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Abstract
We study local algebras, which are structures similar to Z-graded algebras concentrated in
degrees −1, 0, 1, but without a product defined for pairs of elements at the same degree ±1.
To any triple consisting of a Kac–Moody algebra g with an invertible and symmetrisable
Cartan matrix, a dominant integral weight of g and an invariant symmetric bilinear form
on g, we associate a local algebra satisfying a restricted version of associativity. From it,
we derive a local Lie superalgebra by a commutator construction. Under certain conditions,
we identify generators which we show satisfy the relations of the tensor hierarchy algebra
W previously defined from the same data. The result suggests that an underlying structure
satisfying such a restricted associativity may be useful in applications of tensor hierarchy
algebras to extended geometry.

Keywords Integer-graded Lie superalgebras · Local Lie superalgebras · Kac-Moody
algebras · Non-associative algebras

Mathematics Subject Classification (2010) 17A30 · 17B60 · 17B67 · 17B70

1 Introduction

The concept of local Lie algebras have played an important role in the classification of simple
irreducible Z-graded Lie algebras [1] (and thus to the development of Kac–Moody algebras)
by providing a “seed” at degrees −1, 0, 1 in the construction. The concept can obviously
be generalised from Z-graded Lie algebras to general Z-graded algebras. However, it seems
that such “local algebras” have not been studied much in cases other than those where
the Z-graded algebra is a Lie algebra or a Lie superalgebra [2]. Still in the context of Lie
(super)algebras, it might for example be interesting to consider the commutator in a “local
associative algebra”. It then turns out that the associative law is relevant only when at least
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1370 M. Cederwall, J. Palmkvist

one of the three involved elements has degree zero. In the present paper, we introduce the
concept of focal associativity for local algebras where the associative law is restricted to
these cases. We will show that such a structure can be seen as underlying tensor hierarchy
algebras, which are infinite-dimensional generalisations of Cartan-type Lie superalgebras
[3–5]. Tensor hierarchy algebras, originally used in the context of gauged supergravity [6],
have proven very useful in the framework of extended geometry, where diffeomorphisms are
unified with gauge transformations in supergravity theories [7–12].

The paper is organised as follows. In Section 2 we introduce the concept of local algebras,
generalising the concept of local Lie algebras introduced byKac [1], whichwe also specialise
to contragredient local Lie superalgebras. We will show how any contragredient local Lie
superalgebra GL gives rise to a focally associative local superalgebra G�, which in turns
gives back a different local Lie superalgebra G� with the commutator in G� as the bracket.
In Section 3 we show how a contragredient local Lie superalgebra BL can be defined from
a triple (g, λ, κ), where g is a symmetrisable Kac–Moody algebra, λ is a dominant integral
weight of g and κ is an invariant symmetric bilinear form on g. This contragredient local
Lie superalgebra BL is the local part of a contragredient Lie superalgebra B, which is also a
Borcherds–Kac–Moody superalgebra [2]. In Section 4 we recall the definition by generators
and relations of a tensor hierarchy algebra W from the same data (g, λ, κ), under some
further conditions [4]. We then apply the construction in Section 1 to the contragredient Lie
superalgebra BL defined in Section 2. We identify the generators of W with elements in B�

and show that they generate a subalgebra where the defining relations of W are satisfied up
to an ideal intersecting the degree-zero subspace trivially.

2 Local Algebras

2.1 Definitions

Let the ground field K be any algebraically closed field of characteristic zero.
We start by recalling that a Z-graded algebra is a Z-graded vector space U = ⊕

k∈ZUk

together with a degree-preserving linear map U ⊗U → U , where the Z-grading on U ⊗U
is given by (U ⊗ U )k = ⊕

i+ j=k Ui ⊗ Uj . Similarly, we define a local algebra as a Z-
graded vector space U = U−1 ⊕ U0 ⊕ U1 together with a degree-preserving linear map⊕

k=−1,0,1(U ⊗ U )k → U . The image of a simple tensor u ⊗ v is generally called product
(as well as the map itself) and denoted uv, but in the Lie cases below, it will be called bracket
and denoted [u, v] or �u, v�. Note that this notion of “locality” has nothing to do with the
usual one for rings and algebras. In particular, a local algebra is actually not an algebra since
the product is not defined for any pair of elements.

In a Z-graded or local superalgebra, the product is also degree-preserving with respect to
an additionalZ2-grading,U = U(0)⊕U(1). TheZ-grading is consistent ifUi ⊆ U( j) whenever
i ≡ j (mod 2). In powers of −1, we will simplify the notation and write, for example,
(−1)uv for homogeneous elements u, v, where the exponent is actually the product of their
Z2-degrees. We will also use subscripts to denote Z-degrees of homogeneous components
of elements, for example, u = ∑

k∈Z uk in a Z-graded superalgebra, and u = u−1 + u0 + u1
in a local superalgebra. Clearly, any Z-graded algebra U gives rise to a local algebra by
restricting the vector space to the subspaceU−1 ⊕U0 ⊕U1 and the domain of the product to⊕

k=−1,0,1(U ⊗U )k . This local algebra is called the local part of the Z-graded superalgebra
U .
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Tensor Hierarchy Algebras and Restricted Associativity 1371

We say that a local algebra is focally associative if the degree-zero subspace associates
with any element, that is, if the identity (uiv j )wk = ui (v jwk) holds whenever all involved
products are defined and at least one of the three indices i, j, k is zero. Thus the following
13 identities are satisfied for any u, v, w in a focally associative local algebra,

(u0v0)w0 = u0(v0w0) , (2.1)

(u±1v0)w0 = u±1(v0w0) , (2.2)

(u0v0)w±1 = u0(v0w±1) , (2.3)

(u0v±1)w0 = u0(v±1w0) , (2.4)

(u0v±1)w∓1 = u0(v±1w∓1) , (2.5)

(u±1v∓1)w0 = u±1(v∓1w0) , (2.6)

(u±1v0)w∓1 = u±1(v0w∓1) . (2.7)

If in addition the two identities

(u±1v∓1)w±1 = u±1(v∓1w±1) (2.8)

are satisfied for any u, v, w, then the local algebra is associative.
We define concepts like subalgebras and ideals of local algebras in the same way as of

algebras. For any ideal D of a local algebra U , we also define the quotient algebra U/D in
the same way as for an ideal of an algebra. (Thus subalgebras and quotient algebras of local
algebras are local algebras as well.) We say that the ideal D is peripheral if D = D−1 ⊕ D1,
where D±1 ⊆ U±1. The sum of all peripheral ideals is again a peripheral ideal, and therefore
a unique maximal peripheral ideal.

