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On the structure of spectral sets

by

Jean Ludwig and Lyudmila Turowska

Abstract. We discuss the convergence in the Fourier algebra A(G) of a locally com-
pact group G and obtain a new characterization of local spectral sets of G.

1. Introduction. The notion of spectral synthesis was introduced by
A. Beurling in the late 1930s. Since then it has been a subject of exten-
sive research in harmonic analysis, primarily in the context of the Fourier
algebra A(G) for a locally compact group G. If G is abelian then A(G) is
isometrically isomorphic to L1(Ĝ), the L1-algebra of the dual group Ĝ. If
G is non-commutative, the Fourier algebra is defined directly on G as the
algebra of matrix coefficients of the left regular representation of G. The al-
gebra A(G) is a semisimple, regular, commutative Banach algebra with the
Gelfand spectrum G: characters correspond to evaluation at points of G.

The question of spectral synthesis can be framed as a question about
the ideals of A(G), specifically whether a given closed ideal I ⊂ A(G) is
the intersection of all maximal ideals containing I. This intersection can be
identified with a closed subset of G, known as the hull of I. A closed subset
E of G is said to be a set of spectral synthesis if the only closed ideal having
E as its hull is the intersection of all maximal ideals associated with the
points of E.

The first example demonstrating the failure of spectral synthesis was
provided by L. Schwartz in 1948 for A(Rn), n ≥ 3. That synthesis fails
for any A(G) where G is a non-discrete locally compact abelian group, was
proved by P. Malliavin in 1959. This result was later extended to arbitrary
locally compact groups, under a mild additional assumption, by E. Kaniuth
and A. T.-M. Lau; see e.g. [KL, Theorem 6.2.3]. To classify sets of spectral
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synthesis seems to be a problem out of reach for the moment. Only some
special classes of sets of spectral synthesis have been identified; see e.g. [GM].
An outstanding problem in the field, as noted in [GM], is whether the union
of two sets of spectral synthesis is itself a set of spectral synthesis. The
question was initially posed by C. Herz in [He1] for abelian groups and
reiterated three years later by H. Reiter in [Re]. To date, no solution has
been found, underscoring the need for new tools to analyze sets of spectral
synthesis and advance our understanding of the union problem.

In this paper we present a characterization of sets of spectral synthesis
formulated as a Hilbert space approximation. The paper is organized as
follows. In Section 2 we recall definitions and fix notations. In Section 3
convergence properties in A(G) are discussed. Theorem 3.6 and Corollary
3.7 provide conditions for a sequence to converge in A(G) which may be of
independent interest. These results are used to establish a characterization
of local spectral sets in Theorem 3.8. In Section 3.3 a refinement of Theorem
3.8 is presented for the abelian case. The notion of strongly spectral sets
is introduced in Section 4, and it is shown that the union of two such sets
remains strongly spectral. This class includes Ditkin sets. Finally, in the
Appendix some formulas related to the action of the von Neumann algebra
of G on the corresponding Fourier algebra are collected.

2. Preliminaries and notations. Let G be a locally compact group
with a fixed left Haar measure m. We denote by C(G) the set of continuous
complex-valued functions on G, and by Cc(G) those with compact support
in C(G). For any 1 ≤ p ≤ ∞ we let Lp(G) denote the usual Lp space
with respect to m with norm ∥ · ∥p. For any appropriate pair of complex-
valued functions f, g, we denote (f ∗ g)(t) =

	
G f(s)g(s

−1t) ds. We set, as is
customary, ξ̌(s) = ξ(s−1) and ξ̃(s) = ξ(s−1), s ∈ G.

The Fourier algebra A(G) of G was defined by P. Eymard [Ey]. We recall
that A(G) is the algebra of coefficients of the left regular representation
λ : G → B(L2(G)), (λ(s)f)(t) = f(s−1t), that is, the algebra of functions
of the form s 7→ ⟨λ(s)f, g⟩ = (ḡ ∗ f̌)(s) for f, g ∈ L2(G). It is known that
A(G) is a semisimple, regular, commutative Banach algebra of continuous
functions on G with respect to the norm

∥u∥A(G) = inf {∥f∥2∥g∥2 : u = ḡ ∗ f̌}.
The Gelfand spectrum of A(G) is known to be the space G itself.

We also recall the duality relation A(G)∗ ≃ VN(G), where VN(G) is
the von Neumann algebra generated by λ(G). The duality is given by the
pairing ⟨u, T ⟩ = ⟨Tf, g⟩, where u ∈ A(G), u(s) = ⟨λ(s)f, g⟩. We use the
same notation, ⟨·, ·⟩, both for the inner product on a Hilbert space and for
the duality pairing; which one is used should be clear from the context.
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If I ⊆ A(G) is an ideal, we define the hull of I to be the set

h(I) = {s ∈ G : u(s) = 0 for all u ∈ I} ⊆ G.

On the other hand, for a closed set E ⊆ G, we define the kernel k(E) of E
and the minimal ideal j(E) with hull E by

k(E) := {f ∈ A(G) : f(s) = 0, s ∈ E},
j(E) := {f ∈ A(G) : f has compact support disjoint from E}.

We observe that h(j(E)) = h(k(E)) = E and if I ⊆ A(G) is a closed
ideal with h(I) = E, then j(E) ⊆ I ⊆ k(E).

A closed subset E ⊆ G is said to be spectral or a set of spectral synthesis
if k(E) = j(E), equivalently if k(E) is the only closed ideal whose hull is the
set E. Furthermore, E is called a Ditkin set if a ∈ aj(E) for any a ∈ k(E).
Clearly any Ditkin set is a set of spectral synthesis. The converse is an open
problem.

We say that E is local spectral or a set of local spectral synthesis if
for any u ∈ A(G) ∩ Cc(G) which vanishes on E there exists a sequence
(un)n∈N ⊂ A(G) which converges to u and un vanishes on a neighborhood
of E for every n ∈ N.

