defined so that QV/M = 1/, where M is
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the detector mass and m is the unit cell mass in the case of crystals, and the argon or xenon
atom mass in the case of noble liquids [16].® This implies that the total electronic transition
rate per unit detector mass induced by n,V DM particles, i.e., n, VI'/M, is independent
of V. Here, n, is the local DM number density.

For the functions Re Wy, W3, and Wy, we use values that were tabulated in [17] with
DarkART [27]? for argon and xenon detectors, and in [18] with QEdark-EFT [29] for germanium
and silicon targets. The W function is related to the imaginary part of the density-density
response function, X,,y,, in the following way:

72 Q
Im Xm0 (Q7 w) — W1 (Qa ) . (4.43)

For crystal detectors, we extract the density—density response function X,,,,, from the equation

Shgno(@:w) = U(q) ™! [PV (g, w) — 1] , (4.44)

where the dielectric function eSPAW was calculated in [15] using GPAW [30], and implemented
in DarkELF [31]. The W function is then obtained from eq. (4.43). Conversely, in the case
of argon and xenon, we use the values of W) tabulated in [18] to calculate the imaginary
part of ¥,,,,. The real part of ¥,,,,, can be obtained from the imaginary one by applying
the general Kramers-Kronig relation given by eq. (3.14).10 For G we use the expressions in
eq. (94) of [16] for germanium and silicon, while we set G = 0 for argon and xenon.

Figures 1 to 3 show the ratio between the optimal total interaction rate I'gp, given
by eq. (4.23), and the actual total interaction rate I', obtained for a given material from
eq. (4.14). The results presented in figure 1 have been obtained in the electric dipole model,
described briefly in section 4.2.3, while figures 2 and 3 correspond to the magnetic dipole
(section 4.2.2) and anapole (section 4.2.1) models, respectively. In each plot, the thick green
line represents the values obtained for silicon, the thin black line corresponds to germanium,
the dotted blue line denotes the results for xenon and the dashed orange line has been
obtained for argon. The horizontal red line marks the reference value of 1, for which the
actual interaction rate I' would saturate the theoretical upper bound I'op:. Note that I'ops
does not depend on the chosen material, so the plotted ratio can serve as an evaluation of a
given material’s quality with respect to its usefulness in direct searches for DM.

81n the case of crystals, Q=v_!

cell *

9The Re W» function computed by DarkART has to be multiplied by a factor of minus 1 to account for a
missing minus sign in the definition of the vectorial form factor f, , ; in [17]. The correct definition for f, , ; is

e

o [[ar e ).

where v; and 1y are the initial and final electronic wave functions. Notice also that DarkART computes all
W’s as a function of g and k', where k' is the asymptotic momentum of the final state electron. Following [28],
we use

dk:/ ne( )
Z W (5((4] - Ek’f’m/ + Enim) ’ J = 17 27 37 47

to convert the Wj"[(q, k'); functions of [17] to functions of ¢ and w, i.e., W;(q,w). Here, Ef = Eppm
and E; = Eppm.
105 0no satisfies all assumptions of eq. (3.14) as well as Xngng -
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Topt /T model: electric dipole
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Figure 1. Ratio between the theoretical upper bound I'ypy and the actual value of the interaction
rate I', obtained within the electric dipole model, as a function of DM mass. The lines correspond to
different materials: silicon (thick green), germanium (thin black), xenon (dotted blue), and argon
(dashed orange). The horizontal red line marks the value of 1, for which the actual interaction rate
would saturate the bound.

Fopt /T model: Magnetic dipole
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Figure 2. As in figure 1, but for the magnetic dipole model.

Topt /T model: anapole
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Figure 3. As in figures 1 and 2, but for the anapole model.

— 20 —



The maximal energy transfer from a dark particle of mass m,, which corresponds to a
total absorption of its energy, is m, (vg + Vesc)? / 2, where vg + Vese ~ 800 m /s is the maximal
velocity of the dark particle according to the standard halo model (see appendix A). For
the materials considered in our manuscript, excitations caused by DM particles of masses
lower than 0.1 MeV would fail to exceed the 1-electron ionization threshold. In such a case,
the detection method should be focused on different channels, such as phononic excitations.
This can clearly be observed in our plots, where the ratio between the optimum and the
actual rate tends to infinity as DM mass approaches the value corresponding to the 1-electron
ionization threshold: m, = 0.19MeV for Ge, m, = 0.32MeV for Si, m, = 4.6 MeV for
Ar, m, = 3.6MeV for Xe.

