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1 Introduction

The well established problem of the missing mass of the universe, based on undeniable
evidence, has ignited the search for particles that can explain it. In more recent years, these
Dark Matter (DM) searches have also been targeting masses outside of the canonical and
widely explored Weakly Interacting Massive Particle (WIMP) [1, 2] mass window. The
motivation to additionally look beyond WIMPs is as follows [3]: the lack of discovery and
ever shrinking available parameter space of WIMPs could be explained by it being too light,
lighter than the mass of a nucleon, to induce a sizeable nuclear recoil at direct detection
experiments. If we take that this lighter than WIMP DM particle is thermal — was once
in thermal equilibrium with the thermal bath — a new mediator particle is required due to
the Lee-Weinberg bound [4]. There are several proposed mediators that provide a channel
between Standard Model (SM) fields and DM. Among them the dark photon, the gauge
field of a hypothetical new U(1) symmetry group, is the most widely studied [5–9]. Hence,
searches for this new mediator are complimentary to direct searches for probing these DM
candidates. See [10] for a review on sub-GeV DM with a dark photon mediator.

Fixed target experiments [11–13], such as the Light Dark Matter eXperiment (LDMX) [14,
15] and others [16–19], focus on MeV − GeV mass DM, so-called sub-GeV DM. At these
experiments, a relativistic electron or proton beam is incident on a fixed target giving rise to
interactions between the target nuclei and the beam particles. Depending on the experiment,
there are various ways a DM signal is measured such as in a downstream DM detector or by
measuring the missing energy/momentum of the recoil electrons. For the purpose of this study,
we consider the feasibility of the latter case corresponding to the upcoming LDMX. Final
state electrons which have significant missing energy and have gained transverse momentum
(above expected background) are considered signal events. In this work, we are interested
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in signal events where a process analogous to ordinary photon bremsstrahlung occurs, dark
bremsstrahlung [20]. Existing studies consider the production of dark photons [21] produced
by dark bremsstrahlung, which decay invisibly into DM of various different models [7, 22, 23].

The interaction between dark photons and SM fields emerge from vacuum polarization
diagrams containing portal matter field loops [24] — leading to the ordinary kinetic mixing
electromagnetic type interaction term. As described in [23, 25], it is possible that the dark
photon does not only couple through electromagnetic-like interactions, but also through
higher order electromagnetic moment interactions. These additional interactions arise from
loop diagrams with portal matter fields and new massive gauge bosons from a new gauge
sector [26, 27].

Due to the different Lorentz structure of these interactions between the dark photon
and the SM fermions, the expected number of events and kinematic distributions of these
events vary from those of the electromagnetic type interaction. This opens the opportunity
for potential model differentiation in the case of an LDMX signal, and an extension of the
projected sensitivity to include these alternative models. This concept is also employed in [28],
where the authors consider the potential for model discrimination at missing momentum
experiments. In this study, we extend the work of [23] to investigate the signatures and
projected sensitivity of dark photons with kinetic mixing, magnetic and electric dipole, charge
radius, and anapole moment interactions with SM fermions. Taking DM to be a complex
scalar field as a benchmark, which naturally evades strong limits from indirect detection and
energy injection into the cosmic microwave background [29, 30], we calculate the thermal
targets of these models in order to enforce the constraints from Planck [31], putting the
sensitivities into context. The analytic and numerical (using the Monte Carlo event generator
MadGraph [32]) approach to calculating the kinematic distributions are compared, where
we find that the common analytic method over estimates the number of high transverse
momentum events. We discuss the plausibility of model and dark photon mass differentiation
in the optimistic case of enough signal events at LDMX. Introducing a new variable, the
model, which the kinematic distributions are dependent on, invokes a more difficult mass
estimation. However, even though we find a degeneracy between mass and model in the
kinematic distributions, considering both energy and transverse momentum of the recoil
electron breaks the degeneracy between certain models.

The theoretical framework for these additional dark photon — SM fermion interactions
is presented in section 2, which we follow by the discussion of the relic density calculations in
section 3. The main results, namely the projected sensitivity and expected signal distributions
are presented in section 4. Finally in section 5 we leave our concluding remarks.