It is well known that every local spectral subset of G is spectral, pro-
vided that A(G) has an (unbounded) approximate identity, for instance if G
is amenable, weakly amenable [CoH], or more generally if every u ∈ A(G) is
contained in the closed ideal it generates. Many examples of local spectral
subsets are known. For example, it was shown by M. Takesaki and N. Tatsu-
uma in [TT] for A(G) and by C. Herz in [He2] for the Figà-Talamanca–Herz
algebras Ap(G) that closed subgroups of any locally compact group are local
spectral.

We finish this section by setting basic notation and introducing some
notions that will be used subsequently. We write B(H) for the algebra of all
bounded operators on a Hilbert space H. For an (unbounded) operator A
on H, D(A) ⊂ H will stand for the domain of A. For W ⊂ G we write W c

for its complement. For a function f : G → C we let null(f) = {x ∈ G :
f(x) = 0} and supp(f) = null(f)c.

3. A characterization of local spectral sets. In this section we will
present a new characterization of local spectral sets. But first we examine
some convergence properties in A(G).

3.1. Convergence in A(G). We recall first the right and the left actions
of VN(G) on A(G): if u ∈ A(G), T ∈ VN(G), then the elements u · T and
T · u in A(G) are defined through the following formulas:

⟨S, u · T ⟩ := ⟨TS, u⟩, ⟨S, T · u⟩ := ⟨ST, u⟩ for all S ∈ VN(G).
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If u ∈ A(G) ∩ L2(G), then we shall also write T (u) for the action of T on
u ∈ L2(G).

Recall that a continuous function u : G → C is called positive definite
if for each n ∈ N and s1, . . . , sn in G the matrix (u(s−1

i sj))
n
j,j=1 is positive

definite.
We say that a locally integrable function φ on G is a function of positive

type if �
φ(s)(f ∗ f̃)(s) ds ≥ 0 for all f ∈ Cc(G).

If such a φ is continuous, we obtain the previous definition of positive def-
initeness [Di2, 13.4.4]. Moreover, if u is positive definite, then there exists
a unitary representation π of G on Hπ and a vector ξ ∈ Hπ such that
u(s) = ⟨π(s)ξ, ξ⟩; we write cπξ for the latter matrix coefficient.

If f ∈ Cc(G) then for any b ∈ L2(G) we have f ∗ b ∈ L2(G) and we
can consider the linear operator f 7→ f ∗ b, f ∈ Cc(G), on L2(G). If b is of
positive type then

⟨f ∗ b, f⟩ ≥ 0;

see [Di2, 13.7.6, 13.8.1]. Therefore, the operator f 7→ r(b)(f) := f ∗ b defined
on Cc(G) ⊂ L2(G) is positive. Let ρ(b) denote its Friedrichs extension, which
is a positive self-adjoint operator. By [Di2, 13.8.3], if h is in D(ρ(b)), then
ρ(b)h = h ∗ b.

Lemma 3.1. Let b ∈ C(G) be a positive definite square integrable func-
tion. Then there exists a square integrable function c of positive type such that
b = c ∗ c̃ = c ∗ c. Moreover, in this case ρ(c)f = ρ(b)1/2f for all f ∈ Cc(G).

Proof. The existence of a square integrable function c of positive type
satisfying b = c ∗ c̃ = c ∗ c follows from [Di2, 13.8.6]. It is constructed as the
L2(G)-limit of a sequence (cn)n∈N of continuous positive definite functions,
such that ρ(cn) =

√
ρ(b)En, where ρ(b) =

	
[0,∞] x dE(x) is the spectral

decomposition of ρ(b) and En = E([0, n]), n ∈ N.
For f ∈ Cc(G), one has ρ(cn)f = f ∗ cn and, as cn → c in L2(G), this

gives ρ(cn)f → ρ(c)f , since ∥ρ(cn)f − ρ(c)f∥2 ≤ ∥f∥1∥cn − c∥2 for any n.
On the other hand,

√
ρ(b)Enf →

√
ρ(b)f for all f ∈ D(

√
ρ(b)); in par-

ticular, we have the convergence for all f ∈ Cc(G), since Cc(G) ⊂ D(ρ(c)) ⊂
D(

√
ρ(c)). Therefore, ρ(c)f =

√
ρ(b)f for f ∈ Cc(G).

We call the function c from the lemma the positive square root of b. Note
that it is unique as an element in L2(G).

As A(G) is the predual of VN(G), each u ∈ A(G) admits polar decompo-
sition: there exists a unique pair (A, p), where p is a positive definite function
in A(G) such that ∥u∥A(G) = ∥p∥A(G), and A is a partial isometry in VN(G)
with final space equal to the support, s(p), of p and such that u = A · p and
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p = A∗ · u (see [Di1, 1.4, Théorème 4]). The element p is called the absolute
value of u.

Note that for ũ and ǔ as defined above, we have ũ, ǔ ∈ A(G) if u ∈ A(G)
and u = ũ if u is positive definite. We can define a linear involution T 7→ Ť
on VN(G) by

⟨Ť , u⟩ := ⟨T, ǔ⟩, T ∈ VN(G), u ∈ A(G),

and an antilinear involution T 7→ T̄ of VN(G) by

T̄ (f) = T (f̄), f ∈ L2(G).

In the Appendix we collect various equalities involving Ť , T̄ , ǔ and ũ.

Proposition 3.2. Let u be an element of A(G) such that u and ũ are in
L2(G). Let ũ = A · p be the polar decomposition of ũ. Then p ∈ L2(G) and

p = c ∗ c, p = Ǎ(u) and u = Ā(p) = Ā(c) ∗ c,
where c is the positive square root of p.

Proof. If ũ = A · p is the polar decomposition of ũ ∈ A(G) ∩L2(G) then
by equalities (5.5) and (5.8) from the Appendix we have

(3.1) p = p̃ = (A∗ · ũ)̃ = u ·A = Ǎ(u) ∈ L2(G).