It can be observed that, for Si and Ge detectors, the ratio approaches values around
102 in the electric dipole model, while in the anapole and the magnetic dipole model, the
ratio is always very large, i.e., above 10%. This is correlated with the fact that the response
to the density-density coupling (the only one relevant for the electric dipole) is close to the
maximal possible, while the response to the AX;S,T i AX;I.? ine couplings which dominate
for the anapole and the magnetic dipole, is far flj%m optimlgl. In contrast, for Ar and Xe
detectors, our theoretical upper bound is at least four orders of magnitude larger than the
actual rate, regardless of the model. For all materials and models considered in this work,
the ratio reported in figures 1 to 3 is minimal for a value of the DM particle mass in the
range between 0.5 and 15MeV.

5 Summary and conclusions

We investigated the analytic properties of the rate of DM-induced electronic transitions in
materials within a framework that combines an effective theory description of DM-electron
interactions with linear response theory. Within this framework, the rate of DM scattering
events in materials can be expressed in terms of generalized susceptibilities describing the
response of detectors to an external DM perturbation. We found that the rate of DM-
induced electronic transitions in materials admits a theoretical upper bound under general
assumptions on the underlying DM-electron coupling. This bound applies to models where
DM couples to the electron density as well as the electron spin, paramagnetic and Rashba
currents. We obtained this result by applying a set of the Kramers-Kronig relations to
the generalized susceptibilities used in [16] to express the rate of DM-induced electronic
transitions in materials.

We evaluated our theoretical upper bound numerically for Ar, Xe, Ge and Si targets
and found that, while Ge and Si detectors are generically closer to saturate this theoretical
upper bound, they are still far from saturation, unless DM couples to the electron density.
This motivates the exploration of different classes of materials to effectively probe such
coupling forms.
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A DM velocity distribution

We assume that the distribution of DM velocities in the laboratory frame, f(v), has the
form of truncated Maxwell-Boltzmann distribution,

v+ vg)?
f(v) =N exp [—(t}ﬁl 0(Vesc — |V + vg), (A.1)

0

where vg is Earth’s velocity relative to the galactic centre, vege is the galactic escape velocity,
and vy is the most probable DM speed (in the galactic reference frame, in which the mean
DM velocity is zero). The normalization constant N is given by

—1
1 ﬁ Vesc Vesc U2
- VT g | Yese| CVesel ) A2
N 27rv8<2 o [vo] 0 expl v%}) (A-2)

The values of vg = vg, vese and vy adopted in this work after [32] are

km km

k
ve = 250.5 Tm | Veo=5M—, =238~ (A.3)

s
B Integration over velocities: from dv to dw

In general, the electronic transition rate in eq. (3.13) can be written as

r— /dqdvf(v)B(v,q), (B.1)

where f(v) describes the distribution of DM velocities in the laboratory frame (see appendix A),
and B(v,q) is a model dependent function we do not need to specify here. If we assume
that the target material is isotropic (see appendix D.1), then

r— /dqdvf(v)B(w,q, v, (B.2)

where!!

2

(B.3)

WwW=q-v— .
4 2my
Let us work in a coordinate system where Earth’s velocity with respect to the galactic centre
(denoted by vg), DM velocity in the laboratory frame (v), and momentum transfer (q) are
related by the following relations:

Vg = Vg €, (B.4a)
v=vR(a,f)e;, (B.4b)
q = qR(O&,B) R(07¢) €z, (B4C)

"To simplify the notation, we write w instead of wy g, cf. eq. (2.16).
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where

cos¢ —sing 0 cosf 0 sinf
R(0,¢) = |sing cos¢p 0 0 1 0 (B.5)
0 0 1 —sinf 0 cosd

is a rotation matrix, so that
V- Vg = VUg COS U, v-q=vqgcosf. (B.6)

Next, we perform the change of integration variables (q,v) — (q,w, v, , 3, ¢), such that

dgdv = gdgdwvdvdcosadfde, (B.7)
which, after integrating over the irrelevant angles 5 and ¢ (I' does not depend on them),
turns to

dgdv = 47% ¢dgdw v dv d cos a. (B.8)
The integration range is
0<qg<oo, O<w<oo, vg < v < 00, —l<cosa<l, (B.9)
where
- % + 2an : (B.10)

and the w > 0 requirement has been introduced for physical reasons. Note that the velocity v
is bounded from above by the cut-off value vese + v, which is imposed via the step function
in f(v) (see appendix A) and affects the actual range of integration over dgq and dw.

