CHALMERS

UNIVERSITY OF TECHNOLOGY

A numerical study of velocity-pressure gradient and pressure-dilatation
terms in transport equations for subfilter turbulent Kinetic energy in

Downloaded from: https://research.chalmers.se, 2025-11-06 08:01 UTC

Citation for the original published paper (version of record):

Lipatnikov, A., Sabelnikov, V. (2025). A numerical study of velocity-pressure gradient and
pressure-dilatation terms in transport

equations for subfilter turbulent kinetic energy in premixed flames. Physics of Fluids, 37(10).
http://dx.doi.org/10.1063/5.0294306

N.B. When citing this work, cite the original published paper.

research.chalmers.se offers the possibility of retrieving research publications produced at Chalmers University of Technology. It
covers all kind of research output: articles, dissertations, conference papers, reports etc. since 2004. research.chalmers.se is
administrated and maintained by Chalmers Library

(article starts on next page)



RESEARCH ARTICLE | OCTOBER 27 2025

A numerical study of velocity-pressure gradient and
pressure-dilatation terms in transport equations for subfilter
turbulent kinetic energy in premixed flames

Andrei N. Lipatnikov & © ; Vladimir A. Sabelnikov

’ '.) Check for updates ‘

Physics of Fluids 37, 105163 (2025)
https://doi.org/10.1063/5.0294306

@ B

View Export
Online  Citation

N
O
=
LL
Yo

@)

N
O

N

>
i a
Q.

Articles You May Be Interested In

A priori assessment of gradient models of joint cumulants for large eddy simulations of premixed turbulent
flames

Physics of Fluids (July 2025)
Numerical errors in the computation of subfilter scalar variance in large eddy simulations
Physics of Fluids (May 2009)

An a priori analysis of the structure of local subfilter-scale species surrounding flame fronts using direct
numerical simulation of turbulent premixed flames

Physics of Fluids (April 2021)

Physics of Fluids
Special Topics

Open for Submissions

AIP

AlP Learn More _Z‘_ Publishing

é/_‘. Publishing

61:2G:G} GZ0Z 49qUIaAON €0


https://pubs.aip.org/aip/pof/article/37/10/105163/3369170/A-numerical-study-of-velocity-pressure-gradient
https://pubs.aip.org/aip/pof/article/37/10/105163/3369170/A-numerical-study-of-velocity-pressure-gradient?pdfCoverIconEvent=cite
javascript:;
https://orcid.org/0000-0001-5682-4947
javascript:;
https://orcid.org/0000-0002-0979-2994
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0294306&domain=pdf&date_stamp=2025-10-27
https://doi.org/10.1063/5.0294306
https://pubs.aip.org/aip/pof/article/37/7/075107/3351393/A-priori-assessment-of-gradient-models-of-joint
https://pubs.aip.org/aip/pof/article/21/5/055102/934096/Numerical-errors-in-the-computation-of-subfilter
https://pubs.aip.org/aip/pof/article/33/4/045122/1064674/An-a-priori-analysis-of-the-structure-of-local
https://e-11492.adzerk.net/r?e=&s=8-cYR9e6aULSWxgjovwAOhCJxQ0

Physics of Fluids ARTICLE pubs.aip.org/aip/pof

A numerical study of velocity-pressure gradient
and pressure-dilatation terms in transport
equations for subfilter turbulent kinetic energy
in premixed flames

Cite as: Phys. Fluids 37,105163 (2025); doi: 10.1063/5.0294306 @ 1 @
Submitted: 2 August 2025 - Accepted: 13 October 2025 - (Rl
PU blIShed online: 27 October 2025 View Online Export Citation CrossMark

Andrei N. Lipatnikov'® %) and Vladimir A. Sabelnikov”

AFFILIATIONS

'Department of Mechanics and Maritime Sciences, Chalmers University of Technology, Gothenburg SE-412 96, Sweden
20ONERA - The French Aerospace Lab., F-91761 Palaiseau, France

2 Author to whom correspondence should be addressed: lipatn@chalmers.se

ABSTRACT

Pressure-dilatation and velocity-pressure-gradient terms in transport equations for subfilter turbulent kinetic energy are a priori explored by
analyzing published three-dimensional direct numerical simulation (DNS) data obtained from a lean (the equivalence ratio ®=0.81)
complex-chemistry hydrogen-air flame propagating in a box. The DNS conditions are associated with moderately intense (Kolmogorov time-
scale is shorter than flame timescale by a factor of above two), small-scale (Kolmogorov length scale is smaller than laminar flame thickness
by a factor of about 20) turbulence. The studied terms are computed by filtering out the DNS fields of velocity, pressure, and fuel mass frac-
tion and adopting top hat filters of different widths, which are smaller or comparable with the laminar flame thickness. Moreover, gradient
models of the second-order generalized central moments (joint cumulants) are extended to close the explored pressure terms. Reported
results show that filtered pressure terms conditioned to filtered combustion progress variable change their sign with variations in the sam-
pling variable. Moreover, magnitudes of the conditioned terms are much higher than magnitudes of the counterpart time- and transverse-
averaged terms. In addition, spatial variations of time- and transverse averaged velocity-pressure-gradient or pressure-dilatation term within
mean flame brush are well predicted by the newly introduced gradient models in all studied cases. While the sole model constant tuned to get
the best prediction increases gradually with filter width, the constant remains of unity order in all cases. These results encourage further
assessment of gradient models as a promising tool for large eddy simulation of premixed turbulent combustion.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0294306