Hence, by Lemma 3.1,

(3.2) p = c ∗ c,
where c ∈ L2(G) is the positive square root of p. Using (5.5), (5.8) and (5.1)
we see that

u = (A · p)̃ = p ·A∗ = Ā(p) = Ā(c) ∗ c.
Replacing the partial isometry A ∈ VN(G) by the partial isometry Ā ∈

VN(G) we call the representation u = A(c)∗c = A(c)∗c̃ from Proposition 3.2
the canonical representation of u ∈ A(G) ∩ L2(G).

Define for p ∈ L2(G) the subspace L2(G)p of L2(G) by

L2(G)p := {ξ ∈ L2(G) : ξ ∗ p ∈ L2(G)}.
Then Cc(G) ⊂ L2(G)p and for every f ∈ Cc(G), a positive definite function
p = cπφ ∈ L2(G) and η ∈ L2(G) we deduce (using the Fubini theorem) that

⟨f ∗ p, η⟩ =
�

G

�

G

f(s)⟨π(s−1t)φ,φ⟩ ds η(t) dt(3.3)

=
�

G

f(s)
�

G

⟨π(t−1s)φ,φ⟩η(t) dt ds =
�

G

f(s)(η ∗ p)(s) ds.

Definition 3.3. Let G be a locally compact group. We call G right
positive if for any positive definite function p we have

⟨η ∗ p, η⟩ ≥ 0 for every η ∈ L2(G)p.
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Lemma 3.4. For any locally compact σ-compact right positive group G
and any positive definite function p ∈ L2(G) the subspace

Ip := {f ∗ p+ if : f ∈ Cc(G)}
is dense in L2(G).

Proof. Let η ∈ I⊥p . Hence, using p = p̃ and applying the Fubini theorem,
we obtain

0 = ⟨η, f ∗ p+ if⟩ =
�

G

(η ∗ p)(s)f(s) ds− i
�

G

η(s)f(s) ds

=
�

G

((η ∗ p)(s)− iη(s))f(s) ds.

This implies that the measurable function η ∗ p− iη is 0 almost everywhere
on each compact K ⊂ G. As G is σ-compact, we see that η ∗ p − iη = 0
almost everywhere on G. Hence η ∗ p = iη, η ∗ p ∈ L2(G) and so

⟨η ∗ p, η⟩ = i⟨η, η⟩.
Since G is right positive, it follows that i⟨η, η⟩ ≥ 0, giving η = 0.

Proposition 3.5. Any separable, type I, unimodular group is right pos-
itive.

Proof. If G is separable, type I and unimodular, we have a clear Plan-
cherel picture of G as follows. The unitary dual Ĝ becomes a standard Borel
space and there is a unique Borel measure µ on Ĝ with the following property:
for a fixed µ-measurable cross-section ξ 7→ πξ from Ĝ to concrete irreducible
unitary representations acting on Hξ we have

⟨f1, f2⟩ =
�

Ĝ

Tr(f̂1
G
(ξ)f̂2

G
(ξ)∗) dµ(ξ), f1, f2 ∈ L1(G) ∩ L2(G),

where

(3.4) f̂G(ξ) = FG(f)(ξ) :=
�

G

f(g)πξ(g) dg ∈ B(Hξ), f ∈ L1(G)∩L2(G).

Thus, the group Fourier transform

FG : L1(G) → L∞(Ĝ, dµ;B(Hξ)), f 7→ FG(f),

with FG(f) = (FG(f)(ξ))
ξ∈Ĝ = (f̂G(ξ))

ξ∈Ĝ extends to a unitary

FG : L2(G) → L2(Ĝ, dµ;S2(Hξ)), f 7→ FG(f).

Here, S2(H) is the space of Hilbert–Schmidt operators on a Hilbert space H.
If η, p ∈ L2(G) are such that η ∗ p ∈ L2(G), then

FG(η ∗ p)(ξ) = FG(η)(ξ)FG(p)(ξ)
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and
⟨η ∗ p, η⟩ =

�

Ĝ

Tr(FG(η)(ξ)FG(p)(ξ)FG(η)(ξ)∗) dµ(ξ).

As p ∈ L2(G) is positive definite, by Lemma 3.1, p = c ∗ c̃ for a square
integrable function c of positive type, giving FG(p)(ξ) = FG(c)(ξ)FG(c)(ξ)∗,
and hence FG(p)(ξ) ≥ 0 almost everywhere. Therefore, ⟨η ∗ p, η⟩ ≥ 0, giving
the statement.

Theorem 3.6. Let G be a right positive, σ-compact, locally compact group
and let u ∈ A(G) and uk ∈ A(G), k ∈ N, be such that u, ũ ∈ L2(G) and
uk, ũk ∈ L2(G) for every k. Let u = A(c) ∗ c and uk = Ak(ck) ∗ ck, k ∈ N, be
the canonical representations of u, uk ∈ A(G) respectively, and let p = c ∗ c,
pk = ck ∗ ck. Suppose that

(1) ∥uk∥A(G) → ∥u∥A(G);
(2) ∥uk − u∥2 → 0;
(3) pk → p weakly in L2(G).

Then ∥ck − c∥2 → 0 and ∥Ak(ck)−A(c)∥2 → 0. In particular, ∥pk − p∥A(G)

→ 0 and ∥uk − u∥A(G) → 0.

Proof. We shall use an idea from [CaH, proof of Proposition 5.1] to con-
clude that (ck)k converges to c in L2(G).

We have

∥uk∥2 = ∥Ak(pk)∥2 ≤ ∥pk∥2 = ∥A∗
k(uk)∥2 ≤ ∥uk∥2 for all k.

Hence, ∥uk∥2 = ∥pk∥2 for all k and similarly ∥u∥2 = ∥p∥2. The same is
true for the A(G)-norms. Since ∥uk − u∥2 → 0, we have the convergence
∥pk∥2 → ∥p∥2. Together with the weak convergence of (pk)k to p, this shows
that ∥pk − p∥2 → 0.

