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Relative elegance and Cartesian cubes with
one connection

Evan Cavallo® and Christian Sattler

Abstract. We establish a Quillen equivalence between the Kan-Quillen model structure and a
model structure, derived from a cubical model of homotopy type theory (HoTT), on the category
of Cartesian cubical sets with one connection. We thereby identify a second model structure which
both constructively models HoTT and presents co-groupoids, the first example being the equivariant
Cartesian model of Awodey-Cavallo-Coquand-Riehl-Sattler.

1 Introduction

Homotopy type theory (HoTT) [Unil3] is said to be a language for reasoning in
homotopical settings. The conjecture (“Awodey’s proposal”) goes that HoTT should
have an interpretation in any (oo, 1)-category belonging to some class of “elementary
(00,1)-topoi”, indeed, that models of HoTT should be in correspondence with such
(00,1)-categories. When one says that HoT T interprets in a given (o0, 1)-category, one
typically means more precisely that it admits a 1-categorical presentation interpreting
HoTT in a l-categorical sense. These presentations have historically come in the
form of Quillen model categories. As an example, Voevodsky’s interpretation of HoTT
[KL21] lands in the Kan—Quillen model structure on simplicial sets, which presents the
(00,1)-category co-Gpd of (o0,1)-groupoids. Shulman [Shul9] has now shown that
every Grothendieck (oo, 1)-topos can be presented by a model category that interprets
HoTT.

The interests of type theorists have thus led to new questions in homotopy theory;
one avenue is through the search for constructive interpretations of HoTT. The first
constructive model to be discovered, due to Bezem et al. [BCH13, BCH19], interprets
HoTT in a category of affine cubical sets, presheaves over a certain affine cube
category O,gr whose objects are symmetric monoidal products of an interval object
I. Subsequent constructions [CCHM15, OP18, LOPS18, AFH18, CMS20, ABCHFL21]
use different cube categories to obtain better properties. With the exception of the
BCH model, all employ presheaves over a cube category with Cartesian products, i.e.,
including degeneracy, diagonal, and permutation maps among its generators. While
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2 E. Cavallo and C. Sattler

natural from a type-theoretic perspective, the presence of diagonals—and to a lesser
degree, permutations—is not typical in the homotopy-theoretic literature on cubical
structure.

Initially, none of these cubical models was shown to be compatible with a Quillen
model structure; they were models of HoTT (or of cubical type theories) in the
direct sense that they gave an interpretation of the type-theoretic judgments, though
they certainly made use of model-categorical intuitions. The connection with model
category theory is first made precise in [GS17, Satl7], where it is shown that structure
patterned on Cohen et al’s cubical set model [CCHMI5]—in particular, a functorial
cylinder with connections—gives rise to a Quillen model structure. These methods
were adapted by Cavallo, Mortberg, and Swan [CMS20] and Awodey [Awo023] to
presheaves over Cartesian cube categories not necessarily supporting connections,
producing model structures compatible with the type theories and interpretations of
Angiuli et al. [AFHI8, ABCHFL21]. Model structures in this lineage have been called
cubical-type model structures.

It is now natural to ask which (oo, 1)-categories these model structures present.
In particular, we would like to know if any present co-Gpd: such a presentation
would be a constructive setting for standard homotopy theory equipped with a
constructive interpretation of HoT'T, and could serve as a base case for constructing
further constructive models following Shulman [Shul9]. However, Buchholtz and
Sattler determined in 2018 [Coq+18, Satl8] that almost all concrete cubical-type
model structures considered up to that point present (oo,1)-categories inequivalent
to oco-Gpd. The exception is the Sattler model structure /D\tAyv on presheaves on the
Dedekind cube category Oy, the cube category with Cartesian structure and both
connections, whose status remains an open problem.

1.1 Cubes with one connection

The difficulty in analyzing the Dedekind cube category O, is that it is not a (gen-
eralized) Reedy category [BMII], one in which each object is associated with an
ordinal degree and any morphism factors as a degeneracy-like degree-lowering map
followed by a face-like degree-raising map. Any presheaf over a Reedy category can
be built up inductively by attaching cells drawn from a set of generators, namely,
quotients of representables by automorphism subgroups. In the subclasses of elegant
or Eilenberg-Zilber (EZ) categories, this cellular decomposition is moreover homo-
topically well-behaved with respect to any model structure in which the cofibrations
are the monomorphisms: it exhibits any presheaf as the homotopy colimit of basic cells.
The problem in O, is the combination of connections and diagonals, exemplified
the morphism (x, y,z) = (x Vv ¥,y V z,x A ¥) from the 3-cube to itself. This map has
no (split epi, mono) factorization, a state of affairs forbidden in an elegant Reedy
ca‘[egory.1

1A simpler map without a (split epi, mono) factorization in Oay is (x, ¥) — (x,x Vv y), but this is
an idempotent and so admits such a factorization in the idempotent completion Ox, (characterized
in [Satl9, Theorem 2.1]). The aforementioned 3-cube endomap does not: it does have an (epi, mono)
factorization in Oay, but the left map does not split. It is the idempotent completion that counts when
we consider whether elegant Reedy techniques apply.
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Relative elegance and Cartesian cubes with one connection 3

Thus, while Sattler [Sat19] and Streicher and Weinberger [SW21] have identified an
adjoint triple of Quillen adjunctions relating ﬁ;’; and AX9, it is not known whether
there is a Quillen equivalence. In particular, it is unclear how to prove that a round-
trip composite 8;), » AX4 - &Y is weakly equivalent to the identity in the absence of
an elegant Reedy structure on O,y .

In this article, we consider an overlooked cube category: the category Oy of cubes
with Cartesian structure and a single connection. (We arbitrarily choose the “max”
or “negative” connection, but this choice plays no role.) Presheaves on this category
satisfy conditions sufficient to obtain a cubical-type model structure B using existing
techniques [CMS20, Awo23]. Moreover, the arguments used in [Satl9, SW21] adapt
readily from Oy, to Oy, providing a Quillen adjoint triple relating &, with A*9.

Like the Dedekind cube category, O is not Reedy. In this case, the archetypical
problematic map is (x, y,z) = (x V y, y vV z,z v x).” However, O, does embed nicely
in a Reedy category, namely, the category of finite inhabited join-semilattices: we
have a functor i:0, — SLati' sending the n-cube to the n-fold product of the poset
{0 < 1}. While SLati™® is not itself elegant, it satisfies a relativized form of elegance
with respect to the subcategory O,. Whereas elegance would require the Yoneda
embedding &:SLati"™® - PSh(SLati™") to preserve pushouts of spans of degeneracy
maps, here it is the nerve N; := i*&: SLati™? — PSh(0, ) that preserves such pushouts.
We say that SLati™ is elegant relative to i, or that i is an elegant embedding.

We find that the useful properties of elegant Reedy categories can be extended, in
an appropriately relativized form, to categories C with an elegant embedding i: C —
R in a Reedy category. In particular, we show that any presheaf over C admits a
homotopically well-behaved cellular decomposition whose cells are automorphism
quotients of objects in the image of N;. With these tools in hand, we are able to
establish that the Quillen adjunctions relating &, and A* are Quillen equivalences.
We thus identify a cubical-type model structure presenting co-Gpd, compatible with
a constructive interpretation of either HoTT or of cubical type theory with one
connection.

1.2 Outline

We begin in Section 2 with a brief review of model structures, Quillen equivalences,
Reedy categories, and the Kan-Quillen model structure on simplicial sets. In Sec-
tion 3, we present an improvement on the first part of [Satl7]: a series of increasingly
specialized criteria under which candidate (cofibration, trivial fibration) and (trivial
cofibration, fibration) factorization systems induce a model structure, culminating in
a theorem tailored to models of type theory with universes.

In Section 4, we introduce the cube category O, and its basic properties, con-
struct the cubical-type model structure on PSh(O, ) using the results of the previ-
ous section, and define a triangulation adjunction T: PSh(O, ) == PSh(A) :Ny. We
moreover characterize the cube category’s idempotent completion O, . The categories
of presheaves on 0O, and O, are equivalent, but by working with the latter we can
more easily compare with the simplex category, following [Sat19, SW21]. In particular,

ZSee Appendix A.1 for a proof that neither Oy nor its idempotent completion is Reedy.
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we have an embedding A:A — Oy, thus an adjoint triple A, 4 A" 4 A, relating
PSh(A) and PSh(O,); the triangulation adjunction corresponds to A* - A, along
the equivalence PSh(Oy ) ~ PSh(Q, ). In Section 4.4, we show that both A, 4 A* and
A" - A, are Quillen adjunctions.

We focus on the adjunction A, + A*. It is easy to see that its derived unit is valued
in weak equivalences, as A is fully faithful. To show its derived counit is valued in
weak equivalences, we spend Section 5 developing a theory of relative elegance. In
Section 6, we show that the functor i:0, — SLat™! is relatively elegant by way of a
general analysis of Reedy categories of finite algebras. In Section 7, we use this result
to complete the Quillen equivalence between B.) and Ak, We show first that A, + A*
is a Quillen equivalence, then deduce that A* — A, is one as well, concluding with our
main theorem as an immediate corollary:

Theorem 7.8 The triangulation-nerve adjunction T:8, = AX :Ny is a Quillen
equivalence.

As a final corollary, we show in Section 7.2 that B, coincides with Cisinski’s test
model structure on PSh(O, ).

In Appendix A, we give proofs of some negative results concerning Reedy struc-
tures on Cartesian cube categories with connections. First, we check that neither O,
nor its idempotent completion supports a Reedy structure, justifying our recourse to
relative elegance. Second, we prove that O,, does not embed elegantly in any Reedy
category, showing that our techniques cannot be applied in the two-connection case.

1.3 Related work
1.3.1 Cartesian cubes

This work’s closest relative is the equivariant model structure T, on presheaves over
the Cartesian cube category Oy constructed by Awodey, Cavallo, Coquand, Riehl, and
Sattler (ACCRS) [ACCRS24], which also classically presents co-Gpd. The ACCRS
construction is a modification of earlier models in presheaves on O, [ABCHFL21,
CMS20, Awo23]. Briefly, the definition of fibration involves lifting against maps 1 — I
from the point to the interval, the definition of equivariant fibration involves lifting
against maps 1 — [” for all n and requires lifts stable under permutations of I". Like our
own model structure, T is compatible with a constructive interpretation of HoTT.

In B, equivariance does not appear explicitly but is still implicitly present: when
the interval supports a connection operator, ordinary and equivariant lifting become
interderivable (see Remark 4.25). Our model structure may thus be seen as an instance
of the equivariant model structure construction applied in PSh(O, ), one which
happens to admit a simpler description.

1.3.2 Test category theory

Buchholtz and Morehouse [BM17] catalog a number of categories of cubical sets,
specifically investigating cube categories used in models of HoT'T, such as Oy, Oy, and
the De Morgan cube category. They observe that these categories are all fest categories,
thus that each supports a test model structure equivalent to AX [Cis06]. To our
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knowledge, however, none of these model structures is known to be compatible with a
model of HoTT with the exception of the test model structure on O, which coincides
with 5! [ACCRS24, Theorem 6.3.6]. As a corollary of our Quillen equivalence, we
check in Section 7.2 that B, coincides with the test model structure on O,. Cisinski
[Cisl4] does show that the test model structure on any elegant strict (that is, non-
generalized) Reedy category is compatible with a model of HoTT, but the strictness

condition precludes application to any cube category with permutations.

1.3.3 Cubes with one connection

To our knowledge, the category of cubes with Cartesian structure and v-connections
(or A-connections) has not been studied before, except in passing by Buchholtz and
Morehouse [BM17], though Cartesian cube categories with both v- and A-connections
have been used in interpretations of HoTT beginning with Cohen et al. [CCHMI5].

On the other hand, subcategories without diagonals have seen use in classical
homotopy theory. Indeed, Brown and Higgins use the cube category generated by
faces, degeneracies, and Vv-connections in their seminal article introducing connec-
tions for cubical sets [BH81]. Isaacson [Isall] studies the cube category with faces,
degeneracies, symmetries, and A-connections. Unlike O, these are elegant Reedy
categories [[Mal09, Remarque 5.6]]: connections are only problematic in combination
with diagonals. They furthermore have useful properties compared to the minimal
cube category (generated by faces and degeneracies). For one, they are strict test
categories [Mal09; BM17, Theorem 3], meaning that the localization functor from
the test model structures on these cubical sets to their homotopy categories preserves
products.

It should be noted, however, that this particular distinction disappears in the
Cartesian cases: any cube category with Cartesian structure is a strict test category,
regardless of the presence of connections [BM17, Corollary 2]. For us, the convenient
properties of O, relative to O are (1) the existence of an embedding from the simplex
category into the idempotent completion of O, which facilitates the comparison
between their presheaf categories and (2) the existence of a contracting homotopy of
each n-cube invariant under permutations, namely, (x,..., X, ) = (X V£,...,x, V

£):[1]" < [1] = [1]".
1.3.4 Constructive simplicial models

Another line of work aims to reformulate the Kan-Quillen model structure and
Voevodsky’s simplicial model of HoTT so that these can be obtained constructively.
Bezem, Coquand, and Parmann [BCI15, BCP15, Parl8] show that fibrations as usually
defined’ in AX? do not provide a model of HoTT constructively; in particular, they
are not closed under pushforward along fibrations, which is necessary to interpret
IT-types. These obstructions are avoided in the cubical models by working with
uniform fibrations, which classically coincide with ordinary fibrations but provide

3 [BCI5, Parl8] prove obstructions for a definition of fibration where lifting is treated as an operation,
while [BCP15] considers fibrations requiring mere existence of a lift.
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necessary extra structure in the constructive case. However, there are obstructions
to constructing a universe classifying uniform fibrations in simplicial sets [BF22,
Appendix D; Swa22, §8.4.1].

Henry [Hen25] discovered that the Kan—Quillen model structure can be construc-
tivized by instead modifying the class of cofibrations, in particular taking a simplicial
set to be cofibrant only when degeneracy of its cells is decidable. Alternative construc-
tions of the same model structure were later presented by Gambino et al. [GSS22].
Gambino and Henry [GH22] exhibit a constructive form of Voevodsky’s simplical
model of HoTT using these ideas. The problem is not entirely settled, however: the
left adjoint splitting coherence construction [LW15], applied to the classical simplicial
model to obtain a strict model of type theory, does not apply constructively in this
case [GH22, Remark 8.5]. There has since been progress on coherence theorems that
do apply here [Boc22, GL21], but the question is not to our knowledge fully resolved.
Separately, van den Berg and Faber [BF22] have identified and developed a theory
of effective fibrations of simplicial sets, which are both closed under pushforward
and support a classifying universe, but have not yet addressed the interpretation of
univalence.

1.3.5 Constructivity

Though our interest in cubical-type model structures is motivated by constructive
concerns, we work entirely and incautiously within a classical metatheory in this
article, our goal being an equivalence with a classically defined model structure. Given
that B is constructively definable, however, it is natural to wonder whether it is
constructively equivalent with the ACCRS or constructive simplicial model structures.
We leave this question for the future, referring to Shulman [Shu23] for further
discussion of the constructive homotopy theory of spaces.

We note that the triangulation functor T: PSh(d, ) - PSh(A) (Definition 4.35) is
definitely not a left Quillen adjoint from &, to Henry’s simplicial model structure
constructively, as it does not preserve cofibrations unless the excluded middle holds.
The (triangulation, nerve) adjunction exhibits PSh(A) as a reflective subcategory of
PSh(Oy ), so every simplicial set is the triangulation of some cubical set. But while
every cubical set is cofibrant in B, not every simplicial set is cofibrant in Henry’s
model structure. For example, given a subsingleton set P, the pushout of the span
A! < A' x P - P s cofibrant if and only if P is decidable.

1.3.6 Reedy, non-Reedy, and Reedy-like categories

Campion [Cam23] studies the existence and non-existence of elegant Reedy structures
on various cube categories, among them O, (under the name Oy .v ;). A few obser-
vations are made independently in that article and our own; in particular, [Cam23,
Proposition 8.3] is our Theorem 4.46, while [Cam23, Theorem 8.12(2)] follows from
our Proposition A.1.

Shulman’s almost c-Reedy categories [Shul5, Definition 8.8] generalize beyond
generalized Reedy categories. These allow for non-isomorphisms that do not factor
through a lower-degree object, so one may wonder if the aforementioned pathological
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map u:[1]* - [1]* in O, (and T,) defined by (x,y,z) = (x vV y,yVz,zVx) can
be accommodated in this way. However, the class of degree-preserving maps not
admitting a lower-degree factorization must be closed under composition [Shul5,
Theorem 8.13(ii)]. While u factors through no lower-dimensional object, uu factors
through the 1-cube. As such, this generalization is unlikely to be helpful here.

2 Background
2.1 Preliminaries

We begin by fixing a few notational conventions.

Notation 2.1 We write [E,F] for the category of functors from E and F. We write
PSh(C) := [C°P, Set] for the category of presheaves on a category C and & : C - PSh(C)
for the Yoneda embedding.

Notation 2.2 When regarding a functor as a diagram, we use superscripts for covariant
indexing and subscripts for contravariant indexing. Thus, if F:D — E then we have F¥ ¢
E for d € D, while if F: C°P? — E then we have F, € E for ¢ € C. We sometimes partially
apply a multi-argument functor: given F: C°°? x D — E and c € C, d € D, we have F, €
D—EF"eC® > EandFd ¢E.

