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Abstract
Quantum state tomography (QST) is a widely employed technique for characterizing the state of a
quantum system. However, it is plagued by two fundamental challenges: computational and
experimental complexity grows exponentially with the number of qubits, rendering experimental
implementation and data post-processing arduous even for moderately sized systems. Here, we
introduce gradient-descent (GD) algorithms for the post-processing step of QST in discrete- and
continuous-variable systems. To ensure physically valid state reconstruction at each iteration step
of the algorithm, we use various density-matrix parameterizations: Cholesky decomposition,
Stiefel manifold, and projective normalization. These parameterizations have the added benefit of
enabling a rank-controlled ansatz, which simplifies reconstruction when there is prior information
about the system. We benchmark the performance of our GD-QST techniques against
state-of-the-art methods, including constrained convex optimization, conditional generative
adversarial networks, and iterative maximum likelihood estimation. Our comparison focuses on
time complexity, iteration counts, data requirements, state rank, and robustness against noise. We
find that rank-controlled ansatzes in our stochastic mini-batch GD-QST algorithms effectively
handle noisy and incomplete data sets, yielding significantly higher reconstruction fidelity than
other methods. Simulations achieving full-rank seven-qubit QST in under three minutes on a
standard laptop, with 18GB of RAM and no dedicated GPU, highlight that GD-QST is
computationally more efficient and outperforms other techniques in most scenarios, offering a
promising avenue for characterizing noisy intermediate-scale quantum devices. Our Python code
for GD-QST algorithms is publicly available at github.com/mstorresh/GD-QST.

1. Introduction

Quantum computers have advanced from theoretical concept [1] to practical reality with devices
encompassing hundreds of qubits [2–5]. Down the line, these quantum machines may deliver substantial
advantages over classical ones in, e.g. simulations of physics and chemistry, optimization problems, and
machine learning (ML) [6–15]. Similarly rapid developments are seen in other areas of quantum technology,
where quantum sensing and metrology [16, 17] is on track to enable advantages in measurements ranging
from medicine to fundamental physics [18–21], and quantum communication [22] is being scaled up
towards a quantum internet for secure communication and distribution of quantum information [23, 24].

This remarkable progress in quantum technologies has been facilitated by developments in quantum
characterization techniques, i.e. diagnostic tools to analyze, understand, and enhance the performance of
quantum devices [25, 26]. Prominent among these tools are tomographic methods such as quantum state
and process tomography (QST and QPT), characterizing unknown quantum states and processes,
respectively [27–31]. In fact, QST is a fundamental task, since it is connected to QPT by the
Choi–Jamiolkowski isomorphism [32–34]. Therefore, improving QST strategies is vital to aid the further
development of quantum technologies.
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Quantum state tomography is basically a two-step statistical procedure: (i) acquiring measurement data,
and (ii) post-processing this data using an appropriate algorithm to compute a density matrix ϱ representing
the underlying quantum state. However, the experimental and computational complexity of QST grows
polynomially with the Hilbert-space dimension of the quantum system, and this dimension grows
exponentially with the number of qubits, making it practically infeasible to perform full QST even for
few-qubit systems [35–37]. Furthermore, because of statistical limitations (finite ensemble size/shots) and
inevitable systematic errors introducing uncertainty in the measurement data, standard linear-inversion
methods often lead to incorrect, and sometimes invalid, density matrices [38–40]. Here, we develop fast QST
methods based on a gradient-descent (GD) approach, aimed at enhancing the data-processing stage of QST.
Within the GD framework, we introduce various density-matrix parametrizations that ensure our estimate
always is a valid density matrix. These parameterizations enable us to fix the rank r of our ansatz, unlike most
current QST protocols. Our rank-controlled ansatz facilitates and speeds up QST of pure and lightly mixed
states, even for noisy data sets.

To better understand how GD-QST compares with other existing QST techniques, we briefly review the
main methods that specifically target the data-processing bottleneck in QST, as opposed to optimizing the
efficiency of QST data acquisition. These approaches can be categorized into two main groups: i) convex
optimization methods and ii) data-driven and ML-inspired algorithms. In the literature, there are also some
QST schemes that utilize prior knowledge about the quantum states to be characterized, reducing complexity
of experiments and calculations, but also reducing applicability. Examples include matrix-product-state
methods [41–44], permutationally invariant QST [45, 46], tensor-network approaches [47, 48], and direct
and selective QST methods [49–54].

The QST protocols, based on convex optimization methods, comprises maximum likelihood
estimation [55–57], compressed-sensing QST [58–63], least-squares and linear-regression
optimization [64–68]. These methods work with reduced measurement data sets, and enable reconstruction
of the full density matrix. The validity conditions (Hermiticity, unit trace, and positivity of ϱ) are included as
constraints. Such constrained convex optimization (CCO) problems are solved using convex optimization
algorithms, e.g. semi-definite programming [69, 70]. However, these CCO problems are computationally
expensive: the number of variables in them increases exponentially [O(4N)] with the number of qubits N.
Although tools like YALMIP [71] and CVX [72] are useful for solving a wide range of CCO problems, they
are limited to systems with few dimensions. For example, recent works have employed these CCO methods
for tomography tasks, albeit limited to systems comprising only three to six qubits [73, 74]. Unlike GD-based
QST, CCO-based QST algorithms cannot enforce a desired rank r for the density matrix and always yield a
full-rank estimate, making them less flexible in the data-processing stage. Consequently, CCO-QST cannot
perform pure-state tomography from experimental data.

There is also a vast range of advanced algorithms inspired by data-driven approaches and ML methods
that have been applied to many quantum information processing tasks, including QST and QPT [75–78].
Examples include variational algorithms [79, 80], adaptive Bayesian tomography [81, 82], and deep learning:
feed-forward neural networks [83, 84], convolutional neural networks [85, 86], conditional generative
adversarial networks (CGANs) [87–89], restricted Boltzmann machines [90–92], and many more [93–99].
Unlike strategies reviewed above, some of these algorithms both handle reduced measurement data and offer
control over the number of parameters in the ansatz. However, these algorithms generally need large data sets
for training (which are hard to collect or generate) and still face the exponential scaling challenges. For
instance, [100], which also addresses the tomography task, requires hundreds to thousands of data sets to
train and reconstruct a reliable underlying ML model. Even so, these algorithms are often more effective only
for specific types of quantum states. Some algorithms, such as CGAN-QST [87, 88] leverage full-rank
Cholesky decomposition (CD) to ensure validity of reconstructed state and have been demonstrated for
optical quantum states and do not require prior training; however, they lack control over the ansatz rank and
have thus far been applied only to systems with a Hilbert space dimension of up to 32 (equivalent to five
qubits).

Our GD-QST is foremost inspired by the recent GD-QPT protocol [101], which enables reconstruction
of quantum processes with control over the ansatz rank [102]. Generally, GD is a widely used optimization
procedure, e.g. in ML, to iteratively minimize a loss function using gradient calculations. Recently, GD
methods have been applied to QST of moderately sized systems (up to 10-12 qubits) [103–106], at the cost of
substantial computational resources (hundreds of GB of RAM, high-end GPUs). Among existing GD-based
QST approaches, self-guided QST [104] refines a quantum state estimate by iteratively updating a trial state
according to its distance from the true state [107, 108], using GD optimization [109]. Unlike our GD-QST
methods, self-guided QST does not require storing measurement data in advance. However, it depends on
efficient state-overlap measurements at each iteration and is restricted to a specific class of quantum
states—particularly pure states—while lacking an efficient parametrization of a general density matrix.
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Consequently, it has so far been demonstrated numerically only forW-class quantum states [104].
Similarly, [106] employs a factored-GD algorithm with momentum acceleration for QST, using CD to
parameterize the density matrix. However, in contrast to our GD-QST method with proposed
parameterizations, this method lacks the ability to control the rank of the ansatz, which makes it less flexible
than our method from a data-processing perceptive. For instance, it simply does not allow pure-state
tomography from measurement data acquired from a target pure state.