2 Theoretical framework of dark moments

The effective interaction vertex between spin-1/2 fields and a photon can be parameterized
in terms of five electromagnetic form factors, consisting of all possible Lorentz invariant
operators [33]. These are effective interactions of higher order describing loop diagrams,
inversely proportional to cut off scales of order of the loop field masses. The non-relativistic
limit of these interactions reveal the static electromagnetic properties of the spin-1/2 field.
The well studied kinetic mixing scenario of two U(1) gauge groups [34–36], occurs through
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vacuum polarization diagrams containing new heavy portal matter fields carrying charges of
both gauge groups. After integrating out the portal matter fields, we arrive at the effective
kinetic mixing Lagrangian commonly written down. As shown in refs. [23, 24], an analogous
mechanism can generate new kinds of effective interactions beyond the common kinetic
mixing scenario, including higher order electromagnetic moment interactions. Such higher
order dark electromagnetic moment interactions (also known as form factors) occurs similarly
in the standard model [37–41], and could occur in the dark sector between DM and the
ordinary photon [42–46].

We consider the scenario in which the SM is extended by a new U(1)D gauge group, with
the associated gauge boson A′, the dark photon [5], which receives a mass via the Stueckelberg
mechanism or a dark Higgs mechanism. The existence of a new set of fields, portal matter
fields,1 carrying SM and dark U(1)D charges allows for the interaction between the A′ and
SM fermions through vacuum polarization diagrams with these portal matter fields in the
loops [24]. Previous literature has discussed examples of UV complete frameworks which
contain these heavy portal matter fields [24, 26, 27, 47]. As discussed in [23, 48], these loop
diagrams generate additional interactions to the standard electromagnetic type interaction
between A′ and SM fermions f . We consider in this study four additional types of interactions,
separately.2 We are justified to write these interactions in an EFT framework as higher
dimensional interactions due to the small enough energy scale in which we are interested
in. In general, the strengths of these interactions are dependent on the squared momentum
of the A′, labeled q2, and a cut off scale, Λf , where we can write the form factors as an
expansion around q2 = 0 as c0 + c1q2/Λ2

f + . . . , where ci are constants. As described in [23]
and calculated in [49], Λf is dependent on the portal matter field masses. Since the masses
of the portal matter must be at or above the TeV scale to evade LHC constraints, we set
Λf = 1TeV for the purposes of this study. We safely neglect the higher dimensional terms in
the form factor, beyond c0, since we are interested in sub-GeV masses, thus energies/momenta
far enough below the TeV scale. We write these interactions as follows,

LA′f =− eϵQf fγµfA′
µ − µf ∂ν

(
fσµνf

)
A′

µ − idf ∂ν

(
fσµνγ5f

)
A′

µ

− bf

[
∂ν∂ν

(
fγµf

)
− ∂µ∂ν

(
fγνf

)]
A′

µ

+ af

[
∂ν∂ν

(
fγµγ5f

)
− ∂µ∂ν

(
fγνγ5f

)]
A′

µ,

(2.1)

where f are the SM fermions3 and e is the elementary charge. The first term is the usual kinetic
mixing term with interaction strength proportional to ϵ, in addition to the magnetic dipole
term with coupling µf , electric dipole with df , charge radius with bf , and anapole moment
with af , which we take to be free parameters. We define the parameter gf representing the

1It has been shown in [24] that the portal matter fields are likely fermions, and if so must be vector-like
with respect to the SM and dark gauge groups.

2A scenario where ϵ is much smaller than the other effective interaction couplings is possible, since ϵ

depends on the extended Higgs sector generating the mass of the dark photon [23]. Therefore we justifiably
consider the implications for scenarios where each interaction is considered in isolation.