By a bifunctor, we mean a functor in two arguments. We make repeated use of
the Leibniz construction [RV14, Definition 4.4], which transforms a bifunctor into an
bifunctor on arrow categories.

Definition 2.3 Given a bifunctor ®: C x D — E into a category E with pushouts, the
Leibniz construction defines a bifunctor :C~ x D™ — E~, with f © g defined for
f:A— Band g: X - Y as the following induced map:

X
Ao X f—> BoX

AQKJ' FJ, Bog

AQY ————— o

~

N
BoY.

fovy

Example 2.4 If E is a category with binary products and pushouts, applying the
Leibniz construction to the binary product functor x: E x E — E produces the pushout
product bifunctor X: E” x E~ -~ E~.

2.2 Model structures and Quillen equivalences

In the abstract, the force of our result is that a certain model category presents the
(00,1)-category of co-groupoids. Concretely, we work entirely in model-categorical
terms, exhibiting a Quillen equivalence between this model category and another
model category—simplicial sets—already known to present co-Gpd. We briefly fix
the relevant basic definitions here but assume prior familiarity, especially with factor-
ization systems; standard references include [Hov99, DHKS04].
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Definition 2.5 A model structure on a category M is a triple (€, W, F) of classes of
morphisms in M, called the cofibrations, weak equivalences, and fibrations, respec-
tively, such that (€, Fn'W) and (Cn'W, F) are weak factorization systems and W
satisfies the 2-out-of-3 property. A model category is a finitely complete and cocom-
plete category equipped with a model structure. We use the arrow »— for cofibrations,
- for weak equivalences, and — for fibrations. Maps in € n'W and F n'W are called
trivial cofibrations and fibrations, respectively.

We say that a model structure on M has monos as cofibrations when its class of
cofibrations is exactly the class of monomorphisms in M.*

Definition 2.6 We say an object is cofibrant when 0 — A is a cofibration, dually
fibrant if A — 11is a fibration. The weak factorization system (€, ¥ n'W) implies that
for every object A, we have a diagram 0 > A°°f =+ A obtained by factorizing 0 — A;
we say such an A°°f is a cofibrant replacement of A. Likewise, an object A'™® sitting in
a diagram A »= Af® —> 1is a fibrant replacement of A.

Definition 2.7 We say an object X in a model category is weakly contractible when
the map X — 11is a weak equivalence.

Note that given any two of the classes (C, W, F), we can reconstruct the third: €
is the class of maps with left lifting against F n'W, F is the class of maps with right
lifting against C n'W, and W is the class of maps that can be factored as a map with left
lifting against F followed by a map with right lifting against €. We will thus frequently
introduce a model category by giving a description of two of its classes.

The two factorization systems are commonly generated by sets of left maps.

Definition 2.8 We say a weak factorization system (£, R) on a category E is cofi-
brantly generated by some set S € £ when R is the class of maps with the right lifting
property against all maps in S. A model structure is cofibrantly generated when its
component weak factorization systems are.

Now, we come to relationships between model categories.

Definition 2.9 A Quillen adjunction between model categories M and N is a pair of
adjoint functors F:M I N :G such that F preserves cofibrations and G preserves
fibrations.

Note that F preserves cofibrations if and only if G preserves trivial fibrations, while
G preserves fibrations if and only if F preserves trivial cofibrations.

Definition 2.10 A Quillen adjunction F:M Z> N :G is a Quillen equivalence when

o for every cofibrant X € M, the derived unit X B GEX Y G((FX)f®) is a weak
equivalence for some fibrant replacement m: FX »= (FX)!®;

« for every fibrant Y € N, the derived counit F((GY)!) T EGY Y is a weak
equivalence for some cofibrant replacement p: (GY)<°f = GY.

Two model structures are Quillen equivalent when there is a zigzag of Quillen equiv-
alences connecting them.

4Such a model structure which is also cofibrantly generated (see below) is called a Cisinski model
structure, these being the subject of [Cis06].
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2.3 Reedy categories and elegance

The linchpin of our approach is Reedy category theory, the theory of diagrams over
categories whose morphisms factor into degeneracy-like and face-like components.
As our base category of interest contains non-trivial isomorphisms, we work more
specifically with the generalized Reedy categories introduced by Berger and Moerdijk
[BM11].

Definition 2.11 A (generalized) Reedy structure on a category R consists of an orthog-
onal factorization system (R™,R*) on R together with a degree map |—|: ObR — N,
compatible in the following sense: given f:a — b in R™ (resp. R*), we have |a| > |b|
(resp. |a| < |b]), with |a| = |b| only if f is invertible.

We refer to maps in R™ as lowering maps and maps in R as raising maps, and we use
the annotated arrows — and > to denote lowering and raising maps, respectively. The
degree of a map is the degree of the intermediate object in its Reedy factorization. Note
that this definition is self-dual: if R is a Reedy category, then R°P is a Reedy category
with the same degree function but with lowering and raising maps swapped.

Terminology 2.12 We henceforth drop the qualifier generalized, as we are almost
always working with generalized Reedy categories. Instead, we say a Reedy category is
strict if any parallel isomorphisms are equal and it is skeletal, i.e., it is a Reedy category
in the original sense.

The prototypical strict Reedy category is the simplex category A: the degree of an
n-simplex is #, while the lowering and raising maps are the degeneracy and face maps,
respectively [GZ67, Section I1.3.2].

A Reedy structure on a category R is essentially a tool for working with R-shaped
diagrams. For example, a weak factorization system on any category E induces injective
and projective Reedy weak factorization systems on the category [R, E] of R-shaped
diagrams in E; likewise for model structures. Importantly for us, any diagram of shape
R can be regarded as built iteratively from “partial” diagrams specifying the elements
at indices up to a given degree. We are specifically interested in presheaves, i.e., R%P-
shaped diagrams in Set. We refer to [DHKS04, Section 22; BM11; RV14; Shul5] for
overviews of Reedy categories and their applications.

Berger and MoerdijK’s definition of generalized Reedy category [BMI1, Definition
L.1] includes one additional axiom. Following Riehl [Riel7], we treat this as a property
to be assumed only where necessary.

Definition 2.13 In a Reedy category R, we say isos act freely on lowering maps when
for any e: r—s and isomorphism 6:s & s, if e = e then 6 = id.

Note that any Reedy category in which all lowering maps are epic satisfies this
property. The main results of this article are restricted to pre-elegant Reedy categories
(Definition 5.28) for which this is always the case (Lemma 5.29); nevertheless, we try

to record where only the weaker assumption is needed.
The following cancellation property will come in handy.

Lemma 2.14 Let f:r — s, g:s > t be maps in a Reedy category. If g f is a lowering
map, then so is g. Dually, if g f is a raising map, then so is f.
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Proof We prove the first statement; the second follows by duality. Suppose g f is a

lowering map. We take Reedy factorizations f = me, g = m’e’, and then e/m = m"e"":

f g
r z S N 7 T
\\\\ x//)[ \\\\ X/,’I
~ - -

e >y ¢ - m e/ \\) t, T m!

~o 3

-~ x -

e \\)l " 7 m'’

t

This gives us a Reedy factorization g f = (m'm’")(e"e). By uniqueness of factoriza-
tions, m’m’’ must be an isomorphism; this implies || = |t'| = |r|, so m’ and m"’ are
also isomorphisms. Thus, g % ¢’ is a lowering map. ]

Corollary 2.15 Any split epimorphism in a Reedy category is a lowering map; dually,
any split monomorphism is a raising map.

When studying Set-valued presheaves over a Reedy category, it is useful to consider
the narrower class of elegant Reedy categories [BM11, BR13].

Definition 2.16 A Reedy structure on a category R is elegant when

(a) any span s < r > s’ consisting of lowering maps e, ¢’ has a pushout;

(b) the Yoneda embedding &:R — PSh(R) preserves these pushouts.

We refer to spans consisting of lowering maps as lowering spans, likewise pushouts of
such spans as lowering pushouts. Note that all the maps in a lowering pushout square
are lowering maps, as the left class of any factorization system is closed under cobase
change.

Intuitively, an elegant Reedy category is one where any pair of “degeneracies”

s<r—s’ has a universal “combination” r—su, s’, namely, the diagonal of their
pushout. The condition on the Yoneda embedding asks that any r-cell in a presheaf

is degenerate along (that is, factors through) both r—s and r—s’ if and only if it is
degenerate along their combination. Again, the simplex category is the prototypical
elegant Reedy category [GZ67, Section I1.3.2].

Remark 2.17 'This definition is one of a few equivalent formulations introduced by
Bergner and Rezk [BRI13, Definition 3.5, Proposition 3.8] for strict Reedy categories.
For generalized Reedy categories, Berger and Moerdijk [BM11, Definition 6.7] define
EZ categories, which additionally require that R* and R™ are exactly the monomor-
phisms and split epimorphisms, respectively. We make do without this restriction. It
is always the case that the lowering maps in an elegant Reedy category are the split
epis (see Remark 5.39 below), but the raising maps need not be monic. For example
[Cam23, Example 4.3], any direct category (that is, any Reedy category with R* = R™)
is elegant, but a direct category can contain non-monic arrows.

A presheaf X € PSh(R) over any Reedy category can be written as the sequential
colimit of a sequence of n-skeleta containing non-degenerate cells of X only up to
degree n, with the maps between successive skeleta obtained as cobase changes of
certain basic cell maps. When R is elegant, these cell maps are moreover monic. This
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property gives rise to a kind of induction principle: any property closed under certain
colimits can be verified for all presheaves on an elegant Reedy category by checking
that it holds on basic cells. This principle is conveniently encapsulated by the following
definition.

Definition 2.18 [Cisl9, Definition 1.3.9] Let a category E be given. We say a replete
class of objects P ¢ E is saturated by monomorphisms when

(a) P is closed under small coproducts.
(b) For every pushout square

X — X

S

Yy — Y

such that X, X', Y € P, we have Y’ € P.
(c) For every diagram X: w — E such that each object X' is in P and each morphism
X' - X™*!is monic, we have colim;<, X’ € P.

We note that when E is a model category with monos as cofibrations, these are
all diagrams whose colimits agree with their homotopy colimits: we can compute their
colimits in the (o0, 1)-category presented by E by simply computing their 1-categorical
colimits in E, which is hardly the case in general. This fact is another application of
Reedy category theory; see, for example, Dugger [Dug08, Section 14]. As a result,
these colimits have homotopical properties analogous to 1-categorical properties of
colimits. For example, recall that given a natural transformation a:F — G between
left adjoint functors F, G:E — F, the class of X € E such that ax is an isomorphism is
closed under colimits. If F, G are left Quillen adjoints and E, F have monomorphisms
as cofibrations, then the class of X such that ax is a weak equivalence is saturated by
monomorphisms. This particular fact will be key in Section 7.1.

For presheaves over an elegant Reedy category, the basic cells are the quotients of
representables by automorphism subgroups.

Definition 2.19 Given an object X of a category E and a subgroup H < Autg(X),
their quotient is the colimit X/H = colim(H — Autg(X) — E).

Proposition 2.20 Let R be an elegant Reedy category. Let P € PSh(R) be a class of
objects such that

o forany r € Rand H < Autg(r), we have &r/H € P;
o P is saturated by monomorphisms.

Then, P contains all objects of PSh(R).

Proof [Cisl9, Corollary 1.3.10] gives a proof for strict elegant Reedy categories; the
proof for the generalized case is similar (and a special case of our Theorem 5.47). =

As described above, we will be studying a category O, that is not a Reedy cate-
gory. Thus, we will not use the previous proposition directly. Instead, our Section 5
establishes a generalization to categories that only embed in a Reedy category in a nice
way.
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2.4 Simplicial sets

To show that a given model category presents co-Gpd, it suffices to exhibit a Quillen
equivalence to a model category already known to present co-Gpd. Here, our standard
of comparison will be the classical Kan-Quillen model structure on simplicial sets
[Qui67, Section I1.3].

Definition 2.21 'The simplex category A is the full subcategory of the category Pos of
posets and monotone maps consisting of the finite inhabited linear orders [n] := {0 <
-<n}forneN.

This is a strict Reedy category, in fact, an EZ category (see Remark 2.17). The raising
and lowering maps are given by the face and degeneracy maps, defined as the injective
and surjective maps of posets, respectively.

Definition 2.22 We define the usual generating maps of the simplex category:

o given n > 0 and i € [n], the generating degeneracy map s;:[n + 1] — [n] identifies
the elements i and i + 1 of [n + 1],

o given n >1 and i € [n], the generating face map d;:[n—1] — [n] skips over the
element i of [n].

Definition 2.23 Write A” € PSh(A) for the representable n-simplex & [#]. We define

the following sets of maps in simplicial sets:

« For n > 0, the boundary inclusion dA">>A" is the union of the subobjects A’>>A"
given by a non-invertible face map [i] — [n].

« Forn>1and 0 < k < n, the k-horn A}»A" is the union of the subobjects A'>>A"
given by a face map d:[i] - [n] whose pullback along [#n] - k~[n] is non-
invertible.

Proposition 2.24 (Kan—Quillen model structure) There is a model structure on

PSh(A) with the following weak factorization systems:

o The weak factorization system (cofibration, trivial fibration) is cofibrantly generated
by the boundary inclusions.

o The weak factorization system (trivial cofibration, fibration) is cofibrantly generated
by the horn inclusions.

We write A for this model category.

Proof Thisis Theorem 3 and the following Proposition 2 in [Qui67, Section I1.3]. m
Proposition 2.25 [GZ67, Section IV.2]  The weak factorization systems of A4 admit

the following alternative descriptions:

o The cofibrations are the monomorphisms; the trivial fibrations are the maps right
lifting against monomorphisms.

o The weak factorization system (trivial cofibration, fibration) is generated by pushout
products di X m of an endpoint inclusion dy:1 - A with a monomorphism m: A~ B.

3 Model structures from cubical models of type theory

As the cube category Oy is Cartesian, we may obtain our cubical-type model structure
on PShO, immediately by applying existing arguments [CMS20, Awo23], which build
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on a criterion for recognizing model structures introduced in the first part of [Satl7].
We will instead take the opportunity to present an improvement on the latter criterion,
hoping to give an idea of the character of these model structures along the way.

We begin in Section 3.1 with a set of conditions necessary and sufficient to deter-
mine when a premodel structure—essentially, all the ingredients of a model structure
except 2-out-of-3 for weak equivalences—is in fact a model structure. In Section 3.2,
we give a simplified set of conditions for the case where the premodel structure is
equipped with a compatible adjoint functorial cylinder. Finally, in Section 3.3, we show
that such a cylindrical premodel structure satisfies these conditions when all its objects
are cofibrant and it satisfies the fibration extension property. We shall apply this result
in Section 4.2 to obtain our model structure on PSh(Oy ); a reader who would prefer
to take the existence of the model structure for granted may skip this section and read
only Theorem 4.34 in Section 4.2.

3.1 Model structures from premodel structures

Definition 3.1 [Barl9, Definition 2.1.23] A premodel structure on a finitely complete
and cocomplete category M consists of weak factorization systems (C, F;) (the cofi-
brations and trivial fibrations) and (Cy, F) (the trivial cofibrations and fibrations) on
M such that C; ¢ C (or equivalently F; ¢ J).

Remark 3.2 (Stability under (co)slicing) ~ Given an object X € M, any weak factoriza-
tion system on M descends to weak factorization systems on the slice over X and the
coslice under X, with left and right classes created by the respective forgetful functor
to M. In the same fashion, any premodel structure on M descends to slices and coslices
of M.

Asany two of the classes (C, W, F) defining a model structure determines the third,
any premodel structure induces a candidate class of weak equivalences.

Definition 3.3 We say that a morphism in a premodel structure is a weak equivalence
if it factors as a trivial cofibration followed by a trivial fibration; we write W(C, F) for
the class of such morphisms.

Remark 3.4 The above definition is only necessarily appropriate when examining
when a premodel structure forms a model structure: there are premodel structures
with a useful definition of weak equivalence not agreeing with W(C, ). For example,
there are various weak model structures on semisimplicial sets in which not all trivial
fibrations are weak equivalences [Hen20, Remark 5.5.7].

For the remainder of this section, we fix a premodel category M with factorization
systems (C, ;) and (C;, F). The following two propositions are standard.

Proposition 3.5 C;=CnW(C,F) and F; = FnW(C,F).

Proof An immediate consequence of the retract argument [Hov99, Lemma 1.1.9].
]

In light of the above, we use the arrows »> and =» to denote trivial cofibrations
and fibrations also in a premodel structure.
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Corollary3.6  (C,W(C, F), F) forms a model structure if and only if W(C, F) satisfies
2-out-of-3.

We now reduce the problem of checking 2-out-of-3 for W(C, F) to a reduced
collection of special cases of 2-out-of-3 where some or all maps belong to € or J..

Definition 3.7 Given a wide subcategory A C E of a category E, we say A has left
cancellation in E (or among maps in E) when for every composable pair g, f in E, if
gf and g are in A then f is in A. Dually, A has right cancellation in E when for all g, f
with g f, f € A, we have g € A.

Theorem 3.8 W(C, F) satisfies 2-out-of-3 exactly if the following hold:

(A) Trivial cofibrations have left cancellation among cofibrations and trivial fibrations
have right cancellation among fibrations.

(B) Any (cofibration, trivial fibration) factorization or (trivial cofibration, fibration)
factorization of a weak equivalence is a (trivial cofibration, trivial fibration)
factorization;

(C) Any composite of a trivial fibration followed by a trivial cofibration is a weak
equivalence.