Additionally, in [105], a nonconvex Riemannian gradient descent (RGD) algorithm for QST was
proposed, improving factored GD by minimizing the iteration count to achieve a desired approximation
error. The RGD algorithm incorporates singular value decomposition during optimization to ensure the
positivity of ϱ and provides control over the ansatz rank. This approach differs from our GD-QST methods
in both density-matrix parametrization and the GD optimization process. The RGD algorithm has been
numerically demonstrated for systems of up to 12 qubits, albeit at the cost of substantial computational
resources. However, the work does not include a numerical analysis of performance with varying ansatz and
target-state ranks. Similar to our GD-QST methods, it requires storing measurement data in advance, yet
both methods significantly accelerate the data processing stage of QST. Furthermore, [110] investigates QST
using variational quantum circuits optimized with vanilla gradient-based methods, demonstrating
reconstruction of 6-qubit pure states (GHZ and spin-chain ground state) within 3000–6000 iterations. Unlike
our GD-QST approach, which explicitly computes directional gradients of the loss function, their method
employs the simultaneous perturbation stochastic approximation (SPSA) algorithm. This algorithm updates
parameters by probing random directions at each iteration and relies on the full dataset for each update,
resulting in a high iteration count and significant computational overhead. In contrast, our mini-batch
GD-QST methods achieve convergence in as few as 800 iterations, offering a more efficient alternative.

In this article, we specifically reformulate QST into amini-batch GD-assisted function minimization
problem. We propose three different parameterizations of the density matrix: CD, Stiefel manifold (SM), and
projective normalization (PN), each ensuring valid reconstruction at each iterative step. We show that all
three parametrizations enables controlling the rank of the ansatz, speeding up computations and enabling
determination of any desired rank-r estimation of the state. This includes pure-state tomography as the
special case r= 1. We assess the performance of these algorithms for discrete variables (DVs) up to seven
qubits and on continuous-variable (CV) systems. We benchmark against several established techniques,
including CCO algorithms for DVs and iterative maximum likelihood estimation (iMLE) and CGANs for
CVs.

Our analysis focuses on the key aspects such as time complexity, iteration counts, data requirements,
state rank, and noise robustness. We find that GD-QST consistently outperforms other techniques in most
scenarios. Our findings emphasize the importance of selecting an appropriate parameterization. Specifically,
GD-QST with CD emerges as the most effective approach for high-rank QST in large systems, SM excels in
reconstructing pure states, and PN proves optimal for CV cases where the measurement operators are
projectors. We also see that employing a rank-controlled ansatz effectively handles noisy and incomplete
datasets, enabling the recovery of original quantum states with significantly higher fidelity than other
methods. Simulations achieving full-rank seven-qubit QST in under three minutes on a standard laptop,
with 18GB of RAM and no dedicated GPU, further highlight the computational efficiency of GD-QST. These
results underscore the broad applicability of GD-QST, making it highly valuable in a wide range of quantum
experiments. We facilitate such applications by making our Python code for GD-QST freely available [111].

This article is organized as follows. In section 2.1, we give an overview of standard QST methods. Then,
in section 2.2, we describe our GD-QST algorithms. In section 2.3, we outline the other QST schemes against
which we benchmark GD-QST, and in section 2.4, we delineate data sets used for the benchmarking. We
present the detailed numerical results of the benchmarking in section 3, with subsections on time complexity
with respect to state and ansatz rank (section 3.1), data requirements (section 3.2), noise robustness
(section 3.3), and CV systems (section 3.4). We conclude in section 4 by summarizing our results and
suggesting future research directions. The appendixes provide additional details on results for ansatzes with
varying rank (appendix A), more results on GD-QST of high-amplitude cat states (appendix B), an
additional benchmarking metric for GD-QST based on global entanglement (appendix C), and on GD
hyperparameters (appendix D).

2. Methods

In this section, we present a detailed overview of state-of-the-art QST methods and the data sets used to
benchmark some of these methods against our proposed GD-QST algorithms. We begin in section 2.1 with a
general description of traditional QST methods. Then, in section 2.2, we detail the formalism of our
GD-QST algorithms utilizing different parameterizations of density matrix. In section 2.3, we discuss the
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alternative QST schemes that we compare to our GD-QST methods. Finally, in section 2.4, we describe the
data sets for the benchmarking (types of quantum states and observables), along with the definition of the
fidelity measure employed to evaluate the performance of the QST algorithms.

2.1. Standard quantum state tomographymethods
A general N-qubit quantum state can be represented as a 2N× 2N-dimensional density matrix ϱ, expressed in
terms of a chosen fixed set of basis operators {|i⟩⟨j|} formed by the N-qubit computational basis set {|i⟩} as

ϱ=
2N−1∑
i,j=0

ϱij|i⟩⟨j|, s.t. ϱ= ϱ†, Tr(ϱ) = 1, & ϱ⩾ 0, (1)

where ϱij is the element of the density matrix in the ith row and jth column. The N-qubit operator basis set
has cardinality 4N , indicating the number of independent real parameters required to uniquely represent the
density matrix (excluding the trace condition; otherwise it is 4N− 1). In the case of pure states, the number
of independent real parameters scales asO(2N). However, ϱ can be expressed in multiple different ways
(cf section 2.2).

The goal of QST is to reconstruct an unknown ϱ from measurement outcomes {Bi }, generally expressed
as expectation values of the corresponding measurement operators {Πi }: Bi = Tr(Πi ϱ). The set {Πi } that
allows complete and unique estimation of ϱ is said to be informationally complete (IC). By carrying out an
IC set of measurements, a system of linear equations can be formed which allows to determine ϱ by simply
solving a linear inversion problem:

AXϱ = B
linear inversion−−−−−−−−→ Xϱ =

(
ATA

)−1ATB, (2)

whereA is anM× 4N-dimensional matrix withM the cardinality of the IC set. The matrixA is known as a
sensing matrix; it is defined by the chosen operator basis set {|i⟩⟨j|} and the set of measurement operators
{Πi } asAmn = Tr[ΠmEn], where En=i×2N+j = |i⟩⟨j|. The column matrix B consists of measurement
outcomes while the column matrix Xϱ in equation (2) is formed by flattening ϱ into a one-dimensional array
with entries ϱij, which are to be determined. This procedure of obtaining the density matrix is termed the
standard QST method.

However, while a density matrix reconstructed by standard QST has unit trace (ensured by including the
trace equation into equation (2)) and is Hermitian (by construction), it is not guaranteed to be positive
semi-definite. This problem can be quickly overcome by reformulating equation (2) into constrained
least-squares [67] or compressed-sensing optimization problems [112]. The widely used convex
optimization approach for QST is given by

min
Xϱ

∥AXϱ−B∥l2 +λ∥Xϱ∥l1 s.t. ϱ⩾ 0, (3)

where ∥ · ∥l2 and ∥ · ∥l1 denote the L2 and L1 norm, respectively. The L2 norm is the standard Euclidean
norm of a vector, while the L1 norm is the sum of the absolute values of all components. The scalar quantity
λ in equation (3) controls the sparsity of the solution vector Xϱ, which in this case is a reconstructed density
matrix.

The convex optimization problem in equation (3) can handle reduced data sets, but lacks control over the
number of variables in the optimization, making it experimentally flexible but computationally inadequate.
Common tools such as CVXPY [72], SDPT3 [113], and YALMIP [71], along with built-in optimizers like
self-dual-minimization (SeDuMi), semidefinite programming algorithm (SDPA), splitting conic solver
(SCS), cardinal optimizer (COPT), MOSEK, and others [114], which primarily use a
semidefinite-quadratic-linear programming (SQLP) approach [115], are typically employed to solve such
problems. However, these tools become insufficient for large-scale systems, often requiring many hours of
computation on a moderately configured laptop [116].

2.2. GD-QSTmethods
To address the issues outlined in section 2.1, we recast the QST task as a GD-assisted function minimization
problem and utilize a variety of parameterizations to maintain validity of the density matrix during the GD
optimization. The goal of our GD-QST algorithms is to find an optimal estimate of a quantum state,
expressed as a density matrix ϱ, by minimizing the loss function

L [Pϱ (θ)] =
∑
i

[Bi −Tr [ΠiPϱ (θ)]]
2
+λ∥Pϱ (θ)∥l1 , (4)
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Figure 1. Graphical illustration of our GD-QST methods. (a) Depiction of GD-QST employing CD (green), SM (yellow), and PN
(blue), starting from an ansatz ϱans. For CD and SM, GD updates occur within the space of physical density matrices; for PN, the
GD updates can go outside the physical space (black arrows) and are then projected back into the physical space (dashed blue
lines). All methods approach ϱopt, the optimal density matrix corresponding to the minimum loss. (b) Depiction of the behavior
of the loss function in a physical space as a function of iteration count.

where Pϱ(θ) is an abstract representation of ϱ with P an appropriate parameterization and θ the parameter
vector used to describe this ansatz. The first part of L[Pϱ(θ)] is least-squares error loss (equivalent to L2
norm), which minimizes discrepancy between observed data and the estimated state. The second part is L1
norm scaled by a hyperparameter λ, which primarily controls the sparsity of the estimated density matrix.