I. INTRODUCTION

Large eddy simulations (LES) of turbulent flows' * are widely
used to directly resolve motion of large-scale eddies by separating
them from small-scale ones. For this purpose, unsteady three-
dimensional fields f(x,t) are filtered out over sufficiently small

and the filter width A characterizes the wavelength of the smallest scale
retained by the filtering operation. When running LES of compressible
non-reacting flows’ and flames,”” the Favre-filtered fields f = pf /p
are commonly considered for the mass conservation equation

volumes 9 0
Lt (i) =0, ©

-~ 5 ot ax]

Fxt) = | G A)r(E e, m
to involve resolved terms only. Here, t and xj are the time and
where G(x, &, A) is a generic filter kernel in space Cartesian coordinates, p is the density, u; is i-th components of the
velocity vector u, and the Einstein summation convention applies to
JG(X’ g AP =1, ) repeated indexes.
Favre-filtered Navier-Stokes Equation reads

61:25:51 520 JOGWBAON €0

Phys. Fluids 37, 105163 (2025); doi: 10.1063/5.0294306 37, 105163-1
© Author(s) 2025


https://doi.org/10.1063/5.0294306
https://doi.org/10.1063/5.0294306
https://www.pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0294306
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0294306&domain=pdf&date_stamp=2025-10-27
https://orcid.org/0000-0001-5682-4947
https://orcid.org/0000-0002-0979-2994
mailto:lipatn@chalmers.se
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0294306
pubs.aip.org/aip/phf

Physics of Fluids ARTICLE

) o . 9 . O Ot
ot P+ g (P) = =50 (P%) —po+ 5 @

where p designates the filtered pressure, 7;; = uiuj — u;uj and T, are
the subfilter-scale (SFS) stress tensor and the viscous tensor, respec-
tively, with u referring to molecular dynamic viscosity. In the simplest
case of single-step-chemistry, adiabatic burning, and equal molecular
diffusivities of major reactants, the following transport equation:

o . 9 .. OF 0]
a_xj(p”jc)* o om W, ®)

for the Favre-filtered combustion progress variable ¢ is widely used.”
Here, &, designates the filtered mass rate of product creation, F;
= p(ujc — u;¢) and J; are SFS and molecular diffusion fluxes, respec-
tively. In this simplest case, mixture state is characterized with a single
scalar ¢, which monotonically increases from zero in unburned reac-
tants to unity in equilibrium adiabatic combustion products,

Most terms on the right-hand sides of Eqs. (4) and (5) are unre-
solved, with various modeLs(”S '8 of the rate @, involving the SFS tur-
bulent kinetic energy kg = (wu; — #;;)/2. Within the LES
framework, the evolution of this energy is often simulated using a
transport equation, which can be written in different forms, e.g.

2 %

o=\ 0~ o) |(wg @ ___
E(pksfs)Jra—M(pu,-ksﬁ) +6x,~{p [(21_ 21 — Ujul; +u,-uf)
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Equations (6) and (7) are mathematically identical. The sole dif-
ference between them consists in either splitting terms that involve the
stress tensor gj; = 17, — pdj into a transport term and a source/sink
term, i.e., 8(uj0',-j) /0x; and 6;;0u;/Ox; on the left- and right-hand sides
of Eq. (6), respectively (lhs and rhs, respectively), or using the single
term u;00;/0x; on the rhs of Eq. (7). Here, d;; is Kronecker delta. In

pubs.aip.org/aip/pof

combustion literature, the former and latter approaches, i.e., the use of
terms that involve either dilatation or pressure gradient, respectively,
were adopted, e.g., in Refs. 9,19 and,” > respectively. Modeling of
such pressure terms is an important unresolved issue, because they are
known to play a crucial role in balance of turbulent kinetic energy
within premixed flames.”*"° Accordingly, the issue is addressed in
the present work.

Note that the pressure terms in Eqs. (6) and (7) are sometimes
combined with the second term on the rhs of Eq. (6) or (7), as will be
discussed later. Moreover, these terms can be rewritten as follows:

Ou; _0u; -
pa_xi_f’a_x,-’f("”@)’ &)

7“1@+ﬁ87p: 7?(1/11,@)7 (10)
X; i Ox;

within framework of the second-order generalized central
moments” " (joint cumulants)

T(ﬂg) Ef_g _]_(§7 (11)

of two fields f (x, t) and g(x, t). Other joint cumulants are widely used
in LES research into various turbulent flows. Specifically, the SES stress
tensor u;u; — u;1;, the SFS scalar flux ;¢ — u;c, the SFS scalar vari-
ance ¢2 — ¢2, and the velocity difference #%; — #;, which is multiplied
with the mean pressure gradient on the rhs of Eq. (6) or (7), are exam-
ples of joint cumulants T (Ui, 4), T(Ui;€), T(C,0)s and 7(p, ui)/ﬁ,
respectively.

