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STUDIA MATHEMATICA

Online First version

On the structure of spectral sets
by

JEAN LuDWIG and LYUDMILA TUROWSKA

Abstract. We discuss the convergence in the Fourier algebra A(G) of a locally com-
pact group G and obtain a new characterization of local spectral sets of G.

1. Introduction. The notion of spectral synthesis was introduced by
A. Beurling in the late 1930s. Since then it has been a subject of exten-
sive research in harmonic analysis, primarily in the context of the Fourier
algebra A(G) for a locally compact group G. If G is abelian then A(G) is
isometrically isomorphic to Ll(@), the L!'-algebra of the dual group G. It
G is non-commutative, the Fourier algebra is defined directly on G as the
algebra of matrix coefficients of the left regular representation of G. The al-
gebra A(G) is a semisimple, regular, commutative Banach algebra with the
Gelfand spectrum G: characters correspond to evaluation at points of G.

The question of spectral synthesis can be framed as a question about
the ideals of A(G), specifically whether a given closed ideal I C A(G) is
the intersection of all maximal ideals containing /. This intersection can be
identified with a closed subset of GG, known as the hull of I. A closed subset
E of G is said to be a set of spectral synthesis if the only closed ideal having
E as its hull is the intersection of all maximal ideals associated with the
points of E.

The first example demonstrating the failure of spectral synthesis was
provided by L. Schwartz in 1948 for A(R™), n > 3. That synthesis fails
for any A(G) where G is a non-discrete locally compact abelian group, was
proved by P. Malliavin in 1959. This result was later extended to arbitrary
locally compact groups, under a mild additional assumption, by E. Kaniuth
and A. T.-M. Lau; see e.g. [KL, Theorem 6.2.3]. To classify sets of spectral
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synthesis seems to be a problem out of reach for the moment. Only some
special classes of sets of spectral synthesis have been identified; see e.g. [GM].
An outstanding problem in the field, as noted in [GM], is whether the union
of two sets of spectral synthesis is itself a set of spectral synthesis. The
question was initially posed by C. Herz in [Hel| for abelian groups and
reiterated three years later by H. Reiter in [Re]. To date, no solution has
been found, underscoring the need for new tools to analyze sets of spectral
synthesis and advance our understanding of the union problem.

In this paper we present a characterization of sets of spectral synthesis
formulated as a Hilbert space approximation. The paper is organized as
follows. In Section 2 we recall definitions and fix notations. In Section 3
convergence properties in A(G) are discussed. Theorem and Corollary
w provide conditions for a sequence to converge in A(G) which may be of
independent interest. These results are used to establish a characterization
of local spectral sets in Theorem [3-8 In Section [3.3] a refinement of Theorem
is presented for the abelian case. The notion of strongly spectral sets
is introduced in Section [d] and it is shown that the union of two such sets
remains strongly spectral. This class includes Ditkin sets. Finally, in the
Appendix some formulas related to the action of the von Neumann algebra
of G on the corresponding Fourier algebra are collected.

2. Preliminaries and notations. Let G be a locally compact group
with a fixed left Haar measure m. We denote by C(G) the set of continuous
complex-valued functions on G, and by C.(G) those with compact support
in C(G). For any 1 < p < oo we let LP(G) denote the usual LP space
with respect to m with norm || - ||,. For any appropriate pair of complex-
valued functions f, g, we denote (f * g)(t) = {5 f(s)g(s™'t) ds. We set, as is
customary, £(s) = &(s™1) and £(s) = £(s71), s € G.

The Fourier algebra A(G) of G was defined by P. Eymard [Ey]. We recall
that A(G) is the algebra of coefficients of the left regular representation
A G — B(L*(Q)), (A(s)f)(t) = f(s7!t), that is, the algebra of functions
of the form s — (A(s)f,g) = (g * f)(s) for f,g € L*(G). It is known that
A(G) is a semisimple, regular, commutative Banach algebra of continuous
functions on G with respect to the norm

[ullae) = inf {[| fll2llglle - w =g f}-
The Gelfand spectrum of A(G) is known to be the space G itself.

We also recall the duality relation A(G)* ~ VN(G), where VN(G) is
the von Neumann algebra generated by A\(G). The duality is given by the
pairing (u,T) = (T'f,g), where u € A(G), u(s) = (\(s)f,g). We use the
same notation, (-,-), both for the inner product on a Hilbert space and for
the duality pairing; which one is used should be clear from the context.
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If I C A(G) is an ideal, we define the hull of I to be the set
h(I)={se€G:u(s)=0foralluecl} CG.

On the other hand, for a closed set E C G, we define the kernel k(E) of E
and the minimal ideal j(F) with hull E by

K(E) = {f € A(G): /() =0, s € B},
J(E):={f € A(G) : f has compact support disjoint from E'}.

We observe that h(j(E)) = h(k(E)) = E and if I C A(G) is a closed
ideal with h(I) = E, then j(E) C I C k(E).

