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molecular protrusions (Ben-Shaul & Gelbart, 1985) or 
bilayer undulations (Lindahl & Edholm, 2000), leading to 
an observed lateral diffusivity that is 75% of the value 
2.0·10−9 m2s−1 for pure water at 20ºC (Holz et al., 2000).

The data in Figure 2c are obtained on excised tumor 
tissue preserved in paraformaldehyde solution. Despite 
the increase in chemical and structural complexity, the 
basic mechanisms contributing to lowering the observed 
diffusivity compared with the reference state of pure 
water are the same as for the simpler systems in panels a 
and b, namely proton exchange between water and labile 
functional groups, hydration of ions, and obstruction by 
larger molecules and aggregates. While the importance 
of the two first mechanisms could in principle be esti-
mated by detailed analysis of the chemical composition 
of the tissue sample (Persson & Halle, 2008), the experi-
mental observations are dominated by the latter mecha-
nism which depends critically on the details of how the 
molecules are spatially arranged—in particular the 
assembly of lipids into bilayers that may or may not be 
efficient barriers for water diffusion (Topgaard, 2020). 
From the perspective of water dynamics, biological tis-
sues can conceptually be divided into numerous subvol-
umes with different local concentrations of everything 
from small ions and metabolites to large macromolecules 
and macromolecular assemblies that influence water 
motion via the mechanisms of hydration and obstruction. 
Some of these subvolumes are formed by the thermody-
namic equilibrium mechanism of liquid–liquid phase sep-
aration into regions with low and high concentration of 
macromolecules (Banani et al., 2017; Hyman et al., 2014). 
Other subvolumes are formed by semipermeable 
biomembranes that encapsulate regions of space with 
different chemical compositions than the surroundings 
and prevent equilibration of concentration gradients. The 
subvolumes—with or without biomembrane enclosure—
have dimensions evenly spread out within the 10 nm to 
100 μm range that is of relevance for rationalizing diffu-
sion data, some examples being vesicles, condensate 
droplets, lysosomes, mitochondria (with internal com-
partmentation), endoplasmic reticulum, nucleus, cytosol, 
and the extracellular space. Because of the varying bar-
rier properties of the biomembranes and the multiple 
structural levels in the tumor tissue, we may expect diffu-
sional exchange of water between the subvolumes on a 
continuous range of time scales as well as a continuous 
ω-dependence of D(ω) filling in the gaps of the numerous 
processes from 10–2 to 1012 Hz described above for the 
salt solution and lamellar liquid crystal. In some aspects, 
the signal data for the tumor in panel c resemble the one 
from the salt solution in panel a, showing minor influence 
of the acquisition variables Θ and Φ at constant b, τR, and 
τE, consistent with isotropic diffusion, as well as elevated 

residuals originating from image artifacts in the low b and 
excessively high ωcent range of the data. At higher b, the 
tumor data display a marked dependence of the signal 
on ωcent and greatly improved fit residuals with the ω-
dependent analysis (overbrace in panel c) indicating ω-
dependence of D(ω) within the investigated window 
~30–300 Hz. The corresponding ω-dependent 2D Diso-
DΔ² projections show a single peak moving from 
E[Diso] = 0.84·10−9 m2s−1 and E[DΔ²] = 0.050 at 35 Hz to 
E[Diso]  =  1.1·10−9 m2s−1 and E[DΔ²]  =  0.014 at 320  Hz. 
Although the observed values for E[Diso] can be repro-
duced by inserting 1.2·10−9 m2s−1 local diffusivity and 7 
μm radius in the model for restricted diffusion in a closed 
spherical compartment (Stepišnik, 1993), we emphasize 
that such a geometric interpretation is most certainly an 
oversimplification that may give rise to misconceptions if 
applied by users not familiar with the underlying assump-
tions and the plethora of alternative models with equal 
ability to describe the experimental results. Without over-
interpretation, we may state that all detectable proton 
populations with potentially distinct diffusion properties 
are mixed on the ~50  ms time scale of the diffusion-
encoding gradients, giving rise to a single peak in the 2D 
Diso-DΔ² projections, and that these exchange-averaged 
populations experience nearly isotropic structural barri-
ers on the length scale of a few micrometers. Converting 
these imprecise statements to quantitative information 
about, for example, compartment sizes and shapes, bar-
rier permeabilities, and local diffusivities, would require 
model assumptions that are difficult to justify in light of 
the known chemical and structural complexity.