We are going to show next that ρ(ck)f converges to ρ(c)f in L2(G) for
any f ∈ Cc(G). Since each ρ(pk) and ρ(p) are self-adjoint and positive, the
operators ρ(pk)+ iI and ρ(p)+ iI have bounded inverses; here we write I for
the identity operator on L2(G). Furthermore,

∥(ρ(pk) + iI)−1∥op ≤ 1 for all k, and ∥(ρ(p) + iI)−1∥op ≤ 1.

Let f ∈ Cc(G) and g = (ρ(p) + iI)f ∈ L2(G). As pk → p in L2(G), we have

∥ρ(pk)f − ρ(p)f∥2 = ∥f ∗ pk − f ∗ p∥2 ≤ ∥f∥1∥pk − p∥2 → 0

and

[(ρ(pk) + iI)−1 − (ρ(p) + iI)−1]g = (ρ(pk) + iI)−1(ρ(p)− ρ(pk))f → 0.

Since the operators (ρ(pk) + iI)−1 are uniformly bounded and since, by
Lemma 3.4, the subspace {(ρ(p) + iI)f : f ∈ Cc(G)} is dense in L2(G),
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it follows that

(3.5) (ρ(pk) + iI)−1g → (ρ(p) + iI)−1g for all g ∈ L2(G).

A similar proof works for (ρ(pk)− iI)−1.
Define now two continuous functions h, q : [0,∞) → R by letting

h(t) :=

{√
t− t if t ≤ 1,

0 if t ≥ 1,
and q(t) :=

{
1 if t ≤ 1,
1√
t

if t ≥ 1.

Then h, q ∈ C0([0,∞)), and
√
t = h(t) + q(t)t, t ≥ 0.

By the Stone–Weierstrass theorem, the polynomials in (x + i)−1 and
(x−i)−1 are dense in C0([0,∞)). Thus, given ε > 0, we can find a polynomial
P (s, t) such that∣∣∣∣q(x)− P

(
1

x+ i
,

1

x− i

)∣∣∣∣ < ε

3
for all x ≥ 0.

Therefore,∥∥q(ρ(pk))− P
(
(ρ(pk) + iI)−1, (ρ(pk)− iI)−1

)∥∥
op <

ε

3
for all k,∥∥q(ρ(p))− P

(
(ρ(p) + iI)−1, (ρ(p)− iI)−1

)∥∥
op <

ε

3
.

It follows from (3.5), that

P
(
(ρ(pk) + iI)−1, (ρ(pk)− iI)−1

)
f → P

(
(ρ(p) + iI)−1, (ρ(p)− iI)−1

)
f

for all f ∈ L2(G). Thus, for any f ∈ L2(G), there exists an N1(f) ∈ N such
that

(3.6) ∥q(ρ(pk))f − q(ρ(p))f∥2 ≤ ε for any k ≥ N1(f).

Since ρ(pk)f → ρ(p)f for all f ∈ Cc(G), there exists an N2(f) ∈ N with

∥ρ(pk)f − ρ(p)f∥2 ≤ ε for all k ≥ N2(f).

Finally, for f ∈ Cc(G) and k ≥ max{N1(ρ(p)f), N2(f)} we have

∥q(ρ(pk))(ρ(pk)f)− q(ρ(p))(ρ(p)f)∥2
≤ ∥q(ρ(pk))(ρ(pk)f)− q(ρ(pk))(ρ(p)f)∥2
+ ∥q(ρ(pk))(ρ(p)f)− q(ρ(p))(ρ(p)f)∥2

≤ ∥ρ(pk)f − ρ(p)f∥2 + ∥q(ρ(pk))(ρ(p)f)− q(ρ(p))(ρ(p)f)∥2
≤ ε+ ε,

where we use ∥q(ρ(pk))∥op ≤ ∥q∥∞ = 1 for all k.
Similar arguments applied to h instead of q give us

(3.7) h(ρ(pk))f → h(ρ(p))f for all f ∈ Cc(G).



Structure of spectral sets 9

Together this shows that√
ρ(pk)f →

√
ρ(p)f for all f ∈ Cc(G).

But by (3.2) we have pk = ck ∗ ck, p = c ∗ c and
√
ρ(pk)f = ρ(ck)f for all k,

and
√
ρ(p)f = ρ(c)f , f ∈ Cc(G). Hence,

f ∗ ck → f ∗ c for all f ∈ Cc(G).

Therefore, for all f, g ∈ Cc(G), it follows that

(3.8) ⟨ck, f∗ ∗ g⟩ = ⟨f ∗ ck, g⟩ → ⟨f ∗ c, g⟩ = ⟨c, f∗ ∗ g⟩.
Here f∗(s) = f̄(s−1)∆(s−1) and ∆ is the modular function. Since the func-
tions f∗ ∗ g, f, g ∈ Cc(G), generate a dense subspace in L2(G) and since by
assumption

∥ck∥22 = pk(e) = ∥pk∥A(G) = ∥uk∥A(G) → ∥u∥A(G) = ∥p∥A(G) = p(e) = ∥c∥22,

it follows from (3.8) that (ck)k converges to c weakly in L2(G) and finally
also in norm, as

∥ck − c∥22 = ∥ck∥22 + ∥c∥22 − 2ℜ⟨c, ck⟩| → 0.

The sequence (Ak)k, being uniformly bounded by 1, admits a weakly
convergent subnet (Aki)i. Let A∞ ∈ VN(G) be its limit. We are going to
show that A∞(p) = A(p) and A∗

∞(u) = A∗(u).
Indeed, for f ∈ Cc(G), we have

⟨uki , f⟩ = ⟨Aki(pki), f⟩
= ⟨pki , A

∗
ki
(f)⟩

↓ ↓ (since pki → p, uki → u ∈ L2(G))

⟨u, f⟩ = ⟨p,A∗
∞(f)⟩ = ⟨A∞(p), f⟩.

