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Abstract

Although increasingly accessible by experiments and present in nanotechnology, non-
equilibrium dynamics still pose challenges for theoretical physics. That includes the
description of ultrafast demagnetization processes, magnetic phase transitions, and
induced magnetization. This thesis is a contribution to the advancement of coarse-
grained mesoscopic descriptions of non-equilibrium dynamics of magnetization.

Thermodynamics provides a framework to include fluctuations and coarse-grained dy-
namics. We extend it to non-equilibrium collective phenomena on subpicosecond time-
scales, although it was originally developed for slower timescales, and introduce the
concept of ultrafast thermodynamics. We use three examples to demonstrate its poten-
tial.

First, the entropy production in ultrafast magnetization is considered using the Landau-
Lifshitz-Gilbert equation, and the path-integral formalism is applied to it. This yields
the entropy production that strongly depends on the nutation of the magnetization.

Second, we use entropy production as a measure of Markovianity in magnetization
dynamics. Using three different Landau-Lifshitz-Gilbert equations (without nutation,
with nutation, with nutation and higher orders), we numerically compute their entropy
production rates. Negative entropy production rates indicate non-Markovian dynamics,
making them a good measure of the Markovianity.

Third, we investigate the phase transition into quadrupole ordering, observed slightly
above the magnetic transition. Using a field-theoretical approach, we find the transi-
tion temperatures and coupling to strain, explain why quadrupole order is visible only
in anisotropic materials, and derive an analytical expression for the transition temper-
atures.

Finally, this thesis includes a review of recent theories of the phono-magnetic effect, a
non-equilibrium magnetization phenomenon subject to significant debate. Altogether,
the work broadens the theoretical foundations for understanding ultrafast non-equili-
brium magnetization dynamics.
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Introduction

Theoretical physics is used to explain and predict experiments, but the currently exist-
ing theories cannot explain some of the experiments. This is especially true for out-of-
equilibrium phenomena, since the experimental technology has only recently advanced
into that regime. There are, for example, experiments on ultrafast demagnetization [1],
inertial dynamics of magnetization [2], giant magnetic effects from excited phonons
[3, 4], and new types of magnetic ordering [5].

But not only are experimental techniques constantly improving. The same is true for
applied technology for data storage and processing. For even further advancements,
it would be advantageous to reach sub-nanosecond timescales, but it comes with the
cost of non-equilibrium processes. This cost includes heat and entropy production,
irreversibility and efficiency loss, decoherence and noise, increased demands for the
used materials.

Therefore, the demand for explanations and predictions for ultrafast and non-equili-
brium dynamics is high. Yet many existing theories have been developed for slow
and/or equilibrium phenomena. In addition, the unprecedentedly short timescales in
the magnetization experiments raise the question of whether theories developed for
significantly slower timescales are still valid.

Therefore, we investigate possible expansions and improvements of mesoscopic the-
ories and thermodynamics. These are then compared to existing experimental data or
used to predict the outcome of future experiments.

Mesoscopic theories use a coarse-graining approach and have an advantage over mi-
croscopic theories: they can explain phenomena in a wider range of systems because
they are independent of the exact microscopic interactions. Microscopic theories, on
the other hand, consider the exact underlying interactions and are consequently re-
stricted to systems with the included types of interaction. Therefore, we are going to
use mesoscopic theories and focus on the effect of the interactions, while keeping in




Chapter 1. Introduction

mind the microscopic origin of these interactions.

Of course, we are building on existing and successful theories. They are then ex-
panded to higher orders of interactions or changed by combining known problems and
techniques in a new way.

Research Question How can we improve, expand, and adjust existing mesoscopic
theories to correctly explain and predict outcomes from non-equilibrium experiments?

What do we do? To answer this question generally is too big a scope for one re-
searcher’s career. Therefore, we focus on selected examples in the area of magnetism.
Magnetism has been studied for centuries and still does not cease to fascinate with new,
unexplained phenomena. It is possible to measure magnetization at ultrafast (femtosec-
ond) timescales and with high spatial precision as well. Phase transitions, different or-
ders, relaxation dynamics, and different origins have all been observed in magnets. But
not all of the phenomena have been understood on a mesoscopic level yet.

We take thermodynamics as a starting point and further develop it to ultrafast ther-
modynamics to capture non-equilibrium dynamics and states of magnetization. Con-
sequently, the refined research question is

Refined Research Question How can we combine thermodynamics, collective
phenomena and mesoscopic theories of magnetism to describe non-equilibrium mag-
netization dynamics?

Structure This thesis starts with an introduction to thermodynamics, where, for
this work, the central concept of entropy production is introduced. We continue with
defining and explaining ultrafast thermodynamics. It enables us to study the non-
equilibrium dynamics of collective excitations and is the basic framework for Paper I,
Paper II and Paper III. Since magnetization experiments play a key role in all the papers,
the experimental technique of magneto-optical Kerr effect measurements is presented
in Chapter 4. It is followed by an explanation of externally excited magnetization dy-
namics in Chapter 5, which is the process of interest in Paper I and Paper III.

Paper II focuses on a specific way to induce magnetism, and the basics for that are
given in Chapter 6. The last background chapter is about changes in magnetization,
with a special focus on phase transitions and quadrupolar ordering. It provides the
background for ongoing work and contains some of the first results.

Finally, the included papers are summarized, before the entire work is concluded by
an overall summary and outlook.



Introduction to Thermodynamics

Historically, the invention of steam engines led to a macroscopic theory involving pres-
sure, volume, heat, work, and entropy. This theory led to improved efficiencies in en-
gines and sparked theoretical interest.

What started out as a phenomenological description turns out to be a rather universal
description of nature. Together with mechanics and information theory;, it is one of the
pillars of classical physics, and today known as classic thermodynamics [6, 7].

Generally, there are two components to any physical problem in thermodynamics:
the system and the bath or medium. The system is a subsystem of the entire problem,
which is observed closely. The bath or medium denotes the environment surrounding
and interacting with the system.

The increased theoretical interest in classic thermodynamics led to the development
of statistical mechanics. Based on microscopic interactions, statistical predictions are
made regarding thermodynamic evolutions. This works because statistical mechanics
focuses on the averages over many particles and trajectories. The microscopic foun-
dation of the theory results in rigorous definitions for quantities like temperature and
entropy. With that, it provides mathematical proof for the phenomenological classic
thermodynamics, but it is still a theory on its own.