All these joint cumulants require closure relations. Such relations
can be yielded by so-called gradient models put forward by Leonard”’
and by Clark et al. " by developing pioneering ideas of Smagorinsky,”’
who introduced a scalar subfilter-scale viscosity. Gradient models are
also of eddy-viscosity type but introduce a subfilter-scale viscosity ten-
sor. Capabilities of such models for predicting the cumulants ?(u,-, ),

T(uj,c), and T(c,c) in premixed flames were already demon-

9,32-37
strated. " Here

:E(fvg) Efé _J7§7 (12)

is a counterpart of the cumulant 7 (f, g) within Favre-averaging frame-
work. Recently, predictive capabilities of gradient models for five
such cumulants, i.e., ‘c(ul,u]) T(ui, ), T(c,¢), T(p,u;), and T(p,c)
= pc — pc were shown® by analyzing the same (for all cumulants)
Direct Numerical Simulation (DNS) data. However, to the best of the
present authors’ knowledge, the pressure-containing cumulants
T(p,0) and 7(u, Vp) have not yet been addressed in combustion
literature.

Accordingly, the goal of the present work is twofold: (i) a study of
the behavior of the joint cumulants 7(p, ®) and 7(u, Vp) in a pre-
mixed turbulent flame and (ii) a priori assessment of the performance
of gradient models for these two terms. For these purposes, direct
numerical simulation (DNS) data created by Dave et al”” and Dave
and Chaudhuri'’ are analyzed. Note that the same DNS data were
recently used”® to validate gradient models for five other joint cumu-
lants, i.e., r(u,, ), T(ui,€), T(c,¢), T(p, ui), and T(p, c).

Gradient models of 7(p, ®) and T(u, Vp) are introduced in the
next section. In the third section, the DNS attributes are reported.
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Computed results are presented and discussed in the fourth section,
followed by conclusions.

Il. GRADIENT MODELS

As already noted, gradient models were pioneered by Leonard™’
and by Clark et al.” for incompressible flows. Later, the approach was
extended and applied to other problems™"' ™ such as compressible
turbulence, mixing and heat transfer, reacting flows, etc. Here, follow-
ing studies by Liu et al,*' by Cimarelli et al,”” and by Berselli et al.,”*
gradient model equations are obtained by (i) applying Taylor expan-
sion to a similarity model by Bardina et al.,” which was originally pro-
posed for incompressible flows, and (ii) considering the lowest-order
terms.

The original similarity model by Bardina et al.”” assumes that 1]

=u; —u; and u} =u; —u; are of the same order of magnitude.

Subsequently, application of u, = 1] to all terms in the Leonard triple
decomposition for subfilter stresses T (ui, 1)), ie., the Leonard stresses

(interactions between filtered scales), cross-stresses (interactions
between filtered and subfiltered scales), and Reynolds subfilter stresses
(interactions between subfilter scales), results in T(ui, wj) ~ T (Ui, Uj).
It should be noted that Leonard stresses and cross-stresses considered
separately are not Galilean invariants, while their sum is. Therefore,
the linear combination model by Bardina et al,”” in which the cross-
stress term is multiplied with a constant different from unity is not
Galilean invariant.”’
A version of the model by Bardina et al.” reads

?(fvg) %?(f?g) :E _f§7 (13)
and results in”’
.9 ~5 | [cxmem B[fEn T
x [g(&, t) g, t)]d’Edn, (14)

because
[ [o e a7 ngm nazan -7z,

- (15)
“qx, WG(x E)F (&, 0g(& Nded™n = fg.

By applying the first-order Taylor expansion to the differences in the
integral in Eq. (14), we arrive at

V.0~ L | [ommemas

of og
= (9 %) 5y Ox; Ox”

= 1;) (& — m)d&dn

(16)

For a regular Cartesian control volume and a top-hat filter of width A,

ie.
1 A
ZE[1*H<|§\*E>}, (17)

where H is Heaviside function, Eq. (16) reads

GA(X7 g)

pubs.aip.org/aip/pof
,Of @
T(f.g) ~ a}{mi. (18)

Substitution of various pairs of {f =p,g=0}or {f =u,g=Vp}
into Eq. (18) yields

1,3 00

T = — 90 = It S 1
7(p,®) =pO —pO O O (19)
or
oy T T 1 0n O
T(w, Vp) =i Ox; u'(?x,- T127 Ox Oxi0x (20)

In Sec. IV, Egs. (19) and (20) are assessed by analyzing DNS database
created by Dave et al.” and Dave and Chaudhuri*’ described briefly in
the next section.

lll. DNS ATTRIBUTES AND DIAGNOSTIC METHODS
Since the DNS database was already discussed by the present

authors in previous articles,”°" °® only a summary of the DNS attrib-
utes is given below. The reader interested in further details is referred
to the cited papers.