Let U be a local algebra and let M be a subset of it. With the subalgebra of U generated
by M modulo the maximal peripheral ideal we mean the quotient algebra V /D, where V is
the subalgebra ofU generated by the subset M , and D is the maximal peripheral ideal of V .

A local Lie superalgebra (the logical ordering of words from our point of view here
would rather be Lie local superalgebra, but we stick to the established one [2]) is a local
superalgebra where the product is a bracket that satisfies the graded antisymmetry

[x, y] = −(−1)xy[y, x] (2.9)

and the Jacobi identity

[[x, y], z] = [x, [y, z]] − (−1)xy[y, [x, z]] (2.10)

for any homogeneous elements such that the involved brackets are defined. These two iden-
tities can be broken down into the three plus five identities

[x0, y0] = −(−1)xy[y0, x0] ,
[x0, y±1] = −(−1)xy[y±1, x0] ,

[x±1, y∓1] = −(−1)xy[y∓1, x±1] , (2.11)

[[x0, y0], z0] = [x0, [y0, z0]] − (−1)xy[y0, [x0, z0]] ,
[[x0, y0], z±1] = [x0, [y0, z±1]] − (−1)xy[y0, [x0, z±1]] ,

[[x±1, y∓1], z0] = [x±1, [y∓1, z0]] − (−1)xy[y∓1, [x±1, z0]] (2.12)

for elements that are homogeneous not only with respect to the Z2-grading, but also with
respect to the Z-grading, in the same way as the associative identity (uv)w = u(vw) can be
broken down into the 15 identities (2.1)–(2.8) above.
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1372 M. Cederwall, J. Palmkvist

2.2 From Focally Associative Local Algebras to Local Lie Superalgebras and Back

For any local superalgebra G�, we let G� be the superalgebra which is the same vector
space as G�, but with a different product which is a bracket given by the commutator
[x, y] = xy − (−1)xy yx for homogeneous elements x, y. The following proposition is
an immediate consequence of the corresponding fundamental statement for associative and
Lie superalgebras, and straightforward to prove.

Proposition 2.1 If G� is focally associative, then G� is a local Lie superalgebra.

The reasonwhy focal associativity is sufficient is that there is no Jacobi identity involving two
elements at degree ±1 and one element at degree ∓1, since such an identity would involve
the bracket of the two elements at degree±1, which is not defined in a local Lie superalgebra.

We will now go in the opposite direction and associate a focally associative local algebra
to a local Lie superalgebra satisfying some further conditions.

Let GL = GL−1 ⊕ GL
0 ⊕ GL

1 be a local Lie superalgebra with a bracket �−,−�. We say
that GL is contragredient if there is an element L ∈ GL

0 such that �L, xk� = kxk for all
x ∈ GL and a bilinear map

GL−1 × GL
1 → K , (x, y) 	→ 〈x |y〉 , (2.13)

which is invariant and homogeneous. The conditions of invariance and homogeneity mean,
respectively, that 〈�x−1, y0�|z1〉 = 〈x−1|�y0, z1�〉 for all x, y, z ∈ GL, and that 〈x |y〉 = 0
whenever x and y are homogeneous with different Z2-degrees. It is convenient to also define
a corresponding bilinear map

GL
1 × GL−1 → K , (x, y) 	→ 〈x |y〉 = (−1)xy〈y|x〉 . (2.14)

by graded symmetry.
To any contragredient local Lie superalgebra GL = GL−1 ⊕ GL

0 ⊕ GL
1, we associate a

focally associative local superalgebra G� = G�−1 ⊕G�
0 ⊕G�

1 in the following way. Let G
�
0

be the universal enveloping algebra of GL
0, set G

�±1 = GL±1 ⊗G�
0 and write x ⊗ 1 = x for

any x ∈ GL±1 (so that we consider GL±1 as a subspace of G
�±1). Accordingly, we consider

GL−1 ⊕ K ⊕ GL
1 as a subspace of G

�. For x and y in this subspace, set

x−1y1 = −a�x−1, y1� + b〈x−1|y1〉L ,

x1y−1 = a�x1, y−1� + b〈x1|y−1〉L + c〈x1|y−1〉 (2.15)

for some constants a, b, c ∈ K, and let x0y±1 = y±1x0 be given by the action of x0 ∈ K that
GL−1 ⊕ GL

1 is equipped with as a vector space over K.
Note that GL−1 ⊕ K ⊕ GL

1 is in general not a local algebra with respect to the product
defined so far, since the right hand sides of (2.15) in general do not belong to this subspace
of G�. In order to achieve a local algebra, we will now extend the product to the whole of
G�. First, we recursively define subspaces (G�

0)
k of G�

0 for any integer k ≥ 0 by setting
(G�

0)
0 = K and letting (G�

0)
k+1 be spanned by all elements ux where u ∈ (G�

0)
k and

x ∈ GL
0. As the universal enveloping algebra of GL

0, the algebra G
�
0 is the sum of all such

subspaces. Second, we define the product on G� recursively by

x
(
y ⊗ v

) = (xy)v (2.16)

and
(
x ⊗ (uz)