The remaining panels d, e, and f in Figure 2 present 
results for three regions of the ex vivo mouse brain: white 
matter (WM) in the internal capsule, gray matter in the 
cortex (GM), and gray matter in the cerebellum (GMr). 
WM consists of closely packed aligned axons with ~0.1–
10 μm diameters (Saliani et al., 2017) and lengths on the 
macroscopic scale. The axons are piecewise enclosed 
by myelin sheaths formed by multilayer wraps of oligo-
dendrocyte cell membranes. In addition to the numerous 
cellular-scale subvolumes, WM can on a coarser level be 
divided into the intraaxonal and extracellular spaces, as 
well as the myelin sheaths which in themselves have 
intra- and extracellular spaces. All these subvolumes 
have distinct types of organization of macromolecular 
assemblies and biomembranes that determine the local 
diffusion properties of the water. In analogy with the rea-
soning for the tumor tissue, we may expect some 
exchange or restricted diffusion process to occur at any 
given time scale. The data for WM in panel d share some 
distinguishing features with the liquid crystal in Figure 2b: 
signal fluctuations with acquisition variables bΔ, Θ, and Φ 
at constant b, τR, and τE, but only minor differences in fit 
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residuals between the ω-dependent and ω-independent 
inversions. These observations indicate anisotropic diffu-
sion without detectable ω-dependence within the investi-
gated ~30–300 Hz window. The corresponding 2D 
Diso-DΔ² projection comprises a single peak at E[Diso]  = 
0.2·10−9 m2s−1 and E[DΔ²] moving slightly from 0.89 at 
35 Hz to 0.85 at 320 Hz. The presence of just one peak 
shows that exchange averaging over the ~50 ms duration 
of the gradient waveform has rendered the detectable 
water populations too similar to resolve within the vari-
ability of the 2D Diso-DΔ² projections of the 100 replicate 
solutions obtained by bootstrapping and Monte Carlo 
data inversion. According to Eq. (15), the value of DΔ² 
reaches unity in the extreme case of DA >> DR and DR = 0, 
corresponding to one-dimensional diffusion in an infini-
tesimally thin cylinder. The observed values of E[DΔ²] are 
close to one-dimensional diffusion, but still accommo-
date sufficient displacements in the radial directions to 
mix water populations in the intraaxonal and adjacent 
extracellular spaces via the gaps between the myelin 
patches or directly across the sheaths (Le Bihan et al., 
1993). Alternatively, the observations are consistent also 
with a scenario where the populations remain separate 
but coincidentally have too similar values of both Diso and 
DΔ² to resolve without postulating their existence as in the 
popular model-based approaches (Assaf & Basser, 2005; 
Zhang et al., 2012).