A statistically one-dimensional and planar, lean (the equivalence
ratio @ = 0.81) hydrogen-air flame propagating in a cuboid (19.18
x 4.8 x 4.8 mm) was simulated using Pencil code” to numerically
integrate unsteady and three-dimensional continuity, compressible
Navier-Stokes, energy and species transport equations supplemented
the ideal gas state equation. Moreover, a detailed chemical mechanism
(9 species and 21 reactions) by Li et al’’ and the mixture-averaged
molecular transfer model were invoked.

The cuboid was meshed with a uniform grid of 960 x 240 x 240
cells. Periodic and Navier-Stokes characteristic boundary conditions’’
were set at the transverse sides and the inlet or outlet, respectively.

Homogeneous isotropic turbulence was generated in another
cube adopting large-scale forcing™® and setting the periodic boundary
conditions. The turbulence evolved until a statistically stationary state
was reached. At this stage,” the r.m.s. velocity ' = 6.7 m/s; an inte-
gral length scale L = 3.1 mmy; the integral timescale 7, = L/u' = 0.46
ms; the turbulent Reynolds number Re; = u/'L/v = 950; the

Kolmogorov length scale n = (v*/ <s>)1/4 =0.018 mm, and the

Kolmogorov timescale 7, = (v/(&)) /2 — 0.015 ms. Here, v designa-
tes kinematic viscosity; (¢) = (2v/5;S;) is the turbulence dissipation
rate averaged over the cube; and Sj; = (Ju;/dx; + Ou;/0x;) /2 is the
rate-of-strain tensor.

At t = 0, a laminar flame pre-computed using the same chemical
mechanism and the same transport model was embedded into the
cuboid at x = xy. Under the simulation conditions (pressure P = 1
bar, and unburned gas temperature T, =310K), the laminar flame
speed S, thickness 6, = (T, — T,)/max{|VT|}, and timescale 7/
= 0./S, are equal to 1.84m/s, 0.36 mm, and 0.20ms, respectively.
Here, subscripts u and b refer to unburned and burned mixtures,
respectively. At t > 0, the flame was stretched by turbulence injected
continuously into the computational domain through the left
boundary x = 0. The Damkohler number Da = (L/u')/(d./S.) and

the Karlovitz number Ka* = (u//SL)g'/z(L/éL)*l/2 or Ka = 17/1,,

Phys. Fluids 37, 105163 (2025); doi: 10.1063/5.0294306
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calculated using characteristics of the injected turbulence, are equal to
2.35and 2.4 or 13, respectively.

Since the turbulence decayed along the x-direction, different tur-
bulence characteristics were evaluated at the leading edge of the
mean flame brush, i.e., were averaged over the plane x = x;,(t) nearest
to a cross section where the transverse-averaged combustion
progress variable (c)(x,t) = 0.01, followed by time-averaging.

Specifically, (u') (%) = 3.3 m/s; the Taylor length scale A(x)

=14/ 15yum/® =0.25 mm or 0.699]; the Kolmogorov length

scale (x;,) = 0.018 mm or O.OSéLT; the Kolmogorov timescale 7, (x;,)
= 0.087 ms; the Reynolds number Re;(x;) = (W) 2/v, = 55; and
Ka(x,) =23 is much smaller than (o./ n)z =~ 400, because
Stor/vy > 1 in moderately lean hydrogen-air mixtures.”
Here, the combustion progress variable is defined using fuel mass
fraction Y, ie, c=1— Yp/YE,; symbol U refers to time- and
transverse-averaged quantities sampled at 58 instants from ¢t = 1.0 to
t = 1.57 ms.

The density field p(x, t), the velocity field u(x, t), and the com-
bustion progress variable field c(x, ), obtained in the DNS, were fil-
tered out using box (top-hat) filters, see Eq. (17), of different widths A,
equal to 0.220;, 0.446;, and 0.880.

When testing Egs. (19) and (20), the model constants bp and bg,
respectively, were inserted into these equations, i.e., the following gra-
dient model equations:

5.0 — 36 56 — 0 A2 0P 0O
©(p,©) =p0 —pO =~ A O Oy (1)

and

O _bo o 0m 0
ox, Yox 127 Oxpoxoxe
were assessed. Here, subscripts D and G in bp and b refer to dilatation
and gradient, respectively.

In the following, variations of the considered time-and transverse-
averaged filtered terms, ie, (T(p,®)) and (7(u, Vp)), within mean
flame brush are reported vs time- and transverse-averaged combustion
progress variable by taking advantage of the monotonic increase in
(c)(x) from zero to unity with distance x. Moreover, the terms
<T(p7®) lc= £> and <T(u7Vp) [c= £> conditioned to ’E(x, ) — £| <A&

T(u, Vp) = u;

(22)

ARTICLE pubs.aip.org/aip/pof

with AE=0.05 and sampled from the entire flame brush over all instants
will also be reported in the next section.

IV. RESULTS AND DISCUSSION

Figure 1 shows spatial variations of normalized (using d1/p,S})

time- and transverse-averaged terms (7(p, ©)) (red solid lines) and

(=7 (u, Vp)) (black dashed lines) along the normal to the mean flame
brush. The latter term is taken with sign minus to be consistent with
the rhs of Eq. (7). The same two terms are plotted in black dots in
Fig. 2, where variations of the conditioned terms (7(p, ®)[c = ¢) and
(—=7(u, Vp)[c = &) are presented in color lines. Since the following
discussion of these conditioned terms is solely restricted to qualitative
trends, Fig. 2 presents results sampled using a single filter of a medium
width, i.e., A = 0.446;. The following trends are worth noting.