)(
y ⊗ v

) = (x ⊗ u)
(
�z, y� ⊗ v

) + (−1)yz(x ⊗ u)
(
y ⊗ (zv)

)
, (2.17)
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Tensor Hierarchy Algebras and Restricted Associativity 1373

where

x ∈ K ⊕ GL±1 , y ∈ K ⊕ GL∓1 , z ∈ GL
0 , u ∈ (G�

0)
i , v ∈ (G�

0)
j (2.18)

for i ≥ 0 and where we set �z, y� = 0 if y ∈ K.
It is straightforward to check that the product is well defined. What we have to check

is that the right hand side of (2.17) does not depend on the way of writing an element in
(G�

0)
i+1 as a sum of products uz where u ∈ (G�

0)
i and z ∈ GL

0. This can be shown by
induction over i . Setting u = u′w, where u′ ∈ (G�

0)
i−1 (for i ≥ 1) and w ∈ GL

0, we have

uz = u′wz = u′�w, z� + (−1)wzu′zw . (2.19)

and thus applying the recursive definition to
(
x ⊗ (u′�w, z�)

)(
y ⊗ v

) + (−1)wz(x ⊗ (u′z)w
)(
y ⊗ v

)
(2.20)

must give the right hand side of (2.17). Indeed,
(
x ⊗ u′�w, z�

)(
y ⊗ v

) + (−1)wz(x ⊗ u′zw)
(
y ⊗ v

)

= (x ⊗ u′)
(
��w, z�, y� ⊗ v

) + (−1)y(w+z)(x ⊗ u′)
(
y ⊗ �w, z�v

)

+ (−1)wz(x ⊗ u′z)
(
�w, y� ⊗ v

) + (−1)w(y+z)(x ⊗ u′z)
(
y ⊗ wv

)

= (x ⊗ u′)
(
�w, �z, y�� ⊗ v

) − (−1)zw(x ⊗ u′)
(
�z, �w, y�� ⊗ v

)

+ (−1)y(w+z)(x ⊗ u′)(y ⊗ wzv) − (−1)y(w+z)+wz(x ⊗ u′)(y ⊗ zwv)

+ (−1)wz(x ⊗ u′z)
(
�w, y� ⊗ v

) + (−1)w(y+z)(x ⊗ u′z)
(
y ⊗ wv

)

= (x ⊗ u′)
(
�w, �z, y�� ⊗ v

) + (−1)wz+(w+y)z(x ⊗ u′)
(
�w, y� ⊗ zv

)

+ (−1)y(w+z)(x ⊗ u′)(y ⊗ wzy) + (−1)w(y+z)(x ⊗ u′)
(
�z, y� ⊗ wv

)

= (x ⊗ u′w)
(
�z, y� ⊗ v

) + (−1)yz(x ⊗ u′w)
(
y ⊗ (zv)

)
. (2.21)

By setting x = 1 in (2.16), we see that the tensor product symbol ⊗ is superfluous (and
it will henceforth be omitted). Also, it follows from the two equations that we obtain from
(2.17) by setting x = y = u = 1 and x = y = v = 1 that the product on G�

0 defined by
this equation is the same as the one that this vector space is equipped with as the universal
enveloping algebra of GL

0. The product is thus associative on G
�
0.

Let us compute the commutator [x, y] = xy − (−1)yx yx given by the product above for
elements in GL ⊆ G�. It is equal to the original bracket in the following cases,

[x0, y0] = �x0, y0� , [x0, y±1] = �x0, y±1� , [x±1, y0] = �x±1, y0� , (2.22)

but not when x ∈ GL±1 and y ∈ GL∓1. In this case we instead get

[x−1, y1] = x−1y1 − (−1)xy y1x−1

= −a�x−1, y1� + b〈x−1|y1〉L
− a(−1)xy�y1, x−1� − b(−1)xy〈y1|x−1〉L − c(−1)xy〈y1|x−1〉

= −c(−1)xy〈y1|x−1〉 = −c〈x−1|y1〉 . (2.23)

We will now show that the local algebra G� = G�−1 ⊕ G�
0 ⊕ G�

1 is indeed focally
associative. We already know that the identity (2.1) holds for all u, v, w ∈ G� since G� is the
universal enveloping algebra of GL and thus associative. The identities (2.2), (2.3) and (2.7)
are consequences of the following proposition.
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1374 M. Cederwall, J. Palmkvist

Proposition 2.2 The identity

(
(xu)w

)
(yv) = (xu)

(
w(yv)

)
, (2.24)

where

x ∈ K ⊕ GL±1 , y ∈ K ⊕ GL∓1 , u ∈ (G�
0)

i , v ∈ (G�
0)

j , w ∈ (G�
0)

k , (2.25)

holds for all integers i, j, k ≥ 0.

Proof We will prove this by induction over i + k ≥ 0. The base cases are trivial. Suppose
the identities hold for i + k ≤ p for some p ≥ 0. For i = p we then have

((xu)z)(yv) = (x(uz))(yv) = (xu)([z, y]v) + (−1)yz(xu)(y(zv)) = (xu)(z(yv)) ,

(2.26)

where z ∈ GL
0, by the induction hypothesis in the first step, and (2.17) in the other two.

Thus the identity (2.24) holds for k = 1 and i = p. It is now straightforward to proceed by
induction over k, and show that it holds for any k ≥ 1 and i + k = p + 1. It suffices to say
that the idea in the induction step of this second induction is, as in (2.32) below, to move one
element at the time from one pair of parentheses to the other. The proposition then follows
by the principle of induction. ��

We now turn to the remaining parts (2.4)–(2.6) of the focal associativity.

Lemma 2.3 The identities

(uy)v = u(yv) ,

(ux)(yv) = u(xy)v (2.27)

hold for all variables as in (2.25).

