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Abstract—This paper introduces a novel approach to efficient
localization in next-generation communication systems through a
base station (BS)-enabled passive beamforming utilizing beyond
diagonal reconfigurable intelligent surfaces (BD-RISs). Unlike
conventional diagonal RISs (D-RISs), which suffer from limited
beamforming capability, a BD-RIS provides enhanced control
over both phase and amplitude, significantly improving local-
ization accuracy. By conducting a comprehensive Cramér-Rao
lower bound (CRLB) analysis across various system parameters
in both near-field and far-field scenarios, we establish the BD-RIS
structure as a competitive alternative to traditional active antenna
arrays. Our results reveal that BD-RISs achieve near active
antenna arrays performance in localization precision, overcoming
the limitations of D-RISs and underscoring its potential for
high-accuracy positioning in future communication networks.
This work envisions the use of BD-RIS for enabling passive
beamforming-based localization, setting the stage for more ef-
ficient and scalable localization strategies in sixth-generation
networks and beyond.

Index Terms—Beyond diagonal RIS, radio localization, passive
beamforming, near-field and far-field, Cramér–Rao lower bound.

I. INTRODUCTION
In sixth-generation (6G) communication systems, high-

precision localization is expected to be achieved with a single
anchor, enabled by advances in millimeter wave (mmWave)
communication and large antenna arrays [1], [2]. Such tech-
nologies allow base stations (BSs) or user equipments (UEs)
to measure angles of departure (AoD) and arrival (AoA) more
precisely. Reconfigurable intelligent surfaces (RISs) offer a
promising, cost-effective alternative to large antenna arrays
by enabling passive beamforming within transceivers [3]. For
instance, the stacked intelligent metasurface (SIM) transceiver
design [3]–[6] demonstrates the potential of passive beam-
forming with benefits such as ultra-fast processing, reduced
cost and complexity, and lower energy consumption. Beyond
diagonal RIS (BD-RIS) advances RIS technology by enabling
control over both the amplitude and phase of impinging waves,
offering higher flexibility in passive beamforming [7], [8].
Notably, unlike active or absorptive RIS [9], BD-RIS controls
both phase and amplitude of the impinging signal under a
unitary constraint, without amplification or absorption.

The fundamental limits of mmWave multiple-input
multiple-output (MIMO) systems with large RISs, focusing
on channel estimation, localization, and orientation error
bounds, are studied in [1]. The study of [10] investigates the
use of a BD-RIS at the transmitter for massive MIMO, using
manifold optimization to enhance spectral efficiency with
fewer active antennas. Similarly, [11] shows that BD-RIS
enhances both communication and sensing performance in
mmWave integrated sensing and communication (ISAC)

systems, significantly reducing power consumption and
presenting a promising solution for future applications.
RIS-aided near-field (NF) localization is further explored
in [12], [13], showing the potential for NF localization by
exploiting spherical wavefront. A SIM-aided ISAC system,
with shared elements for communication and sensing, is
proposed in [6], while the role of SIM for direction-of-arrival
(DoA) estimation is examined in [14], [15].

In scenarios such as those studied in [6], [12], [14], [15],
where part or all of the channel operates in the NF, the
signal undergoes amplitude variations across different RIS
elements alongside phase changes. Diagonal RIS (D-RIS),
however, only enables phase adjustment, whereas BD-RIS
allows control over both amplitude and phase. Despite this
added flexibility, the localization potential of BD-RIS remains
unexplored. This gap in the literature motivates our investiga-
tion of BD-RIS’s potential for precision localization in such
scenarios. The main contributions of this paper are as follows:

1) We propose a BS-enabled passive beamforming system
using a BD-RIS for downlink efficient localization, a
scenario that has not been previously explored.

2) We analyze the beamforming gain of the proposed
system, demonstrating the superiority of BD-RISs over
traditional structures. Additionally, Cramér-Rao lower
bound (CRLB) analysis in both NF and far-field (FF)
scenarios is performed.

3) We conduct a comprehensive analysis, evaluating local-
ization performance across various system parameters.
This detailed analysis offers new insights into the po-
tential of BD-RIS, highlighting its capability to enhance
precision localization from multiple perspectives.