B.1 Velocity-independent B

When the function B introduced in eq. (B.1) is independent of v, the rate I' can be written

as follows:
o o
r= 47T/ qqu/ dw p(w,q) B(w,q), (B.11)
0 0
where
T [® 1
P (w,q) = —/ Udv/ dcosa f(v). (B.12)
q Jug -1
By analytically evaluating the angular and velocity integrals in the above equation, we find
2
prw,q) =
(w9 = 5
@ % exf (z4) + erf (z_)] — 2% for vy < Vese — Ve
X @ e erf (2) 4 erf (2_)] — (1+2_) e for vege — v < Vg < Vesc + Vg
0 for vesc + v < Vg,
(B.13)
where z = (vg + vg)/v0, - = (Vg — Vg)/V0, Z = Vesc/Ve, and the normalization constant

N is provided in appendix A.
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B.2 Velocity-dependent B

For the models studied in this work, the DM-electron scattering amplitude .# is at most
linear in v. Consequently, the function B can be at most quadratic in wv:

B(w,q,v) = BO(w,q) + B?(w,q)v?. (B.14)
The absence of terms linear in v follows from the fact that to contribute to a scalar function
B, they must be contracted with q. This product can be then expressed in terms of w

and ¢, see eq. (B.3). The contribution to I" from B©) has been discussed in the previous
subsection. In general,

r= /dqdvf('v)B(w,q,v)
= [dqdv () (B ) + BOo,0) v (B.15)

=an [ gtdq | dw [p0w.0) BO(w,0) + 0O,0) B (w.0)]

where p(?) is defined analogously to p(®), but with an additional v? factor:

00 1
PP (w,q) = E/ v? dv/ dcosa f(v). (B.16)
q Jug -1

By performing the above integral analytically, we obtain

e8] 1 2
PP (w,q) = M/ v? dv/ dcosa exp [—m;@)] 0(Vese — |v +vg)
q Vg -1 Vo

2
L (1 + 2%9) ferf (24) + erf (2_))
i (1 _ %) e 4 (1 T %) e for vy < Vese — Ve
2
2 __—~esc
—4<1+“%C+§”%9>e G
ch Ch)
Nrvg "
== ﬁ V) =) Vesc
4q 2 vg (1+2”3) erf(vo )+erf(:):_)}
+ (1 4 %) e*‘”% for vese — vg < Vg < Vesc T Vg
U2<
1 1 (Uesc+v®)3_vg _%
-2 {1 +52+ 31,3@@] 0
0 for vesc + vg < vq,
(B.17)
where, again, z; = (vg + vq)/vo, T— = (Vg — Vq)/V0, Z = Vesc/Ve, and N is defined in
appendix A.

— 24 —



C F-functions

Below, we list explicit expressions for the functions F;jg , Fii, Fj‘; , ijw, and F;g They

are given by

Fflg/ = ff(/T [cl +1 (rge X vi) -Sye5 + 'v; -Sycs + zm -Syen | €7, (C.1a)
ss’ 1 st . q s
FnA = _,EX cr+i— Sy cua SX’ (C.1b)
Me
Fj-s —gS,T{ X’UX c3 + Sy aﬁ——i Sy
Mme Me Me
1 . q . q
+vyer +i—— X Sycg +i——cig (C.1c)
me Me
1L .14 q 1 94
+'UX X SXC]_Q"_’I/'UXHB’SX Cl4+m7€ XUX miesx C15 5;,
Py = &1 ik x Syes = Sy 5. ©14)
6
L[, a4
F3 = 25; {me c3+ i8Sy — Zme - chl5] &y s (C.1e)
where
/
v = Ptp :'v—i, (C.2)
X 2m, 2m,
v = p/my, ¢ = p— p is the momentum transferred to the electron and S, = o,/2

(Se = 0¢/2) denotes the spin matrix corresponding to the dark particle (electron). Elements
of Fu are defined as

1 / /
Fan =5 SOEFF (C.3)

ss’
The elements relevant for the anapole, electric dipole and magnetic dipole models investigated
in this work can be explicitly expressed as