The following section introduces the most important concepts of thermodynamics
relevant to this work. The laws of thermodynamics and the definition of equilibrium
conclude this chapter.

2.1 Entropy, Heat and Work

The three quantities central to classic thermodynamics have each been defined in many
ways.




Chapter 2. Introduction to Thermodynamics

Starting from the outside, work can be defined as the energy added into the system
from external sources. This energy can take the form of, for example, a change of
pressure.

Such work leads to a change of energy within the system. This change can be quan-
tified in two ways. One is the heat of the system. It is the amount of energy transferred
due to microscopic processes like thermal conduction or friction. The other one is the
entropy S, which quantifies the number of microscopic states € possible for a given
macroscopic configuration of the system [7]. In statistical mechanics, it is defined as

Entropy is a central quantity of thermodynamics because it explains why some pro-
cesses do not happen despite obeying energy conservation laws. It is possible to make
such general statements because the entropy is defined for the entire physical system.
The entropy is one single quantity capturing important information about the system
and the bath simultaneously. As a consequence, we cannot investigate the system and
bath separately.

From an information theory point of view, entropy is the amount of information lost
between the forward and backward processes. The most common definition of entropy
in information theory is the Shannon entropy

Sy =) p(x)In(p(x)), (2.2)

which sums over the probability distribution p(x) for all possible states x of a certain
macroscopic configuration [7]. Here, the entropy is not defined for the entire problem,
but only for the system. The entropy of the bath is viewed as a separate quantity.

The Shannon entropy also finds its applications in ultrafast thermodynamics, as fur-
ther explored in Chapter 3.

2.2 Laws of Thermodynamics

Similar to mechanics, thermodynamics has fundamental principles that apply to all
problems addressed with this framework. They are called the laws of thermodynamics
[7].

The first law is the thermodynamic version of the law of conservation of energy. It
is formulated based on the internal energy U, which is the amount of energy necessary
to bring the system into its current state. It accounts for all changes that occur during
the transformation from the ground state to the current state. The first law tells us that
these energy changes are equal to the heat added to the system, reduced by the work
of the system done to the environment:

AU=0-W. (2.3)



2.3. Equilibrium and beyond

(a)  Markovian (b) non-Markovian
system bath system bath

Figure 2.1: Sketch of Markovian and non-Markovian information flow. In Markov processes,
information flow only happens from the system to the bath (indicated by the orange arrow).
In non-Markovian processes, information can also flow back from the bath into the system
(indicated by the green arrow).

The second law says that a system is always increasing its entropy .S. Consequently,
the state of maximal entropy is the equilibrium of the system. This equals the statement
that no heat flows from a colder to a hotter medium. It is conventionally formulated as

5,8 >0. (2.4)

Recent works show when the second law applies and when it can seemingly be bro-
ken. Fluctuations are one example, because they can lead to a transient decrease in
entropy. They only become visible when investigating individual trajectories or very
small systems [8-10].

Another exemption can be understood with the help of information theory. Since
entropy is defined as information flow in that context, an increase in entropy means
the flow of information from the system into the medium. In the moment, when the
information flow is reversed, the entropy of the system decreases. This can happen
in systems that have a memory effect, i.e., their future state depends on their past tra-
jectory. A system, whose evolution only ever depends on its current state, is called
Markovian. If that is not the case, the system is called non-Markovian. Fig. 2.1 illus-
trates the information flow between system and bath for (a) the Markovian dynamics
and (b) the non-Markovian dynamics.

The third law governs the limiting case of zero temperature. It states that the entropy
of a system approaching zero temperature becomes a constant:

S — const. for T -0 (2.5)

The entropy is related to the number of possible states. Therefore, the entropy might
become zero at zero temperature, but only if the system has a unique ground state.

2.3 Equilibrium and beyond

A system is in thermodynamic equilibrium if there is no macroscopic change and no
tendency to such a change.



Chapter 2. Introduction to Thermodynamics

To go beyond the equilibrium case, it is necessary to study the microscopic processes
as in statistical mechanics. The emergence of order parameters from statistical mechan-
ics provides a tool to describe the evolution of a system by following only the changes
in relevant parameters. One example of such an order parameter is temperature.

In classic thermodynamics, for a valid physical description, the bath has to have a
well-defined temperature. That means the bath has to be big enough not to change
its state because of the presence of the system. This is not always given in ultrafast
non-equilibrium dynamics, which poses additional challenges for the description.

One crucial thermodynamic tool for a physical description of ultrafast non-equilibrium
dynamics is entropy production

o
=

1

T=ASg+ ) (2.6)

The total entropy production X consists of the change in entropy in the system ASg
and the combined heat Q; of the baths i scaled by their temperatures 7; [11]. Entropy
production has long been a tool in classic thermodynamics, but it proves useful when
extending thermodynamics beyond the classic framework. One example is stochastic
thermodynamics and its extension to ultrafast dynamics, which we make use of in
Paper I. Generally, entropy production is a way to quantify change within a system and
is connected to the non-equilibrium aspects of ultrafast dynamics. As a consequence,
the entropy production holds information about the Markovianity of the system [9],
which we explain and use in Paper IIL

The next chapters show possibilities to formulate a thermodynamic framework for
ultrafast non-equilibrium processes.



Ultrafast Thermodynamics

A system needs time to reach its new equilibrium after it has been subject to an excita-
tion by, for example, a laser pulse. This relaxation has a characteristic time scale, and
everything faster than it is inherently non-equilibrium. The observed non-equilibrium
dynamics are therefore ultrafast, because they are faster than the shortest characteristic
timescale of the system.

Nonetheless, it is interesting to investigate the thermodynamics of these ultrafast
non-equilibrium processes. Since experiments track only specific degrees of freedom,
it is useful to apply the principles of stochastic thermodynamics [12]. These degrees of
freedom often represent collective excitations of the studied material.

Therefore, we develop the concept of ultrafast thermodynamics using methods from
stochastic thermodynamics.

The following sections introduce stochastic thermodynamics and collective excita-
tions, along with the widely used path-integral method and free energy approach.

3.1 Stochastic Thermodynamics

In stochastic thermodynamics, the system is one single particle, organism or object,
while the bath is treated as a stochastic background [13]. The system itself is non-
equilibrium, and studying its dynamics is the main focus. One example is active matter,
where the single objects perform random motions fueled by the interaction with the
environment.