Hence, u = A(p) = A∞(p). Similarly,

⟨A∗(u), f⟩ = ⟨p, f⟩ = lim
k

⟨pk, f⟩ = lim
k

⟨A∗
k(uk), f⟩ = lim

ki
⟨uki , Aki(f)⟩

= ⟨u,A∞(f)⟩ = ⟨A∗
∞(u), f⟩

and hence A∗(u) = A∗
∞(u).

Furthermore, for any x ∈ G,

⟨A∞(c)−A(c), λ(x)c⟩ = ((A∞(c)−A(c)) ∗ c)(x)
= (A∞(c) ∗ c)(x)− (A(c) ∗ c)(x)
= A∞(c ∗ c)(x)−A(c ∗ c)(x)
= A∞(p)(x)−A(p)(x) = u(x)− u(x) = 0.

This relation tells us that A∞(c)−A(c) is contained in the orthogonal com-
plement to λ(Cc(G))(c). On the other hand, since A∞, A ∈ VN(G), we see
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that A∞, A are strong limits of nets contained in λ(Cc(G)). Consequently,
A(c), A∞(c) ∈ λ(Cc(G))(c) and therefore A∞(c)−A(c) = 0.

Observe next that A∗A(p) = p. As p = c ∗ c = c ∗ c̃, it follows from (5.1)
and (5.8) that

(3.9) p(x) = A∗A(p)(x) = (A∗A(c) ∗ c̃)(x) for almost all x ∈ G.

Now, since both p and A∗A(c) ∗ c̃ are continuous, we have the equality ev-
erywhere on G.

Similarly, pk(x) = (A∗
kAk(ck) ∗ ck)(x) for all x ∈ G, k ∈ N. Hence,

∥Ak(ck)∥22 = ⟨Ak(ck), Ak(ck)⟩ = ⟨A∗
kAk(ck), ck⟩

= (A∗
kAk(ck) ∗ ck)(e) = pk(e) = ∥pk∥A(G)

→ ∥p∥A(G) = p(e) (as k → ∞)

= (A∗A(c) ∗ c)(e) = ∥A(c)∥22.

Therefore, the weakly convergent net (Aki(cki))i converges in fact in norm
to A∞(c) = A(c), from which we can conclude that the convergence holds
for the entire sequence (Ak(ck))k. In fact, otherwise, there exist ε > 0 and
a subsequence (Ak(n)(ck(n)))n such that ∥Ak(n)(ck(n)) − A(c)∥ > ε. Repeat-
ing the previous arguments, we find a subsequence of (Ak(n)(ck(n)))n that
converges to A(c) in norm, contradicting the choice of (Ak(n)(ck(n)))n.

Corollary 3.7. Suppose u, uk ∈ A(G), k ∈ N, satisfy ∥uk−u∥A(G) → 0
and supp(uk) ⊂ K for all k ∈ N and some compact set K ⊂ G. Let uk =
Ak(ck) ∗ ck and u = A(c) ∗ c be the canonical representations of uk and u
respectively. Then ∥ck − c∥2 → 0 and ∥Ak(ck)−A(c)∥2 → 0.

Proof. As ∥w̃∥A(G) = ∥w∥A(G) for all w ∈ A(G) (see [Ey, Remark 2.10]),
we have ∥ũk − ũ∥A(G) → 0, and if pk and p are the absolute values of ũk
and ũ respectively, applying [Ta, III, Proposition 4.10] we obtain ∥pk−p∥A(G)

→ 0. In particular, pk tends to p and uk to u uniformly on G. Now, by
the assumption, we can find a common compact subset that contains the
supports of u, ũ and uk, ũk, k ∈ N. Therefore, ∥uk−u∥2 → 0. As pk = A∗

k(uk),
the sequence (pk)k is bounded in L2(G). The uniform convergence pk → p on
G gives ⟨pk − p, f⟩ → 0 for any f ∈ Cc(G). As Cc(G) is dense in L2(G) and
(pk)k is bounded, this implies that pk → p weakly in L2(G). We have thus
verified all the conditions of Theorem 3.6, which gives us the statement.

3.2. A characterization of local spectral sets. Let t ∈ G, ξ ∈ L2(G)
and T ⊂ G. For simplicity of notation, write

t · ξ := λ(t)ξ,

and set

Λ(T · ξ) := span(T · ξ).
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For a closed subspace E of L2(G), let PE be the orthogonal projection
onto E and write PT ·α for the projection PΛ(T ·α).

We are now ready to prove the main result.

Theorem 3.8. Let G be a locally compact, σ-compact, right positive group
and let S be a closed subset of G. Then S is a local spectral set if and only
if for any u ∈ k(S) ∩ Cc(G) there exist a representation u(s) = ⟨d, λ(s)c⟩,
c, d ∈ L2(G), a sequence (ck)k in L2(G) and a sequence (Sk)k of closed
neighborhoods of S such that

(3.10) lim
k→∞

ck = c and lim
k→∞

PSk·ck(d) = 0.

Moreover, if S is a set of local spectral synthesis, then there is a se-
quence (ck)k ⊂ L2(G) of functions of positive type satisfying (3.10), with c, d
= A(c) ∈ L2(G) from the canonical representation u(s) = ⟨d, λ(s)c⟩ =
(A(c) ∗ c̃)(s).

Proof. Assume u ∈ k(S) ∩ Cc(G) has a representation u(s) = ⟨d, λ(s)c⟩,
c, d ∈ L2(G). Let (ck)k ⊂ L2(G) and let (Sk)k be a sequence of neighbor-
hoods of S which satisfy the conditions of the theorem. Set dk = d−PSk·ck(d).
Then dk ∈ Λ(Sk · ck)⊥ and hence uk(s) := ⟨dk, λ(s)ck⟩ vanishes on Sk. More-
over,

∥u− uk∥A(G) ≤ ∥⟨dk, λ(s)(c− ck)⟩∥A(G) + ∥⟨d− dk, λ(s)ck⟩∥A(G)

≤ ∥c− ck∥2∥dk∥2 + ∥ck∥2∥d− dk∥2 → 0

showing that S is a set of local spectral synthesis.
Suppose now that S is a set of local spectral synthesis and take u ∈

k(S) ∩Cc(G). Let K be a compact neighborhood of the support of u. Since
S is local spectral, there exists a sequence (uk)k in A(G) such that, for
every k, supp(uk) ⊂ K, uk vanishes on a neighborhood Sk of S and uk
converges to u in A(G).