First, magnitudes of the mean terms (7(p,®)) and
(=7(u, Vp)) are increased with increasing the filter width A, cf. scales
of ordinate axes in Figs. 1(a)-1(c). The same trend is observed for the
conditioned terms (7 (p, ®)[c = &) or (—7(u, Vp)[c = &), but is not
shown for brevity. This trend is associated with the fact that the small
difference in p® and pO or u-Vp and @-Vp tends to zero as
A — 0. On the contrary, magnitudes of the mean large subterms p®,
PO, u-Vp,and T - V) depend weakly on A (see Fig. 3).

Note that the magnitudes of subterms p® and p® are signifi-
cantly larger than the magnitudes of u- Vp and u - Vp, cf. scales of
ordinate axes in Figs. 3(a) and 3(b), respectively, whereas the magni-
tudes of the mean cumulants (7(p, ®)) or (—7(u, Vp)) are compa-
rable (see Fig. 1). Consequently, the former cumulant is a small
difference between two large terms and, hence, is expected to be sensi-
tive to numerical errors. From this perspective, the use of the latter
cumulant, ie., T(u, Vp), could be preferable for numerical research
into premixed turbulent combustion. This is a peculiarity of flames,
where the filtered dilatation ® can attain significant values and, hence
can yield a large term p© after multiplication with the large filtered
pressure p. In iso-thermic flows characterized by a low Mach number,
the filtered dilatation is small and the discussed sensitivity of 7(p, ®)
to numerical errors is expected to be weak. Accordingly, the cumulant
7(p, ®) is widely used in LES research into non-reacting flows.”*”” "

Second, magnitudes of terms plotted in Figs. 1 and 3 peak in the
middle of the flame brush, because these magnitudes are increased
with increasing probability of finding local flames (where dilatation

----- pressure-dilatation -7 - - -~ pressure-dilatation /_—'—\ 1.2[- -~ -~ pressure-dilatation LA 1
0.08 velocity-pressure-gradient /,' \ b o velocity-pressure-gradient| / 1 velocity-pressure-gradient| - \
\ .3 \ b 1
172 i @ \ v \
1 \ = \
£0.06f- w4 E ! E0.8f .
2 \ 8 \ s
g | =02 [ =t
N0.04F 8 \ IS
g 5 F04r ]
£ E0.1f -
50.02} g9 5
| = =
0.0f b
0.00f - 0.0 7 S
== - - S "\ L L L N L L L L
02 04 - ). 02 04 06 0.8 0.2 04 06 0.8
mean combustion progress variable mean combustion progress variable mean combustion progress variable
(@) ) (©

FIG. 1. Variations of time- and transverse-averaged terms (z(p, ©)) (black dotted-dashed lines) and {—7(u, Vp)) (red solid lines) within mean flame brush. All terms are
normalized using d;/ (p,S}). (a) A = 0.225, (b) A = 0.445;, and (c) A = 0.885;.
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FIG. 2. Variations of (a) pressure-dilatation term 7(p, ®) and (b) velocity-pressure-gradient term 7 (u, Vp) within mean flame brush. Black dotted lines show time- and

transverse-averaged terms (7 (p, ©)) and (—7(u

. Vp)). Color lines show conditioned terms (7 (p, ®

)E =¢) and (—

T(u, Vp)|c = £> with the values of the conditioning

variable ¢ being specified near curves. Al terms are normalized using ./ (p,S}). A = 0.445.

does not vanish and pressure gradient is high) and the latter probabil-
ity is the largest in the middle of the flame brush. Since shapes of
curves in Fig. 1 are controlled by the same physical mechanism
(dependence of that probability on mean combustion progress
variable), the shapes vary weakly with the filter width. Specifically,
dependencies of (7(p,®)) or (T(u,Vp)) on (c), sampled using A
= 0.2201 and A = 0.446, can be matched almost perfectly by multi-
plying the former (smaller filter width) dependencies with 3.96 and
3.94, respectively. A similar observation holds for A = 0.226; and
A = 0.880;, with matching coefficients being equal to 124 for
(T(p,©®)) and 11.8 for (7(u, Vp)). However, the matching is worse
for A =0.229;, and A = 0.886; when compared to A = 0.226; and
A = 0.445;.