We employ vanilla GD (VGD) for the SM parameterization, and the Adam optimization algorithm (a
hybrid version of the momentum GD algorithm and the root-mean-square propagation algorithm) for the
CD and PN parameterizations (see figure 1 for a graphical illustration). The parameter update rules for VGD
and Adam are [117]

VGD : θt← θt−1− η ·∇L [Pϱ (θt−1)] , (5)

Adam : θt← θt−1− η · m̂t/
(√

v̂t + ϵ
)
, (6)

where∇L[Pϱ(θt)] is the gradient of the loss function with respect to θ in step t. The vectors m̂t and v̂t in
equation (6) are bias-corrected first and second moments (see appendix D for details). The hyperparameter
η denotes the step size (learning rate).

For both VGD and Adam, we employ mini-batch stochastic gradient descent, where the dataset is divided
into small batches, and gradient updates are performed by randomly selecting a mini-batch at each iteration.
This stochastic GD method accelerates convergence by avoiding local optima and saddle points while
improving the effectiveness of reaching global minima, with provable guarantees [118–120].

With equations (4)–(6) as the foundation of the GD-QST algorithms, we next detail the CD, SM, and PN
parameterizations in sections 2.2.1, 2.2.2, and 2.2.3, respectively.

2.2.1. Cholesky decomposition
Any arbitrary density matrix ϱ can be parameterized using a CD as

ϱCD = Pϱ (Tm) =
T†
mTm

Tr
(
T†
mTm

) . (7)

Here, Tm is anm× 2N-dimensional arbitrary complex matrix [35], which functions as a rank-controlled
ansatz. The parameter 1⩽m⩽ 2N gives the rank of ϱCD; however, in the literature, Tm is commonly
assumed to be a 2N× 2N-dimensional complex lower triangular matrix [27, 87, 88, 121]. From equation (7),
we see that ϱCD satisfies all three requirements of a density matrix: (i)ϱCD = ϱ†CD, (ii) Tr[ϱCD] = 1, and (iii)
⟨ψ|ϱCD|ψ⟩⩾ 0 ∀ψ.
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In this case, the loss function in equation (4) becomes

L [Pϱ (Tm)] =
∑
i

Bi −Tr

Πi
T†
mTm

Tr
(
T†
mTm

)
2

+λ

∥∥∥∥∥∥ T†
mTm

Tr
(
T†
mTm

)
∥∥∥∥∥∥
l1

(8)

and the GD updates are computed as

Tt
m

Adam−−−→ Tt+1
m . (9)

Equation (7) ensures the validity of the density matrix throughout the parameter update process in
equation (9). Note that, when applicable and relevant (typically in full-rank QST), we also assess the
performance of the CD parameterization with Tm defined as a lower triangular matrix (a full-rank ansatz),
which we refer to as CD-tri.

2.2.2. Stiefel manifold
Optimization on the complex SM [122, 123] can handle positivity and normalization constraints [124, 125].
Recently it has been employed, e.g. in compressive gate set tomography, where the gate set is parameterized
as a rank-constrained tensor [126], in QPT, where the SM is used to compute Kraus operators that constrain
the rank of the process [101], and in various other problems in quantum physics [127]. Moreover, [128]
presents a Python-based library for QST utilizing the SM framework. It focuses primarily on the geometric
aspects—such as tangent spaces and quotient manifolds—for navigating the manifold structure for the
optimization and handling gauge symmetry due to unitary invariance. In contrast to our GD-QST approach
with SM, however, it does not present a concrete or practical parametrization of the density matrix itself; for
example, it does not explain how the trace condition Tr(ρ) = 1 is enforced during optimization. Here,
drawing inspiration from the use of SM in QPT [101], we propose an SM-based parametrization for the
density matrix and give a detailed explanation of how it establishes the corresponding SM while ensuring
that all physical properties of the density matrix are fulfilled during the optimization process. This approach
is flexible: it supports a rank-controlled ansatz and facilitates pure-state tomography (with a rank-1 ansatz)
by directly reconstructing the underlying pure state as a vector.

To define a proper parameterization using the SM, consider the density-matrix representation

ϱ=
m∑
i=1

pi |ψi⟩⟨ψi|, (10)

where {|ψi⟩} and {pi } is a set ofm normalized pure states and their corresponding classical probabilities,
respectively, such that ⟨ψi |ψi⟩= 1∀i and

∑
i pi = 1. Motivated by equation (10), we stack the {|ψi⟩} and the

corresponding {pi } into a one-dimensional array

Wm =
[√

p1|ψ1⟩ · · ·
√
pm|ψm⟩

]T
. (11)

From equation (11), it directly follows that

W†
mWm =

[√
p1⟨ψ1| · · ·

√
pm⟨ψm|

]
√
p1|ψ1⟩
...√

pm|ψm⟩

= 1. (12)

The orthonormality condition in equation (12) defines the complex SM

St(k,1) =
{
Wm ∈ Ck×1 | W†

mWm = I1×1
}
, (13)

where k=m× 2N with N the number of qubits. A proper parameterization of the density matrix then
becomes

ϱSM = Pϱ (Wm) =Wm⊙W†
m, (14)

6
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where the vectorWm, an element of St(k,1), acts as a rank-controlled ansatz with rankm. Here,

Wm⊙W†
m =

∑
i

Wm [i]W†
m [i] =

m∑
α

pα|ψα⟩⟨ψα| (15)

denotes element-wise product followed by summation.
In this parameterization, the loss function becomes

L [Pϱ (Wm)] =
∑
i

[
Bi −Tr

[
Πi

(
Wm⊙W†

m

)]]2
+λ

∥∥Wm⊙W†
m

∥∥
l1
.

(16)

To minimize such a loss function by performing GD updates,W t
m

VGD−−→W t+1
m , and consistently preserve the

orthonormality constraint specified in equation (12) such that the updated vector remains on the SM
[W t+1

m ∈ St(k,1)∀t], is known as optimization on the SM. The adherence to the orthonormality constraint
can be ensured by a retraction procedure [124, 129].

The retraction procedure can be described briefly with three new quantities:

G̃= G/∥G∥l2 , A=
[
G̃ Wm

]
, B=

[
Wm −G̃

]
, (17)

where G=∇L[Pϱ(Wm)] is the standard gradient of the loss function with respect toWm. Using the Cayley
transform and the Sherman–Morrison–Woodbury formula [130], we can calculate (following the
supplementary material of [101]) the conjugate gradient as

∇∗L [Pϱ (Wm)] = A
(
I+

η

2
B†A

)−1
B†Wm (18)

and compute the updated vector according to the VGD rule in equation (5) as

W t+1
m =W t

m− η∇∗L [Pϱ (W t
m)] . (19)

Optimization on the SM thus both yields a valid density matrix during each iterative update and gives
control over the number of parameters in the optimization process by defining the initial rank of an ansatz
Wm.

2.2.3. Projective normalization
The parameterization using PN also starts from the density-matrix representation in equation (10). This

ansatz is defined by two column vectors: Cm =
[
p1 · · · pm

]T
andQm =

[
|ψ1⟩ · · · |ψm⟩

]T
. Using these

vectors, the density matrix can be written as

ϱPN = Pϱ (Cm,Qm) = Cm⊙Qm⊙Q†
m, (20)

where

Cm⊙Qm⊙Q†
m =

∑
i

Cm [i]Qm [i]Q†
m [i] . (21)

The loss function then becomes

L [Pϱ (Cm,Qm)] =
∑
i

[
Bi −Tr

[
Πi

(
Cm⊙Qm⊙Q†

m

)]]2
+λ

∥∥Cm⊙Qm⊙Q†
m

∥∥
l1
.

(22)

We perform the parameter-update process in two steps: (i) first, GD optimization is performed using the
Adam optimizer (equation (6)) to obtain updated values Ct+1

m andQt+1
m , then (ii) we perform PN separately

on them to obtain final updated vectors C̃t+1
m and Q̃t+1

m . This method of updating parameters with GD is an
example of ‘projected-gradient’ techniques in numerical optimization [131, 132].

Thus GD-QST using PN can be written as

Ctm =
[
pt1 · · · ptm

]T Adam−−−→ Ct+1
m =

[
pt+1
1 · · · pt+1

m

]T PN−−→ C̃t+1
m =

[
p̃t+1
1 · · · p̃t+1

m

]T
, (23)
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Qt
m =

[
|ψt

1⟩ · · · |ψt
m⟩
]T Adam−−−→Qt+1

m =
[
|ψt+1

1 ⟩ · · · |ψt+1
m ⟩

]T PN−−→ Q̃t+1
m =

[
|ψ̃t+1

1 ⟩ · · · |ψ̃t+1
m ⟩

]T
,

(24)

where the PN steps in equations (23) and (24) are defined by softmax function and norm division,
respectively:

p̃t+1
i =

ep
t+1
i∑

α e
pt+1
α

and |ψ̃t+1
i ⟩=

|ψt+1
i ⟩√

⟨ψt+1
i |ψ

t+1
i ⟩

. (25)

This equation ensures that the updated values of classical probabilities described by Cm are positive and sum
to one, and that the state vectors inQm are normalized, thereby producing a true density matrix. Moreover, it
also enables us to control the number of parameters in the optimization process through the initialization of
a rank-controlled ansatz defined by the two vectors (Cm,Qm).