Note that each of these conditions is self-dual.
Proof Conditions A-C all follow by straightforward applications of 2-out-of-3 for
W(C, F). Suppose conversely that we have A-C and let maps ¢:Y - Z and f: X -

Y be given. Then, using the two factorization systems and condition C, we have the
following diagram:

Xr-aUro W

f\,u‘?

Y

y’
K
-
Na---<«

Suppose first that ¢ and f are weak equivalences. Then, we may choose the
factorizations of f and g such that the map X »— U is a trivial cofibration and the
map V — Z is a trivial fibration. Thus, g f factors as a trivial cofibration followed by
a trivial fibration, i.e., is a weak equivalence.

Now suppose that f and g f are weak equivalences. We may choose the factorization
of f such that the map X »— U is a trivial cofibration. The composite X »— W isthena
trivial cofibration, so the composite W —> Z is a trivial fibration by condition B. Then,
the map V — Z is a trivial fibration by condition A. Hence, g is a weak equivalence.
By the dual argument, if g and g f are weak equivalences then so is f. [ ]

3.2 Cylindrical premodel structures

Now, we derive a simpler set of criteria for premodel structures equipped with a
compatible adjoint functorial cylinder.
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Definition 3.9 A functorial cylinder on a category E is a functor [ ® (-):E —
E equipped with endpoint and contraction transformations fitting in a diagram
as shown:

An adjoint functorial cylinder is a cylinder such that I ® (-) is a left adjoint.

Notation 3.10 Given a functorial cylinder in a finitely cocomplete category, we have
induced boundary maps 0 ® X = [0 ® X, 6, @ X|: XuX - I® X.

There is a dual notion of functorial path object consisting of a functor 1@ (-)
and natural transformations 8; @ (=):I® (=) — Id and €@ (-):1d > I® (-). By
transposition, each adjoint functorial cylinder corresponds to an adjoint functorial
path object.

Remark 3.11 (Stability under (co)slicing)  Fix a functorial cylinder denoted as above
and an object X € E. Then, I ® (-) lifts through the forgetful functor E/X - E to a
functorial cylinder I ®g;x (—) on the slice over X. This crucially uses the contraction.
For example, the action of [ ®g/x (=) on f:Y — X is given by (¢ ® X)(I® f):I®
Y — X. Furthermore, I ® (-) lifts through the pushout functor E - X/E to a functo-
rial cylinder I ® x/g (—) on the coslice under X. For example, the action of I ® x/g (-)
on f:X — Y is given by the pushout of I® f:I® X - 1® Y along ¢ ® X. In both
cases, adjointness is preserved, and the corresponding functorial path object is given
by performing the dual construction.

Definition 3.12 Write @: [E, F] x E — F for the application bifunctor defined by F @
X = F(X). Given a category E with a functorial cylinder and f € E~, we abbreviate
(8x ®(-)) @ f € E” as §; ® f. We likewise write & ® f for Leibniz application of the
contraction. We write 8x @ (—) and ¢ @ () for the dual operations associated with a
functorial path object.

Definition 3.13 Given a finitely cocomplete category E with a functorial cylinder, a
weak factorization system (£, R) is cylindrical when 0 ® (-) preserves left maps.

Definition 3.14 Given f: A — B in a finitely cocomplete category with a functorial
cylinder and k € {0,1}, we write M (f) for its k-sided mapping cylinder, defined as
the pushout

a—L
I

Ok ®Al r

19 A -+ Mi(f).

51
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The k-sided mapping cylinder factorization of f is the factorization

10(01-x ® A)

A Me(f) [f(e®A),id]

B.

Definition 3.15 A cylindrical premodel structure on a finitely complete and cocom-
plete category E consists of a premodel structure and adjoint functorial cylinder on E
such that

« the (cofibration, trivial fibration) and (trivial cofibration, fibration) weak factoriza-
tion systems are cylindrical;
« &k ® (-) sends cofibrations to trivial cofibrations for k € {0,1}.

Remark 3.16 'The above conditions are transposed to equivalent dual conditions on
the corresponding adjoint functorial path object. Like its constituent components,
the notion of cylindrical premodel structure is thus self-dual: a cylindrical premodel
structure on E is the same as a cylindrical premodel structure on E°P.

Remark 3.17 (Stability under (co)slicing) Continuing Remarks 3.2 and 3.11, a cylin-
drical premodel structure on E descends to cylindrical premodel structures on slices
and coslices of E. We may exploit this to simplify arguments by, for example, working
in a slice.

Fix once more a premodel category M with factorization systems (C,J;) and
(C¢, F). We show that condition C is reducible to condition A when M is cylindrical
by relating trivial fibrations with dual strong deformation retracts.

Definition 3.18 In a category with a functorial cylinder, we say f:Y — X is a dual
strong k-oriented deformation retract for some k € {0,1} when we haveamaps: X - Y
such that fs = id and a homotopy h:1® Y — Y such that h(8, ® Y) = sf, h(61-x ®
Y) =id, and fh is a constant homotopy. Equivalently (if the category is finitely
cocomplete), f is a dual strong k-oriented deformation retract when we have a diagonal
filler

y ——M—

10(51k®Y)J7 /,//

-

\
\
\
\
\
\
\
A

M -
«(f) [f(e® Y),id]

The following is a standard construction (see, e.g., [Qui67, Lemma L.5.1]).
Lemma 3.19 Let (L£,R) be a cylindrical weak factorization system on a finitely
cocomplete category with a functorial cylinder. Then, any R-map between L-objects is a

dual strong k-oriented deformation retract for any k € {0,1}.

Proof Let f:Y — X be an R-map between £-objects. We solve two lifting problems
in turn:
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»id
yuy LMLy

7
h .~
L30® YJV e Jf

I Yy ——— X
®Y ey

e —
1

L>

M o

s
-’
-’
s
-,
-,
-,

The maps s and h exhibit f as a dual strong 0-oriented deformation retract; we may
similarly construct a 1-oriented equivalent. [ ]

Corollary 3.20 Let (£,R) be a cylindrical weak factorization system on a category
with a functorial cylinder. Then, in any diagram of the form

A
mel nel
Y/—\m,
feR

the horizontal map is a dual strong k-oriented deformation retract for any k € {0,1}.
Proof By Lemma 3.19, applied in the coslice under A via Remark 3.17. [ ]

Lemma 3.21 If M is cylindrical, then any fibration f:Y — X that is a dual strong
k-oriented deformation retract for some k € {0,1} is a trivial fibration.

Proof Lets:X — Yandh:I® Y — Y beasin the definition of dual strong k-oriented
deformation retract. Then, the diagram

t &1 Y
Yh—HI@Y*)Y

i s |

_— _—
X —oxy T l1eXxxY —o—— 7 X

exhibits f as a retract of a trivial fibration. ]

Lemma 3.22 Suppose M is cylindrical. If trivial fibrations have right cancellation
among fibrations, then any (trivial cofibration, fibration) factorization of a weak equiv-
alence is a (trivial cofibration, trivial fibration) factorization.

Dually, if trivial cofibrations have left cancellation among cofibrations, then any
(cofibration, trivial fibration) factorization of a weak equivalence is a (trivial cofibration,
trivial fibration) factorization.

Proof Suppose we have a weak equivalence X — Y factoring as a trivial cofibration
followed by a fibration, thus a diagram of the following form:

TN
‘\V/V
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We first take a pullback and factorize the induced gap map as a trivial cofibration

followed by a fibration.

X" Z—»p N

\_x\;j
\4

By Corollary 3.20, the composites Z — U and Z — V are dual strong deformation
retracts, thus trivial fibrations by Lemma 3.21. Then, the composite Z — Y is a trivial
fibration by composition, so V — Y is a trivial fibration by right cancellation. ]

Theorem 3.23  Suppose M is a cylindrical premodel structure. Then, W(C, F) satisfies
2-out-of-3 exactly if the following hold:

(A) trivial cofibrations have left cancellation among cofibrations and trivial fibrations
have right cancellation among fibrations;

(C) any composite of a trivial fibration followed by a trivial cofibration is a weak
equivalence.

Proof Theorem 3.8 combined with Lemma 3.22. [ |

Finally, we prove for reference below that the cancellation properties opposite of
condition A always hold in a cylindrical premodel structure, though we will not need
this fact.

Lemma 3.24 Let (L, R) be a cylindrical weak factorization system on a category with
a functorial cylinder. If f is a map between L-objects, then the first factor of its k-sided
mapping cylinder factorization is an L-map.

Proof The first factor A - My (f) in the factorization of f: A — B decomposes as
the composite

(3®A)I_IAB

A—"% AUB —= (AUA)Ly B s T®© AUy B.

The first map is a cobase change of 0 — B, thus an £-map. The last map is a cobase
change of 0 ® A 2 9 ® (0 — A), thus also an £-map. |

Lemma 3.25 IfMis cylindrical, then any cofibration between trivially cofibrant objects
is a trivial cofibration. Dually, any fibration between trivially fibrant objects is a trivial
fibration.

Proof Let m: A»— B be a cofibration between trivially cofibrant objects. Consider
the commutative square

Ar0ed) g om)

mI ZI&)@m
B— [®B.
51 ®B
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The top horizontal map is a trivial cofibration by Lemma 3.24, while the right vertical
map is a trivial cofibration by cylindricality. The bottom map is split monic, so m is a
retract of a trivial cofibration and thus a trivial cofibration itself. ]

Corollary 3.26 [Satl7, Lemma 4.5(iii)] If M is cylindrical, then trivial cofibrations
have right cancellation among cofibrations. Dually, trivial fibrations have left cancel-
lation among fibrations.

Proof Given a diagram

we apply Lemma 3.25 to f in the coslice under A via Remark 3.17. [ ]

3.3 Model structures from the fibration extension property

We now narrow our attention to premodel structures satisfying properties common
to cubical-type model structures: first, that all objects are cofibrant, and second, that
fibrations extend along trivial cofibrations, the latter of which follows in particular
from the existence of enough fibrant universes classifying fibrations. Note that our
conditions cease to be self-dual at this point; moreover, the result is a criterion
sufficient but not necessary to obtain a model structure.

Lemma 3.27 Let M be a premodel category. Trivial fibrations have right cancellation
in M if and only if the (cofibration, trivial fibration) factorization system is generated by
cofibrations between cofibrant objects. Dually, trivial cofibrations have left cancellation
in M if and only if the (trivial cofibration, fibration) factorization system is cogenerated
by fibrations between fibrant objects.

Proof Suppose trivial fibrations have right cancellation in M and let p: Y — X be
a map lifting against cofibrations between cofibrant objects. We take a cofibrant
replacement of Y, obtaining maps 0 > Y’ =+ Y. By cancellation, it suffices to show
the composite p’: Y’ — X is a trivial fibration. We appeal to the retract argument:
p' has the lifting property against the left part of its (cofibration, trivial fibration)
factorization—this being a cofibration between cofibrant objects—so is a retract of
the right part of its factorization. It is thus itself a trivial fibration.

The converse is an elementary exercise in lifting. Suppose the (cofibration, trivial
fibration) factorization system is generated by cofibrations between cofibrant objects,
let f:Z =>Y and g: Y — X be such that g f is a trivial fibration. Given a cofibration
m: A»— B between cofibrant objects and a lifting problem

— Y
4
X

o o
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we solve lifting problems first against f and then against g f:

0——Z A—"57Z
] = s o] es
Ay B X.
The composite fv is a lift for the original square. ]

In particular, Lemma 3.27 tells us that trivial fibrations have right cancellation in
any premodel structure where all objects are cofibrant. If the premodel structure is
additionally cylindrical, then condition C is also always satisfied.

Lemma 3.28 Let M be cylindrical and suppose that all objects are cofibrant. Then, any
composite of a trivial fibration followed by a trivial cofibration is a weak equivalence.

Proof Suppose we have p: B ~> A and m: A »*> X. We take their composite’s (trivial
cofibration, fibration) factorization:

BrTty Yy
|
9

S

v

We intend to show g is a trivial fibration. By Corollary 3.20 and the assumption that
all objects are cofibrant, p has the structure of a dual strong 0-oriented deformation
retract. Thus, we have a diagonal lift

B % B
W
10(51 ®B)J //,// | P

MlP) e ma” A

Using that g is a fibration, we show that q is a dual strong deformation retract by solving

a lifting problem of the form

[nh,id]

Mo(p)up Y ————
10(6®Y) HZJ/ ,//
Aug M](I’l) 7 q

’
s
s
2 ’
s
s
s

Mo (q)
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The map A up M;(n) »= My(q) is the following composite:

AugMy(n) m——— XupM;(n) = Xuy (I®Bug (YUY)) »——— My(q)
m Up Mi () Xuy (38 n).

The first map is a cobase change of the trivial cofibration m, while the final map is a
cobase change of the trivial cofibration 0 ® n; thus the composite is indeed a trivial
cofibration. The diagonal lift exhibits g as a dual strong deformation retract, thus, a
trivial fibration by Lemma 3.21. ]

Thus, in a cylindrical premodel structure where all objects are cofibrant, the
only non-trivial property necessary to apply Theorem 3.23 is left cancellation for
trivial cofibrations among cofibrations. This we can further reduce to the following
condition.

Definition 3.29 (FEP) We say a premodel category M has the fibration extension
property when for any fibration f:Y — X and trivial cofibration m: X »= X', there
exists a fibration f": Y’ — X’ whose base change along m is f:

Y Y
|

fl . '
v

X PT X,.

Lemma 3.30 Suppose M is a premodel category with the fibration extension property.
Then, trivial cofibrations have left cancellation in M.

Proof By Lemma 3.27, it suffices to show the (trivial cofibration, fibration) factor-
ization system is cogenerated by fibrations between fibrant objects. Suppose g: A — B
is a map with the left lifting property against all fibrations between fibrant objects.
Let f:Y — X be an arbitrary fibration. Its codomain X has a fibrant replacement
m: X »> X1 by the fibration extension property, there is some f’: Y’ — X' whose
pullback along m is f. By assumption g lifts against f’, and this lift induces a lift for
g against f via the usual argument that right maps of a weak factorization system are
closed under base change. [ ]

Theorem 3.31 Let M be a cylindrical premodel category in which:

(D) all objects are cofibrant;
(E) the fibration extension property is satisfied.

Then, the premodel structure on M defines a model structure.

Proof By Theorem 3.23. Condition C is satisfied by Lemma 3.28. Trivial cofibrations
have left cancellation by Lemma 3.30, while trivial fibrations have right cancellation
by Lemma 3.27. u

The fibration extension property can, in particular, be obtained from the existence
of fibrant classifiers for fibrations, i.e., fibrant universes of fibrations. We do not
generally expect to have a single classifier for all fibrations, only those below a certain
size. Thus, we now consider a setup where a premodel category sits inside a larger
category containing classifiers for its fibrations.
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Lemma 3.32 Let E be a category, and let M be a subcategory of E equipped with a
premodel structure. Say that a map in E is a fibration if it has the right lifting property
against all trivial cofibrations in M. Suppose we have a class UL € E™ of fibrations between
fibrant objects that classifies fibrations in M, in following sense:

(a) every fibration in M is a pullback of some fibration in U;
(b) if p:E—> UisamapinUand y: X — U is a map with X € M, then there exists a
map in M which is the pullback of p along y:

Then, M has the fibration extension property.

Proof Let a fibration f:Y — X in M and trivial cofibration m: X »> X" in M be
given. Then, f is the pullback of some fibration between fibrant objects p: E — U in
E along some map y: X — U. As U is fibrant, y extends along m to some y": X’ - U.
By assumption, we can choose a pullback f": Y' — X’ of p along y’ belonging to M.
By the pasting law for pullbacks, f is the pullback of f' along m. [ ]

Corollary 3.33 Let E be a category, and let M be a subcategory of E equipped with
a premodel structure. Suppose that M is cylindrical and the following conditions are
satisfied:

(D) all objects of M are cofibrant;
(F) there is a class of fibrations between fibrant objects in E that classifies fibrations in
M in the sense of Lemma 3.32.

Then, the premodel structure on M defines a model structure.
Proof By Theorem 3.31 and Lemma 3.32. ]

Remark 3.34 In applications, one usually starts with a set (or category, when work-
ing with algebraic weak factorization systems) of generating trivial cofibrations that
defines the class of fibrations via lifting. We can then consider an “extension” E of M
large enough to build a classifier for fibrations in M (for example, by passing from
presheaves to “large” presheaves as in Section 4.2). Fibrancy of the classifier is shown
by extending fibrations along generating trivial cofibrations.

In such settings, there is also an alternative approach that directly moves from fibra-
tion extension along generating trivial cofibrations to general fibration extension. For
a set of generating trivial cofibrations with representable codomain, this is described
in [Satl7, Section 7]. It involves exhibiting trivial cofibrations as codomain retracts of
cell complexes of the generators using the small object argument; fibration extension
along such a cell complex is then obtained inductively. In the model structure we
construct in Section 4.2, we instead have a category of generating trivial cofibrations
with representable codomain (Definition 4.16). However, the same technique still
applies, using an analysis of the algebraic small object argument [Sat23].
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4 Semilattice cubical sets
4.1 The semilattice cube category

We now introduce this article’s main character: the (join-)semilattice cube category
Oy generated by an interval object, finite Cartesian products, and a binary connection
operator. Like other Cartesian cube categories, it is a (single-sorted) Lawvere theory
[Law63]: a finite product category in which every object is a finite power of some
distinguished object.