A closed subset F C @ is said to be spectral or a set of spectral synthesis
if k(F) = j(FE), equivalently if k(FE) is the only closed ideal whose hull is the
set E. Furthermore, E is called a Ditkin set if a € aj(F) for any a € k(E).
Clearly any Ditkin set is a set of spectral synthesis. The converse is an open
problem.

We say that E is local spectral or a set of local spectral synthesis if
for any u € A(G) N C.(G) which vanishes on FE there exists a sequence
(un)neny C A(G) which converges to u and wu, vanishes on a neighborhood
of E for every n € N.

It is well known that every local spectral subset of G is spectral, pro-
vided that A(G) has an (unbounded) approximate identity, for instance if G
is amenable, weakly amenable [CoH], or more generally if every u € A(G) is
contained in the closed ideal it generates. Many examples of local spectral
subsets are known. For example, it was shown by M. Takesaki and N. Tatsu-
uma in [TT] for A(G) and by C. Herz in [He2] for the Figa-Talamanca-Herz
algebras A, (G) that closed subgroups of any locally compact group are local
spectral.

We finish this section by setting basic notation and introducing some
notions that will be used subsequently. We write B(H) for the algebra of all
bounded operators on a Hilbert space H. For an (unbounded) operator A
on H, D(A) C H will stand for the domain of A. For W C G we write W¢
for its complement. For a function f : G — C we let null(f) = {x € G :

f(z) =0} and supp(f) = null(f)°.

3. A characterization of local spectral sets. In this section we will
present a new characterization of local spectral sets. But first we examine
some convergence properties in A(G).

3.1. Convergence in A(G). We recall first the right and the left actions
of VN(G) on A(G): if u € A(G), T € VN(G), then the elements u - T" and
T -uin A(G) are defined through the following formulas:

(S,u-T) = (TS,uy, (S,T-u):=(ST,u) forall Se VN(G).
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If u € A(G) N L?*(G), then we shall also write T'(u) for the action of T on

u € L*(G).

Recall that a continuous function v : G — C is called positive definite
if for each n € N and s1,...,s, in G the matrix (u(si_lsj));L’j:1 is positive
definite.

We say that a locally integrable function ¢ on G is a function of positive
type if

Sgo(s)(f « f)(s)ds >0 forall f e Cu(Q).

If such a ¢ is continuous, we obtain the previous definition of positive def-
initeness [Di2, 13.4.4]. Moreover, if u is positive definite, then there exists
a unitary representation m of G on H; and a vector & € H, such that
u(s) = (m(s)&, €); we write ¢f for the latter matrix coefficient.

If f € Ce(G) then for any b € L?(G) we have f x b € L*(G) and we
can consider the linear operator f + f x b, f € C.(G), on L?(G). If b is of
positive type then

(f Db, f) =0

see |Di2, 13.7.6, 13.8.1]. Therefore, the operator f — r(b)(f) := f b defined
on C.(G) C L?*(Q) is positive. Let p(b) denote its Friedrichs extension, which
is a positive self-adjoint operator. By [Di2, 13.8.3], if h is in D(p(b)), then
p(b)h = h xb.

LEMMA 3.1. Let b € C(G) be a positive definite square integrable func-

tion. Then there exists a square integrable function c of positive type such that
b= cx &= cxc. Moreover, in this case p(c)f = p(b)'/2f for all f € C.(G).

Proof. The existence of a square integrable function ¢ of positive type
satisfying b = ¢ ¢ = ¢ * ¢ follows from [Di2), 13.8.6]. It is constructed as the
L?(G)-limit of a sequence (¢, )nen of continuous positive definite functions,
such that p(c,) = +/p(b)E,, where p(b) = S[Om}de(x) is the spectral
decomposition of p(b) and E,, = E([0,n]), n € N.

For f € C.(G), one has p(c,)f = f * ¢, and, as ¢, — c in L?(G), this
gives plea)f — p(0)f, since [jp(en)f — p(e)fl> < IIf 1 len — cll> for any n.

On the other hand, \/p(b)E,f — /p(b)f for all f € D(y/p(b)); in par-
ticular, we have the convergence for all f € C.(G), since C.(G) C D(p(c)) C

D(+/p(c)). Therefore, p(c)f = /p(b)f for f € C.(G). m

We call the function ¢ from the lemma the positive square root of b. Note
that it is unique as an element in L?(G).

As A(G) is the predual of VN(G), each u € A(G) admits polar decompo-
sition: there exists a unique pair (A, p), where p is a positive definite function
in A(G) such that ||lul 4@y = lIPllag), and A is a partial isometry in VN(G)
with final space equal to the support, s(p), of p and such that u = A - p and
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p= A" -u (see |Dill 1.4, Théoréme 4|). The element p is called the absolute
value of w.
Note that for @ and @ as defined above, we have 4, u € A(G) if u € A(G)

and u = 4 if u is positive definite. We can define a linear involution 7" +— T’
on VN(G) by

(T,u) :=(T,a), T €VN(GQ),ucAG),
and an antilinear involution 7'+ T of VN(G) by
T(f)=T(f), feLG)

In the Appendix we collect various equalities involving 7', T, @ and .