Stochastic thermodynamics combines ideas of classic thermodynamics and statistical
mechanics. The bath is described by averages and expectation values, and there is no
knowledge about the individual constituents. The system is a single object or particle,
and its individual behavior is studied, while the rest remains a statistical background
with well-defined temperature [8].
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The result is a combination of deterministic and random variables that gives the full
description of the dynamics. The randomness does not always come from the environ-
ment, but can also be intrinsic, as for active matter. Regardless of the exact origin or
form, this randomness is often called noise. It always means that there are degrees of
freedom that are not explicitly included, i.e., deterministically described in stochastic
thermodynamics. A common example of noise is fluctuations due to finite temperature.

Besides temperature for the bath and the system, stochastic thermodynamics uses
heat, work, entropy production, and other thermodynamic quantities to describe the
non-equilibrium processes, which are defined trajectory-dependently. The stochastic
entropy production is

s(t) = —In(p(x(1), 1), (3.1)

where 7 is the time, x(7) the trajectory, and p is the probability for that trajectory to
occur at the given time [? ]. Therefore, the stochastic entropy production does not
depend on a single trajectory alone, but on the distribution of all trajectories.

The mathematical form for equations of motion in stochastic thermodynamics is
stochastic differential equations. That prevents obtaining a unique solution for the dy-
namics, which makes averaging over many different trajectories crucial. The averages
are what can be understood as predictions for experimental measurements.

An example of a process described by stochastic thermodynamics is the Ornstein—
Uhlenbeck process, which is a form of Langevin process. Generally, the equation of
motion for Ornstein-Uhlenbeck processes can be written as

X=FX)+n, (3.2)

where F is a vector force, which includes all external and internal deterministic contri-
butions. The vector 7 is the so-called noise vector and stems from coarse-graining some
degrees of freedom that are slower than the characteristic time-scales of the variable X.
The coarse-graining takes away information about some parts of the dynamics, which
results in a certain degree of randomness.

Without loss of generality, we can set the first moment (expectation value) of the
noise to zero (n). The second moment is expressed by a two-time correlation matrix

(ni()n;(0) = v;;(t = ). (3.3)

This correlation matrix reduces to a simple delta-function if the noise is Gaussian and
uncorrelated, i.e., white noise. Consequently, it is characterized entirely by its mean
value and correlation. It also contains a correlation factor, which depends on the type
of noise and system in question. If the source of the noise is of thermal nature, the
correlation factor includes the factor k5T

Each realization of the evolution in the time interval between the initial time #; and

the final time 7, will give a different path X = {X };lf . The probability of observing

8



3.1. Stochastic Thermodynamics

this path is denoted by P [X ], assuming that all paths start with a defined initial con-
dition X, = X (#;). These path probabilities are a useful tool for computing entropy
production, as detailed in the next section.

3.1.1 Path-Integral Method

The path-integral method is an extension of the classical action principle. It considers
many stochastic trajectories, instead of one deterministic one. Therefore, it is a perfect
tool for stochastic thermodynamics.

The following example of entropy production of an Ornstein-Uhlenbeck process
shows how it can be used [14]. The underlying definition of entropy production is
the stochastic entropy production in Eq. (3.1).

The previous section introduced path probabilities and defined Gaussian white noise.
The actual path probability can be calculated via a path integral:

P [2] x exp <—%/ dt / ds n(s)v"l(t - s)n(t)) . (3.4)

We dropped a normalization factor because it will cancel out in later calculations. The
integral is calculated in the relevant time interval and v~! is the inverse of the two-time
correlator v, which is defined as

/ di'v i =t —s) =18t = s). (3.5)

For Gaussian uncorrelated noise, the probability for the trajectory of the noise path

is given by
P M & exp (—% / dtn(t)2> . (3.6)

The time evolution of the noise, however, can be expressed in terms of the evolution
of the system variables X. Note that the potentially non-trivial correlation factor is
assumed to be within the evolution equation.

Formally, we can relate the path probability of the noise to the path probability of
the system variables:

on
InP[X] =InP|n| + <det lax ) . (37)
The last term is the Jacobian of the transformation between X and 7. It vanishes under
rather general conditions, which include the process here [15-17].

All discussions so far were for the forward process. But to determine the entropy
production of the evolution, the backward process is necessary as well. It can be deter-
mined with the same logic, except that now the time-reversed variables are involved.
This can formally be achieved by applying the time-reversal operator @o(t) = o(t; —1).

9



Chapter 3. Ultrafast Thermodynamics

Consequently, the entropy production of the medium is

=kpln —— .
>z anP[%] (3.8)

Note that all terms quadratic in v~! contribute trivially as boundary terms [18].

The path-integral method for calculating the entropy production rate concludes the
introduction to stochastic thermodynamics. The next part of the definition of ultrafast
thermodynamics is collective excitations, which are introduced in the next section.

3.2 Collective Excitations and Ordering

In condensed matter systems, many particles interact and show collective behavior.
This leads to quantized disturbances or modes of motion in the ground state of the
system when slightly perturbed.

Condensed matter systems often show collective excitations, which are described by
quasiparticles. Relevant here are phonons, which are quantized lattice vibrations with
acoustic and optical modes, and magnons, which are quantized spin waves with band-
dependent dispersions. Both can be coherently excited by tailored light beams, where
the resulting excitation depends on beam frequency, intensity, and system structure.

Another consequence of the interaction between particles is the order of the system.
This order and its changes depend on the type of interaction, as well as temperature,
pressure, external fields, and numerous other factors. A system that has a specific order
is said to be in a specific phase. Magnetization is one type of order and describes the
collective alignment of electronic spins, as described in more detail in Chapter 4. As an
order parameter, magnetization depends on temperature and has a critical temperature
T, that divides the magnetic from the non-magnetic phase of the system as depicted in
Fig. 3.1.

The onset of a phase can include more changes to the system than just the ones de-
scribed by the order parameter. For example, the magnetic phase of a material can have
a different geometric structure than the non-magnetic phase. Additionally, a system
can have more than two phases and more than one order parameter describing it. That
leads to potentially complicated phase diagrams.

The benefit of defining and analyzing order parameters is the possibility to measure,
e.g., transition temperatures experimentally. That can validate or invalidate theoretical
models.