3Coupling to neutrinos is assumed to be absent, and for the purposes of this study we mainly consider
couplings to electrons and muons.
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coupling strength for each type of interaction, or model,

gf =



ϵ Kinetic Mixing
µf /e Magnetic Dipole
df /e Electric Dipole
bf /e Charge Radius
af /e Anapole Moment

(2.2)

where we compare the phenomenology of each. Notice that, for all cases except for kinetic
mixing, gf is dimensionful with dimension -1 for the magnetic and electric dipole, and -2
for the charge radius and anapole moment. The magnetic and electric dipole models are
expected to have similar phenomenology, since their Lorentz structures only differ by a γ5

thus their cross sections scale the same way with energy; similarly with the charge radius
and anapole moment models. This allows for the models to be classified into three groups:
the first with the kinetic mixing, the second with the magnetic and electric dipole, and the
third with the charge radius and anapole moment models.

In order to make meaningful statements on the phenomenology of these models, we take
as a benchmark scenario, a complex scalar DM candidate, χ, that constitutes the entire
observed relic abundance and couples to the dark photon with the following Lagrangian,

LDM = |∂µχ|2 − m2
DM|χ|2 + igDA′µ [χ∗ (∂µχ)− (∂µχ∗)χ] , (2.3)

where mDM is O(MeV − GeV), mA′/mDM = 3, and we quantify in terms of the dark fine
structure constant, αD ≡ g2

D
4π . We take αD = 0.5, and gD ≫ gf such that BR(A′ → χχ) ≈ 1.

Conservation of angular momentum forbids scalar particle s-wave annihilation via an
s-channel dark photon — giving rise to its p-wave dominant (velocity suppressed) thermally
averaged annihilation cross section. This argument is independent from the type of interaction
between the dark photon and SM fermions. Therefore, the scalar DM candidate is safe from
strong indirect detection constraints in these models [50, 51].

Direct detection of sub-GeV dark matter primarily relies on scattering with electrons or
the excitation of vibrational modes in the detector material [52]. As demonstrated in [23]
for the magnetic moment model, the direct detection signal for electron recoils is expected
to be small. We expect similar estimates for the electric dipole, charge radius, and anapole
dark photon models. Although dedicated studies of the direct detection prospects for these
higher electromagnetic moment dark photons present an intriguing direction for future study,
we do not consider them in this work.

3 Relic density

We enforce consistency with the Planck measurement of the DM relic abundance [31],

ΩDM,obsh
2 = 0.120± 0.001, (3.1)

by solving the Boltzmann equation [53], which calculates the relic abundance as a function
of model parameters for each model,

ṅχ + 3Hnχ = −1
2⟨σvrel⟩χχ→ff (n2

χ − n2
χ,eq), (3.2)
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Figure 1. Projected sensitivity of LDMX [14] of each model with their relic targets in the y vs mA′

plane, where gf is defined in section 2. We take the set up of Phase II LDMX, which has 1016 EOT
and an 8GeV beam, for the optimistic zero background scenario at 90% confidence level. We set
mA′/mDM = 3, and αD = 0.5. The kinetic mixing (KM) is shown in red, magnetic dipole (M) in
green, electric dipole (E) in blue, charge radius (C) in grey, and anapole moment (A) in brown, while
the LDMX sensitivity is plotted with dashed curves and the relic targets with solid curves.

where nχ is the cosmological number density of DM particles, H is the Hubble rate, and
⟨σvrel⟩χχ→ff is the thermally averaged cross section of DM annihilation into fermions, namely
electrons and muons. ⟨σvrel⟩ is calculated using the matrix elements presented in appendix A.

We use our own Boltzmann solver based on [53], which is validated with micrOMEGAs [54]
version 5. For the kinetic mixing model, we include contributions from DM annihilation into
hadronic final states [55–57]. For the sake of this study, we consider large enough couplings,
αD = 0.5, that DM reaches thermal equilibrium with the SM bath therefore the abundance is
set through the freeze-out mechanism. Due to our choice of mA′/mDM = 3, DM annihilation
into SM fermions through an s-channel with a virtual dark photon is the dominant process
setting the abundance. Figure 1 plots the relic targets, the contours corresponding to the
observed relic abundance in y vs mA′ space for each model in tandem with the projected
exclusion bounds described in the following section. y is defined to be,

y ≡ g2
f αD

(
mDM
mA′

)4
Λ2n

f , (3.3)

where αD and gf are defined in section 2, and n = 1 for the electric and magnetic dipole,
and n=2 for the anapole and charge radius. We take an adapted version of the commonly
used y parameter, a convenient choice since the early universe DM annihilation cross section
× velocity, σvχχ→ff ∝ y

m2
DM

[14]. We include the factor Λ2n
f to have a dimensionless y for

all models. For the higher order models we include a shaded region to the relic targets in
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figure 1, in which we expect contributions for hadronic final states. However, we do not
explicitly compute these contributions for models beyond kinetic mixing interactions.4