GM comprises mainly neuronal cell bodies, glial cells, 
and nonmyelinated axons with low orientational order. 
The cortex and cerebellum GM data in Figure 2e and f 
resemble the tumor data in Figure  2c, with negligible 
influence of Θ and Φ at constant b, τR, and τE, indicating 
isotropic diffusion. The deviations between the residuals 
from the ω-dependent and ω-independent analyses are 
clearly visible for both the cortex and cerebellum, but the 
magnitude is larger for the latter case indicating more 
pronounced ω-dependence in the ~30–300  Hz range. 
Both examples feature single peaks in the 2D Diso-DΔ² 
projections, with a shift of the peak maximum with fre-
quency being readily apparent for the latter. The explicit 
shifts are from E[Diso] = 0.33·10−9 m2s−1 and E[DΔ²] = 0.07 
at 35 Hz to E[Diso] = 0.37·10−9 m2s−1 and E[DΔ²] = 0.05 at 
320 Hz for the cortex and from E[Diso] = 0.28·10−9 m2s−1 
and E[DΔ²] = 0.16 at 35 Hz to E[Diso] = 0.58·10−9 m2s−1 and 
E[DΔ²]  =  0.03 at 320  Hz for the cerebellum. The ω-
dependence of E[Diso] can be reproduced with the closed 
spherical compartment model (Stepišnik, 1993) using 
0.4·10−9 m2s−1 local diffusivity and 4 μm radius for the cor-
tex and 0.7·10−9 m2s−1 local diffusivity and 5 μm radius  
for the cerebellum. Among many other possible mecha-
nisms, these lower and higher values of the local diffu-
sivity could result from the biologically plausible 
macromolecular contents of, respectively, 30 and 10 

vol% (Topgaard, 2020) in solutions with salt and metabo-
lites reducing the diffusivity to 50% of the pure water  
reference state. As stated above, this model-based inter-
pretation is certainly oversimplified but here serves the 
purpose to illustrate that rather subtle differences in local 
chemical composition or biomembrane geometry may 
have a large impact on data acquired under conditions 
that are determined more by hardware constraints than 
by the wishes of the experimentalist.

If D(ω) depends on ω within the investigated window, 
the ω-dependent and ω-independent analyses give differ-
ent residuals as well as 2D Diso-DΔ² projections. The differ-
ence for the latter is minimized if the ω-dependent 
projection is evaluated at the center of the investigated 
frequency range as quantified by the ω50% metric shown in 
Figure 1f. Visual inspection of the residuals and 2D Diso-
DΔ² projections in Figure 2 reveal a correlation between 
misfit and bias toward higher values of DΔ² with only minor 
influence on Diso. The magnitude of the bias is investi-
gated further in Figure  3 showing parameter maps 
extracted from the distributions obtained by the ω-
dependent (top row) and ω-independent (middle row) 
analyses, the former being evaluated at ω50%/2π = 190 Hz. 
The ω-dependence as such is reported in terms of the 
model-independent dispersion metrics Δω/2πE[Diso] and 
Δω/2πE[DΔ²] defined in Eq. (20). Superficially, the two analy-
sis approaches appear to give similar parameter maps, 
except for E[DΔ²] with noticeably lower values in GM for 
the ω-dependent analysis. For the cerebellum, this effect 
leads to sharper differentiation between GM and WM. The 
bias in E[DΔ²] is mirrored in the bin-resolved signal frac-
tions map, showing lower values of the anisotropic frac-
tion (bin1) in the ω-dependent results. The minor 
differences between the maps are amplified in the normal-
ized difference maps (bottom row) at the expense of 
exaggerating the deviations when the metrics are near 
zero. In general, the difference maps are positive (+10%) 
for E[Diso], negative (–100%) for E[DΔ²], and close to zero 
for S0, E[R1], and E[R2]. An exception to this general obser-
vation is the right part of the cerebellum which seems to 
be contaminated by an image artifact affecting primarily 
S0 and E[R1]. While S0, R1, and R2 do not have any explicit 
ω-dependence, a poor fit in the diffusion dimensions 
could introduce a bias also in the other metrics. The areas 
highlighted in the Δω/2πE[Diso] and Δω/2πE[DΔ²] maps, such as 
the cerebellar GM and the tip of the lateral ventricles 
(Aggarwal et al., 2012), coincide with the bias in E[Diso] and 
E[DΔ²].