3.2.1 Free Energy and Partition Function

Studying the dynamics of order parameters is interesting, but can be tedious. A useful
approach is to express the equation of motion not in terms of the microscopic, under-

10
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Figure 3.1: Peaks in the specific heat can indicate phase transitions. (a) The disordered spin state
above T~ becomes ordered below a critical temperature 7. (b) Experimental data of the specific
heat of URu,Si, indicate two phase transitions: a magnetic one at 17.5 K and a superconducting
one at 0.8 K [19].

lying dynamics, but rather to coarse-grain it and express it in terms of the effective
dynamics of the order parameter itself. That is possible when focusing on the regimes
close to the phase transition associated with the order parameter, because the order pa-
rameter becomes small at the phase transition, which makes different approximations
possible. Such a phase transition depends on at least one macroscopic variable, such as
temperature or pressure.

The quantity capturing the behavior of the order parameter is the free energy, which
depends on the order parameter and the corresponding macroscopic variable. Since
the expressions are for many-particle systems, the free energy is usually normalized to
yield the free energy density.

One approach to the free energy density is provided by Landau theory [20]. Its gen-
eral form is

f(A,T)=c(VA? + a(T — TC)A2 + pA* + anisotropy + coupling (3.9

and can contain even higher orders of the order parameter A. The constants ¢ and «
are material-dependent and can be found experimentally. The anisotropy and coupling
terms can lead to terms dependent on different components of the order parameter
simultaneously. They also include symmetry constraints and possible coupling to ex-
ternal forces or other orders of the system.

The minimization of the free energy gives the equilibrium state of the system for the
given parameters. In this way, it is possible to capture the evolution of the system as it
changes with varying temperature, pressure, or any other environmental variable.

The partition function is a spatially independent and dimensionless quantity. It is
calculated from the free energy density as

Z = exp(—ﬁ/ dirf), (3.10)

11



Chapter 3. Ultrafast Thermodynamics

where f = ﬁ is the inverse temperature.
b

With knowledge of the free energy and the partition function, we can calculate
all thermodynamic variables and observables, as well as the probabilities for different
states given specific parameters.

For example, the specific heat can be calculated as

azfmin

(3.11)
and, in turn, it contains information about phase transitions and the bulk behavior of
the material. Fig. 3.1 shows how the specific heat indicates a phase transition with a
peak. Since a material can have more than one phase transition, the specific heat might
exhibit more than one peak as illustrated in Fig. 3.1 at the example of the intermetallic
compound URu,Si, [19]. The benefit of the specific heat as an observable is that it is
directly measurable in experiments. Therefore, it can be used to verify the theoretical
approach leading to the specific formulation of the free energy.

In general, the free energy approach has the benefit that no knowledge about the
microscopic processes is necessary. It is possible to extend this approach to operators
represented by a field or fields. The framework is called statistical field theory and can
be used close to phase transitions as well.

Similar to quantum field theory, path integrals and renormalizations are common
tools within statistical field theory.

In the context of phase transitions, the saddle point approximation of the free energy
leads to the gap equation. It means that the derivative of the free energy with respect to
the order parameter of the phase of interest is set to zero. The solution to this equation
gives the gap equation.

12



MOKE for Magnetization Dynamics

Magnetism is a long-known phenomenon and one of the cases where quantum me-
chanics becomes visible in macroscopic observables. Its origin and prevalence have
been studied ever since its discovery, but there are still open questions. They are about
the different possible origins of magnetism, the influence of magnetism on other de-
grees of freedom, the different types of magnetism, and the dynamics of magnetization
processes.

The latter is not only becoming more relevant with advancing technology, but also
more accessible. Already about thirty years ago, the first experiments on ultrafast mag-
netization dynamics were performed [21]. They revealed that the established explana-
tions for changes in magnetization did not suffice to explain the speed of the observed
dynamics. That sparked a new field of investigations, which got much attention as ul-
trafast pump-probe experiments became more available. The increasing temporal and
spatial resolution leads to measurements of previously inaccessible dynamics [2, 22—
25].

These ultrafast magnetization dynamics include demagnetization processes, as well
as relaxation processes of excited states. Consequently, they are out of equilibrium.

The following sections revisit the basic formalism of magnetism and explain the fre-
quently used experimental setup for magneto-optical Kerr effect measurements.

4.1 Magnetization

The microscopic origin of macroscopic magnetization is the alignment of electronic
spins. Their collective order depends on the interaction potential and results in a mag-
netization.

13




Chapter 4. MOKE for Magnetization Dynamics

The Heisenberg Hamiltonian

H=) J;S5, (4.1)

captures different alignments of spins, depending on the sign and form of the interac-
tion coefficient J;;. Therefore, it can be used to describe ferro and anti-ferro magnetic
orders. More complex magnetic orders are possible, as we discuss in more detail in
Chapter 7.

A single spin can be interpreted as a single magnetic dipole, but the order parameter
of magnetization is more commonly described as the average over many spins

M=%ZSI.. (4.2)

Note that not every magnetic ordering leads to an effective magnetic field. For ex-
ample, the magnetic dipoles in anti-ferromagnetic ordering cancel each other, which
leads to zero effective magnetization. Consequently, the total magnetization of a ma-
terial contains only part of the information about its microscopic order. A high spatial
resolution can reveal more information because it can capture local variations.

4.2 Magneto-Optical Kerr-Effect

A widely used technique to measure magnetization dynamics relies on the magneto-
optical Kerr-effect (MOKE). This effect describes the change in polarization and ellip-
ticity when a linearly polarized light beam reflects off a magnetized surface. Its micro-
scopic origin is in the dielectric permittivity [26], which is the dipole moment obtained
as the response of a system to an electric field.

For magnetic materials, the dielectric tensor € has off-diagonal elements because of
anisotropic permittivity. If the material is additionally isotropic, the dielectric tensor
takes the form

(4.3)

a OO

e
€
0

o
Il
o Mo

This leads to a different absorption rate of left and right-polarized light components.
Consequently, the polarization of reflected light is changed.

The off-diagonal elements of the dielectric tensor can have different origins. In ferro-
and ferrimagnetic materials, it is the spin-orbit coupling that makes the off-diagonal el-
ements proportional to the magnetization of the sample [27]. Therefore, the changes be-
tween incident and reflected light are proportional to the surface magnetization. Note
that the dielectric tensor is position-dependent, which enables the study of local surface
magnetization with MOKE.