Definition 4.1 The theory of (join-)semilattices consists of an associative and com-
mutative binary operator v for which all elements are idempotent, which we call the
join. This means the following laws:

(xvy)vz=xv(yvz), XVy=yvax, XV X=X

The theory of 0I-bounded (join-)semilattices consists, in addition to the above, of two
constants 0, 1 and the following laws:

Ovx-=x, 1vx=1

The (join-)semilattice cube category O, is the Lawvere theory of 01-bounded semilat-
tices. Concretely, the objects of O, are of the form T" for n € N, and the morphisms
T™ — T" are n-ary tuples of expressions over 0,1,V in m variables modulo the
equations above. We write T, for the Lawvere theory of semilattices.

Remark 4.2 As a bicategory, T, can be identified with the subcategory of the
bicategory of onto (decidable) relations between finite sets. Equivalently, these are
jointly injective spans in finite sets whose second leg is surjective. This can be strictified
to a l-category by replacing relations with Boolean-valued matrices.

Recall that the category of algebras Alg(T) = [T, Set]g, of a Lawvere theory T is
the category of finite-product-preserving functors from T to Set, which supports an
“underlying set” functor U: [T, Set]¢, — Set given by evaluation at the distinguished
object T. This functor has a left adjoint F:Set — Alg(T) which produces the free
T-algebra on a set, and the covariant Yoneda embedding restricts to an embedding
TP — Alg(T) sending T" to the free algebra on n elements. We write SLat and
01SLat for the categories of algebras of T, and Oy, respectively. Concretely, these are
the categories of sets equipped with the operations described in Definition 4.1 and
operation-preserving morphisms between them.

It can also be useful to take an order-theoretic perspective on SLat and 01SLat,
identifying them as subcategories of the category Pos of posets and monotone maps.
Recall that the operator v induces a poset structure on any semilattice, with x < y
whenx v y=y.

Proposition 4.3  SLat is equivalent to the subcategory of Pos consisting of posets with
finite non-empty joins (that is, least upper bounds) and monotone maps that preserve
said joins. 01SLat is equivalent to the further (non-full) subcategory of posets that also
have a minimum and maximum element and monotone maps that also preserve them.
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Remark 4.4 Any finite linear order is a semilattice, and it is 0l-bounded if it is
inhabited. Moreover, any monotone map between linear orders preserves joins. Thus,
the inclusion A — Pos factors through a fully faithful inclusion A — SLat.

In particular, the interval [1] € Pos is a 01-bounded semilattice.

Proposition 4.5  The interval is a dualizing object for a duality between the categories
of finite semilattices and finite 01-bounded semilattices, which is to say that we have the
following categorical equivalence:

SLat(—, [1])

— T3
SLatg}:1 R 01SLatg;,.
(\_/

01SLat(—, [1])

Proof By a slight variation on the argument that 0SLat;" ~ 0SLat;, indicated in
[Joh82, Sections VI3.6 and V1.4.6(b)]. [

Given a semilattice A, the 0l-bounded semilattice structure on SLat(A, [1]) is
defined pointwise from that on [1]; likewise 01SLat(B, [1]) has a pointwise semilattice
structure for any B € 01SLat. This extends the duality between the augmented simplex
category and the category of finite intervals (i.e., finite bounded linear orders and
bound-preserving monotone maps) observed by Joyal [Joy97, Section 1.1, Wra93].

By way of this duality, we have in particular an embedding of Oy in the category of
finite semilattices, induced by the embedding of its opposite in its category of models:

Oy —2 01SLat” — SLatj,.

Here, we use that the free semilattice on a finite set of generators is a finite semilattice.
Unpacking, this embedding sends T" to 01SLat(F(n), [1]) = Set(n, U[1]) = [1]".

Notation 4.6  Henceforth, we regard O, as a subcategory of SLat, in particular writing
[1]" rather than T" for its objects.

We can also describe the cubes in SLat as free semilattices on posets. Given a poset
A, write 1 x A for the poset obtained by adjoining a minimum element 1 to A. For any
set S, we have a monotone map #,,:1* S — [1]® sending 1 to 1 and i € S to the element
of [1]% with 1 at its ith component and 0 elsewhere.

Proposition 4.7 For any S € Setgy, the map s exhibits [1]° as the free semilattice on
the poset 1 S. That is, for any A € SLat and monotone map f:1x S — A, there is a
unique semilattice morphism f':[1]% — A such that f = f'ns.

4.2 Cubical-type model structure on semilattice cubical sets

We now define our model structure on PSh(O,) using Corollary 3.33. That our
case satisfies the corollary’s hypotheses is essentially an application of existing work,
namely, [CMS19] or [Awo23], so we do not give many proofs, only enough of an
outline to guide an unfamiliar reader through the appropriate references. We point
to [GS17; Satl7; AGH24, §8) for further details on constructing model structures of
this kind and to [LOPS18] for the definition of the universe in particular.
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Assumption 4.8  For simplicity, we work with a single universe: we assume a strongly
inaccessible cardinal k. and define a model structure on the category PSh,(0O) of k-
small presheaves. Outside of this section, we suppress the subscript k. As described
in Remark 3.34, it is possible to eliminate the use of universes at the cost of some
complication; alternatively, one can assume that every fibration belongs to some universe
to obtain a model structure on all of PSh(DO, ).

Notation 4.9 We write 1:= &[1] € PSh(Oy) for the representable 1-cube. We write
Ox:1 - [1] for the endpoint inclusion picking out k € {0,1} and write ¢ for the unique
degeneracy map [1] — 1.

4.2.1 Factorization systems

As analyzed by Gambino and Sattler [GSI17], a key feature of cubical-type model
structures is that their fibrations are characterized by a uniform lifting property. This
characterization is used to obtain the model structure’s factorization systems construc-
tively and to define fibrant universes of fibrations. We avoid formally introducing
algebraic weak factorization systems [GT06, Gar09] for the sake of concision, but
these form the conceptual backbone of Gambino and Sattler’s results.

Definition 4.10 (Uniform lifting) Letu:I — E~ be a functor. A right u-map is a map
f:Y — X in E equipped with
o for each i € I and filling problem

,L)Y

I

k X

&

Ui

&

a diagonal filler ¢(i, h,k):B; - Y;
o such that for each a: j — i and diagram

b
B] T} Bi T} X,

we have ¢(i, h, k)b = ¢(j, ha, kb).
When u is a subcategory inclusion, we may instead say that f is a right I-map.

Notation 4.11 Given a category E, write E_, ., C E™ for the category of arrows in E and
Cartesian squares between them.

Write M for the full subcategory of PSh,. (O )

Definition 4.12 'We say a map in PSh,(O)
is a right M-map.

—

car COnsisting of monomorphisms.

is a uniform trivial fibration when it

—
cart

Remark 4.13  If working constructively, one must replace M with the full subcategory
Mgec of levelwise decidable monomorphisms, i.e., those m: A-B such that mj is
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isomorphic to a coproduct inclusion for all I € O,. This restriction is used (see, e.g.,
Orton and Pitts [OP18, Theorem 8.4]) in the proof of the realignment property, which
is important to the construction of fibrant universes.

The following proposition lets us characterize the trivial fibrations (and later, the
fibrations) as the maps with uniform right lifting against a small category.

Proposition 4.14 [GS17, Proposition 5.16] Let C be a small category and 1 be a full
subcategory of PSh(C)_, , closed under base change to representables, i.e., such that

x*felforany 1Y - X in1and x:&a - X. Write I for the full subcategory of 1
consisting of maps with representable codomain. Then, a map in PSh(C) is a right I-

map if and only if it is a right I -map.

Proposition 4.15 (Uniform trivial fibrations) We have a weak factorization system
(M, F}), where F, is the class of uniform trivial fibrations.

Proof By [GS17, Theorem 9.1], which goes through Garner’s algebraic small object
argument [Gar09], we have a factorization system (C, JF;), where F; is the class of
uniform trivial fibrations. Here, we need that the right M-maps coincide with the

right M -maps and that ME is a small category. That the algebraic small object
argument is constructive in this case is explained in [GS17, Remark 9.4] (see also
[Hen20, Appendix C]).

An alternative construction of the factorization using partial map classifiers is
described in [GS17, Remark 9.5] and used by Awodey et al. [AGH24, Awo23], while
Swan [Swal8, Section 6] describes a construction using W-types with reductions. The
partial map classifier factorization factors any map as a mono followed by a trivial
fibration. By the retract argument, any map in C is then a retract of a mono and hence
itself monic, so € = M. u

Definition 4.16 Define uy: {0,1} x M* — PSh,.(0,)~ by us(k,—) =8 X (-). A
uniform fibration is a right us-map.

Proposition 4.17 (Uniform fibrations) There exists a weak factorization system
(Cy, F) such that F is the class of uniform fibrations.

Proof By [GS17, Theorem 7.5], using the algebraic small object argument. Again, see
[GS17, Remark 9.4] for discussion of constructivity. [

Though the algebraic/uniform description is important to constructively establish
the existence of these weak factorization systems, we can also—still constructively—
recognize that F, and JF are classes of maps with lifting properties in the non-algebraic
sense.

Proposition 4.18 Let f:Y — X in PSh,, (O ). Then,

o fis a right M-map if and only if it has the right lifting property against all monomor-
phisms;

o fis aright us-map if and only if it has the right lifting property with respect to 8, X m
forall k € {0,1} and monomorphisms m.

Proof By [GS17, Theorem 9.9]. m
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With the two factorization systems in hand, it is straightforward to verify the
following.

Proposition 4.19 (G, F) and (M, F,), together with the adjoint functorial cylinder
Ix (=) ~ (=)}, constitute a cylindrical premodel structure.

4.2.2 Unbiased fibrations

In order to apply Corollary 3.33, we must check that we have a fibration between
fibrant objects in PSh(O, ) classifying fibrations in PSh,, (O, ). This follows from work
on cubical models of type theory, specifically the interpretation of universes. Our
cube category falls within the ambit of [ABCHFL21], which describes a universe
Pfib Ugp — Ugp with fibration structures on prib and Ugp in type-theoretic terms;
Awodey gives a construction of the same in categorical language [Awo023, Sections
6-8].

However, the fibrations used in these models are not a priori the fibrations we
defined in the previous section: they are what Awodey [Awo023] calls unbiased fibra-
tions, which lift not only against (pushout products with) endpoint inclusions §3:1 — I
but against generalized points on the interval. To see that B, is compatible with this
model of type theory, we check here that biased (i.e., ordinary) and unbiased fibrations
coincide in the presence of a connection.

Definition 4.20 Given r: B — [ and f: A — B, their unbiased mapping cylinder is the
following pushout:

A 4} B
(rf,idA)J’ \Lr
Ix A ----3 M,(f).

Note that Mg, 1, (f) is the ordinary k-sided mapping cylinder (Definition 3.14). We
write 7 Xg m: M, (m) — I x B for the unique map fitting in the diagram

This is the pushout product in the slice over B of (r, idg):idg — & x Band m: m — ids,
hence the notation. Note that (8x!p) X5 f is the ordinary pushout product &; X f.

Definition 4.21 Wesay f:Y — X is an unbiased fibration when it has the right lifting
property against r Xg m for all r: B - [ and m: A»— B.

Lemma 4.22 rXp m is a trivial cofibration for any r: B — I and m: A»— B.
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Proof Defineu(i,a):=(ivr(m(a)),a):Ix A —1x A. Take a pushout of §o X m:

My(m) —uuid , M, (m)
Y
So R m| an

Define a map v: M;(r Xg m) — C like so:

M,(m) — 2™ pxp B ,p
8 x M,(m)l . J'Q J’SI x B
Ix M, (m) —0 M, (rXg m) IxB
1 ~
||2J' BN v J’b
pRt
Mr(st) (H x m) [}'ldr(V x A),b] C
Take the pushout of §; X (r X5 m) by this map:
M (rXgm) —— C
Y
0% (rs m{z zin,
ro1
IxIxB ------ D
b
Then, we can exhibit » Xz m as a retract of n'n:
id id
M, (m) - M, (m) - M, (m)
~
i (80 x M, (m)) I
~
rXpm M;(rXp m) 2 c r¥pm
|
} \ \ .
> B 8o xIxB [xTx B b’ b [e xI x B, [id, rXp m]] TxB
As a retract of a trivial cofibration, r Xz m is thus a trivial cofibration. [ |

Corollary 4.23 A map is a fibration in B if and only if it is an unbiased fibration.

Proof If f:Y — Xisanunbiased fibration, then lifting against any §; X m is obtained
as lifting against (8x!p) Xp m. The converse is Lemma 4.22. |

Remark 4.24 For the reader more comfortable with cubical type theories, we give
the type-theoretic analog to the proof of Corollary 4.23. The ABCHFL type theory
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equips types with a composition operator of the following form:

i:T+ Atype ¢ cof r,s:1
Lo+ M:A My: A[r/i] o+ M[r/i] = My: A[r/i]
com: }* [¢ ~ i.M] My: A[s/i]

comi " [¢ — i.M] My = My: A[r/i]

o +comi ) [ i.M] My = M[s/i]: A[s/i].

In the presence of a connection, we can derive a term satisfying the equations
r—s

required of com!;* [¢ = i.M] M, using only composition ¢ — s, where ¢ € {0,1},
namely, the term Q below.

P(k)=comi b [ ¢ = jM[rvij/i] ] M,

o i Mlsvifi
Q=comiby | 0 O j p(g's) I by,
Remark 4.25 We can also use v to show that any fibration is an equivariant fibration
in the sense of the ACCRS model structure [ACCRS24]. For simplicity, let us restrict
attention to lifting along 6;:1 — I", which is the simplest case; we leave it as an
exercise to formulate and derive unbiased equivariant lifting by combining the proof
of Lemma 4.22 with the following sketch. A more complete proof (for simplicial sets
rather than semilattice cubical sets, but with the same argument) is in [ACCRS24,
Proposition 6.1.7].

Write % := Core(D, ) for the wide subcategory of isomorphisms of O0,. We have a
functor 8: £ — PSh(D, )~ sending [1]" to 87:1 — [" and o: [1]" = [1]" to (id, 0): 8] —
07 Take usy to be the composite

& (5XMJ: N & X N
¥ x ME 2XM y pSh(my)” x MF ——= % PSh(Ty)".

A uniform equivariant I-fibration is a right u sy -map.

Suppose f:Y — X is a uniform fibration and let m: A~B and a lifting prob-
lem (y,x):6] Xm — f be given. We have a map 1,:[1] x[1]" = [1]" sending
(t,d1,...5in) = (¢ ViL,...,tVi,) which we use to form a lifting problem against
8, X (I" x m):

(t" x A)u (e x B)

(IxI" x A) Ugea (Ix B) » (I"x A)ua B —2o3 Y

61?(]I”><m)Iz _/’,_———]"’/’—/’jéf?m J7f

IxI"xB — y "xB —— X.
1" x B x

The composite tikz69 is our desired lift, while the uniformity conditions follow from
those on f and the fact that 1, o (Ix o) 2 g o 1, forany o:[1]" = [1]".
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4.2.3 Universe

To define a universe classifying fibrations, we use a theorem of Licata et al. [LOPSIS8].
The cardinal x provides a Grothendieck universe in Set, from which Hofmann and
Streicher’s construction produces a universe py: U — U in PSh(0,) classifying &-
small maps [HS97, Str05, Awo24]. Our classifier for x-small fibrations shall be a
subuniverse of py. The key property of PSh(0, ) is that the cocylinder (=) has a
right adjoint, i.e., that I is internally tiny: we have (=)' = ((=) x [1])* and therefore
(-)' < /== ((~) x[1]),. This property is common to cube categories but fails, for
example, in simplicial sets. We refer to Swan [Swa22] for a deeper analysis.

Given a k-small map f:Y — X with characteristic map A: X — U, we define a
family X! - U whose sections correspond to fibration structures on A. To do so, it
is convenient to work in the internal extensional type theory of the universe py in
the style of Orton and Pitts [OP18].> Writing T:1 - Q for the subobject classifier in
PSh(O, ), the maps !q: Q — 1 and T are both classified by py,° so appear as a closed
type -+ Q: U and type family ¢: Q + [¢]: U, respectively. The interval likewise
appears as a closed type - [ : U with inhabitants - +~ 0,1: L.

Definition 4.26 Given a type A:U, define its type of trivial fibration structures
TFib A: U as follows:

TFibA =Tg: Q. IIv:[¢] > A. Za: A. Ta:[¢]. v(a) = a.
Definition 4.27 Given k € {0,1} and A: X — U, define the pullback exponential
(6 3 A): (Zp: X" A(p(k))) — U internally as follows:
(0x 3 A)(p,a) =2q:(Ii:L. A(p(i))). q(k) = a.
Definition 4.28 Given A:X — U, define Fiby A: X' — U for k € {0,1} and then
Fib A: X! - U as follows:
(Fibk A)(p) = Ta: A(p(K)). TEb((3 5 4)(p. a))
(Fib A)(p) = (Fibo A)(p) x (Fiby A)(p).
Proposition 4.29 Let f:Y — X be given with classifying map A: X — U. Then, fis a
uniform fibration if and only if the type Tp: X". (Fib A)(p) is inhabited.
Proof See [AGH24, Corollary 8.7]. [ |
Using the right adjoint to (—), we carve out the subuniverse of py corresponding
to families A: X — U for which TIp: X'. (Fib A)(p) is inhabited. For this step, we
return to working externally, as /— does not straightforwardly internalize; Licata
et al. [LOPSI8] use a global sections modality to axiomatize v/~ internally, while
Riley [Ril24] has recently proposed a type theory which directly represents /-

as a modality. The following definition and proposition constitute Theorem 5.2 of
[LOPSI8].