Figures 4 and 5 show results for in vivo human brain 
obtained with the narrow ωcent-range protocol in Figure 1e. 
In addition to the numerous exchange and ω-dependence 
mechanisms described above for water in the salt solution, 
liquid crystal, tumor tissue, and fixated mouse brain, the 
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living brain features processes originating from the beating 
heart and the varying pressure in the blood vessels. These 
processes include not only blood flow in the arteries, veins, 
and capillary network, as well as pulsatile motion of the 
entire brain (Wagshul et al., 2011), but also flow of cerebro-
spinal fluid (CSF) in the ventricles, interstitial fluid (ISF) in 
the extracellular spaces, and mixed CSF and ISF in the 
perivascular spaces (Jessen et al., 2015), giving rise to dis-
persion in D(ω) at frequencies determined by the interplay 
between the fluid flow rates and vessel curvatures 
(Callaghan & Stepišnik, 1995). The gradient waveforms in 
Figure 1d were designed within hardware constraints with 
the aim of minimizing τE for given values of b and bΔ, unin-
tentionally giving rise to an anisotropic spread of spectral 
power in b(ω) for each waveform (Lundell & Lasič, 2020) as 
well as a variation of ωcent from ω10%/2π = 5 Hz to ω90%/2π = 
11 Hz. Although the relative variation of ωcent is sufficient to 
detect ω-dependence as previously demonstrated for ex 
vivo rat brain (Narvaez et al., 2022, 2024), the data for WM, 
GM, and CSF rectangle ROIs in Figure 4 show no clear dif-
ferences between the residuals or 2D Diso-DΔ² projections 
from the ω-dependent and ω-independent analyses. This 
absence of ω-dependence in the 5–11 Hz range is far from 
obvious considering the continuous range of structural 
length scales and dynamical time scales known to exist in 

the living brain, but is consistent with literature results of 
identical diffusion tensor distributions at the diffusion times 
19 and 49 ms (Song et al., 2022) and the numerous oscillat-
ing gradient spin-echo studies finding dispersion predomi-
nantly at higher frequencies (Arbabi et al., 2020; Baron & 
Beaulieu, 2014; Baron et al., 2015; Dai et al., 2023; Hennel 
et al., 2021; Michael et al., 2022; Tan et al., 2020; Tetreault 
et al., 2020; Van et al., 2014).

The overall description and interpretation of the in vivo 
WM and GM data in Figure 4a and b are similar to the ex 
vivo results above, one minor difference being an oblate 
component visible in the 1D DΔ² projection for WM at DΔ² 
slightly below 0.25. Spurious oblate components in gen-
eral appear as inversion artifacts at low signal-to-noise 
ratio and insufficient exploration of the bΔ acquisition 
dimension (de Almeida Martins & Topgaard, 2018). For 
acquisition protocols limited to bΔ = 1, such oblate com-
ponents may even dominate the distributions for most 
voxels except CSF and coherently aligned WM (Song 
et  al., 2022). The ω-dependent and ω-independent 1D 
DΔ² projections for GM are not completely overlapping 
despite the absence of discernible differences in the cor-
responding residuals. This effect may originate from the 
correlation between ωcent and bΔ at the highest values of b 
in the acquisition protocol in Figure 1e and the slightly 

Fig. 3.  Ex vivo mouse brain parameter maps obtained from ω-dependent and ω-independent inversions of data 
acquired with the preclinical (wide ωcent-range) protocol in Figure 1c. The primary distributions were converted to 
extrapolated signals S0, means E[X], and bin-resolved signal fractions fbinn via Eqs. (17), (16), and (19), respectively, using 
the frequency ω50%/2π = 190 Hz labeled in Figure 1f for the ω-dependent case. The color coding of fbinn is given in  
Eq. (18). The ω-dependence metrics Δω/2πE[X], defined in Eq. (20), were evaluated using the frequencies ω10%/2π = 35 Hz 
and ω90%/2π = 320 Hz shown in Figure 1f. The normalized differences were calculated according to Eq. (21).