Proof We suppose that x ∈ GL±1 and y ∈ GL∓1, since this is sufficient, and prove the lemma
by induction over i . The base case i = 0 is either trivial or given by (2.16). Suppose the
identities hold for i ≤ p for some p ≥ 0. Let z ∈ GL

0. For i = p we then have

(uzy)v = (u[z, y])v + (−1)yz(uyz)v

= (u[z, y])v + (−1)yz(uy)(zv)

= u([z, y]v) + (−1)yzu(y(zv)) = (uz)(yv) , (2.28)

where we have used (2.24) in the second step, the induction hypothesis in the third and (2.17)
in the fourth. For i = p we furthermore have

(uzx)(yv) = (u[z, x])(yv) + (−1)zx (uxz)(yv)

= u([z, x]y)v + (−1)zx (ux)(zyv)

= u([z, x]y)v + (−1)zx (ux)([z, y]v) + (−1)zx+zy(ux)(yzv)

= u([z, x]y)v + (−1)zxu(x[z, y])v + (−1)zx+zyu(xy)zv

= u
([z, x]y + (−1)zx x[z, y] + (−1)zx+zy(xy)z

)
v (2.29)
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Tensor Hierarchy Algebras and Restricted Associativity 1375

using the induction hypothesis in the second and fourth step. If (x, y) = (x−1, y1), the
expression between u and v equals

[z, x]y + (−1)zx x[z, y] + (−1)zx+zy(xy)z

= −a��z, x�, y� + b〈[z, x]|y〉L
− a(−1)zx �x, �z, y�� + b(−1)zx 〈x |�z, y�〉L
− a(−1)z(x+y)�x, y�z + b(−1)z(x+z)〈x |y〉zL

= −a�z, �x, y�� − a(−1)z(x+y)�x, y�z + b(−1)z(x+z)〈x |y〉zL
= −az�x, y� + b〈x |y〉zL = z(xy) (2.30)

Thus (uzx)(yv) = uz(xy)v. The case (x, y) = (x1, y−1) is similar. We have thus shown that
the identities (2.27) hold when i = p + 1 as well, and the lemma follows by the principle of
induction. ��

Note that all products of three elements written without parentheses in (2.28) and (2.29)
are well defined, either by the induction hypothesis or by Proposition 2.2.

Proposition 2.4 The identities

(u(yw))v = u((yw)v) ,

((ux)(yv))w = (ux)((yv)w) ,

(w(ux))(yv) = w((xu)(yv)) , (2.31)

hold for all variables as in (2.25).

Proof We have

(u(yw))v = ((uy)w)v = (uy)(wv) = u(y(wv)) = u((yw)v) ,

((ux)(yv))w = u(xy)vw = (ux)(y(vw)) = (ux)((yv)w) ,

(w(ux))(yv) = ((wu)x)(yv) = wu(xy)v = w
(
(ux)(yv)

)
, (2.32)

by Proposition 2.2 and Lemma 2.3. ��
Theorem 2.5 The local algebra G� is focally associative.

Proof This follows directly from Propositions 2.2 and 2.4, and the fact that any element in
G�±1 can be written as a sum of elements ux , where u ∈ G�

0 and x ∈ GL±1, which is easily
shown by induction. ��
Wehave shown thatG� is a focally associative local superalgebra, and thus, byProposition 2.1,
it gives rise to a new local Lie superalgebra where the bracket is given by the commutator
in G�. We denote this local Lie superalgebra by G�, and the bracket in it by [−,−], to be
distinguished from the original bracket �−,−� on GL. This is particularly important when
one of the elements belong to GL

1 and the other to GL−1 since both brackets are defined in
this case, but disagree according to (2.23).

Note that it was only in the second part of the proof of Lemma 2.3 that we used the form
(2.15) of the product xy as an element in K ⊕ GL

0, and that the values of the constants
a, b, c did not matter. We will henceforth assume that b = c since this condition turns out be
important for the relation to the tensor hierarchy algebras (more precisely, it is crucial in the
proof of Lemma 4.2 below).
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1376 M. Cederwall, J. Palmkvist

In order to include all possible focally associative superalgebras obtained from contra-
gredient local Lie superalgebras in this way (with b = c), we may then fix a and b = c
without loss of generality since we can always rescale the bracket �−,−� and the invariant
form 〈−|−〉. It turns out that a natural choice is a = 1 when the subspaces GL±1 are odd,
and a = −1 when they are even, along with b = c = 1. Accordingly, we then have

x−1y1 = −�y1, x−1� + 〈x−1|y1〉L ,

x1y−1 = �y−1, x1� + 〈x1|y−1〉L + 〈x1|y−1〉 , (2.33)

so that [x±1, y∓1] = ±〈x±1|y∓1〉.
For any contragredient local Lie superalgebra GL we thus let G� be the focally associative

local algebra constructed in the way above with the products (2.33), and G� the local Lie
superalgebra obtained fromG� with the commutator [−,−] as the bracket, to be distinguished
from the original one �−,−�. Note thatG� (and thus alsoG�) is in general infinite-dimensional
even when GL is finite-dimensional.

2.3 An Example

Before applying our construction to the setting motivated by tensor hierarchy algebras, let
us demonstrate it in a simple example. Let GL be the local part of the Lie algebra sl(2,K),
with one-dimensional subspaces GL−1,G

L
0,G

L
1 spanned by elements f , h, e, respectively,

and the relations

�h, e� = 2e , �h, f � = −2 f , �e, f � = h . (2.34)

This is an (even) contragredient local Lie superalgebra with grading element L = 1
2h and

〈e| f 〉 = 〈 f |e〉 = 1. Since the subalgebra GL
0 is an abelian Lie algebra spanned by L , its

universal enveloping algebra is the commutative algebra K[L] of polynomials in L . Thus a
basis of G�

0 is formed by all powers Ln for n = 0, 1, . . .. By multiplying from the left with
f and e, we obtain bases of G�−1 and G

�
1, respectively, consisting of elements eLn and f Ln .