Consider the canonical representation uk = Ak(ck)∗ck and set pk = ck∗ck
and dk = Ak(ck). Then dk ∈ Λ(Sk · ck)⊥, since uk vanishes on Sk. Therefore,
PSk·ck(dk) = 0 for every k. By Corollary 3.7, limk ck = c, limk dk = d and
hence limk PSk·ck(d) = 0.

3.3. The abelian case. The goal of this section is to provide a refine-
ment of the characterization of local spectral sets from Section 3.2 in the
case of abelian groups. For an abelian locally compact group G let Ĝ be the
dual of G. We write â for the Fourier transform of a ∈ L2(G).

Lemma 3.9. Let G be an abelian locally compact group. Let c, d ∈ L2(G)

be such that d̂ = ψĉ for some ψ ∈ L∞(Ĝ). Then for any subset S of G we
have

∥PS·c(d)∥2 ≤ ∥ψ∥∞∥PS−1·d(c)∥2.
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Proof. We shall use the Plancherel theorem and consider therefore the
action of G on the Hilbert space L2(Ĝ):

t · ξ(x) = χt(x)ξ(x), x ∈ Ĝ, ξ ∈ L2(Ĝ), t ∈ G,

where χt denotes the character of Ĝ defined by t ∈ G.
Set ξ := ĉ, η := d̂. We have

η = ψξ.

By the definition of Λ(S · ξ) the elements of the space PΛ(S·ξ)(L
2(Ĝ))

are of the form φξ for some measurable function φ : Ĝ → C and φξ is an
L2-limit of functions φkξ, where

φk =

mk∑
j=1

ckjχskj

for some constants ckj ∈ C and skj ∈ S. Hence, for such a φξ ∈ Λ(S · ξ) we
have

φη = φψξ = ψφξ = ψ
(
lim
k→∞

φkξ
)
= lim

k→∞
φkψξ(3.11)

= lim
k→∞

φk η ∈ Λ(S−1 · η).

Since

(3.12) ∥PΛ(S·ξ)(η)∥2 = sup {|⟨η, φξ⟩| : φξ ∈ Λ(S · ξ), ∥φξ∥2 = 1},

it follows that for any φξ of norm 1,

|⟨η, φξ⟩| = |⟨φη, ξ⟩| = |⟨PΛ(S−1·η)(φη), ξ⟩| = |⟨φη, PΛ(S−1·η)(ξ)⟩|
≤ ∥φψξ∥2∥PΛ(S−1·η)(ξ)∥2 ≤ ∥ψ∥∞∥φξ∥2∥PΛ(S−1·η)(ξ)∥2
= ∥ψ∥∞∥PΛ(S−1·η)(ξ)∥2.

Hence
∥PΛ(S·ξ)(η)∥2 ≤ ∥ψ∥∞∥PΛ(S−1·η)(ξ)∥2.

Corollary 3.10. Let G be an abelian locally compact group. Let c, d ∈
L2(G) be such that d̂ = ψĉ, where ψ : Ĝ → C is a measurable function of
absolute value equal to 1 on the support of ĉ. Then for any subset S of G we
have

∥PΛ(S·c)(d)∥2 = ∥PΛ(S−1·d)(c)∥2.

Proof. As d̂ = ψĉ and ĉ = ψd̂, Lemma 3.9 gives us

∥PΛ(S·c)(d)∥2 ≤ ∥PΛ(S−1·d)(c)∥2 ≤ ∥PΛ(S·c)(d)∥2,

which implies
∥PΛ(S·c)(d)∥2 = ∥PΛ(S−1·d)(c)∥2.
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Lemma 3.11. Let G be a locally compact, σ-compact, abelian group. Let
(Sk)k be a sequence of closed subsets of G. Let (uk)k be a converging sequence
in A(G) with limit u ∈ A(G) ∩ L2(G), such that uk(Sk) = {0} for every k.
Let u = d∗c be the canonical form of u ∈ L2(G). Then limk→∞ PSk·c(d) = 0.

Proof. Choose a sequence (vi)i ∈ Cc(G) ∩ A(G) such that ∥vi∥A(G) ≤ 1,
i ∈ N, and such that limi→∞ viu = u in A(G). Then the sequence (viuk)k ∈ N
converges in A(G) and in L2(G) to viu. We write the elements uik := viuk

in the canonical form uik = dik ∗ cik, with pik = ĉik ≥ 0 and d̂ik = φi
k ĉ

i
k and

|φi
k| = 1pik

, k ∈ N. Similarly for viu = di ∗ ci. Then Theorem 3.6 tells us that
the sequence (cik)k converges in L2(G) to ci and the sequence (dik)k to di.
Since uik(Sk) = {0} for any k, i ∈ N, we have

PSk·cik
(dik) = 0, k, i ∈ N.

Therefore, since limk→∞ dik = di for any i, it follows that

lim
k→∞

PSk·cik
(di) = 0.

Hence, by Corollary 3.10,

lim
k→∞

∥PS−1
k ·di(c

i
k)∥2 = lim

k→∞
∥PSk·cik

(di)∥2 = 0, i ∈ N.

Finally,

lim
k→∞

∥PSk·ci(d
i)∥2 = lim

k→∞
∥PS−1

k ·di(c
i)∥2 = lim

k→∞
∥PS−1

k ·di(c
i
k)∥2 = 0.