16

M. Yon, O. Narvaez, J. Martin et al.	 Imaging Neuroscience, Volume 3, 2025

The 1491-volume preclinical and 131-volume clinical 
D(ω)-R1-R2 protocols illustrate two extremes for investi-
gating the effects of restriction by comparison of fit 
residuals, 2D Diso-DΔ² projections, and parameter maps 
obtained by ω-dependent and ω-independent data 
inversion. While the preclinical protocol shows superior 
sensitivity to restriction, it may be too exhaustive for 
implementation in studies of more than a few speci-
mens. Conversely, the clinical protocol has a measure-
ment time commensurate with clinical research studies, 
however, with a narrow frequency window where the 
effects of restriction appear to be absent for healthy 
human brain. Designing a time-efficient acquisition pro-
tocol for solving a particular scientific question is a chal-
lenging endeavor which we leave for future research 
focused on specific applications. Nevertheless, the pre-
sented protocols are appropriate for pilot studies of a 
few cases or specimens to determine which combina-
tion of dimensions and metrics—for instance the herein 
included E[Diso], E[DΔ²], E[R1], E[R2], fbinn, Δω/2πE[Diso], and 
Δω/2πE[DΔ²] parameters, as well as bin-resolved or higher-
order statistical descriptors (Narvaez et al., 2022)—that 
hold greatest promise for, say, distinguishing between 
tumor grades or detecting neurodegeneration. Based 
on such initial data, the protocols could be refined to 
focus the measurements on parts of the multidimen-
sional acquisition parameter space that show greatest 
raw signal amplitude differences between the cases to 
be distinguished, which in general leads to highest pre-
cision of the most valuable metrics obtained from the 
data inversion.

5.  CONCLUSION

Multidimensional diffusion–relaxation correlation MRI rely-
ing on tensor-valued diffusion encoding is associated with 
a sensitivity to restricted diffusion that depends on numer-
ous factors including the gradient waveform duration, the 
encoding tensor shape, and—for most non-linear tensor 
shapes—the spatial direction. Monte Carlo inversion of 
such data can be augmented with explicit consideration of 
the effects of restriction in terms of the frequency-
dependence of the tensor-valued diffusion spectrum for 
acquisition protocols exploring both wide and narrow fre-
quency ranges and samples with and without observable 
restriction effects within the investigated frequency win-
dow. In the former case, inversion including frequency-
dependence gives smaller fit residuals, mitigates bias in 
mainly the anisotropy metrics, and gives anatomically 
plausible restriction maps. In the latter case, inversions 
with and without consideration of frequency-dependence 
give similar fit residuals and maps of parameters unrelated 
to restriction, but gives frequency-dependence maps that 
mainly contain inversion noise and non-anatomical struc-
tures from image artifacts. Although the local diffusivities 
of tissue water, the membrane permeabilities, and the 
structural length scales of the healthy human brain are 
such that no frequency-dependence can be observed 
within the narrow 5–11 Hz window easily accessible with 
tensor-valued encoding on clinical scanners, the situation 
may be different for pathological tissues or protocols opti-
mized for expanded frequency range. Consequently, we 
propose that frequency-dependence is included in the 

Fig. 5.  In vivo human brain parameters maps obtained from ω-dependent and ω-independent inversions of data acquired 
with the clinical (narrow ω-range) protocol in Figure 1e. The ω-dependent E[X] maps were evaluated at ω50%/2π = 9 Hz 
while the ω-dependence metrics Δω/2πE[X] employed ω10%/2π = 5 Hz and ω90%/2π = 11 Hz labeled in Figure 1g. For 
additional explanations, see Figure 3 caption.
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data inversion by default to reduce bias in the diffusion 
metrics and allow detection of restriction in the somewhat 
unpredictable cases where its effect on the raw signal 
intensities exceeds the ones of the ever-present image 
artifacts.