II. SYSTEM, CHANNEL, AND SIGNAL MODEL
This section outlines the proposed system, channel, and sig-

nal model, which leverages BS-enabled passive beamforming
assisted by a BD-RIS to facilitate downlink localization.

Notation: Bold lowercase and uppercase symbols denote vectors and
matrices, respectively. The notations (.)H, (.)T, ||.||, diag(.), and ∠ signify
the Hermitian, transpose, norm, diagonalization, and phase of a complex
number. ℜ(.) and ℑ(.) refer to the real and imaginary components, while ⊙
represents the Hadamard (element-wise) product. R and C represent the sets
of real and complex numbers, respectively. The derivative of b with respect to
q is denoted as ḃq = ∂b/∂q. The notation [.]ℓ indicates the ℓ-th element of
a vector, while [.]ℓ,s specifies the entry in the ℓ-th row and s-th column of a
matrix. CN (µ, σ2) represents a complex Gaussian distribution with mean µ
and variance σ2. In denotes the n×n identity matrix, and U(a, b) signifies
a uniform distribution between a and b. Furthermore, [a : ∆ : b] represents a
discrete sequence from a to b in steps of ∆. This paper analyzes two scenarios:
Scenario 1 focuses on the NF case, while Scenario 2 addresses the FF case. To
maintain consistency and simplify notation, any quantity or variable specific
to Scenario i ∈ {1, 2} is indexed with the subscript i throughout this paper.



A. System Model
Fig. 1 illustrates the proposed system designed to enable

passive beamforming at the BS in a single-input single-output
(SISO) communication system, where a linear fully-connected
BD-RIS is integrated with the BS to emulate a multiple-
input single-output (MISO) system.1 The BD-RIS consists of
M cells, each containing two elements: one faces the active
antenna, while the other on the opposite side transmits signals
toward the UE [16]. The inter-element spacing on both sides of
the BD-RIS is δ = λ/2, where λ denotes the wavelength of the
carrier frequency. Accordingly, the array aperture of BD-RIS
can be calculated as D = (M−1)δ. All elements are internally
connected, forming a fully-connected BD-RIS structure [7].
For passive beamforming to occur at the BS, the total energy
of the signal emitted by the active antenna must pass through
the BD-RIS. As a result, the BD-RIS operates exclusively in
transmissive mode, with its reflective mode inactive [16].

For simplicity, we assume that the center of the BD-RIS is
located at the origin of the reference Cartesian system, i.e.,
pris = [0, 0]

T, and is aligned along the y-axis. Therefore, the
position of the m-th cell is given by pm = [0, ym]T, where
ym = m − M+1

2 . The BS is positioned at pbs = [−dc, 0]
T,

where dc denotes the distance between the BS’s active antenna
and the center of the BD-RIS and is on the order of a few
wavelengths. The location of the UE, pue, is unknown and
must be estimated. Accordingly, the distance between the RIS
and the UE is expressed as r = ∥pue − pris∥. As illustrated
in Fig. 1, the UE is located at an angular position of ϑ =
arcsin (([pue]1 − [pris]1)/r) relative to the y-axis.
B. Channel Model

In the proposed system model, two distinct communication
channels are defined: g[n] ∈ CM×1 for the BS-RIS channel
(also known as transmission coefficient vector [3]–[6]) and
h[n] ∈ C1×M for the RIS-UE channel. Here, n ∈ [−K,K]
is an integer representing the n-th subcarrier of the employed
orthogonal frequency division multiplexing (OFDM) system,
with a total of N = 2K + 1 subcarriers.