SWe refer to [AGH24] for a detailed translation between external and internal constructions in
presheaf categories and to [Awo23, Section 6] for a fully externalized argument.
orf working predicatively, one should replace Q with the classifier for levelwise decidable subobjects.
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Definition 4.30 Define pgp: Usi, = Usip by pullback as follows:

Usib --=-- » U
Pfibi ! J'pu
Uny -5 U
ﬂoi ! J'(Fibidy)*

L=
VU — VU.
NIT

Proposition 4.31 [LOPS18, Theorem 5.2]  If f: Y — X is the pullback of py along some
A: X — U, then fis a uniform fibration if and only if A factors through m: U, — U.

Corollary 4.32  The map pgy, is a uniform fibration.
Proof pgp is the pullback of py along 73, which of course factors through itself. =

Finally, we need a fibrancy structure on the universe U itself. This is the most
technically involved argument; we defer to prior work.

Proposition 4.33  The object Ugy, is uniform fibrant.

Proof A fibrancy structure on Ugp is described in type-theoretic language in
[ABCHFL2I, Section 2.12], while Awodey [Awo023, Section 8] gives an external cat-
egorical construction. [ |

Theorem 4.34 (Cubical-type model structure on semilattice cubical sets) There is a
model structure on PShy, (0O\) in which:

o The cofibrations are the monomorphisms;
o The fibrations are those maps with the right lifting property against all pushout
products 8y X m of an endpoint inclusion with a monomorphism.

We write B.) for this model category.

Proof By Corollary 3.33 applied with PSh,(O,) inside PSh(O,) and the factor-
ization systems (M, F;) and (C;, F) defined in this section. Clearly all objects are
cofibrant, and every fibration in PSh,; (O, ) is classified by pgp: Ugib, = Ugp, whichisa
fibration (Corollary 4.32) between fibrant objects (Proposition 4.33). ]

Our question now is whether B presents co-Gpd. More narrowly, we can ask
whether the following comparison adjunction evinces a Quillen equivalence between

—~t e
O, and Ak9,

Definition 4.35 (Triangulation) Define @:0, — PSh(A) to be the functor sending
the n-cube [1]" to the n-fold product (A!')" of the 1-simplex, with the evident
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functorial action. The triangulation functor T:PSh(O,) — PSh(A) is the left Kan
extension of @:

[1]" —F— (A"

0, — PSh(A).

J:l A1
7T

PSh(oy)

Triangulation has a right adjoint, the nerve functor Nyp: PSh(A) — PSh(O, ) defined
by Ny X := PSh(A)(z-, X).

4.3 ldempotent completion

Although the triangulation adjunction T 4 Ny is the most immediate means of
comparing B, and A9, it is not the most convenient. Ideally, we would like to have
a comparison on the level of the base categories, some functor i:A — O, or vice
versa, in which case we would obtain an adjoint triple iy 4 i* 4 i, on their presheaf
categories. This is too much to hope for, but we can define an embedding from A
into the idempotent completion of Oy, following the strategy used by Sattler [Sat19]
and Streicher and Weinberger [SW21] to relate A and O,,. The category of presheaves
on any category C is equivalent to the category of presheaves on its idempotent
completion C, the closure of C under splitting of idempotents [BD86]. We shall exhibit
an embedding A:A — O,; by composing the triple A, + A" 4 A, with the adjoint
equivalence w*:Psh(O,) <=~ PSh(O,) :m, we obtain a triple relating PSh(A) and
PSh(oy ).

We then observe that T ~ A*my (Lemma 4.48); thus, the upshot of this detour
is that T is also a right adjoint. It will, however, be easier to study the adjunction
A, - A" than T 4 Np, in particular because both A, and A are left Quillen adjoints
(Corollary 4.53 and Lemma 4.54). We will first show in Section 7.1 that A, 4 A* isa
Quillen equivalence, then deduce formally that A* 4 A, and T 4 Ny are also Quillen
equivalences.

Definition 4.36 An idempotent in a category C is a morphism f: A - A such that
ff = f. Asplitting for an idempotent is a section-retraction pair (s, r) such that f = sr.

The splitting of an idempotent is unique up to isomorphism if it exists: s is the
equalizer of the pair f,id: A — A, while r is the coequalizer of the same. We say that
C is idempotent complete if every idempotent splits.

Definition 4.37  An idempotent completion of a category C is a fully faithful functor
i:C — C such that C is idempotent complete and every object in C is a retract of iA
for some A € C.

Equivalently, an idempotent completion is a universal (in a bicategorical sense)
fully faithful functor C - Cinto an idempotent complete category. We shall only need
the following consequence of this characterization.
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Proposition 4.38 (essentially [BD86, Theorem 1])  Given an idempotent completion
i:C — C, the induced substitution functor i*:PSh(C) — PSh(C) is an equivalence of
categories.

We can describe the idempotent completion of O, concretely as a full subcategory
of SLat.

Definition 4.39 Write O, for the full subcategory of SLat consisting of finite inhab-
ited distributive lattices. This subcategory contains all of O, ; we write m: 0, — O, for
the inclusion.

Remark 4.40 Any finite inhabited lattice is bounded, with T and L obtained as the
join and meet of all elements, respectively. Moreover, a finite lattice is distributive
if and only if it is a Heyting algebra, i.e., supports an implication operator =>. Note
however that we do not require the morphisms of O, to preserve A, L, T, or =, only
binary (i.e., non-empty finite) joins.

We show that m: 0, — O, is an idempotent completion using the following obser-
vations of Horn and Kimura.

Proposition 4.41 [HK71, Theorem 1.1] A morphism in SLat is epic if and only if it is
surjective.

Proposition 4.42 [HK71, Corollaries 2.9 and 5.4]  Recall that an object in a category
is injective if maps into it extend along monomorphisms, and dually projective if maps
out of it lift along epimorphisms. A finite semilattice A € SLatgy, is

o injective if and only if A is a distributive lattice;
o projective if and only if 1 A is a distributive lattice.

Corollary 4.43 O, is closed under retracts in SLat.

Proof A retract of an inhabited finite semilattice is clearly inhabited and finite, and
the class of injective objects is closed under retracts in any category. [ ]

Corollary 4.44 0, is idempotent complete.

Proof Note that SLat is idempotent complete because it has limits. The claim follows
from this using Corollary 4.43. [ |

Lemma 4.45 Any A € G, is a retract of [1]" for some n € N.

Proof ForanyA €O,,wehaveaposetmap p:1x UA - Asending | to Landa € UA
to a. Per Proposition 4.7, this induces a surjective semilattice map p':[1]V4 — A. This
is epic by Proposition 4.41. As A is distributive, so too is 1 » A, so A is projective. Thus,
the identity on A factors through p', exhibiting A as a retract of [1]V4. [ ]

Theorem 4.46 w:0, — O, is an idempotent completion.
Proof By Corollary 4.44 and Lemma 4.45. [ ]

Recall from Remark 4.4 that we have an embedding A — SLat. The induced lattice
structure on a simplex is distributive, so this embedding factors through O, .

Notation 4.47 We write A: A — O, for the inclusion of the simplices among the finite
inhabited distributive semilattices.
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We can now decompose the triangulation functor.
Lemma 4.48 We have A*m, 2 T:PSh(O, ) — PSh(A).

Proof As both functors are left adjoints and thus cocontinuous, it suffices to exhibit
a natural isomorphism between their restrictions to representables, i.e., show that
A*Xm 7. Both A* &k mand @ preserve products, and A*&m[1] = A! = [1] by inspec-
tion. u

4.4 Two Quillen adjunctions

In light of the equivalence PSh(T, ) ~ PSh(m, ), it now suffices to compare A9 with
the induced model structure G on PSh(T, ), which again has monomorphisms
for cofibrations and fibrations generated by pushout products i X m. We begin by
observing that both A, and A* are left Quillen adjoints.

Lemma 4.49 A, preserves monomorphisms.

Proof Write A, for the augmented simplex category, the full subcategory of Pos
consisting of the objects [n] for n € N as well as [-1] := @. Write Oy, for the category
of finite distributive semilattices, which similarly freely extends O, with an initial
object (the empty semilattice). The inclusion A extends to an inclusion between the
augmented categories:

A _
A —— 0Oy

IJ/ N J'v
A, — Ova.
A,

The square is a pullback and the vertical maps are (discrete) Grothendieck opfibra-
tions, so the square is exact in the sense that the canonical map v*(A,), - A" is
invertible [nLa24, Proposition 5.2 and Corollary 3.1]. This is also straightforward to
check directly: the functors are cocontinuous, so it suffices to check on representa-
bles, and (* and v* preserve all representables except for the initial representable,
which they send to an initial object. Since ¢ is fully faithful, this gives &, = &%y, =
v*(A,) .. Therefore, it suffices to prove that (A, ), preserves monomorphisms.

Just like in simplicial sets, the monomorphisms in augmented simplicial sets form
the left class of a weak factorization system generated by boundary inclusions (of
augmented simplices). As (A,), is a left adjoint, it therefore suffices to show that it
sends boundary inclusions to monomorphisms. The boundary inclusion dA” »— A"

is the joint image of the non-identity face maps AFS A" The joint image of a set of
maps (f; : A; = B);er in any pretopos is computed as the coequalizer of

—
ijerAixpAj T ier Aie

It, therefore, suffices to check that (A,), sends face maps to monomorphisms and
preserves pullbacks of cospans whose legs are face maps. As face maps are monic, the
latter condition implies the former. For the latter condition, as face maps go between
representables and A, has these pullbacks, it suffices to check that A, preserves

https://doi.org/10.4153/50008414X25101466 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101466

Relative elegance and Cartesian cubes with one connection 35

pullbacks of cospans whose legs are face maps. In fact, &, creates such pullbacks, as
any subposet of a linear poset is again linear. [ ]

The following statements can be phrased more generally at the level of cylinder
objects in a model category. They also have evident dual version in terms of path
objects with fibrancy assumptions instead.

Lemma 4.50 In a cylindrical model category, let maps f,g: A — X be related by a
homotopy h:1® A — X. If A is cofibrant, then f is a weak equivalence exactly if g is.

Proof The top maps in the following diagram are trivial cofibrations because A is

cofibrant:
Ar284 1ga 24 gy
I
\ /
X
The claim follows using 2-out-of-3. ]

In a cylindrical model category, a homotopy retract is a pair of maps s: X — Y,
r:Y — X equipped with a homotopy h:1 ® X — X from rs to idx.

Corollary 4.51 In a cylindrical model category, any cofibrant homotopy retract of a
weakly contractible object is weakly contractible.

Proof Let a homotopy retract s: X - Y, Y - X, h:I® X - X from rs to idx be
given with X cofibrant and Y weakly contractible. By Lemma 4.50, rs is a weak
equivalence. Since Y is weakly contractible, any endomorphism on Y is a weak
equivalence by 2-out-of-3. As the two binary sub-composites of the ternary composite
X 5 Y 5 X 5 Y are weak equivalences, both r and s are weak equivalences by 2-out-
of-6 [Riel4, Remark 2.1.3]. [ ]

Lemma 4.52 Consider a model category M and a left adjoint L: A3 — M that pre-
serves cofibrations. Then, L is a left Quillen adjoint exactly if it sends representables to
weakly contractible objects.

Proof For the non-trivial direction, assume that L sends representables to weakly
contractible objects. Given # > 1and I € [n], write A} for the union of the subobjects
di: A" ' A™ over i € I. We check by induction that L sends A} »— A" to a trivial
cofibration for n € Nand @ ¢ I ¢ [n]. When |I| = 1, A} is the representable A", so
the claim holds by assumption and 2-out-of-3. Otherwise, choose some i € I. We have
the following pushout square, which is preserved by L:

n-1 n
Adaay — Ay

I

An_l T A;t.

By induction hypothesis, L sends the left vertical map to a trivial cofibration. As
trivial cofibrations are closed under cobase change, L then also sends the right vertical
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map to a trivial cofibration. By induction hypothesis, L sends Ap > A" toa
trivial cofibration. By 2-out-of-3, we conclude that L sends Afgiy "7 A" toa trivial
cofibration. For I = [n]\k, we obtain that L sends the horn inclusion A} - A" to a
trivial cofibration. This makes L a left Quillen adjoint. u

The combinatorics of the above proof have a conceptual explanation in terms of the
pushout join in augmented simplicial sets, which produces boundary inclusions and
horn inclusions starting from the maps @ - 1and A™" — 1.

Corollary 4.53 (cf. [Sat19, Proposition 3.6]) A, is a left Quillen adjoint X — ay.

Proof ByLemma4.49, A, preserves monomorphisms. Using Lemma 4.52, it suffices
to show that A|A" = & [n] is weakly contractible for n € N. For this, we observe that
& [n] is a homotopy retract of 1 for each # € N via the homotopy (¢, i) — (¢ Vv i):[1] x
[n] - [n] and apply Corollary 4.51. |

Lemma 4.54 (cf. [Satl9, Section 3.3]) A is a left Quillen adjoint Et/y - Ak,

Proof A* preserves monomorphisms because it is a right adjoint. As it is also a left
adjoint, it also preserves pushout products, so A" (0 Xm) = A6 X Am 2 dy_; X
A*m is a trivial cofibration for any k € {0,1} and m: A » B. |

We quickly see that A; 4 A" is a Quillen coreflection in the following sense.

Lemma4.55 Thederivedunit X > A* A, X — A* ((A, X)) is valued in weak equiv-
alences.

Proof Itis equivalent to prove the unit # is valued in weak equivalences: any fibrant
replacement map A, X > (A, X) is a trivial cofibration, so is mapped to a trivial
cofibration by the left Quillen adjoint A*. But A is fully faithful, so the unit is valued
in isomorphisms. ]

5 Relatively elegant Reedy categories

To show that the adjunction A, 4 A* defined in Section 4.4 is a Quillen equivalence,
it remains to check that its counit is valued in weak equivalences, that is, that ex: A, A
*X - X is a weak equivalence for every fibrant X € PSh(G,). We noted earlier
(Proposition 2.20) that for an elegant Reedy category R, we have a convenient set
of objects—the automorphism quotients of representables—that generate the whole
of PSh(R) upon saturation by monomorphisms. We will see later on (Corollary 7.3)
that the class of X € PSh(O,) for which ex is a weak equivalence is saturated by
monomorphisms, so if O, were an elegant Reedy category we would have a line of
attack. Unfortunately, this is not the case. Indeed, O is not a Reedy category at all
(Proposition A.1).

We, therefore, require a generalization of elegant Reedy theory. We consider
categories C equipped with a fully faithful functor i:C — R into a Reedy category
R that has pushouts of lowering spans and is elegant relative to i: such that N; :=
i*&:R — PSh(C) preserves lowering pushouts. In this case, the objects of PSh(C)
are generated upon saturation by monos from the set of automorphism quotients of
objects in the image of N;. When i = id, we recover the original theorem for elegant
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Reedy categories. In Section 6, we shall see that O, embeds elegantly in the category
of inhabited finite semilattices.

In Section 5.1, we review Reedy monomorphisms and the construction of cellular
presentations for maps between presheaves over a Reedy category. In Section 5.2, we
narrow our focus to what we call pre-elegant Reedy categories, those having pushouts
of lowering spans. The Reedy monic presheaves are, in this case, characterized as those
sending lowering pushouts to pullbacks. This sets the stage for Section 5.3, where we
define and study elegance relative to an embedding i: C — R.

5.1 Cellular presentations and Reedy monomorphisms

For the theory of cellular presentations of diagrams over Reedy categories, we follow
Riehl and Verity [RV14, Riel7]. Almost none of the content in this section is novel.
For simplicity, we restrict our attention throughout to presheaves, though much of
the theory generalizes to functors from a Reedy category into any category.

5.1.1 Weighted colimits

Riehl and Verity observe that many arguments in Reedy category theory are naturally
phrased in terms of weighted (co)limits. While more fundamental to enriched category
theory, these can have a clarifying role even in ordinary (i.e., Set-enriched) category
theory.

Definition 5.1 Let E be a category. Let a functor W: C°? — Set (the weight) and a
diagram F:C — E be given. A weighted colimit for this data is an object W @c F € E,
equipped with a natural transformation W — E(F—, W &c F), such thatforany X € E
the induced map

E(W &c F, X) - [C°, Set](W,E(F-, X))
of sets is an isomorphism.

Informally, the weight W specifies how many “copies” of each object in the diagram
F to include in the weighted colimit W & F.

Example 5.2 'The ordinary colimit of a diagram F:C — E can be described as 1 &¢
F, a colimit weighted by the terminal presheaf 1 € PSh(C). Conversely, any weighted
colimit W ®¢ F admits a characterization as an ordinary colimit over the category of
elements of W:

WecF = colim(elW c L E)

In particular, any cocomplete category has weighted colimits.