Now, since u ∈ L2(G), again by Theorem 3.6, limi→∞ ci = c, limi→∞ di = d.
Therefore, it follows as before that

∥PSk·c(d)∥2 ≤ ∥PSk·c(d
i − d)∥2 + ∥PSk·c(d

i)∥2
= ∥PSk·c(d

i − d)∥2 + ∥PS−1
k ·di(c)∥2

≤ ∥PSk·c(d
i − d)∥2 + ∥PS−1

k ·di(c− ci)∥2 + ∥PS−1
k ·di(c

i)∥2

= ∥PSk·c(d
i − d)∥2 + ∥PS−1

k ·di(c− ci)∥2 + ∥PSk·ci(d
i)∥2.

Consequently,

∥PSk·c(d)∥2 ≤ ∥c− ci∥2 + ∥d− di∥2 + ∥PSk·ci(d
i)∥2

and so, for every i ∈ N,

lim
k→∞

∥PSk·c(d)∥2 ≤ lim
k→∞

∥PSk·ci(d
i)∥2 + ∥c− ci∥2 + ∥d− di∥2

= ∥c− ci∥2 + ∥d− di∥2.
This shows that limk→∞ PSk·c(d) = 0.

Corollary 3.12. Let G be a locally compact, σ-compact, abelian group
and let S be a closed subset of G. Then S is a spectral set if and only if
for every u ∈ k(S) ∩ Cc(G) (with u = d ∗ c being its canonical expression)
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we have a decreasing sequence (Sk)k of closed neighborhoods of S such that
limk→∞ PSk·c(d) = 0.

Proof. Suppose that S is spectral. Let u ∈ k(S) ∩ Cc(G), and u = d ∗ c
be its canonical expression. Since S is spectral, there exists a sequence (Sk)k
of neighborhoods of S, which can be chosen to be decreasing by taking in-
tersections, and a sequence (uk)k ⊂ A(G) such that limk→∞ uk = u in A(G)
and uk vanishes on Sk, k ∈ N. By Lemma 3.11, limk→∞ PSk·c(d) = 0.

Conversely, if u = d ∗ c vanishes on S and if limk→∞ PSk·c(d) = 0, then
the sequence (uk := (d−PSk·c(d))∗c)k converges in A(G) to u, and uk(Sk) =
⟨(d − PSk·c(d), Sk · c⟩ = {0} for any k ∈ N. Therefore, S is a local spectral
set. As G is abelian, S is a spectral set.

4. Strongly spectral sets and the union problem. In this section
we introduce a new class of sets which includes Ditkin sets, and show that
it is closed under the operation of forming finite unions.

It is easy to see that the union of two disjoint (local) spectral sets, and
similarly of two Ditkin sets, is a (local) spectral set. The question about the
union of any two non-disjoint (local) spectral sets was raised in the paper
[He1] of C. Herz (for abelian groups) and three years later again by H. Reiter
in [Re]. The problem remains open.

Definition 4.1. We say that a closed subset S of G is strongly (local)
spectral if for every compact subset T of G and any f ∈ k(S ∪ T ) (f ∈
k(S ∪ T ) ∩ Cc(G)) any ε > 0 there exists an element gε in j(S) ∩ k(T ) such
that ∥f − gε∥A(G) < ε.

Remark 4.2. Any Ditkin set is obviously strongly spectral, but we do
not know whether the converse is true.

We note that if the group G is such that u ∈ uA(G) for each u ∈ A(G)
(for instance, G is amenable or, more generally, A(G) has an (unbounded)
approximate unit), then S ⊂ G is a strongly spectral set if and only if, for
any f ∈ k(S) and any ε > 0, there exists a function gε ∈ j(S) vanishing on
null(f) and satisfying ∥f − gε∥A(G) < ε. In fact, in that case, if T ⊂ G is
compact and f ∈ k(S ∪ T ) then, as T ⊂ null(f), the function gε vanishes
on T . To see the converse, first note that the set of compactly supported
functions in A(G) is dense in A(G). Assume that S is strongly spectral and
let f ∈ k(S). Given ε > 0, there exist a compactly supported h ∈ A(G)
and g̃ε ∈ j(S) ∩ k(null(f) ∩ supp(h)) such that ∥f − fh∥A(G) < ε and
∥f − g̃ε∥A(G) < ε/∥h∥A(G). Setting gε = g̃εh, we find that gε vanishes on
null(f) ⊂ null(h) ∪ (null(f) ∩ supp(h)) and satisfies ∥f − gε∥A(G) ≤ ∥f −
fh∥A(G) + ∥fh − g̃εh∥A(G) ≤ 2ε. This establishes the statement. A similar
result holds for the local version. If S is compact then the equivalence is
clear without the additional assumption on G.
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The next statement is a union result for strongly spectral sets, where we
assume that either G has the property that u ∈ uA(G), or S1 and S2 are
compact. The proof is similar to the one for Ditkin sets [Wa].

Theorem 4.3. Let S1, S2 be two strongly (local) spectral subsets of a
locally compact group G. Then S := S1 ∪ S2 is also strongly (local) spectral.

If S1 and S2 are closed subsets such that S1∩S2 is strongly (local) spectral
then S1 ∪ S2 is strongly (local) spectral if and only if so are S1 and S2.

Proof. We show the statement for strongly spectral sets. Let u ∈ k(S).
Then u ∈ k(S1) and therefore for any ε > 0 there exists u1 ∈ j(S1) ∩
k(null(u)) such that ∥u − u1∥A(G) < ε. As null(u) ⊃ S2, we have u1 ∈
k(S2), and since S2 is strongly spectral, there exists u2 ∈ j(S2) such that
∥u2 − u1∥A(G) < ε and null(u2) ⊃ null(u1). We then see that u2 vanishes on
W1∪W2, whereW1 andW2 are some neighborhoods of S1 and S2 respectively
and hence u2 ∈ j(S1 ∪ S2) = j(S).

Furthermore,

∥u2 − u∥A(G) ≤ ∥u2 − u1∥A(G) + ∥u− u1∥A(G) < 2ε.