From (2.33) we get f e = −L and e f = −(L − 1). It is straightforward to generalise the
relations [L, e] = e and [L, f ] = − f to

[Ln, e] = e
(
(L + 1)n − Ln) , [Ln, f ] = f

(
(L − 1)n − Ln) . (2.35)

Using this, we get

Lm(eLn) = [Lm, e]Ln + eLm+n = e(L + 1)mLn ,

Lm( f Ln) = [Lm, f ]Ln + f Lm+n = f (L − 1)mLn . (2.36)

and we can then in turn generalise the relations f e = −L and e f = −(L − 1) to

(eLm)( f Ln) = e(Lm f )Ln = e[Lm, f ]Ln + e f Lm+n = −(L − 1)m+1Ln ,

( f Ln)(eLm) = f (Lne)Lm = f [Ln, e]Lm + f eLm+n = −(L + 1)n Lm+1 . (2.37)

We have thus described all the products in the local algebra G� in this simple case. It turns
out that, unlike the general case, it is in fact associative. In order to see this, let us first notice
that

( f eLm) f Ln = −Lm+1 f Ln = − f (L − 1)m+1Ln

= f
(
e f (L − 1)mLn) = f (eLm f Ln) . (2.38)
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Assuming that ( f L peLm) f Ln = f L p(eLm f Ln), we get

( f L p+1eLm) f Ln = ([ f , L]L peLm)
f Ln + L( f L peLm) f Ln

= [ f , L]L p(eLm f Ln) + L f (L peLm f Ln) = f L p+1(eLm f Ln) .

(2.39)

It then follows by induction that we have ( f L peLm) f Ln = f L p(eLm f Ln), and similarly
(eL p f Lm)eLn = eL p( f LmeLn), for all non-negative integers m, n, p.

Since the local algebra G� is associative, one may ask whether it is the local part of some
well known associative algebra. Indeed, consider theWeyl algebraWwhich is the associative
algebra generated by e and f modulo the relations e f − f e = 1, with a Z-grading where
e ∈ W1 and f ∈ W−1. An element in W0 is then a linear combination of monomials in
e and f with equally many factors e as factors f . If needed, we can then use the relations
e f − f e = 1 to rewrite it as a linear combination of monomials of the form f e f e · · · f e.
Setting L = − f e, we see that W0 consists of all polynomials in L . Similarly, any element
inW1 orW−1 can be written as a polynomial in L multiplied with e or f , respectively. Thus
Wk = G�

k for k = 0,±1 and it is easy to see that also the products are the same, so the local
part of this Weyl algebra is in fact isomorphic to G� when GL is the local part of sl(2,K).

3 Contragredient Lie Superalgebras

Let g be a Kac–Moody algebra of rank r with an invertible and symmetrisable Cartan matrix
A, let λ be a dominant integral weight of g and let κ be a non-degenerate invariant symmetric
bilinear form on g. In this section we will associate a contragredient local Lie superalgebra
BL to the triple (g, λ, κ), from which we in turn can construct a focally associative local
superalgebra B� and a local Lie superalgebra B� as above.

3.1 Kac–Moody Algebras and Pseudo-MinusculeWeights

We recall that g is generated by 3r elements ek, fk, hk , where k = 1, 2, . . . , r , modulo the
Chevalley–Serre relations [19]. We also recall that the invariant symmetric bilinear form
κ on g is unique up to an overall normalisation, that it satisfies κ(ek, fk) �= 0 for any
k = 1, 2, . . . , r , and that it induces a symmetric bilinear form on the vector space h∗ dual to
theCartan subalgebra h (spanned by the generators hk) by the relation (αi

∨, α j
∨) = κ(hi , h j ),

where the simple coroots are defined by αk
∨ = κ(ek, fk)αk . It then follows that (αk, αk) =

2/κ(ek, fk) so that αk
∨ = 2αk/(αk, αk). These well known results will be re-derived below

for the contragredient Lie superalgebra B with Cartan matrix B obtained by adding a row
and column to the Cartan matrix A.

Let λk = (λ, αk
∨) be the Dynkin labels of the dominant integral weight λ, so that λk ∈ Z

and λk ≥ 0 for any k = 1, 2, . . . , r (not all zero). The Dynkin labels are the components of
λ in the basis of fundamental weights �k , defined by (�i , α j

∨) = δi j . Let λ� be the weight
with Dynkin labels λ�

k = λk/κ(ek, fk). We will be interested in cases where g is finite and
where λ and κ are such that λ� is a fundamental weight �k for which the corresponding
Coxeter label (the component of the highest root θ in the basis of simple roots) is equal to
1. We say that such a weight λ� is a pseudo-minuscule weight. The reason for choosing this
term (although it has been used in a different meaning [13]) is that the pseudo-minuscule
weights coincide with the minuscule weights (highest weights of representations on which
the Weyl group acts transitively [14]) for all g other than g = Br and g = Cr . Moreover,
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1378 M. Cederwall, J. Palmkvist

the isomorphism between the weight spaces of Br and Cr given by transposing the Cartan
matrix (or flipping the arrow in the Dynkin diagram) maps a minuscule weight of one algebra
to a pseudo-minuscule weight of the other, and vice versa. (This in fact holds for any Cartan
matrix of a finite Kac–Moody algebra g, but for other g it just says that the minuscule and
pseudo-minuscule weights coincide.) Below follows the complete list of pseudo-minuscule
weights in the numbering of Bourbaki [15] (with some additional information about the
corresponding highest weight representations). There are no pseudo-minuscule weights of
E8, F4 or G2.