Example 5.3 Recall that a tensor of a set S € Set and object X € E is an object S + X
such that morphisms S * X — Y correspond to objects Set(S, E(X, Y)), i.e., families
of morphisms f;: X — Y for s € S. In ordinary category theory, this is simply the S-ary
coproduct [ ], X, so can be expressed as the weighted colimit 1 ®s AX of the constant
diagram AX: S — E. Alternatively, we can encode the tensor as the S-weighted colimit
S @1 X of the diagram X:1 — E over the terminal category. We can characterize any
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weighted colimit W @ F as a coend of tensors:

ceC
W®CF;f A * F°.

We will always be working in cocomplete categories. For a given C, weighted
colimits over C are then functorial in both the weight and the diagram, giving a
bifunctor ®c:[C°?, Set] x [C, E] — E. This functoriality will be an essential tool. In
particular, we will often take a family of weighted colimits over a family of weights.

Notation 5.4 Given a family of weights W:D x C°? — Set and F:C — E, we write
W &c F:D — E for the result of calculating the weighted colimit pointwise, that is,
(WecF)4=W%ecF.

Remark 5.5 From the characterization in terms of ordinary colimits, it follows that
weighted colimits in presheaf categories are computed pointwise. Thus, for W: CP —
Set and F:C x D — Set, we have (W &c F)g 2 W &c F,;, where on the left we
regard F as a functor C - PSh(D).

It follows quickly from the universal property defining weighted colimits that the
bifunctor ¢ preserves colimits in both arguments. It is therefore determined by its
behavior on representable weights, which is simply characterized.

Proposition 5.6  Naturally in c e Cand X:C - E, we have k¢ ®c X = X°.

Corollary 5.7 Naturally in W:D°? — Set, V:D x C°? — Set, and F: C — E, we have
(W@D V) ®&cFzWep (V@CF)

Proof By cocontinuity, it suffices to check the case where W is representable. [ ]

Notation 5.8 In this section, we use the notation &C:C? x C — Set for the hom-
bifunctor C(—,—). Thus, the representable functor for ¢ € C, written & ¢ in our usual
notation, may now be written as & C°, while we also have the co-representable & C.: C —
Set. With our notation for parameterized weighted colimits, Proposition 5.6 then tells us
that & C &c X 2 X for any X € PSh(C). We have an analogous equation in the second
argument: X ®c ~C = X.

5.1.2 Cellular presentations of presheaves

A central theorem of Reedy theory is the existence of cellular presentations: when
R is a Reedy category, any R-indexed diagram is a sequential colimit of maps that
successively attach cells of increasing degree. Likewise, any natural transformation
between R-indexed diagrams decomposes as a transfinite composite of such maps.
In the Riehl-Verity style, the intermediate objects and maps are obtained by taking
(Leibniz) weighted colimits of the input diagram. As X = &R &ge» X for any diagram
X, one can exhibit a cellular presentation for X by constructing a cellular presentation
for &R and then applying the cocontinuous functor (—) ®ger X.
For the remainder of this section, we fix a Reedy category R.

Definition 5.9 For each n € N, define oR: sk, R>d& R to be the subfunctor of arrows
of degree less than n.
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Definition 5.10 For any n € N, write R[n] for the subcategory of R consisting of
objects of degree n and isomorphisms between them. We introduce the following
notation for restrictions of & R where one argument or the other is required to have a
given degree:
R[n] xR >— R xR +—— R°? xR[n]
~ | -

~ -

-
~ -
~

E R &R s
nR \\)L \L )\/// E"R
Set

We similarly introduce notation for the corresponding restrictions of the skeleton
bifunctor sk.,R:R°P? x R — Set:

R[n] xR >—— R°? x R +—— R°P x R[#n]
N | -
Sso sk<nR e
o e n
J,R - i L J"R

Set

Finally, we write 0,R:0,R~& ,R and o"R:90"R~& "R for the restrictions of the
inclusion oR: sk, R~>&R.

Notation 5.11 For r € R of degree n, we abbreviate 9,R = (ske,R),:R — Set and
'R = (ske,R)":R°P — Set. Likewise, we write 9,R := (oR),: 0,R~>&R, and o'R =
(oR)": 0'R&ER”.

Definition 5.12 For any f: X — Y in PSh(R) and # € N, the <n-skeleton map for f is
the Leibniz weighted colimit

(sk<,R > &R) é‘BR"P /-

We write sk, f € PSh(R) for the domain of this map, which we call the <n-skeleton
of f; its codomain is Y. For Y € PSh(R), we write sk, Y for the n-skeleton of the map
0~Y.

Note that the <0-skeleton map is (0->&R)®grer f = &R ®ger f = f. For each m <
n €N, the inclusion sk.,,R~>sk.,R induces a morphism sk, f — sk<, f by functo-
riality of weighted colimits, and the fact that &R is the union of the subfunctors
sk, R implies that Y = colim,¢y sk<, f. Thus, we have a natural decomposition of f

as the transfinite composite skof = skq; f = skep f = -+ where we may compute
skenf 2 X Usk_, x sken Y. The chain of skeleta may be further decomposed in terms of
latching maps.

Definition 5.13 Given f:X — Y in PSh(R) and r € R, define the latching map 7, f €
Set™ for f at r by the Leibniz weighted colimit

0 f = o,R®gor f.

The codomain of this map is Y;; we write L, f for its domain and call this the latching
object for fat r.
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We write /,Y and L,Y for the latching map and object of 0~Y at r. For general
f:X = Y, we can calculate that L, f ~ X, uy,x L,Y and ¢, f = [f,, L. f]. It is conve-
nient to have notation for the collected R[n]-sets of latching maps at a given degree.

Definition 5.14 Given f:X — Y and n € N, we define the nth latching map of f by
lof =0,R®gror f. Wewrite L, f € PSh(R[n]) for its domain and f,, € PSh(R[#n]) for
its codomain.

These maps are assembled from the latching maps at the individual objects of
degree n: we have (7,,f), = 7, f for each r € R[n].

We can now exhibit the maps between successive <n-skeleta as pushouts of Leibniz
weighted colimits of boundary inclusions and latching maps. The induced decompo-
sition of a map f into a sequential colimit of pushouts of basic maps is what we mean
by a cellular presentation of f.

Proposition 5.15 [Riel7, Corollary 4.21] For any f:X — Y and n e N, we have a
pushout square of the following form:

9"R @R[,,]op Z;nf
e ————— o

| |

sk f ——— skepia f.

We refer to the maps o" R @gp,jor U f as cell maps.

Proof By applying (—) ®ger f to a pushout square in R°P x R — Set; see [Riel7,
Theorem 4.15]. u

Corollary 5.16  Every f:X — Y in PSh(R) has a cellular presentation by maps of the
form "R @gpujor L f-

For our purposes, namely, working with properties saturated by monomorphisms,
it is important to know when the cell maps are monic.

Definition 517 A map f:X — Y in PSh(R) is a Reedy monomorphism when 7, f is
monic in Set for all 7 € R.

Here and in the following, we are specializing the theory of Reedy cofibrations to the
(mono, epi) weak factorization system on Set. To see when Reedy monomorphisms
have monic cell maps, we use the following lemma. Recall that a map is epi-projective
if it has the left lifting property against all epimorphisms.

Proposition 5.18 Let C be a small category, f € [C°P,Set]”, and g € [C,Set] ™. Iffis
epi-projective and g is monic, then f ®¢ g is monic.

Proof By [Riel7, Lemma 3.13 and Corollary 3.17] applied to the (mono, epi) weak
factorization system on Set. u

Lemma 5.19 If isos act freely on lowering maps in R, then o"R, is epi-projective in
R[n] — Set.
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Proof A given morphism from r to an object of degree # is either a lowering map or
has degree less than n. This induces the following coproduct decomposition in R[n] —
Set:

00— "R,

I

Ri(r’ _) ? J:nRr.

Since epi-projective is the left class in a weak factorization system, it is stable under
cobase change. It thus suffices to show that R™(r,—) is epi-projective. Since isos
act freely on R™(r, -), it is the left Kan extension along some functor A - R[n] of
some F: A — Set with A a set. Recall that epimorphisms are characterized levelwise
in Set-valued functors. By adjoint transposition, it thus suffices to show that F is epi-
projective. Since A is a set, this just means that F is levelwise epi-projective. And in
Set, every object is epi-projective. u

Corollary 5.20  Suppose that isos act freely on lowering maps in R. Given a Reedy
monic f € PSh(R)™, the map o"R @gpjor L f is monic for all n € N,

Proof We have (o"R ®g[,1or va)r =9"R; BR[nor @f for every r € R. We know
o"R, is epi-projective by Lemma 5.19, and 7,, f is monic by assumption, so their Leibniz
weighted colimit is monic by Proposition 5.18. [ ]

5.1.3 EZ decompositions

The Reedy monomorphisms with initial domain can be characterized more simply:
an object X is Reedy monic exactly if every element of X writes uniquely up to
isomorphism as a degeneracy of a non-degenerate element of X. We are not aware
of a proof of this precise statement (Lemma 5.24) in the literature, though we would
be surprised if it were unknown. We use Cisinski’s term “EZ decomposition” [Cis06,
Proposition 8.1.13] for what Berger and Moerdijk call standard decompositions.

Definition 5.21 Let X € PSh(R). We say that x € X, is non-degenerate when every
lowering map e:r—s admitting an x’ € X; with x’e = x is an isomorphism. An EZ
decomposition of x € X, is a pair (e, x”), where x” € X; is non-degenerate, e:r > sisa
lowering map, and x = x’e. We regard two EZ decompositions (eg, x;) and (ey, x7) of
x as isomorphic when there exists an isomorphism 6: sy = s; in R such that x;0 = x{ and
eo = e10. We say X has unique EZ decompositions when any two EZ decompositions
of any element of X are isomorphic.

Remark 5.22 Every element of a presheaf admits at least one EZ decomposition: for
any x € X,, there exists a minimal # € N such that x factors though a lowering map to
an object of degree #, and any such factorization is an EZ decomposition.
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Proposition 5.23 [RV14, Observation 3.23]  Given X € PSh(R) and r € R, we have an
isomorphism

LrX— EX,
|
iuz X,
\P

L,X 7Xx

where X_ € PSh(R™) is the restriction of X along the Reedy category inclusion R~ — R.

Lemma 5.24 A presheaf X € PSh(R) is Reedy monic if and only if it has unique EZ
decompositions.

Proof Suppose that X is Reedy monic. We show that any two EZ decompositions of
any x € X, are isomorphic by induction on |r|. Let two such factorizations (e, x¢),
(e1,x1) be given. If either of eq or e; is an isomorphism, then the other must be as
well, in which case the factorizations are trivially isomorphic; thus, we can assume that
each ey, strictly decreases degree. Then, (e, xo) and (e}, x;) belong to L, X_; because
X is Reedy monic, they are moreover equal therein. By the concrete characterization of

7

. . . i fi .
colimits in Set, we have a finite sequence of lowering spans s; <f— ti > sjyfor0<i<m,
always with [s;|, |¢;] < |r|, together with elements y;:&s; — X for each i < n, such that

Yo = X0, ¥n = X1, and y; fi = yifi:

P J:l‘() f' f, F J:ln_l f'

0 0 n-2 n-1 n-1

W, / S 1/ S
X0 \ . X < AI X1 )

By taking an EZ decomposition of each y; and absorbing the lowering map into
f1, fi+1, we can assume without loss of generality that each y; is non-degenerate. Then,
for each i, the equation y; f; = y;11f/ makes (y;, fi) and (y;11, f/) EZ decompositions
of the same element of Xy,. As |t;| < |r], it follows by induction hypothesis that they
are isomorphic. Chaining these isomorphisms, we conclude that (e, xo) and (e, x;)
are isomorphic.

Now, suppose conversely that X has unique EZ decompositions. By Proposi-
tion 5.23, it suffices to show the map L,X_ — X, is monic. The elements of L, X_
are pairs (e:r—s,x € X,), where e is a strictly lowering map, quotiented by the
relation (fe,x) = (e,xf) for any f € R™; the latching map sends (e, x) to xe € X,.
Let (e, x0), (€1, x1) € L, X_ be given such that xgey = x;e;. Without loss of generality,
we may assume that these are EZ decompositions, in which case they are isomorphic
and thus equal as elements of L, X_. [ ]
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5.1.4 Saturation by monomorphisms

Now, we check that the class of Reedy monic presheaves is contained in the saturation
by monos of the set of automorphism quotients of representables, assuming isos act
freely on lowering maps in R.

Lemma 5.25 For any X € PSh(R[n]), the presheaf &"R ®g[,o» X is a coproduct of
automorphism quotients of representables.

Proof Write R[n]asacoproductofgroupsR[n] = []; G;. Using the characterization
of orbits as quotients by stabilizer groups, we may decompose X as a coproduct
of orbits X = [I; j&ri/H;j, where r; €R is the point of G;. By cocontinuity of
& "R @g[n]or (—), we then have

F'"R ®@R[nyor X = [; ; (&R ®rpnjor &ri)/Hij = 1, ; &ri/Hij
as desired. ]

Lemma 5.26  Any colimit of a groupoid of representables in PSh(R) is Reedy monic.

Proof Letagroupoid Gand d: G — Rbe given. Set C := colim;cg & d’. We show that
C has unique EZ decompositions. Let two EZ decompositions (eg, xo) and (e, x1) of
the same element of C be given. As colimits are computed pointwise, each xj factors
as xj, = 1pmy, through some leg 15:& d’* — C of the coproduct and we have an arrow
g ip 2 i in G making the following diagram commute:

Each mj must be a raising map because x;, is non-degenerate. By uniqueness of Reedy
factorizations, we have an isomorphism 0: sy = s, fitting in the diagram above. [ ]

Theorem 5.27  Let R be a Reedy category in which isos act freely on lowering maps. Let
P < PSh(R) be a class of objects such that

o foranyr e Rand H < Autg(r), we have &r/H € P;
o P is saturated by monomorphisms.

Then, P contains every Reedy monic presheaf.

Proof First, we show by induction on n that sk, X € P for any Reedy monic presheaf
X. It then follows that X 2 colim,¢y sk<, X € P by saturation.
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In the base case, sk (X is the empty coproduct and thus belongs to P by saturation.
For any n € N, we have the following pushout square by Proposition 5.15:

o"R Bg[ugor InX
o r——— > @

l a

skey X —— sk, X,

The upper horizontal map is monic by Corollary 5.20, the lower by closure of monos
in PSh(R) under cobase change. We have sk., X € P by induction hypothesis. The
upper-right corner is & "R ®©g[,jor X,, which belongs to P by Lemma 5.25. Finally,
the upper-left corner is by definition the following pushout object:

0”R @Rlnlop LnX — J:nR ®R[HJ“P LnX

| -l

"R @R[n)or Xy —— .

The upper horizontal map is monic by Proposition 5.18 and Lemma 5.19, as we can
write it as the pushout product "R &g[,jor (@>L,X). The object & "R ©r[yjor Ly X
is in P by Lemma 5.25. Using Corollary 5.7, we have

0"R @R[njor F = (sk<nR @ror &"R) @R[njor F = skpR @ror ("R @Rpnjor F)

for any F. The objects 0"R @g[,jor L, X and 0"R @g[jor X, thus belong to P by
Lemmas 5.25 and 5.26 and the induction hypothesis. By saturation, the upper-left
corner of our original pushout diagram now belongs to P. For the same reason, we
conclude that sk.,,.; X belongs to P. [ ]

5.2 Pre-elegant Reedy categories

We next consider the subclass of Reedy categories in which any span of lowering
maps has a pushout. This restriction has some simplifying consequences (e.g., that
all lowering maps are epic), and we can characterize the Reedy monic presheaves over
such categories as those preserving lowering pushouts.

Definition 5.28 A Reedy category is pre-elegant when it has pushouts of lowering
spans.

Intuitively, this means that any pair of lowering maps from the same object has
a universal combination, the diagonal of their pushout. Of course, any elegant Reedy
category is pre-elegant, so A is one example. Our motivating example is the (surjective,
mono) Reedy structure on the category of finite inhabited semilattices, which is pre-
elegant but not elegant. In Section 6, we see this is an instance of a general class of
examples: the (surjective, mono) Reedy structure on the category Alg(T)g, of finite
algebras for a Lawvere theory T is always pre-elegant, but not necessarily elegant.

The following lemma generalizes the fact that any lowering map in an elegant Reedy
category is split epic, with essentially the same proof as Bergner and RezK’s Proposition
3.8(3) [BR13].
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Lemma 5.29 Let R be a pre-elegant Reedy category. Then, any lowering map is epic.

Proof Consider alowering map e: r—s. We take the pushout of e with itself, then use
its universal property to see that the legs of the pushout are split monic:

Any split mono is a raising map (Corollary 2.15), so fo, f; are isomorphisms. Thus, e
is epic. ]

Corollary 5.30 If R is a pre-elegant Reedy category, then isos act freely on lowering
maps in R.

Lemma 5.31 Let R be a Reedy category in which isos act freely on lowering maps. If
X € PSh(R) is Reedy monic, then X sends pushouts of lowering spans (should they exist)
to pullbacks.

Proof Leta pushout square of lowering maps be given like so:

€1
r— $§1

EOJ’I - IJ'fl

s —— t.

3
Suppose we have xg € X;, and x; € X, such that xpep = x;e;; we show this data
determines a unique element of X; restricting to xo and x;. For each k€ {0,1},
take an EZ decomposition (gx, yx) of xx. Then, (goeo, o) and (gier, y1) are EZ
decompositions of the same map, so by Lemma 5.24, they are isomorphic via some
0: 1y 2 u;. The universal property of the pushout in R then provides a map hy: t - u;
like so:

&1 —) Fug

/ \ 7 \

a6 X

&0 —) Fug

This gives our desired element y; h; € X, restricting to x; along each fi. Note that
is a lowering map by Lemma 2.14.