We would also like to note that, in all our parameterizations; CD, SM, and PN, the gauge symmetry due
to unitary invariance lies in the respective ansatz—not in the density matrix ϱ. This implies that many
equivalent ansatz configurations correspond to the same unique physical density matrix. Consequently, this
gauge freedom in our GD-QST algorithms is in fact advantageous: it allows the GD optimizer to converge
more efficiently towards one valid solution, even from random initializations, since the ultimate goal is to
reconstruct the density matrix ρ, not the ansatz. This perspective is closely related to the notion of
purification: a general (mixed) density matrix can be realized by infinitely many ensembles {pi, |ψi⟩},
{qi, |ϕi⟩}, etc all yielding the same physical state. Given the experimental data, these representations are
indistinguishable and therefore equally valid. The specific solution obtained depends on the initial guess, but
always leads to the correct and unique density matrix.

2.3. Algorithms we benchmark against
In this subsection, we briefly outline some other algorithms that can be considered state of the art for QST.
These algorithms, CCO-QST using CVX, iMLE-QST, and CGAN-QST, are the ones we benchmark our
GD-QST algorithms in section 2.2 against.

2.3.1. Constrained convex optimization using CVX
The convex-optimization approach, combining least-squares minimization with L1 regularization, as
formulated in equation (3), is commonly solved using CVX [72]. An appropriate value of the parameter λ in
the L1 regularization allows us to determine a good sparse approximation of the density matrix using heavily
reduced data sets, provided the sensing matrixA in equation (3) meets the restricted-isometry property
conditions [112]. However, this approach lacks control over the number of variables in the optimization,
which scales asO(4N) for an N-qubit system, making it infeasible for practical purposes beyond a few qubits.

2.3.2. Iterative maximum likelihood estimation
The original iMLE formalism described in [133] is primarily based on expectation values of positive
operator-valued measures (POVMs), typically a set of projection operators, rather than a general set of
observables characterized by Hermitian matrices. The objective of the iMLE protocol is to determine the
density matrix ϱMLE that is most likely to generate the observed dataset {B} by maximizing the likelihood
function

L(ϱMLE|B) =
∏
j

⟨Pj⟩Bj , (26)

where Pj is the projection operator onto the jth eigenstate of a measurement apparatus (an eigenstate of a
Hermitian observable being measured) and ⟨Pj⟩= Tr(PjϱMLE) is the probability of the system being
projected onto this state; Bj is the frequency of occurrences.

Determining ϱMLE involves iteratively updating an initially guessed density matrix according to the rule

N [R(ϱt)ϱtR(ϱt)]→ ϱt+1, (27)

where

R(ϱt) =
∑
j

Bi
Tr
(
Pjϱt
)Pj (28)

is a positive semi-definite operator andN is normalization factor.
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2.3.3. Conditional generative adversarial networks
The objective of CGAN-QST is to reconstruct the density matrix using a competitive learning framework
involving a generator G and a discriminator D [87, 88, 134]. Both the generator and discriminator are
nonlinear functions, typically modeled as multilayer deep neural networks with parameters (θG,θD). In this
framework, the discriminator’s role is to distinguish between experimental data (real data) and data
generated by the generator (fake data). Through an iterative optimization process, the generator and
discriminator are trained to refine their respective performances, enabling the generator to produce data that
closely resembles the experimental data, allowing density matrix reconstruction.

The optimization is carried out in an iterative manner using standard GD. In each iterative step, θD is
updated by maximizing the expectation value

Ey∼pdata [ln(D(x,y;θD))]

+ Ez∼pz {ln [1−D(G(x,z;θG) ;θD)]} , (29)

where x is a conditioning vector [134, 135], y is sampled from the real data distribution (y∼ pdata), and
D(x,y;θD) represents the discriminator’s output for y conditioned on x. In the second term, z is drawn from
the noise distribution pz (z∼ pz), and G(x,z;θG) denotes the generator’s output for z conditioned on x.
Next, θG is updated by minimizing

Ez∼pz {ln [1−D(G(x,z;θG) ;θD)]} . (30)

In this way, the generator learns to mimic the real experiment, effectively functioning as G : x,z→ y
[87, 88, 134].

In the CGAN-QST approach, as demonstrated in [87, 88], the noise vector z is omitted, and the
conditioning input x to the generator is defined as the measurement data and measurement operators
(x→B,{Π}). The generator employs two custom-added layers: the first of these layers computes the density
matrix ϱG and the second layer generates expectation values as Tr(Πi ϱG). Subsequently, the discriminator
takes the experimental data B (used as the conditioning variable, x→B) along with the generated
measurement data as input and evaluates the discrepancy between the experimental and generated data in its
output. Through the training process (optimizing equations (29) and (30)), the generator progressively
learns the underlying density matrix, making it harder for the discriminator to distinguish between the
actual and generated data. The Python code for implementing CGAN-QST is available in [136].

2.4. Data sets for benchmarking
Here, we outline the data sets used to evaluate the performance of the QST protocols described in
sections 2.2 and 2.3, for both DV and CV systems. The data sets encompass types of quantum states
(section 2.4.1), observables (section 2.4.2), and a fidelity measure (section 2.4.3).

2.4.1. Quantum states
For the DV systems, we use several different types of quantum states. These include (i) a set of pure states, (ii)
a set of mixed states with varying rank, and two special states: (iii) the Hadamard state

|ΦH⟩=
[
(|0⟩+ |1⟩)/

√
2
]⊗N

(31)

and (iv) the GHZ state

|ΦGHZ⟩=
[(
|0⟩⊗N + |1⟩⊗N

)
/
√
2
]
. (32)

Similarly for CV systems, we apply our algorithms to various single-mode optical cat states, defined as
the quantum superposition of two coherent states with opposite sign:

|cat⟩ ∝ |ξ⟩+ | − ξ⟩, (33)

where

|ξ⟩= e−
1
2 |ξ|

2
∞∑
n=0

ξn√
n!
|n⟩ (34)

with ξ = reiϕ a complex parameter. In both cases, the quantum states are generated using QuTiP [137–139].
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2.4.2. Measurement operators
The significance of selecting an appropriate set of measurement operators {Πi } for QST has been thoroughly
examined in [39], where the optimal set {Πi } is defined based on achieving the lowest condition number of
the sensing matrixA, provided the set {Πi } is informationally complete. This choice enhances the robustness
of the QST protocol against errors. Therefore, inspired by this choice together with current experimental
platforms, we use the N-qubit Pauli matrices (easy to measure and also yielding a small condition number)
as our set of near-optimalmeasurement operators [39]: Π = {I,σx,σy,σz}⊗N for DV (multi-qubit) systems.

Similarly, in the case of CV systems, we utilize measurement data obtained from the Husimi Q function
by evaluating the expectation value of the operator Πm = (1/π)|βm⟩⟨βm|, where |βm⟩ is a coherent state
expressed in the Fock basis. This highlights the versatility of the proposed GD-QST algorithms, which can
operate with any choice of measurement-operator set.

Note that, in the CV case, our choice of measurement operators is motivated by several prior works [87,
88, 101, 140, 141], all of which employQ-function data for tomography. Importantly, the HusimiQ-function
can be obtained experimentally by applying a coherent displacement of amplitude β followed by
photon-number a measurement |n⟩⟨n|: Tr

(
|n⟩⟨n|D(−β)ρD†(−β)

)
. Thus, the underlying measurement is

still photon-number statistics, with the displacement operator D serving to generate a tomographically
complete dataset. We emphasize that photon-number measurements alone are not tomographically
complete and do not give information about local (relative) phases. This is conceptually analogous to qubit
state tomography, where one applies rotations such as Rx(π/2) and Ry(π/2) before measuring in the
computational basis.