1) BS-RIS Channel Model: Given the close proximity of the
RIS to the BS’s active antenna, the BS-RIS channel requires a
distinct model to capture its unique propagation characteristics.
The channel coefficient between the active antenna and the
m-th RIS element at the central frequency is modeled using
Rayleigh-Sommerfeld diffraction theory for NF propagation as
[g[0]]m = A cosχm

dm

(
1

2πdm
− ȷ

λ

)
eȷ2πdm/λ [3]–[6], where A =

(λ/2)2 represents the area of each passive element, dm is the
distance between the active antenna and the m-th cell, and χm

is the angular displacement between the line connecting the
active antenna at the BS and the m-th cell of the BD-RIS, and
the axis perpendicular to the BD-RIS surface. Accordingly, the
BS-RIS channel model for the n-th subcarrier is as [5]

[g[n]]m =
A cosχm

dm

(
1

2πdm
− ȷ

λ

)
e
ȷ2πdm

(
1
λ−

n∆f
c

)
, (1)

1This work is the first to explore the integration of fully-connected BD-RIS
at the BS for passive beamforming in localization. We focus on 2D localization
to simplify the analysis and provide a clear understanding of the system’s
behavior, reserving the more complex 3D analysis for future research.

Fig. 1. System model for the proposed BS-integrated BD-RIS.

where ∆f = B/N denotes the subcarrier spacing with B is
the total bandwidth, and c is the speed of light.

2) RIS-UE Channel Model: The RIS-UE channel depends
on the RIS-UE distance r and may be either NF or FF.
Notably, the NF model remains valid universally, automatically
simplifying to the FF model at far distances. In this paper,
however, we treat them separately to allow for analysis of
both models.

• Scenario 1 (NF Channel Model): If 0.62
√

D3/λ < r <
2D2/λ, the UE is located in the Fresnel (radiative) NF
region of the RIS [12], [13]. In this case, the RIS-UE
channel is modeled as a line-of-sight (LoS) narrowband
channel (n = 0 and N = 1), as follows [17]:2

h1[0] = h1 = β1a
H
1 (r, ϑ), (2)

where β1 = λ
4πr e

−ȷ 2π
λ r represents the complex channel

gain [13]. The term a1(r, ϑ) ∈ CM×1 denotes the NF
array response vector at the RIS, defined as [17]:

[a1(r, ϑ)]m =
1√
M

e−ȷ 2π
λ (rm(r,ϑ)−r), (3)

where rm(r, ϑ) =
√
r2 + y2mδ2 − 2rymδ cos(ϑ) is the

distance between the UE and the m-th cell.
• Scenario 2 (FF Channel Model): If r > 2D2/λ, the UE

is located in the FF region [2]. In this case, we model the
RIS-UE channel as a LoS wideband channel. The channel
for the n-th subcarrier is expressed as follows [1], [18]:

h2[n] = β2e
−ȷ2πτn∆faH

2 (ϑ), (4)

where β2 = λ
4πr e

ȷφ represents the complex channel gain,
with φ ∼ U(0, 2π) [19]. Here, τ = r/c is time of arrival
(ToA) for RIS-UE channel,3 and a2(ϑ) ∈ CM×1 is the
array response (steering) vector at the RIS, defined as
follows [1], [18], [20]:

[a2(ϑ)]m =
1√
M

eȷ2π(m−1) δ
λ cosϑ. (5)

2To improve readability, we omit the subcarrier index when exclusively
discussing Scenario 1 throughout this paper (i.e., h1[0] becomes h1).

3To simplify analysis, we assume tight synchronization between the BS and
UE, leaving asynchronous scenario for the future work.



C. Signal Model

To facilitate downlink localization, the BS systematically
sweeps the environment, transmitting Ti pilot signals to vari-
ous zones within the area of interest over sequential time slots
in the i-th scenario. Without loss of generality, we assume a
unit transmit pilot symbol. Thus, the received signal at the UE
for the n-th subcarrier in Scenario i during the t-th time slot
is as

yi,t[n] =
√
Phi[n]Ωi,tg[n] + wi,t[n], (6)

where P is the transmitted power, and wi,t ∼ CN (0, σ2) rep-
resents the additive noise component during the t-th time slot
in the i-th scenario. Here, Ωi,t ∈ CM×M is the RIS scattering
matrix during t-th time slot in the i-th scenario. To ensure
that the BD-RIS is power-lossless, its scattering matrix should
satisfy unitary constraint, i.e., ΩH

i,tΩi,t = IM . Additionally,
the scattering matrix must be symmetric, i.e., Ωi,t = ΩT

i,t,
ensuring identical impedance adjustments between each pair
of passive elements, allowing a single impedance component
per element pair. Ultimately, for the purpose of the CRLB
analysis, we define the noiseless component of the received
signal as

µi,t[n] = hi[n]Ωi,tg[n] = hi[n]ζi,t[n], (7)

where ζi,t[n] = Ωi,tg[n].