As described in the previous section, the models can be separated into three groups, each
leading to quantitatively similar relic targets: the first with the kinetic mixing, the second
with the magnetic and electric dipole, and the third with the charge radius and anapole
moment models. By examining the squared amplitudes of the process dominantly setting
the relic density, found in appendix A, this will tell us about the thermally averaged cross
section scaling with mA′ near freeze-out. The relic target of the kinetic mixing model is
validated with previous results [22], with its positive slope. The magnetic and electric dipole
models exhibit an approximately constant relic target as a function of dark photon mass. As
discussed in [23] for the magnetic dipole model, which can also be applied to the electric
dipole model, the energy-squared proportionality of the DM annihilation matrix element
squared leads to a cross section near freeze-out that is approximately mA′ independent.
Finally, the charge radius and anapole moment model group’s relic target slope is due to
the additional energy squared proportionality in the matrix element squared, resulting in
a cross section near freeze-out proportional to m2

A′ .

4 Signatures at LDMX

LDMX [14], a missing momentum experiment which uses an electron beam incident on a
tungsten target, will have the ability to reconstruct both the energy, Ee−

f
, and the transverse

momentum (momentum component perpendicular to the beam), |pT |e−
f

, of the recoil electrons.
The events are expected to have different kinematic distributions whether or not there has been
DM or dark mediator production, as opposed to the production of ordinary photons, since the
production of an invisible but massive particle will carry away most of the energy and kick the
recoil electron in the transverse direction. As we will show in this section, the nature of the
DM signal also can vary the shape of the kinematic distributions and total expected number
of events. Thus, the kinematic distributions will vary depending on the dark photon model,
namely the type of interaction between the dark photon and SM fermions. The expected
kinematic distributions are calculated analytically and numerically, with disagreement due to
assumptions made in the analytic approach. We then proceed with the numerical approach,
and compute the projected sensitivity in reference to our calculated thermal targets.

4.1 Analytic vs numerical methods

Using the formalism presented in [20], which relies on the Weizsacker-Williams Approxi-
mation [58, 59], and comparing with the results of [23], we calculate the Ee−

f
and |pT |e−

f

distributions, namely dσ
dxA′d cos θ , in the kinetic mixing and magnetic dipole models. The differ-

ential cross section for dark photon production in the kinetic mixing model is given by [20],

dσKM
dxA′d cos θ

= AxA′

[
1− xA′ + x2

A′/2
U2 + (1− xA′)2m2

A′

U4

(
m2

A′ −
UxA′

1− xA′

)]
, (4.1)

4The shaded regions in the relic targets are computed assuming eq. (A.4) of [57]. This computation is not
valid for non-vector interactions, and we leave the development of a method to better approximate other types
of dark photon interactions for future work. These shaded regions are only to be used as a proxy for the
contribution from hadronic final states — not to be taken rigorously.
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where A is a constant which depends on ϵ, Ebeam, an effective flux of photons depending on
the nuclear structure, and mA′ , xA′ = EA′/Ebeam, θ is the angle of the dark photon with the
beam axis, and U = E2

beamθ2x+m2
A′

(1−x)
x +m2

ex. Similarly, from [23] we have the differential
cross section for dark photon production in the magnetic dipole model,

dσM

dxA′d cos θ
= Bx2

A′

U
, (4.2)

where B is a constant. Notice that the differential cross sections do not depend on parameters
associated with the DM particle — only the dark photon mass and coupling to electrons.
The distributions of the recoil electron are computed by integrating dσ

dxA′d cos θ over θ from
0 to π, and normalizing to properly compare with the numerical method described below.
These analytic expressions rely on a number of assumptions. The dark photon is assumed to
be roughly collinear with the beam, hence θ is small. In addition, the nucleus is assumed
to remain at rest i.e. not recoil at all during this process.