PROPOSITION 3.2. Let u be an element of A(G) such that w and @ are in
L*(G). Let = A - p be the polar decomposition of . Then p € L*(G) and

p=cxc, p=Au) and u= A(p)= A(c)*c,
where ¢ is the positive square root of p.

Proof. If 4= A - p is the polar decomposition of @ € A(G) N L*(G) then
by equalities ((5.5)) and (5.8)) from the Appendix we have

(3.1) p=p=(A"-a) =u-A=A(u) € L*(G).

Hence, by Lemma [3.1]

(3.2) p=cx*c,

where ¢ € L?(G) is the positive square root of p. Using , and
we see that

u=(A-py=p- A" =A(p) = A(c) xc. m
Replacing the partial isometry A € VN(G) by the partial isometry A €
VN(G) we call the representation u = A(c)*c = A(c)¢ from Proposition|[3.2]
the canonical representation of u € A(G) N L*(G).
Define for p € L?(G) the subspace L*(G), of L*(G) by
L*(@Q), = {€ € I*(G) : £ xp € L*(G)}.
Then C.(G) C L*(G), and for every f € C.(G), a positive definite function
p=c}, € L*(G) and 1) € L*(G) we deduce (using the Fubini theorem) that

(33)  (frpm) = | ) (s )0, ) dsn(t) dt

GG
=\ £(s) {(x(t=15) 0, o) (t) dt ds = | f(s)(n * p)(s) ds.
¢ G G

DEFINITION 3.3. Let G be a locally compact group. We call G right
positive if for any positive definite function p we have

(nxp,m) >0 forevery n € LQ(G)p.
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LEMMA 3.4. For any locally compact o-compact right positive group G
and any positive definite function p € L*(G) the subspace

Iy ={f*p+if:feCl(G)}
is dense in L*(G).

Proof. Let n € Ipl' Hence, using p = p and applying the Fubini theorem,
we obtain

0=(n,fxp+if)=\(n*p)(s)f(s)ds—i|n(s)f(s)
G

G
S n#p)(s) —in(s))f(s) ds.

This implies that the measurable function n * p — in is 0 almost everywhere
on each compact K C G. As G is og-compact, we see that nxp —in =0
almost everywhere on G. Hence n* p = in, n* p € L*(G) and so

(n*p,m) = i(n,n).
Since G is right positive, it follows that i(n,n) > 0, giving n = 0. =
PROPOSITION 3.5. Any separable, type I, unimodular group is right pos-
itive.
Proof. 1f G is separable, type I and unimodular, we have a clear Plan-
cherel picture of G as follows. The unitary dual G becomes a standard Borel
space and there is a unique Borel measure p on G with the following property:

for a fixed p-measurable cross-section & + 7€ from G to concrete irreducible
unitary representations acting on H¢ we have

(. fo) = [ (RC @RS @M du(©),  fi,f € IHG) N LX(G),

G
where

(34) &) =FUNE = | f9)(9)dg € B(He),  f € LNG)NL*(G).
G
Thus, the group Fourier transform

FELNG) — LG, dp; B(Hg)),  f = FO(f),
with FY(f) = (fG(f)(g))ﬁeG (fG(ﬁ))fe@ extends to a unitary
FOLA(G) — L*(Gdp; S*(H)),  f — FO(f).

Here, S?(H) is the space of Hilbert-Schmidt operators on a Hilbert space H.
If n,p € L*(G) are such that n * p € L?(G), then

FEm=p)(&) = FEm)(OF(p)(€)
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and

(% ) = | Te(FE () (€)FC (0)(€)F () (€)") du(€).

G
As p € L?*(G) is positive definite, by Lemma p = c* ¢ for a square
integrable function ¢ of positive type, giving F&(p)(¢) = FC(c)(€)F%(c)(€)*,
and hence F%(p)(£) > 0 almost everywhere. Therefore, (n*p,n) > 0, giving
the statement. m

THEOREM 3.6. Let G be a right positive, o-compact, locally compact group
and let u € A(G) and u, € A(G), k € N, be such that u,u € L*(G) and
ug, Uy € L?(G) for every k. Let u = A(c) *c and up, = Ap(cg) *cx, k €N, be
the canonical representations of u,u, € A(G) respectively, and let p = c * c,
Dk = Ck * ci. Suppose that

(1) Nurllay = llullae;
(2) Jlux = ull2 = 0;
(3) pr — p weakly in L*(Q).