2.4.3. State-fidelity measure
Throughout this article, we use the Uhlmann–Jozsa (UJ) fidelity metric to measure closeness between two
quantum states ρ and σ as [142]

F (ρ,σ) =

(
Tr
√√

ρσ
√
ρ

)2

. (35)

However, we note that the fidelity measure, while standard in quantum information science, may not always
fully capture the quality of state reconstruction, as highlighted in [143, 144]. Our choice to focus on fidelity
is motivated by the need to statistically benchmark the GD-QST methods across a broad range of states in a
consistent and comparable manner. Since other physical quantities, such as entanglement or purity, are
highly state-dependent, it is less meaningful to average them over different states for benchmarking
purposes. Nevertheless, we have supplemented our analysis by computing an additional physical quantity—a
global entanglement quantifier—the Meyer–Wallach Qmeasure [145, 146]

Q= 2

(
1− 1

N

N∑
i=1

Tr
(
ρ2i
))

, (36)

where ρi is the reduced density matrix of the ith qubit. The Qmeasure defined in equation (36) is used to
compute global entanglement in multi-qubit pure quantum states. As a demonstration, we evaluate this
quantity for N-qubit (up to 7 qubits) GHZ states reconstructed via GD-QST method and compare them to
their corresponding ideal values in appendix C.

With all algorithms, data sets, and the benchmarking metrics described in detail, we proceed to perform
numerical simulations. The numerical results presented in the following section were obtained on a standard
laptop with 18GB of RAM and no dedicated GPU.

3. Results

In this section, we assess the performance of the GD-QST algorithms in different scenarios through
numerical simulations on multi-qubit and CV systems. Specifically, we compare the CD, SM, and PN
parameterizations, and where applicable, benchmark them against several existing QST methods, including
the convex optimization algorithm using CVX, iMLE, and CGAN-QST. For DV systems, GD-QST is
compared with CVX, while for CV systems, it is compared with iMLE and CGAN. The original mathematical
framework of iMLE [133] is limited to POVMs and tends to diverge in the DV case; this is why iMLE is only
applied to CV systems here.

In section 3.1, we analyze the time complexity of our GD-QST algorithms by examining the number of
iterations and time per iteration needed to reconstruct the full density matrix with sufficiently high state
fidelity. As a case study, we provide in-depth numerical analysis for five-qubit systems, demonstrating the
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Figure 2. Time required for GD-QST algorithms to achieve a state fidelity of F > 0.99 for (a) full-rank states and (b) pure states,
as a function of the number of qubits in the system. The total time in each scenario is averaged over 30 randomly generated
full-rank and pure states. The legend indicates different methods: GD-QST with CD (teal circles), SM (orange squares), and PN
(green upward triangles), and the CCO tool CVX (black downward triangles). In panel (a), the PN algorithm is excluded for
systems with more than five qubits, and SM and CVX are excluded beyond six qubits, while in panel (b) CVX is omitted beyond
six qubits, due to their failure to converge within a reasonable time frame. Note that error bars are included in the figure, but they
are so small on the logarithmic scale that they are not visible.

advantage of selecting an ansatz with an appropriate rank, e.g. by leveraging prior knowledge about the
target density matrix such as purity or rank. We also highlight fast, high-dimensional pure-state tomography,
a special case of the rank-1 ansatz, which is particularly relevant for quantum computing and information
processing experiments.

In section 3.2, we show the efficacy of our GD-QST algorithms by implementing them on significantly
reduced data sets and demonstrate fast, high-quality reconstruction of the full density matrix. Then, in
section 3.3, we demonstrate the noise robustness of our GD-QST algorithms by applying them to noisy data
sets obtained from depolarizing and Gaussian noise channels. Finally, in section 3.4, we benchmark GD-QST
on CV systems by reconstructing the density matrix within a truncated Hilbert space. We plot the Wigner
functions derived from the reconstructed density matrices and compare them with the ideal Wigner function.

3.1. Time complexity
Here, we evaluate the computational time required for full state reconstruction using the GD-QST methods
described in section 2, for systems containing up to seven qubits. Figure 2 shows the performance of the
GD-QST algorithms with three different parameterizations: CD (teal), SM (orange), and PN (green), and
compares them to the CVX tool (black). Figures 2(a) and (b) display results for random full-rank and pure
states, respectively, with the x axis representing the number of qubits and the y axis indicating the total
computational time (in seconds, on a logarithmic scale) required to achieve state reconstruction with fidelity
greater than 0.99. A maximum of 800 iterations were used in all cases to ensure high convergence.

For full-rank states (figure 2(a)), a full-rank ansatz is used to reflect maximum time complexity. Here,
CVX demonstrates superior performance for smaller systems (up to four qubits); however, for

11



Quantum Sci. Technol. 10 (2025) 045055 A Gaikwad et al

Figure 3. GD-QST performance for a five-qubit system. (a) Reconstruction fidelity obtained using the parameterizations CD
(blue), SM (orange), PN (green), and CD-tri (red), as a function of the number of iterations. (b) Reconstruction fidelity as a
function of cumulative time. The sold lines represent average fidelity values calculated over 30 full-rank random states with full
rank-ansatz; shaded areas indicate respective standard deviation.

higher-dimensional systems (five qubits and beyond), the GD-QST methods with CD and SM
parameterizations outperform both PN and CVX. Notably, the PN algorithm is excluded for systems with
more than five qubits, and SM and CVX are excluded beyond six qubits, since they take too long to converge
then. We find that GD-QST with the CD parameterization emerges as the most effective algorithm for
high-rank state tomography in larger systems, with an average reconstruction time of approximately three
minutes for seven qubits.

For pure-state tomography (figure 2(b)), a rank-1 ansatz is used where possible, i.e. for the GD-QST
algorithms. In this case, GD-QST outperforms CVX in systems with more than three qubits. Among the
GD-QST parameterizations, SM performs best, reconstructing a seven-qubit pure state in approximately 15
seconds, compared to about 30 seconds for CD and PN. Note that traditional convex optimization methods
like CVX struggle with pure-state tomography due to the condition Tr(ρ2) = 1, which violates the
‘disciplined convex programming (DCP) ruleset,’ rendering them ineffective in reconstructing states with
such constraints. Thus, CVX provides no advantage when dealing with different ranks, as its time complexity
remains the same for both full-rank and pure states (also illustrated in figure 4(a)).

In summary, GD-QST with CD is the most effective algorithm for high-rank state tomography in larger
systems while SM is the most efficient for pure state reconstruction. Here, the total computational time
includes both state reconstruction and fidelity computation.

3.1.1. A case study: five qubits
As a case study, we provide an in-depth analysis for a five-qubit system. The results of this study are shown in
figure 3 (iteration and time complexity), figure 4 (complexity w.r.t. rank-varying states and ansatzes), figure 5
(handling reduced data sets), and figure 6 (noise robustness) in the main text, and figure 9 in appendix A.

In particular, figure 3(a) demonstrates the performance of our GD-QST algorithms for a five-qubit
system using CD (teal), SM (orange), PN (green), and CD with a lower-triangular matrix as ansatz (CD-tri,
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Figure 4. Time complexity analysis with respect to rank-varying state and rank-varying ansatz for a five-qubit system. (a) Time
complexity of GD-QST (with the ansatz having the same rank as the state) and CVX for reconstructing states of specific rank with
F > 0.99. (b) Time (in milliseconds) per iteration as a function of the rank of the ansatz. (c) Time complexity of GD-QST of
five-qubit rank-1 states as a function of the ansatz rank. In all scenarios, the time complexity is averaged over 30 randomly chosen
mixed states of a respective rank for each data point. The CVX case is not presented in panels (b) and (c) since it does not support
rank-controlled ansatzes. The CD-tri case is also omitted because it does not achieve high fidelity, either within the specified
number of iterations or in reasonable time. Note that error bars are included in the figure, but they are so small on the logarithmic
scale that they are not visible.

red), in terms of reconstruction fidelity (y axis) as a function of the number of iterations (x axis). Similarly,
figure 3(b) shows fidelity as a function of time (measured in seconds, on the x axis). The average fidelity
(solid curves) and the corresponding standard deviation (shaded area) is calculated over 30 random
full-rank five-qubit states with a full-rank ansatz.

Figure 3 clearly shows that arbitrary five-qubit states can be tomographed with very high fidelity
(infidelity approaches as low as≈10−2 to 10−3) within 800 iterations and in a relatively short time:
approximately one second for CD, five seconds for SM, and 15 seconds for PN, which also can be seen in
figure 2. However, the CD-tri approach fails to achieve high fidelity within 800 iterations; hence it is omitted
in most of the analysis in the following sections.

3.1.2. Advantage of rank-controlled ansatz
In figure 4, we present a comprehensive investigation of the time complexity of GD-QST algorithms for a
five-qubit system, focusing on the ranks of both the target states and the ansatzes. We highlight one of the
main features of our GD-QST algorithms—the flexibility to initialize the algorithms with an ansatz of a
specified rank r, which significantly reduces the parameter space in the optimization process, resulting in
faster computation. This approach yields the optimal rank⩽ r approximation of the density matrix.