D. Pre-defined Codebook for BD-RIS Configuration

In each scenario, a pre-defined codebook enables systematic
environmental sweeping, with different codewords selected
in each time slot to ensure full coverage. Since Ti sym-
bols are required, the codebook must contain Ti codewords,
each satisfying the unitary and symmetry constraints outlined
above. Takagi’s decomposition, as described in [21], is used
to construct this codebook, with detailed steps provided in
Algorithm 1.

Algorithm 1 Pre-defined codebook for BD-RIS configuration
1: Define Ti uniformly distributed sweeping points/angles for NF/FF:

(NF) Define T1 sweeping points as {s1, s2, . . . , sT1
} with {st =

[rt, ϑt]T|rt ∈ [ϱmin : ∆r : ϱmax], ϑt ∈ [0◦ : ∆ϑ : 180◦]},

where ϱmin > 0.62
√

D3

λ
and ϱmax < 2D2

λ
.

(FF) Define T2 sweeping angles as {ϑ1, ϑ2, . . . , ϑT2
} with ϑt ∈ [0◦ :

∆ϑ : 180◦].
2: Compute the transmit steering vector at the transmit terminal of BD-RIS

for the t-th codeword (associated with the t-th time slot):
(NF) Compute toward location st = [rt, ϑt]T using (3).
(FF) Compute toward direction ϑt using (5).

3: Calculate uT = g[0]/∥g[0]∥; set uR = a1(rt, ϑt) for NF or uR =
a2(ϑt) for FF.

4: Calculate the symmetric matrix A and decompose it using standard singu-
lar value decomposition (SVD) as A = uRuH

T +(uRuH
T )T = UΣV H.

5: Compute ν = diag(UHV ∗), followed by ϕ = ∠ν/2.
6: After computing Q = U diag(exp(ȷϕ)), Takagi’s decomposition can be

expressed as A = QΣQT; thus, the t-th codeword for the i-th scenario
is obtained as Ωi,t = QQT.

III. FISHER INFORMATION ANALYSIS

In this section, we calculate the position error bound (PEB),
which represents a theoretical lower bound on the achievable
accuracy of position estimation. The positional parameters for
scenario i are expressed as ξpo,i = [pT

ue,i,ℜ(βi),ℑ(βi)]
T.

TABLE I
COMPUTER SIMULATION PARAMETERS.

Parameter Value Parameter Value

pris [0, 0]T T1 500

pue,1 [12, 8]T m T2 100

pue,2 [60, 40]T m ∆r 10 m
dc 0.5λ [3], [4] ∆ϑ 1.8◦

M 101 ϱmin 5 m
P 20 dBm ϱmax 45 m
c 3 × 108 m/s N1 1

fc = c/λ 28 GHz N2 501
∆f 120 KHz B Ni∆f

δ λ/2 m σ2 −174 + 10 log(B) dBm

However, before proceeding, we must first derive the CRLB
for the channel parameters. In the i-th scenario, the Fisher
information matrix (FIM), Fch,i ∈ R4×4, with respect to the
channel parameters set ξch,i is obtained using the Slepian-
Bangs formula [22] as follows:

Fch,i =
2P

σ2

Ti∑
t=1

K∑
n=−K

ℜ

{(
∂µi,t[n]

∂ξch,i

)(
∂µi,t[n]

∂ξch,i

)H
}
.