To see that this element is unique, suppose we have x € X; such that x fx = x; for
k € {0,1}. Take an EZ decomposition (4, y) of X, say through u € R. By uniqueness
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of EZ decompositions, we have isomorphisms y as shown:

J:él —) <;:Ml

NN

otziu:u v X

N A ek

& 50 —) J:uo

Because isos act freely on lowering maps, we have y; 'y, = 6. It follows from the uni-
versal property of the pushout in R that y; h = hy, thus that yh = y,h; as desired. =

Theorem 5.32 IfRis a pre-elegant Reedy category, then X € PSh(R) is Reedy monic if
and only if it sends pushouts of lowering spans to pullbacks.

Proof One direction is Lemma 5.31. For the other, suppose X sends pushouts of
lowering spans to pullbacks. By Lemma 5.24, it suffices to show X has unique EZ
decompositions. Let (eg,xo) and (e, x1) be EZ decompositions of the same element.
We have an induced element as shown:

&7 #} &1

eol‘ Lo

x50 L—;) J:(So L, Sl)

X0 >

By non-degeneracy of xy and x;, the maps 19 and /; must be isomorphisms, so (eg, xo)
and (e, x1) are isomorphic. |

Remark 5.33 A corollary of the previous theorem is that a pre-elegant Reedy
category R is elegant if and only if all presheaves on R are Reedy monic. Bergner
and Rezk [BRI13, Proposition 3.8] show that this bi-implication actually holds for any
Reedy category. That is, if all presheaves on R are Reedy monic, then R is necessarily
pre-elegant (and thus elegant).

5.3 Relative elegance
Now, we come to our central definition, elegance of a category relative to a full
subcategory.

Definition 5.34 We say that a pre-elegant Reedy category R is elegant relative to a
fully faithful functor i: C - R if the nerve N; := i*&: R — PSh(C) preserves pushouts
of lowering spans. We also say that i is relatively elegant with the same meaning.

Remark 5.35 As pushouts in PSh(C) are computed pointwise, i is relatively elegant
ifand only if R(ia, —): R — Set preserves lowering pushouts for all a € C.

Remark 5.36 A Reedy category is elegant if and only if it is elegant relative to the
identity functor, in which case the nerve is simply the Yoneda embedding. At the
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other extreme, any pre-elegant Reedy category is elegant relative to the unique functor
0—-R

Lemma 5.37 IfRis elegant relative to i:C — R, then N;:R — PSh(C) sends lowering
maps to epimorphisms.

Proof By Lemma 5.29, any e € R™ fits in the pushout square

1%

el

id

©»— =

—

.

—
id

<

>

which is then preserved by N;. [ ]

Corollary 5.38 If R is elegant relative to i:C — R, then objects in the image of i are

R™-projective: given a lowering map e:r—s and f:ia — s, there exists a lift as below.

r
L’
pid IJ,E
-
-
S.

prg

ia ——
f
Proof ByLemma 5.37, Nje: N;r — N;s is epic; this means exactly post-composition
with e is a surjective map R(ia,r) - R(ia,s). ]

Remark 5.39 As a special case of the corollary above, we recover the fact that
lowering maps in elegant Reedy categories are split epimorphisms [BR13, Proposition
3.8]. Split epis are lowering maps in any Reedy category (Corollary 2.15), so, in the
elegant case, they coincide. It is not generally the case that the lowering maps in a
Reedy category R elegant relative to some i are exactly those sent to epimorphisms by
Nj: consider that R is always elegant relative to 0 — R.

On the basis of Remark 5.35, we can identify the maximal subcategory relative to
which a pre-elegant Reedy category R is elegant.

Definition 5.40 Let R be a pre-elegant Reedy category. We define its elegant core
R* to be the full subcategory of R consisting of objects r such that R(r, —) preserves
lowering pushouts.

Proposition 5.41 A fully faithful functor i: C — R into a pre-elegant Reedy category is
relatively elegant exactly if it factors through the inclusion R*¢ — R.

We can give another characterization of relative elegance in terms of the right Kan
extension i,: PSh(C) — PSh(R).

Lemma5.42 Let R be a pre-elegant Reedy category. Then, i: C — R is relatively elegant
if and only if i, X € PSh(R) is Reedy monic for every X € PSh(C).

Proof By definition, i:C — R is relatively elegant exactly if N; = i*& preserves
lowering pushouts. Testing pushouts by mapping out of them, this holds exactly if
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PSh(C)(i*& -, X) sends lowering pushouts to pullbacks for every X € PSh(C). Using
the natural isomorphism

PSh(C)(i*&—, X) = PSh(R)(&—, i.X) = i.X,
this rewrites to i, X sending lowering pushouts to pullbacks. |
This property of presheaves extends to morphisms as follows.

Definition 5.43 A map m: X — Y in PSh(R) reflects degeneracy if has the right lifting

property against lowering maps e: & r—dss.

This means that for any x € X, if m,(x) factors through some e:d& r—& s, then x
also factors through e.

Lemma 5.44 Let R be a Reedy category, let Y € PSh(R) be Reedy monic, and let
m: XY be a degeneracy-reflecting monomorphism. Then, m is Reedy monic.

Proof By Proposition 5.23, it suffices to show, for any r € R, that the pushout gap
map in the naturality square

LX — X,

L]

LY. — Y,

is monic. The bottom and right maps are monic by assumption. Because m reflects
degeneracy, the square is a weak pullback, i.e., the pullback gap map is surjective.
This means that the pushout gap map, seen as an object over Y,, is the union of the
subobjects given by the bottom and right maps. ]

Corollary 5.45 If i:C — R is relatively elegant, then i.m is Reedy monic for every
m: XY in PSh(C).

Proof By Lemma 5.44, it suffices to show that i,m reflects degeneracy. For any

e:r—s, Nje is epic by Lemma 5.37, so has left lifting against monos. By transposition,
e has left lifting against i, m. |

In any presheaf category, all monomorphisms can be presented as cell complexes
(transfinite composites of cobase changes of coproducts) of monomorphisms whose
codomains are quotients of representables [Cis06, Proposition 1.2.27]. With Corol-
lary 5.45, we can give an alternative—not necessarily comparable—set of generators
in terms of the boundary inclusions in R.

Theorem 5.46 If i: C — R is relatively elegant, then every monomorphism in PSh(C)
is a cell complex of maps of the form i* (o"R @g[1oe (&7/H)), where r € R and H <
AutR(r).

Proof Let m: XY in PSh(C). By Corollary 5.16, i, m has a cellular presentation by
maps of the form o”R ®r[,jer ?,(i.m); by Corollary 5.45, each 7,, (i, m) is monic in
PSh(R[#]). In PSh(R[#n]), any monomorphism is a cell complex of maps of the form
0-& r/H for some r € R[n] and H < Autg(r), because PSh(R[#n]) is Boolean and any
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R[#n]-set decomposes as a coproduct of orbits. By [RV14, Lemma 5.7], it follows that
i,m is a cell complex of maps o"R &g(,jor (0->&7/H). Finally, i* preserves colimits
and thus cell complexes. [ ]

Finally, we exploit the fact that i* preserves the operations of saturation by
monomorphisms to transfer the induction principle on the Reedy monic presheaves
of PSh(R) given by Theorem 5.27 to PSh(C).

Theorem 5.47  Let R be elegant relative to i: C — R. Let P € PSh(C) be a class of objects
such that

o foranyr e Rand H < Autg(r), we have N;r/N;H € P;
o P is saturated by monomorphisms.

Then, P contains every presheaf in PSh(C).

Proof As a left and right adjoint, i* preserves colimits and monomorphisms. The
class (i*)™'P of X € PSh(R) such that i* X € P is thus saturated by monomorphisms.
By our first assumption and the fact that i* preserves colimits, we have &r/H €
(i*)7'P for every r € Rand H < Autg(r). By Theorem 5.27 and Lemma 5.42, we thus
have i, X € (i*)7'P forall X € PSh(C). Hence, X = i*i, X € P forall X ¢ PSh(C). m

6 Reedy structures on categories of finite algebras
6.1 Finite algebras

Per Section 4, O, and its idempotent completion can be regarded as full subcategories
of the category SLatg, of finite semilattices. Any category of finite algebras of a
Lawvere theory carries a natural Reedy structure: the degree of an object is its
cardinality, and the lowering and raising maps are given by the (surjective, mono)
factorization system. Here, we observe that this Reedy structure is pre-elegant and
characterizes its elegant core in the case where free finitely-generated algebras are
finite. As a corollary, the embedding O, — SLatg, and its restriction 0, — SLati"!
to inhabited algebras are relatively elegant.

For this section, we fix a Lawvere theory T. We recall a few basic properties of its
category of algebras.

Proposition 6.1 [ARV10, Corollary 3.5] A morphism fin Alg(T) is regular epic if and
only Uf is surjective.

Proposition 6.2 [ARV10, Corollary 3.7]  Any morphism in Alg(T) factors as a regular
epi followed by a mono.

Write Alg(T)g, — and Alg(T)! for the full subcategories of Alg(T) consisting of
algebras with finite and finite inhabited underlying sets, respectively. When we write

Alg ()P

¢in  below, the relevant statement or proof applies to both of these.

Corollary 6.3  The (surjective, mono) factorization system restricts to a Reedy structure

on Alg(T)g:h) with degree map given by cardinality.

As any category of algebras has limits and colimits [ARV10, Proposition 1.21,
Theorem 4.5], Alg(T) has in particular pushouts of spans of surjections.

https://doi.org/10.4153/50008414X25101466 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X25101466

50 E. Cavallo and C. Sattler

(inh)

Corollary 6.4 The Reedy structure on Alg(T), ™ is pre-elegant.

Proof The pushout of a span of surjections has cardinality bounded by those of the
objects in the span, as surjections are left maps and thus closed under cobase change.
|

Recall that the forgetful functor U preserves limits. While U does not generally
preserve colimits, we can show that it preserves pushouts of surjective spans using the
technology of sifted colimits.

Definition 6.5 A small category D is

o filtered if colimp: [D, Set] — Set commutes with finite limits;
o sifted if colimp: [D, Set] — Set commutes with finite products.

A filtered (sifted) colimit is a colimit over a filtered (sifted) category.
Recall that a reflexive coequalizer is a coequalizer of maps fy, firA - B with a

mutual section, that is, some d: B — A such that fod = fid = id. Reflexive coequalizers
are sifted (but not filtered) colimits [ARV10, Remark 3.2].

Lemma 6.6 Let F:C — D be a functor between regular categories preserving finite
limits and sifted colimits. Then, F preserves pushouts of regular epi spans.

Proof Leta span By <& A3 B inCbe given. We compute the following reflexive
coequalizer:

(id, id, id)

N

TT
Axp Axp A =—= A --°-% B.
T2

It is straightforward to check, using the characterizations of ey, €; as the coequalizers
of their kernel pairs, that we have induced maps By - B « B; exhibiting B as the
pushout of our span. As F preserves the diagram above, it preserves this pushout. =

Corollary 6.7 U: Alg(T) — Set preserves pushouts of surjective spans.
Proof U preserves limits and sifted colimits [ARV10, Proposition 2.5]. [ ]

We now assume that any T-algebra free on a finite set has a finite underlying set. In
this case, the elegant core coincides with the class of perfectly presentable (also called
strongly finitely presentable) algebras.

Definition 6.8 [ARV10, Definition 53]  An object A of a category C is

o finitely presentable if C(A, —): C — Set preserves filtered colimits;

o perfectly presentable if C(A, —): C — Set preserves sifted colimits.

Proposition 6.9 [ARV10, Corollary 5.16 and Proposition 11.28] Let A € Alg(T). The
following are equivalent:

o Ais perfectly presentable;
o A is finitely presentable and regular projective;
o Ais a retract of a finitely-generated free algebra.
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Theorem 6.10  Suppose that every finitely-generated free algebra in Alg(T) has a finite
underlying set. Then, the elegant core of Alg(T)g:h) is the subcategory of objects perfectly
presentable in Alg(T).

(inh)

Proof Suppose A € Alg(T);~ is in the elegant core of the Reedy structure. By
(inh)

assumption, the free algebra FUA belongs to Alg(T), ", and the counite4: FUA - A
is clearly surjective. Then, by Corollary 5.38, we have a lift

FUA

A l
/// €a
A A
id
exhibiting A a retract of a free algebra. Thus, A is perfectly presentable. Conversely,
if A is perfectly presentable, then Alg(T)(A, —): Alg(T) — Set preserves finite limits
and sifted colimits, so it preserves pushouts of lowering spans by Lemma 6.6. [ ]

6.2 Semilattice cubes

Applying the preceding results, we have a (surjective, mono) Reedy structure on
SLat!™™. We can give a concrete description of its elegant core.

Lemma 6.11 A semilattice A € SLat™™ is in the elegant core of the (surjective, mono)
Reedy structure if and only if 1 x A is a distributive lattice.

Proof By Theorem 6.10, the elegant core consists of the perfectly presentable objects
in SLat. By Proposition 6.9, these are the finite regular projectives in SLat. These are
characterized as above by Propositions 4.41 and 4.42. [ ]
Theorem 6.12 'The inclusion i:0, — SLati™ is relatively elegant.

Proof If A e SLati™ is a distributive lattice, then 1 » A is a distributive lattice as well,
50 A is in the elegant core of SLat!™!, ]
Remark 6.13 The subcategory SLat; of SLati™® consisting of finite semilattices with
a minimum element is closed under Reedy factorizations and lowering pushouts, so
O, — SLatg,, is also relatively elegant. This embedding gives a more parsimonious set

of generators, but SLat'™ suffices for our purposes.

7 Equivalences and equalities
7.1 Equivalence with the Kan-Quillen model structure

Returning to the candidate Quillen equivalence A, 4 A%, it remains to show that its
counit is valued in weak equivalences. We first note that the collection of those X €
PSh(T, ) for which ex: A, A*X — X is a weak equivalence is saturated by monomor-
phisms.

Proposition 7.1 [Cis06, Remarque 1.1.13] Let F:E — F be a mono- and colimit-
preserving functor between cocomplete categories. If P C F is saturated by monos, then
the class F~'(P) of objects whose image by F is in P is saturated by monos.
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Proposition 7.2 If M has monos as cofibrations, then its class of weak equivalences is
saturated by monos as a class of objects of M.

Proof 'This is proven by Cisinski [Cis06, Remarque 1.4.16] for localizers [Cis06,
Définition 1.4.1]; the class of weak equivalences in a model category with monos as
cofibrations is always a localizer. [ ]

Corollary 7.3 Let E be a cocomplete category, N be a model category with monos as
cofibrations, and F, G: E — N be mono- and colimit-preserving functors. For any natural
transformation h: F — G, the class of objects X € E such that hx: FX — GX is a weak
equivalence is saturated by monos.

Proof By Propositions 7.1 and 7.2, regarding / as a functor E - N7 ]

In particular, any natural transformation h:F — G of left Quillen adjoints
F,G:M — N between model categories with monos as cofibrations satisfies the
hypotheses of Corollary 7.3. In light of this, we only need to check that ¢ is a weak
equivalence at generating presheaves.

Lemma 74 Let AecSLat™ and H < Autgy g (A) be given. Then, N;A/N;H is
weakly contractible.

Proof Per Corollary 4.5, it suffices to show that this object is a homotopy retract of
1. We have a semilattice morphism 1:[1] x A - A sending (0,a) — aand (1,a) ~ T.
Any automorphism g € H preserves maximum elements, so we have a diagram like
$0:

x4 "5 A

[1] x gl lg

We thus obtain a contracting homotopy I x (N;A/N;H) — (N;A/N;H), using that
N;([1] x A) 2T x N;A and that I x (-) commutes with colimits. |

Lemma 7.5 The counit map ex: A, A*X — X is a weak equivalence for every X €
PSh(dy ).

Proof Recall that both A, and A are left Quillen (Corollary 4.53 and Lemma 4.54).
By Theorem 5.47 and Corollary 7.3, it suffices to show that ex: A} A*X — X is a weak
equivalence whenever X is an automorphism quotient of an object in the image of N;.
In this case, X is weakly contractible by Lemma 7.4. As A, A* preserves the terminal
object, it preserves weak contractibility by Ken Brown’s lemma; thus A, A * X is weakly
contractible and so ey is a weak equivalence by 2-out-of-3. [ ]

Theorem 7.6 A,: Ak T Ef,y : A" is a Quillen equivalence.
Proof By Corollary 4.53 and Lemmas 7.5 and 4.55. ]

Corollary 7.7 A*:0. > A : A, is a Quillen equivalence.
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Proof Write 7’ and &’ for the unit and counit of this adjunction. The counit is an
isomorphism, so trivially valued in weak equivalences. To check the derived unit,
let X € PSh(0,) and let m: A* X »*> (A*X)f® be a fibrant replacement. We have the
following naturality square:

A AYy A A*A m
>~—>

— % A A*A, A%X A AA, (A X)ID

A AX
SxJ’z zJ'SA*(A*X)ﬁb
X

\ A*(A*X)ﬁb.

s A, A*
' * X A.m

It follows by 2-out-of-3 that the bottom composite is a weak equivalence. [ ]
Theorem 7.8 T:B. => A :Ny is a Quillen equivalence.
Proof By the decomposition T = A*m; (Lemma 4.48). [ |

In particular, both oY and A present co-Gpd.
7.2 Equality with the test model structure

It is worth remarking that there is a model structure on PSh(O, ) already known
to present co-Gpd, namely, its test model structure. Constructed by Cisinski [Cis06]
based on GrothendiecK’s theory of test categories [ Gro83], a test model structure exists
on the category of presheaves PSh(C) over any local test category C. If C is moreover
a test category, then this model structure is Quillen equivalent to A*9,

Buchholtz and Morehouse observe that O, among various other cube categories,
is a test category [BM17, Corollary 3].” Thus, it supports a model structure presenting
co-Gpd. However, it has not been established whether this model structure is con-
structive or compatible with a model of HoTT. Cisinski [Cisl4] has shown that the
test model structure on an elegant strict Reedy local test category is type-theoretic in
the sense of Shulman [Shul9, Definition 6.1], but the strictness requirement prevents
application of this result to any cube category with permutations (or any non-Reedy
category).