Keeping these assumptions of the analytic method in mind, we simulate this dark
bremsstrahlung process by running MadGraph [32] with our FeynRules [60] generated
UFO files for each model. We include the form factors for the nucleus-photon vertex given
in A18 and A19 of [20],5 which include both elastic and inelastic contributions. The signal
contribution from a dark photon emitted off of the nucleus rather than the electron is safely
neglected, since we expect the overall number of events and generated pT to both be small,
however we leave a detailed study of the contribution to future work. The comparison between
the analytic and numerical methods is plotted in figure 2, for both the pT and E distributions
of the recoil electron. For the E distributions, the shapes of the analytic distributions for
both models resemble the numerical distributions. In fact, altering the upper integration
bound over θ to a value closer to zero brings the analytic curves closer to the numerical
curves. However, the discrepancy is evident for the pT distribution, where for the analytic
method there are more events with higher pT . This is due to faults in the assumptions — in
particular events with higher pT are overestimated since the nucleus is assumed to always
be at rest, unable to take any of the transverse momenta generated from the dark photon.
The pT distribution of the final state tungsten nucleus, directly after the process, is plotted
in figure 3 using MadGraph. There are a significant number of events where the nucleus
receives > 100MeV transverse momenta, a non-negligible quantity not accounted for in the
analytic method. The momentum transfer to the nucleus is also neglected in the software
packages Geant4 [61] and EGS5 [62] for modeling bremsstrahlung in the SM. In [63], the
authors similarly point out problems with this assumption. For this reason, we continue this
section using MadGraph to simulate dark bremsstrahlung events for each model, computing
the projected sensitivity and expected kinematic distributions potentially used for model
discrimination in case of a future signal at LDMX.

4.2 Projected sensitivity

The projected exclusion bounds at 90% confidence level of LDMX are plotted in figure 1
for each model. We compute the projected exclusion bounds using MadGraph simulations

5As pointed out by, there is a typo in eq. (A.19), where the second term should not be squared.
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Figure 2. Kinematic distributions, calculated numerically with MadGraph (solid) and analytically
(dotted), of the recoil electron, e−

f , in both the kinetic mixing (KM, red) and magnetic dipole (M, green)
models. The process simulated and calculated is dark photon bremsstrahlung with mA′ = 100MeV
and Ebeam = 4GeV. Each histogram is normalized, thus the relative bin heights should not be
analyzed, rather the difference in shapes.
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Figure 3. Distribution of final state tungsten nucleus transverse momenta pT , for each model,
simulated using MadGraph.
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of dark bremsstrahlung events at LDMX phase II which plans to have 1016 electrons on
target (EOT) and a beam energy of 8GeV. Assuming that the events follow Poissonian
statistics and the optimistic zero background case, we draw our projected exclusion bound at
2.3 events. The relic targets are included, calculated as described in section 3, showing the
ability to probe each model in a region of parameter space compatible with relic abundance
measurements. Similarly to the relic targets, the projected exclusion bounds vary for each
model due to the different Lorentz structures in the A′ − f vertices and can be classified into
three groups. Each group has a different expected number of events, and mA′ proportionality
of the dark bremsstrahlung cross section.

4.3 Kinematic distributions

As mentioned above, and shown in [23], different models lead to different distributions of the
recoil electron at missing momentum experiments, such as LDMX. For three representative
dark photon masses, the transverse momentum and the energy of the final state electron, e−f ,
are plotted in figure 4 for each model. Similarly to the projected sensitivity curves, figure 1,
the magnetic and electric dipole models are qualitatively similar to eachother, as well as the
charge radius and anapole moment models. However, the kinetic mixing model distributions
have a shape similar to the distributions of charge radius and anapole moment: from eq. (2.1),
since q2 = m2

A′ in the on-shell dark photon bremsstrahlung, there is no longer momentum
dependence in the Feynman rule for the charge radius and anapole models, just as for kinetic
mixing. The overall scaling of the kinetic mixing model events would be much larger, however
the distributions have been normalized — bringing the number of groups from three to two.
The difference in shapes between the two groups arises from the momentum dependence of
the Feynman rules. The charge and anapole models have momentum dependent vertices,
where the Feynman rule is dependent on q, the momentum of the dark photon.