DATA AND CODE AVAILABILITY

MATLAB source code for Monte-Carlo data inversion is 
freely available at https://github​.com​/daniel​-topgaard​
/md​-dmri/.
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APPENDIX: MONTE CARLO INVERSION OF  
SIMULATED DATA

A.1.  Generation of signal data and distributions

Signal data S[b(ω),τR,τE] were synthesized using the pre-
clinical and clinical acquisition protocols in Figure 1 for a 
single voxel containing equal signal contributions from 
three distinct components roughly corresponding to WM, 
GM, and CSF for in vivo human brain. For the WM-like 
component, D(ω) was expressed as an axisymmetric ten-
sor, according to Eq. (11), with axial diffusivity DA equal to 
the bulk liquid (high-ω) diffusivity D0 and an ω-dependent 
radial diffusivity DR(ω) given by the cylinder model 
(Stepišnik, 1993; Stepišnik et al., 2006)

	
DR ω( ) = D0 −

k=1

∞

∑wk

D0 − D∞

1+ω 2/ Γ k
2 ,

	
(A1)

where

	
wk =

2
ζ k

2 −1
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ζ k
2D0

r 2
.
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In the equations above, D∞ is the tortuosity-limit (low-
ω) diffusivity, r the cylinder radius, and ζk the kth root of

	 ζJ0 ζ( ) − J1 ζ( ) = 0,	 (A4)

where Jν is the νth order Bessel function of the first kind. 
The GM-like component was described with an isotropic 
D(ω) with all eigenvalues D(ω) given by the random per-
meable barrier model (Novikov et al., 2011)
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(A5)

where

	 zω = i iω / Γ  	 (A6)

and Γ is the characteristic rate for the transition between 
the high- and low-ω plateau values D0 and D∞. The CSF-
like component was given by an isotropic and ω-
independent tensor with all eigenvalues equal to D0. Both 
the cylinder and random permeable barrier models in 
Eqs. (A1) and (A5), respectively, rely on the powerful 
Gaussian phase distribution approximation (Neuman, 
1974) that enables prediction of the signal for quite gen-
eral gradient waveforms, such as the ones in Figure 1b 
and d, but fails to account for diffraction-like effects that 
may occur under the special condition of diffusion encod-
ing by pairs of narrow gradient pulses separated by a 
time period of sufficient duration to give molecular dis-
placements across an isolated compartment or between 
the centers of neighboring compartments in a periodic 
geometry (Callaghan et  al., 1991). The validity of the 
approximation has been investigated with random walk 
simulations for diffusion encoding by gradient pulse 
pairs, cos-modulated oscillating gradients, and double 
rotation waveforms (Balinov et al., 1993; Topgaard, 2025). 
Custom pulse sequences for detecting deviations from 
the Gaussian phase distribution approximation have 
been demonstrated for in vivo rat (Henriques et al., 2020) 
and human (Novello et al., 2022) brain. Reconciling the 
design constraints of these sequences with the numeri-
cally optimized waveforms for efficient tensor-valued 
encoding in vivo remains a challenge.

Diffusion-related parameters as listed in Appendix 
Table A1 were used to calculate D(ω) according to Eqs. 
(A1)–(A6). The values of D0, D∞, r, and Γ were selected to 
emulate Diso and DΔ

2 observed with the clinical protocol 
(5–11 Hz), as well as to give pronounced ω-dependence 
with the preclinical (35–320 Hz) protocol. Together with 
the signal weights and relaxation rates in Appendix Table 
A1, the calculated D(ω) was inserted into Eq. (1) to gener-
ate ground-truth S[b(ω),τR,τE].

For both acquisition protocols, Monte Carlo data 
inversion was performed as described in the main text 

Appendix Table A1.  Weights, relaxation rates, and diffusion parameters for generating signal data in Appendix Figures 
A1 and A2.

component w R1 /s
–1 R2 /s

–1 geometry D0 /10–9 m2s–1 D∞ /10–9 m2s–1 transition orientation

WM 1/3 1 20 cylinder 2.5 0.10 r = 1.0 μm ϕ = 20º, 
θ = –30º

GM 1/3 0.5 15 RPBM* 2.5 0.70 Γ = 100 s–1

CSF 1/3 0.2 1 free 3.0

*RPBM: random permeable barrier model.
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Methods section using the settings for the clinical pro-
tocol with the exceptions of the number of output com-
ponents and bootstrapping repetitions, which were 
increased to 50 and 1000, respectively. Additionally, 
instead of random sampling with replacement, boot-
strapping employed the same ground-truth data using 
different realizations of Gaussian noise with signal-to-
noise ratios SNR = 64, 256, 1024, and 4096 at the signal 
levels corresponding to the S0 data, where b = 0, τR = ∞, 
and τE = 0. At the minimum values of τE included in the 
protocols, the SNR levels are approximately a factor of 
2 lower.