Then ||c, — cll2 = 0 and |[Ag(ck) — A(c)|l2 — 0. In particular, ||pr — pllaq)
— 0 and |lug — ull @) — 0.

Proof. We shall use an idea from [CaHl, proof of Proposition 5.1] to con-
clude that (ci)x converges to ¢ in L?(G).
We have

lurllz = | Ak(pr)ll2 < llpkll2 = [[AR(ur)ll2 < Jlugll2 for all k.

Hence, ||ugll2 = ||pkll2 for all & and similarly |lu|l2 = ||pll2. The same is
true for the A(G)-norms. Since ||up — ul|2 — 0, we have the convergence
lpkll2 = ||pll2- Together with the weak convergence of (py)j to p, this shows
that |[px — p|l2 — 0.

We are going to show next that p(ci)f converges to p(c)f in L?(G) for
any f € C.(G). Since each p(pg) and p(p) are self-adjoint and positive, the
operators p(py) + il and p(p) + I have bounded inverses; here we write I for
the identity operator on L?(G). Furthermore,

1(p(pr) +i1) " Hlop <1 forall k, and [|(p(p) + D)~ flop < 1.
Let f € Co(G) and g = (p(p) + i) f € L*(G). As p — p in L?(G), we have
lo(or)f = ) fll2 = Lf * Pk — = pll2 < [ fll1llpe = pll2 = 0

and

[(p(pk) + 1)~ = (p(p) + 1) g = (p(px) + i)' (p(p) — p(pr)) f — 0.

Since the operators (p(pi) + iI)~! are uniformly bounded and since, by
Lemma the subspace {(p(p) +il)f : f € C.(G)} is dense in L?(G),
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it follows that
(3.5) (o) +i0)"tg = (p(p) +il)"'g  for all g € L*(G).

A similar proof works for (p(pg) — 1)1,
Define now two continuous functions h, ¢ : [0,00) — R by letting

Vi—t ift<1, 1 ift<1,
h t) = - d t) :=
Q {0 >, d O 1>,
Then h,q € Cy([0,0)), and
Vit =h(t)+q(t)t, t>0.

By the Stone Weierstrass theorem, the polynomials in (z + i)~! and
(r—i)~! are dense in Cy([0, 00)). Thus, given & > 0, we can find a polynomial
P(s,t) such that

1 1 €
- P —  forall z > 0.
q(z) <x+i’x—i>‘<3 orallz >0

Therefore,

latp(r)) — P((p(o) +iD, (o(pi) — D), < = for all k,

la(p(p)) = P((p(p) + i), (p(p) — i) ) ||, <
It follows from , that
P((p(pe) + i)™, (p(pr) — i) ~) f = P((p(p) + D)7, (p(p) — D) ~') f

for all f € L?(G). Thus, for any f € L?(G), there exists an Ni(f) € N such
that

(3.6) la(o(pr))f — alp()) flla <& for any k = Ni(f).
Since p(pg)f — p(p)f for all f € C.(G), there exists an Na(f) € N with
o) f — p(p) fllz < e forall k> Na(f).
Finally, for f € C.(G) and k > max{N1(p(p)f), N2(f)} we have

lg(p(px))(p(Pr) ) — a(p(p))(p(p) |2
< a(p®r)(p(px) f) — alp(r))(p(p) f)ll2
+ [la(p(er)) (p(P) f) — a(p(p))(p(p) f)ll2
< k) f — @) fll2 + llalp(r) (p(P) f) = alp(P))(p(p) f)l2

<e+g,

Wl MW Mm

where we use ||¢(p(pk))|lop < ||¢lloc =1 for all &.
Similar arguments applied to h instead of ¢ give us

(3.7) hp(pr))f — h(p(p))f  forall f € Ce(G).
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Together this shows that

Vo) f = Vpp)f  forall f € C(G).

But by we have pp = ¢ * g, p = cxc and \/mf = p(eg) f for all k,
and \/p(p)f = p(c)f, f € Ce(G). Hence,
[xep— fxc  forall fe C(G).
Therefore, for all f, g € C.(G), it follows that
(3.8) (cr, [T xg) = (fxcrg) = (freg)=(c. [ xg).
Here f*(s) = f(s71)A(s™!) and A is the modular function. Since the func-

tions f* * g, f, g € Ce(G), generate a dense subspace in L?(G) and since by
assumption

lerlls = pe(e) = llpklla) = lurllac) = llullac) = Pl ae) = ple) = lcll3,
it follows from (3.8)) that (ci)x converges to ¢ weakly in L?(G) and finally
also in norm, as

lle, = ell3 = llerll3 + llell3 — 2R¢e, ex)| — 0.

The sequence (Ag)g, being uniformly bounded by 1, admits a weakly
convergent subnet (Ag,);. Let Asc € VN(G) be its limit. We are going to
show that Ay (p) = A(p) and A% (u) = A*(u).