(8)
The channel parameter vector for NF and FF scenarios
are defined as ξch,1 = [r, ϑ,ℜ(β1),ℑ(β1)]

T and ξch,2 =
[τ, ϑ,ℜ(β2),ℑ(β2)]

T, respectively. The mathematical deriva-
tions for obtaining Fch,i are provided in Appendix A. Con-
sequently, the CRLB for [ξch,i]ℓ is calculated as:

ηℓ = CRLB
(
[ξch,i]ℓ

)
=
√
[F−1

ch,i]ℓ,ℓ. (9)
Once Fch,i is calculated, the FIM of the positional pa-

rameters can be obtained as Fpo,i = J T
i Fch,iJ i, where

J i ∈ R4×4 is the Jacobian matrix, defined as [J i]ℓ,s =

∂
[
ξch,i

]
ℓ
/∂
[
ξpo,i

]
s
. The mathematical derivation of J i is

provided in Appendix B. Ultimately, the PEB for Scenario i
is calculated as follows:

PEBi =
√

tr
(
[F−1

po,i]1:2,1:2
)
. (10)

IV. SIMULATION RESULTS AND ANALYTICAL INSIGHTS

This section presents the CRLB analysis of the proposed
architecture. The assumed values for various parameters are
listed in Table I, unless stated otherwise. For comparison, we
evaluate two different benchmarks:

• Benchmark 1 (D-RIS): A cell-wise single-connected BD-
RIS operating in transmissive mode. It is also called
simultaneously transmitting and reflecting RIS (STAR-
RIS) [16]. When integrated within a BS, it functions as a
single-layer stacked intelligent metasurface [3]–[6], [14]–
[16]. Due to its single-connected structure and diagonal
scattering matrix, which aligns with the characteristics of
traditional D-RIS, we refer to it as D-RIS in this paper
for clarity and to highlight its diagonal structure.

• Benchmark 2 (AAA): The BS equipped with a linear active
antenna array (AAA) with M antenna elements.

In each benchmark, a pre-defined codebook is constructed
for beam-sweeping to facilitate UE localization. For both
benchmarks, steps 1 − 3 in Algorithm 1 are first performed.
In Benchmark 1, the t-th codeword is generated as Ωi,t =
diag

(
e−ȷ arg(uT⊙u∗

R)
)

[21], while uR is used to create the
t-th codeword for Benchmark 2.
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A. Beamforming Performance Analysis
Placing the RIS closer to the BS reduces the multiplicative

path loss in the overall BS-UE channel [23]. However, as
shown in Fig. 2, D-RIS exhibits reduced beamforming per-
formance as dc decreases. This decline occurs because the
BS-RIS channel vector g shows greater variations in both
magnitude and phase with a shorter dc. Since D-RIS can only
adjust the phase, it cannot compensate for these magnitude
variations, thereby limiting its beamforming capability [8]. In
contrast, the fully-connected BD-RIS can adjust both phase
and amplitude of impinging waves, allowing it to sustain high
beamforming gain even at close proximity to the BS. As
shown in Fig. 2, this capability enables BD-RIS to achieve
beamforming performance comparable to the AAA structure.
Although BD-RIS matches AAA in beamforming gain, AAA
is still expected to outperform it due to reduced path loss, as
it lacks the cascaded channels effect. Next, we evaluate BD-
RIS performance against the benchmarks in terms of PEB and
CRLB on channel parameters.
B. CRLB Analysis for the NF Scenario

The CRLB analysis for Scenario 1 (NF) is shown in
Fig. 3. Figs. 3(a) and (b) present the CRLB for r, ϑ, and
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Fig. 4. CRLB and PEB analysis in Scenario 2 (FF): (a) CRLB for τ and ϑ
vs. transmitted power, (b) PEB vs. transmitted power, (c) CRLB for τ and ϑ
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the PEB across different transmitted power levels, respec-
tively. While a significant performance gap exists between
D-RIS and AAA, BD-RIS achieves performance close to
AAA due to similar beamforming capabilities. Figs. 3(c) and
(d) show the CRLB for channel parameters and PEB as a
function of BS-RIS distance (dc), respectively. When the RIS
is positioned far from the BS, BD-RIS and D-RIS exhibit
similar CRLB performance. This similarity arises from the
comparable beamforming gains of both structures at larger dc,
as illustrated in Fig. 2. As dc decreases, BD-RIS performance
improves due to reduced multiplicative path loss, with its
fully-connected structure maintaining beamforming gain. In
contrast, D-RIS initially benefits from reduced dc, but beyond
a critical threshold, the loss in beamforming gain outweighs
path loss reduction, leading to a substantial CRLB and PEB
performance drop.