Third, Fig. 2 shows that the mean term magnitudes, see curves
plotted in black dots, are much smaller than magnitudes of the condi-
tioned terms sampled at 0.1 < & < 0.7, see color lines. These differ-
ences in the magnitudes of < (p.©)) and (T(p,

(7(u,Vp)) and (T(u, Vp)[c = &) are associated with the fact that

O)lc=¢) or

velocity and pressure gradients are localized to thin zones in a typical
premixed turbulent flame and, in particular, in the studied flame.””
When averaging is performed over a transverse plane, probability of
finding such zones is low and the mean terms p® and @ or u- Vp
and U - Vp are relatively small. When averaging is solely performed
over volumes where ¢(x, t) is finite and varies weakly, e.g., ¢(x,t)
~ £ = 0.5, probability of finding large dilatation or large pressure gra-
dient is substantial and the magnitudes of the conditioned terms
(POt = &) and (pO[c = &) or (u- Vplc = &) and (U - Vp[c =¢)
are significantly larger when compared to their mean counterpart.
Moreover, the discussed large differences in the magnitudes of
(T(p,©)) and (7(p,®)|c = &) or (T(u, Vp)) and (z(u, Vp)[c = &)
stem from cancelation of positive and negative contributions to the
time- and transverse-averaged terms from the counterpart terms con-
ditioned to various &.

Indeed, fourth, both magnitudes and signs of the conditioned

terms depend on ¢ (see Fig. 2). For instance, magnitudes of
(T(p,®)|c=0.1) and (7(p, ®)[c = 0.5) are comparable, but their

T T T T

normalized terms

normalized terms
=
(=]
T

1 | | |
0 0.2 04 06 0.8
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FIG. 3. Variations of time- and transverse-averaged terms (a) <ﬁ@> (lines) and (p®) (symbols) or (
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(b) —{u - Vp) (lines) and —(u- Vp) (symbols) within mean flame

brush. Black and red lines/symbols show results obtained using, A = 0.226, and A = 0.884,, respectively. All terms are normalized using d; / (puS\z).
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FIG. 4. (a) Dependencies of terms du/dx (black solid line) and udp/dx (red dashed line), normalized using their peak values, on combustion progress variable in the unper-
turbed laminar flame corresponding to DNS conditions. (b) Dependencies of terms 7 (p, ®) and 7 (u, Vp) on combustion progress variable. The terms are filtered over the

unperturbed laminar flame using A = 0.445, and normalized with &,/ (p,S}).

signs are opposite, cf. curves plotted in violet dashed and orange solid
lines, respectively, Fig. 2(a). Moreover, the term (7 (u, Vp)[c = &) has
the largest magnitude and positive at & = 0.3, see curve plotted in blue
double-dotted-dashed line in Fig. 2(b). Furthermore, the term
(T(u, Vp)c = &) is negative at & = 0.7; see curve plotted in magenta
dotted-double-dashed line in Fig. 2(b).

These trends can be understood by recalling that, in spite of
(81/n)* = 400, the studied flame statistically retains the local structure
of the counterpart unperturbed laminar premixed flame.”"****** In
the latter flame, pressure monotonously decreases from unburned to
burned sides, whereas dilatation grows from zero to a peak value
reached at ¢ =~ 0.35 and decreases with further increasing c, see curve
plotted in black solid line in Fig. 4(a). Accordingly, correlation between
pressure and dilatation should be negative and positive at ¢ < ¢* and
¢ > ¢*, respectively, with ¢* = 0.35. This simple reasoning explains
the change of the signs of the term (7 (p, ®)|c = &) from negative to
positive with increasing the sampling variable & [see Fig. 2(a)].

Furthermore, pressure gradient in a stationary, planar, one-
dimensional laminar flame can be estimated as follows:® dp/dx
= —pudu/dx if viscous forces are neglected or dp/dx = —p,Spdu/dx
= —p,S.0 due to the continuity equation pu = p,S;. Consequently,

in the laminar flame, udp/dx = — 0.5 p,, Sy du? /dx, i.e., spatial variations
of udp/dx are solely controlled by —du?/dx. The latter term is plotted
in red dashed line in Fig. 4(a). In this simplest case, the velocity # monot-
onously increases from unburned to burned sides, whereas dilatation
grows from zero to a peak value reached at ¢* ~ 0.35 and decreases
with further increasing c. Accordingly, correlation between u and
—dp/dx = p,S.® should be positive and negative at ¢ < ¢* and
¢ > c*, respectively. These simple reasoning explain the change of the
signs of the term (—7(u, Vp)|c = &) from positive to negative with
increasing the sampling variable & [see Fig. 2(b)].

To further support this explanation, the studied cumulants were
filtered out over the unperturbed laminar flame. Results reported in
black triangles and red circles for T(p, ®) and 7 (u, Vp), respectively,
in Fig. 4(b) are fully consistent with the DNS data plotted in Fig. 2.
In both cases, the pressure-dilatation cumulant is negative (positive)
at small (large, respectively) c. On the contrary, the velocity-pressure-
gradient cumulant is negative (positive) at large (small, respectively) c.