Indeed, for f € C.(G), we have

<uk¢7 f> = <Aki(pk'i)7 f>
= (Dk;» Ay, (f))

{ } (since pg, — p,up, — u € L*(Q@))
u, f) = (P, A () = (Ao (p), f)-
= Ax(p ) Similarly,

fr=

(

s Ao (f)) = (A (u), f)
and hence A*(u) = A% (u).
Furthermore, for any x € G,
(Aose(c) = A(e), A(z)e) = ((Aco(c) — A(c)) * ¢)()
= (Aoo(c) x ¢)(x) — (A(c) * ¢)(z)
= Aso(cx c)(x) — Alcx ¢)(x)
= Ass(p)(2) — A(p) () = u(x) — u(x) = 0.

This relation tells us that Ay (c) — A(c) is contained in the orthogonal com-
plement to A(C¢(G))(c). On the other hand, since As, A € VN(G), we see

IS
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that A, A are strong limits of nets contained in A(C.(G)). Consequently,
A(c), Aso(c) € MCe(G))(c) and therefore Ax(c) — A(c) = 0.

Observe next that A*A(p) = p. As p=c*c = cx¢, it follows from (5.1))
and (5.8]) that
(3.9) p(z) = A*A(p)(x) = (A*A(c) * ¢)(x)  for almost all z € G.

Now, since both p and A*A(c) * ¢ are continuous, we have the equality ev-
erywhere on G.
Similarly, py(x) = (A} Ax(ck) * ;) () for all z € G, k € N. Hence,

[ Ak(cr)ll3 = (Ar(cr), Arlcr)) = (ApAr(cr), ci)
= (ApAx(cr) = ) (e) = prle) = [Iprllae)
= |pllae) =ple) (as k — o0)
= (A*A(c) x ) (e) = [|A(0) 3.

Therefore, the weakly convergent net (Ay, (cg,)): converges in fact in norm
to Ax(c) = A(c), from which we can conclude that the convergence holds
for the entire sequence (Ag(ck))x. In fact, otherwise, there exist e > 0 and
a subsequence (Ap(n)(Ci(n)))n such that [[Agm)(ckm)) — A(c)|| > €. Repeat-
ing the previous arguments, we find a subsequence of (A, (cx(n)))n that
converges to A(c) in norm, contradicting the choice of (Ay)(Cr(n)))n-

COROLLARY 3.7. Suppose u,uy, € A(G), k € N, satisfy |[up —ull 4y — 0
and supp(ug) C K for all k € N and some compact set K C G. Let u, =
Ag(cg) * ¢ and u = A(c) * ¢ be the canonical representations of uy and u
respectively. Then ||cx — ¢|l2 = 0 and ||Ag(ck) — A(c)||2 — 0.

Proof. As ||0] 4q) = [l () for all w € A(G) (see [Ey, Remark 2.10]),
we have |ux — il aq) — 0, and if py and p are the absolute values of iy
and @ respectively, applying [Tal, I1I, Proposition 4.10] we obtain ||px—pl|a(c)
— 0. In particular, p; tends to p and wg to w uniformly on G. Now, by
the assumption, we can find a common compact subset that contains the
supports of u, @ and uy, U, k € N. Therefore, ||uy—ull2 = 0. As p, = A} (ug),
the sequence (pg ) is bounded in L?(G). The uniform convergence py — p on
G gives (py — p, f) — 0 for any f € C.(G). As Co(G) is dense in L*(G) and
(pr)k is bounded, this implies that p, — p weakly in L?(G). We have thus
verified all the conditions of Theorem which gives us the statement. =

3.2. A characterization of local spectral sets. Lett € G, ¢ € L?(G)
and T C G. For simplicity of notation, write

and set

A(T - &) :=span(T - ).
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For a closed subspace E of L?(G), let Pg be the orthogonal projection
onto E and write Pr., for the projection Py(r.q).-
We are now ready to prove the main result.

THEOREM 3.8. Let G be a locally compact, o-compact, right positive group
and let S be a closed subset of G. Then S is a local spectral set if and only
if for any u € k(S) N C.(G) there exist a representation u(s) = (d, A(s)c),
c,d € L*(G), a sequence (cx)r in L*(G) and a sequence (Si)i of closed
netghborhoods of S such that

(3.10) kll}ngo ck=c and klin;o P, .., (d) = 0.

Moreover, if S is a set of local spectral synthesis, then there is a se-
quence (cx)r C L*(G) of functions of positive type satisfying , with ¢, d
= A(c) € L*(G) from the canonical representation u(s) = (d,\(s)c) =
(A(c) *¢)(s)-

Proof. Assume u € k(S) N C.(G) has a representation u(s) = (d, \(s)c),
c,d € L*(Q). Let (cy)r C L*(G) and let (Sk)x be a sequence of neighbor-
hoods of S which satisfy the conditions of the theorem. Set dj, = d— P, ., (d).
Then dy, € A(S,-c)* and hence u(s) := (dj, A(s)c) vanishes on Si. More-
over,

lw = ullaq) < [[{di; A(s)(c = cu))llaga) + [I{d — di, AMs)er) | acc)
< [le = ell2lldrll2 + llexll2lld — difl2 = 0

showing that S is a set of local spectral synthesis.