1| g 2 1 1 ¢?
2 1" 2 12 2
Frono :C1+4‘m X vy C5+Z X C +megcn, (C.4a)
L] g il 2 2, 3 2 ¢ 12 2 ¢
f. . - — — X 'U — ——
Zk: s = 1 |l C3+4C4+4m 06+U c7 + 2m669
2 12 2 2 2
2 | U o ¢ 122 ‘ q @ o
—c = ¢ ——vcc — xvy| —sc C.4b
+ m2 10 + 5 Cl2 + a2 x4 + e x| 22 ( )
2 1 2
+ ng CqCe — 5 H@ X ’UX c12C15| ,
r POk — Qr 24 Loas i Im C4
Iy IM, — Am2 C5 + 4 C80kL — 25kémm7605087 (C.4c)
1 i (q i g
J’.‘. — 1.2 — < X va> _—— . C4d
Iy, M0 4ka08 B x), C5C8 1m. C8C11 ( )

,25,



2
L L‘ can be expressed in terms of v = |v|, ¢ = |q|

Note that the expressions (vi)? and ’ L %o

X X
and v, = v - g as
2 2 2
142 2 aq q q 1 q 2 2
v =0 — vy, — — Xv = — (v —v). C.5
( X) qu+4m§<7 Me X mg( q) ( )
For completeness, we also list the other elements:
1, 14,
Fnana = 1 <C7+4mgc14 , (C.6a)
_ 1 ¢ kg o Gk
‘F]Ek]Ee - Z ( + 5k‘€ 12+ 4m 2 me Cl5 2mg 5 o C12C15 | (C6b)
oM e e G @ (C.6¢)
iggma = 1| T 3C7 dm. 12€14 dmy, m2 14€15 | .
T 1L, o @& 1, i<qva) i gk (C.6d)
= — UL — —— U — = | — c3c7— ———cqC .
NAJ5 4 xk“7 16m2 xk“14 4 Me X & 3C7 4me 7C10
. . 2 . 2
v gk v q gk v q q 1
+-—=—cqc +7770 +—=—|—Xv c14¢
16 m, AC1 T e 6C14 16 m2 (me )k 14C15 ,
R I R el i R i @V — 0 ¢
EkemFjs i, = 1 [ m2 €3 — §ka012+ 1 2 *2015
. 1 2. 1
q 4k 51 4V Gk —q V3
— ( X ’UJ') c3C7 — C9C12 — — X B X C12C15 (C.6e)
Me k 2me 4 mé

2
— (q X ’UJ'> C12C14 + —= q 2 (q X UJ') c14C15| -
Me k dm Me k

D On the isotropy and T' — 0 assumptions

D.1 Isotropy of the material

Following [16], in our derivation we assume isotropy of the detector material. This assumption
allows us to:

« integrate out most of the angular variables in appendix B,
 neglect the screening corrections to the transverse responses [16].

Although the assumption of isotropy is not always strictly satisfied, it is often satisfied
approximately, to the extent that allows us to neglect the local-field [15] and the screening [18]
corrections.

For isotropic and non-spin-polarized materials, the results provided in this work are
exact. As we point out above eq. (2.27), below eq. (4.3), and above eq. (B.2), the assumption
of isotropy is mathematically equivalent to averaging over detector’s orientation. Thus, for
non-isotropic materials, the results correspond to an expected value given the detector’s
orientation is chosen randomly, or to a situation in which the orientation changes cyclically
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(e.g., the detector is rotating). This standard approach has been also used and extensively
discussed in, e.g., [13, 18, 21].

D.2 Temperature dependence of the results

In our results, the thermal corrections are encoded in the exponential term e™?“ in eq. (3.12).
The detectors of interest are assumed to operate in temperatures not exceeding the room
temperature, equivalent to ca. 0.025eV. This value is very small in comparison to the
smallest energies considered in our manuscript, e.g., the one-electron ionization threshold
of germanium is 0.67¢eV. Hence, the exponential term in eq. (3.12) is completely negligible
in comparison with 1, which justifies using the limit 7" — 0.

For metals, not considered in our manuscript, those effects could be of some relevance
because of the absence of the band gap whose energy would have to be exceeded to induce a
signal. For instance, for energy transfer equal to 1meV, the value of the (1 — e™#¥) term in
eq. (3.12) becomes 0.04 < 1. Nevertheless, to obtain the total interaction rate we integrate
over the whole range of allowed w’s, so that the higher values, with negligible thermal term,
should dominate the result and the thermal correction should not significantly affect the ratio
between the actual interaction rate and the theoretical optimum.

One should definitely take into account the thermal effects described by the e #* term
when considering phononic detection channel, for which even the smallest energies may be
relevant and could provide a measurable signal. This case is, however, beyond the scope
of this work.
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