C. CRLB Analysis for the FF Scenario
Fig. 4 presents the CRLB analysis for Scenario 2 (FF),

comparing BD-RIS, D-RIS, and AAA across various param-
eters. In Fig. 4(a), D-RIS significantly underperforms in ϑ



Fig. 5. 10 log10(PEB) for different UE positions. (a) Scenario 1 (NF); (b)
Scenario 2 (FF).

estimation compared to BD-RIS and AAA, which achieve
higher angular resolution due to their sharp beams. Conversely,
D-RIS achieves τ estimation comparable to BD-RIS and AAA
due to its broad beam pattern, which disperses energy over a
wide range. This wide dispersion allows the UE to receive
pilot signals even when the BS beam is not precisely aimed
at it. Notably, τ estimation primarily relies on the frequency
diversity of the wideband channel rather than a sharp, narrow
beam, making D-RIS’s broad coverage beneficial for this
purpose. This advantage is also reflected in the CRLB trends
for τ in Figs. 4(c) and (e). Despite this advantage in τ , D-
RIS’s weaker angular estimation negatively impacts its PEB,
while BD-RIS attains performance close to AAA, thanks to
its flexibility in beam design, as shown in Fig. 4(b).

Figs. 4(c) and (d) show the CRLB performance of the
channel parameters and the PEB performance as a function
of BS-RIS distance (dc), respectively. The trends for ϑ and
PEB closely mirror those in Scenario 1 (NF) (see Figs. 3(c)
and (d)). As dc decreases, the CRLB on τ improves for both
D-RIS and BD-RIS, driven by reduced multiplicative path
loss and enhanced SNR, underscoring SNR’s importance in
τ estimation. Note that, AAA’s performance remains stable,
unaffected by dc, due to its independent MISO structure.

Figs. 4(e) and (f) respectively show the CRLB performance
for channel parameters and PEB as the number of subcarriers
increases. In Fig. 4(e), ϑ estimation remains unaffected by the
number of subcarriers, as it depends primarily on beamforming
gain. Conversely, τ estimation benefits from the frequency
diversity of OFDM, showing improved CRLB performance
across all setups as the number of subcarriers increases. In
Fig. 4(f), D-RIS’s PEB performance plateaus after only a
few subcarriers, while BD-RIS and AAA continue to improve
significantly before reaching their own performance ceilings at
much higher subcarrier counts. This early ceiling for D-RIS is
due to its limited beamforming capability and correspondingly
poorer ϑ estimation. In contrast, the lower CRLB on ϑ for
BD-RIS and AAA indicates a greater capacity to leverage

frequency diversity across a larger number of subcarriers,
thereby enhancing PEB.
D. PEB Visualization for the Area of Interest

Figs. 5(a) and (b) show the PEB on a logarithmic scale for
various UE positions in NF and FF scenarios, respectively. In
the NF scenario, the same RIS configuration listed in Table I is
applied. BD-RIS achieves performance comparable to AAA,
while D-RIS provides sub-meter level accuracy only for UEs
within a few meters of the RIS. For the FF scenario illustrated
in Fig. 5(b), we assume ∆ϑ = 5◦ (instead of ∆ϑ = 1.8◦, for
better visualization of the beams). Similar to NF scenarios,
D-RIS shows relatively poor performance, whereas BD-RIS’s
performance remains close to AAA. Furthermore, Fig. 5(b)
illustrates enhanced PEB along paths where the sweeping
beam aligns with the positions of UEs in both BD-RIS and
AAA configurations, underscoring the critical role of high-
resolution codebooks in achieving precise localization. While
a direct comparison between NF (Fig. 5(a)) and FF (Fig. 5(b))
is challenging due to the higher number of samples in FF from
the OFDM structure, it is evident that BD-RIS provides a more
substantial improvement over D-RIS in NF than in FF. In NF
scenarios, where beamforming gain is critical for estimating
positional parameters r and ϑ, BD-RIS significantly reduces
the PEB compared to D-RIS. In contrast, this enhancement is
less pronounced in FF, where ToA estimation benefits more
from frequency diversity rather than beamforming precision.