Suppose now that S is a set of local spectral synthesis and take u €
k(S)NC.(G). Let K be a compact neighborhood of the support of u. Since
S is local spectral, there exists a sequence (uy)r in A(G) such that, for
every k, supp(ug) C K, ug vanishes on a neighborhood Sj of S and wy
converges to u in A(G).

Consider the canonical representation uy, = Ak (c)*cp and set pr, = cx*cy
and dj, = Ag(c). Then dy, € A(Sk - cx)*, since uy vanishes on S. Therefore,
Ps, .., (d) = 0 for every k. By Corollary limg ¢, = ¢, limp di. = d and
hence limy, Pg, .c, (d) = 0. =

3.3. The abelian case. The goal of this section is to provide a refine-
ment of the characterization of local spectral sets from Section in the
case of abelian groups. For an abelian locally compact group G let G be the
dual of G. We write a for the Fourier transform of a € L*(G).

LEMMA 3.9. Let G be an abelian locally compact group. Let c,d € L*(G)
be such that d = ¢ for some ¢ € L®(G). Then for any subset S of G we
have

[Ps.c(d)ll2 < [¥]lcoll Ps-1.a(c)2-
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Proof. We shall use the Plancherel theorem and consider therefore the
action of G on the Hilbert space L*(G):

t-&(x) = xu(@)é(x), z€G g€ L}G) teG,
where x; denotes the character of G defined by t € G.
Set £ := ¢, n:= d. We have
n= g
By the definition of A(S - &) the elements of the space PA(S{)(Lz(G'))

are of the form ¢ for some measurable function ¢ : G — C and @€ is an
L?-limit of functions @&, where

my
_ k
Pk = CjXshk
Jj=1

for some constants cf € C and sf € S. Hence, for such a o€ € A(S - &) we
have

(3.11) Pn =P = e = o lim PR ) = lim PRy
—00 k—o0
= lim ggn € A(S™! 7).
k—o0
Since

(3.12) 1Pacs.e) (M2 = sup {|(n, p&)| : v € A(S - €), [[¥€ll2 = 1},

it follows that for any ¢ of norm 1,

[, 9§) = (&, &) = [(Pacs—1.9) (@), )| = [{@n, Pacs—1.)(€))
< [[@v€l2ll Pacs—1.0)(E)ll2 < ¥ llocl[@E 2l Pacs—1.) (€)]]2
= [l llsoll Pa¢s—1.m) (€)l2-

Hence

1Pacs-)(Ml2 < [[¢llool Pacs=1.0) ()12 m

COROLLARY 3.10. Let G be an abelian locally compact group. Let c,d €
L?*(G) be such that d= Wé, where v : G — C is a measurable function of
absolute value equal to 1 on the support of ¢. Then for any subset S of G we
have

1Pas-e)(d)ll2 = | Pacs—1.a)(c) l2-
Proof. As d= ¢ and ¢ = ECZ, Lemma gives us
[Pacs-e)(@)l2 < [|1Pacs—1.a)(€)ll2 < [ Pacs.c) (D)2,

which implies
[PAcs.c)(@)]l2 = [ Pacs—1.a)(c)]]2- =
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LEMMA 3.11. Let G be a locally compact, o-compact, abelian group. Let
(Sk)r be a sequence of closed subsets of G. Let (uy)y be a converging sequence
in A(G) with limit u € A(G) N L*(G), such that ux(Sk) = {0} for every k.
Let u = dx*c be the canonical form of u € L*(G). Then limy_, Ps,..(d) = 0.

Proof. Choose a sequence (v;); € Ce(G) N A(G) such that [[v;l| 45) < 1,
i € N, and such that lim; o v;u = v in A(G). Then the sequence (vi'uk)k eN
converges in A(G) and in L*(G) to v;u. We write the elements u}, := v;uy
in the canonical form ul, = dj * ¢}, with PZ = ¢ > 0and di = ¢ict and
|| = 11’2 ,k € N. Similarly for v;u = d* * ¢. Then Theorem |3.6| tells us that
the sequence (ci)g converges in L*(G) to ¢ and the sequence (di)g to d'.
Since uy,(Si) = {0} for any k,i € N, we have

PSk‘CZ(d};) =0, k,ieN.
Therefore, since limy_, d}; = d' for any i, it follows that
lim Pg . (d) =0.

k—o0 Sk'ci
Hence, by Corollary
Jim [Py ()l = Jim || Py, o ()5 =0, i €N.
Finally,

Jim [Py, ()2 = Tim ([ Pys g ()] = lim [Py ()2 = 0.
Now, since u € L?(G), again by Theorem , limy_yoo ¢ = ¢, lim;_yoo d* = d.
Therefore, it follows as before that