14
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Figure 4.1: Schematic of a MOKE experiment set-up.

The experimental setup for measuring the MOKE is depicted in Fig. 4.1. The light
beam is first polarized before it reaches the sample. The reflected beam is then guided
through an analyzer, which translates the polarization into intensity data. The intensity
is then detected by a microscope.

The change in polarization between the incoming and the outgoing light is defined as
the Kerr rotation angle 6. Its analytical form depends on the complex index of reflec-
tion and combines the real and imaginary parts of it. In addition, the exact geometry
of the setup influences the analytical Kerr angle.

The combination of MOKE measurements with pump-and-probe setups allows the
study of magnetization dynamics with high temporal and spatial precision. The pump
laser excites the magnetic degrees of freedom of the sample, and the following probe
laser beams track the relaxation process of the magnetization as MOKE signals.

The diffraction limits of the beam, as well as the variation of incidence angle for each
ray, render the analysis of MOKE signals tedious. Despite that, the accuracy of MOKE
measurements is high.

One example is the measurement of small changes in magnetization to find the nu-
tation frequency [2], the magnetization induced by excited phonons [3], or in general
ultrafast magnon dynamics [28].
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Excited Magnetization

There are many ways to excite a magnet, and many ways to describe the subsequent
evolution of the magnetization. One routinely used approach is the Landau-Lifshitz-
Gilbert (LLG) equation. It uses the fact that every magnet will react with torque to an
external magnetic field, regardless of the timescale. This makes it suitable to describe
the ultrafast magnetization dynamics in solid magnets, where we can approximate the
magnetization of a unit cell by a macrospin.

Investigating the ultrafast dynamics after excitations comes with the difficulty of
being completely out of equilibrium. Consequently, extensions of the original LLG
equation are necessary, which are presented in this chapter. Including them enables
us to study the energy dissipation and entropy production in these ultrafast processes
with the help of ultrafast thermodynamics, as done in Paper I.

Additionally, a thorough study of the microscopic origins of the extensions reveals
possible memory effects in the dynamics. Sect. 5.2 explains the emergence of memory
in more detail. This opens the possibility to study the signatures of non-Markovianity
in magnetization dynamics with the help of ultrafast entropy production, as done in
Paper IIL

5.1 Landau-Lifshitz-Gilbert Equation

Although magnetism is a quantum mechanical effect, it is possible to describe its dy-
namics by a classical equation of motion. This is possible by focusing only on the
quantities directly relevant to the dynamics.

One widely used and successful description is the Landau-Lifshitz-Gilbert (LLG) equa-
tion [29]. It is based on the torque effect that an external magnetic field B has on a
magnetization M. Note that this magnetization is a three-component vector, which
can represent either a single spin or the average of many spins, known as a macrospin.
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Chapter 5. Excited Magnetization

—

Figure 5.1: Spin dynamics as described by the inertial LLG equation. The slower precession
motion is in dark blue, and the faster nutation motion is in orange. The damping leads to a
decrease in the amplitude of both motions.

The form relevant to this work and describing the motion depicted in Fig. 5.1 is
M=—yM><<B+nM+mM+ 2D'h). (5.1)

The first term is the torque interaction as introduced by Landau and Lifshitz and de-
scribes the precession motion. It only depends on the magnetization and the external
field. This field can be constant or explicitly time-dependent. The constant y is the
electronic gyromagnetic ratio.

The second term is the Gilbert damping, which slows down the precession and any
other movement. The Gilbert damping constant «a is dimensionless, and in the formu-
lation in Eq. (5.1), it is rescaled by the saturation magnetization M, as n = a/(y M).

The third term captures the nutation motion and is scaled by the angular momentum
relaxation time 7 [30]. This is an inertial effect and its exact form can be derived in dif-
ferent ways. It emerges when treating the magnetization dynamics relativistically [31],
or quantum mechanically [32], as detailed later, or within first principles [33]. Despite
it being a relatively new expansion, the nutation frequencies have been measured in
experiments [2, 22, 25, 34-36].

Finally, the last term is stochastic noise in the form that arises from a quantum me-
chanical approach [32]. Its origin is the interaction of the (macro)-spin with the en-
vironment, and the details of the interaction and bath are encoded in the correlation
factor D’. This includes interactions with neighboring spins and other degrees of free-
dom, e.g., phonons.

18



5.2. Open System LLG Equation

It can also be understood from a phenomenological point of view: Damping or
dissipation is tightly bound to fluctuations, according to the well-known fluctuation-
dissipation theorem. Microscopically, the Gilbert damping can be derived from the
dissipation of energy from magnetic degrees of freedom to electrons [37] or a bosonic
bath, e.g., due to phonons [38]. This dissipation introduces fluctuations, which are
taken into account by adding a stochastic noise term.

According to the LLG Eq.(5.1), the magnetic fluctuations only concern the transverse
component of the magnetization. However, longitudinal fluctuations can be incorpo-
rated [39], giving rise to the following stochastic Landau-Lifshitz-Gilbert (sLLG) equa-
tion,

Mz—ny(B+17M+nrM)—}/Ms 2Dh. (5.2)

The exact form of the noise depends on the system. A common choice is uncorrelated
(white) noise. It obeys the correlation relations

(h(1)) =0
(hi@®h;(t")) =60t —1")é D = nkgT 53
i\ = ijo =NKkp

with unit 1/ \/ﬁ and correlation factor D. Since the noise arises from interaction
with different degrees of freedom and the energy in each degree of freedom depends
on the accessible energy and, therefore, the temperature of the system, the noise is
often considered thermal. Consequently, kT stems from the thermal nature of the
noise.

The final form of the LLG Eq. (5.2) is that of a stochastic differential equation. Since
it describes the evolution of a collective excitation and includes dissipation, ultrafast
thermodynamics can be used to study its behavior. That is done in Paper I, where the
entropy production by the magnetization dynamics is determined.

5.2 Open System LLG Equation

Although the original LLG equation started as a phenomenological description, quan-
tum mechanics provides a rigorous derivation, including higher interaction terms like
nutation [32].