In figure 4(a), we calculate the total time (y axis) required to reconstruct an arbitrary five-qubit density
matrix of a given rank (x axis) when the ansatz has the same rank as the state, a scenario with
optimal/minimum time complexity. As expected, it is evident that high-rank quantum states generally
require more time for reconstruction than low-rank states. The figure also highlights that low-rank quantum
states (r⩽ 7) are reconstructed more efficiently using GD-QST algorithms than with CVX, whose
performance is independent of the rank of the target state. Furthermore, across all rank values, the CD and
SM algorithms demonstrate faster reconstructions than both PN and CVX.

Furthermore, in figure 4(b) we display the time required per iteration (in milliseconds, on the y axis) as a
function of the rank of the ansatz (x axis). Our numerical results show that the time required for one iteration
using GD-QST with CD is independent of the ansatz rank (also shown in the first column in figure 9), which
explains why CD outperforms other algorithms in full-rank reconstruction, as shown in figure 2.

Additionally, figure 4(b) illustrates that for SM and PN, selecting an appropriate rank for the ansatz can
significantly reduce the total reconstruction time, since the time required for one iteration monotonically
increases with the rank value (further demonstrated in the second and third columns of figure 9,
respectively). For low-rank states (r< 6), SM outperforms CD and PN, making it a favorable option for
pure-state tomography (also shown in figure 2(b)). This is particularly relevant in experimental quantum
computing and information processing, where the states of interest are predominantly pure.

We highlight that the time to achieve faster convergence in the GD optimization process is influenced by
the choice of batch size, as shown in the first row of figure 12 in appendix D. This flexibility in selecting the
batch size, commonly referred to as ‘mini-batch GD optimization’, offers a key advantage of our GD-QST
algorithms, allowing for tailored optimization based on specific computational needs.

Moreover, in figure 4(c), we apply our GD-QST algorithms to five-qubit pure (rank-1) states. using
ansatzes with different rank values, and measure the average computation time required to achieve a fidelity
greater than 0.999 in each case. The numerical results indicate that selecting an appropriate ansatz rank (x

13



Quantum Sci. Technol. 10 (2025) 045055 A Gaikwad et al

Figure 5. Quantum state tomography of five-qubit (a) Hadamard state, (b) GHZ state, and (c) random sparse pure states, using
reduced data sets of varying sizes. In all cases, the average fidelity (solid line) and the corresponding standard deviation (shaded
area) are calculated by randomly sampling reduced data sets of given size from the full data set 15 times. For panel (c), the fidelity
is further averaged over 15 random sparse pure states. For all cases, the rank of the ansatz for the GD-QST methods is set to one.

axis) significantly reduces reconstruction time (y axis). In contrast, using a higher-rank ansatz offers no
additional information and unnecessarily increases both computation time and cost. This feature of being
able to select an appropriate ansatz with desired rank is an important advantage over standard QST methods,
where the optimization space is a full-rank density matrix.

3.2. Reduced data sets
In the previous subsection, we focused on computational complexity with a complete data set. However, this
complexity can be further reduced by using smaller data sets, as long as high-fidelity reconstruction is
achieved. Here, we evaluate the performance of our GD-QST algorithms on reduced data sets. This analysis
is particularly relevant for experiments, where acquiring tomographically complete (exponentially large)
data sets becomes impractical for high-dimensional systems. For reduced data sets, the convex optimization
method in equation (3) with non-zero λ is a widely used QST protocol. However, as shown in figure 2, the
computational time required for CVX grows exponentially with the size of the system, making it
experimentally efficient but computationally inefficient for moderately sized systems.

In figures 5(a), (b) and (c) we numerically demonstrate the performance of our GD-QST algorithms
using data sets of varying sizes (x axis) for three cases: (i) a five-qubit Hadamard state [105], (ii) a five-qubit
maximally entangled GHZ state, and (iii) five-qubit random sparse pure states, respectively (cf section 2.4.1).
We show that, in all three cases, states can be efficiently reconstructed using substantially reduced data sets
across all parameterizations; the full data set size is 45 = 1024. For the Hadamard state, the CD algorithm
performs clearly best, managing with a data set as small as≈150 points to achieve high-fidelity
reconstruction; the other methods require≈400 data points. For the GHZ state, all methods achieve accurate
reconstruction with a reduced data set size of≈400, except for the PN parameterization, which fails to
produce good reconstruction results. In the case of random sparse pure states, CD, SM, and CVX perform
better than PN and CD-tri, requiring data set sizes as small as≈150.

We note that the numerical results in figure 5 are specific to the states there and cannot be immediately
generalized to other quantum states, as the data requirements for QST primarily depend on the
characteristics of the target state. Low-rank and sufficiently sparse states typically require fewer
measurements, whereas high-rank and less sparse states demand more data. Nevertheless, we demonstrate
that GD-QST algorithms can perform full QST efficiently, even when dealing with informationally
incomplete data sets, making it experimentally as well as computationally practical.

3.3. Robustness to noise
We now turn to analyzing the robustness of our GD-QST algorithms to noise in the data. In practical
scenarios, experimental data often becomes corrupted due to various factors such as decoherence processes,
noisy channels, imperfect measurements, statistical limitations (finite ensemble size/shots), and hardware
imprecision, leading to information loss during the state reconstruction process using traditional
tomography methods. In these situations, the reconstruction algorithm must be resilient to errors in the data
to recover information accurately and precisely. Here, we apply our GD-QST algorithms to noisy data sets
with custom-added Gaussian and depolarizing noise. We focus on the quality of the reconstruction rather
than its time complexity.

We also emphasize that pure states are particularly relevant in quantum computing and
information-processing tasks, where information is encoded into pure states by initializing all qubits in the
ground state and performing unitary gate operations that encode information into the final output state.
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Figure 6. Quantum state tomography of five-qubit pure states under (a) depolarizing and (b) Gaussian noise. In both scenarios,
the average fidelity and the standard deviation are computed over 30 randomly generated pure states. The x axis in (a) shows the
strength of the depolarizing noise, while the x axis in (b) is the variance of the Gaussian noise channel.

Ideally, the output state remains pure, but due to decoherence and unavoidable statistical and systematic
errors, the target state may deviate from the pure-state space, leading to Tr(ϱ2)< 1, resulting in information
loss when using conventional QST methods for reconstruction. In such cases, our GD-QST methods, applied
with a rank-1 ansatz, ensure pure-state reconstruction by effectively mitigating and filtering out incoherent
errors during the reconstruction process, enabling more accurate recovery of the desired information.

In figures 6(a) and (b), we demonstrate the robustness of our GD-QST algorithms against depolarizing
and Gaussian noise, respectively, for five-qubit pure states. The results highlight the algorithm’s ability to
recover information with greater accuracy by reconstructing quantum states with high fidelity.

Figure 6(a) illustrates a scenario where the target state, containing the desired information, becomes
corrupted due to a depolarizing noisy channel. This situation commonly arises when transmitting a
quantum state through a quantum channel, as in quantum state transfer or distributed quantum computing
protocols, leading to noisy measurement data: B̃i = Tr(Πi ϱdepo) [147]. Here, the corrupted quantum state
under depolarizing noise is given by ϱdepo = (1− ε)ϱ+ ε

2N I, where ϱ is the original quantum state and ε
represents the strength of the depolarizing noise. Figure 6(a) shows that the GD-QST algorithms with a
rank-1 ansatz are able to recover the original state, enabling more accurate recovery of encoded information
than CVX and CD-tri, which lack the flexibility to choose the rank of the ansatz. Within the GD-QST
framework, CD outperforms SM and PN in terms of robustness, as it reconstructs the original quantum state
with higher fidelity, even at ε= 0.9.

We note that although the CD and PN representations are mathematically equivalent for a rank-1 ansatz
and should, in principle, exhibit similar behavior, they display differences in figure 6(a). We attribute these
differences to the optimization procedure. In the CD approach, the state is normalized at every Adam step,
while in the PN approach, normalization is applied separately and is not embedded within the Adam update.
These different gradient-update schemes can lead to different final outcomes of the optimization.