• Ar : �1, . . . , �r

• Br : �1 (vector representation)
• Cr : �r

• Dr : �1,�r−1,�r (vector and spinor representations)
• E6 : �1,�6 (27-dimensional)
• E7 : �7 (56-dimensional)

In extended geometry with extended structure algebra g and extended coordinate represen-
tation with highest weight λ, it is precisely when λ� is a pseudo-minuscule weight that
additional “ancillary” transformations are not needed for closure and covariance of the gen-
eralised diffeomorphisms [16]. (In [16], the normalisation was chosen such that λ = λ�,
if possible. Accordingly, the conclusion there was that ancillary transformations are absent
precisely when λ is a pseudo-minuscule weight. However, with a different normalisation
they would presumably be absent also when λ is an integer multiple of a pseudo-minuscule
weight.)

Proposition 3.1 Let g be finite with highest root θ . A necessary condition for λ� to be a
pseudo-minuscule weight is that (λ, θ) = 1. If λ� is a dominant integral weight, then this
condition is also sufficient.

Proof If λ� is a pseudo-minuscule weight and ck are the components of θ in the basis of
simple roots αk , then

1 =
r∑

k=1

λ�
kck =

r∑

k=1

(αk, αk)

2
λkck =

r∑

i, j=1

(α j , α j )

2
λi c jδi j (3.1)

which equals

r∑

i, j=1

(α j , α j )

2
λi c j (�i , α j

∨) =
r∑

i, j=1

λi c j (�i , α j ) = (λ, θ) . (3.2)

Conversely, if (λ, θ) = 1, then the same calculation shows that
∑r

k=1 λ�
kck = 1. If in

addition the Dynkin labels λ�
k are non-negative integers, then the only possibility is that all

are zero except for one of them which is equal to 1, and that the corresponding Coxeter label
ck is equal to 1 too. ��

3.2 Extended CartanMatrices and Contragredient Lie Superalgebras

Given the triple (g, λ, κ), let B be the square matrix of order r + 1 with entries

B00 = 0 , Bi0 = −λi , B0 j = −λ�
j = − λ j

κ(e j , f j )
Bi j = Ai j , (3.3)
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where i, j = 1, 2, . . . , r . Then B is symmetrisable. We also assume that λ is such that B is
invertible.

The contragredient Lie superalgebraB associated to the Cartan matrix B is defined from
a set of 3r generators MB = {eK , fK , hK } for K = 0, 1, . . . , r , where e0 and f0 are

odd, whereas h0 and ek, fk, hk are even for k = 1, 2, . . . , r . Let B̃ be the Z-graded Lie
superalgebra generated by this set MB modulo the relations

[hI , eJ ] = BI J eJ , [hI , f J ] = −BI J f J , [eI , f J ] = δI J h J (3.4)

with the (non-consistent)Z-grading where eK and fK have degree 1 and−1, respectively, for
any K = 0, 1, . . . , r . ThenB = B̃/D, where D is themaximal graded ideal of B̃ intersecting
the local part of B̃ trivially [2]. Since B here satisfies the conditions of a Cartan matrix of a
Borcherds–Kac–Moody algebra, a generalisation [17] of the Gabber–Kac theorem [18, 19]
holds, which in this case says that the ideal D is generated by the Serre relations

(ad eI )
1−BI J (eJ ) = (ad f I )

1−BI J ( f J ) = 0 . (3.5)

We refer to [20] for details about Borcherds–Kac–Moody superalgebras. We also note that
different overall normalisations of the bilinear form 〈−|−〉 give isomorphic Lie superalgebras
B with an isomorphism given by a rescaling of h0 and e0. Thus B in fact only depends on g
and λ, not κ . This is however not true for the contragredient local Lie superalgebras BL that
we will associate to the triple (g, λ, κ) below, since the bilinear form 〈−,−〉 is part of the
data defining it.

Consider the consistentZ-grading ofBwhere e0 and f0 has degree 1 and−1, respectively,
whereas all the even generators have degree 0. Assigning these degrees to the generators
clearly induces a Z-gradingB = ⊕

k∈Z Bk , whereBk is defined as the subspace spanned by
all expressions

[g1, [g2, . . . , [gm−1, gm] · · · ]] (3.6)

for positive integers m, where gi ∈ M for i = 1, 2, . . . ,m and the number of e0 minus the
number of f0 among these generators g1, . . . , gm is equal to k. Because of the triangular
decomposition that a Borcherds–Kac–Moody algebra admits, we may assume that one of
these two numbers (the number of generators equal to e0 and the number of generators equal
to f0) is zero. (The corresponding statement is not true for the tensor hierarchy algebras
that we will come to in the next section.) Furthermore, when (3.6) is an element in B±1 we
may assume that generator equal to e0 or f0 is the innermost one, gm . Thus B0 is in fact the
subalgebra generated by MB \ {e0, f0}, and the subspaces B1 and B−1 are modules over
B0 with respect to the adjoint action, generated by e0 and f0 as lowest and highest weight
vectors, respectively.

Let BL = B−1 ⊕ B0 ⊕ B1 be the local part of B, together with the unique invariant
symmetric bilinear form such that 〈x |y〉 = κ(x, y) for x, y ∈ g. It then follows from (3.3)
that 〈e0| f0〉 = −〈 f0|e0〉 = 1. Since it is invariant, this form satisfies

BI J 〈eJ | f J 〉 = 〈[hI , eJ ]| f J 〉 = 〈hI |[eJ , f J ]〉 = 〈hI |hJ 〉 , (3.7)

and because of the graded symmetry, this is also equal to BJ I 〈eI | f I 〉.
Roots are defined for B in the same way as for g. In particular, the generators hK and

the simple roots αK , where K = 0, 1, . . . , r , constitute bases for the Cartan subalgebra
H and the dual space H∗, respectively. Let ϕ : H → H∗ be the linear map given by
ϕ(hK ) = αK