1Psc(d)ll2 < [|Psyec(d” = d)ll2 + [| Psye(d)|2

= [1Pspc(d” = d)l2 + [[Pg-1.4 (c)ll2
< [1Pspee(d’ = d)ll2 + [Pg-1.gi(c = )2 + [ Pgor.4s(¢")l2
= [|Psyc(d’ = d)ll2 + [ Pg-1.4i(c = )|z + || P ci (d') -

Consequently,
1Psc()l2 < lle = €'ll2 + [|d — d'l|2 + | P, .cs (d")]|2
and so, for every i € N,
lim || Psy.c(d)ll2 < lim [|Ps, i(d')]2 + e = cll2 + [|d — '
k—o0 k—o0

= [le=¢'ll2 + [|d = d'|Ja-
This shows that limy_, Ps,.c(d) =0. =

COROLLARY 3.12. Let G be a locally compact, o-compact, abelian group
and let S be a closed subset of G. Then S is a spectral set if and only if
for every u € k(S) N C.(G) (with u = d * ¢ being its canonical expression)
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we have a decreasing sequence (Sy)r of closed neighborhoods of S such that
limy o Psg,.c(d) = 0.

Proof. Suppose that S is spectral. Let u € k(S) N C.(G), and u = d x ¢
be its canonical expression. Since S is spectral, there exists a sequence (Sk)g
of neighborhoods of S, which can be chosen to be decreasing by taking in-
tersections, and a sequence (ug)r C A(G) such that limg_,oo up = v in A(G)
and wuy, vanishes on Sy, k € N. By Lemma limy_yo0 Ps,.c(d) = 0.

Conversely, if u = d * ¢ vanishes on S and if limy_, Ps,.c(d) = 0, then
the sequence (u, := (d— Ps, .c(d)) *c)i, converges in A(G) to u, and ug(Sk) =
((d = Ps,.c(d), Sk - ¢) = {0} for any k € N. Therefore, S is a local spectral
set. As G is abelian, S is a spectral set. »

4. Strongly spectral sets and the union problem. In this section
we introduce a new class of sets which includes Ditkin sets, and show that
it is closed under the operation of forming finite unions.

It is easy to see that the union of two disjoint (local) spectral sets, and
similarly of two Ditkin sets, is a (local) spectral set. The question about the
union of any two non-disjoint (local) spectral sets was raised in the paper
[Hel] of C. Herz (for abelian groups) and three years later again by H. Reiter
in [Re]. The problem remains open.

DEFINITION 4.1. We say that a closed subset S of G is strongly (local)
spectral if for every compact subset T of G and any f € kE(SUT) (f €
E(SUT)NC.(GQ)) any € > 0 there exists an element g, in j(S) N k(T such

that || f — g=lla@) <e.

REMARK 4.2. Any Ditkin set is obviously strongly spectral, but we do
not know whether the converse is true.

We note that if the group G is such that u € uA(G) for each u € A(G)
(for instance, G is amenable or, more generally, A(G) has an (unbounded)
approximate unit), then S C G is a strongly spectral set if and only if, for
any f € k(S) and any € > 0, there exists a function g. € j(S) vanishing on
null(f) and satisfying [|f — gc[|a(@) < €. In fact, in that case, if T C G is
compact and f € k(S UT) then, as T C null(f), the function g. vanishes
on T'. To see the converse, first note that the set of compactly supported
functions in A(G) is dense in A(G). Assume that S is strongly spectral and
let f € k(S). Given € > 0, there exist a compactly supported h € A(G)
and g. € j(S) N k(null(f) N supp(h)) such that |f — fhllaq) < € and
If = Gellace)y < €/lIhllaq)- Setting g = geh, we find that g. vanishes on
null(f) C null(h) U (null(f) Nsupp(h)) and satisfies || f — gella@e) < IIf —
fhllae) + IIfh — gehllaqy < 2e. This establishes the statement. A similar
result holds for the local version. If S is compact then the equivalence is
clear without the additional assumption on G.
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The next statement is a union result for strongly spectral sets, where we
assume that either G has the property that u € uwA(G), or S; and Sy are
compact. The proof is similar to the one for Ditkin sets [Wal.

THEOREM 4.3. Let S1,S2 be two strongly (local) spectral subsets of a
locally compact group G. Then S := S1 U Sy is also strongly (local) spectral.

If Sy and Sa are closed subsets such that S1NSy is strongly (local) spectral
then S1 U Sy is strongly (local) spectral if and only if so are S1 and Ss.