Similarly, in figure 6(b), we consider Gaussian noise, a scenario relevant to faulty measurements caused
by statistical and systematic errors. This leads to noisy measurement outcomes, B̃i, sampled from a Gaussian
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Figure 7. Quantum state tomography of single-mode optical cat states. (a) Reconstruction fidelity obtained by CD (blue), SM
(orange), PN (green), iMLE (red), and CGAN (black) as a function of the number of iterations. (b) Reconstruction fidelity as a
function of cumulative time. The fidelity is averaged over 20 randomly generated single-mode optical cat states
|cat⟩ ∝ |ξ⟩+ | − ξ⟩ with |ξ|= r= 2 and ϕ ∈ [0,2π].

distribution with mean Bi = Tr(Πi ϱ) and variance σ2. The results in figure 6(b) demonstrate that, for noise
levels with variance (x axis) up toO(10−1), GD-QST with a rank-1 ansatz is able to reconstruct the original
pure quantum state with sufficiently high fidelity, whereas CVX and CD-tri fail to achieve high-quality
reconstruction. We observe that, in the presence of Gaussian noise, all three parameterizations (CD, SM, and
PN) perform equally, with no significant advantage of one over the others.

3.4. Continuous-variable systems
We now turn from DV systems to instead implement our GD-QST algorithms for CV systems and
benchmark them against two existing CV QST methods: CGANs [87] and iMLE [133]. We apply our
algorithms on single-mode optical cat states, as described in section 2.4.1, using measurement data obtained
from the Husimi Q function, as described in section 2.4.2. We set |ξ|= r= 2 and choose the phase ϕ
randomly from the interval [0,2π]. Finally, we set the truncated Hilbert-space dimension to 32 and define the
probe parameter βm = xm + i ym, with xm,ym ∈ [−4,4] in steps of 32 (a 32× 32 grid), resulting in a total of
1024 measurement operators.

In figure 7, we show that the GD-QST algorithms for CV systems can reconstruct single-mode optical cat
states with high fidelity in under 10 seconds. The results in figure 7(a) indicate that the CGAN requires only
500 iterations to achieve high reconstruction fidelity, while other methods, including our GD-QST
algorithms and iMLE, require approximately 3000− 5000 iterations. However, as depicted in figure 7(b), the
PN algorithm demonstrates superior performance compared to CD, SM, iMLE, and even CGAN in terms of
fidelity and reconstruction time; SM and CD perform similarly to CGAN.

Furthermore, in figure 8, we present a comparison between the Wigner functions of a cat state (ξ= 2)
obtained from reconstructed density matrices employing various QST methods and the ideal Wigner
function derived from the ideal density matrix. The reconstructed Wigner functions exhibit remarkable
correspondence with the ideal Wigner function, affirming the successful application of the GD-QST
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Figure 8.Wigner function of the cat state |cat⟩ ∝ |2⟩+ | − 2⟩, reconstructed from the density matrix using the (b) iMLE, (c)
CGAN, (d) CD, (e) SM, and (f) PN methods. Panel (a) shows the ideal Wigner function computed from the ideal density matrix.
In all cases, the state fidelity is F > 0.999, and the color scale is consistent across all plots.

algorithms for CV systems. All plots in figure 8 are on the same color scale. In appendix B, we also provide
additional numerical results for GD-QST applied to high-amplitude cat states.

4. Conclusion and outlook

We have introduced several GD techniques with tailored density-matrix parameterizations, including CD,
SM, and PN, designed to support rank-controlled ansatzes for efficient QST. Through numerical
simulations, we demonstrated the benefits of rank-controlled ansatzes in significantly reducing
computational time complexity during QST data post-processing. Furthermore, we highlight that the ability
to select the rank of an ansatz effectively mitigates decoherence effects in state reconstruction while enabling
highly accurate information recovery in pure-state tomography.

Compared to state-of-the-art approaches such as CCO based on CVX [58–68], iMLE [55–57, 133],
CGAN-QST [87, 88], and other gradient-based QST methods [104–106, 110, 128], our GD-QST framework
offers greater flexibility in data processing and optimization. This includes controllable stochasticity via
adjustable mini-batch sizes, tunable parameter complexity through rank-constrained ansatze, and adaptive
optimization enabled by the Adam optimizer. Moreover, our proposed parameterizations (CD, SM, and PN)
within the GD framework guarantee physical validity of the reconstructed states at every iteration. As a
result, GD-QST demonstrates strong performance across key criteria, including reduced data requirements,
enhanced robustness to noise, lower computational overhead, and high reconstruction fidelity.

Note that, in real experimental settings, the true rank of the target state is typically unknown. Selecting a
suitable rank of the corresponding ansatz then depends on the specific tomography problem and the
experimental objective. For example, in many quantum computing experiments, information is encoded in
pure states, and protocols such as state transfer involve sending such states through a (generally noisy)
quantum channel. If the goal is to recover the encoded information, a rank-1 ansatz can often suffice, as it
allows one to reconstruct the pure state with high accuracy, while effectively filtering out non-unitary effects
introduced by noise. This is illustrated in figure 6, where we demonstrate high reconstruction fidelity of a
pure state from noisy data. However, at present, the GD-QST algorithms do not support adaptive rank
selection.

We demonstrated the effectiveness of our GD-QST algorithms on both discrete- and continuous-variable
(DV and CV) systems, achieving full-rank QST of a seven-qubit system in under three minutes on a standard
laptop. The reason that we did not test GD-QST on larger systems was primarily memory constraints. Since
the proposed GD-QST algorithms address the data-processing step of QST, they still require measurement
data to be generated/measured and stored in advance. All numerical simulations were performed on a
standard laptop with 18GB of RAM and no dedicated GPU; with this amount of memory, it was not feasible
to compute and store the data involving 4N Pauli operators for N > 7. However, with more advanced
hardware, it should be possible to increase the system size to several qubits more.

Moreover, our numerical analysis showed that GD-QST algorithms generally outperform other methods
that are standard in the field, emphasizing the importance of selecting the appropriate parameterization for
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faster convergence. Specifically, for DV systems, SM was the most effective parameterization for pure states,
while CD excelled for high-rank states. Interestingly, in CV systems, PN outperformed all other methods,
including iMLE and CGAN.

We further demonstrated that our GD-QST algorithms are robust against noise in data sets and
efficiently handle reduced data sets, achieving highly accurate reconstruction of the underlying density
matrix with excellent fidelity. Moreover, these algorithms are remarkably versatile in terms of the choice of
measurement operator sets. They can seamlessly operate with Hermitian observables, as shown in DV
systems, and projection operators, as demonstrated in CV systems. This adaptability contrasts with current
methods, such as iMLE or accelerated projected-gradient maximum likelihood estimation [57, 148], where
existing implementations are restricted to specific types of operators only, typically a set of POVMs or
projection operators, rather than a general Hermitian operator set.

The reason for the variation in performance for the different parameterizations is not fully understood,
but part of the explanation may lie in the choice of measurement operators. In the case of PN, we technically
have two vectors to compute gradient updates, whereas CD and SM only use one. Intuitively, for an arbitrary
set of measurement operators, PN should take more time than SM and CD, which aligns with our
observations. However, the key aspect of PN is the projection step, which can project the GD-updated vector
anywhere on the space of physical states. The exact projected vector (state) after the GD step depends on the
measurement operators we have, particularly their structure (somehow gradient information is erased after
projection unless we have some directional preference even during/after the projection step). For instance,
projectors have an outer product structure, which provides projection information with a directional
preference, but general Hermitian operators may not provide such directional information and partially
erase gradient direction.

Another difference between parameterizations is that the time per iteration for SM varies (it is low for
low-rank ansatzes and high for high-rank ansatzes), while for CD, it remains constant. Therefore, one might
expect CD to perform better overall, while SM performs better for low-rank states, assuming that the total
number of iterations for both CD and SM is the same.

Considering the results presented here, we are optimistic that GD-QST can be of great use in
characterizing a large variety of DV and CV systems in the ongoing development of quantum technologies.
To facilitate such applications, we have made our codes for GD-QST freely available [111].

As an outlook, we note that it remains an open challenge not only to fully understand which
parameterization is most suited for a particular situation, but also to find the optimal hyperparameters for a
given algorithm and system dimension. As another possible future research direction, the proposed GD-QST
algorithms can be extended to GD-QPT for N-qubit processes by leveraging its connection with
ancilla-assisted QPT, as implied by the state-channel duality theorem. The GD paradigm could potentially be
extended also to other types of tomography, e.g. detector tomography.
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Appendix A. Detailed results on rank-varying ansatzes

In figure 4 in section 3.1.2, we presented results on time complexity for ansatzes and states of varying rank in
a five-qubit DV system. Here, in figure 9, we provide further results for the reconstruction fidelity and the
corresponding time complexity as a function of the number of iterations, for different rank values of the
ansatz. The first, second, and third columns show results for the CD, SM, and PN parameterizations,
respectively, while the first and second rows indicate time complexity and reconstruction fidelity,
respectively. The lines follow a color scale where sky blue represents lower-rank ansatzes, while dark pink
indicates higher rank.
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Figure 9. Time complexity (time per iteration) and reconstruction quality as a function of the ansatz rank for GD-QST in a
5-qubit system. The first row shows cumulative time as a function of the number of iterations, while the second row displays the
average reconstruction fidelity over 30 random states as a function of the number of iterations. The three columns correspond to,
from left to right, the CD, SM, and PN parameterizations.