∨ = 〈eK | fK 〉αK . In particular α0
∨ = α0. It then follows from (3.7), and the
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1380 M. Cederwall, J. Palmkvist

definition αJ (hI ) = BI J of the simple roots αJ , that we have

ϕ(hI )(hJ ) = 〈hI |hJ 〉 . (3.8)

We note that ϕ is a vector space isomorphism, and 〈eK | fK 〉 �= 0 for all K = 0, 1, . . . , r . We
may then introduce an inner product onH∗ given by

(αI , αJ ) = 〈ϕ−1(αI )|ϕ−1(αJ )〉 = 1

〈eI | f I 〉
1

〈eJ | f J 〉 〈hI |hJ 〉 = BI J

〈eI | f I 〉 . (3.9)

In particular,

(α0, α0) = 0 , (αk, αk) = 2

〈ek | fk〉 = 2

κ(ek, fk)
(3.10)

and it follows that αk
∨ = 2αk/(αk , αk), as already stated above.

We note that (α0
∨, μ) = −(λ, μ) for any μ ∈ h∗, since if μ = ∑r

i=1 miαi , then

(α0
∨, μ) =

r∑

i=1

mi (α0
∨, αi ) =

r∑

i=1

mi B0i = −
r∑

i, j=1

λi

κ(e j , f j )
m jδi j

= −
r∑

i, j=1

λi

κ(e j , f j )
m j (�i , α j

∨) = −
r∑

i, j=1

λim j (�i , α j ) = −(λ, μ) . (3.11)

Proposition 3.2 The local part BL of B (with respect to the consistent Z-grading) is a con-
tragredient local Lie superalgebra where the element L is given by L = ∑r

I=0(B
−1)0I h I

and satisfies 〈L|L〉 = −1/(λ, λ).

Proof [16, 21] We have [L, eJ ] = αJ (L)eJ , and with L = ∑r
I=0(B

−1)0I h I we get

αJ (L) =
r∑

I=0

(B−1)0IαJ (hI ) =
r∑

I=0

(B−1)0I BI J = δ0J (3.12)

as we should. Furthermore,

〈L|L〉 =
r∑

I=0

r∑

J=0

(B−1)0I (B
−1)0J 〈hI |hJ 〉

=
r∑

I=0

r∑

J=0

(B−1)0I (B
−1)0J BI J 〈eJ | f J 〉

=
r∑

J=0

δ0J (B
−1)0J 〈eJ | f J 〉 = (B−1)00〈e0| f0〉 = (B−1)00 . (3.13)

Since A is invertible,

(B−1)00 = det A

det B
�= 0 , (3.14)

and in h∗ we can set

λ =
r∑

j=1

(B−1) j0

(B−1)00
α j . (3.15)
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We then get

λi = (αi
∨, λ) =

r∑

j=1

Bi j
(B−1) j0

(B−1)00
=

r∑

J=0

Bi J
(B−1)J0

(B−1)00
− Bi0 = −Bi0 , (3.16)

as we should, and

(λ, λ) =
r∑

i=1

r∑

j=1

(B−1)i0

(B−1)00

(B−1) j0

(B−1)00
(αi , α j ) =

r∑

i=1

r∑

j=1

Bi j
〈ei | fi 〉

(B−1)i0

(B−1)00

(B−1) j0

(B−1)00

= −
r∑

i=1

Bi0
κ(ei , fi )

(B−1)i0

(B−1)00
= −

r∑

i=1

B0i
(B−1)i0

(B−1)00

= −
r∑

I=0

B0I
(B−1)I0

(B−1)00
= − 1

(B−1)00
= − 1

〈L|L〉 . (3.17)

Thus 〈L|L〉 = −1/(λ, λ). ��

4 Tensor Hierarchy Algebras

In [4], a Lie superalgebra called tensor hierarchy algebra and denoted W was associated to
any simple and simply laced Kac–Moody algebra g of rank r and any fundamental weight
λ of g. The numbering of the fundamental weights of g was chosen such that λ = �1. The
construction of W given in [4] starts with the Cartan matrix B of the Lie superalgebra B

associated to the triple (g, λ, κ) as described in the preceding section. The set of generators
MB = {eK , fK , hK } of B (for K = 0, 1, . . . , r ) is then modified to a set MW by replacing
the odd generator f0 by r odd generators f0k , where k = 0 or k = 2, 3, . . . , r . From this set
MW of generators, and the Cartan matrix B, an auxiliary Lie superalgebra algebra W̃ is first
constructed as the one generated by MW modulo the relations

[hI , eJ ] = BI J eJ , [hI , f J ] = −BI J f J , [eI , f J ] = δI J h J , (4.1)

(ad eI )
1−BI J (eJ ) = (ad f I )

1−BI J ( f J ) = 0 , (4.2)

[e0, f0I ] = hI , [hI , f0J ] = −BI0 f0J , [ei , [ f j , f0K ]] = δi j BK j f0 j , (4.3)

[e1, f0K ] = [eI , [eI , f0J ]] = [ f I , [ f I , f0J ]] = 0 , (4.4)

where I , J , K = 0, 1, . . . , r and i, j, k = 2, . . . , r . (Whenever fK appears, we assume K �=
0, andwhenever f0k appears, we assume k �= 1.) ThenW is obtained from W̃ by factoring out
themaximal ideal intersecting the local part trivially, with respect to the consistentZ-grading.
By modifying the set of generators further to MS = MW \{h0, f00} a Lie superalgebra S
(called tensor hierarchy algebra as well) can be defined in the same way (with the relations
involving h0 and f00 removed).

It was shown in [4] that S coincides with the original tensor hierarchy algebras introduced
in [3] in the caseswhere g is finite. It was also shown that when g = An−1 (n ≥ 2) andλ = �1

with the usual numbering of fundamental weights W and S coincide with the Cartan-type
Lie superalgebras W (n) and S(n) of vector fields (for which generators and relations have
also been given in [22]). In [9] the tensor hierarchy algebras were defined in a similar way,
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but with the additional relation [ f0I , f0J ] = 0 in the definition of W̃ , and W obtained from
W̃ by considering a different (non-consistent) Z-grading.