Proof. We show the statement for strongly spectral sets. Let u € k(S5).
Then u € k(S7) and therefore for any ¢ > 0 there exists u; € j(S1) N
k(null(u)) such that [[u — u1lls@) < e As null(u) D Ss, we have uy €
k(S2), and since S is strongly spectral, there exists us € j(S2) such that
|luz — u1la(e) < € and null(uz) D null(u1). We then see that uz vanishes on
W1UWs5, where W7 and Ws are some neighborhoods of S; and S, respectively
and hence ug € j(S1 U S2) = j(9).

Furthermore,

luz — ull aey < lluz — uallae) + v — w1l sy < 2e.

This shows that S is strongly spectral.

Assume now that S; and Sy are closed subsets such that S| N Sy is
strongly spectral. Suppose that S7U S5 is strongly spectral and let u € k(S7)
and € > 0. Then u € k(S; N S2) and there exists g € 7(S1 N S2) N k(null(w))
such that [|u — g[laq) < &. Let C = Sy Nsupp(g). It is disjoint from Sy
and hence there exists w € A(G) such that w = 1 on C' and w = 0 on a
neighborhood of S;. Set h = g — gw. Then h vanishes on C and hence on
Sy C (S2 Nsupp(g)) Unull(g). As g vanishes on null(u) D S, we obtain
h € k(S1US2). Therefore, there exists ¢’ € j(S1 U S2) Nk(null(h)) such that
1h —g'lla@) < e. We have ¢’ +wg € j(S1) N k(null(u)) and

lu—g¢" —wglla) < llu—9gllae +lg —wg —9g'llae) < 2,
that is, 57 is strongly spectral. The proof for Sy follows by symmetry. =

Introducing the class of strongly spectral sets, we hoped that, using the
technique developed in the previous section, we could prove that any set of
local spectral synthesis is strongly spectral. Let T be a compact subset of
an abelian, locally compact, o-compact group G. Suppose that the function
u = dxc (in its canonical form) also vanishes on T', that is, d € ((SUT)-c)*.
Let

i = Pu,sur).c(d), keEN,
where (Ug)x is a sequence of decreasing neighborhoods of e such that the

sequence (Py, g..(d)), converges to 0. Since the sequence (Uy)y of compact
subsets is decreasing, the sequence of closed subspaces ((UpSUT)-c)y, is also
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decreasing. Consequently, the limit

Too = lim 73
k—o00

exists in L?(G). The statement would follow if one could show that 7o, = 0.

5. Appendix. In this section we collect some of the properties of A(G)
as a VN(G)-module.

Following [Tal I11.2] we define the left and right actions of a von Neumann
algebra M on its predual space M, in the following way:

(S,T-u) :=(ST,u), (S,u-T):=(TS,u), STeM,uecM,.

Let us write u = v¢,4 € A(G) for the coefficient of the left regular repre-
sentation defined by f,g € L*(G), i.e. v5.4 = (A(t)f,g). From the definition
of the right and left actions of VN(G) on A(G) it follows that
(51) T- Yfg = VT(f),90 Vg T= Y1+ (g) f: g€ L2(G)7
since for T € VN(G) and u = 5,4 € A(G), f,g € L*(G), we have

(S,T - u) = (ST, u) = (ST(f),9) = (S(T(f)),9) = (S;71(s),9)>
Let also
a(t) =u(t™), wueAG),teq.
We define an antilinear map T+ T of VN(G) by

T(f):=T(), felI*G),
and a linear involution T+ T on VN(G) by
(T,u) := (T,u), T €VN(G),uec AG).
For u = vy, we have
a(t) = ult™) = (M) .90 = DO ) = ABF,F) = 17(0),
that is,

(52) ’yf,g =Y. RS L2(G)
Similarly,
(53) ;yf,g = Yg.f> g€ L2(G)

Hence, for u = v, € A(G) we see that
(T,u) = (T,a) = (T,7;5) = (T(9), f)

— Tk

= (g, T°(/))

Il
)
=
N~
=
I
E
=
S

whence

(5.4) T=T", TeVNQG).
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We also have the following identities:
(5.5) (u-TY=T"-a, (T-uy=u-T, weAG), T e VN(Q).
Indeed, for v = vy, € A(G), by and we see that
(w-T)'=p1:(9) = 112(9).f =T 99,0 =17 0
The other equality is obtained in a similar way.

In [Ey] Eymard considered another action (T,u) — T o u of VN(G) on
A(G) which is defined through the following formula:

(S, Tou):=(TS,u), ucAG).
It follows from the relations above that
(5.6) To(vfg) = V()
Indeed, for v = vy 4 € A(G) we get
(8, T ou) = (TS, u) = (TS(f), ) = (S(f), T(9)) = (S,7;7(y))-

Hence, by (5.1)) and (5.4)),
(5.7) Tou=u-T, ucAG),TeVNG).

In particular, it follows from [Ey}, Proposition 3.17] that for u € A(G)NL*(G)
and T € VN(G), we have T'(u) € A(G) N L*(G), and

(5.8) Tu)=Tou=u-T.
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