By virtue of the Quillen equivalences to A*9 already established, we know that &,
and O are Quillen equivalent to the test model structures on their respective base
categories. Here, we check that they are in fact identical, adapting an argument of
Streicher and Weinberger [SW21, Section 5].

We must begin by recalling the main definitions of test category theory. For more
detail, we refer the reader to Maltsiniotis [Mal05], Cisinski [Cis06], or Jardine [Jar06].
The foundation of test category theory that we can relate presheaves on an arbitrary
base category C with simplicial sets by way of the category of small categories, Cat.
We write Na: Cat — PSh(A) for the nerve of the inclusion A — Cat.

7 Maltsiniotis [Mal09] also observed that a cube category with one connection is a strict test category,
but a different one: the subcategory of Oy generated by faces, degeneracies, and connections, i.e., not
including diagonals and permutations.
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Definition 7.9 Given a small category C, write ic: C — Cat for the slice category
functor a — C/a. We have an induced nerve functor i¢: Cat - PSh(C). As Cat is
cocomplete, this functor has a left adjoint PSh(C) — Cat, for which we also write ic.

The composite Npic: PSh(C) — PSh(A) is the means by which we can inherit a
model structure on PSh(C) from A*4 under appropriate conditions.

Remark 710 The definitions and results of Cisinski that we cite below are typically
parameterized by an arbitrary basic localizer [Cis06, Définition 3.3.2], a class of
functors to be regarded as the weak equivalences in Cat. We always instantiate with
the minimal basic localizer W the class of functors f: C — D such that N f: NAC —
NaD is a weak equivalence of Ak [Cis06, Corollaire 4.2.19].

Definition 7.11 [Cis06, Section 3.3.3 and Définition 4.1.3] We say X € PSh(C) is
aspheric if Nyic X € PSh(A) is weakly contractible in A9,

Definition 712 [Cis06, Définitions 4.1.8 and 4.1.12] A small category C is

o a weak test category if igD is aspheric for every D with a terminal object;
o alocal test category if C/a is a weak test category for all a € C;
« atest category if it is both a weak and local test category.

Proposition 7.13 [Cis06, Corollaire 4.2.18] Let C be a local test category. There is a
model structure on PSh(C) in which

o the cofibrations are the monomorphisms;
« the weak equivalences are the maps sent by N ic to a weak equivalence of A9,

We write C'** for this model category.

Remark 714  The test model structure At coincides with A*9. A proof is contained
in the proof of [Cis06, Corollaire 4.2.19]: the class of weak equivalences of A'*" is by
definition the preimage N;'W.., which is the minimal test A-localizer by Théoréme
4.2.15, and said localizer is the class of weak equivalences of AX9 by Corollaire 2.1.21
and Proposition 3.4.25.

Note that whereas cubical-type model structures come with explicit characteri-
zations of their cofibrations and fibrations (or rather generating trivial cofibrations),
the test model structure comes with explicit descriptions of its cofibrations and weak
equivalences. In general, C'** is Quillen equivalent to a slice of A¥4, namely, A*4/N,C
[Cis06, Corollaire 4.4.20]. When C is a test category, N5 C is weakly contractible, and
so we have an equivalence to A itself.

We recall the argument used by Buchholtz and Morehouse [BM17, Theorem 1] to
show that O, is a test category—actually a strict test category.

Definition 715 [Cis06, Sections 4.3.1 and 4.3.3, Proposition 4.3.2] We say a category
C is totally aspheric if it is non-empty and & a x & b is aspheric for every a,b € C. A
test category that is totally aspheric is called a strict test category.

Any representable is aspheric: the category ic(& a) has a terminal object, thus a
natural transformation from its identity functor to a constant functor, and this induces
a contracting homotopy on Nyic(& a). Thus, any category with binary products is
totally aspheric.
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The following result originates in [Gro83, Section 44(c)] and is invoked in [BM17]
for a broad class of cube categories.

Proposition 7.16 [Cis06, Proposition 4.3.4] Let C be a totally aspheric category. If
PSh(C) contains an aspheric presheaf I with disjoint maps eq, e;:1 — I, then C is a strict
test category.

In particular, both Oy and O, are strict test categories. To relate their test model
structures to AX9, we recall the notion of aspheric functor.

Definition 717 [Cis06, Section 3.3.3, Proposition 4.2.23(a <= b")] A functor
u: C - D is aspheric if for every d € D, the presheaf u* (& d) is aspheric.

An aspheric functor u: C — D between test categories induces a Quillen equiva-
lence u™ — u, between their test model structures [Cis06, Proposition 4.2.24]. For our
purposes, the more relevant property is the following immediate consequence.

Proposition 7.18 [Cis06, Proposition 4.2.23(d)] Let u: C — D be an aspheric functor
between two test categories. Then, a map f in PSh(D) is a weak equivalence in D' if
and only if u* f is a weak equivalence in C**'.

Lemma 7.19  Any idempotent completion i: C — C is aspheric.

Proof Any A € Cis a retract of ia for some a € C. Then, i*& A is likewise a retract
of i*& (ia) 2 & a, thus aspheric by Corollary 4.51. ]

Lemma 720 A:A — O, is aspheric.

Proof For any [1]"” € Oy, we have A*&[1]" = (A')". As A is a strict test category
[Mal05, Proposition 1.6.14], any finite product of representables in PSh(A) is aspheric
[Cis06, Proposition 4.3.2(b)]. [ ]

Lemma 721 A map fin PSh(Dy) is a weak equivalence in oYy ifand only if A" f is a
weak equivalence in AX9.

Proof Anyleft Quillen equivalence both preserves (Ken Brown’s lemma) and reflects
[Hov99, Corollary 1.3.16] weak equivalences between cofibrant objects, so this follows
from Corollary 7.7. [ ]

= =t . .
Theorem 7.22  The model structures O'* and 0 are identical.

Proof As they have the same cofibrations, it suffices to show they have the same
weak equivalences. This follows from Proposition 7.18 and Lemma 7.20 (together with
Remark 7.14) and Lemma 7.21. [

—~test

Corollary 7.23  The model structures By and 8. are identical.

Proof Again, it suffices to show they have the same weak equivalences. By Proposi-
tion 718 and Lemma 7.19, a map f is a weak equivalence in 8" if and only if m, f is a
weak equivalence in 0%, Likewise, f is a weak equivalence in @, if and only if m, f is
a weak equivalence in O, . [ ]

These results can also be read as characterizations of the fibrations in the test model
structures:
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Corollary 7.24  The fibrations in 0 and B are those maps lifting against 8, X m
forall k € {0,1} and m: A~B.

Appendix. Negative results

Here, we collect a pair of negative results concerning the existence of (relative) Reedy
structures on (idempotent completions of) cube categories. In Appendix A.l, we
check that O, and O, are not Reedy categories, motivating this article’s approach.
Appendix A.2 concerns the limits of relative elegance: we show that the Dedekind
cube category does not embed elegantly in any Reedy category.

A.1 Semilattice cubes

The non-existence of a Reedy structure on O, is easily verified: every Reedy category
is idempotent complete [Bor94, Proposition 6.5.9], but we have seen in Section 4.3
that O is not. The map (x, y) = (x,x Vv y):[1]* = [1]* is a simple example of an
idempotent with no splitting in O,.

It is therefore more appropriate to ask if the cube category’s idempotent completion
Oy, which we have characterized as the full subcategory of SLat consisting of finite
inhabited distributive lattices (Definition 4.39), is Reedy. If this were so, we could
simply study PSh(O,) by way of the equivalent PSh(G, ). However, this is not the
case.

Proposition A.1 There is no Reedy structure on Oy,.
Proof We consider the following morphism u: [1]* - [1]*:
u(x,y,z) =(xvy,yvz,zvx).

For intuition, note that the image of u computed in SLat is the non-distributive
diamond lattice ;.

Suppose that we do have a Reedy structure on T,. The unique map [1]* — 1 is
split epic and thus a lowering map (Corollary 2.15). Every raising map must have the
right lifting property against this map, so every raising map is monic.® Take a Reedy
factorization of u:

npP ——— 1%
N

L is a sub-semilattice of [1]* that forms a distributive lattice and contains the image of
u. Note that v, 1, and T are computed in L as in [1]*, but A may not be; we write Af
for the meet in L. We show that in fact L = [1]°.

81f we only want to show Oy is not elegant Reedy, we are already done, as observed in [Cam23,
Theorem 8.12(2)]: if Oy were elegant we would have a (split epi, mono) factorization of u, which would
necessarily be preserved by the inclusion Oy — SLat, but s (split epi, mono) factorization in SLat is
M.
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Consider the set S := {011,101,110} € L ¢ [1]*. Let v, v/, v"’ be any pairwise distinct

elements of § and note that we have
WALVYV (ALY ) =vaL (Vv ) =v AL T=w.
This implies the following.
(@) v AL v #v AL v'": otherwise, we have (v AL v') v (v AL v"”) =v Apv" and thus
v =v Arv",but vand v" are incomparable.

(b) v AL v # L: otherwise, we again have (v AL v') v (v AL V") =v AL v,
Thus, the meets 011 Ay 101, 011 Ag 110, and 011 Ag 110 are pairwise distinct and lie
outside the image of u, which by a cardinality argument implies that L is the whole
of [1]°.

The lowering map f of our supposed factorization must then be u itself; it remains
to show that u cannot be a lowering map. Consider the semilattice morphism ¢: [1]*> —

[2] defined by #(x, y,z) = x v 2y v 2z. We have the following commutative diagram
in Oy, where d; and s, are the simplex face and degeneracy maps from Definition 2.22:

The face map d, is split monic and therefore a raising map. If u were a lowering map,
this square would have a diagonal lift. But as ¢ is surjective, there can be no diagonal
[1]* - [1] making the lower triangle commute. ]

A.2 Dedekind cubes

As mentioned in the introduction, it is an open question whether the cubical-type
model structure for presheaves on the Dedekind cube category O,, is equivalent
to the Kan-Quillen model structure A4 (see Streicher and Weinberger [SW21] for
further discussion). In this appendix, we show that O,, supports no relatively elegant
embedding in a Reedy category, thus our argument for 0O, admits no naive adaptation
to the two-connection case.

Definition A.2 'The Dedekind cube category O, is the Lawvere theory of bounded
distributive lattices.

O, admits an alternative description arising from the duality between finite
bounded distributive lattices and finite posets [Wra93], analogous to the description
of Oy as a full subcategory of SLat.

Proposition A.3 O,y is equivalent to the full subcategory of Pos consisting of posets of
the form [1]" for n € N.

We will only need this latter description.

The Dedekind cube category attracted attention [Spil6, Sat19, KV20, SW21, HR22]
in the HoTT community following Cohen et al’s interpretation of HoTT in De
Morgan cubical sets [CCHMI5]. As Orton and Pitts note [OP18, Remark 3.2], this
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interpretation does not require all the structure of De Morgan cubes; in particular, it
can be repeated with 0O,,. The name “Dedekind” was coined by Awodey in reference
to the fact that the cardinality of O, ([1]", [1]) is the nth Dedekind number.

A.2.1 A no-go theorem

We begin by identifying a property shared by all categories C with a relatively elegant
functor i: C — R; the contrapositive will show that no such functor exists out of O, .

Definition A.4 A sieve on an object a of a small category C is a set of morphisms
8 € C/a such that g € § implies g f € 8 for any composable f € C”. We regard the
collection Svc(a) of sieves on a € Casa poset ordered by inclusion. A sieve is principal
if it is of the form (f):={gf | g€ C/b} for some f:b — a; we write PrSvc(a) ¢
Svc(a) for the subposet of principal sieves on a.

Recall that Svc(a) is isomorphic to the poset of subobjects of & a € PSh(C). The
principal sieve (f) onamap f:b — a corresponds to the subobject Im f>d& a. Given a
relatively elegant i: C — R, the following lemma deduces a well-foundedness property
of these subobjects in PSh(C) from the well-foundedness of the Reedy category R.

Lemma A.5 Let C be a category, and let R be a Reedy category elegant relative to some
i:C — R. Then, for any a € C, there exists a strictly monotone map d:PrSvc(a) - N.
In particular, PrSvc(a) is well-founded.

Proof Given a principal sieve (f) € PrSvc(a) generated by f:b — a, we define
d((f)) to be the degree of i( f), i.e., the degree of the intermediate object in its Reedy
factorization. To see that this definition is independent of the choice of representative f
and that d is order-preserving, it suffices to check that forany f:b - aand f:b' - g,
if(f') < (f)thend((f')) <d({(f)).If(f') € (f), then there exists some g: b’ — b such
that /" = fg. Upon Reedy factorizing i( /') = m’e’ and i(f) = me, orthogonality gives
us a map as shown:

iv) o) ;T
elr ///,/’// +|m
o = p i(a).

By Lemma 2.14, the lift is a raising map, so d({f)) = |c/| < |c| = d({f")).

To see that d is strictly monotone, suppose that additionally |¢’| = |c|. Then, the
diagonal above is an isomorphism. By R™-projectivity of i(b) (Corollary 5.38) and
fullness of i, we obtain a lift as below:

i(b")

_-T

i(h,)/’/ 'J'e’

l(b) %} C T> CI.

Then, f = f'h,so (f) € (f'). n
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A.2.2 Principal sieves in Dedekind cubes

Now, we show that the poset of principal sieves on [1]* € O, is not well-founded.
We embed a poset model of the circle €,~[1]" in each cube, then exhibit a chain of
subobjects of [1]" (for any # > 3) induced by maps - -- - €, - €,, - €, that cannot
stabilize.

Definition A.6  The fence § € Pos is the poset whose elements are integers and whose
order is generated by the inequalities i < i —1and i <i+1forall even i € Z.

Definition A.7 The nth crown poset €, € Pos is the quotient of § identifying i, j € §
whenever i = j(mod 2n). We write p,:§ — €, for the quotient map.

For example, &4 is the following poset:

1 3 5 7

T T

0 2 4 6.

Remark A.8 Each crown poset is freely generated by a graph (though not the graphs
usually known as crown graphs, which have more edges).

The simplicial nerve N, sends each crown poset to a simplicial set weakly equiv-
alent to the circle. As such, any map between crown posets can be associated with a
winding number. Concretely, we can define the winding number on the level of posets
as follows.

Definition A.9 Any poset map f: €, - €, lifts to an endomap

5 "*f;» 5
m e
Cm T> <,

which is unique modulo 2n. The winding number of f is

deg(f) = f(zm) —f(O).

2n

It is straightforward to check that deg(g f) = deg(g)deg(f) for €, EA ¢, 5 Cp,as
we expect from a winding number. Because €,, is “too short” to wrap around €,, when
m < n, we have the following.

Lemma A.10 If m < n, then deg(f) =0 forany f:€,, - €,,.
Proof By induction, |f(i) - f(0)| < i for every i e N,so |f(2m) - f(0)| <2n. m
Definition A.11 For n > 3, define a poset embedding c,,: €,,~[1]" by

-y M=

0 otherwise
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Definition A.12 Given m, n > 3 and a monotone map f: €&, — €,, define an exten-

sion
¢ — e,
ch Ic,,
[1]™ ----» [1]"
f
by setting
7 ca(f(i)) ifv=cp(i),
f(v)=1{1 ifv=1,
T otherwise.

The mapping f + f is the functorial action of a semifunctor from the category of
crown posets to O,,: compositions are preserved, but not identities.

Lemma A.13  The diagram in Definition A.12 is a pullback.
Proof The three cases in the definition of f have disjoint values. ]

Theorem A.14  There exists no Reedy category R with a fully faithful functor i:0,, - R
such that R is elegant relative to i.

Proof Suppose for the sake of contradiction that we have some i:0,, — R such that
R is elegant relative to i. Choose any #n > 3. For every m >2 and a > 1, the identity
function on § induces a map f,:€,,, - €, with winding number a. We then have
the following diagram in Pos:

f

f f

> Cgn > €y > Con
J'fs J'fzx J'fz
id > S id > & id > S

Applying (-), we have a chain of principal sieves {f>) 2 (f1) 2 (fs) 2 --- on [1]". By
Lemma A.5, this chain must stabilize; in particular, there must be some pair a < b
(both powers of 2) such that (f;) = (f). Then, there exists a map
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By Lemma A.13, we have an induced map of crown posets:

Ja
Can 7% €y —— €,
g fe
Canl Clml . lCn

But because an < bn, we must have deg(g’) = 0 by Lemma A.10, which contradicts
that deg( f, )deg(g’) = deg(f,) = a. ]
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