The starting point is a single spin .§' interacting with a magnetic field B(¢), other
spins and a bath:

Htot = Hspin + Hbath + Vinteraction : (5-4)

If the bath is now assumed to consist of harmonic oscillators and to couple to the spin
in all three dimensions, an exchange tensor emerges. After considering the equations
of motion of the harmonic oscillators, two features emerge for the equation of motion
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of a single spin. It is straightforward to map from a single spin to magnetization and
therefore the features also hold for magnetization. The equation reads:

1
M=—-yM X <Beff+ h(t)+/ dt’ F (1t — t')M(t')) ) (5.5)

(]

The first feature is the noise term, which is denoted A and describes the thermal fluc-
tuations of the bath. It is determined by the type of coupling between spin and bath,
as well as the harmonic oscillators in phononic form. In the original LLG equation, the
stochastic term had to be added explicitly, while it naturally emerged in the quantum
mechanical derivation. Additionally, the dependence on the coupling encodes possible
frequency dependencies of the noise automatically. Therefore, it is always potentially
colored.

Secondly, all motion except for precession and spin-spin interaction is encoded in a
single interaction kernel F# (¢t — t"). This kernel only depends on the type of coupling
between spin and bath. Therefore, it encodes all possible orders of coupling leading
to all possible motions. That includes nutation, but is not limited to it. Since the cou-
pling and not the effect leads to motion, the interaction kernel also acts as a memory
kernel. Depending on the type of coupling, this leads to non-Markovian magnetization
dynamics.

Importantly, here, the fluctuation and memory kernel (dissipation) are linked due to
the underlying thermodynamic principles and microscopic dynamics. That is in con-
trast to the original LLG equation, where the addition of stochastic noise was only
justified by phenomenological arguments, but never derived from thermodynamic prin-
ciples.

The choice of the spectral density I(w) further specifies the dynamics, because it
details the coupling of the system to the bath. The Lorentzian spectral density is a
possible choice as the kernel because its parameters can be chosen such that the Ohmic
limit of Eq. (5.5) is obtained. That allows for comparison of the os-LLG to the original
LLG equation with only precession, damping and noise terms.

It is not possible to choose the parameters to obtain a valid comparison to the inertial
LLG equation, because the damping and the nutation term are the first and second term
of the kernel expansion, respectively.

Therefore, any other choice of parameters for the Lorentzian includes more higher-
order interaction terms than the other two LLG equations. This makes the 0os-LLG equa-
tion interesting from a theoretical point of view. In Paper III, we use it to investigate
the Markovianity of ultrafast magnetization processes.
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Induced Magnetization

Magnetization can arise intrinsically or can be induced by external forces. These forces
include magnetic fields, electro-magnetic fields, and strain or stress [40]. Some of these
mechanisms couple directly to the magnetization, while others do so indirectly. One
example of an indirect way is axial phonon-induced magnetism. This phenomenon
has been know experimentally for a few decades already [41], but has recently gained
renewed attention [42].

That makes the phono-magnetic effect the main topic of this chapter.

6.1 Axial phonons

Phonons are the collective excitation of crystalline materials. They can be described in

terms of the small ionic displacements 7;, around their equilibrium positions Rl(g) . Due
to the periodic lattice structure, it is convenient to Fourier transform the displacement
F(1;4) = Ty, Furthermore, it is common to incorporate the ionic mass M, and define

U, = VM, Ty, (6.1)

This is the phonon mode for wave vector k and atom « in the unit cell.
Axial phonons are phonons carrying phonon angular momentum, which originates
in the lattice vibrations [43, 44]:

h . .
Jp ZZMQTMXTMZZulaXula. (62)
la la

Note that this notation is in real space again, where / denotes the lattice position and
a the atom of the unit cell.
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Such phonon angular momentum can be excited, e.g., by coherent laser excitation [3,
45], phonon-phonon scattering [46], ultrafast demagnetization [47], or thermal gradi-
ents [48]. Additionally, phonons should inherently carry angular momentum in mag-
netic materials with broken time-reversal symmetry.

6.2 Phono-magnetic effect

The naive approach to explaining the experimentally observed magnetization is to as-
sume that the angular momentum of the axial phonon causes the magnetization di-
rectly. Since angular momentum is directly proportional to magnetization, the result-
ing magnetization takes the form

M= prh XU, X l'l,a . (63)

This approach yields an induced magnetization of approximately |M| = 10~y p- But
that is at least two orders of magnitude smaller than experimental results [23, 49-51].

This has sparked the theoretical interest, and the explanation is the topic of ongoing
debate. There are several theories as to how the phonons induce the magnetization,
and many include a coupling to the spin degrees of freedom.

Every theory uses different regimes and approximations, each fitting to a different sit-
uation. Paper Il is a review of the different theoretical approaches and highlights three
main frameworks—Floquet, adiabatic, and perturbative theories—that capture the inter-
play between electrons and phonons from different limiting perspectives. We discuss
how these approaches are interconnected, as well as additional explanations invoking
inertial effects. By investigating the limiting cases and finding the connections between
perturbative, adiabatic, and Floquet-based approaches, the review shows that many of
the theories are talking about the same microscopic effects.
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Magnetic Quadrupoling

Magnetic phase transitions are not a new phenomenon, and they already played a role
in induced magnetization (Chapter 6). On a more fundamental level, they are connected
to non-equilibrium dynamics and can be described by the framework of free energy
because they are a form of critical dynamics [52]. But they are neither theoretically,
nor experimentally fully understood.

One interesting aspect is the possibility that two or more components of the magnetic
order parameter interact and describe a new order. This is called a composite order and
leads to many different possible phases. One example that has already been observed
in magnetic systems is the quadrupole order. Both are explained in the following two
sections and the last section of this chapter gives a preview of the work we are currently
conducting,.

Generally, quadrupoling in magnetic systems is interesting because it happens above
the critical temperature of the magnetic phase but only at finite temperatures. That is
because the thermal fluctuations that are present above the transition into the mag-
netic phase play a crucial role in making quadrupoling possible. A fluctuation of the
local magnetization has a strong effect on the global magnetization if there is no coher-
ent magnetic order present. These relatively large fluctuations lead to local orders of
magnetization, and quadrupoling is one of them.