Figure 5 plots the distributions of figure 4, but as a 2-dimensional histogram, highlighting
the correlations between the two kinematic parameters measurable at LDMX. As evident by
figure 4 and already discussed above, the models can be grouped by their signal behaviour
in which their distributions are the same apart from statistical fluctuations. Therefore,
since the distributions for the models belonging to each group are the same, neglecting
statistical fluctuations, the distributions are presented as one plot per group. The left and
right 2-dimensional distributions indeed do differ; there are more events towards higher
energy and pT for the magnetic and electric dipole models. All events obey Ee−

f
> |pT |e−

f
,

as expected, and most have energy and pT ∼ 1GeV.

4.4 Degeneracy of mass and model

Considering the ordinary kinetic mixing dark photon model with enough signal events, the
dark photon mass can be estimated based on the shape of the kinematic distributions [14, 15].
This is possible since the only model parameter altering the shape of the distributions is mA′ .
Interestingly, considering higher order electromagnetic moment interactions in addition to the
standard kinetic mixing, complicates the mass estimation process, since varying the model
also alters the kinematic distributions. Increasing mA′ pushes the Ee−

f
distribution closer

to zero and the |pT |e−
f

to larger momenta, and on the other hand the magnetic and electric
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Figure 4. Kinematic distributions, the energy, Ee−
f

, and the transverse momentum |pT |e−
f

, of the
recoil electron from MG simulations of a 4GeV e− beam LDMX set up. The kinetic mixing model is
drawn in red, magnetic dipole in green, electric dipole in blue, charge moment in grey, and anapole
moment in brown.

dipole moment models give rise to more higher energy and pT recoil electrons. Therefore,
varying the model can have indistinguishable effects from varying the mass. Figure 6 shows
an example of a case where two different dark photon masses can result in similar kinematic
distributions of the recoil electron if the models are different. Both of the |pT |e−

f
distributions,

plotted in the right subfigure, exhibits a degeneracy in the mass and model. Therefore, one
could falsely fit the mass to be 1 GeV when in fact the mass is actually 0.7 GeV but with a
magnetic dipole type interactions rather than standard kinetic mixing.

Since the |pT |e−
f

distribution varies with respect to mA′ in a different way compared to
the Ee−

f
distribution, the degeneracy can be broken to an extent. As evident by the Ee−

f

distribution on the left, the two distributions have a visible separation. Therefore, including
both the |pT |e−

f
and Ee−

f
distributions can break some of the degeneracies, at least between

the two groups, where the first group consists of kinetic mixing, charge radius, and anapole
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Figure 5. The normalized kinematic distributions of figure 4, plotted as 2-dimensional histograms in
the |pT |e−

f
vs Ee−

f
plane. The kinetic mixing, charge radius, and anapole moment models are plotted

on the left, while the magnetic and electric dipole models are on the right; where the two groupings
are chosen since the distributions are the same within them apart from statistical fluctuations. The
dark photon mass is set to mA′ = 1GeV.
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Figure 6. Kinematic distributions of the recoil electron for the kinetic mixing model at mA′ = 1.0GeV
(red) and the magnetic dipole model at mA′ = 0.75GeV (green).
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moment models, and the second of magnetic and electric dipole models. Distinguishing
between models within each group would require additional experiments and considerations
if at all possible, which is beyond the scope of this work. The only exception to this is that
one can distinguish between the kinetic mixing model and charge radius or anapole moment
models, since the overall expected number of signal events is higher for kinetic mixing —
as evident by figure 1 which shows the varying magnitudes of the sensitivity, thus number
of signal events, between the models.