This shows that S is strongly spectral.
Assume now that S1 and S2 are closed subsets such that S1 ∩ S2 is

strongly spectral. Suppose that S1∪S2 is strongly spectral and let u ∈ k(S1)
and ε > 0. Then u ∈ k(S1 ∩ S2) and there exists g ∈ j(S1 ∩ S2) ∩ k(null(u))
such that ∥u − g∥A(G) < ε. Let C = S2 ∩ supp(g). It is disjoint from S1
and hence there exists w ∈ A(G) such that w = 1 on C and w = 0 on a
neighborhood of S1. Set h = g − gw. Then h vanishes on C and hence on
S2 ⊂ (S2 ∩ supp(g)) ∪ null(g). As g vanishes on null(u) ⊃ S1, we obtain
h ∈ k(S1 ∪S2). Therefore, there exists g′ ∈ j(S1 ∪S2)∩ k(null(h)) such that
∥h− g′∥A(G) < ε. We have g′ + wg ∈ j(S1) ∩ k(null(u)) and

∥u− g′ − wg∥A(G) ≤ ∥u− g∥A(G) + ∥g − wg − g′∥A(G) < 2ε,

that is, S1 is strongly spectral. The proof for S2 follows by symmetry.

Introducing the class of strongly spectral sets, we hoped that, using the
technique developed in the previous section, we could prove that any set of
local spectral synthesis is strongly spectral. Let T be a compact subset of
an abelian, locally compact, σ-compact group G. Suppose that the function
u = d∗c (in its canonical form) also vanishes on T , that is, d ∈ ((S∪T ) ·c)⊥.
Let

rk := P(UkS∪T )·c(d), k ∈ N,

where (Uk)k is a sequence of decreasing neighborhoods of e such that the
sequence (PUkS·c(d))k converges to 0. Since the sequence (Uk)k of compact
subsets is decreasing, the sequence of closed subspaces ((UkS∪T ) ·c)k is also
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decreasing. Consequently, the limit

r∞ := lim
k→∞

rk

exists in L2(G). The statement would follow if one could show that r∞ = 0.

5. Appendix. In this section we collect some of the properties of A(G)
as a VN(G)-module.

Following [Ta, III.2] we define the left and right actions of a von Neumann
algebra M on its predual space M∗ in the following way:

⟨S, T · u⟩ := ⟨ST , u⟩, ⟨S, u · T ⟩ := ⟨TS, u⟩, S, T ∈ M, u ∈ M∗.

Let us write u = γf,g ∈ A(G) for the coefficient of the left regular repre-
sentation defined by f, g ∈ L2(G), i.e. γf,g = ⟨λ(t)f, g⟩. From the definition
of the right and left actions of VN(G) on A(G) it follows that

(5.1) T · γf,g = γT (f),g, γf,g · T = γf,T ∗(g), f, g ∈ L2(G),

since for T ∈ VN(G) and u = γf,g ∈ A(G), f, g ∈ L2(G), we have

⟨S, T · u⟩ = ⟨ST, u⟩ = ⟨ST (f), g⟩ = ⟨S(T (f)), g⟩ = ⟨S, γT (f),g⟩,
⟨S, u · T ⟩ = ⟨TS, u⟩ = ⟨TS(f), g⟩ = ⟨S(f), T ∗(g)⟩ = ⟨S, γf,T ∗(g)⟩.

Let also
ǔ(t) = u(t−1), u ∈ A(G), t ∈ G.

We define an antilinear map T 7→ T of VN(G) by

T (f) := T (f), f ∈ L2(G),

and a linear involution T 7→ Ť on VN(G) by

⟨Ť , u⟩ := ⟨T, ǔ⟩, T ∈ VN(G), u ∈ A(G).

For u = γf,g we have

ǔ(t) = u(t−1) = ⟨λ(t−1)f, g⟩ = ⟨λ(t)g, f⟩ = ⟨λ(t)g, f⟩ = γg,f (t),

that is,

(5.2) γ̌f,g = γg,f , f, g ∈ L2(G).

Similarly,

(5.3) γ̃f,g = γg,f , f, g ∈ L2(G).

Hence, for u = γf,g ∈ A(G) we see that

⟨Ť , u⟩ = ⟨T, ǔ⟩ = ⟨T, γg,f ⟩ = ⟨T (g), f⟩

= ⟨g, T ∗(f)⟩ = ⟨g, (T ∗
(f)⟩ = ⟨T ∗

(f), g⟩,
whence

(5.4) Ť = T
∗
, T ∈ VN(G).
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We also have the following identities:

(5.5) (u · T )̃ = T ∗ · ũ, (T · u)̃ = ũ · T ∗, u ∈ A(G), T ∈ VN(G).

Indeed, for u = γf,g ∈ A(G), by (5.1) and (5.3) we see that

(u · T )̃ = γ̃f,T ∗(g) = γT ∗(g),f = T ∗ · γg,f = T ∗ · ũ.
The other equality is obtained in a similar way.

In [Ey] Eymard considered another action (T, u) 7→ T ◦ u of VN(G) on
A(G) which is defined through the following formula:

⟨S, T ◦ u⟩ := ⟨Ť S, u⟩, u ∈ A(G).

It follows from the relations above that

(5.6) T ◦ (γf,g) = γf,T (g).

Indeed, for u = γf,g ∈ A(G) we get

⟨S, T ◦ u⟩ = ⟨Ť S, u⟩ = ⟨Ť S(f), g⟩ = ⟨S(f), T (g)⟩ = ⟨S, γf,T (g)⟩.

Hence, by (5.1) and (5.4),

T ◦ u = u · Ť , u ∈ A(G), T ∈ VN(G).(5.7)

In particular, it follows from [Ey, Proposition 3.17] that for u ∈ A(G)∩L2(G)
and T ∈ VN(G), we have T (u) ∈ A(G) ∩ L2(G), and

(5.8) T (u) = T ◦ u = u · Ť .
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