We will now see that the relations (4.1)–(4.4) arise naturally in the context of focally asso-
ciative local algebras. We consider BL, the local part of the contragredient Lie superalgebra
B in the preceding section. We will then investigate the subalgebra of B� generated by B1

andB−1B0 modulo the maximal peripheral ideal (whereBk = BL
k for k = ±1 andB−1B0

consists of all products x−1y0 for x, y ∈ BL) and end the paper with a theorem relating it to
the local part of the tensor hierarchy algebra W .

Proposition 4.1 Let λ and κ be such that λ� is a dominant integral weight. Then
(
(α0

∨, α) + 1
)
� f0, eα� = 0 (4.5)

for all roots α �= α0 of B with corresponding root vectors eα ∈ B1 if and only if g is finite
and (λ, θ) = 1 (so that λ� is a pseudo-minuscule weight).

Proof Suppose that g is infinite-dimensional or that (λ, θ) �= 1. In either case it is possible
to find a root ζ of g such that α0 + ζ is a root of B and (α0

∨, ζ ) �= −1, for example ζ = θ if
g is finite, since then

(α0
∨, ζ ) = (α0

∨, θ) = −(λ, θ) �= −1 . (4.6)

We can then set α = α0 + ζ and eα = �e0, eζ �, where eζ is a root vector corresponding to ζ ,
and it follows that

(
(α0

∨, α) + 1
)
� f0, eα� �= 0.

On the other hand, suppose that g is finite and that λ� is a pseudo-minuscule weight, say
λ� = � j for some j such that c j = 1 and let α be a root of B such that eα ∈ B1 and
� f0, eα� �= 0. Then α − α0 = ∑r

k=1 bkαk is a root of g and

(α0
∨, α) = (α0

∨, α − α0) =
r∑

i=1

bi (α0
∨, αi ) = −

r∑

i=1

biλ
�
i = −

r∑

i=1

biδi j = −b j . (4.7)

Since θ is the highest root, b j ≤ c j = 1. But b j cannot be zero since then (α0
∨, α − α0)

would be zero as well, and α = α0 + (α − α0) would not be a root. Thus b j = 1 and
(α0

∨, α) + 1 = 0. ��
Lemma 4.2 Let (g, λ, κ) be such that g is finite and λ� is a pseudo-minuscule weight. Then
f0(h0 + L) generates a peripheral ideal of the subalgebra generated by B1 and B−1B0.

Proof Let eα be a root vector corresponding to a root α of B such that eα ∈ B1 but α �= α0.
We then have

[e0, f0h0] + [e0, f0L] = [e0, f0]h0 − f0[e0, h0] + [e0, f0]L − f0[e0, L]
= h0 + L + f0e0 = h0 + L − h0 − L = 0 ,

[eα, f0h0] + [eα, f0L] = [eα, f0]h0 − f0[eα, h0] + [eα, f0]L − f0[eα, L]
= f0[h0, eα] + f0[L, eα]
= (

(α0
∨, α) + 1

)
f0eα = −(

(α0
∨, α) + 1

)
� f0, eα� = 0 , (4.8)

where the last equation follows from Proposition 4.1. ��
Theorem 4.3 Let (g, λ, κ) be such that g is finite and λ = λ� is a pseudo-minuscule weight.
Choose a numbering of the fundamental weights where λ = λ� = �1, so that κ is given
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by κ(e1, f1) = 1. Then there is a local Lie superalgebra homomorphism from the local part
of W to the subalgebra of B� generated by B1 and B−1B0 modulo the maximal peripheral
ideal, given by f0K 	→ f0hK (and leaving the other generators unchanged).

Proof Let V be the subalgebra ofB� generated byB1 andB−1B0, and let D be the maximal
peripheral ideal of V . We will show that the relations (4.1)–(4.4) are satisfied in V /D with
f0K = f0hK . We will first show that [ f0h, e1] = [ f1, [ f1, f0h]] = 0 for any h ∈ h. From
Lemma 4.2 we know that f0(h0 + L) = 0 in V /D, and we also have B01 = −1 since
λ� = �1. We get

[ f0h, e1] = f0[h, e1] = α1(h) f0e1

= −α1(h) f0[h0 + L, e1] = −α1(h)[ f0(h0 + L), e1] = 0 . (4.9)

Similarly,

[ f1, [ f1, f0h]] = [ f1, f0[ f1, h]] + [ f1, [ f1, f0]h]
= f0[ f1, [ f1, h]] + 2[ f1, f0][ f1, h] + [ f1, [ f1, f0]]h
= 2[ f1, f0][ f1, h] = 2α1(h)[ f1, f0] f1
= −2α1(h)[ f1, f0][ f1, h0 + L] . (4.10)

We can then perform the first three steps in (4.10) backwards, but with h replaced by h0 + L ,
and find that

[ f1, f0][ f1, h0 + L] = [ f1, [ f1, f0(h0 + L)]] = 0 . (4.11)

We have thus shown the relations (4.4). The other relations involving f0K are straightforward
to show,

[e0, f0K ] = [e0, f0hK ] = [e0, f0]hK − f0[e0, hK ] = hK ,

[hI , f0J ] = [hI , f0hJ ] = [hI , f0]hJ + f0[hI , hJ ] = −BI0 f0hJ = −BI0 f0J ,

[ei , [ f j , f0K ]] = [ei , [ f j , f0hK ]] = f0[ei , [ f j , hK ]] = δi j BK j f0h j = δi j BK j f0 j ,
(4.12)

and those not involving f0K automatically satisfied. ��
We conjecture that this homomorphism is in fact an isomorphism, but leave the proof for
future work.
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