5 Conclusion

We consider an extended theoretical framework for the dark photon, where there are ef-
fective interactions involving loops of portal matter fields, in addition to the well studied
electromagnetic-like kinetic mixing interaction, as presented in [23]. Due to the different
Lorentz structures of the A′ − f interaction vertices leading to different energy dependen-
cies in the dark bremsstrahlung and DM annihilation cross sections, the expected signal
distributions of LDMX and relic targets vary between models. By studying each new type
of interaction separately, we compute the kinematic distributions expected at LDMX, the
projected sensitivities of LDMX, and the relic targets — extending the theory reach of LDMX
to include these additional models. Implications for other future and current experiments is
reserved for future studies. We find that the models can be classified into three groups, each
characterized by similar vertices thus quantitatively similar expected LDMX signals and relic
targets: the first with the kinetic mixing model, the second with the magnetic and electric
dipole models, and the third with the charge radius and anapole moment models.

We compare the analytic and numerical results for computing the kinematic distributions
at LDMX and find that the analytic approach relies on invalid assumptions. The analytic
approach assumes that the nucleus is stationary throughout the process, leading to an
overestimation in the number of high |pT |e−

f
events.

Gathering enough signal data in the upcoming LDMX and performing model and mass
discrimination is an exciting prospect. Having access to both the pT and E distributions
of the final state electron, and in addition the total number of signal events, breaks the
degeneracy between the three groups of models we consider in this work: the first with
the kinetic mixing, the second with the magnetic and electric dipole, and the third with
the charge radius and anapole moment models. We leave a thorough statistical analysis of
potential model and mass discrimination of LDMX data to a subsequent study.
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A Matrix elements

In this appendix we present the matrix elements for each model used in calculating the relic
abundance. First we remind the reader of the well known relationship between thermally
averaged cross section ⟨σv⟩χχ→ff and cross section σχχ→ff ,

⟨σv⟩χχ→ff = 1
8m4

χTK2 (mχ/T )2

∫
σ(s)χχ→ff [s − 4m2

χ]
√

sK1
(√

s/T
)

ds (A.1)

and between the cross section and modulus squared matrix element,

σχχ→ff =
|pf |

64π2s|pχ|

∫
|M|2dΩ, (A.2)

where T is temperature, Ki is the modified Bessel function of the second kind of order i,
s is the Mandelstam variable, and |p| is the magnitude of the 3-momentum. The squared
matrix elements, averaged over initial states and summed over final states, for the relic
abundance setting process χχ → ff , DM annihilation via a virtual A′ through an s-channel,
are listed here:

|M|2KM = 2g2
Dϵ2e2

(s − m2
A′)2 + m2

A′Γ2
A′
(s − 4mDM2)

[
s − (s − 4m2

f ) cos2 θ
]

(A.3)

|M|2M =
4sg2

Dµ2
f

(s − m2
A′)2 + m2

A′Γ2
A′
(s − 4m2

DM)
[
(s − 4m2

f ) cos2 θ + 4m2
f

]
(A.4)

|M|2E =
4sg2

Dd2
f

(s − m2
A′)2 + m2

A′Γ2
A′
(s − 4m2

DM)(s − 4m2
f ) cos2 θ (A.5)

|M|2C =
4s2g2

Db2
f

(s − m2
A′)2 + m2

A′Γ2
A′
(s − 4m2

DM)
[
s − (s − 4m2

f ) cos2 θ
]

(A.6)

|M|2A =
4s2g2

Da2
f

(s − m2
A′)2 + m2

A′Γ2
A′
(s − 4m2

DM)(s − 4m2
f ) sin2 θ (A.7)

For the possible decay channels of the dark photon, A′, the squared matrix elements are:

|MA′→χχ|2 = g2
D

3 (m2
A′ − 4m2

DM) (A.8)

|MA′→ff |2KM
= e2ϵ2

3 (4m2
A′ + 8m2

f ) (A.9)

|MA′→ff |2M
=

µ2
f

3 (2m4
A′ + 16m2

f m2
A′) (A.10)

|MA′→ff |2E
=

d2
f

3 (m4
A′ − 4m2

f m2
A′) (A.11)

|MA′→ff |2C
=

b2
f

3 (4m6
A′ + 8m2

f m4
A′) (A.12)

|MA′→ff |2A
=

a2
f

3 (4m6
A′ − 16m2

f m4
A′) (A.13)
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