Dependences of both sign and magnitude of (7(p, ®)|c = &) or
(T(u, Vp)[ec = &) on ¢ could pose a challenge to models of 7(p, ©) or
T(u, Vp) for LES of premixed turbulent combustion. Nevertheless,
gradient models successfully address this challenge, as shown in Fig. 5,
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FIG. 5. Assessment of gradient models for subfilter pressure-dilatation term 7 (p, ®) (red lines or dots) and subfilter velocity-pressure-gradient term 7 (u, Vp) (black lines or

dots). Solid lines show time- and transverse-averaged terms (% (p, ®)) and (T(u, Vp)) sampled directly from the DNS data. Dashed lines show results yielded straightfor-
wardly by gradient models, see Egs. (21) and (22) with the constants bp = bg = 1. Dots show the results yielded by gradient models with tuned values of the constants
bg and bp, reported in Table |. All terms are normalized using 5L/(puSE). (@) A =0.226;. (b) A = 0.449,. (c) A = 0.889;.
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FIG. 7. Probability density functions for normalized differences e calculated using Eq. (23). 1—z (u, Vp) (black solid lines), 2—7 (p, @) (red dashed lines). No tuning, i.e., the
gradient-model constants bp = bg = 1in Egs. (21)-(22). (a) A = 0.220;. (b) A = 0.445,. (c) A = 0.880.

TABLE 1. Tuned values of model constants and differences between DNS data and model results.

Equation (21)

Equation (22)

A/Ax 4 8 16 4 8 16 4 8 16 4 8 16
b 1 1 1 0.94 1.12 1.39 1 1 1 0.93 1.14 1.59
€ 0.06 0.13 0.29 0.04 0.08 0.24 0.19 0.13 0.33 0.15 0.06 0.19
0 0.01 0.03 0.06 0.005 0.02 0.05 0.025 0.03 0.08 0.016 0.009 0.03

which reports results of assessing such models for both 7(p, ®) and
T(u,Vp), see red and black lines, respectively. The DNS data
(solid lines) are reasonably well predicted by Eqs. (21) and (22) with
bp = bg = 1 (dashed lines).

In addition to the time- and transverse-averaged filtered cumu-
lants addressed in Fig. 5, gradient models were also assessed for
the local filtered cumulants. For this purpose, first, the ratio r
= Tem/Tpns Of the filtered cumulants Tgy and Tpys, yielded by
Eq. (21) or (22) and sampled from the DNS data, respectively, was
locally evaluated. Second, the relative difference between these cumu-
lants was locally computed as follows:

_ 2_(fDNs - fGM) . 23)
[Tons| + [Tam|
Finally, probability density functions (PDF) for r and e were sampled
at 0.05 < ¢(x,t) < 0.95 and 0.05 < (¢(x,t))(x) < 0.95. Obtained
results are reported in Figs. 6 and 7, respectively, where black solid and
red dashed lines refer to T(u, Vp) and 7(p, ©), respectively.

These figures show good performance of the gradient models for
both cumulants on the local level. Specifically, the PDFs exhibit suffi-
ciently narrow peaks at # &~ 1 and € ~ 0. It is of interest to note that
the PDF for ¢, sampled adopting the smallest filter, has two peaks at
positive and negative € [see Fig. 7(a)]. Specifically, the probabilities of
finding € ~ —0.1 or € ~ 0.05 are significantly larger than the proba-
bility of finding much smaller |¢] < 1. These apparently surprising
trends (two peaks for A = 0.229; in Fig. 7(a), but a single peak for
A = 0.449;, or A = 0.88, in Figs. 7(b) or 7(c), respectively) could
stem from (i) finite pointwise values of € due to the neglected higher-
order terms in Taylor expansion in Eq. (14), (ii) weak variations in
these small values within a small volume (A = 0.220;), but (iii)
mutual cancelation of positive and negative small values of € in differ-
ent small parts of larger volumes (A = 0.440;, or A = 0.880).

Despite generally good performance of these gradient models,
Figs. 5-7 show their limitations also. For instance, differences in the
mean (Tgy) and (Tpys) are substantially larger at A = 0.88J;, see
curves plotted in solid and dashed lines in Fig. 5(c). Moreover, an
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increase in A results in substantially increasing the PDF width (see
Figs. 6 and 7). Nevertheless, performance of Egs. (21) and (22) can be
improved by tuning the constants bp and bg, respectively, cf. curves
plotted in solid lines and dots in Fig. 5. These results have been
obtained by minimizing a difference of Zf\il (<‘L'DN3>l. — <TGM>i)2
between time- and transverse-averaged joint cumulants (TDNs),
extracted directly from the DNS data and the counterpart cumulants
(Tem), yielded by the GM Egs. (21) and (22). Here, i = 1, ..., N refers
to various (C);-bins. Since this simplest approach performs well, alter-
native methods were not tried.

Differences between the DNS data and results yielded by Egs.
(21) and (22) without (bp = bg = 1) or with adjusted constants are
quantified adopting the following measures:

max{ | <‘L'DNs>i|}

= \/Zil (<TDNS>i — <TDNS>Z.)2.
Nmax{|<rDNs>i|}

(25)

Here, the maximum values are taken over various (c);-bins. Table I
shows that both € and, especially, 6 are small.

The tuned values of bp and bg, reported in Table I and in
Fig. 8, show a gradual increase with A. In LES applications, this
trend could be addressed, e.g., by adopting a dynamic-modeling
approach pioneered by Germano.””’” Nevertheless, the tuned
values remain of unity order and this fact implies that gradient
models are promising even for the pressure-containing terms.
However, it is worth noting that the largest filter width used in the
present work is on the order of laminar flame thickness. Such a
limitation is typical for a priori analysis of DNS data obtained
from three-dimensional complex chemistry turbulent flames,
because a ratio of computational width to J;, is still rather moder-
ate in such simulations reviewed elsewhere.”” Nevertheless, close
agreement between curves plotted in solid and dotted lines in
Fig. 5 lends support to gradient models.