In all cases, it is evident that as the rank of the ansatz increases, the reconstruction fidelity also improves,
as shown in the second row, which is expected. The first row of the figure shows that the cumulative time
grows linearly with the number of iterations for a given ansatz. For SM and PN, our numerical results
indicate that the slope (i.e. time per iteration) increases as the rank of the ansatz increases. Interestingly, for
CD, the slope remains constant, regardless of the rank of the ansatz.

Appendix B. GD-QST of high amplitude cat states

In this appendix, we perform additional numerical simulations of GD-QST for high-amplitude cat states. In
previous work [149], tomography of high-amplitude optical states was demonstrated using a CD-based
parametrization. Here, we implement GD-QST algorithms using CD, SM, and PN parameterizations with
rank-1 ansatz to reconstruct high-amplitude cat states. In figure 10, the first and second column correspond
to |ξ |= 10 and 30, respectively (see section 2.4.1 for the definition of cat states). In the first row, we plot
fidelity as a function of iterations while the second row shows fidelity as a function of time. These results
illustrate the effectiveness of the GD-QST algorithms across a wide range of amplitudes. Notably, GD-QST
using CD, SM, and PN (with rank-1 ansatz) is able to reconstruct cat states with remarkably high fidelity
within just 1000 iterations. In terms of time, SM turns out be slightly faster than CD and PN.
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Figure 10. GD-QST of high amplitude cat states. The first and second rows show the iteration count and runtime (x axes),
respectively, required to achieve high fidelity (y axis). The fidelity is averaged over 20 randomly generated single-mode optical cat
states |cat⟩ ∝ |ξ⟩+ | − ξ⟩ with |ξ|= r= 10 (first column) and 30 (second column) and ϕ ∈ [0,2π].

Appendix C. Meyer–WallachQmeasure for GHZ states

Here, we evaluate the Meyer–Wallach Qmeasure—an additional physical quantity beyond state
fidelity—defined in equation (36), for multi-qubit GHZ states of up to seven qubits. A straightforward
analytical calculation shows that, for an N-qubit GHZ state, the ideal Q value is Qideal = 1, independent of N.
Figure 11 shows histograms illustrating the accuracy of Q-measure estimates obtained from reconstructed
GHZ states using GD-QST with the parameterizations CD (blue), CD-tri (orange), SM (green), and PN
(red). The x axis shows the number of qubits, while the y axis indicates the Q-measure error, defined as
∆Q= |Qideal−Qest|. The results demonstrate that GD-QST not only reconstructs the density matrix with
high fidelity but also recovers this additional physical quantity with remarkable accuracy. Among the tested
parameterizations, CD consistently provides the most precise estimates of the density matrix—and
consequently of the Qmeasure—across all qubit numbers, outperforming CD-tri, SM, and PN.

Figure 11. Global entanglement of multi-qubit GHZ states, quantified via the Meyer–Wallach Qmeasure, for states reconstructed
using GD-QST with parameterizations CD (blue), CD-tri (orange), SM (green), and PN (red). The x-axis denotes the number of
qubits, while the y-axis shows the Qmeasure error,∆Q= |Qideal −Qest|. Note that, for N-qubit GHZ state the ideal value of
Q-measure is equal to 1.
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Appendix D. Adam algorithm for gradient descent and hyperparameters

In this appendix, we provide additional details on the algorithm we used for the GD optimization (see
section 2.2), and on the optimization of the hyperparameters in the GD-QST algorithms. For the case of the
CD and PN parameterizations, we used the Adam optimizer [150], a hybrid version of the momentum GD
algorithm and the root mean square propagation algorithm, with decaying step size, to carry out the GD
optimization. The complete parameter update process of the Adam optimization algorithm is given in
algorithm 1.

Note that βt
1 and β

t
2 in lines 6 and line 7 of the algorithm denote β1 and β2 to the power t, respectively,

not the iteration step count. In the Adam algorithm, all vector operations are performed element-wise. We
used the Python-based optimization libraries OPTAX [151] and JAX [152] to perform GD optimization with
Adam.

Algorithm 1. Adam optimization algorithm.

Input: {Bi } (data set), {Πi } (observable set), λ (L1-regularization), η (step size), decay rate (α), batch size (s), max iter
Output: ϱ (Reconstructed density matrix)
Initialize: θ0 (ansatz), β1 = 0.9, β2 = 0.999,m0 = 0, v0 = 0, ϵ= 10−8, η0 = η
1: for t← 1, . . .,max iter do
2: ηt← α ∗ ηt−1 ▷ Decaying step size
3: Gt←∇L[Pϱ(θt−1)] ▷ Gradients w.r.t. θt

4: mt← β1 ·mt−1 +(1−β1) ·Gt ▷ Biased 1st moment
5: vt← β2 · vt−1 +(1−β2) ·G2

t ▷ Biased 2nd moment
6: m̂t←mt/(1−βt

1) ▷ Bias-corrected 1st moment
7: v̂t← vt/(1−βt

2) ▷ Bias-corrected 2nd moment
8: θt← θt−1− ηt · m̂t/(

√
v̂t + ϵ) ▷ Updated ansatz

9: end for
10: Return: θt,Pϱ(θt) ▷ Resulting ansatz and density matrix

Figure 12. Numerical optimization of batch size s (top row) and step size η (bottom row) for five- (first column), six- (second
column), and seven-qubit (third column) systems using the CD method. The y axis shows the average reconstruction fidelity over
30 random states with a full-rank ansatz, and the x-axis indicates total time (in seconds). The optimal batch size is found to be in
the range of 50–500, while a suitable step size lies between 0.05 and 2.
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In our GD-QST algorithms, we focus on optimizing four key hyperparameters: batch size, step size η,
decay rate, and the L1-regularization parameter λ. Meanwhile, we use default values for the other
hyperparameters required for the Adam algorithm, specifically: β1 = 0.9, β2 = 0.999, and ϵ= 10−8, as
recommended in [150]. Additionally, we deliberately set the L1-regularization parameter λ to zero in all
cases, since its value primarily depends on the sparsity of the target density matrix and the target states we
consider are entirely random. However, we note that when the sparsity of the target density matrix is known,
choosing an appropriate λ ̸= 0 and using a significantly reduced data set can enhance the reconstruction of
the density matrix compared to cases with λ= 0. Similarly, we set the decay rate (α) to 0.999, keeping it
slightly below 1 to maintain stability near the optimum for all cases.

Furthermore, we use a stochastic mini-batch GD technique as described in section 2.2, which not only
enables optimization tailored to specific computational needs but also helps avoid becoming trapped in local
minima. Within the mini-batch gradient framework, larger batch sizes generally lead to convergence in fewer
iterations, but each iteration takes longer and demands more memory usage from the computational device.
On the other hand, smaller batch sizes generally require more iterations to reach convergence, but each
iteration is faster. Therefore, optimizing the batch size is tricky, as the total time to achieve convergence
depends on the interplay between batch size, the number of iterations, and the time per iteration.

With other parameter values established, we optimize the batch size s and the step size η. Note that the
maximum batch size is the size of the entire data set, which in our case is 4N . In figure 12, we present results
for ranges for s in the top row and η in the bottom row for a five- to seven-qubit system using the CD
parameterization. It appears that a batch size between approximately 150 and 500 performs better than very
small (<150) or very large (>500) values, while the optimal step size is found to be in the range of around
0.5 to 2. These values are determined statistically by applying the GD-QST algorithm to randomly selected
states, aiming to achieve faster reconstruction (minimizing computation time) and improved reconstruction
fidelity. However, [150] recommends using a batch size between 50 and 250, which also overlaps with the
range we obtained for mini-batch GD.

Similarly, for the SM case, the optimal range of the step size is 0.1–0.5, while for the PN case, the optimal
range is on the order of 10−3. Nevertheless, one can further optimize these values by varying η in
conjunction with α. In any case, our GD-QST algorithm, which employs the mini-batch gradient method,
can be efficiently executed on a low-end computational device without requiring extensive memory
resources (a standard laptop with as low as 18GB of RAM and no dedicated GPU is sufficient to perform
full-rank seven-qubit GD-QST in under three minutes). This contrasts with the batch gradient method
(which processes the entire dataset simultaneously), where devices with similar configurations are unable to
perform the GD computations within a reasonable time frame.
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