V. CONCLUSION

This paper has proposed a novel BS architecture inte-
grating fully-connected BD-RIS to enable enhanced passive
beamforming for efficient localization. This design offers a
promising alternative to existing benchmarks, achieving lo-
calization accuracy comparable to active analog beamforming
with traditional antenna arrays. Through comprehensive CRLB
analysis in both NF and FF scenarios, we have demonstrated
that BD-RIS offers substantial improvements over traditional
D-RIS. Notably, BD-RIS shows comparable performance to
AAA, establishing it as a viable solution for high-accuracy
positioning in 6G networks and beyond. Our findings underline
the potential of BD-RIS to bridge the gap between active
and passive localization methods, paving the way for efficient,
scalable localization solutions in future networks.

APPENDIX A
DETAILED DERIVATIONS OF Fch,i

This section presents the detailed calculation of Fch,i by
evaluating ∂µi,t[n]

∂[ξch,i]ℓ
. Consequently, Fch,i is obtained using (8).

Scenario 1: The calculations for Scenario 1 are as follows:

[
∂µ1,t

∂r
,
∂µ1,t

∂ϑ
]T = β1[ȧ1,r(r, ϑ), ȧ1,ϑ(r, ϑ)]

Hζ1,t[0], (11)

[
∂µ1,t

∂ℜ(β1)
,

∂µ1,t

∂ℑ(β1)
] = [1, ȷ]aH

1 (r, ϑ)ζ1,t[0], (12)

where

[ȧ1,r(r, ϑ), ȧ1,ϑ(r, ϑ)] = [dr,dϑ]⊙ [a1(r, ϑ),a1(r, ϑ)], (13)



with

[dr]m = −ȷ
2π

λ

(
r − ymδ cosϑ√

r2 + y2mδ2 − 2rymδ cosϑ
− 1

)
, (14)

[dϑ]m = −ȷ
2π

λ

rymδ sinϑ√
r2 + y2mδ2 − 2rymδ cosϑ

. (15)

Scenario 2: The calculations in this case are as follows:
∂µ2,t[n]

∂τ
= −ȷ2πn∆fβ2e

−ȷ2πτn∆faH
2 (ϑ)ζ2,t[n], (16)

∂µ2,t[n]

∂ϑ
= β2e

−ȷ2πτn∆f ȧH
2,ϑ(ϑ)ζ2,t[n], (17)

[
∂µ2,t[n]

∂ℜ(β2)
,
∂µ2,t[n]

∂ℑ(β2)
] = [1, ȷ]e−ȷ2πτn∆faH

2 (ϑ)ζ2,t[n], (18)

where ȧ2,ϑ(ϑ) = −ȷ2π δ
λ cosϑ diag(0, . . . ,M − 1)a2(ϑ).

APPENDIX B
DETAILED DERIVATIONS OF JACOBIAN MATRIX J i

Each channel parameter in ξch,i must be expressed as a
function of the positional parameters ξpo,i, after which the
derivatives are readily computed.

Scenario 1: The derivatives are as follows:
∂r

∂[pue]1
=

[pue]1 − [pris]1
∥pue − pris∥

,
∂r

∂[pue]2
=

[pue]2 − [pris]2
∥pue − pris∥

(19)

∂ϑ

∂[pue]1
= − [pue]2 − [pris]2

∥pue − pris∥2
,

∂ϑ

∂[pue]2
=

[pue]1 − [pris]1
∥pue − pris∥2

.

(20)
Scenario 2: The derivatives are as follows:
∂τ

∂[pue]1
=

[pue]1 − [pris]1
c∥pue − pris∥

,
∂τ

∂[pue]2
=

[pue]2 − [pris]2
c∥pue − pris∥

, (21)

∂ϑ

∂[pue]1
= − [pue]2 − [pris]2

∥pue − pris∥2
,

∂ϑ

∂[pue]2
=

[pue]1 − [pris]1
∥pue − pris∥2

.

(22)
In both scenarios, it is evident that ∂ℜ(βi)

∂ℜ(βi)
= ∂ℑ(βi)

∂ℑ(βi)
= 1. All

other entries in the Jacobian matrix J i are zero.
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