7.1 Composite Order
Order parameters are defined such that their expectation value vanishes in the non-

ordered phase, and is non-zero within the phase.
There are materials and conditions under which the expectation value of a single
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Figure 7.1: Four magnetic dipoles form a magnetic quadrupole. The resulting field vanishes
quickly outside the pole itself.

order parameter vanishes, but the combination of two gives a non-zero contribution:

(AY=0, (B)=0 (7.1)
(AB) #0. (7.2)

This indicates a new ordered phase, in addition to the phases of the respective single
order parameters. It is described by the combination of two order parameters and there-
fore termed composite order.

There are many theoretical examples for composite orders. They include odd-fre-
quency pairing [53, 54], composite U (1) orders, such as those composed of 2-component
superconducting order parameters [55]. Recently, experiments found evidence that
supports the existence of composite orders [5, 56—59]. Another example of a composite
order is the magnetic quadrupole order, which is introduced in the next section.

7.2 Quadrupoling

A quadrupole order can, for example, occur in magnetic or electric systems. In the mag-
netic case, the quadrupole order looks as depicted in Fig. 7.1. Four magnetic dipoles are
arranged such that they point towards a common center. The opposing magnets each
have the same pole, positive-positive or negative-negative. As a consequence, there
are four poles to be detected outside the arrangement, and the overall field vanishes
more quickly than the field of a single dipole. In the electric case, the arrangement is
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similarly composed of four electric dipoles, but the field of the quadrupole vanishes
completely.

From a theoretical perspective, quadrupole order in magnetic systems generally emerges
from the multipole expansion of the interaction energy

Hy, = - / u(r) - H(r)dr (7.3)
between the magnetization density u and a magnetic field H. The integration is per-

formed over all space r. This interaction energy can be expanded to the second order
of the multipole expansion

Hpt = —/riﬂj(')aiHj(O)dr, (7.4)

where we assumed a homogeneous magnetic field. Consequently, the field is only a
constant, and the remaining integral can be expressed as a sum over three terms

a=%/r-ﬂdr (7.5)
1

t= 3 / r X u(r)dr (7.6)
1 2

1=3 [ri/‘j T~ 5‘51'1"”(') dr. (7.7)

The first one consists of the diagonal components of the magnetoelectric tensor and
is referred to as the monopole. The second one is the toroidal moment, consisting of
the symmetric and antisymmetric components. The third one is the quadrupole and
contains the traceless components of the magnetoelectric tensor [60].

The order parameter for quadrupole order is a rank-two tensor. Imposing a vanish-
ing trace and considering the symmetry of the system, five of the nine components
are independent. For spin systems, the five components are combinations of the spin
components making the quadrupole order a composite order.

In cubic symmetry, combinations of spin components transform as the two-dimen-
sional representation E, and the three-dimensional irreducible representation 7,,. The
basis functions for the representations are

1 1
Oy = (—(Sf -89, %(s,% +5; - 253)) (7.8)

V2

@ =V2S,S,.5,S

yrzo

S,S,), (7.9)
Each of these can be the order parameter of a quadrupole phase.
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Figure 7.2: The tetragonal distortion and specific heat C, indicate two phase transitions — one
into magnetic and one into quadrupole ordering. a) The experimental data for the distortion of
Ba,MgReO are obtained with x-ray diffraction [5]. b) The specific heat of GANb,Se; is obtained
with optical measurements of the thermal relaxation [61].

7.3 Interesting Materials

Several experiments have looked into quadrupole order in different materials. Two of
them found strong evidence of quadrupole order in Ba,MgReO, [5, 57] and GaNb,Seg
[56, 61], respectively.

Both materials are Mott insulators and have strong spin-spin or spin-orbit interac-
tions, which lead to strong magnetic anisotropies.

Two clear peaks in the specific heat of GaNb,Seg are observed at T, = 50 Kand T, =
33 K [56], shown in Fig. 7.2 b). The first one is the critical temperature of quadrupolar
order, while the second one is the critical temperature of magnetic ordering. Their
appearance in the specific heat means that we are talking about bulk phase transitions.
Measurements of the magnetic susceptibility result in the same critical temperatures
[61].

For Ba,MgReOy, the peaks in specific heat are at T, = 33 Kand T, = 18 K[57]. These
temperatures agree with the results from crystal structure distortion measurements [5],
which are depicted in Fig. 7.2 a).

These experimental data already show that there is no universal ratio between the
transition temperature for quadrupoling and magnetic ordering. Additionally, the crys-
tal structure distortion seems to have a dependence on the quadrupole order.

Our current work investigates these statements with the help of statistical field the-
ory as well as microscopic principles.
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7.4 Field Theory for Quadrupoling

There are different explanations for the quadrupole order measured in experiments, but
they are only valid for very specific materials or conditions [5, 62, 63]. A more general
and unifying description is missing.
To address this, we employ statistical field theory and determine the gap equation
and transition temperature independently of the underlying microscopic interactions.
We begin with the Landau free energy of magnetization M for cubic symmetry [64—
66]

f(M,T) = fo(T) +c (VM) + Q

M?+ B (M} + M + M})
+ By (MIM; + MyMZ + MZM3) . (7.10)

The anisotropies are dependent on the material-specific coefficients f; and f,. In con-
trast to the critical temperature T, at which the phase transition to the ordered state
happens, the anisotropy factors are not easily accessible individually in experiments.

After performing a Hubbard-Stratonovich transformation into the order parameter
space of the quadrupole order (compare Eq. (7.8)), we can develop the interaction terms
to second order. That gives us a gap equation, which becomes

38 __3 (B = 28)) kgT

l=—2—I, =

25 ’ 1671'6‘% \/a(T_Tc)

when assuming a s-wave gap. We can immediately see that the gap strongly depends

on the anisotropy of the material, which is illustrated in Fig. 7.3, where three different

cases of the gap equation, which differ by the anisotropy of the material, are presented.

Firstly, some systems have no solution to the gap equation because their anisotropies

are too strong. There are systems where the minimum at 27, exactly coincides with
the solution of Eq. (7.11). This is the case for

(7.11)

pr=—— (7.12)

If _ > P2, then the gap equation has a solution T, < 27,. In these cases, the first
solution of the gap equation appears at T, > T, and has the general expression

(7.13)
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Temperature

Figure 7.3: Gap equation for quadrupole transition. Depending on the anisotropy, the gap
equation has no solutions (f_ < f2), one solution at T, = 2T, (f_ = pZ), or two solutions with
T.<T,<2T, (B> p2).

and depends strongly on the anisotropy parameters.