A.2.  Effect of noise on resolution of distribution 
components

Signal data and inversion results are shown in Appendix 
Figures A1 and A2 for the preclinical and clinical proto-

cols, respectively. At the highest SNR, the back-
calculated signals and the major peaks in the 2D 
projections of the distributions reproduce the ground 
truth. The widths of these peaks reflect the numerical 
instability of the data inversion as well as the finite num-
ber of sharp Lorentzian transitions required to reproduce 
the smoother transitions given by the geometrical models 
in Eqs. (A1) and (A5). Noteworthily, the ω-dependencies 
of the WM- and GM-like components, as here repre-
sented by the cylinder and random permeable barrier 
models, are simultaneously detected in the preclinical 
(35–320 Hz) protocol, but are too small to observe with 
the clinical (5–11  Hz) one. Since the underlying ω-
dependence is the same for both cases, these results 
illustrate that the numerical values of restriction metrics 
and even microstructural conclusions—for instance, iso-
lated compartments versus structural disorder—may be 
worryingly sensitive to the specifics of the acquisition 

Appendix Fig. A1.  Signal data S[b(ω),τR,τE] (top row) and projections of the D(ω)-R1-R2 distributions (bottom rows) for the 
preclinical protocol in Figure 1c at four values of the SNR (columns). Noise-free ground-truth and back-calculated signals 
are shown with gray circles and black dots, respectively, as a function of nacq. Ground-truth values of Diso, DΔ

2, R1, and R2, 
for the WM- (red), GM- (green), and CSF-like (blue) components are shown as progressively smaller and brighter circles at 
values of ω/2π corresponding to ω10%/2π = 35 Hz, ω50%/2π = 190 Hz, and ω90%/2π = 320 Hz of the acquisition protocol. 2D 
contours and 1D traces (lines with gray scale given by ω/2π) represent projections of the distributions obtained by Monte 
Carlo inversion of the signal data.
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protocol. Decreasing SNR leads to increasing fit residuals 
and loss of resolution of the three components in the 2D 
projections. At the SNR levels typical for in vivo condi-
tions, it is not reasonable to expect multimodal distribu-
tions to be faithfully reproduced in the 2D projections. 
Still, the results may be converted to lower-level statisti-
cal descriptors, such as the means E[X] displayed as 
parameter maps in Figures 3 and 5, as well as variances 
V[X] and covariances C[X,Y] condensing the information 
about intra-voxel heterogeneity into scalar metrics that 
are less susceptible to measurement noise (de Almeida 

Martins et al., 2020). For the special case of a clinically 
feasible protocol using 85 acquisitions with varying b, bΔ, 
Θ, and Φ at narrow range of ω and constant τR and τE, the 
accuracy and precision of metrics equivalent to E[Diso], 
E[DΔ

2], and V[Diso] were previously investigated for data 
synthesized from a wide range of ground-truth distribu-
tions at infinite and typical in vivo SNR (Reymbaut et al., 
2020a). Extending this comprehensive uncertainty analy-
sis to the numerous metrics and relevant distribution 
dimensions offered by the additional variation of ω, τR, 
and τE is, however, beyond the scope of the present work.

Appendix Fig. A2.  Signal data and distributions for the clinical protocol in Figure 1e with ω10%/2π = 5 Hz, ω50%/2π = 8 Hz, 
and ω90%/2π = 11 Hz. See Appendix Figure A1 caption for additional details.