1.6

=
~

tuned constants
i

| 1 | | |
0.2 0.3 0.4 0.5 0.6 0.7 0.8
normalized filter width

FIG. 8. Tuned values of constants in Eq. (21), black circles and solid line, and Eq.
(22), red triangles and dashed line.
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Recently, Wang et al.” tested the following equation:

S . o
”i@ ~dp Azau, 0°p

Oxi Hi Oxi 7 Ox Oxi0x

(26)

in their a priory analysis of DNS data obtained from a premixed swirling
flame. However, to get good agreement between Eq. (26) and those DNS
data, Wang et al.”" were forced to significantly increase C, when com-
pared to 1/12. On the face of it, these recent results appear to be incon-
sistent with the present analysis. However, this is not so, because the
left-hand side of Eq. (26) differs from 7 (u, Vp) analyzed by us. Indeed

op 0 _ O -0 o -)\0P
Ox; “’axi_”’ax,» ul(?x,- (@ ul)axi

O AN
f( axl_)+<ul W, @

i.e., the closure relation assessed by Wang et al.”” differs from the gra-
dient model explored by us, see Eq. (22). Note that the last term on the
rhs of Eq. (27) describes baropycnal work, which stems from “strain
generation by pressure and density gradients, both barotropic and bar-
oclinic” and “can transfer energy across scales in variable density
flows.””” Accordingly, the notion of baropycnal work is widely used in
LES research into compressible turbulence.”*”” In premixed flames,
this work also plays an important role, e.g., see a recent study,”® where
a gradient model of baropycnal work is validated against the DNS data
by Dave et al,” and Dave and Chaudhuri*’ analyzed in the present
paper.

Finally, it is worth noting that certain a posteriori studies’*"
have shown that gradient models are numerically unstable. To resolve
this problem, some modifications were suggested to numerically stabi-
lize such models. Specifically, certain modifications rely on adopting
some kind of “clipping”®’ ** or combining a gradient model with an
eddy viscosity model.””*** The reader interested a detailed analysis of
these approaches is referred to a recent paper by Cimarelli et al.’’
These issues are beyond the scope of the present paper but call for
future a posteriori studies of gradient models in LES of premixed tur-
bulent flames. Nevertheless, the good performance of such models
shown in Figs. 5-7 and in our recent paper’® appears to justify efforts
aimed at solving the problem of numerical stability of gradient models.

V. CONCLUDING REMARKS

Pressure-dilatation and velocity-pressure-gradient terms in trans-
port equations for subfilter turbulent kinetic energy were a priori
explored by analyzing three-dimensional DNS data obtained by Dave
et al.”” and Dave and Chaudhuri*’ from a moderately lean complex-
chemistry hydrogen-air flame propagating in moderately intense,
small-scale turbulence in a box. The terms were computed by filtering
out the DNS fields of velocity, pressure, and fuel mass fraction and
adopting top hat filters of different widths, which were smaller or com-
parable with laminar flame thickness.

In addition, gradient models of the second-order generalized cen-
tral moments (joint cumulants), which were mainly applied to subfilter
turbulent stresses and scalar fluxes in various flows, were further
extended to close the explored pressure terms.

The reported numerical results show that the filtered pressure
terms conditioned to filtered combustion progress variable ¢(x, t) = &
change their sign with variations in the sampling variable . These

7
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changes were explained by analyzing laminar flame structure. In addi-
tion, magnitudes of the conditioned terms are much higher than mag-
nitudes of the counterpart time- and transverse-averaged filtered
pressure terms. Besides, the obtained results give priority to using the
filtered velocity-pressure-gradient term when compared to the filtered
pressure-dilatation term, because, in flames, the latter term is a small
difference in two very large quantities and, therefore, can be more sen-
sitive to numerical errors.

Moreover, spatial variations of time- and transverse averaged fil-
tered pressure-dilatation and velocity-pressure-gradient terms within
mean flame brush were shown to be well predicted by the newly intro-
duced gradient models in all studied cases (different filter widths).
While the sole model constant tuned to get the best prediction
increases gradually with filter width, the constant remains of unity
order in all cases. It is worth stressing, however, that quantitative
results such as tuned values of the model constants are specific to the
studied problem and require further investigation under substantially
different conditions.

These results complement recent validation™” of gradient models
of five other filtered cumulants, ie., f(u,-, ), T (ui,c), T(c,c),
T(p,u;)/p, and T(p,c), performed by analyzing the same DNS
data.””*” All these results considered jointly encourage further assess-
ment of gradient models as a promising tool for LES research into pre-
mixed turbulent combustion. Specifically, the models should be
assessed under substantially different conditions by analyzing other
DNS data. Moreover, a posteriori studies are required, e.g., to explore
the problem of numerical stability of these models.
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