The next steps in this work involve formulating the free energy of the quadrupole
phase. It contains information about the interaction with other order parameters and
properties of the system. One of the interacting properties is strain, which has been
experimentally measured [5] and theoretically predicted [62]. Consequently, finding
an explicit expression for the coupling between quadrupole order and strain gives a
strategy to verify our theoretical approach and predict measurement outcomes for ex-
periments with other materials.
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Summary of papers

Paper |

Ultrafast Entropy Production in Driven Magnets

We present an ultrafast thermodynamics framework to model heat generation and en-
tropy production in laser-driven ferromagnetic systems. By establishing a connection
between the magnetic field strength of the laser pulse and magnetization dynamics,
we model time-dependent entropy production rates and deduce the associated heat dis-
sipation in epitaxial and polycrystalline FeNi and CoFeB thin films. Our theoretical
predictions are validated by comparison to experimental magnetization dynamics data,
shedding light on thermodynamic processes on picosecond timescales. Crucially, we
incorporate recently observed inertial spin dynamics, to describe their impact on heat
generation in pump-probe experiments. As such, this formalism provides novel in-
sights into controlling heat production in magnetic systems and contributes to advanc-
ing the understanding of nonequilibrium thermodynamics in magnetic systems, with
implications for future experimental protocols in spintronics and nanotechnology.

Paper Il

Axial phono-magnetic effects

Recent experimental findings for the strength of magnetization induced by circularly
polarized phonons have sparked great theoretical interest. The measured strength of
magnetization is orders of magnitude higher than predicted by theories based on classic
ionic motion. This review presents an overview of the many theoretical explanations
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developed to resolve this discrepancy, and of the experimental evidence for different
material classes and with different experimental techniques. Most explanations can
be categorized into Floquet, adiabatic, and perturbative approaches. They all have in
common that electrons and phonons interact, and we show that they are limiting cases
of each other. Furthermore, there are explanations based on inertial effects, which we
also contextualize.

Paper lll

Entropy Production as Markovianity Measure in Magnetization Dynamics

Ultrafast magnetization processes are routinely described by the Landau-Lifshitz-
Gilbert equation. Recent experimental and theoretical advancements sparked exten-
sions of its original form by inertial terms and gave a microscopic derivation of the
original and additional terms. Since inertial terms and ultrafast dynamics are both
known to cause non-Markovian behavior, we investigate the Markovianity of spin dy-
namics, spin dynamics including inertial effects, and spin dynamics of an open system.

We use entropy production rates as the quantitative measure for Markovianity, as-
suming that their negativity is a sufficient condition for non-Markovian dynamics. Our
simulations are based on the Kullback-Leibler divergence. We find different degrees
of Markovianity for the different spin dynamics. We also show a dependence of the
Markovianity on the geometry of the system, which has implications for experimental
setups.
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Summary and Outlook

The research question at the beginning of this work was:

How can we combine thermodynamics, collective phenomena and meso-
scopic theories of magnetism to describe non-equilibrium magnetization
dynamics?

The answer has been approached in three different ways. Firstly, the framework
of ultrafast thermodynamics has been defined based on stochastic thermodynamics.
We showed that it can describe the entropy production in ultrafast magnetization dy-
namics. The entropy production depends only on the magnetization dynamics and the
pump laser. Consequently, the entropy production becomes experimentally accessible.
Additionally, we see clear changes in the magnitude of the entropy production with dif-
ferent material parameters like damping and relaxation times. This makes the entropy
production also a material-sensitive measure. Furthermore, we managed to show with
simulations of entropy production for different types of magnetization dynamics that
the entropy production rate is an indicator for the Markovianity of the system.

Secondly, we investigated the currently debated phono-magnetic effects. The re-
sulting review includes an overview of many of the magnetization experiments. This
reveals that the strength of the magnetization resulting from phonon excitation de-
pends on the material and the excited phonon mode. Furthermore, the strength ranges
over three orders of magnitude. However, the main focus of the review is the theoret-
ical explanation of the phono-magnetic effect. The numerous theories can be grouped
into perturbative, adiabatic, and Floquet-based approaches. Although they start with
slightly different assumptions, we were able to show that they all agree in the limiting
cases. This is a great step towards finding a general mesoscopic theory to explain the
vast range of experimental results.
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Thirdly, we investigate the quadrupole phase transition with statistical field theory.
We derived exact analytical forms for the gap equation, which shows a strong depen-
dence of the gap on the anisotropy of the underlying material. The possibility of linking
the quadrupole order to strain makes predictions about the lattice distortion upon enter-
ing the quadrupole phase possible. The lattice distortions have been measured before,
which links our mesoscopic theory to experimental results.

Therefore, we conclude that the combination of thermodynamics, collective phenom-
ena, and mesoscopic theories of magnetization is a strong tool to investigate the non-
equilibrium dynamics of magnetization.

There are three possible ways to continue our work and further advance in answering
our research questions.

In Chapter 5, we briefly introduced two different forms of stochastic noise in the
magnetization dynamics. These two types are called “additive” and “multiplicative”
after their form of appearance. Currently, there is no thorough understanding of the
microscopic origin of additive noise, although it is commonly used. The multiplicative
noise can be derived directly from quantum mechanical coupling between system and
bath, but it does not capture the longitudinal fluctuations. Therefore, it is of interest to
not only find the missing microscopic origin of additive noise but also to investigate
the consequences of using one or the other form of noise to describe magnetization
dynamics.

The dependencies of the quadrupole order derived in Sect. 7.4 suggest the possibility
of manipulating the phase transition. Especially the direct coupling to strain makes it
interesting to investigate driving protocols of quadrupole order. That could make this
otherwise rarely observed ordering more accessible, which could give experimental
proof to our mesoscopic theory.

The broadest resulting research question is, however, whether we can use entropy
production to investigate and describe phase transitions. Entropy production has proven
to give an interesting perspective on non-equilibrium dynamics within an ordered
phase. Directly at the phase transition, there are two competing orders, and the sys-
tem should choose the one with the higher entropy. But there is no theoretical model
describing this situation yet. Additionally, the system has to go through some kind of
transient order, which is neither disordered nor completely ordered. If this state max-
imizes the entropy under certain conditions, it would become metastable and experi-
mentally accessible. That would open up new possibilities for targeted material design.
Therefore, it would be interesting to extend the framework of entropy production to
phase transitions.
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